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Notations 8

Notations

• Z is the set of all integer numbers.

• N is the set of all positive integer numbers including 0.

• Rn is the n-dimensional real Euclidean space.

• All considered spaces are defined on the Euclidean space Rn.

• (e1, . . . , en) is the canonical basis of Rn.

• x · ξ = x1ξ1 + · · ·+ xnξn is the scalar product of x = (x1, . . . , xn) and ξ = (ξ1, . . . , ξn)

in Rn.

• For multi-indices α and β we define the following operations

i) Addition and subtraction: α± β = (α1 ± β1, α2 ± β2, · · · , αn ± βn)

ii) Partial order: α ≤ β means αj ≤ βj, ∀j ∈ {1, . . . , n}.

iii) Factorial: α! = α1!α2! · · ·αn!.

iv) Power: xα = xα1
1 x

α2
2 · · ·xαnn .

• For each α = (α1, . . . , αn) ∈ Nn and every x = (x1, . . . , xn) ∈ Rn, ∂αf denotes the

partial derivative ∂αf = f (α) =
∂|α|f

∂x1
α1 . . . ∂xnαn

with |α| = α1 + . . .+ αn.

• For a function f : Rn → C, the support of f is suppf = {x ∈ Rn : f(x) 6= 0}.

• The spectrum of a temperate distribution f is the support of f̂ .

• L1
loc(Rn) is the collection of all locally integrable functions on Rn.

• D(Rn) is the space of all infinitely differentiable and compactly supported functions

on Rn.

• D′(Rn) is the topological dual of D(Rn) called the space of distributions on Rn.

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.



Notations 9

• S(Rn) is the Schwartz space of all complex-valued, infinitely differentiable, and rapidly

decreasing functions on Rn equipped with the semi-norm

Nk(f) = sup
x∈Rn

(1 + |x|)k
∑
|α|≤k

|∂αf(x)|, k = 1, 2, . . . ,

where f ∈ S(Rn).

• S ′(Rn) is the topological dual of S(Rn) called the space of tempered distributions.

• For ϕ ∈ S(Rn) and f ∈ S ′(Rn), the Fourier transform defined on both S(Rn) and

S ′(Rn) is given by (Ff)(ϕ) = f(Fϕ) where

(Fϕ)(ξ) = ϕ̂(ξ) = (2π)−
n
2

∫
Rn
e−ix·ξϕ(x)dx, ξ ∈ Rn,

• The mapping F is a bijection (in both cases) and its inverse is given by

(F−1ϕ)(ξ) = (2π)−
n
2

∫
Rn
eix·ξϕ(x)dx, ξ ∈ Rn.

• The convolution ϕ ∗ ψ of two integrable functions ϕ, ψ is defined via the integral

(ϕ ∗ ψ)(x) =

∫
Rn
ϕ(x− y)ψ(y)dy.

• For 1 ≤ p ≤ ∞ we denote by p′ the conjugate exponent of p such that
1

p
+

1

p′
= 1.

• The space Lp(Rn) denotes the set of all Lebesgue-measurable functions f on Rn such

that

‖f‖Lp =

(∫
Rn
|f(x)|pdx

) 1
p

<∞, 0 < p <∞,

‖f‖L∞(Rn) = ess sup
x∈Rn
|f(x)| <∞.

With ‖ · ‖p we denote the Lp−norm.

• For 0 < q ≤ ∞, `q denotes the set of all ( complex ) sequences {ak}k∈N such that

‖{ak}k∈N‖`q =

(
∞∑
k=0

|ak|q
)1/q

<∞,

(with the usual modification if q =∞).

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.
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• For p and q, 0 < p ≤ ∞, 0 < q ≤ ∞; we put

‖{fk}k‖`q(Lp) =

(
∞∑
k=0

‖fk(x)‖qp

) 1
q

<∞,

‖{fk}k‖Lp(`q) = ‖

(
∞∑
k=0

|fk(x)|q
) 1

q

‖p <∞.

`q(Lp) and Lp(`q) are quasi-Banach spaces (Banach spaces if p ≥ 1 and q ≥ 1).

• Lp(Rn, X) denotes the Lebesgue-Bôchner space of vector-valued functions.

• (E)`r denotes the localized space in the `r norm, 1 ≤ r ≤ ∞.

• For m ∈ N, Wm
p (Rn) is the Sobolev space of all functions f ∈ D′(Rn) such that

‖f‖Wm
p (Rn) =

∑
|α|≤m

‖∂αf‖p <∞.

• ∆f =
∑n

i=1
∂2f
∂xi2

is the Laplacian of f .

• For s ∈ R, p ∈ (1,∞), Hs
p(Rn) is the Bessel-potential space (or Sobolev space of

fractional order) of all functions f ∈ D′(Rn) such that

‖f‖Hs
p(Rn) = ‖ (I −∆)s/2f‖p <∞.

where I is the identity operator.

• L(A,B) denotes the set of all bounded linear operators from A into B.

• For x ∈ Rn and r > 0, we denote by B(a, r) the ball in Rn with center x and radius r.

• ”i.e.” stands simply for ”in other words”.

• ”a.e.” stands simply for ”almost everywhere”.

• C, c, c1, c2, . . . are strictly positive constants, their values may depend on certain pa-

rameters, and change from one line to another.

• For k ∈ Zn, τk is the translation operator defined by τkf(·) = f(· − k).

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.
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• Difference operator:

∆1
hf(x) =f(x+ h)− f(x), x, h ∈ Rn

∆m
h f(x) =∆1

h(∆
m−1
h f(x)), m = 2, 3, · · ·

∆m
h f(x) =

m∑
j=0

 j

m

 (−1)jf(x+ (m− j)h), m = 1, 2, · · ·

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.



Introduction

The Hilbert transform along curves is of a great importance in harmonic analysis, and also

in applications to many fields of applied mathematics. Several authors have studied the

boundedness of a such transform on different function spaces.

Let Γ : R→ Rn, n ≥ 2, be a continuous curve passing through the origin, i.e. Γ(0) = 0. We

define the Hilbert transform along Γ by the principal-valued integral

Hf(x) = p.v.

∫ ∞
−∞

f(x− Γ(t))
dt

t
, ∀f ∈ D(Rn). (1)

It is known that its boundedness on Lp(Rn) has been extensively studied by various authors

in different contexts, the authors gave positive results for some or all p, 1 < p < ∞. Many

results are found in [9, 12, 13, 16, 29, 30, 31, 32, 33]. Recently, these results have been

extended to the Lp(Rn;X), the spaces of vector-valued functions which have been taken up

by several authors, where X is some suitable Banach spaces, but the Banach space of most

interest to us will be `q for 1 < q < ∞, see [3, 22, 35, 47]. Let us state some results which

establish in this situation, the first is the work done in 1986 by Rubio de Francia et al. [35].

Now, we restrict our attention to Γ(t) that are given as polynomial functions, because it is

a model problem in this situation, they dealt with well-curved curves, see [20, 21].

At first, note that a simple calculation shows that

Ĥf(ξ) = m(ξ) · f̂ ,

where the ”Fourier multiplier” m is the function

m(ξ) = p.v.

∫ ∞
−∞

e−iξ·Γ(t)dt

t
, ξ ∈ Rn.

Next, it is known that for proving the boundedness on L2(Rn), it suffices to show that

m(ξ) is a bounded function on Rn and to use the Van der Corput lemma and Plancherel’s

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.
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theorem, (see[48, p.197] and [33]). Littlewood-Paley theory provides alternative methods

for studying singular integrals. The Hilbert transform along curves, the classical example

of a singular integral operator, led to the extensive modern theory of Calderón-Zygmund

operators, mostly studied on different functional spaces such as Lebesgue spaces Lp(Rn),

Lp(Rn;X) the space of vector-valued functions as we have seen above.

In the first part of this thesis, we will use the Littlewood-Paley theory to prove that the

boundedness of the Hilbert transform along curve Γ on Besov spaces Bs
p,q(Rn) can be ob-

tained by its Lp(Rn)-boundedness, where s ∈ R, p, q ∈ (1,∞), and Γ(t) is an appropriate

curve in Rn, also, it is known that the Besov spaces Bs
p,q(Rn) are embedded into Lp(Rn)

spaces for s > 0 ( i.e. Bs
p,q(Rn) ↪→ Lp(Rn), s > 0). Thus, our first result may be viewed as

an extension to the besov spaces Bs
p,q(Rn) for general values of s in R.

When Γ is of finite type, i.e. the set {Γ(k)(0) : k ≥ 1} spans Rn, we must consider the

local version Hloc of the operator H, where the integral defining H is restricted to [−1, 1].

In [38], it is shown that, in this case Hloc is bounded on Lp(Rn) for every p, 1 < p < ∞.

Thus, what can happen in the case when Γ is not of finite type? This brings us to the

simplest case Γ(t) = (t, γ(t)). And we restrict our attention to curves γ satisfying

γ ∈ C2((0,∞)), convex on [0,∞) and γ(0) = γ′(0) = 0; (2)

and γ is either even or odd. The convexity hypothesis means that

[γ(c)− γ(b)]/(c− b) ≥ [γ(b)− γ(a)]/(b− a) for 0 ≤ a < b < c.

The following notions naturally arise

Definition 0.1. (i) A function f : R −→ R belongs to C1 if there exists λ, 1 < λ < ∞,

such that for each t > 0 the inequality f(λt) ≥ 2f(t) holds. Such a function f is said

to be doubling.

(ii) A differentiable function f : R −→ R belongs to C2 if there exists ε0 > 0 such that

for t > 0 the inequality f ′(t) ≥ ε0f(t)/t holds. Such a function f is said to be

infinitesimally doubling.

If f is nondecreasing on (0,∞), then f ∈ C2 implies f ∈ C1.

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.
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We will also use the function h defined for t > 0 by h(t) = tγ′(t)− γ(t). Because of γ is

convex and γ(0) = 0 we get the following important inequality

tγ′(t) ≥ γ(t) for all t > 0.

In [10], it was proved that if γ is even and satisfies (2) for p ∈ (1,∞), then H is Lp(Rn)-

bounded if and only if γ′ ∈ C1. This is the case when γ is convex and even. In the odd case,

the current situation is less satisfactory. In [30], it is shown that if γ is odd and satisfies

(2), then H is L2-bounded if and only if h ∈ C1. This means that for each p ∈ (1,∞) a

necessary condition for H to be Lp-bounded is h ∈ C1. However, it was demonstrated in [8]

that this condition is far from sufficient. It is shown that when γ is odd satisfies (2) and if

h ∈ C2, then H is Lp-bounded for all p ∈ (1,∞). In the same case, we have the Lp result for

any p ∈ (1,∞) if γ′ ∈ C1 (see [10]).

For the case of polynomial curve Γ in Rn some of related known results are Theorems

2.7 and 2.8 (see below and [5, 37]). Indeed, the subject of bounds on Hilbert transforms and

singular integrals has a rich history and has been studied by many authors on different spaces

such as Lebesgue, Sobolev spaces, which are special cases of Besov spaces. For different

states of the Hilbert transform we refer the reader to [5, 18, 23, 39] and many references

therein. In particular, and in connection with our work, we mention the work of U. Luther

and M.G. Russo [23]. The authors have studied the Hilbert transform on new weighted Besov

spaces which touched our topic but did not approach exactly. Our method is also different

from [23]. Besov spaces are the natural spaces in which many operators related to functional

equations, many papers appeared on Besov spaces and some possible related applications,

for example Lagrange interpolation in Besov spaces and Cauchy singular integral equations

in Sobolev spaces (see [19, 25, 26]).

On some conditions on the curve Γ, we confirm that the Hilbert transform preserves the

boundedness property on Besov spaces Bs
p,q(Rn), for all s ∈ R and some or all p, q ∈ (1,∞).

In this thesis we will affirm this.

In the second part of this thesis, we will use the boundedness of the Hilbert transform on

Lp(Rn; `q) the spaces of vector-valued functions to prove the main results of Chapter 3 and

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.
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Chapter 4, we prove the boundedness on Lizorkin-Triebel spaces F s
p,q(Rn), and more than

on localized Lizorkin-Triebel spaces (F s
p,q(Rn))`r with r = p.

The aim of this thesis is to study the boundedness of the Hilbert transform on Besov

spaces Bs
p,q(Rn), Lizorkin-Triebel spaces F s

p,q(Rn), as well as on Localized Lizorkin-Triebel

spaces (F s
p,q(Rn))`r with r = p. And the main results of this thesis are related to the following

chapters:

We start with a reminder on some classical inequalities of harmonic analysis which will be

used in the following. And before giving the definitions of Besov and Lizorkin-Triebel spaces,

we start by recalling the Littlewood-Palley decomposition by using a suitable resolution of

the unity.

In Chapter 2, we present the boundedness of the Hilbert transform on Lp(Rn) and we use

it to prove the boundedness on Besov spaces Bs
p,q(Rn).

In Chapter 3, we give the `q-valued inequlity∥∥∥∥∥∥
(∑
j∈Z

|Hfj|q
)1/q

∥∥∥∥∥∥
Lp

6 cp,q

∥∥∥∥∥∥
(∑
j∈Z

|fj|q
)1/q

∥∥∥∥∥∥
Lp

which is held for some or all p, q with 1 < p, q <∞, and we use it to prove the boundedness

properties of the Hilbert transform on Lizorkin-Triebel spaces.

In Chapter 4, we present the boundedness properties of the Hilbert transform on localized

Lizorkin-Triebel spaces (F s
p,q(Rn))`r with r = p. Before that, we give the notion of Pointwise

multipliers for Besov and Lizorkin-Triebel spaces, and the characterization of the localized

Lizorkin-Triebel spaces, we need to introduce a new resolution of unity which is used to

define this characterization. Let ψ ∈ D(Rn), supported in the ball B(0, R) with R >
√
n

and satisfying ∑
k∈Zn

ψ(x− k) = 1 (∀x ∈ Rn),

and we give some properties of localized Lizorkin-Triebel spaces. Finally to prove the

boundedness of the Hilbert transform on localized Lizorkin-Triebel spaces (F s
p,q(Rn))`r for

r = p, we just give the result of [17] which proved that the Lizorkin-Triebel spaces are

localizable in the `p norm.

Finally, we finish with a general conclusion and some open future works.

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.
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The main results of this thesis are:

In Chapter 2, we will prove the following theorem:

Theorem 0.1. Let s ∈ R, 1 < p, q <∞. If H is bounded on Lp(Rn), then H is bounded on

Besov spaces Bs
p,q(Rn).

In Chapter 3, we will prove the following theorem:

Theorem 0.2. Let γ(t) be a continuous odd function, twice continuously differentiable,

increasing and convex for t ≥ 0. Suppose that γ′′ is monotone for t > 0 and that there exists

C > 0 so that γ′(t) ≤ Ctγ′′(t) for t > 0. Then H is bounded on F s
p,q(R2) for all s ∈ R, and

all p, q with 5/3 < p, q < 5/2.

In the context of Theorem 0.2 we have the following theorems:

Theorem 0.3. Let Γ : R→ Rn be a well-curved curve in Rn with Γ(0) = 0. Then

‖Hf‖F sp,q(Rn) ≤ C‖f‖F sp,q(Rn),

for all s ∈ R, and all 1 < p, q <∞, with n ≥ 2.

Theorem 0.4. (1) Let Γ : R→ Rn be a polynomial function. Then

‖Hf‖F sp,q(Rn) ≤ C‖f‖F sp,q(Rn),

for all s ∈ R, and all 1 < p, q <∞, with n > 2.

(2) Let the image of Γ : R→ Rn be of finite type at 0. Then

‖Hf‖F sp,q(Rn) ≤ C‖f‖F sp,q(Rn),

for all s ∈ R, all 1 < p, q <∞, with n > 2.

In Chapter 4, we will prove the following theorem:

Theorem 0.5. Suppose that γ(t) is a continuous odd function, twice continuously differ-

entiable, increasing and convex for t ≥ 0. Suppose also that γ′′ is monotone for t > 0 and

that there exists C > 0 so that γ′(t) ≤ Ctγ′′(t) for t > 0. Then H is bounded on localized

Lizorkin-Triebel (F s
p,qRn)`p spaces for all s ∈ R, and all 5/3 < p, q < 5/2.

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.
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In the context of Theorem 0.5 we have the following theorems:

Theorem 0.6. Let Γ : R→ Rn be a well-curved curve in Rn with Γ(0) = 0. Then

‖Hf‖(F sp,q(Rn))`p ≤ C‖f‖(F sp,q(Rn))`p , (3)

for all s ∈ R, and all 1 < p, q <∞ with n ≥ 2.

Theorem 0.7. (1) Let Γ : R→ Rn be a polynomial function. Then

‖Hf‖(F sp,q(Rn))`p ≤ C‖f‖(F sp,q(Rn))`p , (4)

for all s ∈ R, and all 1 < p, q <∞, with n > 2.

(2) Let the image of Γ : R→ Rn be of finite type at 0. Then

‖Hf‖(F sp,q(Rn))`p ≤ C‖f‖(F sp,q(Rn))`p , (5)

for all s ∈ R, and all 1 < p, q <∞, with n > 2.

The Chapter 2 is a paper published in Journal of Carpathian Mathematical publication

”Boundedness of The Hilbert Transform on Besov Spaces”. (2020), 12 (2), 443-450, see

[24], while the Chapter 3 and the Chapter 4 are papers in preparation.

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.



Chapter 1

Besov and Lizorkin-Triebel Spaces

The theory of Besov and Lizorkin-Triebel spaces has a long history and plays a central

part in harmonic analysis and partial diferential equations, it has been an active area of

research in the last few decades because of its important role in the study of approximation

of functions and regularity of solutions to partial differential equations.

In this chapter, we present some results, which remain fixed throughout this thesis. We will

recall the essential concepts that we will use subsequently, we then define the Besov and the

Lizorkin-Triebel spaces and give some of their basic properties, we start with a reminder on

some classical inequalities of harmonic analysis.

1.1 Classical inequalities

In the following paragraph, we recall some classical inequalities of harmonic analysis in

Lp(Rn) spaces which are necessary for the continuation of this thesis. We will apply several

times the Hölder and the Young inequalities. Sometimes we need also the use of, both, the

Minkowski and the Bernstein inequalities.

Proposition. 1.1. (Hölder’s inequality). Let f ∈ Lp(Rn) and g ∈ Lq(Rn) with

1 ≤ p, q, r ≤ ∞ and 1
r

= 1
p

+ 1
q
. Then f · g ∈ Lr(Rn) and

‖f · g‖r ≤ ‖f‖p‖g‖q.

Proposition. 1.2. (Young’s inequality). Let f ∈ Lp(Rn) and g ∈ Lq(Rn) with p, q,

r ∈ [1,∞] where 1 + 1
r

= 1
p

+ 1
q
. Then f ∗ g ∈ Lr(Rn) and

‖f ∗ g‖r ≤ ‖f‖p‖g‖q.
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Proof. We fix g ∈ Lq(Rn) and we consider the operator Tf = f ∗ g. So we have

|Tf(x)| ≤
∫
Rn
|f(y)|

1
q |g(x− y)||f(y)|

1
q′ dy.

Using the Hölder’s inequality, we get on the one hand

‖Tf(x)‖q ≤ ‖f‖1‖g‖q′ ,

on the other hand, Hölder’s inequality gives

|Tf(x)| ≤ ‖g‖q‖f‖q′ .

Then applying the Riesz-Thorin interpolation theorem, we have

T : L1(Rn) −→ Lq(Rn)

Lq(Rn) −→ L∞(Rn),

so we have

T : Lp(Rn) −→ Lr(Rn) with
1

r
+ 1 =

1

p
+

1

q
.

Proposition. 1.3. (Minkowski’s inequality). For all 1 ≤ p ≤ q ≤ ∞, and X an

element in `p(`q), then we have

‖X‖`q(`p) ≤ ‖X‖`p(`q).

Proposition. 1.4. (Bernstein’s inequality). [40, Remark 1, p.18].

Let R > 0, α ∈ Nn
0 and 1 ≤ p ≤ q ≤ ∞. Then there exists a constant c = c(α, p, q, n) > 0

such that

‖f (α)‖q ≤ cR|α|+n( 1
p
− 1
q

)‖f‖p

holds for all f ∈ Lp(Rn) with suppf̂ ⊂ {ξ ∈ Rn, |ξ| ≤ R}.

Proof. Let ϕ ∈ S(Rn) such that ϕ(ξ) = 1 if |ξ| ≤ 1.

We pose ϕR(ξ) = ϕ(ξ/R), such that ϕR(ξ) = 1 if |ξ| ≤ R, then we have

f̂ = ϕRf̂ and f (α) = (F−1ϕR)(α) ∗ f.
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From Young’s inequality, we obtain

‖f (α)‖q ≤‖ (F−1ϕR)(α) ‖r ‖f‖p with 1 +
1

q
=

1

p
+

1

r
.

As for all x ∈ Rn, we have

(F−1ϕR)(α)(x) = Rn(F−1ϕ)(α)(Rx),

it becomes

‖ (F−1ϕR)(α) ‖r= Rn+|α|−n
r ‖ (F−1ϕ)(α) ‖r,

so we have

‖f (α)‖q ≤ cR|α|+n( 1
p
− 1
q

)‖f‖p with c = ‖(F−1ϕ)(α)‖r.

Proposition. 1.5. Let 0 < a < 1 and 0 < q ≤ ∞. For any real sequence with positive term

{εj} in `q(Z), the sequences ηk = ak
∑k

j=0 a
−jεj and µk = a−k

∑
j≥k a

jεj belong to `q(Z).

Furthermore, there is c = c(a, q) such that

‖ηk‖`q(Z) + ‖µk‖`q(Z) ≤ c‖{εj}‖`q(Z).

Proof. For 1 < q <∞, we can write {ηk} in the form

ηk =
k∑
j=0

a
(k−j)
q a

(k−j)
q′ εj, where

1

q
+

1

q′
= 1.

By Hölder’s inequality, we find

ηqk ≤

(
k∑
j=0

a(k−j)εqj

)(
k∑
j=0

a(k−j)

) q
q′

,

we deduce that the sum of ηqk for k = 0, 1, 2, · · · is increased by
(∑

j≥0 a
i
)q (∑

j≥0 ε
q
j

)
,

which gives

‖{ηk}‖`q(Z) ≤
1

1− a
‖{εj}‖`q(Z).

The same for {µk}.

For 0 < q ≤ 1, we have

ηqk ≤
k∑
j=0

a(k−j)qεqj ,
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which makes it possible to increase the sum of ηqk for k = 0, 1, 2, · · · by
(∑

i≥0 a
iq
) (∑

j≥0 ε
q
j

)
,

i.e.

‖{ηk}‖`q(Z) ≤ (
1

1− aq
)
1
q ‖{εj}‖`q(Z).

The same for {µk}. By the same reasoning, we can show the case q =∞.

1.2 Definitions and basic properties of Besov and Lizorkin-

Triebel spaces

In this section, we give the definition of Besov and Lizorkin-Triebel spaces using the Littlewood-

Paley series which are based on the decomposition of the unity, to this decomposition, we

associate a decomposition of any function f in the space of tempered distributions, we will

recall the definition of finite differences which will allow us to build equivalent norms for

these spaces, as well as their properties which will be useful later.

For details and further properties of Besov and Lizorkin-Triebel spaces, such equivalent

norms, embeddings, etc., we refer to Bergh and Löfström [4], Peetre [34], Runst and Sickel

[36], Yuan, Sickel and Yang [46] and Triebel [40, 41].

First, we recall the definition of Besov and Lizorkin-Triebel spaces using the Littlewood-

Paley decomposition.

1.2.1 Littlewood-Paley decomposition

The Littlewood-Paley series play an important role in the definition of functional spaces in

general, in particular Besov and Lizorkin-Triebel spaces. They were introduced by different

authors, Peetre, Triebel and others, we will recall the definition of the Littlewood-Paley

decomposition of tempered distributions, we first need the concept of a smooth dyadic

resolution of unity.

Let % be a smooth function in S(Rn), which satisfies the conditions:

(i) supp % ⊂ {ξ ∈ Rn : 1 ≤ |ξ| ≤ 3},

(ii) %(ξ) > 0, for 1 ≤ |ξ| ≤ 3,
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(iii)
∑

j∈Z %(2−jξ) = 1, for ξ ∈ Rn \ {0}.

The construction of % does not pose any difficulty, see for example [4].

We put Ψ(ξ) = 1−
∑∞

k=1 %(2−kξ), then it follows that the function Ψ ∈ C∞(Rn), such that

supp Ψ ⊂ {ξ ∈ Rn : |ξ| ≤ 3},

then for all ξ ∈ Rn, we obtain a smooth dyadic decomposition of unity in Rn, namely,

Ψ(ξ) +
∞∑
k=1

%(2−kξ) = 1. (1.1)

And putting

Φ0 = F−1Ψ and Φk = F−1%(2−k·), k = 1, 2, · · · . (1.2)

Then we rewrite (1.1) as follows

∞∑
k=0

Φ̂k(ξ) = 1, ∀ξ ∈ Rn.

To this partition, we associate a sequence of convolution operators

∆k : S ′(Rn) −→ C∞(Rn) and Qj : S ′(Rn) −→ C∞(Rn),

defined by

∆kf = F−1(%(2−k·)) ∗ f, for k = 1, 2, · · · , (1.3)

Qjf = F−1(Ψ(2−j·)) ∗ f, for j = 0, 1, 2, · · · , (1.4)

hence

∆kf(ξ) = Φk(ξ) ∗ f(ξ), for k = 1, 2, · · · , (1.5)

with the notation ∆0 = Q0, we write the relation (1.1) at the point 2−jξ, then we have

Ψ(2−jξ) +
∞∑

k=j+1

%(2−kξ) = 1,

by multiplying by f̂ , we obtain

Ψ(2−jξ)f̂ +
∞∑

k=j+1

%(2−kξ)f̂ = f̂ , (1.6)
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by applying the application F−1 on (1.6) , then we obtain

Qjf +
∞∑

k=j+1

∆kf = f, (∀j ∈ N), (1.7)

for j = 0, we obtain

Q0f +
∞∑
k=1

∆kf = f,

so, the Littlewood-Paley decomposition of f is given by

f =
∞∑
k=0

∆kf, ( convergence in S ′(Rn)). (1.8)

In other words, we have

f =
∞∑
k=0

Φk ∗ f, ( convergence in S ′(Rn)). (1.9)

By replacing f of (1.8) in (1.7), we find

Qjf +
∞∑

k=j+1

∆kf =

j∑
k=0

∆kf +
∞∑

k=j+1

∆kf,

then we have

Qjf =

j∑
k=0

∆kf.

Remark 1.1. By the Young inequality, we easily show that the sequences of operators

(∆j)j≥0 and (Qj)j≥0 are uniformly bounded in L(Lp) for 1 ≤ p ≤ ∞.

Definition 1.1. [40] Let f ∈ S ′(Rn) and a > 0. we define the maximal operators associated

to the ∆j and Qj by

∆∗,aj f(x) = sup
y∈Rn

|∆jf(x− y)|
1 + (2j|y|)a

, x ∈ Rn, j = 0, 1, 2 · · · ,

Q∗,aj f(x) = sup
y∈Rn

|Qjf(x− y)|
1 + (2k|y|)a

, x ∈ Rn, j = 0, 1, 2 · · · ,

Definition 1.2. Let f, g in S ′(Rn). The product f · g is defined by

f · g = lim
j→∞

(Qjf) · (Qjg) (1.10)

if the limit of the right hand side of (1.10) exists in S ′(Rn)(see [36, 4.2]).
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1.2.2 Besov and Lizorkin-Triebel spaces via convolution

Now, we are ready for the definition of the Besov and the Lizorkin-Triebel spaces via con-

volution. See for instance, Runst and Sickel [36] and Triebel [40].

Definition 1.3. [36] Let s ∈ R and 0 < p, q ≤ ∞. The Besov space Bs
p,q(Rn) is the set of

all f ∈ S ′(Rn) satisfying

‖f‖Bsp,q(Rn) =


(∑

j≥0(2sj‖∆jf‖p)q
) 1
q
<∞, for q 6=∞.

supj≥0(2sj‖∆jf‖p) <∞, for q =∞.
(1.11)

Definition 1.4. [36] Let s ∈ R, 0 < p < ∞ and 0 < q ≤ ∞. The Lizorkin-Triebel space

F s
p,q(Rn) is the set of all f ∈ S ′(Rn) satisfying

‖f‖F sp,q(Rn) =


∥∥∥∥(∑j≥0(2sj|∆jf |)q

) 1
q

∥∥∥∥
p

<∞, for q 6=∞,∥∥supj≥0 (2sj|∆jf |)
∥∥
p
<∞, for q =∞.

(1.12)

Bs
p,q(Rn) (resp.F s

p,q(Rn)) endowed with the norm (1.11) (resp.(1.12)) is a quasi-Banach

space (Banach space if p ≥ 1, q ≥ 1), and can be defined by replacing the discrete chosen

system {%(2−jξ)}j by a continuous one.

Each definition in (1.11) and (1.12) above is just one of the many possibilities for introducing

Besov and Lizorkin-Triebel spaces.

Remark 1.2. In the formula (1.11) (resp.(1.12)), we can replace ∆j by ∆∗,aj with a > n
p

(resp. a > n
min(p,q)

), and we obtain an equivalent norm in Bs
p,q(Rn) (resp.F s

p,q(Rn)).

For more details, see Peetre [34] and Triebel [40].

Let us redefine the Besov and the Lizorkin-Triebel spaces by another way that we will

use in Chapter 2, see Yuan, Sickel and Yang [46] and Triebel [40, 2.3.1].

Definition 1.5. [46] Let s ∈ R and 0 < p, q 6 ∞. The Besov space Bs
p,q(Rn) is the set of

all f ∈ S ′(Rn) such that

‖f‖Bsp,q(Rn) =

(
∞∑
j=0

2sjq‖Φj ∗ f‖qp

)1/q

<∞, (1.13)

with the usual modification if q =∞.
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Definition 1.6. [46] Let s ∈ R, 0 < p < ∞ and 0 < q 6 ∞. Then The Lizorkin-Triebel

space F s
p,q(Rn) is the set of all f ∈ S ′(Rn) such that

‖f‖F sp,q(Rn) =

∥∥∥∥∥∥
(
∞∑
j=0

2jsq| (Φj ∗ f) (x)|q
) 1

q

∥∥∥∥∥∥
Lp(Rn)

<∞, (1.14)

with the usual modification if q =∞.

Remark 1.3. [40, 2.3.9] Beside the trivial equality Bs
p,p(Rn) = F s

p,p(Rn) we have always

diversity. More exactly, it holds

(i) Bs1
p1,q1

(Rn) = Bs2
p2,q2

(Rn) implies s1 = s2, p1 = p2 and q1 = q2,

(ii) F s1
p1,q1

(Rn) = F s2
p2,q2

(Rn) implies s1 = s2, p1 = p2 and q1 = q2,

(iii) F s1
p1,q1

(Rn) = Bs2
p2,q2

(Rn) implies s1 = s2 and , p1 = p2 = q1 = q2.

Proposition. 1.6. [40, 2.3.5] The following properties are verified

(i) Lp(Rn) = F 0
p,2(Rn) if 1 < p <∞, (the Lebesgue spaces),

(ii) Wm
p (Rn) = Fm

p,2(Rn) if 1 < p <∞, m = 1, 2, · · · , (the Sobolev spaces),

(iii) Hs
p(Rn) = F s

p,2(Rn) if 1 < p <∞, s ∈ R, (the Bessel potential spaces),

(iv) F s
p,p(Rn) = Bs

p,p(Rn) if 1 ≤ p <∞, s ∈ R, (the Slobodeckij spaces),

Proposition. 1.7. Let s > 0, then a tempered distribution f belongs to Bs
p,q(Rn) if and

only if f ∈ Lp(Rn) and ∂jf ∈ Bs−1
p,q (Rn) for all j = 1, · · · , n. Moreover the expression

‖f‖p +
n∑
j=1

‖∂jf‖Bs−1
p,q (Rn)

is an equivalent norm in Bs
p,q(Rn).

Proposition. 1.8. Let s ∈ R and 1 ≤ p, q ≤ ∞, α ∈ Nn, then the partial derivative ∂α

takes continuously the space Bs
p,q(Rn) to B

s−|α|
p,q (Rn).

In an other words, if f ∈ Bs
p,q(Rn) then ∂αf ∈ Bs−|α|

p,q (Rn).

Specifically, if f ∈ Bs
p,q(Rn) then ∂f ∈ Bs−1

p,q (Rn).
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Proof. We have ‖∆j(∂
αf)‖p = ‖∂α(∆jf)‖p.

From Bernstein’s inequality (for p = q), we have

‖∆j(∂
αf)‖p ≤ c2j|α|‖∆jf‖p,

hence

‖2j(s−|α|)‖∆j(∂
αf)‖p‖`q ≤ c‖2js‖∆jf‖p‖`q ,

i.e.

‖∂αf‖
B
s−|α|
p,q (Rn)

≤ c‖f‖Bsp,q(Rn).

Proposition. 1.9. (i) Let m = 1, 2, · · · , for any f in S ′(Rn), the following expressions

∑
|α|≤m

∥∥f (α)
∥∥
Bs−mp,q (Rn)

, (1.15)

‖f‖Bs−mp,q (Rn) +
n∑
j=1

∥∥∥∥∂mf∂xmj

∥∥∥∥
Bs−mp,q (Rn)

, (1.16)

and

‖∆0f‖p +
n∑
j=1

∥∥∥∥∂mf∂xmj

∥∥∥∥
Bs−mp,q (Rn)

, (1.17)

are equivalent norms in Besov spaces Bs
p,q(Rn).

(ii) Let m = 1, 2, · · · , for any f in S ′(Rn), the following expressions

∑
|α|≤m

∥∥f (α)
∥∥
F s−mp,q (Rn)

, (1.18)

‖f‖F s−mp,q (Rn) +
n∑
j=1

∥∥∥∥∂mf∂xmj

∥∥∥∥
F s−mp,q (Rn)

, (1.19)

and

‖∆0f‖p +
n∑
j=1

∥∥∥∥∂mf∂xmj

∥∥∥∥
F s−mp,q (Rn)

, (1.20)

are equivalent norms in Lizorkin-Triebel spaces F s
p,q(Rn).

Proof. See [36, P19].
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1.2.3 Characterizations of Besov and Lizorkin-Triebel spaces via

differences

To define equivalent norms of a function f of certain functional spaces, specially in Besov

and Lizorkin-Triebel spaces, we need to define the finite difference operator ∆m
h .

For any distribution f on Rn, and all h ∈ Rn, we pose

∆1
h = ∆h = τ−hf − f, where τhf(x) = f(x− h).

Recall that ∆m
h can also be defined iteratively via

∆m+1
h f(x) = ∆h (∆m

h f(x)) , ∀m ∈ N∗.

We easily verify the following formula

∆m
h f(x) =

m∑
j=0

(−1)m−j

 j

m

 f(x+ jh), m ∈ N∗, h ∈ Rn, x ∈ Rn,

where

 j

m

 are binomial coefficients.

Lemma 1.10. Let 1 ≤ p ≤ ∞, k ∈ N, f ∈ S(Rn), then

(i) ‖τ−hf − f‖p ≤ |h|‖f ′‖p,

(ii) ‖∆k
hf‖p ≤ |h|k‖f (k)‖p, (k ≥ 2).

Proof. (i) By using the following inequality

|f(x)− f(y)| ≤ |x− y|1−1/p‖f ′‖p,

and since p ≥ 1, given 0 ≤ 1− 1/p ≤ 1, and taking h = x− y, we obtain

‖τ−hf − f‖p ≤ |h|1−1/p‖f ′‖p

≤ |h|‖f ′‖p.
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(ii) We obtain by induction

‖∆k+1
h f‖p ≤ ‖∆h(∆

k
hf)‖p

≤ |h|‖(∆k
hf)′‖p

= |h|‖∆k
hf
′‖p

≤ |h||h|k‖(f ′)(k)‖p

≤ |h|k+1‖f (k+1)‖p.

Definition 1.7. Let h ∈ Rn, m ∈ N∗, t > 0, 1 ≤ p ≤ ∞, and f ∈ Lp(Rn), we define the

modulus of continuity of order m of f in Lp(Rn) as

wmp (f, t) := sup
|h|≤t,h∈Rn

(∫
Rn
|∆m

h f(x)|pdx
)1/p

. (1.21)

This modulus of continuity is used to find equivalent norms.

Remark 1.4. (i) The continuity of a function f in x is defined by

lim
h−→0

|∆1
hf(x)| = lim

h−→0
|f(x+ h)− f(x)| = 0.

(ii) The differentiability of a function f in x is described by

lim
h−→0

|∆1
hf(x)|
|h|

≤ c <∞, (c > 0).

(iii) The modulus of continuity defined in (1.21) converges for the Lp-norm, and it is mono-

tonic for the sup operator, and m-differentiable (regularity of order m).

(iv) wmp (f, t) = 0 if and only if f is a polynomial of degree less or equal m− 1.

The following propositions present equivalent norms in Bs
p,q(Rn) and F s

p,q(Rn).

Proposition. 1.11. Let m ∈ N∗, 1 ≤ p, q ≤ ∞ and 0 < s < m. Then the expression

‖f‖p +

(∫ 1

0

(
wmp (f, t)

ts

)q
dt

t

)1/q

is an equivalent norm in Bs
p,q(Rn).
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Proposition. 1.12. ([36, Theorem 3.1.1 p41]) Let m be a natural number, 0 < s < m , 1 ≤

p, q ≤ ∞. Then the space Bs
p,q(Rn) is the set of all temperate distributions f satisfying

‖f‖Bsp,q(Rn) = ‖f‖p +

(∫
Rn
|h|−sq

(∫
Rn
|∆m

h f(x)|pdx
)q/p

dh

|h|n

)1/q

<∞, (1.22)

For 1 ≤ p <∞. Then the space F s
p,q(Rn) is the set of all temperate distributions f satisfying

‖f‖F sp,q(Rn) = ‖f‖p +

∥∥∥∥∥
(∫ 1

0

(
t−s−n

∫
|h|<t
|∆m

h f(·)|dh
)q

dt

t

)1/q
∥∥∥∥∥
Lp(Rn)

<∞. (1.23)

In (1.22), the term (
∫
Rn · · · dh) may be replaced by (

∫
h<ε
· · · ) for any ε > 0, and sometimes,

in (1.23), the ball-means may be replaced by ( 1
tn

∫
|h|≤t · · · ).

1.3 Embeddings in Bs
p,q(Rn) and F s

p,q(Rn)

In this paragraph, we recall some embeddings and equalities in the sense of norms between

Besov and Lizorkin-Triebel spaces.

Definition 1.8. Let (X, ‖.‖X) , (Y, ‖.‖Y ) two quasi-Banach spaces. We say that X injects

into Y and we write X ↪→ Y if X ⊆ Y and, the identity application defined from X into Y

is continuous, i.e. there exists a constant c such that for any function f ∈ X we have

‖f‖Y ≤ c‖f‖X .

Example 1.1. The space `p(N) injects into `q(N) for 0 < p ≤ q ≤ ∞ i.e.

`p(N) ↪→ `q(N), 0 < p ≤ q ≤ ∞. (1.24)

Proposition. 1.13. [40, 2.3.3] Let s ∈ R, and 1 ≤ p, q ≤ ∞, then

(i) We have

S(Rn) ↪→ Bs
p,q(Rn) ↪→ S ′(Rn).

Furthermore, S(Rn) is dense in Bs
p,q(Rn) if max(p, q) <∞.

(ii) We have

S(Rn) ↪→ F s
p,q(Rn) ↪→ S ′(Rn),

if p <∞. Furthermore, S(Rn) is dense in F s
p,q(Rn) if q <∞.
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Proposition. 1.14. (i) Let −∞ < σ < s <∞ and 1 ≤ p, r, t ≤ ∞, Then

Bs
p,r(Rn) ↪→ Bσ

p,t(Rn),

(ii) Let s ∈ R, 1 ≤ r ≤ t ≤ ∞ and 1 ≤ p ≤ ∞, then

Bs
p,r(Rn) ↪→ Bs

p,t(Rn),

(iii) Let 1 ≤ p0 < p ≤ ∞, 1 ≤ q ≤ ∞ and s− n
p
≥ s0 − n

p0
, then

Bs0
p0,q

(Rn) ↪→ Bs
p,q(Rn),

(iv) Let s ≥ n
p
− n

r
, 1 ≤ q ≤ ∞ and 1 ≤ p < r <∞, then

F s
p,q(Rn) ↪→ Lr(Rn),

(v) Let s > n
p
− n

r
, 1 ≤ p <∞ and 1 ≤ q ≤ ∞ or s = n

p
− n

r
and q ≤ r, then

Bs
p,q(Rn) ↪→ Lr(Rn).

Proof. See [36, Coro 2,p.37]

Proposition. 1.15. Let s ∈ R, 1 ≤ p < ∞, and 1 ≤ q ≤ ∞, ( for the Besov spaces

0 < p ≤ ∞).

i) For q ≤ r ≤ ∞, we have

F s
p,q(Rn) ↪→ F s

p,r(Rn). (1.25)

ii) For 1 ≤ r ≤ ∞ and ε > 0, we have

F s+ε
p,q (Rn) ↪→ F s

p,r(Rn). (1.26)

iii)

Bs
p,min(p,q)(Rn) ↪→ F s

p,q(Rn) ↪→ Bs
p,max(p,q)(Rn). (1.27)

Proof. i) For 1 ≤ q ≤ r ≤ ∞ and according to (1.24) the proof is obvious.
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ii) For arbitrary 1 ≤ r ≤ ∞ and ε > 0, we can affirm that

‖f‖F sp,r =

∫
Rn

(
∞∑
j=0

2jsq|∆jf |q
) r

q

dx

 1
r

≤
∫
Rn

sup 2j(s+ε)|∆jf |dx

(
∞∑
j=0

2−jεr

) 1
r

≤ C‖f‖F s+εp,∞
.

with i) we finish the proof. Modification if r =∞.

iii) We will study two cases:

If 1 ≤ q ≤ p <∞, we have

‖fk‖`p(Lp(Rn)) ≤ ‖fk‖Lp(Rn,`q)

=

∥∥∥∥∥
∞∑
k=0

|fk|q
∥∥∥∥∥

1
q

L p
q

(Rn)

≤

(
∞∑
k=0

|fk|L p
q

(Rn)

) 1
q

= ‖fk‖`q(Lp(Rn)).

At first, we consider q < p ; then (1.27) is reduced to Bs
p,q ↪→ F s

p,q, since the right side

of the inclusion already follows from F s
p,p = Bs

p,p.

Let f ∈ Bs
p,q, putting u = p

q
(so u > 1) then

‖f‖F sp,q =

∫
Rn

(
∞∑
j=0

2jsq|∆jf |q
) p

q

dx

 1
p

=

(∫
Rn

(
∞∑
j=0

2jsq|∆jf |q
)u

dx

) 1
uq

≤

(
∞∑
j=0

(∫
Rn

2jsqu|∆jf |qudx
) 1

u

) 1
q

=

(
∞∑
j=0

2jsq‖∆jf‖qp

) 1
p

= ‖f‖Bsp,q .
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If 1 ≤ p ≤ q ≤ ∞, we have

‖fk‖`q(Lp(Rn)) ≤ ‖fk‖Lp(Rn,`q)

=

∥∥∥∥∫
Rn
|fk|pdx

∥∥∥∥ 1
p

L q
p

(Rn)

≤
(∫

Rn
‖|fk|p‖L q

p
(Rn)dx

) 1
p

≤ ‖fk‖`p(Lp(Rn)).

when p < q, putting v = q
p
, then

‖f‖Bsp,q =

(
∞∑
j=0

2jsq
∫
Rn

(|∆jf |pdx)
q
p

) 1
q

=

(
∞∑
j=0

(∫
Rn

2jsp|∆jf |pdx
)v) 1

vp

≤

∫
Rn

(
∞∑
j=0

2jspv|∆jf |pvdx

) 1
v


1
p

=

∫
Rn

(
∞∑
j=0

2jsq|∆jf |q
) p

q

dx

 1
p

= ‖f‖F sp,q .

Proposition. 1.16. [41, p.97] Let 0 < q ≤ ∞, then

Bs
p,q(Rn) ↪→ Lp if 1 ≤ p ≤ ∞ and s > 0. (1.28)

Definition 1.9. [36] Let either Es
p,q(Rn) = Bs

p,q(Rn) or Es
p,q(Rn) = F s

p,q(Rn). Then Es
p,q(Rn)

is called an algebra if

Es
p,q(Rn) · Es

p,q(Rn) ↪→ Es
p,q(Rn).

Furthermore, for all f ∈ Es
p,q(Rn) and all g ∈ Es

p,q(Rn) there exists C > 0 such that

‖f · g‖Esp,q(Rn) ≤ C‖f‖Esp,q(Rn)‖g‖Esp,q(Rn). (1.29)

Proposition. 1.17. [36] Let s > 0 and 0 < p, q ≤ ∞. The following statements are

equivalent:
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(i) Bs
p,q(Rn) is an algebra,

(ii) Bs
p,q(Rn) ↪→ L∞,

(iii) either s > n/p or s = n/p and 0 < q ≤ 1.

Proposition. 1.18. [36] Let s > 0, 0 < p <∞ and 0 < q ≤ ∞. The following statements

are equivalent:

(i) F s
p,q(Rn) is an algebra,

(ii) F s
p,q(Rn) ↪→ L∞,

(iii) either s > n/p or s = n/p and 0 < p ≤ 1.

1.4 Interpolation

During the last fifty years, the interpolation theory becames an important tool in the theory

of linear and nonlinear partial differential equations, it is a powerful tool to study the conti-

nuity of a linear operator. In what follows, we recall the known results on the interpolation

of Besov and Lizorkin-Triebel spaces. For details we refer to [4, 34, 40, 41].

Let A0, A1 two Banach spaces, such that the algebraic operations (addition of elements and

multiplication by complex numbers) are the same in A0 and A1. Let A0 + A1 be the set of

all elements a which can be represented as a = a0 + a1 with a0 ∈ A0 and a1 ∈ A1.

If 0 < t <∞ and a ∈ A0 + A1, puting

K(t, a) = inf
a=a0+a1

(‖a0‖A0 + t‖a1‖A1). (1.30)

Definition 1.10. (Real interpolation)[40] Let 0 < θ < 1.

If 0 < q <∞, then

(A0, A1)θ,q =

{
a/a ∈ A0 + A1 : ‖a‖(A0,A1)θ,q =

(∫ ∞
0

(t−θK(t, a))q
dt

t

) 1
q

<∞

}
. (1.31)

If q =∞, then

(A0, A1)θ,∞ =

{
a/a ∈ A0 + A1 : ‖a‖(A0,A1)θ,∞ = sup

0<t<∞
t−θK(t, a) <∞

}
. (1.32)
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Remark 1.5. [40] By (A0, A1)θ,q we denote the result of the real interpolation space of the

exponent θ, applied to A0 and A1.

Theorem 1.1. [40] If A0 and A1 are Banach spaces, then (A0, A1)θ,q with 0 < θ < 1 and

1 ≤ q ≤ ∞, is also a Banach space.

Theorem 1.2. [36, p.82] Let (A0, A1), (B0, B1) be two interpolation couples of compatibles

Banach spaces and T be a linear operator takes Ai into Bi, (i = 0, 1) such that,

‖Tf‖B0 ≤M0‖f‖A0 and ‖Tf‖B1 ≤M1‖f‖A1 ,

then for all 0 < θ < 1 and 1 ≤ q ≤ ∞, the operator T takes (A0, A1)θ,q into (B0, B1)θ,q such

that

‖T‖(B0,B1)θ,q ≤M0
1−θM1

θ‖f‖(A0,A1)θ,q . (1.33)

Remark 1.6. Let A0, A1, B0 and B1 be Banach spaces, 0 < θ < 1 and 1 ≤ q ≤ ∞.

If Ai ↪→ Bi, (i = 0, 1) then (A0, A1)θ,q ↪→ (B0, B1)θ,q .

Theorem 1.3. (Riesz-Thorin interpolation).Assume that p0, p1, q0, q1 ∈ [1,∞] with

p0 6= p1, q0 6= q1. Let (X,µ), (Y, ν) two measured spaces and T be a linear operator

T : Lp0(X,µ) −→ Lq0(Y, ν),

T : Lp1(X,µ) −→ Lq1(Y, ν)

such that, for any simple function f we have

‖Tf‖qi 6 Ci‖f‖pi (i = 0, 1).

Then T takes (Lp0 , Lp1)θ = Lp into (Lq0 , Lq1)θ = Lq such that

1

p
=

1− θ
p0

+
θ

p1

,
1

q
=

1− θ
q0

+
θ

q1

, (0 < θ < 1). (1.34)

Furthermore

‖Tf‖q 6 C1−θ
0 Cθ

1‖f‖p. (1.35)

Proof. See [4, p.2]
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Proposition. 1.19. Let 0 < θ < 1, 1 ≤ q0 ≤ ∞, 1 ≤ q1 ≤ ∞ and 1 ≤ q ≤ ∞.

Furthermore, let s0 ∈ R, s1 ∈ R, s0 6= s1 and s = (1− θ)s0 + θs1.

(i) If 1 ≤ p ≤ ∞, then (
Bs0
p,q0

(Rn), Bs1
p,q1

(Rn)
)
θ,q

= Bs
p,q(Rn). (1.36)

(ii) If 1 ≤ p <∞, then (
F s0
p,q0

(Rn), F s1
p,q1

(Rn)
)
θ,q

= Bs
p,q(Rn). (1.37)

Proof. See [40, 2.4.2].

Proposition. 1.20. [40] Let s0 ∈ R, s1 ∈ R, 0 < p0 <∞ and 0 < p1 <∞. If 0 < θ < 1,

and

s = (1− θ)s0 + θs1,
1

p
=

1− θ
p0

+
θ

p1

,

then (
Bs0
p0,p0

(Rn), Bs1
p1,p1

(Rn)
)
θ,p

= Bs
p,p(Rn). (1.38)

1.5 Examples of functions in Besov space

In this section, we will give examples of functions in Besov space.

Example 1.2. [36] Let f = δ ∈ S ′(Rn) ( the Dirac delta function), we have

∆jf(x) = 2j
∫
Rn
F−1ϕ(2j(x− y))f(y)dy

= < f, 2jF−1ϕ(2j(x− ·)) >,

so we have

∆jδ(x) = < δ, 2jF−1ϕ(2j(x− ·)) >

= 2jF−1ϕ(2jx),

then

‖∆jδ‖p = c2nj(1−
1
p

).

Which implies

2js‖∆jδ‖p = c2nj(1−
1
p

)+js,
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for 1 ≤ q ≤ ∞, we have(∑
j≥0

2jsq‖∆jδ‖qp

) 1
q

= c

(∑
j≥0

2j(n−
n
p

+s)q

) 1
q

.

So the series
(∑

j≥0 2j(n−
n
p

+s)q
) 1
q

converges in the following two cases:

• If n− n
p

+ s < 0 i.e. s < n
p
− n, then δ ∈ Bs

p,q(Rn).

• If n− n
p

+ s = 0 i.e. s = n
p
− n, then

2sj‖∆jδ‖p = c for j ∈ N =⇒ sup
j∈N

2sj‖∆jδ‖p = c = ‖δ‖Bsp,∞(Rn).

Then we have 
δ ∈ Bs

p,q(Rn) if s < n
p
− n, 1 ≤ p, q ≤ ∞.

δ ∈ Bs
p,∞(Rn) if s = n

p
− n, 1 ≤ p ≤ ∞, q =∞.

Example 1.3. [36] Let f(x) = v.p( 1
x
) ( the principal valued of 1

x
). We have

f̂(ξ) = −iπsgnξ

and

supp∆̂jf ⊂ {ξ ∈ R : |ξ| ≤ 2j+1}.

According to Bernstein’s inequality, we obtain

‖∆jf‖p ≤ c12j(
1
2
− 1
p

)‖∆jf‖2, (p ≥ 2). (1.39)

On the other hand, we have

‖∆jf‖2 = (2π)−
1
2‖∆̂jf‖2 (Plancherel)

= (2π)−
1
2‖ϕ(2−j·)f̂‖2

= c22
j
2 ,

because ϕ ∈ D(R).

Then the equation (1.39) becomes

‖∆jf‖p ≤ c2j(1−
1
p

), c = c1c2,
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from where

2sj‖∆jf‖p ≤ c2
j(s+ 1

p′ ),

the series
∑

j≥0 2
j(s+ 1

p′ )q, 1 ≤ q ≤ ∞ converges if s < − 1
p′

, which gives f(x) = v.p( 1
x
) ∈

Bs
p,q(R) in the following two cases

s = − 1
p′
, 2 ≤ p ≤ ∞, and q =∞.

s < − 1
p′
, 2 ≤ p ≤ ∞, and 1 ≤ q ≤ ∞.
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Chapter 2

Boundedness of the Hilbert

Transform on Besov Spaces

In this chapter, we will study the boundedness of the Hilbert transform on Besov spaces

Bs
p,q(Rn), the principal theorem of this chapter is Theorem 2.9 where we will use the

Littlewood-Paley decomposition to prove that the boundedness of the Hilbert transform

on Besov spaces Bs
p,q(Rn) can be obtained by its Lp(Rn)-boundedness for s ∈ R, and

p, q ∈ (1,∞).

The chapter is arranged as follows. In Section 2.1, we will give definitions and basic proper-

ties of the Hilbert transform. In the second Section, we will give the boundedness of such a

transform on Lebesgue spaces Lp(Rn). Finally, in Section 2.3, we will give the main result

of this chapter where we will prove the boundedness on Besov spaces Bs
p,q(Rn).

2.1 Hilbert transform

Let Γ : R→ Rn, n ≥ 2, be a continuous curve passing through the origin, i.e. Γ(0) = 0. We

define the Hilbert transform along Γ by the principal-valued integral

Hf(x) = p.v.

∫ ∞
−∞

f(x− Γ(t))
dt

t
, ∀f ∈ D(Rn). (2.1)

And the truncated form Hε,N is given by

Hε,Nf(x) =

∫
ε≤|t|≤N

f(x− Γ(t))
dt

t
. (2.2)

It is known that for proving the boundedness of the Hilbert transform on L2(Rn), it suffices

to show that the ”Fourier multiplier” m namely

m(ξ) = p.v.

∫ ∞
−∞

e−iξ·Γ(t)dt

t
, ξ ∈ Rn,
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is a bounded function on Rn and to use the Van der Corput lemma and Plancherel’s theorem,

(see[48, p.197] and [33]).

Lemma 2.1. [38] Let f(x) be a locally integrable function, and Γ(t) be a continuous curve.

Then f(x− Γ(t)) is a measurable function of x and t. Also for almost every x, f(x− Γ(t))

is a measurable and locally integrable function of t.

Remark 2.1. [38]

(i) Note that the fact that f(x− Γ(t)) is locally integrable in t for almost every x follows

from Fubini’s Theorem.

(ii) Lemma 2.1 implies that for locally integrable f , then Hε,Nf(x) is a well-defined mea-

surable function of x for each fixed positive ε and N . Moreover for almost every x,

Hε,Nf(x) is continuous in ε and N .

Now we ask, does

lim
h→0

1

h

∫ h

0

f(x− Γ(t))dt = f(x) a.e.? (2.3)

To obtain positive answers to this question, it is necessary to restrict attention to a subclass

of curves. Again curvature is crucial, we obtain positive results if Γ has an appropriate

amount of curvature.

Definition 2.1. [38] We say that a C∞ curve Γ(t) in Rn is well-curved if Γ(0) = 0 and for

some ε > 0, Γ([−ε, ε]) lies in the subspace of Rn spanned by

dj

dtj
Γ(t) |t=0, j = 1, 2, 3, . . .

We should mention that any real-analytic curve in Rn is well-curved.

An important feature of well-curved curves appears when we consider the simplest two

dimensional examples, namely

Γ(t) = (tj, tk), t ≥ 0,

where j and k are positive integers.

The following result holds:
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Theorem 2.1. [38] Let f be locally in Lp(Rn), p > 1. Then

lim
h→0

1

h

∫ h

0

f(x− Γ(t))dt = f(x) a.e. (2.4)

provided Γ(t) is well-curved.

Let us recall the definition of the maximal operator along Γ, which plays a very important

role in harmonic analysis.

Definition 2.2. Suppose that f is a locally integrable on Rn, i.e. f ∈ L1
loc(Rn). The

maximal operator M is defined on L1
loc(Rn) by

Mf(x) = sup
h>0

1

h

∣∣∣∣∫ h

0

f(x− Γ(t))dt

∣∣∣∣ . (2.5)

We should mention that the maximal operatorM is well defined for any locally integrable

f on Rn, in general, it is not a bounded operator from L1(Rn) to itself, and of course M is

bounded on L∞(Rn), i.e.

‖Mf‖∞ ≤ ‖f‖∞.

We consider the plane curve (t, γ(t)) in R2, and we have the following theorem for P = 2.

Theorem 2.2. If γ(0) = γ′(0) = 0, and γ(t), γ′(t), and γ(t)′′ are increasing, and positive

when t > 0, then

‖Mf‖2 ≤ c‖f‖2.

Proof. See [38].

We set, for the following theorem:

M1f(x) = sup
0<h≤1

1

h

∫ h

0

|f(x− Γ(t))| dt. (2.6)

We should mention that M1 is well defined for any locally integrable f .

Theorem 2.3. [38] If Γ(t) is well-curved, then

‖M1f(x)‖p ≤ Cp‖f‖p, for all 1 < p <∞. (2.7)
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Theorem 2.3 implies Theorem 2.1.

For a survey of this problem’s history through 1977 see [38].

Now, we give the Van der Corput lemma in the simple case which has been basic in the

study of the Hilbert transform.

Lemma 2.2. (Van der Corput lemma ). Suppose f : [a, b] → R is in C1 [a, b] , f ′ is

monotone, and there is a λ > 0 with |f ′(t)| ≥ λ for a ≤ t ≤ b. Then∣∣∣∣∫ b

a

eif(t)dt

∣∣∣∣ ≤ c/λ,

for a constant c independent of a, b, f and λ.

Proof. See [48, p.197].

2.2 Boundedness of the Hilbert transform on Lp(Rn)

2.2.1 Boundedness of the Hilbert transform on L2(Rn)

In this paragraph, we are interested in the Boundedness of the operator HR on L2(Rn), we

define it in its truncated form :

Hε,R(f)(x) =

∫
ε<|t|≤R

f(x− Γ(t))
dt

t
, (∀f ∈ D(Rn)), (2.8)

where Γ(t) = (γ1(t), γ2(t), · · · , γn(t)).

Theorem 2.4. [2, 33] Let Γ : [−R,R] → Rn be a highly monotone and odd curve with

γ1(t) = t, then

(i) Hε,R is bounded on L2(Rn) uniformly on ε and R, i.e.

∃c = c(n) > 0, ‖Hε,Rf‖2 ≤ c‖f‖2, (∀f ∈ L2(Rn)); (2.9)

(ii) limε→0Hε,R = HR exists in the L2(Rn) norm and we have

‖HRf‖2 ≤ c‖f‖2, (∀f ∈ L2(Rn)).

To prove this theorem, we need the following lemmas:
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Lemma 2.3. For all function f in S(Rn) we have

F(Hε,Rf)(ξ) = mε,R(ξ)f̂(ξ),

where

mε,R(ξ) =

∫
ε<|t|≤R

e−iξ·Γ(t)dt

t
,

such that ξ · Γ(t) = ξ1t+ ξ2γ2(t) + · · ·+ ξnγn(t).

Lemma 2.4. (Plancheral-Parseval formula) For all g ∈ L2(Rn) we have

‖Fg‖2 = (2π)
n
2 ‖g‖2.

Lemma 2.5. (W.C.Nestlerode) There exists c = c(n) > 0, such that∣∣∣∣∫
ε≤|t|≤R

e−ig(t,ξ)
dt

t

∣∣∣∣ ≤ C. pour tout ξ ∈ Rn,

where

g(t, ξ) = ξ1t+ ξ2γ2(t) + · · ·+ ξnγn(t), and ξ = (ξ1, ξ2, · · · , ξn) ∈ Rn.

Proof of Theorem 2.4

(i) By applying to (2.8) successively Lemma 2.3, Lemma 2.4 and Lemma 2.5 , we obtain

‖F(Hε,Rf)‖2 = (2π)
n
2 |mε,R|‖f‖2

with

mε,R(ξ) =

∫
ε<|t|≤R

e−iξ·Γ(t)dt

t
,

then

‖F(Hε,Rf)‖2 ≤ (2π)
n
2 c ‖f‖2,

that is to say

‖F(Hε,Rf)‖2 ≤ c0 ‖f‖2,

with

c0 = (2π)
n
2 c.

So, it suffices to prove that there is a constant c > 0 which depends only on n, i.e.

c = c(n), such that

|mε,R(ξ)| ≤ c, (∀ξ ∈ Rn).

We can prove it by induction on n (see [33]).
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(ii) To show that limε→0Hε,Rf = HRf exists in the L2(Rn) norm, it suffices to prove that

(Hε,Rf)ε>0 is a sequence of Cauchy in L2(Rn).

Existence.

By applying Lemma 2.3 and Lemma 2.4 to the sequence of functions

(Hε,Rf −Hε′,Rf)ε,ε′ , (∀f ∈ L2(Rn)),

we obtain for ε > ε′,

F(Hε,Rf −Hε′,Rf)(ξ) = mε,ε′(ξ)F(f)(ξ),

where

mε,ε′ = −2i

∫ ε

ε′
{sin(ξ · Γ(t))}dt

t
.

∀ε′ : 0 < ε′ < 1, we have

|mε,ε′(ξ)| ≤ 2

∫ 1+ε

1−ε′

dt

t

= 2 ln
1 + ε

1− ε′
,

from where

‖Hε,Rf −Hε′,Rf‖2 ≤ 2‖f‖2 ln
1 + ε

1− ε′

which gives when ε, ε′ → 0

‖Hε,Rf −Hε′,Rf‖2 → 0.

Then (Hε,Rf)ε>0 converges to a limit called LRf , on L2(Rn).

Uniqueness.

From the definition of the operateur HR, we have : limε→0Hε,Rf(x) = HRf(x) exists

on R, then

HRf(x) = LRf(x), (∀x ∈ Rn)

that is to say

HRf = LRf.

It remains to prove

‖HRf‖2 ≤ c0‖f‖2, (∀f ∈ L2(Rn)).
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By applying (2.9) and the fact that limε→0Hε,R = HRf exists in the L2(Rn) norm, we

obtain, for all ε : 0 < ε < R

‖HRf‖2 = ‖HRf −Hε,Rf +Hε,Rf‖2

≤ ‖Hε,Rf −HRf‖2 + c0‖f‖2, (∀f ∈ L2(Rn)).

Passing to the limit when ε→ 0, then we have the result. And the proof of Theorem

2.4 is completed.

�

Let us give a counterexample, determine the class of curves γ for which there are Lp results

for H corresponding to γ, this problem will be clarified by several examples presented in

[38]. The simplest is as follows.

Remark 2.2. [38] Let γ be an odd function such that γ(t) = t for 0 ≤ t ≤ 1, and γ(t) = at+b

for t > 1, with b 6= 0. The Hilbert transform corresponding to (t, γ(t)) is unbounded on

L2(R2).

2.2.2 Boundedness of the Hilbert transform on Lp(Rn)

In this paragraph, we present some known results in the Lp(Rn)-boundedness.

Theorem 2.5. [38]

(i) If Γ(t) is two-sided homogeneous, and f is in Lp(Rn), 1 < p <∞. Then

Hf(x) = lim
ε→0
N→∞

Hε,Nf(x) (2.10)

exists almost everywhere and in Lp(Rn). Moreover,

‖Hf‖p ≤ Ap‖f‖p, 1 < p <∞. (2.11)

(ii) Let Γ(t) be in C∞(Rn). Assume that for small t, Γ(t) lies in the subspace spanned by

Γ(j)(0), j = 1, 2, · · · . Then

H1f(x) = lim
ε→0
Hε,1f(x) (2.12)

exists almost everywhere and in Lp(Rn). Moreover,

‖H1f‖p ≤ Ap‖f‖p, 1 < p <∞. (2.13)
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Theorem 2.6. (i) Let Γ(t) be two-sided homogeneous curve, then for f in S(Rn),

‖Hε,Nf(x)‖p ≤ c‖f‖p, 1 < p <∞. (2.14)

Moreover Hε,Nf converges in Lp(Rn) to Hf , as ε −→ 0, N −→∞, and

‖Hf‖p ≤ c‖f‖p. (2.15)

(ii) Let Γ(t) be a C∞ curve on [−1, 1]. Assume Γ(t) lies in the subspace spanned by{
Γ(j)(0)

}∞
j=1

. Then

‖Hε,1f(x)‖p ≤ c‖f‖p, 1 < p <∞. (2.16)

Moreover Hε,1f converges in Lp(Rn) to H1f , as ε −→ 0, and

‖H1f‖p ≤ c‖f‖p. (2.17)

Proof. See [38].

Let us present some results which are useful for us, we give the results of [37] and [5]

which guarantee the Lp(Rn)-boundedness of the Hilbert transform, for all p, 1 < p <∞, as

follows:

Theorem 2.7. [37] Let Γ(t) = (P1(t), · · · , Pn(t)), where P1, · · · , Pn are real polynomials

on R. Then H is bounded on Lp(Rn) for all p, 1 < p < ∞, with bound independent of the

coefficients of P1, · · · , Pn.

Theorem 2.8. Suppose that P is a real polynomial and γ is convex on [0,∞) twice differ-

entiable, either even or odd, γ(0) = 0, and γ′(0) ≥ 0.

Let Γ(t) = (t, P (γ(t))), p ∈ (1,∞), and either (1)P ′(0) is zero, or (2)P ′(0) is nonzero and

γ′ ∈ C1, then

‖Hf‖p ≤ c‖f‖p.

Moreover the constant c depends only on p, γ and the degree of P .

Proof. See [5].

Boundedness of the Hilbert Transform on Besov Spaces. c©2021, A.MAATOUG.



2.3. Main results 46

Remark 2.3. (1) In Theorem 2.8, by taking γ(t) = t , we recover a form of Theorem 2.7,

it is shown in [37] that for all p ∈ (1,∞), Lp(Rn)-boundedness of H is obtained. Also

taking P (s) = s, it is shown in [10] that if γ is odd, satisfies

γ ∈ C2((0,∞)), convex on [0,∞) and γ(0) = γ′(0) = 0, (2.18)

and γ′ ∈ C1, then the Lp(Rn)-boundedness of H, for all p ∈ (1,∞) is also obtained.

(2) Some examples of nonconvex curves were studied in [44], and later these were general-

ized somewhat through a technical theorem in [43]. Although the class of these curves

obtained from theorem in [5].

2.3 Main results

The following theorem concerning the boundedness of the Hilbert transform on Besov spaces

Bs
p,q(Rn).

Theorem 2.9. [24] Let s ∈ R, and 1 < p, q < ∞. If H is bounded on Lp(Rn), then H is

bounded on Besov spaces Bs
p,q(Rn).

The proof of Theorem 2.9 needs the following lemma.

Lemma 2.6. [12] For all function f in S(Rn) we have

Ĥf(ξ) = m(ξ) · f̂ , (2.19)

where the ”Fourier multiplier” m is the function

m(ξ) = p.v.

∫ ∞
−∞

e−iξ·Γ(t)dt

t
, ξ ∈ Rn.

Proof. By the Fubini theorem we have

Ĥf(ξ) = p.v.

∫ ∞
−∞

1

t

{∫
Rn
e(−iξ·x)f(x− Γ(t))dx

}
dt.

By changing the variable u = x− Γ(t), we obtain∫
Rn
f(u)e(−iξ·(u+Γ(t)))du = f̂(ξ)e(−iξ·Γ(t)).

Hence the result.
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2.3.1 Proof of Theorem 2.9

With Lemma 2.6 in hand, and by applying the inverse of the Fourier transform for (2.19),

(see for instance [42, p.40]), thus we can define the Hilbert transform as a convolution

operator by the formula

Hf(x) = K ∗ f(x), (2.20)

where

K(ξ) = F−1m(ξ).

(See also [16] and [37, p.25]). Now by Theorem 2.7 or Theorem 2.8 we have, for any p, q

such that 1 < p, q <∞ and any {fj}j in `q(Lp)(Rn),(
∞∑
j=0

‖Hfj‖qp

)1/q

≤ c

(
∞∑
j=0

‖fj‖qp

)1/q

, (2.21)

where c is independent of {fj}j.

It follows from formula (2.20) that

‖Hf‖Bsp,q(Rn) :=

(
∞∑
j=0

(
2sj‖Φj ∗ Hf‖p

)q)1/q

=

(
∞∑
j=0

2jsq‖Φj ∗ Hf‖qp

)1/q

=

(
∞∑
j=0

2jsq‖Φj ∗K ∗ f‖qp

)1/q

.

By the convolution properties and formula (2.20) we hold

‖Hf‖Bsp,q(Rn) =

(
∞∑
j=0

‖K ∗ (2jsΦj ∗ f)‖qp

)1/q

=

(
∞∑
j=0

‖H(2jsΦj ∗ f)‖qp

)1/q

.

Then, by formula (2.21), there exists a constant c such that

‖Hf‖Bsp,q(Rn) ≤ c

(
∞∑
j=0

‖2jsΦj ∗ f‖qp

)1/q

.
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Simple caculations show that

‖Hf‖Bsp,q(Rn) ≤ c

(
∞∑
j=0

(
2sj‖Φj ∗ f‖p

)q)1/q

= c

(
∞∑
j=0

2jsq‖Φj ∗ f‖qp

)1/q

= c‖f‖Bsp,q(Rn).

To achieve the proof of Theorem 2.9.

�
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Chapter 3

Boundedness of the Hilbert

Transform on Lizorkin-Triebel Spaces

In this chapter, we will study the Boundedness of the Hilbert transform on Lizorkin-Triebel

spaces F s
p,q(Rn), the principal theorem of this chapter is Theorem 3.4, where we use the

boundedness of a such transform on the `q-valued function spaces Lp(Rn; `q) to prove the

main results of this chapter. It should be noted that the boundedness was extensively

studied on Lp(Rn) and a little on Hs
p(Rn), Bs

p,q(Rn), while that on Lizorkin-Triebel spaces

F s
p,q(Rn), we have a little work or almost non-existent.

3.1 Hilbert transform along convex curves for `q-valued

functions

This section concerns the boundedness properties of the Hilbert transform on the `q-valued

function spaces Lp(Rn; `q). It is shown that the boundedness of a such transform along

a large class of convex curves is obtained on Lp(R2; `q), where 5/3 < p, q < 5/2. In the

following, we are interested in the work of Liu [22], We saw in the previous chapter that

there was a great interest to determine for which curves Γ, and which indices p, one has

‖Hf‖Lp 6 c‖f‖Lp , (3.1)

for a constant c depending only on Γ and p. The question of whether these results could be

extended to the spaces Lp(Rn; `q) of vector-valued functions was taken up by several authors

recently for 1 < q <∞. Let us state some previous theorems which are useful for us in this

chapter. The first is the work of Rubio de Francia et al. in 1986:
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Theorem 3.1. [35] Let Γ : R→ Rn be a well-curved curve in Rn with Γ(0) = 0. Then the

`q-valued inequality ∥∥∥∥∥∥
(∑
j∈Z

|Hfj|q
)1/q

∥∥∥∥∥∥
Lp

6 cp,q

∥∥∥∥∥∥
(∑
j∈Z

|fj|q
)1/q

∥∥∥∥∥∥
Lp

(3.2)

holds for all p, q with 1 < p, q <∞ , and all fj ∈ Lp(Rn), n > 2.

Recently, The authors pay attention to curves of finite type which means that the image

of the mapping t→ Γ(t) is of finite type at 0. At first, we turn our attention to Γ(t) which

is given as a polynomial functions, because it is a model problem and we have the following

results.

Theorem 3.2. [20, 21]

(1) Let Γ : R→ Rn be a polynomial function. Then the `q-valued inequality∥∥∥∥∥∥
(∑
j∈Z

|Hfj|q
)1/q

∥∥∥∥∥∥
Lp

6 cp,q

∥∥∥∥∥∥
(∑
j∈Z

|fj|q
)1/q

∥∥∥∥∥∥
Lp

(3.3)

holds for all p, q with 1 < p, q <∞ , and all fj ∈ Lp(Rn), n > 2.

(2) Let the image of Γ : R→ Rn be of finite type at 0. Then the `q-valued inequality∥∥∥∥∥∥
(∑
j∈Z

|Hfj|q
)1/q

∥∥∥∥∥∥
Lp

6 cp,q

∥∥∥∥∥∥
(∑
j∈Z

|fj|q
)1/q

∥∥∥∥∥∥
Lp

(3.4)

holds for all p, q with 1 < p, q <∞ , and all fj ∈ Lp(Rn), n > 2.

In this chapter, we give the work of Liu [22], and we use it to prove our main results.

We deal with plane curves of the form Γ(t) = (t, γ(t)), where γ(t) is a convex function for

t ≥ 0. The result of [22] was given as follows.

Theorem 3.3. [22] Suppose that γ(t) is a continuous odd function, twice continuously

differentiable, increasing and convex for t ≥ 0. Suppose also that γ′′ is monotone for t > 0

and that there exists C > 0 so that γ′(t) ≤ Ctγ′′(t) for t > 0. Then H is bounded on

Lp(R2, `q) for all p, q with 5/3 < p, q < 5/2.
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The proof of Theorem 3.3 was given in several steps, which are similar to that in [32].

Given an analytic family of convolution operators Hz so that H0 = H. To prove the

L2(R2, `2) result it suffices to obtain the boundedness of the multiplier associated to the

operator Hz with Re(z) < a, where a is some positive constant. And by using the Van der

Corput lemma and integration by parts. The vector-valued Fourier multiplier theorem is

used to show that Hz is bounded on Lp(R2, `q) for p, q with 1 < p, q < ∞, and Re(z) < b,

where b is some negative constant, (see Lemma 3.2). Finally, the theorem follows by using

generalized analytic interpolation of operators.

Remark 3.1. [22] Theorem 3.3 covers a large class of functions γ(t) such as

γ(t) = sgn(t)|t|α, (α ≥ 2),

γ(t) = te−1/|t|.

The first one is homogeneous, while the other one is without homogeneity. In [22], the author

extended the class of curves for which the Lp(R2, `q)-result is obtained for 5/3 < p, q < 5/2.

3.1.1 Proof of Theorem 3.3.

In the following, we will give the proof of Theorem 3.3, for more details see [22].

For z ∈ C, An analytic family of operators Hz is defined by

Ĥzf(ξ, η) = mz(ξ, η)f̂(ξ, η), (3.5)

where mz is given by

mz(ξ, η) = p.v.

∫
R
e−2πi[ξt+ηγ(t)][1 + η2γ2(t)]z

dt

t
. (3.6)

Notice that H0 = H.

Boundedness of Hz on L2(R2, `2).

In this subsection, we are interested in the proof of the following estimate∥∥∥∥∥∥
(∑
j∈Z

|Hzfj|2
)1/2

∥∥∥∥∥∥
L2

6 Cδ[1 + |Im(z)|]

∥∥∥∥∥∥
(∑
j∈Z

|fj|2
)1/2

∥∥∥∥∥∥
L2

, (3.7)
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where Re(z) = (1/4)− δ for some δ > 0.

It is known that the boundedness of Hz on L2(R2, `2) is equivalent to the uniform bound-

edness of the multiplier mz(ξ, η). Thus, one can show that

|mz(ξ, η)| ≤ Cδ[1 + |Im(z)|], (3.8)

where the constant Cδ is independent of Im(z). The proof of (3.8) is based on the Van der

Corput lemma which plays an important role in estimating related multipliers. This lemma

is given in several books or papers as follows

Lemma 3.1. [37, p.332] Suppose ϕ is real-valued and smooth in (a, b), and that |ϕ(k)(x)| ≥ 1

for all x ∈ (a, b). Then ∣∣∣∣∫ b

a

eiλϕ(x)dx

∣∣∣∣ ≤ Ckλ
−1/k (3.9)

holds when k ≥ 2; the bound Ck is independent of ϕ and λ.

For more details on the proof of (3.8) see [22].

Boundedness of Hz on Lp(R2, `q).

In this subsection, one can show that∥∥∥∥∥∥
(∑
j∈Z

|Hzfj|q
)1/q

∥∥∥∥∥∥
Lp

6 C[1 + |Im(z)|]2
∥∥∥∥∥∥
(∑
j∈Z

|fj|q
)1/q

∥∥∥∥∥∥
Lp

, (3.10)

where Re(z) < −1, 1 < p, q <∞, the constant C depends on Re(z), and is independent of

Im(z).

Before proving (3.10), we need a vector-valued Fourier multiplier theorem. Firstly, let us

recall some definitions:

Definition 3.1. [22] Let X be a Banach space, X is said to be an UMD-space, if the Hilbert

transform is bounded on Lp(R, X) for some (and then all) p ∈ (1,∞).

Definition 3.2. [22] A basis {ej}j in a Banach space X is called unconditional, if there is

a constant C such that for every x =
∑

j εjtjej ∈ X one has∥∥∥∥∥∑
j

εjtjej

∥∥∥∥∥ ≤ C‖x‖,

for all εj = ±1 for j ∈ N.
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Definition 3.3. [22] A Banach X is said to have local unconditional structure if there exists

a constant C such that for any finitedimensional subspace X0 of X there exists a Banach

space F with an unconditional basis and operators

u0 : X0 → F and w0 : F → X

such that the natural embedding

j : X0 → X

admits a factorization j = w0u0 and

‖u0‖‖w0‖ ≤ C.

Remark 3.2. [22] Well-known examples of UMD-spaces are Lp(Rn), `q and Lp,q(Rn),

1 < p, q <∞, three examples are also Banach lattices for their usual norm and the pointwise

order. Further, all Banach lattices have local unconditional structure.

Let m : Rn → C be a bounded function, we associate operators Tm defined on the test

functions f ∈ S(Rn, X) by

Tmf(x) = (mf̂)∨(x). (3.11)

As a vector-valued Fourier multiplier theorem, we state the following vector-valued theorem

which was proved in [47].

Lemma 3.2. [47] Let X be an UMD-space with local unconditional structure. Then for any

p ∈ (1,∞) there is a constant C <∞ such that

‖Tm‖Lp(Rn,X) ≤ C sup {|xα∂αm(x)| : x ∈ Rn \ {0}, α ≤ (1, 1, · · · , 1)} . (3.12)

For n = 2, in view of Lemma 3.2 and Remark 3.2, it suffices to show that the following

functions

mz(ξ, η), ξ
∂mz

∂ξ
(ξ, η), η

∂mz

∂η
(ξ, η), ξη

∂2mz

∂ξ∂η
(ξ, η) (3.13)

are uniformly bounded on R2 for Re(z) < −1.

The uniform boundedness of mz(ξ, η) is trivial.
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The Boundedness of ξ(∂mz/∂ξ)(ξ, η).

Integration by parts implies that

ξ
∂mz

∂ξ
(ξ, η) = −2πi

∫
R
e−2πi[ξt+ηγ(t)]ξ

[
1 + η2γ2(t)

]z
dt

=

∫
R

d

dt
(e−2πiξt)e−2πiηγ(t))

[
1 + η2γ2(t)

]z
dt

= e−2πi[ξt+ηγ(t))
[
1 + η2γ2(t)

]z∣∣∞
−∞

+ 2πiη

∫
R
e−2πi[ξt+ηγ(t)]γ′(t)

[
1 + η2γ2(t)

]z
dt

− 2zη2

∫
R
e−2πi[ξt+ηγ(t)]

[
1 + η2γ2(t)

]z−1
γ(t)γ′(t)dt.

Note that Re(z) < −1, for t ∈ R, we have∣∣[1 + η2γ2(t)]z
∣∣ = [1 + η2γ2(t)]Re(z) ≤ 1

The boundary terms is bounded by 1/π.

For Re(z) < −1, making the change of variables u = |η|γ(t), we can get the following

estimates∣∣∣∣η ∫
R
e−2πi[ξt+ηγ(t)]γ′(t)

[
1 + η2γ2(t)

]z
dt

∣∣∣∣ ≤ ∫
R
γ′(t)|η|

[
1 + η2γ2(t)

]Re(z)
dt

≤
∫
R
(1 + u2)Re(z)du ≤ π.

In the similar way, the second integrated term can be estimated by∣∣∣∣zη2

∫
R
e−2πi[ξt+ηγ(t)]

[
1 + η2γ2(t)

]z−1
γ(t)γ′(t)dt

∣∣∣∣ ≤ 1 + |Im(z)|. (3.14)

Therefore, for Re(z) < −1, ∣∣∣∣ξ ∂mz

∂ξ
(ξ, η)

∣∣∣∣ ≤ C[1 + |Im(z)|]. (3.15)

The Boundedness of η(∂mz/∂η)(ξ, η).

Integrating by parts, we obtain

η
∂mz

∂η
(ξ, η) = −2πi p.v.

∫
R
e−2πi[ξt+ηγ(t)]ηγ(t)

[
1 + η2γ2(t)

]z dt
t

+ 2z p.v.

∫
R
e−2πi[ξt+ηγ(t)]η2γ2(t)

[
1 + η2γ2(t)

]z−1 dt

t
.
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For the first integral, for any ε > 0, it suffices to bound the following two parts∫
ε<|t|<t0

|η||γ(t)|
[
1 + η2γ2(t)

]Re(z) dt
|t|
, (3.16)

∫
|t|≥t0

|η||γ(t)|
[
1 + η2γ2(t)

]Re(z) dt
|t|
. (3.17)

Recall that t0 > 0 was chosen so that |η|γ(t0) = 1, and γ(t) ≤ tγ′(t) because of the convexity.

Thus, we can prove that∫
ε<|t|<t0

|η||γ(t)|
[
1 + η2γ2(t)

]Re(z) dt
|t|
≤ 2|η|

∫ t0

0

γ′(t)dt

≤ 2. (3.18)

For Re(z) < −1 , an elementary calculation shows that∫
|t|≥t0

|η||γ(t)|
[
1 + η2γ2(t)

]Re(z) dt
|t|
≤ 2

|2Re(z) + 1|
≤ 2.

Similarly, the second integral can be estimated as∣∣∣∣z ∫
R
e−2πi[ξt+ηγ(t)]η2γ2(t)

[
1 + η2γ2(t)

]z−1 dt

t

∣∣∣∣ ≤ 2|Re(z)| [1 + |Im(z)|] . (3.19)

Therefore, for Re(z) < −1, ∣∣∣∣η∂mz

∂η
(ξ, η)

∣∣∣∣ ≤ C [1 + |Im(z)|] . (3.20)

The Boundedness of ξη(∂2mz/∂ξ∂η)(ξ, η).

We note that ξη ∂
2mz
∂ξ∂η

(ξ, η) can be written as

ξη
∂2mz

∂ξ∂η
(ξ, η) = −4π2ξη

∫
R
e−2πi[ξt+ηγ(t)]γ(t)

[
1 + η2γ2(t)

]z
dt

− 4πizξη

∫
R
e−2πi[ξt+ηγ(t)]

[
1 + η2γ2(t)

]z−1
ηγ2(t)dt.
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For the first term, integrating by parts, we obtain

4π2ξη

∫
R
e−2πi[ξt+ηγ(t)]γ(t)

[
1 + η2γ2(t)

]z
dt = 2πi

∫
R

d

dt
e(−2πiξt)e−2πiηγ(t)[ηγ(t)]

[
1 + η2γ2(t)

]z
dt

= 2πie−2πi[ξt+ηγ(t)][ηγ(t)]
[
1 + η2γ2(t)

]z∣∣∞
−∞

− 4π2

∫
R
e−2πi[ξt+ηγ(t)]ηγ′(t)[ηγ(t)]

[
1 + η2γ2(t)

]z
dt

− 2πi

∫
R
e−2πi[ξt+ηγ(t)]ηγ′(t)

[
1 + η2γ2(t)

]z
dt

− 4πiz

∫
R
e−2πi[ξt+ηγ(t)]

[
1 + η2γ2(t)

]z−1
η3γ2γ′(t)dt.

Obviously, for Re(z) < −1, t ∈ R,

∣∣2πie−2πi[ξt+ηγ(t)][ηγ(t)]
[
1 + η2γ2(t)

]z∣∣ ≤ 2π|η||γ(t)|
[
1 + η2γ2(t)

]Re(z)
≤ 2π. (3.21)

So, the boundary terms is bounded by 2π.

By making a suitable changements of variable, one has the following estimates∣∣∣∣∫
R
e−2πi[ξt+ηγ(t)]ηγ′(t)[ηγ(t)]

[
1 + η2γ2(t)

]z
dt

∣∣∣∣ ≤ 1

|Re(z) + 1|
, (3.22)

∣∣∣∣∫
R
e−2πi[ξt+ηγ(t)]ηγ′(t)

[
1 + η2γ2(t)

]z
dt

∣∣∣∣ ≤ π, (3.23)

and ∣∣∣∣z ∫
R
e−2πi[ξt+ηγ(t)]

[
1 + η2γ2(t)

]z−1
η3γ2(t)γ′(t)dt

∣∣∣∣ ≤ π|z|. (3.24)

The second term can be handled similarly. Finally, we can obtain∣∣∣∣ξη∂2mz

∂ξ∂η
(ξ, η)

∣∣∣∣ ≤ C[1 + Im(z)]2. (3.25)

We omit the details.

Remark 3.3. [22] To complete the proof we need an `q-valued analytic interpolation theo-

rem, which is a consequence of Theorem 1 in [14], a concrete proof can be found in [11].

Let S denote the closed strip {a ≤ Re(z) ≤ b} ⊂ C, {Uz}z∈S is a family of uniformly

bounded linear operators on L2(Rn), that is, there is an M > 0 such that

‖Uz‖L2−→L2 ≤M, ∀z ∈ S. (3.26)
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Moreover, the function

z 7−→
∫
Rn
Uzf(x)g(x)dx (3.27)

is continuous on S and analytic in the interior of S, whenever f, g ∈ `2(Rn).

Lemma 3.3. [22] With the above assumptions, if for 1 < pi, qi <∞, (i = 0, 1), {Uz} satisfies

the following conditions:

(i)

∥∥∥∥∥∥
(∑
j∈Z

|Uzfj|q0
)1/q0

∥∥∥∥∥∥
Lp0

≤ M0

∥∥∥∥∥∥
(∑
j∈Z

|fj|q0
)1/q0

∥∥∥∥∥∥
Lp0

, when Re(z) = a;

(ii)

∥∥∥∥∥∥
(∑
j∈Z

|Uzfj|q1
)1/q1

∥∥∥∥∥∥
Lp1

≤ M1

∥∥∥∥∥∥
(∑
j∈Z

|fj|q1
)1/q1

∥∥∥∥∥∥
Lp1

, when Re(z) = b.

Then we have ∥∥∥∥∥∥
(∑
j∈Z

|Ua(1−θ)+θbfj|q
)1/q

∥∥∥∥∥∥
Lp

≤M1−θ
0 M θ

1

∥∥∥∥∥∥
(∑
j∈Z

|fj|q
)1/q

∥∥∥∥∥∥
Lp

,

where 0 < θ < 1, 1/q = ((1− θ)/q0) + θ/q1 and 1/p = ((1− θ)/q0) + θ/p1.

Let Uzf(x) = ez
2Hzf(x). Note that

|ez2| = eRe(z)
2−Im(z)2 (3.28)

then there exists a constant M0 which is independent of Im(z) such that∥∥∥∥∥∥
(∑
j∈Z

|Uzfj|2
)1/2

∥∥∥∥∥∥
L2

≤ Cδe
−Im(z)2 [1 + |Im(z)|]

∥∥∥∥∥∥
(∑
j∈Z

|fj|2
)1/2

∥∥∥∥∥∥
L2

(3.29)

≤M0

∥∥∥∥∥∥
(∑
j∈Z

|fj|2
)1/2

∥∥∥∥∥∥
L2

when Re(z) = 1/4− δ. (3.30)

Also, for 1 < p1, q1 < ∞, there exists a constant M1 which is independent of Im(z) such

that ∥∥∥∥∥∥
(∑
j∈Z

|Uzfj|q1
)1/q1

∥∥∥∥∥∥
Lp1

≤M1

∥∥∥∥∥∥
(∑
j∈Z

|fj|q1
)1/q1

∥∥∥∥∥∥
Lp1

when Re(z) < −1. (3.31)

For 2 ≤ p, q < 5/2, there exists 1 < p1, q1 <∞ so that

1

p
=
θ

2
+

1− θ
p1

,
1

q
=
θ

2
+

1− θ
q1

(3.32)
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where 0 < θ < 1 and satisfies the equation(
1

4
− δ
)
θ + (−1− ε)(1− θ) = 0 (3.33)

for some ε > 0 and 0 < δ < 1/4 .

Therefore, by Lemma 3.3, we obtain

rl

∥∥∥∥∥∥
(∑
j∈Z

|Hfj|q
)1/q

∥∥∥∥∥∥
Lp

=

∥∥∥∥∥∥
(∑
j∈Z

|H0fj|q
)1/q

∥∥∥∥∥∥
Lp

=

∥∥∥∥∥∥
(∑
j∈Z

|U0fj|q
)1/q

∥∥∥∥∥∥
Lp

≤ C

∥∥∥∥∥∥
(∑
j∈Z

|fj|q
)1/q

∥∥∥∥∥∥
Lp

(3.34)

for 2 ≤ p, q < 5/2. The duality implies the result for 5/3 < p, q ≤ 2. This completes the

proof of Theorem 3.3.

�

For more details on the proof of Theorem 3.3 see [22].

3.2 Main results

The principal theorem of this chapter is the following, where we will prove the boundedness

of the Hilbert transform on Lizorkin-Triebel spaces. We deal with plane curves of the form

Γ(t) = (t, γ(t)), where γ(t) is a convex function for t ≥ 0 .

Theorem 3.4. Let γ(t) be a continuous odd function, twice continuously differentiable,

increasing and convex for t ≥ 0. Suppose that γ′′ is monotone for t > 0 and that there exists

C > 0 so that γ′(t) ≤ Ctγ′′(t) for t > 0. Then H is bounded on F s
p,q(R2) for all s ∈ R, and

all p, q with 5/3 < p, q < 5/2.

Remark 3.4. Notice that
(
F s0
p,q0

(Rn), F s0
p,q1

(Rn)
)
θ,q

= Bs
p,q(Rn) for 0 < θ < 1 and

s = (1 − θ)s0 + θs1, we therefore may obtain Theorem 2.9, for some p, q, by applying

Theorem 3.4 and the interpolation result above. However, we have seen in Chapter 2 that
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since H is a convolution operator, the Besov Bs
p,q-boundedness of H can be easily obtained

by its Lp-boundedness, which does not rely on the Lizorkin-Triebel F s
p,q-boundedness of H

(see Subsection 3.2.1 below for its proof).

3.2.1 Proof of Theorem 3.4

From Theorem 3.3, it is well known that H satisfies the following vector valued inequality:∥∥∥∥∥∥
(∑
j∈Z

|Hfj|q
)1/q

∥∥∥∥∥∥
Lp

6 cp,q

∥∥∥∥∥∥
(∑
j∈Z

|fj|q
)1/q

∥∥∥∥∥∥
Lp

, (3.35)

for all p, q with 5/3 < p, q < 5/2 , and all fj ∈ Lp(R2).

Now, by the definition of F s
p,q(Rn) and the convolution formula of H we have

‖Hf‖F sp,q(R2) :=

∥∥∥∥∥∥
(
∞∑
j=0

2jsq|(Φj ∗ Hf)(x)|q
)1/q

∥∥∥∥∥∥
Lp

=

∥∥∥∥∥∥
(
∞∑
j=0

2jsq|(Φj ∗K ∗ f)(x)|q
)1/q

∥∥∥∥∥∥
Lp

By the convolution properties and the formula (3.35) we have

‖Hf‖F sp,q(R2) =

∥∥∥∥∥∥
(
∞∑
j=0

|K ∗ 2js(Φj ∗ f)(x)|q
)1/q

∥∥∥∥∥∥
Lp

=

∥∥∥∥∥∥
(
∞∑
j=0

|H(2jsΦj ∗ f)(x)|q
)1/q

∥∥∥∥∥∥
Lp

≤ C

∥∥∥∥∥∥
(
∞∑
j=0

|(2jsΦj ∗ f)(x)|q
)1/q

∥∥∥∥∥∥
Lp

≤ C

∥∥∥∥∥∥
(
∞∑
j=0

2jsq|(Φj ∗ f)(x)|q
)1/q

∥∥∥∥∥∥
Lp

= C‖f‖F sp,q(R2).

The theorem is thus proved.

�

In the context of Theorem 3.4 and by applying Theorem 3.1 we have the following result:
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Theorem 3.5. Let Γ : R → Rn be a well-curved curve in Rn with Γ(0) = 0. Then there

exists c > 0, such that

‖Hf‖F sp,q(Rn) ≤ c‖f‖F sp,q(Rn), (3.36)

for all s ∈ R, and all p, q with 1 < p, q <∞, n ≥ 2.

And in the context of Theorem 3.4 and by applying Theorem 3.2 we have the following

result:

Theorem 3.6. (1) Let Γ : R → Rn be a polynomial function. Then there exists c > 0,

such that

‖Hf‖F sp,q(Rn) ≤ c‖f‖F sp,q(Rn),

for all s ∈ R, and all p, q with 1 < p, q <∞, n ≥ 2.

(2) Let the image of Γ : R→ Rn be of finite type at 0. Then there exists c > 0, such that

‖Hf‖F sp,q(Rn) ≤ c‖f‖F sp,q(Rn),

for all s ∈ R, and all p, q with 1 < p, q <∞, n ≥ 2.
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Chapter 4

Boundedness of the Hilbert

Transform on Localized

Lizorkin-Triebl Spaces

In this chapter, we will study the boundedness of the Hilbert transform on localized Lizorkin-

Triebl spaces (F s
p,q)`r in the `r(Zn) norm for r = p, see for instance [15, 17, 27], and for more

theory on localization, we refer the reader to [7, 34, 36].

4.1 Pointwise multipliers for the Besov and the Lizorkin-

Triebel spaces

We recall the definition of the pointwise multipliers space of a Banach space E (in this thesis

E = Bs
p,q(Rn) or E = F s

p,q(Rn)), denoted by M(E), this is the set of all functions f ∈ S ′(Rn)

such that

‖f · g‖E ≤ c‖g‖E (∀g ∈ E).

We say that f is a multiplier of E, we denote by ‖f‖M(E) the supremum of the number

‖f · g‖E taken over all g ∈ E such that ‖g‖E ≤ 1. i.e.

‖f‖M(E) := sup{‖f · g‖E : g ∈ C∞ ∩ E, ‖g‖E ≤ 1}.

M(E) is a Banach space. We recall that M(E) is isometrically invariant by translation, if

τaf ∈M(E) then

‖τaf‖M(E) = ‖f‖M(E).
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We refer the reader to [36, p.213] and [41] for the following embedding (1 ≤ p, q ≤ ∞), we

need respectively:

Bs
∞,q ↪→M(F s

p,q). (4.1)

Concerning the properties of M(Bs
p,q) and M(F s

p,q) see [34, 36, 41].

4.2 Characterization of the localized Lizorkin-Triebel

spaces

For the definition of the localized Lizorkin-Triebel space, denoted by (F s
p,q)`r , we need to

introduce a new resolution of unity: Let ψ ∈ D(Rn), supported in the ball B(0, R) with

R >
√
n and satisfying ∑

k∈Zn
ψ(x− k) = 1 (∀x ∈ Rn). (4.2)

Indeed, Let g ∈ D(Rn) be a positive function which equals 1 on the cube |xi| 6 2−1(i =

1, · · · , n). Then the function G(x) =
∑

k∈Zn g(x− k) is C∞ on Rn, bounded and G(x) > 1,

(since for every x, there exist k ∈ Zn , such that |xi − ki| ≤ 1
2

(for all i = 1, · · · , n) and so

g(x− k) = 1). we also have G(x− k) = G(x),∀k ∈ Zn, ∀x ∈ Rn. The function
1

G(x)
is C∞

on Rn. we just pose

ψ(x) =
g(x)

G(x)
.

�

We consider the set A as the class of all the functions ψ ∈ D(Rn) satisfying

∑
k∈Zn

ψ(x− k) = 1, for all x ∈ Rn. (4.3)

Definition 4.1. [7] A Banach Space of Distributions, denoted by (B.S.D) in D′(Rn), is

a vector subspace E of D′(Rn) equipped with a complete norm ‖ · ‖E such that the canonical

injection E ↪→ D′ is continuous.

Remark 4.1. Let E be a Banach space of distributions (B.S.D). We associate on the space

E the following hypothesis.
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(1) Translation invariance; if we denote τx the operator given by τxf(t) = f(t − x), then

τx is an isometric of E;

(2) Localization invariance; for all f ∈ E and all ψ ∈ D(Rn), we have that ψ · f ∈ E.

Let ψ ∈ D(Rn). The notion of localized is defined by fx = τxψ ·f , it follows immediately

from the hypotheses (1) and (2) that the family (fx)x∈Rn is bounded in E.

Definition 4.2. Let 1 ≤ r <∞, and E be a Banach space of distributions, Let ψ ∈ A. The

space (E)`r is the set of functions f ∈ S ′(Rn) such that

‖f‖(E)`r
=

(∑
k∈Zn
‖ψ(· − k)f‖rE

)1/r

<∞. (4.4)

In the case where r =∞, the expression (4.4) should be interpreted as

‖f‖(E)`∞
= sup

k∈Zn
‖ψ(· − k)f‖E <∞. (4.5)

The norm defined in (4.4) or (4.5) is independent of the chosen system (4.3).

Definition 4.3. Let E be a Banach space of distributions, E is localizable in the `r-norm

(1 ≤ r ≤ ∞), if there exists a function ψ ∈ A and a constant c ≥ 1 such that:

c−1 ‖f‖E ≤

(∑
k∈Zn
‖ψ(· − k)f‖rE

)1/r

≤ c ‖f‖E .

Theorem 4.1. [7] Let 1 ≤ p ≤ ∞. Then the space Lp is localizable in the `p norm.

Proof. It suffices to show that the operator

Tϕ : f 7−→ {ϕ(· − k)f}k∈Zn

is an isomorphism of Lp(Rn) on a closed subspace of (Lp)`p for a well chosen function

ϕ ∈ D(Rn).

For that, we introduce the operator

Sψ((fk)k∈Zn) =
∑
k∈Zn

ψ(· − k)fk, (4.6)
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where for a suitable choice of ψ ∈ D(Rn), Sψ is a right inverse of Tϕ.

Since ϕ has a compact support, there exists c = c(ϕ) > 0 such that, for all x ∈ Rn, we have∑
k∈Zn
|ϕ(x− k)| ≤ c.

We have also

‖Tϕf‖(L1)`1
=

∑
k∈Zn

∫
Rn
|ϕ(x− k)||f(x)|dx

≤ c‖f‖1. (4.7)

On the other hand we have

‖Tϕf‖(L∞)`∞ = sup
k∈Zn,x∈Rn

|ϕ(x− k)f(x)|

≤ ‖ϕ‖∞‖f‖∞. (4.8)

By applying the Riesz-Thorin’s theorem to (4.7) and (4.8), then the operator Tϕ is contin-

uous from Lp in (Lp)`p . Otherwise we have(∑
k∈Zn
‖ϕ(· − k)f‖pp

)1/p

≤ c‖f‖p. (4.9)

The continuity of Sψ from (Lp)`p in Lp is proved in the same way, we have

‖Sψ ((fk)k∈Zn)‖1 ≤
∑
k∈Zn
‖ψ(· − k)fk‖1 (Hölder)

≤ ‖ψ‖∞
∑
k∈Zn
‖fk‖1

= ‖ψ‖∞ ‖(fk)k∈Zn‖(L1)`1
. (4.10)

On the other hand we have

‖Sψ ((fk)k∈Zn)‖∞ ≤
(

sup
k∈Zn
‖fk‖∞

)
sup
x∈Rn

(∑
k∈Zn
|ψ(x− k)|

)
, (4.11)

where, ϕ and ψ can be any compact support functions.

Now, suppose that ϕ ∈ A, and choose ψ so that ψ = 1 on the support of ϕ, so we have

f =
∑
k∈Zn

ϕ(· − k)f

=
∑
k∈Zn

ψ(· − k) · ϕ(· − k) · f

= Sψ ((ϕ(· − k) · f)k∈Zn) ,
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and the continuity of Sψ from (Lp)`p in Lp gives

‖ f ‖p≤ c

(∑
k∈Zn
‖ϕ(· − k)f‖pp

)1/p

. (4.12)

The inequalities (4.9) and (4.12) imply that the space Lp is localizable in the `p norm.

4.2.1 Localisation of Lizorkin-Triebel spaces F s
p,q(Rn)

Proposition. 4.1. For all R > 0 there exists a constant c = c(n,R) such that for any

family (fk)k∈Zn of functions carried respectively by the balls |x− k| ≤ R, we have∥∥∥∥∥∑
k∈Zn

fk

∥∥∥∥∥
p

≤ c

(∑
k∈Zn
‖fk‖pp

)1/p

.

Proof. The proof is immediate if we notice that∑
k∈Zn

fk =
∑
k∈Zn

ψ(· − k)f = Sψ((fk)k∈Zn)

where ψ ∈ D(Rn) is chosen so that ψ = 1 on the ball |x| ≤ R, ( see (4.6) for the definition

of the operator Sψ).

Proposition. 4.2. [7] If the function θ ∈ S(Rn) is not null on the support of ψ, (see (4.2)

for the definition of ψ). Then we have:

‖ f ‖(E)`p∼

(∑
k∈Zn
‖θ(· − k)f‖pE

)1/p

.

Proof. Firstly, we can write ψ = g.θ where g ∈ D(Rn) and

‖ψ(· − k)f‖E ≤ ‖g‖M(E) ‖θ(· − k)f‖E ,

so

‖f‖(E)`p ≤ c

(∑
k∈Zn
‖θ(· − k)f‖pE

)1/p

.

On the other hand

‖θ(· − k)f‖E ≤
∑
k′∈Zn

‖ψ(· − k′)θ(· − k)f‖E

≤
∑
k′∈Zn

‖λ(· − k′)θ(· − k)‖M(E) ‖ψ(· − k′)f‖E , (4.13)
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where λ ∈ D(Rn) and λ = 1 on the support of ψ. By a change of variables, and the fact

that ‖ · ‖M(E) is invariant by translation, we have

‖λ(· − k′)θ(· − k)‖M(E) = ‖λ(· − (k − k′))θ‖M(E) . (4.14)

By combining (4.13), (4.14) and the discrete young inequality, we get the result.

Lemma 4.3. [15] Let s ∈ R, 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞ and 1 ≤ r ≤ ∞. There exists

c = c(n) > 0, such that for any Q > 0 and any family (fk)k∈Zn of functions, carried

respectively by the balls |x− k| ≤ Q, we have,∥∥∥∥∥∑
k∈Zn

fk

∥∥∥∥∥
(F sp,q(Rn))`r

≤ cQn

(∑
k∈Zn
‖fk‖rF sp,q(Rn)

)1/r

.

Proof. Let us pose m = 2[R+Q]+1 ∈ N. for all k and k′ in Zn, the intersection of the balls

|x− k| ≤ Q and |x− k′| ≤ R is empty as soon as |k− k′| ≥ m, whatever k′ ∈ Zn, we have∥∥∥∥∥∑
k∈Zn

fk

∥∥∥∥∥
(F sp,q)`r

=

∑
k′∈Zn

∥∥∥∥∥ψ(· − k′)
∑
k∈Zn

fk

∥∥∥∥∥
r

F sp,q

1/r

=

∑
k′∈Zn

∥∥∥∥∥∑
k∈Zn

ψ(· − k′)fk

∥∥∥∥∥
r

F sp,q

1/r

.

We estimate
∑

k∈Zn ψ(· − k′)fk in the norm of F s
p,q, then by the inequality of hölder we

obtain ∥∥∥∥∥∑
k∈Zn

ψ(· − k′)fk

∥∥∥∥∥
F sp,q

=

∥∥∥∥∥∥
∑

|k−k′|≤m

ψ(· − k′)fk

∥∥∥∥∥∥
F sp,q

≤
∑

|k−k′|≤m

‖ψ(· − k′)fk‖F sp,q

≤

 ∑
|k−k′|≤m

1

1/r′ ∑
|k−k′|≤m

‖ψ(· − k′)fk‖rF sp,q

1/r

, (4.15)

and as ∑
k∈Zn,|k−k′|≤m

1 =
k′+m∑
k′−m

1
k′+m∑
k′−m

1 · · ·
k′+m∑
k′−m

1 = (2m) · · · (2m)︸ ︷︷ ︸
n times

= (2m)n,

so ∑
k∈Zn,|k−k′|≤m

1 ≤ (2m+ 1)n ≤ cQn.
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we replace in relation (4.15) it becomes∥∥∥∥∥∑
k∈Zn

ψ(· − k′)fk

∥∥∥∥∥
F sp,q

≤ CQn/r′

 ∑
k∈Zn,|k−k′|≤m

‖ψ(· − k′)fk‖rF sp,q

1/r

.

Let us show that there is C > 0, such that

sup
k′∈Zn

‖ψ(· − k′)fk‖F sp,q ≤ C ‖f‖F sp,q . (4.16)

To show (4.16) it suffices to apply (4.1)

Bs
∞,q ↪→M(F s

p,q).

Let us return to the series
∑

k∈Zn fk, using (4.16) we obtain∥∥∥∥∥∑
k∈Zn

fk

∥∥∥∥∥
(F sp,q)`r

≤ c1Q
n/r′

∑
k′∈Zn

∑
|k−k′|≤m

‖ψ(· − k′)fk‖rF sp,q

1/r

≤ c2Q
n/r′

∑
k∈Zn
‖fk‖rF sp,q

∑
|k−k′|≤m

1

1/r

≤ c3Q
n

(∑
k∈Zn
‖fk‖rF sp,q

)1/r

,

the Lemma 4.3 is fully proven.

Remark 4.2. The norm of (F s
p,q)`r is independent of the chosen of ψ, this is an emidiate

consequence of Lemma 4.3, Indeed:

Let ψ1, ψ2 in D(Rn) carried respectively by the balls |x| < R1, |x| < R2 such that ψ1 ∈

A, ψ2 ∈ A, we denote by ‖·‖(1)
(F sp,q)`r

, ‖·‖(2)
(F sp,q)`r

the associated norms respectively of ψ1, ψ2.

Then for all f we have

‖f‖(1)
(F sp,q)`r

=

∥∥∥∥∥∑
k∈Zn

ψ2(· − k)f

∥∥∥∥∥
(1)

(F sp,q)`r

≤ cRn
2 ‖f‖

(2)
(F sp,q)`r

;

in the same way, we have

‖f‖(2)
(F sp,q)`r

≤ cRn
1 ‖f‖

(1)
(F sp,q)`r

.
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Lemma 4.4. For any λ1 verifying 0 < λ1 < 1/2, there exists c > 0 such that for any

sequence (fk)k∈Zn of elements of E, carried respectively by |x− k| < λ1, we have(∑
k∈Zn
‖fk‖rE

)1/r

≤ c ‖f‖(E)`r
.

Proof. Let λ2 a real verifying 0 < λ1 < λ2 < 2λ1. Consider the function θ ∈ D(Rn) carried

by [−λ2, λ2]n, such that θ = 1 on [−λ1, λ2]n. If f =
∑

k∈Zn fk, then

‖θ(· − k)f‖E = ‖fk‖E

≤
∑
k′∈Zn

‖ψ(· − k′)θ(· − k)f‖E

≤
∑
k′∈Zn

‖λ(· − k′)θ(· − k)‖M(E) ‖ψ(· − k′)f‖E ,

where λ ∈ D(Rn) and λ = 1 on the support of ψ. We use then, the Young’s inequality in

`r(Zn) we get exactly (∑
k∈Zn
‖fk‖rE

)1/r

≤ c ‖f‖(E)`r
.

4.3 convergent series in Besov and Lizorkin-Triebel

spaces

This section is devoted to Yamazaki type estimates. (See [45]).

Proposition. 4.5. Let s ∈ R and µ > 1.

(i) There exists c > 0 such that for any function θ ∈ C∞(Rn) with support in µ−1 ≤

|ξ| ≤ µ and any sequence of distributions (fj)j∈N defined by f̂j(ξ) = θ(2−jξ)f̂(ξ) with

f ∈ S ′(Rn). We have(∑
j≥0

2sjq‖fj‖qp

) 1
q

≤ c sup
|α|≤[n

2
]+1

‖θ(α)‖∞‖f‖Bsp,q(Rn). (4.17)
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(ii) There exists c > 0 such that for any sequence of functions (fj)j∈N , where suppFfj ⊂

{ξ : µ−12j ≤ |ξ| ≤ µ2j}, for all j ∈ N, we have∥∥∥∥∥∑
j≥0

fj

∥∥∥∥∥
Bsp,q(Rn)

≤ c

(∑
j≥0

2sjq‖fj‖qp

) 1
q

. (4.18)

(iii) For all a > 1, there exists c > 0 such that for any sequence of functions (fj)j∈N , where

supp Ffj ⊂ {ξ : a−12j ≤ |ξ| ≤ a2j}, for all j ∈ N, we have∥∥∥∥∥∑
j≥0

fj

∥∥∥∥∥
F sp,q(Rn)

≤ c

∥∥∥∥∥∥
(∑
j≥0

2sjq|fj|q
) 1

q

∥∥∥∥∥∥
p

. (4.19)

Proof. (i) For proving (4.17). We start from the series

fj =
∑
k≥0

∆kfj, ∀j ∈ N,

we obtain

fj =
∑
k≥0

(2knF−1θ(2k·)) ∗∆kfj,

with supp θ(2−k·) ∩ suppf̂j 6= ∅ for all |j − k| ≤ N , where N = 2 + [ lnµ
ln 2

].

We have

(1 + |y|2)mF−1θ(y) = (2π)−n
∫
Rn
eix·y(I −∆x)

mθ(x)dx,

then by the Cauchy-Schwartz inequality and the Bessel-Parseval equality we have

‖F−1θ‖1 ≤
(∫

supp θ

|(I −∆x)
m
2 θ(x)|2dx

) 1
2
(∫

Rn
(1 + |y|2)−mdy

) 1
2

≤ c sup
|α|≤m

‖θ(α)‖∞, where m = [
n

2
] + 1.

By Young’s inequality we deduce

‖fj‖p ≤ c(θ)
∑

j−N≤k≤j+N

‖∆kf‖p

≤ c(θ)
∞∑
k=j

‖∆k−Nf‖p.

We can then distinguish three cases:

The first case: s > 0.
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Proposition 1.5 gives the inequality(∑
j≥0

2sjq‖fj‖qp

) 1
q

≤ c1(θ)

(∑
k≥0

2skq‖∆k+Nf‖qp

) 1
q

≤ 2−sNc1(θ)‖f‖Bsp,q(Rn), (N = 2 + [
lnµ

ln 2
]).

The second case: s < 0.

In a similar way we have

2sj‖fj‖p ≤ c(θ)2sj
∑

j−N≤k≤j+N

‖∆kf‖p

≤ c(θ)2−sN2s(j+N)
∑

0≤k≤j+N

2−sk(2sk‖∆kf‖p).

Proposition 1.5 allows us to conclude.

The third case: s = 0. By the Hölder inequality , we have

‖fj‖p ≤ c(θ)

( ∑
j−N≤k≤j+N

1

) 1
q′
( ∑
j−N≤k≤j+N

‖∆kf‖qp

) 1
q

, (N = 2 + [
lnµ

ln 2
]),

from which we deduce(∑
j≥0

‖fj‖qp

) 1
q

≤ c(θ)(2N + 1)
1
q′

(∑
j≥0

∑
j−N≤k≤j+N

‖∆kf‖qp

) 1
q

= c(θ)(2N + 1)
1
p

+ 1
q′

(∑
k≥0

‖∆kf‖qp

) 1
q

= c1(θ)‖f‖B0
p,q(Rn).

(ii) Proof of (4.18). We pose

fj =
∑
k≥0

F−1(ψ(2−k·)) ∗∆kfj,

where supp ψ(2−k·) ∩ supp f̂j 6= ∅ for all |j − k| ≤ N , with N = 2 + [ lnµ
ln 2

],

which gives

2ks

∥∥∥∥∥∆k

(∑
j≥0

fj

)∥∥∥∥∥
p

≤
∑

−N≤`≤N

2ks ‖∆kfk+`‖p

≤ c(ψ)
∑

−N≤`≤N

2ks‖fk+`‖p.
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Hence ∑
k≥0

2ks

∥∥∥∥∥∆k

(∑
j≥0

fj

)∥∥∥∥∥
p

q
1
q

≤ c
∑

−N≤`≤N

(∑
k≥0

(
2ks‖fk+`‖p

)q) 1
q

≤ c′

(∑
k′≥0

(
2k
′s‖fk′‖p

)q) 1
q

.

(iii) To prove (4.19) we use the same method as (ii).

Proposition. 4.6. If s > 0, we can replace the annulus a−12j ≤ |ξ| ≤ a2j with the balls

|ξ| ≤ a2j, in proposition 4.5 (iii).

Proof. See [28].

Proposition. 4.7. Let a > n
min(p,q)

. Then there exists c > 0 such that∥∥∥∥∥∥
(
∞∑
j=0

2jsq|∆∗,aj f |q
) 1

q

∥∥∥∥∥∥
p

≤ c‖f‖F sp,q(Rn),

for all f ∈ F s
p,q(Rn).

Proof. See [36, p.22]

Proposition. 4.8. Let 1 < p <∞ and 1 ≤ q ≤ ∞. then there exists c > 0 such that∥∥∥∥∥∥
(
∞∑
j=0

|2jnF−1θ(2j·) ∗ fj|q
) 1

q

∥∥∥∥∥∥
p

≤ c

∥∥∥∥∥∥
(
∞∑
j=0

|fj|q
) 1

q

∥∥∥∥∥∥
p

,

for all θ ∈ S(Rn) and all sequence of functions (fj)
∞
j=0 ⊂ S ′(Rn).

Proof. See [36, p.23]

Proposition. 4.9. Let s > 0 and µ ≥ 1. There exists c > 0 such that∥∥∥∥∥∥
(
∞∑
j=0

|∆jfj|q
) 1

q

∥∥∥∥∥∥
p

≤ cµs

∥∥∥∥∥∥
(
∞∑
j=0

|fj|q
) 1

q

∥∥∥∥∥∥
p

,

for all sequence of functions (fj)
∞
j=0 ⊂ S ′(Rn), where supp f̂j ⊂ B(0, µ2j).
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Proof. See [36, p.22]

Proposition. 4.10. Let s ∈ R and µ > 1. Then there exists c > 0 such that∥∥∥∥∥∥
(∑
j≥0

2qsj|fj|q
) 1

q

∥∥∥∥∥∥
p

≤ c(θ)‖f‖F sp,q(Rn), (4.20)

for any function θ ∈ C∞(Rn) with support in µ−1 ≤ |ξ| ≤ µ and any sequence of distributions

(fj)j∈N defined by f̂j(ξ) = θ(2−jξ)f̂(ξ) with f ∈ S ′(Rn).

Proof. By the decomposition

fj =
∑
k≥0

∆kfj,

we obtain

fj =
∑
k≥0

(
2knF−1θ(2k·)

)
∗∆kf,

with supp θ(2−k·)) ∩ supp f̂j 6= ∅ for |j − k| ≤ N , where N = 2 +
[

lnµ
ln 2

]
.

We obtain ∣∣(F−1θ(2−k·)) ∗∆kf
∣∣ ≤ c(θ)|∆∗,ak f |.

Then we have

2sj|fj| ≤ c(θ)2sj
∑

j−N≤k≤j+N

2−sk2sk|∆∗,ak f |.

The first case: s ≥ 0. By Proposition 1.5, we get(∑
j≥0

2sjq|fj|q
) 1

q

≤ c(θ)

(∑
k≥0

2skq|∆∗,ak f |q
) 1

q

,

Proposition 4.7 allows us to conclude.

The second case: s ≤ 0. In the similar way, we can estimate

c(θ)2sj
∑

j−N≤k≤j+N

2−sk2sk|∆∗,ak f |,

by

c′(θ)2sj
∑
k≤j

2−sk2sk|∆∗,ak f |,

we get the result.
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4.4 Main results

The principal theorem of this chapter is the following:

Theorem 4.2. Suppose that γ(t) is a continuous odd function, twice continuously differen-

tiable, increasing and convex for t ≥ 0. Suppose also that γ′′ is monotone for t > 0 and that

there exists C > 0 so that γ′(t) ≤ Ctγ′′(t) for t > 0. Then H is bounded on the localized

Lizorkin-Triebel spaces (F s
p,q(R2))`p, for all p, q with 5/3 < p, q < 5/2. and s ∈ R

To prove Theorem 4.2, we need a few preparations, it suffices to show that the Lizorkin-

Triebel spaces is localizable in the `p norm, for that we have the following theorem.

Theorem 4.3. [17] Let s ∈ R and 1 ≤ p, q ≤ ∞. F s
p,q and (F s

p,q)`p are respectively the

Lizorkin-Triebel and the localized Lizorkin-Triebel spaces. Then the space F s
p,q is localizable

in the `p norm.

Proof. (i) (F s
p,q)`p ↪→ F s

p,q.

Prove that

‖f‖F sp,q ≤ c‖f‖(F sp,q)`p
, for c > 0.

From Definition 1.14 in Chapter 1,

‖f‖F sp,q =

∥∥∥∥∥∥
(
∞∑
j=0

2sjq|∆jf |q
) 1

q

∥∥∥∥∥∥
p

.

We put

∆jf =
∑
k∈Zn

τkψ ·∆jf,

it follows that

‖f‖F sp,q =

∥∥∥∥∥∥
(
∞∑
j=0

(∑
k∈Zn

2sj|τkψ∆jf |

)q) 1
q

∥∥∥∥∥∥
p

.

Since, 1 ≤ q. Then from Minkowski inequality we have

‖f‖F sp,q =
∥∥∥∥∥2sj (τkψ∆jf)k∈Zn

∥∥
`q(`1)

∥∥∥
p

≤
∥∥∥∥∥2sj (τkψ∆jf)k∈Zn

∥∥
`1(`q)

∥∥∥
p
.
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Consequently

‖f‖F sp,q ≤ c

∑
k∈Zn

∥∥∥∥∥∥
(
∞∑
j=0

2sjq|τkψ∆jf |q
) 1

q

∥∥∥∥∥∥
p

p


1
p

.

Hence,

‖f‖F sp,q ≤ c

(∑
k∈Zn
‖τkψ · f‖pF sp,q

) 1
p

.

Thus,

(F s
p,q)`p ↪→ F s

p,q.

(ii) F s
p,q ↪→ (F s

p,q)`p .

Now, prove that

‖f‖(F sp,q)`p
≤ c‖f‖F sp,q , for c > 0.

In the same way, we have

(∑
k∈Zn
‖τkψ · f‖pF sp,q

) 1
p

=

∑
k∈Zn

∥∥∥∥∥τkψ
∞∑
j=0

∆jf

∥∥∥∥∥
p

F sp,q

 1
p

=

∑
k∈Zn

∥∥∥∥∥
∞∑
j=0

∆jfτkψ

∥∥∥∥∥
p

F sp,q

 1
p

.

From Proposition 4.5, it follows that

(∑
k∈Zn
‖τkψ · f‖pF sp,q

) 1
p

≤ c

∑
k∈Zn

∥∥∥∥∥∥τkψ
(
∞∑
j=0

2sjq|∆jf |q
) 1

q

∥∥∥∥∥∥
p

p


1
p

(4.21)

Since Lp is a space localizable in the `p norm, then it holds that(∑
k∈Zn
‖τkψ · f‖pF sp,q

) 1
p

≤ c‖f‖F sp,q .

Thus,

F s
p,q ↪→ (F s

p,q)`p .

For more details on the proof of Theorem 4.3 see [17].
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4.4.1 Proof of Theorem 4.2

The proof follows from Theorem 4.3 and by applying Theorem 3.4.

�

Now, in the context of Theorem 4.2 and by applying Theorem 3.5 we have the following

result:

Theorem 4.4. Let Γ : R → Rn be a well-curved curve in Rn with Γ(0) = 0. Then there

exists c > 0 such that

‖Hf‖(F sp,q(Rn))`p ≤ c‖f‖(F sp,q(Rn))`p ,

for all s ∈ R, and all p, q with 1 < p, q <∞, n ≥ 2.

And in the context of Theorem 4.2 and by applying Theorem 3.6, we have the following

result:

Theorem 4.5. (1) Let Γ : R → Rn be a polynomial function. Then there exists c > 0

such that

‖Hf‖(F sp,q(Rn))`p ≤ c‖f‖(F sp,q(Rn))`p .

for all s ∈ R, and all p, q with 1 < p, q <∞, and n > 2.

(2) Let the image of Γ : R→ Rn be of finite type at 0. Then there exists c > 0 such that

‖Hf‖(F sp,q(Rn))`p ≤ c‖f‖(F sp,q(Rn))`p .

for all s ∈ R, and all p, q with 1 < p, q <∞, n > 2.
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General Conclusion and Future

Research

The objective of this work is to study the boundedness of the Hilbert transform along curves

on Besov spaces Bs
p,q(Rn), Lizorkin-Triebel spaces F s

p,q(Rn), as well as on Localized Lizorkin-

Triebel spaces (F s
p,q(Rn))`r with r = p, on some appropriate curve Γ(t) on Rn.

By using the Littlewood-Paley decomposition, we have proved that the boundedness of the

Hilbert transform on Besov spaces Bs
p,q(Rn) can be obtained by its Lp(Rn)-boundedness,

where s ∈ R, and p, q ∈ (1,∞).

In the other hand, we use the boundedness of the Hilbert transform on the spaces of vector-

valued functions Lp(Rn; `q) to prove the boundedness on Lizorkin-Triebel spaces F s
p,q(Rn),

and more than on the localized Lizorkin-Triebel spaces (F s
p,q(Rn))`r , whith r = p.

The totality of this work is fruitful by results appearing in:

• Chapter 2 is a paper published in Journal of Carpathian Mathematical Publication

”Boundedness of the Hilbert Transform on Besov Spaces”. (2020), 12 (2), 443-450.(see

[24])

• Chapter 3 and Chapter 4 are papers in preparation.
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Open questions

• Is the Hilbert transform bounded on the localized Lizorkin-Triebl spaces (F s
p,q(Rn))`p

for r 6= p?

• Is the Hilbert transform bounded on the variable Besov spaces B
s(·)
p(·),q(·)(R

n), or the

variable Lizorkin-Triebel spaces F
s(·)
p(·),q(·)(R

n)? Where B
s(·)
p(·),q(·)(R

n) and F
s(·)
p(·),q(·)(R

n) are

with variable exponents.

• Is the Hilbert transform bounded on the generalized Lizorkin-Triebl spaces (F υ
p,q(Rn)?
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Abstract

In this Thesis, we study the boundedness of the Hilbert transform along curves Γ(t) on

Besov spaces Bs
p,q(Rn), for that, we use the Littlewood-Paley theory to prove that the

boundedness on Besov spaces Bs
p,q(Rn) can be obtained by its Lp(Rn)-boundedness, for

s ∈ R, p, q ∈ (1,∞), and Γ(t) is an appropriate curve in Rn. Furthermore, we study the

boundedness on Lizorkin-Triebel spaces F s
p,q(Rn), and more than on the Localized Lizorkin-

Triebel spaces (F s
p,q(Rn))`r with r = p, where we use the boundedness of such a transform

on the spaces of vector-valued functions Lp(Rn; `q).

Keywords: Singular integrals, Hilbert transform, Littlewood-Paley decomposition, Besov

spaces, Lizorkin-Triebel spaces, Pointwise multipliers, Localized Lizorkin-Triebel spaces.
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Résumé.

Dans cette Thèse, nous étudions la continuité de l’opérateur de Hilbert le long d’une

courbe Γ(t) sur les espaces de Besov Bs
p,q(Rn), pour cela, nous utilisons la théorie de la

décomposition de Littlewood-Paley pour prouver que cette continuité sur les espaces de

Besov Bs
p,q(Rn) peut être obtenu par sa Lp(Rn)-continuité, où s ∈ R, p, q ∈ (1,∞) et Γ(t)

est une courbe appropriée dans Rn. De plus, Nous étudions la continuité sur les espaces de

Lizorkin-Triebel F s
p,q(Rn), ainsi que sur les espaces de Lizorkin-Triebel localisés (F s

p,q(Rn))`r

avec r = p, où nous utilisons la continuité de cet opérateur sur les espaces des fonctions

Lp(Rn; `q) à valeurs vectorielles.

Mots-Clés: Intégrales singulières, L’opérateur de Hilbert, La décomposition de Littlewood-

Paley, Espaces de Besov, Espaces de Lizorkin-Triebel, Multiplicateurs ponctuels, Espaces

de Lizorkin-Triebel localisés.
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