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Notations 8

Notations

Z is the set of all integer numbers.

N is the set of all positive integer numbers including 0.

e R™ is the n-dimensional real Euclidean space.

e All considered spaces are defined on the Euclidean space R™.

e (e1,...,e,) is the canonical basis of R".

o v-&=um& + -+ x,&, is the scalar product of z = (xq,...,2,) and £ = (&1, ..., &)
in R"™.

e For multi-indices o and [ we define the following operations

i) Addition and subtraction: a+ 8 = (a1 £ 1,0 £ B2, -, £ 5y)
ii) Partial order: o < f means o; < f3;, Vj e {l,...,n}.

iii) Factorial: a! = aqlag!- - oyl

iv) Power: % = z{'x9? - - 22",

e For each @ = (avq,...,,) € N* and every x = (21,...,x,) € R", 0*f denotes the

olel f

partial derivative 9% f = f(®) = OT1°1 ... O, On

with |a| = a1 + ... + .

e For a function f : R™ — C, the support of f is suppf = {z € R*: f(x) # 0}.
e The spectrum of a temperate distribution f is the support of ]?

N

loe(R™) is the collection of all locally integrable functions on R™.

e D(R") is the space of all infinitely differentiable and compactly supported functions

on R™.

e D'(R™) is the topological dual of D(R™) called the space of distributions on R".

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.



Notations 9

e S(R™) is the Schwartz space of all complex-valued, infinitely differentiable, and rapidly

decreasing functions on R” equipped with the semi-norm

Ne(f) = sup (L4 [2)* Y 10° f(2)], k=1,2,...,

TzER™ la| <k
where f € S(R").
e S'(R™) is the topological dual of S(R") called the space of tempered distributions.

e For ¢ € S(R") and f € S'(R"), the Fourier transform defined on both S(R™) and
S'(R™) is given by (Ff)(¢) = f(Fp) where

(Fo)(€) = 3(6) = (2m) 3 / e p(x)dz, €€ R,

n

e The mapping F is a bijection (in both cases) and its inverse is given by

(F o)) = (2n) % / ¢S p(x)dz, €€ R".

n

e The convolution ¢ x v of two integrable functions ¢, is defined via the integral

(p +0)(z) = / o(z — y)(y)dy.

n

1 1
e For 1 < p < oo we denote by p' the conjugate exponent of p such that — + — = 1.
p p

e The space LP(R") denotes the set of all Lebesgue-measurable functions f on R™ such

that )
£l = ([ 1r0Par) <00, 0<p <o
Rn
| f1] oo (rn) = ess su]é) |f(z)] < 0.
rxeR™

With || - ||, we denote the L,—norm.

e For 0 < ¢ < oo, 7 denotes the set of all ( complex ) sequences {ay }ren such that

00 1/q
[{axtrenllea = (Z |ak|q) < 00,
k=0

(with the usual modification if ¢ = c0).

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.



Notations 10

e For p and ¢,0 < p < 00,0 < ¢ < 00; we put

q

{3k lleacrey = (Z Hﬂ(@llg) < 0,
k=0

[{Adelsen = | (z |fk<x>|q) Iy < oo

09(LP) and LP(¢?) are quasi-Banach spaces (Banach spaces if p > 1 and ¢ > 1).
e [P(R" X) denotes the Lebesgue-Bochner space of vector-valued functions.
e (E)s denotes the localized space in the ¢" norm, 1 < r < co.

e For m € N, W*(R") is the Sobolev space of all functions f € D'(R") such that

| fllwm ey = Z 10%fl, < .

laj<m

o Af=>3", 2/ is the Laplacian of f.

8£i2

e For s € R, p € (1,00), Hj(R") is the Bessel-potential space (or Sobolev space of
fractional order) of all functions f € D'(R") such that

Ly ny = 1| (I = A2 ], < 0.
where [ is the identity operator.
e L(A, B) denotes the set of all bounded linear operators from A into B.

e For z € R" and r > 0, we denote by B(a, ) the ball in R” with center z and radius r.

992 b}

e "ie.” stands simply for ”in other words”.

7 b

e "a.e.” stands simply for ”almost everywhere”.

e (. c,cq,co,... are strictly positive constants, their values may depend on certain pa-

rameters, and change from one line to another.

e For k € Z", 7, is the translation operator defined by 7, f(-) = f(- — k).

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.
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e Difference operator:

Arf(x) =f(x+h) - f(x), x,heR"
AT f(x) =ALAP f(x), m=2.3,---

Arfa@ =3 [ ) 0t m— ).

j=0 \M

m=1,2,--
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Introduction

The Hilbert transform along curves is of a great importance in harmonic analysis, and also
in applications to many fields of applied mathematics. Several authors have studied the
boundedness of a such transform on different function spaces.

Let T': R — R™ n > 2, be a continuous curve passing through the origin, i.e. T'(0) = 0. We

define the Hilbert transform along I by the principal-valued integral

Hf(x) = p.v./_oo f(z— F(t))d—, Vf e D(R"). (1)

t
t
It is known that its boundedness on LP(R™) has been extensively studied by various authors
in different contexts, the authors gave positive results for some or all p,1 < p < oco. Many
results are found in [9, 12, 13, 16, 29, 30, 31, 32, 33]. Recently, these results have been
extended to the LP(R™; X)), the spaces of vector-valued functions which have been taken up
by several authors, where X is some suitable Banach spaces, but the Banach space of most
interest to us will be 7 for 1 < ¢ < oo, see [3, 22, 35, 47]. Let us state some results which
establish in this situation, the first is the work done in 1986 by Rubio de Francia et al. [35].
Now, we restrict our attention to I'(¢) that are given as polynomial functions, because it is
a model problem in this situation, they dealt with well-curved curves, see [20, 21].

At first, note that a simple calculation shows that

-~

HI(E) =m(&) - f,
where the ”Fourier multiplier” m is the function
< dt
o e

Next, it is known that for proving the boundedness on L?(R"), it suffices to show that

m(§) is a bounded function on R™ and to use the Van der Corput lemma and Plancherel’s

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.
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theorem, (see[48, p.197] and [33]). Littlewood-Paley theory provides alternative methods
for studying singular integrals. The Hilbert transform along curves, the classical example
of a singular integral operator, led to the extensive modern theory of Calderén-Zygmund
operators, mostly studied on different functional spaces such as Lebesgue spaces LP(R"),
LP(R™; X) the space of vector-valued functions as we have seen above.

In the first part of this thesis, we will use the Littlewood-Paley theory to prove that the
boundedness of the Hilbert transform along curve I' on Besov spaces By (R™) can be ob-
tained by its LP(R")-boundedness, where s € R,p,q € (1,00), and I'(t) is an appropriate
curve in R", also, it is known that the Besov spaces B; (R") are embedded into LP(R")
spaces for s >0 (i.e. By (R") < LP(R"),s > 0). Thus, our first result may be viewed as
an extension to the besov spaces By (R") for general values of s in R.

When T is of finite type, i.e. the set {T*)(0) : k& > 1} spans R", we must consider the
local version H,. of the operator H, where the integral defining H is restricted to [—1,1].
In [38], it is shown that, in this case H;,. is bounded on LP(R™) for every p,1 < p < oc.
Thus, what can happen in the case when I' is not of finite type? This brings us to the

simplest case I'(t) = (¢,7(¢)). And we restrict our attention to curves 7 satisfying
v € C*((0,00)), convex on [0,00) and v(0) = ~'(0) = 0; (2)
and 7 is either even or odd. The convexity hypothesis means that

() = 7(B)]/(c =) = [v(b) = y(a)]/(b—a) for 0<a<b<ec
The following notions naturally arise

Definition 0.1. (i) A function f: R — R belongs to C' if there exists \,1 < X\ < oo,
such that for each t > 0 the inequality f(A\t) > 2f(t) holds. Such a function f is said

to be doubling.

(11) A differentiable function f : R — R belongs to C* if there exists ¢g > 0 such that
for t > 0 the inequality f'(t) > eof(t)/t holds. Such a function f is said to be
infinitesimally doubling.

If f is nondecreasing on (0,00), then f € C* implies f € C'.

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.
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We will also use the function h defined for ¢ > 0 by h(t) = t7/(t) — ~(t). Because of 7 is

convex and v(0) = 0 we get the following important inequality
ty'(t) > ~(t) for all t > 0.

In [10], it was proved that if v is even and satisfies (2) for p € (1,00), then H is LP(R")-
bounded if and only if 4/ € C!. This is the case when ~ is convex and even. In the odd case,
the current situation is less satisfactory. In [30], it is shown that if v is odd and satisfies
(2), then #H is L?>-bounded if and only if A € C'. This means that for each p € (1,00) a
necessary condition for H to be LP-bounded is h € C'. However, it was demonstrated in [8]
that this condition is far from sufficient. It is shown that when ~ is odd satisfies (2) and if
h € C?, then H is LP-bounded for all p € (1,00). In the same case, we have the L? result for
any p € (1,00) if 4/ € C! (see [10]).

For the case of polynomial curve I' in R™ some of related known results are Theorems
2.7 and 2.8 (see below and [5, 37]). Indeed, the subject of bounds on Hilbert transforms and
singular integrals has a rich history and has been studied by many authors on different spaces
such as Lebesgue, Sobolev spaces, which are special cases of Besov spaces. For different
states of the Hilbert transform we refer the reader to [5, 18, 23, 39] and many references
therein. In particular, and in connection with our work, we mention the work of U. Luther
and M.G. Russo [23]. The authors have studied the Hilbert transform on new weighted Besov
spaces which touched our topic but did not approach exactly. Our method is also different
from [23]. Besov spaces are the natural spaces in which many operators related to functional
equations, many papers appeared on Besov spaces and some possible related applications,
for example Lagrange interpolation in Besov spaces and Cauchy singular integral equations
in Sobolev spaces (see [19, 25, 26]).

On some conditions on the curve I', we confirm that the Hilbert transform preserves the
boundedness property on Besov spaces B, q(Rn), for all s € R and some or all p,q € (1, 00).
In this thesis we will affirm this.

In the second part of this thesis, we will use the boundedness of the Hilbert transform on

LP(R™; £7) the spaces of vector-valued functions to prove the main results of Chapter 3 and

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.
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Chapter 4, we prove the boundedness on Lizorkin-Triebel spaces F; (R"), and more than
on localized Lizorkin-Triebel spaces (£, (R")), with r = p.

The aim of this thesis is to study the boundedness of the Hilbert transform on Besov
spaces By (R"), Lizorkin-Triebel spaces F; (R™), as well as on Localized Lizorkin-Triebel
spaces (I, (R"))e with r = p. And the main results of this thesis are related to the following
chapters:

We start with a reminder on some classical inequalities of harmonic analysis which will be
used in the following. And before giving the definitions of Besov and Lizorkin-Triebel spaces,
we start by recalling the Littlewood-Palley decomposition by using a suitable resolution of
the unity.

In Chapter 2, we present the boundedness of the Hilbert transform on LP(R") and we use
it to prove the boundedness on Besov spaces B,  (R").

In Chapter 3, we give the ¢?-valued inequlity

1/q 1/q
<Z|Hfj|q> < Cpg (Z‘f]‘q)

JEL I JEL .
which is held for some or all p, ¢ with 1 < p, ¢ < oo, and we use it to prove the boundedness
properties of the Hilbert transform on Lizorkin-Triebel spaces.

In Chapter 4, we present the boundedness properties of the Hilbert transform on localized
Lizorkin-Triebel spaces (F};,(R")), with 7 = p. Before that, we give the notion of Pointwise
multipliers for Besov and Lizorkin-Triebel spaces, and the characterization of the localized
Lizorkin-Triebel spaces, we need to introduce a new resolution of unity which is used to
define this characterization. Let ¢ € D(R™), supported in the ball B(0, R) with R > /n
and satisfying

d dx—k)=1 (VzeR"),

kezn

and we give some properties of localized Lizorkin-Triebel spaces. Finally to prove the
boundedness of the Hilbert transform on localized Lizorkin-Triebel spaces (F; (R™))e for
r = p, we just give the result of [17] which proved that the Lizorkin-Triebel spaces are
localizable in the ¢# norm.

Finally, we finish with a general conclusion and some open future works.

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.
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The main results of this thesis are:

In Chapter 2, we will prove the following theorem:

Theorem 0.1. Let s € R, 1 < p,q < co. If H is bounded on LP(R™), then H is bounded on

Besov spaces B, (R").
In Chapter 3, we will prove the following theorem:

Theorem 0.2. Let v(t) be a continuous odd function, twice continuously differentiable,
increasing and convex fort > 0. Suppose that v is monotone fort > 0 and that there exists
C > 0 so that v'(t) < Cty"(t) for t > 0. Then H is bounded on F; (R?) for all s € R, and
all p,q with 5/3 < p,q < 5/2.

In the context of Theorem 0.2 we have the following theorems:

Theorem 0.3. Let I' : R — R" be a well-curved curve in R™ with T'(0) = 0. Then

[#Hf]

Fs, &) < Clf]

Fs (R,
forall s e R, and all 1 < p,q < oo, with n > 2.

Theorem 0.4. (1) LetI' : R — R" be a polynomial function. Then

171

Fy R < Cll f] Fj (R,

forall s € R, and all 1 < p,q < oo, with n > 2.

(2) Let the image of T' : R — R™ be of finite type at 0. Then

17

) < C| f]

Fg ,(R™),
forall s e R, all 1 < p,q < oo, with n > 2.
In Chapter 4, we will prove the following theorem:

Theorem 0.5. Suppose that v(t) is a continuous odd function, twice continuously differ-
entiable, increasing and convex for t > 0. Suppose also that ~" is monotone for t > 0 and
that there exists C' > 0 so that +'(t) < Cty"(t) fort > 0. Then H is bounded on localized
Lizorkin-Triebel (F; R")ew spaces for all s € R, and all 5/3 < p,q <5/2.

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.
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In the context of Theorem 0.5 we have the following theorems:
Theorem 0.6. Let I' : R — R" be a well-curved curve in R™ with I'(0) = 0. Then
IHS N e < ClS N @) (3)
forall s e R, and all 1 < p,q < oo withn > 2.
Theorem 0.7. (1) LetT': R — R™ be a polynomial function. Then
IHf g @ < Cllf g @) (4)

forall s € R, and all 1 < p,q < oo, with n > 2.

(2) Let the image of I' : R — R™ be of finite type at 0. Then

IHfl(Es,@ne < ClflEs, ®@))w (5)
forall s € R, and all 1 < p,q < oo, with n > 2.

The Chapter 2 is a paper published in Journal of Carpathian Mathematical publication
”Boundedness of The Hilbert Transform on Besov Spaces”. (2020), 12 (2), 443-450, see

[24], while the Chapter 3 and the Chapter 4 are papers in preparation.

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.



CHAPTER 1

Besov and Lizorkin-Triebel Spaces

The theory of Besov and Lizorkin-Triebel spaces has a long history and plays a central
part in harmonic analysis and partial diferential equations, it has been an active area of
research in the last few decades because of its important role in the study of approximation
of functions and regularity of solutions to partial differential equations.

In this chapter, we present some results, which remain fixed throughout this thesis. We will
recall the essential concepts that we will use subsequently, we then define the Besov and the
Lizorkin-Triebel spaces and give some of their basic properties, we start with a reminder on

some classical inequalities of harmonic analysis.

1.1 Classical inequalities

In the following paragraph, we recall some classical inequalities of harmonic analysis in
LP(R™) spaces which are necessary for the continuation of this thesis. We will apply several
times the Holder and the Young inequalities. Sometimes we need also the use of, both, the

Minkowski and the Bernstein inequalities.

Proposition. 1.1. (Hélder’s inequality). Let f € LP(R") and g € LY(R™) with
1 <p,q,r <00 and % = Zl7+ % Then fg c L'I’(Rn) and

1F - gll- < [[£llpllglly

Proposition. 1.2. (Young’s inequality). Let f € LP(R") and g € LY(R") with p, q,
r € [1,00] where 1+ 1 = % + %. Then f+g e L"(R") and

1f *glle < [1£llpllgllq-

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.



1.1. Classical inequalities 19

Proof. We fix g € LY(R"™) and we consider the operator T'f = f % g. So we have

Ti@I < | 1l =y w7 dy.

Using the Holder’s inequality, we get on the one hand

1T @) llq < I fllllglly

on the other hand, Holder’s inequality gives

T f (@) < lgllgllfllo-

Then applying the Riesz-Thorin interpolation theorem, we have
T:L'R") — LYR")
LYR™) — L*=([R"),

so we have

1 11
T:IP(R") —s L"(R")  with —+1=—+-.
r p q

O

Proposition. 1.3. (Minkowski’s inequality). For all 1 < p < q < o0, and X an

element in (P (L), then we have
| X eagery < | X[ er ey

Proposition. 1.4. (Bernstein’s inequality). [0, Remark 1, p.18].
Let R >0, a € Ny and 1 < p < q < oo. Then there exists a constant ¢ = c¢(a,p,q,n) > 0
such that

1Ol < eRFG2) £1],

holds for all f € LP(R™) with suppf C {¢ €R™, |¢| < R}.

Proof. Let ¢ € S(R™) such that (&) = 1if [¢] < 1.
We pose ¢r(§) = ¢(¢/R), such that pr(§) = 1if |{] < R, then we have

F=9rf and f©= (F or)@ * f.

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.



1.1. Classical inequalities 20

From Young’s inequality, we obtain

1 \(a . 1 11
1F N <l (Fer)@ e Il with 1+ PR

As for all z € R", we have
(F'or) @ (x) = R*(F ') (Ru),

it becomes

I (F o) = R (Fo)@ |,

so we have

al+n(-1 ) - @
17l < RGD £, with e = [[(Fo) ).

]

Proposition. 1.5. Let0 < a <1 and 0 < ¢ < oco. For any real sequence with positive term
{e;} in (1(Z), the sequences np = a” Z?:o ae; and p, = a3, ale; belong to (4(Z).

Furthermore, there is ¢ = c(a, q) such that

17k lleazy + 11l eazy < cll{€;}]ea(z)

Proof. For 1 < g < oo, we can write {n;} in the form

Jj=0

By Holder’s inequality, we find

N
we deduce that the sum of n{ for £ = 0,1,2,--- is increased by (ijo az) (ijo e?),
which gives

1
H{mkH eazy < ——1{€;Hleaez)
1—a

The same for {j}.
For 0 < ¢ <1, we have

alk~ J)qq

.Mk

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.



1.2. Definitions and basic properties of Besov and Lizorkin-Triebel spaces 21

which makes it possible to increase the sum of 5} for k = 0,1,2,--- by (Zizo aiq) (ijo e?),

i.e.
1
1— a1

ez < ( ) || {e; Hleaczy.

The same for {p}. By the same reasoning, we can show the case ¢ = oo. O

1.2 Definitions and basic properties of Besov and Lizorkin-
Triebel spaces

In this section, we give the definition of Besov and Lizorkin-Triebel spaces using the Littlewood-
Paley series which are based on the decomposition of the unity, to this decomposition, we
associate a decomposition of any function f in the space of tempered distributions, we will
recall the definition of finite differences which will allow us to build equivalent norms for
these spaces, as well as their properties which will be useful later.

For details and further properties of Besov and Lizorkin-Triebel spaces, such equivalent
norms, embeddings, etc., we refer to Bergh and Lofstrom [4], Peetre [34], Runst and Sickel
[36], Yuan, Sickel and Yang [46] and Triebel [40, 41].

First, we recall the definition of Besov and Lizorkin-Triebel spaces using the Littlewood-

Paley decomposition.

1.2.1 Littlewood-Paley decomposition

The Littlewood-Paley series play an important role in the definition of functional spaces in
general, in particular Besov and Lizorkin-Triebel spaces. They were introduced by different
authors, Peetre, Triebel and others, we will recall the definition of the Littlewood-Paley
decomposition of tempered distributions, we first need the concept of a smooth dyadic
resolution of unity.

Let o be a smooth function in S(R™), which satisfies the conditions:
(i) suppo C {£ €R": 1 < [¢] <3},

(i) o(§) >0, for 1 <[¢] <3,
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(i) 3z 0(277€) =1, for & € R™\ {0}.

The construction of g does not pose any difficulty, see for example [4].

We put ¥(€) =1— 377, 0(27%¢), then it follows that the function ¥ € C*(R"), such that
supp W C {€ € R" - [{] < 3},

then for all £ € R", we obtain a smooth dyadic decomposition of unity in R", namely,
)+ e(27F) = 1. (1.1)
k=1

And putting
O =F U and ®,=F 'o27*), k=1,2,---. (1.2)

Then we rewrite (1.1) as follows

Y Bp€) =1, VEER™

k=0

To this partition, we associate a sequence of convolution operators

Ap: S (R") — C¥([R")  and  Q;: S'(R") — C®(R"),

defined by
Apf=F o2 )« f, fork=1,2---, (1.3)
Q;if =F 1(WQ9))xf, forj=0,1,2,---, (1.4)
hence
Apf(&) = Pr(§) * f(§),  fork=1,2,---, (1.5)

with the notation Ag = Qp, we write the relation (1.1) at the point 277¢, then we have

o0

VRO + Y o2 =1,
k=j+1
by multiplying by ]/”\, we obtain
w(2E)f Z 27R¢)f = f, (1.6)
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by applying the application F~! on (1.6) , then we obtain

Qif + > Auf=f (VjeN), (1.7)

k=j+1
for 5 = 0, we obtain

Qof +> Auf=f,

k=1

so, the Littlewood-Paley decomposition of f is given by

f= Z Ayf, ( convergence in S'(R™)). (1.8)
k=0
In other words, we have
f= Z Py x f, ( convergence in S'(R"™)). (1.9)
k=0

By replacing f of (1.8) in (1.7), we find
0o 7 00
Qif + D Aef =) Aef+ D) Avf,
k=j+1 k=0 k=j+1

then we have

Qif = Aif.
k=0

Remark 1.1. By the Young inequality, we easily show that the sequences of operators

(Aj)j>0 and (Q;);>0 are uniformly bounded in L(LP) for 1 < p < oo.

Definition 1.1. [40] Let f € S'(R") and a > 0. we define the mazimal operators associated
to the A and Q; by

*.a |Ajf(x_y)| .
A"fl' =8SUp —— $€Rn7]20,172"',
)= e Ty

Q;yaf(x) = sup ‘Q]f(x _yzlv S Rn?] = 07172 5

yern 1+ (2%]y])
Definition 1.2. Let f, g in S'(R™). The product f - g is defined by

frg=1Im(Qif)- Qi) (1.10)

if the limit of the right hand side of (1.10) exists in S'(R™)(see [36, 4.2]).
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1.2.2 Besov and Lizorkin-Triebel spaces via convolution

Now, we are ready for the definition of the Besov and the Lizorkin-Triebel spaces via con-

volution. See for instance, Runst and Sickel [36] and Triebel [40].

Definition 1.3. [36] Let s € R and 0 < p,q < oo. The Besov space B, (R") is the set of
all f € S'(R™) satisfying

S o298, Fll,)7) " < 00, for g # oo
By (B") = < = ’ p> (1.11)

sup;o(2%[|A; f|l,) < oo, for q = oo.

/]

Definition 1.4. [36] Let s € R,0 < p < 00 and 0 < q < oo. The Lizorkin-Triebel space
F; (R™) is the set of all f € S'(R™) satisfying

H (ijo(QSjIAjfl)q) N < oo, for g # oo,
1l 5, mmy = P (1.12)

Jsupys0 (212, D)), < o0, for g = oc.

Bs (R") (resp.F; (R")) endowed with the norm (1.11) (resp.(1.12)) is a quasi-Banach
space (Banach space if p > 1, ¢ > 1), and can be defined by replacing the discrete chosen
system {0(277¢)}; by a continuous one.

Each definition in (1.11) and (1.12) above is just one of the many possibilities for introducing

Besov and Lizorkin-Triebel spaces.

Remark 1.2. In the formula (1.11) (resp.(1.12)), we can replace A; by AY* with a > 5

(resp. a > —= )), and we obtain an equivalent norm in By (R") (resp.F; (R")).

min(p,q

For more details, see Peetre [34] and Triebel [40].

Let us redefine the Besov and the Lizorkin-Triebel spaces by another way that we will

use in Chapter 2, see Yuan, Sickel and Yang [46] and Triebel [40, 2.3.1].

Definition 1.5. [/6] Let s € R and 0 < p,q < oo. The Besov space B, (R") is the set of
all f € S'(R™) such that

/]

00 1/q
By (R) = (Z 29| @; fHZ) < 00, (1.13)

=0

with the usual modification if ¢ = oo.
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Definition 1.6. [/6] Let s € R,0 < p < 00 and 0 < g < oo. Then The Lizorkin-Triebel
space I (R") is the set of all f € S'(R") such that

S

/]

Fg o) = (Z 279 (@ f) (@I") < o0, (1.14)

§=0 Lp(R")

with the usual modification if ¢ = oo

Remark 1.3. [40, 2.3.9] Beside the trivial equality B, (R") = F5 (R") we have always

diversity. More exactly, it holds

(Z) B! ( ) B2 (Rn) implies s1 = s2,p1 = pa and q1 = qa,

P1,491 2,92
(i) F;fql( ") = Fﬁfqg(Rn) implies sy = s3,p1 = p2 and q = qo,
(i) F2 (R™) = B2 (R™) implies s1 =59 and ,p1 =ps = q1 = Go.

p1,91 Pp2,q2

Proposition. 1.6. [}0, 2.3.5] The following properties are verified
(i) LP(R") = F,(R™) if 1 <p < oo, (the Lebesgue spaces),
(ii) W R™) = FJ5(R") if 1 <p<oo,m=1,2,---, (the Sobolev spaces),
(iii) Hy(R") = F3o(R") if 1 <p < oo,s€R, (the Bessel potential spaces),
(iv) Fy (R") =B (R") if 1 <p<oo,s€R, (the Slobodeckij spaces),

Proposition. 1.7. Let s > 0, then a tempered distribution f belongs to B, (R") if and
only if f € L,(R") and 0;f € B;;[l(R”) for all j =1,--- ,n. Moreover the expression

11l + D 1051 g1 ey
j=1

is an equivalent norm in B, (R").

Proposition. 1.8. Let s € R and 1 < p,q < oo, € N”, then the partial derivative 0
takes continuously the space By (R™) to By (R).

In an other words, if f € By (R™) then 0“f € By ‘O"(R”)

Specifically, if f € By (R") then 0f € B;'(R").
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Proof. We have [|A;(0°f)llp = [10*(A; ).
From Bernstein’s inequality (for p = ¢), we have
1250 )llp < 2 Ay £,
hence
127711 A0 llplle < ell 2118 Fllplea,
ie.
1% Fll ga= 1o gy < €Il fI 33, en)-
O

Proposition. 1.9. (i) Let m =1,2,---, for any f in S'(R"), the following expressions

> (15

BS m Rn
la|<m
amf
11l gz :
75 Bp" (R™)
and
HAOpr )
By (R™)

are equivalent norms in Besov spaces By (R™).

(i) Let m =1,2,---, for any f in S'(R™), the following expressions

Al

Fpg™(Rm)”
lor|<m
11l 5=m Fy )
L Fpq™(R™)
and
||A0f||p 9
Fpg™(R7)

are equivalent norms in Lizorkin-Triebel spaces F;q(R”).

Proof. See [36, P19].

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

Boundedness of the Hilbert Transform on Besov Spaces. (©2021, AMAATOUG.



1.2. Definitions and basic properties of Besov and Lizorkin-Triebel spaces 27

1.2.3 Characterizations of Besov and Lizorkin-Triebel spaces via

differences

To define equivalent norms of a function f of certain functional spaces, specially in Besov
and Lizorkin-Triebel spaces, we need to define the finite difference operator Aj".

For any distribution f on R", and all h € R", we pose
A=Ay =70f—f where 7,f(x)= f(x—h).
Recall that A}" can also be defined iteratively via
AP (@) = An (A f(2)), Ym e N

We easily verify the following formula

Apfa) =S (=0 [ ) @+ jh), meN, heR, 2 e Ry,

j=0 m

J . . .
where are binomial coefficients.
m

Lemma 1.10. Let 1 <p < o0, k € N, f € S(R"), then
(1) 7=nf = fllp < RIS,
(it) 1AL fllp < 1RIFIFE N, (k> 2).
Proof. (i) By using the following inequality
(@) = F < |z =y s
and since p > 1, given 0 < 1 — 1/p < 1, and taking h = x — y, we obtain

l—nf = fll, < 1RI2 L,
< [Pl
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(ii) We obtain by induction

1AL f e < 1WAl
< [AIIARF) o
= [RIARS 1l
< JRIREIC)
< R

]

Definition 1.7. Let h e R", m e N*, t >0, 1 <p < oo, and f € LP(R"), we define the

modulus of continuity of order m of f in LP(R") as

1/p
wy'(f,t) ;= sup ( |Ahmf(x)|pdx> : (1.21)
Ih|<t,heRn \JRrn

This modulus of continuity is used to find equivalent norms.

Remark 1.4. (i) The continuity of a function f in x is defined by
lim |A; f(z)] = lim |f(x+h) — f(z)] = 0.
h—0 h—0

(ii) The differentiability of a function f in x is described by

L 1847 @)

< .
Ty <c<oo, (¢>0)

(iii) The modulus of continuity defined in (1.21) converges for the LP-norm, and it is mono-

tonic for the sup operator, and m-differentiable (reqularity of order m).
(iv) wy*(f,t) = 0 if and only if f is a polynomial of degree less or equal m — 1.
The following propositions present equivalent norms in B; (R") and F; (R").
Proposition. 1.11. Let m € N*, 1 < p,q < o0 and 0 < s < m. Then the expression

111, + (/ (w>%)/

is an equivalent norm in By (R").
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Proposition. 1.12. (/36, Theorem 3.1.1 p41]) Let m be a natural number, 0 < s <m ,1 <

p,q < 0o. Then the space B, (R") is the set of all temperate distributions f satisfying

q/p dh 1/
s = bt [ ([ aprpa) ) <o )

For1 < p < oo. Then the space F; (R") is the set of all temperate distributions f satisfying

([ (e Jssorm) )"

In (1.22), the term ( [y, - - dh) may be replaced by (f,__---) for any e > 0, and sometimes,

1.f]

If] <oo.  (1.23)

Fg @) = || fllp +

Lp(R™)

in (1.23), the ball-means may be replaced by (4 f\h\gt ).

: : s n s n
1.3 Embeddings in B, (R") and F; (R")
In this paragraph, we recall some embeddings and equalities in the sense of norms between

Besov and Lizorkin-Triebel spaces.

Definition 1.8. Let (X, |.|lx), (Y, |.|ly) two quasi-Banach spaces. We say that X injects
mto Y and we write X — Y if X CY and, the identity application defined from X into Y

18 continuous, i.e. there exists a constant ¢ such that for any function f € X we have

1flly < ell fllx-
Example 1.1. The space €,(N) injects into £,(N) for 0 < p < ¢ < oo i.e.
l,(N) = (,(N), 0<p<qg<oc. (1.24)
Proposition. 1.13. [/0, 2.3.3] Let s € R, and 1 < p,q < oo, then

(i) We have
S(R") = B, (R") — S'(R").

Furthermore, S(R™) is dense in By (R") if max(p,q) < oo.

(ii) We have
S(R") = F, (R") = S'(R"),

if p < 0o. Furthermore, S(R™) is dense in I (R") if q < oo.
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Proposition. 1.14. (i) Let —o0 <o <s< oo and 1 < p,r,t < oo, Then
By (R") = BJ,(R"),
(i) Let se R, 1 <r<t<ooand 1l <p< oo, then

B, (R") — By, (R"),

(11i) Let 1 < py < p < 00, 1<g<ooands— 2% >s)— -, then

By (R") — B (R"),

Po,q
-2, 1<qg<o0and1 <p<r<oo, then

P (RY) = L.(R"),

(U)Lets>%—%,1§p<ooand1§q§ooars: and g < r, then

n n
p r

B (R") — L.(R").

Proof. See [36, Coro 2,p.37] O

Proposition. 1.15. Let s e R, 1 <p < o0, and 1 < q < oo, ( for the Besov spaces

0<p<o0)

i) For ¢ <r < oo, we have
E(RY) — F (R™). (1.25)

i1) For 1 <r < oo and e > 0, we have

s+e€ n s n
Fit<(R") < F2,(R"). (1.26)
iii)
B;min(p,q)(Rn) — Fps,q(Rn) — B;,max(p,q)(Rn)' (127)

Proof. i) For 1 < ¢ <r < oo and according to (1.24) the proof is obvious.
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ii) For arbitrary 1 <r < oo and € > 0, we can affirm that

i = ([ (e w
R \ 550

< /sup2j(3+€)|Ajf]da: <22j€”>

Jj=0

Qs
Sim

/]

1
T

< Clf]

with i) we finish the proof. Modification if r = oc.

iii) We will study two cases:

If1 <g<p< oo, we have

[ fellyp®nyy < N fello, e,

1
q

Lp (R™)
q

o0
zm|Lp(Rn)>
k=0 ¢

= | fulley(zp@ny)-

1
q

IN

At first, we consider ¢ < p ; then (1.27) is reduced to By, — F;,, since the right side
of the inclusion already follows from F; = B, .

Let f € B, ,, putting u = § (so w > 1) then

wo= |/ (ZWIAMP) o
R

=0

/]

1

(Lo
R \ 520

=

< (Z (/ 2jsqu|Ajf‘qudx>u>
=0 "

= (ZWIIAMIIZ)
§=0

= [Iflls,-
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If1<p<qg<oo, we have

I fellegz,@y < I fkllz,@ne,)

| fulPda||”
R™ L

(R™)

1
< (/ !IIfk\pI\Lq(Rn)W)
Rn p

< N fellep @, @ny)-

Bh

when p < ¢, putting v = %, then

o - (o fvasra)

1

_ (i ( [ 2ia, f,pdgc)”) ”

If1

Jj=0

1

[ (Sominirs)
R \ 550
- (L (Z 2jsqrAjf|q>

IN

=

7=0
= fllrs,-
]
Proposition. 1.16. [/1, p.97] Let 0 < ¢ < oo, then
By (R") — L, if 1<p<oc and s> 0. (1.28)

Definition 1.9. [36] Let either E;; (R") = B; (R") or E; (R") = F; (R"). Then E; (R")
1s called an algebra if
B (R -ES(R") — B (R).

Furthermore, for all f € E5 (R") and all g € E5 (R") there exists C' > 0 such that

1S - gl

By ,&n) < C[f]

By &9l B3, (&) (1.29)

Proposition. 1.17. [36] Let s > 0 and 0 < p,q < oo. The following statements are

equivalent:
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(i) By ,(R") is an algebra,
(i) By (R") — L,
(i11) either s >n/p or s=n/p and 0 <q<1.

Proposition. 1.18. [36] Let s >0, 0 < p < 00 and 0 < ¢ < co. The following statements

are equivalent:
(i) F;,(R™) is an algebra,
(i) F;,(R") < L,

(i11) either s >n/p or s=n/p and 0 <p <1

1.4 Interpolation

During the last fifty years, the interpolation theory becames an important tool in the theory
of linear and nonlinear partial differential equations, it is a powerful tool to study the conti-
nuity of a linear operator. In what follows, we recall the known results on the interpolation
of Besov and Lizorkin-Triebel spaces. For details we refer to [4, 34, 40, 41].

Let Ay, A; two Banach spaces, such that the algebraic operations (addition of elements and
multiplication by complex numbers) are the same in Ag and A;. Let Ay + A; be the set of
all elements a which can be represented as a = ag + a; with ag € Ag and a; € A;.

If0<t<ooandae€ Ay + Ay, puting

K(t,a)= _inf (llaollay + tllar]a,). (1.30)

a=ag+a1

Definition 1.10. (Real interpolation)[40] Let 0 < 6 < 1.

If 0 < g < o0, then

1
& dt\ ¢
(Ao, Ao = {a/a € Aot A Nallaoan, = ([ 0K G ) < oo} s
0
If ¢ = oo, then

(Ao, A1) .00 = {a/a € Ao+ A1t lal (40,4100 sup t 'K(t,a) < oo} ) (1.32)

0<t<oo
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Remark 1.5. [40] By (Ao, A1)g,, we denote the result of the real interpolation space of the

exponent 0, applied to Ay and A;.

Theorem 1.1. [{0] If Ay and Ay are Banach spaces, then (Ag, A1)pq with 0 < 0 < 1 and

1 <q < o0, is also a Banach space.

Theorem 1.2. [36, p.82] Let (Ao, A1), (Bo, B1) be two interpolation couples of compatibles

Banach spaces and T be a linear operator takes A; into B;, (i = 0,1) such that,

ITfllB < Mol fllag and |[Tflls, < M| flla,,

then for all0 < 6 <1 and 1 < q < oo, the operator T takes (Ao, A1)gq into (By, B1)g, such
that
||T||(Bo731)9,q < MOI_@Ml@”fH(Ao,Al)e,q' (133)

Remark 1.6. Let Ay, Ay, By and By, be Banach spaces, 0 < 0 <1 and 1 < q < oo.
[f AZ — Bi, (Z = 0, 1) then (Ao, Al)qu — (Bo, Bl)gg .

Theorem 1.3. (Riesz-Thorin interpolation).Assume that pg,p1,qo, 1 € [1,00] with

Po 7 P1,q0 # 1. Let (X, p), (Y, v) two measured spaces and T be a linear operator
T (X, 1) — IO(Y, ),
T: "X, p) — L%(Y,v)
such that, for any simple function f we have
ITfllg < Cill fllp, (i =0,1).
Then T takes (LP, L)y = L? into (L%, L% )y = L9 such that
1 1-6 6 1 1-60 60

- = +—, —-= +—, (0<0<1). (1.34)
p Do P q qo a1

Furthermore

IT£lly < Co~"CY I lp- (1.35)

Proof. See [4, p.2] O
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Proposition. 1.19. Let 0 < 0 <1, 1 < gy <00, 1 < ¢ < 0 and 1 < g < 0.

Furthermore, let sp € R, s1 € R, sg # s1 and s = (1 — 0)sg + 0s;.

(i) If 1 < p < o0, then

(B (R™), B3t <Rn))9,q = B, (R™). (1.36)

(i) If 1 < p < oo, then
(E2 (R™), F5t (R™)) 00 = Bra(R"). (1.37)
Proof. See [40, 2.4.2]. O

Proposition. 1.20. [40] Let s € R, s1 € R, 0 < py < o0 and 0 < p; < o0. If0 <l <1,

and
1 1-6 0
p Do D1
then
(Bpo ™), By, (R™)), = By ,(R"). (1.38)

1.5 Examples of functions in Besov space

In this section, we will give examples of functions in Besov space.

Example 1.2. [36] Let f = € S'(R™) ( the Dirac delta function), we have

Ajf(x) = 2 [ Flo@(z—y)f(y)dy

Rn
= <f2F (2 (z—)) >,

so we have
Aib(r) = <82F To(2(z—")) >
= YF (V)

then
|26, = 20,

Which implies
27| Az, = 20
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for1 < g < oo, we have

Q|-

1
=c (Z 2j(n—z+s)q> q .

Jj=0

(Z 2js"||Aj5||Z>

Jj=>0
So the series (ijo 27(”_E+8)‘1) * converges in the following two cases:
o Ifn—2+s<0ie s<%—n,thende B (R").

. ]fn—%+s:Oi.e. 8:%—71, then

29| A5dll, = ¢ for j € N = sup 2|01, = ¢ = 8] 55 . .
jE

Then we have
6€ B, (RY) if s<3—n1<pqg<oo.
€ B, (R") if s=2%-n1<p<oo,q=o00.

Example 1.3. [36] Let f(x) = v.p(%) ( the principal valued of *). We have

~

f(§) = —imsgng

and

suppA;f C {€ € R : [¢] < 2771}

According to Bernstein’s inequality, we obtain
(L1
1A, f1ly < 2772 |[A; flla, (p > 2). (1.39)
On the other hand, we have

1A fll2 = (QW)fész\ng (Plancherel)
)

because p € D(R).
Then the equation (1.39) becomes

1A, fll, < 2070 ¢ = ¢,
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from where

27851l < ¢,
the series Ejzo 2j(s+i)q, 1 < g < o converges if s < —i, which gives f(x) = v.p(%) €
B3 (R) in the following two cases
s:—l%, 2<p< o0, and g = oo.

s<—§,2§p§oo, and 1 < q < .
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CHAPTER 2

Boundedness of the Hilbert

Transform on Besov Spaces

In this chapter, we will study the boundedness of the Hilbert transform on Besov spaces
By (R™), the principal theorem of this chapter is Theorem 2.9 where we will use the
Littlewood-Paley decomposition to prove that the boundedness of the Hilbert transform
on Besov spaces B, (R") can be obtained by its LP(R")-boundedness for s € R, and
p:q € (1,00).

The chapter is arranged as follows. In Section 2.1, we will give definitions and basic proper-
ties of the Hilbert transform. In the second Section, we will give the boundedness of such a
transform on Lebesgue spaces LP(R™). Finally, in Section 2.3, we will give the main result

of this chapter where we will prove the boundedness on Besov spaces By (R").

2.1 Hilbert transform

Let I' : R — R™,n > 2, be a continuous curve passing through the origin, i.e. I'(0) = 0. We
define the Hilbert transform along I' by the principal-valued integral

dt

Hf(x) = p.v./oO f(z — F(t))T’ Vf e DR"). (2.1)

And the truncated form H, y is given by

dt

Hosf@) = [ se—T0)] 2.2

It is known that for proving the boundedness of the Hilbert transform on L?(R™), it suffices

to show that the ”Fourier multiplier” m namely

. dt
m(&) :p.v./ e_ls'r(t)Y, £ eR”,

—00
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is a bounded function on R™ and to use the Van der Corput lemma and Plancherel’s theorem,

(see[48, p.197] and [33]).

Lemma 2.1. [38] Let f(x) be a locally integrable function, and I'(t) be a continuous curve.
Then f(xz —T'(t)) is a measurable function of x and t. Also for almost every x, f(xz —T'(t))

s a measurable and locally integrable function of t.
Remark 2.1. [38/

(i) Note that the fact that f(x —T'(t)) is locally integrable in t for almost every x follows

from Fubini’s Theorem.

(i) Lemma 2.1 implies that for locally integrable f, then Hen f(x) is a well-defined mea-
surable function of x for each fixed positive € and N. Moreover for almost every x,

Hen f(x) is continuous in € and N.

Now we ask, does

h
lim l/0 flz —=T(t)dt = f(x) a.e.? (2.3)

h—0 h
To obtain positive answers to this question, it is necessary to restrict attention to a subclass
of curves. Again curvature is crucial, we obtain positive results if I' has an appropriate

amount of curvature.

Definition 2.1. [38] We say that a C* curve I'(t) in R™ is well-curved if I'(0) = 0 and for
some € >0, T'([—e,¢€]) lies in the subspace of R™ spanned by

& r
—I'(t) li=0, J=1,2,3,...
ST,
We should mention that any real-analytic curve in R” is well-curved.
An important feature of well-curved curves appears when we consider the simplest two

dimensional examples, namely

I'(t) =15, t >0,

where 7 and k are positive integers.

The following result holds:
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Theorem 2.1. [38] Let f be locally in LP(R™),p > 1. Then

h
lim %/0 flx=T(t)dt = f(x) a.e. (2.4)

h—0

provided T'(t) is well-curved.

Let us recall the definition of the maximal operator along I', which plays a very important

role in harmonic analysis.

Definition 2.2. Suppose that f is a locally integrable on R", ve. f € L, .(R"). The
(R™) by

/ fla - ’ (2.5)

We should mention that the maximal operator M is well defined for any locally integrable

mazimal operator M is defined on L,

Mf(z) =sup —

h>0 h

f on R" in general, it is not a bounded operator from L'(R™) to itself, and of course M is

bounded on L>®(R™), i.e
M flloo < [1flloo-

We consider the plane curve (¢,7(t)) in R?, and we have the following theorem for P = 2.

Theorem 2.2. If v(0) = +/(0) = 0, and y(t), 7'(t), and v(t)" are increasing, and positive

when t > 0, then

M Flla < el £l
Proof. See [38]. O
We set, for the following theorem:
1 rh
Mif(z) = sup — [ |f(z = T(1)|dt. (2.6)
0<h<1 0

We should mention that M; is well defined for any locally integrable f.

Theorem 2.3. [38] If T'(t) is well-curved, then

[Mof()llp < Gl fllp, for all 1 <p < oo (2.7)
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Theorem 2.3 implies Theorem 2.1.
For a survey of this problem’s history through 1977 see [38].
Now, we give the Van der Corput lemma in the simple case which has been basic in the

study of the Hilbert transform.

Lemma 2.2. (Van der Corput lemma ). Suppose f : [a,b] — R is in C'la,b] , [ is

monotone, and there is a X > 0 with |f'(t)| > X fora <t <b. Then

b
/ eif(t)dt’ <c/A,

for a constant ¢ independent of a,b, f and \.

Proof. See [48, p.197]. O

2.2 Boundedness of the Hilbert transform on L/(R")

2.2.1 Boundedness of the Hilbert transform on L?*(R")

In this paragraph, we are interested in the Boundedness of the operator Hz on L*(R™), we

define it in its truncated form :
d
HealP@) = [ fla-T@). (4 € DY), 2.9
e<|t|I<R

where I'(t) = (71(t),72(t), - -+, u(t)).

Theorem 2.4. [2, 33/ Let I' : [-R,R] — R™ be a highly monotone and odd curve with
T (t) =t, then

(i) Her is bounded on L*(R™) uniformly on ¢ and R, i.e.
de=c(n) >0, |Herflla <cllfll,  (Vf € L2(R")); (2.9)
(ii) lim. o H. rp = Hg exists in the L*(R™) norm and we have

[Hrfllz < cllflle, (Vf € L*(RY).

To prove this theorem, we need the following lemmas:
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Lemma 2.3. For all function f in S(R™) we have

~

F(Herf)(&) = mer(§)(S),

where

meale) = [ eerod]
e<|t|<R t
such that & -T'(t) = &1t + §7a(t) + -+ + Eualt).
Lemma 2.4. (Plancheral-Parseval formula) For all g € L*(R"™) we have
1Fgll2 = (2m)% | g]l..

Lemma 2.5. (W.C.Nestlerode) There exists ¢ = ¢(n) > 0, such that

/ efig(tvg)@
e<|t|<R t

9(t,§) = &it + &aya(t) + - + &umlt), and &= (&,82, -, &) €R™

< C. pour tout £ € R",

where

Proof of Theorem 2.4

(i) By applying to (2.8) successively Lemma 2.3, Lemma 2.4 and Lemma 2.5 , we obtain

IF(Herf)ll2 = (2) 2 [me,rl[| fl2
with

mer(€) = / e—ié'l“(t)@’
’ e<lil<R t
then
IF(Herf)ll2 < (2m)2c || f]2;
that is to say
[F(Herf)ll2 < co [l fl2,
with
co = (27)2 c.
So, it suffices to prove that there is a constant ¢ > 0 which depends only on n, i.e.
¢ = ¢(n), such that
Imer()] <e (VEERM).

We can prove it by induction on n (see [33]).
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(i) To show that lim. o H. rf = Hg[ exists in the L*(R™) norm, it suffices to prove that
(H-rf)->0 is a sequence of Cauchy in L*(R").
Existence.

By applying Lemma 2.3 and Lemma 2.4 to the sequence of functions

(He,Rf - He’,Rf)e,e’a (\V/f € L2(Rn))v

we obtain for ¢ > &/,

F(HE,RJC - Hs’,Rf) (5) = Mg e’ (5)‘7_.(.}[) (5)7

where
[ dt
Mo = —2@/ {sin(¢ - F(t))}7
Ve' 1 0 < & < 1, we have

1+¢ dt
mee@l < 2 7

1—¢’

1+e¢

= 2In ,
1—¢

from where
1+e¢
1—¢

HHE,Rf - Ha’,RfHQ < 2||f||21n

which gives when ¢,&" — 0
||H87Rf - Ha’,RfH? — 0.

Then (H. rf)eso converges to a limit called Lgf, on L?(R™).
Uniqueness.
From the definition of the operateur Hp, we have : lim. o H. rf(x) = Hrf(x) exists
on R, then
Hrf(x) = Lrf(z), (VzeR")
that is to say
Hrf = Lrf.

It remains to prove

[Hrfll2 < coll fll2,  (Vf € L*(R™)).
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By applying (2.9) and the fact that lim._,o H. g = Hpf exists in the L?(R™) norm, we
obtain, foralle : 0 <e < R
|Hrfll2 = [Hef—Herf +Herfll2
< | Herf —Heflla + collfll,  (Vf € L2(RY).

Passing to the limit when € — 0, then we have the result. And the proof of Theorem

2.4 is completed.

O

Let us give a counterexample, determine the class of curves v for which there are LP results
for H corresponding to v, this problem will be clarified by several examples presented in

[38]. The simplest is as follows.

Remark 2.2. [38] Let vy be an odd function such that y(t) =t for0 <t <1, andy(t) = at+b
fort > 1, with b # 0. The Hilbert transform corresponding to (t,~(t)) is unbounded on
L3(R?).

2.2.2 Boundedness of the Hilbert transform on L’(R")

In this paragraph, we present some known results in the LP(R™)-boundedness.
Theorem 2.5. [38]
(1) If T'(t) is two-sided homogeneous, and f is in LP(R™), 1 < p < oco. Then

HI(w) = lim Howf () (210)

N—oo

exists almost everywhere and in LP(R™). Moreover,
1M fllp < Apllfllp, 1 <p < oc. (2.11)
(i1) Let I'(t) be in C°(R™). Assume that for small t, T'(t) lies in the subspace spanned by

r90),5=1,2,---. Then
Hf(x) = lim Heo f(2) (2.12)

exists almost everywhere and in LP(R™). Moreover,

[Hofllp < Apllfllp, 1 < p < o0 (2.13)
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Theorem 2.6. (i) Let I'(t) be two-sided homogeneous curve, then for f in S(R™),
[Hen F(2)llp < el fllp, 1 <p < o0, (2.14)

Moreover Hen f converges in LP(R™) to Hf, as e — 0, N — o0, and
[H Sl < ellf1lp- (2.15)

(ii) Let T'(t) be a C* curve on [—1,1]. Assume I'(t) lies in the subspace spanned by
{F(j)(O)};il. Then
[Herf(@)llp < el fllp, 1 <p < o0 (2.16)

Moreover Heq f converges in LP(R™) to Hif, as e — 0, and

[Hofllp < el flp- (2.17)
Proof. See [38]. O

Let us present some results which are useful for us, we give the results of [37] and [5]
which guarantee the LP(R")-boundedness of the Hilbert transform, for all p,1 < p < oo, as

follows:

Theorem 2.7. [37] Let I'(t) = (Py(t), -+, Pu(t)), where Py,--- , P, are real polynomials
on R. Then H is bounded on LP(R™) for all p,1 < p < oo, with bound independent of the
coefficients of Py,--- | P,.

Theorem 2.8. Suppose that P is a real polynomial and v is convex on [0,00) twice differ-
entiable, either even or odd, v(0) =0, and +'(0) > 0.
Let T'(t) = (¢, P(7(t))), p € (1,00), and either (1) P'(0) is zero, or (2) P'(0) is nonzero and
v € C, then

[#71l, < el 1l

Moreover the constant ¢ depends only on p,~y and the degree of P.

Proof. See [5]. O
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Remark 2.3. (1) In Theorem 2.8, by taking v(t) =t , we recover a form of Theorem 2.7,

it is shown in [37] that for all p € (1,00), LP(R™)-boundedness of H is obtained. Also

taking P(s) = s, it is shown in [10] that if 7y is odd, satisfies

v € C*((0,00)), convex on [0,00) and v(0) = +/(0)

=0, (2.18)

and v € C', then the LP(R")-boundedness of H, for all p € (1,00) is also obtained.

(2) Some examples of nonconvex curves were studied in [44], and later these were general-

ized somewhat through a technical theorem in [43]. Although the class of these curves

obtained from theorem in [5].

2.3 Main results

The following theorem concerning the boundedness of the Hilbert transform on Besov spaces

B, (R").

Theorem 2.9. [24] Let s € R, and 1 < p,q < oo. If H is bounded on LP(R™), then H is

bounded on Besov spaces By, (R").
The proof of Theorem 2.9 needs the following lemma.

Lemma 2.6. [12] For all function f in S(R™) we have

~

HE) =m(€)- T,

where the ”Fourier multiplier” m is the function

) =p [0l e

[e.o]

Proof. By the Fubini theorem we have

HE(E) = po. /Oo % {/ (D) f (g — F(t))dx} dt.

By changing the variable u =  — I'(t), we obtain
Flu)eTE@ATO) gy = f(£)e~ETO),
R

Hence the result.

(2.19)
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2.3.1 Proof of Theorem 2.9

With Lemma 2.6 in hand, and by applying the inverse of the Fourier transform for (2.19),
(see for instance [42, p.40]), thus we can define the Hilbert transform as a convolution

operator by the formula

Hf(z) = K * f(2), (2.20)

where

K(&§) = F~'m(S).
(See also [16] and [37, p.25]). Now by Theorem 2.7 or Theorem 2.8 we have, for any p,q
such that 1 < p,q < co and any {f;}; in ¢4(LP)(R"),

1/q

[e5) 1/q )
(ZH”?"%HZ) §C<Z||fj\|§> : (2.21)

where ¢ is independent of {f;};.

It follows from formula (2.20) that

0 1/q
|HfllBs, @) == (Z(QSj\!q’j * Hf”p)q>
=0

s 1/q
LS.

J=0

oo 1/q
= (Z 2754|| @ *K*ng) .

J=0

By the convolution properties and formula (2.20) we hold

00 1/q
IHfllBs, &) = (Z K+ (27°®; f)HZ)

j=0
s 1/q

= (Z [H(27°D; * f>||z> .
j=0

Then, by formula (2.21), there exists a constant ¢ such that

o 1/q
Bs, (&) < C (Z 1275 ng) )
=0

1#f]
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Simple caculations show that

1#f]

e’ l/q
By, S C ( (277]|®; pr)q>

Jj=0

s 1/q
. (Z%”H@j*fllz)
=0

= c[|fllB;,,&m)-

To achieve the proof of Theorem 2.9.
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CHAPTER 3

Boundedness of the Hilbert

Transform on Lizorkin-Triebel Spaces

In this chapter, we will study the Boundedness of the Hilbert transform on Lizorkin-Triebel
spaces Fliq(R”), the principal theorem of this chapter is Theorem 3.4, where we use the
boundedness of a such transform on the ¢?-valued function spaces LP(R™;¢?) to prove the
main results of this chapter. It should be noted that the boundedness was extensively
studied on LP(R") and a little on H;(R"), B, (R"), while that on Lizorkin-Triebel spaces

F; (R™), we have a little work or almost non-existent.

3.1 Hilbert transform along convex curves for /¢-valued
functions

This section concerns the boundedness properties of the Hilbert transform on the ¢9-valued
function spaces LP(R™;¢?). It is shown that the boundedness of a such transform along
a large class of convex curves is obtained on LP(R?; (), where 5/3 < p,q < 5/2. In the
following, we are interested in the work of Liu [22], We saw in the previous chapter that

there was a great interest to determine for which curves I', and which indices p, one has

[H e < el fllze, (3.1)

for a constant ¢ depending only on I' and p. The question of whether these results could be
extended to the spaces LP(IR"; £7) of vector-valued functions was taken up by several authors
recently for 1 < ¢ < oo. Let us state some previous theorems which are useful for us in this

chapter. The first is the work of Rubio de Francia et al. in 1986:
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Theorem 3.1. [35] Let T : R — R" be a well-curved curve in R™ with I'(0) = 0. Then the

(1-valued inequality

1/q 1/q
(Z |%fj|q) < Cpg (Z |f]|q) (3.2)

JEZ Ip JEZ Ip

holds for all p,q with 1 < p,q < oo , and all f; € LP(R™), n > 2.

Recently, The authors pay attention to curves of finite type which means that the image
of the mapping ¢ — I'(¢) is of finite type at 0. At first, we turn our attention to I'(¢) which
is given as a polynomial functions, because it is a model problem and we have the following

results.
Theorem 3.2. /20, 21]

(1) Let T : R — R"™ be a polynomial function. Then the (-valued inequality

1/q 1/q
<Z ’Hfj‘q> < Cpg <Z ‘f3|q) (3.3)

JEZL Ip JEZ Ip

holds for all p,q with 1 < p,q < oo , and all f; € LP(R™), n > 2.

(2) Let the image of T : R — R™ be of finite type at 0. Then the (1-valued inequality

1/q 1/q
(Z ’Hfj‘q> < Gpg (Z ‘f3|q) (3.4)

JEZL Ip JEZ e

holds for all p,q with 1 < p,q < oo , and all f; € LP(R™), n > 2.

In this chapter, we give the work of Liu [22], and we use it to prove our main results.
We deal with plane curves of the form I'(t) = (¢,7(t)), where ¥(¢) is a convex function for

t > 0. The result of [22] was given as follows.

Theorem 3.3. [22] Suppose that v(t) is a continuous odd function, twice continuously
differentiable, increasing and convex for t > 0. Suppose also that ~" is monotone for t > 0
and that there exists C > 0 so that ~'(t) < Cty"(t) for t > 0. Then H is bounded on
LP(R2,49) for all p,q with 5/3 < p,q < 5/2.
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The proof of Theorem 3.3 was given in several steps, which are similar to that in [32].
Given an analytic family of convolution operators H, so that Hy = H. To prove the
L*(R?,£?) result it suffices to obtain the boundedness of the multiplier associated to the
operator H, with Re(z) < a, where a is some positive constant. And by using the Van der
Corput lemma and integration by parts. The vector-valued Fourier multiplier theorem is
used to show that H, is bounded on LP(R?, ¢4) for p,q with 1 < p,q < oo, and Re(z) < b,
where b is some negative constant, (see Lemma 3.2). Finally, the theorem follows by using

generalized analytic interpolation of operators.
Remark 3.1. [22] Theorem 3.3 covers a large class of functions v(t) such as
() = sgn(®)]t*, (a =2),

v(t) = te V11,

The first one is homogeneous, while the other one is without homogeneity. In [22], the author

extended the class of curves for which the LP(R?, (9)-result is obtained for 5/3 < p,q < 5/2.

3.1.1 Proof of Theorem 3.3.

In the following, we will give the proof of Theorem 3.3, for more details see [22].

For z € C, An analytic family of operators #, is defined by

Hof(&m) = ma(€,m) F (€., (3.5)
where m is given by
m.(§,n) = p. / e 2riletm Ol 4 n272(t)]z%- (3.6)
R

Notice that Hy = H.

Boundedness of H, on L?(R? (?).

In this subsection, we are interested in the proof of the following estimate

1/2 1/2
(Z \Hzij) < Gs[L+ [Im(z)]] (Z \fj!2> > (3.7)

jEL 12 jez 12
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where Re(z) = (1/4) — 0 for some 6 > 0.
It is known that the boundedness of H. on L*(R?,¢?) is equivalent to the uniform bound-

edness of the multiplier m.(&,n). Thus, one can show that
[m(€,m)| < Cs[1 + [Im(2)]], (3.8)

where the constant Cj is independent of I'm(z). The proof of (3.8) is based on the Van der
Corput lemma which plays an important role in estimating related multipliers. This lemma
is given in several books or papers as follows

Lemma 3.1. [37, p.332] Suppose ¢ is real-valued and smooth in (a,b), and that |o™ (z)| > 1

for all x € (a,b). Then
b
/ M) gy

holds when k > 2; the bound CY is independent of ¢ and .

< CpAVE (3.9)

For more details on the proof of (3.8) see [22].

Boundedness of H, on LP(R? (7).

In this subsection, one can show that
1/q 1/q
(Z I’Hzfjl"> < ClL+|Im(2)[]” <Z |fj|q> : (3.10)
JEL I JEL .
where Re(z) < —1,1 < p,q < oo, the constant C' depends on Re(z), and is independent of
Im(z).
Before proving (3.10), we need a vector-valued Fourier multiplier theorem. Firstly, let us

recall some definitions:

Definition 3.1. [22] Let X be a Banach space, X is said to be an UMD-space, if the Hilbert
transform is bounded on LP(R, X) for some (and then all) p € (1,00).

Definition 3.2. [22] A basis {e;}; in a Banach space X is called unconditional, if there is

a constant C such that for every x = Zj e;jtie; € X one has

‘ Z ejtjej

J
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Definition 3.3. [22] A Banach X is said to have local unconditional structure if there exists
a constant C' such that for any finitedimensional subspace Xy of X there exists a Banach

space ' with an unconditional basis and operators
ug: Xog — F and wy: F — X

such that the natural embedding
j Xg— X

admits a factorization j = woug and
[[uo[[[[wol| < C.

Remark 3.2. [22] Well-known examples of UMD-spaces are LP(R™), (7 and LP1(R"),
1 < p,q < 00, three examples are also Banach lattices for their usual norm and the pointwise

order. Further, all Banach lattices have local unconditional structure.

Let m : R® — C be a bounded function, we associate operators T}, defined on the test

functions f € S(R", X) by

Tnf(x) = (mf)'(z). (3.11)
As a vector-valued Fourier multiplier theorem, we state the following vector-valued theorem

which was proved in [47].

Lemma 3.2. [/7] Let X be an UMD-space with local unconditional structure. Then for any

p € (1,00) there is a constant C' < oo such that
| Tl zen x) < Csup {|z*0%m(z)| : 2 € R"\ {0}, < (1,1,---,1)}. (3.12)

For n = 2, in view of Lemma 3.2 and Remark 3.2, it suffices to show that the following

functions
om., 9’m,

om,
(), EGE e, w6, gt (En) (3.13)

are uniformly bounded on R? for Re(z) < —1.

The uniform boundedness of m,(&,n) is trivial.
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The Boundedness of {(0m, /) (&, n).

Integration by parts implies that

om, . o 2
éa—ﬂ;(&n) = —2mi /R e 2l OIe [1 4+ n?y2(¢)]" dt
d

= [ oyt 1)
L di
= ) [1 4 (0]
© 2min / 2Oy (1) 14 P2 (1] dt
R
B 22772/ o~ 2milEt+y (1)) [1+ 77272(75)}271 () (t)dt.
R
Note that Re(z) < —1, for t € R, we have

L+ 020 =1+ (1) <1

The boundary terms is bounded by 1/7.
For Re(z) < —1, making the change of variables u = |n|y(t), we can get the following

estimates
—9mi z Re(z)
R R
< /(1 + u?) By, < 7.
R
In the similar way, the second integrated term can be estimated by

o’ / emsmleremn O 4 n2v2(t)]z_1v(t)v’(t)dt‘ <1+ [Im(2)]. (3.14)
R

Therefore, for Re(z) < —1,

om,

23

\5 <5,n>] < C[1+ [Im(2)]]. (3.15)

The Boundedness of n(dm./0n)(&,n).

Integrating by parts, we obtain

om, , Comi 2 dt
n—H—(&n) = —2mipuv. / e 2 Olpy (1) [14 P22 (1)] —
377 R t
—2mi z—1 dt
+ 2z p.v./e 2 [Et+””’(t)]77272(t) [1+n272(t)} e
R
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For the first integral, for any € > 0, it suffices to bound the following two parts

Re(z) @

L RO 0)™ G (3.16)
[ @I ) (317)

Recall that ty > 0 was chosen so that |n|y(ty) = 1, and v(t) < /() because of the convexity.

Thus, we can prove that

Re(z dt to
/ O] 1+ 72220)] O % < oy / 2 (1)t
e<|t|<to 0
2.

2
< (3.18)
For Re(z) < —1, an elementary calculation shows that
Re(z) dt 2
nlh@l L+ 02O 5 < o
[ il o] O < ey
< 9
Similarly, the second integral can be estimated as
97 z—1 dt
: [ el (14 0] F < ARG+ IE] (319)
Therefore, for Re(z) < —1,
om,
" (&n)| < C+ [Im(2)]]. (3.20)
The Boundedness of £n(02m,/050n) (€, ).
We note that &]%(f, n) can be written as
d*m, 2 —omifet-+y(t)] 2.2 (4\]%
Enga(&n) = —4n%€n | e mOby(t) [L+ 0y (t)] dt
o)3%)] R

— Amizén / e 2Ol 11 4 232 (1)) (¢ dit
R
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For the first term, integrating by parts, we obtain

47T2§n/ e’Qm[gH’”(mv(t) [1 + anyz(t)]z dt = 2m'/ ae(”’”ét)e’%“ﬂ(“ [ny(1)] [1 + 17272(t)]z dt
R R

= 2mie 2Oy (1] [1 4+ 1P2(0)] |

42 / =2mlettm Ol () iy (6] [1 4 7292 (1)) dt
R

— 27‘(’2/6 P Ol (£) [1 4 7°47(1)] " dt
R

— A / e 2O [1 4 202(8)] 7 Py (1) .
R

Obviously, for Re(z) < —1,t € R,

R, z Re(z
|2mie 2T MOy ()] [T+ 722 (0O)]] < 2rnllv(8)] [1+ n°~2(6)]

2. (3.21)

IA

So, the boundary terms is bounded by 27.

By making a suitable changements of variable, one has the following estimates

[ e O 0] [+ 20 ] < S (322
[y [ o) < (32
and
s [l 1t 0] ey @] < el (3:24)
The second term can be handled similarly. Finally, we can obtain
'snggz )| < Cli+ (o) (3.25)

We omit the details.

Remark 3.3. [22] To complete the proof we need an (%-valued analytic interpolation theo-

rem, which is a consequence of Theorem 1 in [14], a concrete proof can be found in [11].

Let S denote the closed strip {a < Re(z) < b} C C, {U.,}.,es is a family of uniformly

bounded linear operators on L*(R™), that is, there is an M > 0 such that

||UZHL2—)L2 S M, Vz S S (326)
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Moreover, the function

Z — U.f(x)g(x)dx (3.27)

R"

is continuous on S and analytic in the interior of S, whenever f, g € ¢*(R").

Lemma 3.3. [22] With the above assumptions, if for 1 < p;, q; < oo, (i = 0,1),{U,} satisfies

the following conditions:

1/q0 1/q0
(i) (Z U, fj|qo> < M, (Z | fﬂ%) . when Re(z) = a;
JEL 50 JEL Ly,
/q 1/q1
(12) (Z ’szj|ql> < M (Z \fj‘m) ,  when Re(z) =b.
JEZ 1 JEZ Ly

Then we have

1/q 1/q
(Z ‘Ua(l—e)—i-@bfj‘q) < My~' MY (Z ’fj’q> ;

jEL I JEL .
where 0 <6 <1,1/q=((1—-0)/q0) +0/q and 1/p = ((1-06)/q0) + 6/p1.

Let U, f(x) = ¢* H.f(x). Note that
|€z2| _ eRe(z)z—Im(z)2 (328)

then there exists a constant My which is independent of I'm(z) such that

—~

1/2 1/2
Z U, le2 < Cse @1 4 |Im(2)] (Z | fj|2) 3.29)

JEZ JEZ

L2 L2

1/2
(Z | fj|2> when Re(z) = 1/4 — 0. (3.30)
JEZL 12

Also, for 1 < p1,q1 < oo, there exists a constant M; which is independent of Im(z) such

1/q1
(Z \szj\ql)

JET

that

/a
(Z \fj\ql) when Re(z) < —1. (3.31)

I JET I

For 2 < p,q < 5/2, there exists 1 < p;,q; < 0o so that

1 6 1-6 1 6 1-6
p 2 P1 q 2 q1 ( )
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where 0 < € < 1 and satisfies the equation

G—é)@+(—1—e)(1—9):0 (3.33)

for some e >0and 0 <d < 1/4.

Therefore, by Lemma 3.3, we obtain

rl (ZHW)l/q = (Z%ofjl‘I)l/q

JEZ Ip JEZ

= (Z IUofjlq) N

JEZ

Lr

P
1/q
< C (Z |fj|‘1> (3:34)
jEZ >
for 2 < p,q < 5/2. The duality implies the result for 5/3 < p,q < 2. This completes the

proof of Theorem 3.3.

For more details on the proof of Theorem 3.3 see [22].

3.2 Main results

The principal theorem of this chapter is the following, where we will prove the boundedness
of the Hilbert transform on Lizorkin-Triebel spaces. We deal with plane curves of the form

['(t) = (t,v(t)), where y(t) is a convex function for ¢t > 0 .

Theorem 3.4. Let v(t) be a continuous odd function, twice continuously differentiable,
increasing and convex fort > 0. Suppose that v is monotone fort > 0 and that there exists
C > 0 so that v'(t) < Cty"(t) for t > 0. Then H is bounded on F; (R?) for all s € R, and
all p,q with 5/3 < p,q < 5/2.

Remark 3.4. Notice that (F5 (R™), F:°

P,q0 p,q1

(R”))eq = B, (R") for 0 <8 <1 and
s = (1 — 0)sg + 0s1, we therefore may obtain Theorem 2.9, for some p,q, by applying

Theorem 3.4 and the interpolation result above. However, we have seen in Chapter 2 that
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since H is a convolution operator, the Besov B, -boundedness of H can be easily obtained
by its LP-boundedness, which does not rely on the Lizorkin-Triebel I -boundedness of H

(see Subsection 3.2.1 below for its proof).

3.2.1 Proof of Theorem 3.4

From Theorem 3.3, it is well known that H satisfies the following vector valued inequality:

1/q 1/q
(Z |HijQ) < Cpg (Z |ij‘1> , (3.35)
JEZ

Lp jez Lp
for all p,q with 5/3 < p,q <5/2 , and all f; € LP(R?).

Now, by the definition of F; (R") and the convolution formula of # we have

o0 1/q
- (Z 2@, Hf><x>|q)

Lp

o 1/q
= (Z 27°1|(D; % K * f)(fv)lq>

j=0

Lp

By the convolution properties and the formula (3.35) we have

o 1/q
— <Z|K*2js(¢-*f)(x)|q>

j=0

B (Zm (2750, 5 f)(x

< C <Z| (2@, * f)(x )
< C (ZzJW| (®; % f)(x )
= C[fllrs,®)-

The theorem is thus proved.
O

In the context of Theorem 3.4 and by applying Theorem 3.1 we have the following result:
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Theorem 3.5. Let I' : R — R” be a well-curved curve in R™ with I'(0) = 0. Then there

exists ¢ > 0, such that

[#f]

Fz, &) < [ fllEs, @), (3.36)

forall s € R, and all p,q with 1 < p,q < 0o, n > 2.

And in the context of Theorem 3.4 and by applying Theorem 3.2 we have the following

result:

Theorem 3.6. (1) Let I' : R — R" be a polynomial function. Then there exists ¢ > 0,
such that

[Hf g,y < ell fllmg y ),

for all s € R, and all p,q with 1 < p,q < oo, n > 2.

(2) Let the image of I' : R — R™ be of finite type at 0. Then there exists ¢ > 0, such that

[#f]

Fs @ < |l fllrs, @),

for all s € R, and all p,q with 1 < p,q < 0o, n > 2.
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CHAPTER 4

Boundedness of the Hilbert

Transform on Localized

Lizorkin-Triebl Spaces

In this chapter, we will study the boundedness of the Hilbert transform on localized Lizorkin-
Triebl spaces (F};, )¢ in the £7(Z") norm for r = p, see for instance [15, 17, 27], and for more

theory on localization, we refer the reader to [7, 34, 36].

4.1 Pointwise multipliers for the Besov and the Lizorkin-
Triebel spaces

We recall the definition of the pointwise multipliers space of a Banach space E (in this thesis
E=DB; (R")or E=F; (R")), denoted by M(E), this is the set of all functions f € S'(R")
such that

If - 9lle <clglle (Vg€ E).
We say that f is a multiplier of E, we denote by || f|a(z) the supremum of the number
| f - gllg taken over all g € E such that ||g||p < 1. ie.

£ sz == sup{[lf - glle - g € C¥NE, |lglle <1}

M (FE) is a Banach space. We recall that M (FE) is isometrically invariant by translation, if
T.f € M(FE) then

| Taf 22y = | fllar2)-
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We refer the reader to [36, p.213] and [41] for the following embedding (1 < p,q < o0), we
need respectively:

B, — M(F:,). (4.1)

Concerning the properties of M (B; ) and M(F; ) see [34, 36, 41].

4.2 Characterization of the localized Lizorkin-Triebel
spaces

For the definition of the localized Lizorkin-Triebel space, denoted by (F}; )¢, we need to
introduce a new resolution of unity: Let ¢y € D(R"), supported in the ball B(0, R) with
R > \/n and satisfying

d blw—k)=1 (zeR"). (4.2)

kezm

Indeed, Let g € D(R™) be a positive function which equals 1 on the cube |z;] < 27!(i =
G

1,---,n). Then the function G(z) = >, 4. 9(z — k) is C* on R", bounded and G/(z) > 1,
(since for every x, there exist k € Z" , such that |z; — k;| < 5 (foralli =1,--- ,n) and so
g(x — k) =1). we also have G(z — k) = G(z),Vk € Z",Vx € R". The function B is O
x
on R™. we just pose
_ y(x)
U
We consider the set A as the class of all the functions i» € D(R") satisfying
> ¢(x—k) =1, for all z € R". (4.3)

=
Definition 4.1. [7/ A Banach Space of Distributions, denoted by (B.S.D) in D'(R"™), is
a vector subspace E of D'(R™) equipped with a complete norm || - ||g such that the canonical

injection E < D' is continuous.

Remark 4.1. Let E be a Banach space of distributions (B.S.D). We associate on the space

E the following hypothesis.
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(1) Translation invariance; if we denote T, the operator given by 7, f(t) = f(t — x), then

Tp 18 an isometric of E;
(2) Localization invariance; for all f € E and all ¢b € D(R™), we have that{ - f € E.

Let 1» € D(R™). The notion of localized is defined by f, = 7,4 f, it follows immediately
from the hypotheses (1) and (2) that the family (f,)zegrn is bounded in E.

Definition 4.2. Let 1 < r < oo, and E be a Banach space of distributions, Let ¢ € A. The
space (E)e is the set of functions f € S'(R™) such that

1/r
171l &), = (Z [(- = k)fHE) < oo, (4.4)

keZnr

In the case where r = 0o, the expression (4.4) should be interpreted as

1) = sUD 1 = F) fll g < 00 (4.5)
keZn
The norm defined in (4.4) or (4.5) is independent of the chosen system (4.3).

Definition 4.3. Let E be a Banach space of distributions, E is localizable in the " -norm

(1 <r <o), if there exists a function ¢ € A and a constant ¢ > 1 such that:

1/r
Hflle < (Z o~ k)fu};) <ellflle-

kezn

Theorem 4.1. [7] Let 1 < p < co. Then the space LP is localizable in the P norm.

Proof. Tt suffices to show that the operator

T, {p(- = B)f brezn

is an isomorphism of LP(R™) on a closed subspace of (LP),» for a well chosen function
v € D(R™).
For that, we introduce the operator

w(F)rezn) = D (- — k) f, (4.6)

kezm
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where for a suitable choice of ¢ € D(R"), Sy is a right inverse of T,.

Since ¢ has a compact support, there exists ¢ = ¢(¢) > 0 such that, for all x € R", we have

S el — b <e.

kezZm

We have also

Tfleng = 3 [ el = Blf@lds

keZm™
< cf[flx (4.7)
On the other hand we have
ITofllz=ye = sup  [p(x — k) f(z)]|
k€Zn zcRn
< el fllso- (4.8)

By applying the Riesz-Thorin’s theorem to (4.7) and (4.8), then the operator T, is contin-

uous from L in (L?)sm. Otherwise we have

1/p
(Z (- — k)fHﬁ) < || fl,- (4.9)

keznr

The continuity of Sy, from (LP)e in LP is proved in the same way, we have

1Sy ((fdkezn)ll, < D0 IloC = k)il (Holder)

kezn

< Nl D Al

kezn

= [l I Fdrcnlan, - (4.10)

On the other hand we have

150 (fikezn)llo < (:gzg ka!loo) sup (Z [¥(z — k)\) : (4.11)

kezn

where, ¢ and 1 can be any compact support functions.

Now, suppose that ¢ € A, and choose 1 so that 1» = 1 on the support of ¢, so we have

fo=) o(-—kf

kezZm

= D U=k el —k)f

kezn

= Sy (- = k) - frezn) s
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and the continuity of S, from (L?), in LP gives

1/p
| fllp<c (Z (- = k)in) : (4.12)

kezn

The inequalities (4.9) and (4.12) imply that the space L? is localizable in the ¥ norm. [

4.2.1 Localisation of Lizorkin-Triebel spaces F; (R")

Proposition. 4.1. For all R > 0 there exists a constant ¢ = c¢(n, R) such that for any

family (fi)kezn of functions carried respectively by the balls |x — k| < R, we have

1/p
S gc(z HhHﬁ) |

keZm keznr

Proof. The proof is immediate if we notice that

D fe=> 0= k) f = Su((fe)rezn)

keZn kezn
where ¢ € D(R™) is chosen so that ¢» = 1 on the ball |z| < R, ( see (4.6) for the definition
of the operator Sy). O

Proposition. 4.2. [7] If the function 6 € S(R™) is not null on the support of 1, (see (4.2)
for the definition of v). Then we have:

1/p
1S M2y~ (Z 16(- — k)fl\%) -

keZm

Proof. Firstly, we can write ¢ = g.0 where g € D(R"™) and

[0( =) flle < llgllpe 100 = K) flig,

SO

1/p
11l < c (Z 16(- — k‘)fH%) :

kezm

On the other hand

6C =K flp < Y I0C—=K)8C=k)flg

k'ezm

< ST =R = Bl I = ) fll (4.13)

k'ezm
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where A € D(R™) and A = 1 on the support of 1. By a change of variables, and the fact

that || - || s(g) is invariant by translation, we have
IAC = KDOC = B)llagm) = IIAC = (B = E))O py ) - (4.14)
By combining (4.13), (4.14) and the discrete young inequality, we get the result. O

Lemma 4.3. [15] Let s € Rj]1 < p < 00,1 < ¢ < o0 and 1 < r < oco. There ezists
¢ = ¢(n) > 0, such that for any Q@ > 0 and any family (fi)kezn of functions, carried

respectively by the balls |x — k| < Q, we have,

1/r
> <cQ (Z 1 fxl F&AR”)) :
(£ g(R™))gr kezn

kezZn
Proof. Let us pose m = 2[R+ Q|+ 1 € N. for all k and k" in Z", the intersection of the balls

|z — k| <Q and |xr— k| < R is empty as soon as |k — k’| > m, whatever k' € Z", we have

. 1/r
> I = [ D |t =#) D S
kezm (Fi)s’q)zr k'ezm kezn Fi)s’q
-, 1/r
= [ DD v -k
k'ezn || kezn Fs,
We estimate ), ;. (- — k') fr. in the norm of F; , then by the inequality of holder we
obtain
> (=K fi = || > v(-K)h
kezr Fs, lk—k'|<m P,
/
< S = E)fillyy,
k—k'|<m
1/r! 1/r
/ r
< | o St —mAl | L @)
lk—k'|<m lk—k'|<m
and as
kK'+m  k'4+m k'+m
o= 1) 1) 1= (2m)---(2m) = (2m)",
keZr |k—k'|<m k'-m k'—m k'—m n times
SO

> 1<@2m+1)" < e

keZn |k—k'|<m
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we replace in relation (4.15) it becomes
1/r

> (=K fi

keZm

<o > = k) fl

n i
Fs, kezZn |k—k/|<m

T
s
vaq

Let us show that there is C' > 0, such that

sup [[¢(- = &) fil

k'ezn

To show (4.16) it suffices to apply (4.1)

Fg, <C HfHFpsq : (4.16)

B, — M(F;,).

Let us return to the series ), _,. fi, using (4.16) we obtain

1/r

>

kezn

< aQ" Y D0 It =Kl

(Fg )er k'€Z™ |k—K'|<m

1/r

< Q" | Y I, 31

kezn lk—k'|<m

1/r
c3Q" (Z [ fxl ;;ﬂ) 7
kezn

IN

the Lemma 4.3 is fully proven.

Remark 4.2. The norm of (F; )¢ is independent of the chosen of 1, this is an emidiate
consequence of Lemma 4.3, Indeed:
Let 1,19 in D(R™) carried respectively by the balls |x| < Ry, |z| < Ry such that ¢y €

Ay € A, we denote by H-Hgg’q)”, H-Hggﬂ)” the associated morms respectively of 11, 1)s.
Then for all f we have

1
11, ) =

7 2
< Ry |

i the same way, we have

2 n 1
G, . < eRENFIG: . -
( p,q) ( qu)
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Lemma 4.4. For any \; verifying 0 < A\ < 1/2, there exists ¢ > 0 such that for any

sequence (fx)rezn of elements of E, carried respectively by |z — k| < A1, we have

1/r
(z ufku;) <l -

kezZn
Proof. Let Ay a real verifying 0 < A\; < A < 2A;. Consider the function 0 € D(R™) carried
by [=A2, Ao]™, such that 6 =1 on [=A, o] If f=3", /. fi, then

10¢—8)flly = Ilfills
< 37 - K00 — B fll,

k/ EZTI

< D0 IAC= KOG = B)llaggmy 190 = K flg

k'ezn
where A € D(R") and A = 1 on the support of ¥». We use then, the Young’s inequality in
0"(Z") we get exactly

1/r
(Z ||fk||g> <clfley, -

kezn

4.3 convergent series in Besov and Lizorkin-Triebel
spaces

This section is devoted to Yamazaki type estimates. (See [45]).

Proposition. 4.5. Let s € R and p > 1.

(i) There exists ¢ > 0 such that for any function 6 € C™(R"™) with support in pu=' <
€] < p and any sequence of distributions (f;);en defined by E(f) = Q(Z_jﬁ)f(é) with
feS'R"). We have

1
q
<Z2S”||fj||§) <c s 10Vl
ol <[2]+

520 =l
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(11) There exists ¢ > 0 such that for any sequence of functions (f;)jen , where supp F f; C
{€: p™12 < €] < p27}, for all j € N, we have

ij

Jj=0

1

<c (Z 2sfqy\fj||g> . (4.18)
Bj,4(R")

320

(11i) For all a > 1, there exists ¢ > 0 such that for any sequence of functions (f;);en , where

supp Ffj C{&:a™127 <|¢| < a2}, for all j € N, we have

<e (Z Qqu\fjlq) . (4.19)
F g (R)

Jj=0

ij

Jj=0

Proof. (i) For proving (4.17). We start from the series

fi=Y _Aufi, V€N,

k>0

we obtain

fi=> @ F02%) =« A,

k>0
with supp 6(27%) N suppf; # 0 for all |j — k| < N, where N = 2 + [y,
We have

(L4 P F600) = n) " [T - A)"0(a)da,

n

then by the Cauchy-Schwartz inequality and the Bessel-Parseval equality we have

il < ([ ju- Ax>?e<x>|2dx)é ([ aswirma)

< ¢ sup [0, where m = [g] +1.

laj<m

By Young’s inequality we deduce

il < e®) > 1Al

J—N<k<j+N

< e(0)) A~y
k=i

We can then distinguish three cases:

The first case: s > 0.
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Proposition 1.5 gives the inequality

>0 k>0

9= Inp

< Ney(6) (N=2+ [ED'
The second case: s < 0.
In a similar way we have
270 fill, < e0)27 > Aufl,
j—N<k<j+N
< e(0)27 V2O N k(2 AL f).
0<k<j+N

Proposition 1.5 allows us to conclude.

The third case: s = 0. By the Holder inequality , we have

Hfjllpéc(9)< )» 1)( > ||Akf||g>q, (N =2+ [0k

j—N<k<j+N j—N<k<j+N

from which we deduce

(ZIIEII;ﬁ)q < )N +1)7 (Z > ||Akf||;i)q

>0 >0 j—N<k<j+N

— (02N + 1)tV (Z\MW)

k>0
= a0 flse,@n-

(ii) Proof of (4.18). We pose

fi =) F @) « At

where supp 1(27%-) N supp fJ # () for all [j — k| < N, with N = 2 + [{2&],

which gives

2% 1A (Zb) < Y 2 Afir,
j>0 —N<U<N
< @) D, 2% feelly
—N<U(<N
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()

Hence

[}
Q=
=

IA

Z ks

k>0

53 (Z (2’“\|fk+zup>q)q

—N<I<N \k>0
1
q q
¢ (Z (211wl ) .
k'>0

(iii) To prove (4.19) we use the same method as (ii).

p

IN

]

Proposition. 4.6. If s > 0, we can replace the annulus a=27 < || < a2’ with the balls

€] < a2?, in proposition 4.5 (iii).
Proof. See [28]. O

Proposition. 4.7. Let a > — ( Yk Then there exists ¢ > 0 such that

1
q

Fy o(R™),

(Z 2j8q|A;’“f|Q>
Jj=0 »
for all f € F; (R").

Proof. See [36, p.22] ]

Proposition. 4.8. Let 1 <p < oo and 1 < q < co. then there exists ¢ > 0 such that
1 1
Z 27" F0(27) * fj|q) <c (Z |fj|q> :
— ,

P B p
for all & € S(R™) and all sequence of functions (f;)52, C S'(R™).
Proof. See [36, p.23] ]
Proposition. 4.9. Let s > 0 and p > 1. There exists ¢ > 0 such that
(Z IAjfjlq) <ar (Z W) ,
=0 p B p

for all sequence of functions (f;)7, C S'(R"), where supp J/C; C B(0, u27).
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Proof. See [36, p.22] O

Proposition. 4.10. Let s € R and p > 1. Then there exists ¢ > 0 such that

»-Q\»—t

Z 29| f; Iq < c(O)| fl 5z, @), (4.20)
]>0
P
for any function 0 € C®(R™) with support in u~* < |€] < p and any sequence of distributions

(f)jent defined by [;(§) = 6(279€) [(§) with | € S'(R").

Proof. By the decomposition

fj = ZAkf]7

k>0

we obtain

fi =Y (2" F710(25)) « Ayt

%>0
with supp 0(27%-)) N supp J?J # 0 for |j — k| < N, where N =2 + [%%] .
We obtain
[(F71O27%)) * Apf| < c(0)|AL f].

Then we have

29| f| < e(0)29 > 2Rk ARe .

j—N<k<j+N

The first case: s > 0. By Proposition 1.5, we get

(Z 25jq|fj|q> < 0(0) (Z 28kq|A,:’af|q> ’
j>0 k>0

Proposition 4.7 allows us to conclude.

The second case: s < 0. In the similar way, we can estimate

()27 Y 2HAYS,

J—N<k<j+N
by
/ 9)283' Z 2_8k28k’AZ’af’,
k<j
we get the result. O
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4.4 Main results

The principal theorem of this chapter is the following:

Theorem 4.2. Suppose that v(t) is a continuous odd function, twice continuously differen-
tiable, increasing and convex for t > 0. Suppose also that ~" is monotone fort > 0 and that
there exists C' > 0 so that v/'(t) < Cty"(t) for t > 0. Then H is bounded on the localized
Lizorkin-Triebel spaces (F]iq(R2))gp, for all p,q with 5/3 < p,q < 5/2. and s € R

To prove Theorem 4.2, we need a few preparations, it suffices to show that the Lizorkin-

Triebel spaces is localizable in the /7 norm, for that we have the following theorem.

Theorem 4.3. [17] Let s € R and 1 < p,q < oo. Fy . and (Fy )ew are respectively the
Lizorkin-Triebel and the localized Lizorkin-Triebel spaces. Then the space F  is localizable

i the P norm.

Proof. (i) (Fy ) — F; .
Prove that

/]

From Definition 1.14 in Chapter 1,

rs, < cllfllegs, . fore>0.

p.a —

1

Iflle, = (Z 2SJ‘Q|Ajfrq>
=0 )
We put
Ajf =) - A,
kezn
it follows that )
00 a\ ¢
Wi, = | (3 ( S 2o )
j=0 \kezn »
Since, 1 < ¢. Then from Minkowski inequality we have
1£] Fsq = H H2sj (Tk¢Ajf>keZn||€f1(£1) »
= HH2Sj (Tk¢Ajf>kezn||e1(eq) )
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Consequently
1P\ B
o q
Wi < | X (S 2messsr)
kezr || \ j=0
P
Hence,
1
p
Wi, <o (3 I
kezn
Thus,
(F;q)gp — FIiQ'
(H) Fliq - (inq)ep
Now, prove that
15,0 < cllfllgg,. forc>0.
In the same way, we have
% b\

(ZHTW'J”HP;J = | D me ) A
=0

kezn kezn

Foq
00 p %
- (X e
kezZ™ || j=0 F3,
From Proposition 4.5, it follows that
1 . 1P\ 3
(Z |t - £ II’T;’(I) <c Z Tr (Z Qqu‘Ajﬂq) (4.21)
kezm kezm j=0 »

Since L? is a space localizable in the ¢’ norm, then it holds that

(Z I fupg,q) < el fllsy,

kezZn
Thus,
inq = (inq)”

For more details on the proof of Theorem 4.3 see [17].
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4.4.1 Proof of Theorem 4.2

The proof follows from Theorem 4.3 and by applying Theorem 3.4.
O

Now, in the context of Theorem 4.2 and by applying Theorem 3.5 we have the following

result:

Theorem 4.4. Let I' : R — R”™ be a well-curved curve in R™ with I'(0) = 0. Then there

exists ¢ > 0 such that
I H e, @ne < cllflles,@))m

forall s € R, and all p,q with 1 < p,q < oo, n > 2.

And in the context of Theorem 4.2 and by applying Theorem 3.6, we have the following

result:

Theorem 4.5. (1) Let I' : R — R" be a polynomial function. Then there ezists ¢ > 0
such that

7S N(ms,@ne < cllfllms, @) -

for all s € R, and all p,q with 1 < p,q < oo, and n > 2.

(2) Let the image of T' : R — R™ be of finite type at 0. Then there exists ¢ > 0 such that

IH N mg e < cllf g0

for all s € R, and all p,q with 1 < p,q < oo, n = 2.
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General Conclusion and Future

Research

The objective of this work is to study the boundedness of the Hilbert transform along curves
on Besov spaces By (R"), Lizorkin-Triebel spaces F; (R"), as well as on Localized Lizorkin-
Triebel spaces (F}; (R"))s with 7 = p, on some appropriate curve I'(t) on R™.

By using the Littlewood-Paley decomposition, we have proved that the boundedness of the
Hilbert transform on Besov spaces B, (R") can be obtained by its LP(R")-boundedness,
where s € R, and p,q € (1, 00).

In the other hand, we use the boundedness of the Hilbert transform on the spaces of vector-
valued functions LP(R";(?) to prove the boundedness on Lizorkin-Triebel spaces F; (R"),
and more than on the localized Lizorkin-Triebel spaces (F; (R"))., whith r = p.

The totality of this work is fruitful by results appearing in:

e Chapter 2 is a paper published in Journal of Carpathian Mathematical Publication
”Boundedness of the Hilbert Transform on Besov Spaces”. (2020), 12 (2), 443-450.(see
[24])

e Chapter 3 and Chapter 4 are papers in preparation.
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Open questions

e Is the Hilbert transform bounded on the localized Lizorkin-Triebl spaces (£ (R"))ex

for r £ p?

e Is the Hilbert transform bounded on the variable Besov spaces B;((:g q(.)(R”), or the

R™)? Where B*") (R") and F. 5(.') R™) are
P p(

variable Lizorkin-Triebel spaces F (a0) $.40)

)
P(),4()

with variable exponents.

e Is the Hilbert transform bounded on the generalized Lizorkin-Triebl spaces (F, (R™)?
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Abstract

In this Thesis, we study the boundedness of the Hilbert transform along curves I'(f) on
Besov spaces B;q(R”), for that, we use the Littlewood-Paley theory to prove that the
boundedness on Besov spaces Bj (R™) can be obtained by its LP(R")-boundedness, for
s € R,p,q € (1,00), and I'(¢) is an appropriate curve in R™. Furthermore, we study the
boundedness on Lizorkin-Triebel spaces F; (R"), and more than on the Localized Lizorkin-
Triebel spaces (F; (R")), with 7 = p, where we use the boundedness of such a transform
on the spaces of vector-valued functions LP(R"; (7).

Keywords: Singular integrals, Hilbert transform, Littlewood-Paley decomposition, Besov

spaces, Lizorkin-Triebel spaces, Pointwise multipliers, Localized Lizorkin-Triebel spaces.

2010 Mathematics Subject Classification : 44A15, 42B20, 46E35.
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Résumé.

Dans cette These, nous étudions la continuité de 'opérateur de Hilbert le long d’une
courbe T'(t) sur les espaces de Besov B; (R"), pour cela, nous utilisons la théorie de la
décomposition de Littlewood-Paley pour prouver que cette continuité sur les espaces de
Besov B, (R") peut étre obtenu par sa LP(R")-continuité, ot s € R,p,q € (1,00) et I'(¢)
est une courbe appropriée dans R"™. De plus, Nous étudions la continuité sur les espaces de
Lizorkin-Triebel F; (R"), ainsi que sur les espaces de Lizorkin-Triebel localisés (F; (R™)).r
avec r = p, ou nous utilisons la continuité de cet opérateur sur les espaces des fonctions
LP(R™; ¢7) & valeurs vectorielles.

Mots-Clés: Intégrales singulieres, L'opérateur de Hilbert, La décomposition de Littlewood-

Paley, Espaces de Besov, Espaces de Lizorkin-Triebel, Multiplicateurs ponctuels, Espaces

de Lizorkin-Triebel localisés.

2010 Mathematics Subject Classification : 44A15, 42B20, 46E35.
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