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Author's word

The content of this textbook "Rational
mechanics courses and exercises" is
intended for second-year students
systems technology (LMD) and engineers,
it brings together the large part of the
rational mechanics program taught at the
AMAR Telidji University of Laghouat. The
content of this publication is divided into
five chapters, each of which is made up of
a lesson supported by examples followed
by ten exercises solved in detail followed
by five additional exercises with brief
answers. After a mathematical reminder
on vectors which constitutes the first
chapter, the second is devoted to basic
generalities and definitions on the forces
from the point of view of physics and
mathematical representation. The third
chapter addresses statics and its axioms
as well as the connections between solids
and equilibrium conditions. The fourth
chapter deals with the Kinetics of a solid
body and mainly focuses on the velocity
field and the acceleration field and how to
express them in fixed and moving
reference frame. The fifth chapter
presents concepts about mass, the center
of mass, He also focuses on the moment of
inertia of solid bodies and how to
calculate its tensor as an anisotropic
physical quantity. The rational mechanics
module is one of the basic teaching
modules in the third semester for
students in the common stem at the
faculties of Science and technology, In an
effort to overcome the difficulties, I tried
hard to present it in our native Arabic
language and English language side by
side, I hope that I will be well thought by
the readers and users of this publication.
Dr : DAHAME Tahar
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General introduction

Mechanics is defined as the science that
describes and predicts the conditions of
rest or movement of bodies under the
action of forces. It includes the mechanics
of rigid bodies, the mechanics of
deformable bodies and fluid mechanics.

The mechanics of rigid bodies is
subdivided into: Statics, which deals with
the behavior of solids at rest, and
Kinematics, which is the study of the
geometry of motion and Kinetics, which
takes into account the causes of the
movement and its effects on it.

In this manuscript, we assume that the
bodies are perfectly rigid. In fact, real
structures and machines are never
absolutely rigid; they deform under the
loads to which they are subjected.
However, since these deformations are
generally small, they do not significantly
affect the equilibrium conditions or the
movement of the structure under
consideration. The deformations are
treated in the course of resistance of
materials, which is part of the mechanics
of deformable bodies. The third division
of mechanics is fluid mechanics, which is
of great importance in the field of
hydraulics and applications involving
water and gases.

Mechanics is a physical science, since it
deals with the study of physical
phenomena. However, some teachers
associate mechanics with mathematics,
while many others consider it an
engineering subject. These two points of
view are partly justified. Mechanics is the
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basis of most engineering sciences and is
an indispensable prerequisite for their
study.

The purpose of mechanics is to explain
and predict physical phenomena and thus
lay the foundations for engineering
applications. For example, any student or
engineer in the mechanics of solid bodies
needs to know the modes of statics to
determine the force exerted on a point in
the design of a bridge and find out if the
structure can withstand this force With
which the dam must resist static or
moving river water. He also needs to be
well versed in statics positions to
calculate the weights that a crane can
resist, the force it takes for a locomotive
to pull a freight train or the force that a
printed circuit board in a computer can
withstand.

The concepts of dynamics allow you to
analyze the flight characteristics of a jet
aircraft, design an earthquake-resistant
building and mitigate the shocks and
vibrations of passengers in a vehicle. The
concepts of dynamics allow you to
calculate the force necessary to send a
satellite into orbit, accelerate a cruise
ship by a few thousand tons, or design a
toy truck that does not break.

All these examples mentioned are the
fruit that the mechanical engineer
acquires through the theories, exercises
and applications on which he practices
and with his mastery of the ideas and
methods to which he is exposed during
his formation, which will form the
approved Dbasis for engineering
applications in his work.
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Chapter 1
Mathematical reminders
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1.1 Introduction

Modelling in physics is an essential phase,
it is the basis of the scientific approach, it
constitutes the simplified representation
of a system or a physical phenomenon
making it possible to reproduce its
functioning, to analyse it, to explain it and
to predict certain aspects of it. In
mechanics, vector quantities such as
positions, speeds, accelerations, forces,
moments, ... are modelled by vectors.

1.2 The vector

1.2.1 Definition

A vector (Fig. 1.1) is defined by the
following characteristics:

* A point of origin.

* One direction.

* A sense.

* A module.

dodin 1.1
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1AW aSlasdl (1.1 JSEJI) §laddl Gy
Gl dadl e
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150

a.bs.h.ll °

Sense

Point of origin
Mot

glaidl jasbas 11.1 JSad!

Fig. 1.1: Characteristics of a vector

1.2.2 Notation of a vector in
Cartesian Reference

We note analytically a vector in three-
dimensional space relatively attributed
to the Cartesian reference frame
R(0,i,j k) by its components. The
following two notations are often used:

SO plaoll § plak HUS 2.2.1
Sgudoll slLaall ‘3 &la.&) Al dayall g,JS.\

ok I BLSyes <R(0, 1,7, K) S5y elaol
1l W i US) (i



V = xi + yJj + zk (Horizontal notation)

x
V= (y) (Vertical notation)
z

The modulus of a vector in such a
reference frame, is calculated by the
relation:

V|| = Va2 + y2 + 22

Example 1.1

Calculate the modulus of the vector:

Solution

|V|| = V12 + 32 + 52

1.2.3 Unit vector of any vector

To each vector V, we can correspond a
unit vector u of the same direction and
the same sense, this correspondence is
interpreted by the relation:

el
Il
<l‘ <l

It is clear from the relation (0-1) that
lull=1

Example 1.2

(1.1)

(1.2)

AN ABalls s colaadl i § ladidl g

(1.3)

1.1 JGo

|V|]| = 5.916 cm
glads b Jadipell Busgll lais 3.2.1
gl 05 () By gl 3 (V) S glads S

ANl s _pms 33U 10D L3I g Jolond! yuds
:aJw

(1.4)
101 (0-2) Bl (o B! So

|l =1

2.1 Jls



Calculate the unit vector u related to the
vector:

8 laddl Blaiall Bas=gl flads Cawd

V=i+j+V2k cm

Solution J=dI

V]| = J 12 412 42 V]| =2 cm

__V +7+V2k .1t

U=—- U= tTjrvex cm u=g 1| cm

v 2 V2

1.2.4 Vector operations dxi¥l Js Oldeat! 4.2.1
1.2.4.1 Addition 1 1.4.2.1
The addition of several vectors of the | duw llai daudall i po dadl Bue anzr (& ik
same nature gives a new vector called the "
resultant vector. abazs
_V-):V)I +_'72 +_'73+"‘ (1-5)

Graphically, the resultant vector is
obtained by polygonal construction (Fig.
1.2).

il aas ey IS oo damadl dbm) LS
(2.1 .J5ad)

Vs _,
Vy
v,

alianll JiSaS s play daial danyy dlaseall plads 12,1 JSEJI

Fig. 1.2: Vector resultant of four vectors by polygonal construction




In the case of addition of two vectors I71 gk oS c(Vz) 9 (Vl) sl aex> Al 3§

and V,, the resultant vector is written in QW JS&dl e dlaall
the form:
[_i = _[71 + VZ (1.6)

the resultant vector is obtained from the | Sl g3 (Sjlgin sLadl damall dlm| adaius
graphical construction of the (3.1 JS&d1) (V5) 9 (V4) oo
parallelogram of sides Vl and 72 (Fig. 1.3)

(V2) 9 (V1) oo el g3 (650 (55 gl Auasmall plnddl 131 JSCEJI

Fig.1.3 : Vector parallelogram resulting from the two vectors Vl ) Vz

1.2.4.2 Subtraction okl 2.4.2.1
If the vector V, is subtracted from the | jliel ;Sosd ¢ V1) gladdl oo (VZ)&WI Uyl 13)
vector 71, the operation reduces to an
addition between the vector Vl and the
vector (—V,) (Fig. 1.4). (4.1

SSEN) (=V5) glakdly Vg glaidl o oz dxdeall

[_i = [_/)1 - [_/)2 (1.7)

(—V2) 9 (V1) oo Sl $BY1 (S)lg%0 o6 U1 Alsasmoll glaiidl : 4.1 JSiJ!

Fig. 1.4: Parallelogram resulting from the two vectors V, , (—V,)
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We can use the relation (1.8) to
analytically calculate the resulting
vectors in the previous cases.

i

1.2.4.3 Multiplication

Xj
Yi
Zi

1.2.4.3.1 Multiplication of a vector
by a scalar

The product of a vector v by a scalar p is
the vector pV, of the same direction as V
and of modulus p times the modulus of v
and whose sense is identical or opposite
to that of V, depending on whether p is
positive or negative (Fig. 1.5).
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Fig. 1.5 : Multiplication of a

vector (V) by a scalar (p).

1.2.4.3.2 Multiplication of a vector
by a vector

There are two types of this multiplication
or this product:
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a) The scalar product:

a) . 1 Definition

The scalar product of the vector (V,) by
the vector (V,) denoted (V,.V,) is
defined by:

Vl.VZ = ||V)1”||V)2||COS (VIJVZ)

(V1,V,), is the angle (6) between the
vector 71 and Vz (Fig. 1.6 a).It can be seen
as the product of the orthogonal
projection of V; on V, by ||V, || (Fig. 1.6 b)
or the product of the orthogonal
projection osz on Vl by ||71 || (Fig. 1.6 c).

okuad! slusell (i
Cuyail . (i

(Vy) 5 cnsatdl (V4) o odaadl shicdl Coymy
14 U1 d3MaJL

(1.9)

(V2) 9 (V1) cslndl o Dbl (2 «(Vy, V)
S9! aduuadl sl 4l (553 OF S - (a 6.1 . JKEAI)
52 (V2 11) & (V) glatdt Yo (V) glatid
e (V) gl s390a)! Jaiall sliz 45 i ¢(b 6.1

(c6.1.05ad1) (|[V4]1) & (V1) glasdl

onslads o edaad! sldzedl 6.1 S

Fig. 1.6 : Scalar product between two vectors.

a) . 2 Properties of the scalar
product

Vl.vz = Vz.v)l
[_/)1. ([_/)2 + [_/)3) = Vl'VZ + Vl.V:;

P(V1-Vz) = (PV1)-72 = Vl- (Pvz)

rkadl sl jaslas- 2. (i

(1.10)
(1.11)

(1.12)



a) . 3 Consequences

VLV,

V)I'VZ = 0

ol 3 . (i

&

Ny
=1

P | Tl [l

If the components of Vl and 72 are

X1 Xy
) and <

Y1 Y2
also define the scalar product analytically

) then, we can
Z, Zy
by the following relation:

respectively (

Vi.Vy =x1X2 + Y1Y2 + 212,

Example 1.3

1. Calculate the scalar product of the two
vectors 71 and 72.
2 . Calculate the angle 0 = (Vl,Vz).

Vi =0i+3j+4k

Solution
1. The scalar product:

Vi.Vy = Xx1X3 + y1Y2 + 212,

V..V

2. The angle between 171and Vz:

V4| = V02 + 32 + 42

~
S~y

— — —2
vy =|v|
X2
)+
Y4
Whadoes obaad! sluomll Cluyal WiSesd coa il s
14 L1 A3l

X1

Y1

) BV 5V onsladdl SliSpe ci613)
Zq

(1.13)

3.1 Jbe

0= (VI’VZ) a:‘jb-" L.A-“}P'i .2

Jodl
HPSWIRINE SR |

ViV, =0x2+3x1+4x(-2)

2 =5
Vo 9 Vy oslad) oy daglill . 2

V4]l = 5
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V2| = V22 + 12 + (-2)2 V.|| =3

N Vy.Vy -5
V1.V2 = ”Vl””VZ” cos O c0s0 = —————— cosO =
Vs l[l|V] 5x3
0 =109.47°
cos6 = —0.3333
0 = 250.52°
b) The vector product: i Fladdl elidl (o
b) . 1 Definition il (e

4 3ap sy (V) 9 (V1) onslas o ($ladl sl
The vector product between two vectors

(I_}I) and (Vz) noted (71/\72) is a vector, 1AW palasdl i glads 92 «(V1AV,) 2
which is_char_acte.rized by: _ 5 il e S e (§3gas Al @
e Its direction is perpendicular to the ) . i

vectors (V,) and (V) 14U Bl s dllogls o

e Its modulus is given by the relation:

”[71/\[72” = ||V1||||V2”Sln (VIIVZ) (1.14’)

e its sense can be known by one of the | Jslgd)l Su>] SL3L dalxll Ao Byl (Soy @

following rules (Fig. 1.7): (7.1 . JK&d1) ddudl
a b C d
VAV, VAV, W Vv,
0 %
Vi

(V1AV,) §laidl slaxsl peas dslgd 7.1 JSid!

Fig. 1.7 : Rules for determining the direction of the vector (Vl/\Vz).
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b) . 2 Properties of vector product:

Vl AVZ - —Vz /\Vl
_[71/\(_[72 +_[73) :VI /\_V-)Z +_I71 /\V)g

P(V1 /\Vz) = (Pv1) /\Vz = V1 A (Pvz)

b) . 3 Consequences

i Fladdl sladl jaibas 2., (@

(1.15)
(1.16)

(1.17)

inT=0

ViV, VAV, =0 VAV =0 jAj=0
kKAk=0

ij=-ji=k

VilV, IV AV, = [[Va]|[[V2]l pl=—kj=1
k.1 Lk=j

In a three-dimensional reference frame,
the vector product of two unit vectors
gives the third if we have in the direct
direction, on the other hand in the
indirect direction we must precede it by a
sign (—).Thus the (Fig. 1.8) the two direct
and indirect directions in an orthonormal

Cartesian reference R(0, 1, k).

TR pilisee Busg (Flad sluxr (JLadll elasdl §
Lol ¢ slaall ol 3 slisell OE'13) I Bugll g lads
(=) &Ll BHLaY! ) BLAED bl il olxiYI
289 Akl ol mog (8.1 (JSA) .ladd

comilomially delsiall el § leall

Bus- gl daiel AEM (—) (uSall g (+) leoll olxiYl :8.1 S

Fig. 1.8 :

Direct (+) and indirect (—) direction of a trihedral of unit vectors
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In a Cartesian coordinate system | ;)s)l elaoll (V2) 9 (V1) daidl coliSpe 13
R(0,1,j, k), if the components of (V;) and %y 2
X1 X2 . . Lo,

— 55131 |
(Vz), are respectively ()’1) and ()’z>, and | %" 2 it e (yz) 3 (}’1) ¢ R(O,1,). k)

V4 V4
z, Z, 2 1

if the result of their vector product is _, (%3

X3 Ol QP V3|YV3 | ¢ ‘?ﬂ:.fihﬂ Lagili> éu
Vj <}’3>, the analytical expressions Z3

Z3

Gl 3o LiSa3 (20.1) 9 (19.1) ¢(18.1) dukdoedl

(1.18), (1.19) and (1.20) allows us to

calculate the components of the vector .(Vs) glakdl SlS)ye
(V3), which are the result of the vector

product.

X3 = Y122 — Y224 (1.18)
Y3 = —(x123 — x221) (1.19)
Z3 = X1Y2 — X2)1 (1.20)

These expressions are deduced from the | CJbaiadl slisdl b (o dystiuw Chladl oda

cross multiplication principle applied to | _, - . )
the components of the vectors (V;) and (V2) 5 (V1) osladdl Ao o Geaall

(V) (Fig. 1.9). (9.1 Jsadi)

7 k| |t 7 k| |t ] Ok ®

7. — _ i 4
3 }’1>(Z1 X1 Zy Y1 )
Y2 "7y X2 ><Zz X3 "Y2

slad OUSia) (Jlaill sluzdl 19,1 JSEI

Fig. 1.9 : Cross product of the components.

Example 1.4 4.1 Jbo

1. Calculate the vector product of the two V29 Vq ipeladd] pladd) clizdl ol - 1

vectors V; and V,. 0 = (V1V5) sl et .2
2 . Calculate the angle 8 = (V4,V>).
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Solution
1. The vector product:

/0 2
VinV,=(3]|Al 1
4) \-2

2. The angle between Vland .Vz

V,=20+j-2k
J=di
Sladdl elasdl . 1
. -10
Vl /\V2 - 8
-6

Va9 Vg onsladdl o dogli)l . 2

V4] = V0% + 32 + 42 V4] =5
V2| = V22 + 12 + (-2)2 V2] = 3

”Vl AVZ” =/(~10)2 + 82 + (—6)?

L e s o [VaaTy| 10V2
ViAV = ||V |74 in 0 0=——— i =
” 1 2” ” 1”” 2” sin SEiL ”Vl””Vz” sinf 5x3
L 6 = 70.53°
sinf = 0.9428 0 = 109 47°
b) . 4 Applications wliuki 4. (@
o Calculation of areas Ol Gl

In reality, the surfaces are vector
quantities, they result from the vector
product between two vectors, thus the
surface vector (V;AV,) has as its
modulus the area of the parallelogram

delimited by (V,) and (V,) (Fig. 1.10).

14

R G’Lﬁ cduslad solde @ C5h""‘“" Ol ddudxd| &»g
hawdl glad 08 JWhy conelad oo (Sladdl el
eI (Sl g do-lunay JukS Asghay neis (V4 A V)

(10.1.5ad1) (V3) 5 (V) cnsladdl susel!



(V4 A V) aed) Ay gha g gl (V) 9 (V) cosladtlly AlSal dabeaal) 110.1 Je

Fig. 1.10 : The area formed by (V,) and (V) equal to the modulus of (V; A V,)

e Calculation of volumes

The volume of a parallelepiped (Fig. 1.11)
formed by three non-coplanar vectors
can be calculated by calculating

the absolute value of the mixed product
(scalar and vector) between these three
vectors defined by the relation:

V= |V1 (VZ /\Vg)l

(alqu;}” Sl o
(11.1 . JSad1) oddasined! S)lghe x> Sl LuSog
(S i) |w@‘3¢asywiayﬁyw5w

o (oldly ($laddl) Jabideall sl Oluws g
:AJW) ABYa! phostions ¢ daiYl 0 i

(1.21)

(V3) 5 (V) (V1) &30 dad¥) (e JSiial) anall 11,1 JS&

Fig. 1.11 : Volume formed by the three vectors 171, Vz and 73

C) The double vector product

The double vector product is defined by:

VlA(Vz/\Vg) = ([_/)1.[_/)3)[_/)2 - (Vl.Vz)Vg

15

Z933ed! (Sladdl el (z
ALY A8ally zoall (Sladdl shuomdl oy

(1.22)



According to this relation, the result of a
double vector product is a vector that

belongs to the plane (V,,V3).

d) Orthogonal projection of the
vectors

d).1 Orthogonal projection of a
vector on an axis

The orthogonal projection VA of a vector

V on aline A defined by its unit vector of
a

B
6
following relation:

orientation ﬂ( > is calculated by the

Example 1.5
Find the orthogonal projection I7A of the
vector V=2i—j+k on the line that

passes through the points A(1,2,1),
B(—1,0,2).

Solution
first, let's look for the orientation unit
vector of A

m(

2
—7
1

) \ 48] = 3

‘;g & glads P Z933ed! ‘?ﬁbdidl elddl doe
.(Vz,Vg) é’M‘

da i (g5 90all IolawY! (3

s (e gladd $ogea)l lnduedl 1.(o

AWL}‘V&WVA&;JM'M‘M

(14
1l A3l U (ﬁ) W glad
()
(1.23)
5.1 Jto
gladdl Vi Gogeall  hiwedl  Cows|

O e Sl A el Ao [_/)=2i)—]_)+z
.B(—1,0,2) 9A(1,2,1) cidadsdl

J=d!
A pinl) Rz gidl Bl glads e Yol e

| i
Uu=—- u=—\-—
|4B|| 3\4

—

(66

16

-1 -
VA=§(22+ 2] — k)



d).2 The orthogonal projection of a
vector on a plane

The orthogonal projection V,, of a vector

Vona plane i defined by its normal unit
a

vector Ti(ﬂ) is calculated by the

)
following relation:

V, = aA(VAR)

Example 1.6
Find the orthogonal projection V,, of the
vector V = 27 + j — 2k on the plane x0y.

Solution
The unit vector normal to the xoy plane

is k.

Yoo e glaid Gogaall laduadl 2.(2

T s Jo V glatd V,;, $3g0)) laduall Gosuny

a
:4JW1 AL 7T (ﬂ) bl delain Bymo
1)
(1.24)
6.1 Jbo
glaidl Vn. Sogen)l  ladund! woi

(x0y) Syl Je V = 27 + ] — 2k

J=JI
ks (x0y) Sgiuedl e @bUI Busgll & lad

1.3 Moment of a vector with
respect to a point.

The moment of a vector V which has as its
origin the point A relative to a point B
(Fig. 1.12) is defined by:

M (V) = BANV

17
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Mo (V)

0

R

A

(B) i) &l (V) plas pje 112.1 JS&JI

Fig. 1.12 : Moment of the vector V with respect to the point B

It represents the rotational power of the
vector V around the point B.

Example 1.5

Let be the three points A(1,1,0),
B(2,-3,1) and C(4,0,—3) of the space
linked to the Cartesian reference frame
R(0,7,j k). Calculate the moment of the

vector V = AB with respect:
1. To point (0).
2 .To point (C).

Solution
1. Moment of V with respect to O:

M, (V) = 0ANV Mo(V) =

2 . Moment of V with respect to C:

/-3 1 . /13
M (V) = CANV M) = ( 1 >A<—4> McV) = ( 6 )

laal

Byl ye <B dlaiil) &l V glaidl g3 s
Aadidl sl J9=> &la.fim g 33)33.\.'&

5.1 Jte

s B(2,-3,1) A(1,1,0) b &M oS

Ceudadl  sladll e C(4,0,-3)
1l plaidl p3e el .R(0, 1,7, K)
(0) g . 1

.(C) dai . 2

Jadi
:(0) ) &l (V) 3= - 1

(hG) o)

3

18
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1.4 The torsors
1.4.1 Definition

To any set of vectors Vi applied to the
points P;, the torsor [T], is associated
with the point 4, described by these two

reduction elements R and ﬁA such that:

R is the resultant of the vectors Vi and ﬁA
is the resultant of their moments with
respect to A.

§= Vl'

n

4

—

M AP, \V;

="

=

~
[

For an A-torsor, the following notation is
adopted:

—

R
T =1-—
[T]a {MA
1.4.2 Distribution of moments

Let's express the moment of the vector
system V; at point 4 and then at point B.

n
ﬁA =ZZ]T’>1/\V),
i=1

L

Let's subtract M, from M p.

el 4.1
Cauyad 1.4.1

¢ P; blad wie didad)l V; dail e A gases JSO
S raias [taie ¢ A Aadid &l [T], Suds 3355

‘s My 9 R gyl

l@agjsalmnsb—ﬁAgviwylalM‘?bﬁ

(1.26)

(1.27)

A Joxind A Aadd 4wy [T] Jide J2T o0
:‘__;l;'dl

(1.28)

oyl &g’ 2.4.1
il o5 A daiil) deaddly V; daidl pgie o6 mnd
.B il

n
—M_)B - Zﬁ;l AV!
i=1
M 0 My golad
n
ﬁB _—ﬁA - Z(ﬁ;l —A—ﬁl) AV!

i=1
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n

n
My~ = ) (BF + PA) AV, My - s = ) BAAT,
i=1 i=1
n
My -, =BAN) V,

i=1
My =M,+RAAB (1.29)
This relationship is called the | pg3l Ji> gi pgiall a)gs d8May dBMatl 0dd (ousd

relationship of moment distributions or
moment field.

1.4.3 Operations on the torsors
1.4.3.1 Equivalence of two torsors
Two torsors are equivalent, if and only if,
their reduction elements at the same
point A are equal.

1.4.3.2 Sum of two torsors
The sum of two torsors [T,], and [T,], is

a torsor [T], whose resultant R is the sum
of the two resultants and the resulting
moment ﬁA at the point A is the sum of
the two moments at this same point.

—

[T]a = [T1la + [T2]la & {

1.4.3.3 Product of two torsors

Itis a scalar that is equal to the sum of the
scalar products of the resultant of one
torsor by the moment of the other. To be

able to calculate it, the two torsors must
be expressed at the same reduction point.

[Tlip O [Tlap = Ry. Map + Ry. Mp

20

el Ao wldes 3.4.1

onlias 5965 1.3.4.1
el g pais S9lud 13] Tl 13] OMaks §5K5,
A dnil i) deudll

(1.30)

Alids aex> 2.3.4.1
dlaze [T], Jids 9o [Ty]g 9 [T1]s ctlids ao

(1.31)

031.163 sld>3.3.4.1
d_gg)’ld‘i.b.dl ﬂmclbwwe‘kg&é&ﬁ

Of bds .Jg¥l pie § GUI Aase sz 9 W1 pja

dadidl i duwddb Obgunes ORI 23 035_.3
.&L‘a-)}"

(1.32)



1.4.4 Scalar invariant of a torsor
The scalar invariant or the automoment
of a given torsor, is by definition the
scalar product of the reduction elements
at any point of this torsor.

1.4.5 Central axis of a torsor

The central axis (4) of a torsor with a non-
zero resultant R is defined by the set of
Points P(x, y, z) of the space such that the
moment of the torsor at these points is
parallel to the resultant.

1.4.6 Step of a torsor

The step of a torsor of reduction elements

R and ﬁp is defined by the scalar
quantity 4 such that:

—_— ——

RM
— 2
IR]

1.4.7 Particular torsor
1.4.7.1 Slider torsor

A torsor with a non-zero resultant is a
slider, if and only if, its scalar invariant is
zero.

Slider
o]

I[T]Az -MA

" R0

)=

21

Jiih) bl Colidl 4.4.1

eladl b Lo Jxadd GIUI ajall of Laluadl Colidl Cyay
Aa Y Al dund 989 dslany] S pais o (Sl
3l g Al sy

(1.33)

Jiid) §3Syell ygoeall 5.4.1

2 R dibame Jiid) (4) @55l sgmeall Gpm

& sLadll e P(x, y, z) blad) degoze 41 dagias

(1.34)

Jiadll sghas 6.4.1

&b Mp 3R gl Graie 13 Jikell Bglas C3ya3
w4 ohdl daadl

(1.35)

dols Cdlias 7.4.1

(GY3!) gloewd! Jias 1.7.4.1

13) cboloend! dogimedl e duamall 93 Jxad)l 9%
Logune ekl 4l O 13] Jaddg

(1.36)



1.4.7.2 Couple torsor
A non-zero torsor is a couple torsor, if and
only if, its resultant is zero.

- =

Couple —
A=z 9330 MA =0

Example 1.6

Let be the three vectors V; = i + 3] + 5k
V,=2i—j+4k Vs=1+j-2k
defined in a coordinate system R(0, 1], k)
and related respectively to the points
A(0,1,1), B(1,0,1) and C(1,1,0).

1 . Determine the torsor [T], associated

and

with the system of vectors Vl, 72 and 73.
2 . Deduce therefrom the automoment of
the torsor [T],.

3. Calculate the step of [T],.

4 . Determine the central axis of the
torsor vectorally and analytically.

Solution

1. Determination of [T],:

|

§=71+V2+V3 ‘

=1+

d>go3all Ji2s 2.7.4.1

13 Jadd 9 13] cd>gdje Jids podaall ad Jiadll O950

Ao gias diaxe CIE
(1.37)

6.1 Jtwe
(V1 = T+ 3] + 5k) &I daid S

(Vs =1+4]—2K)9(V, = 21— ] + 4k)
B, dladyally R(0,T,J, k) ehaoll § &opmall

il e €(1,1,0) 9 B(1,0,1) ¢ A(0,1,1)

V, V42l daz o Wgindl [T] ozl dgl . 1

Vs

[T o Jxisd G pyalt guiiiant . 2

Aighs sl . 3

Ao Lslads (535500l 0y97e (1 - 4

Jod!

(To w1

—
L —

2

&

3j+5k+21—]+4

R=4i+3]+7k

ﬁo =0—14)/\V1 +0—B)AV2 +R')/\I73

M,

(1)

(GG ()

i 1
1

22
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2. The automoment of [T, : \

3. The step of [T]y : \

— —

_RM
=2
IRl

4 . The central axis of [T],:
Its vector equation is given by:

()

:[T]p 3 GV a3l .2

I[T] = -7
{[T]o Bskas- 3
1= -7
74

{[T]o ) 3Sell 9=l .4
QU S e COSS e laiidl didalase

o e 4

o8 ALl Al (§ (o gad bk

.

() (5) <)

LSyl

9

=—| 15 |+ a| 3
74 1 -

1.5 Derivative and integral of a
vector

If the components (x,y,z) of a vector v
depend on a scalar parameter t, the
derivative and the integral of the vector v
can be defined by the relation (1.38) and
(1.39) successively.

23

(x=_13.4
X = 74 (14
1,15,
Y=gg7°¢
\Z=ﬂ+7a

glad JolS 9 Gl 5.1

b pdiey Blaii V gladd) (x, y, 2) ©USyell CI8'13)
kel g Gl V pladl JolSS g ddindun 013
Jlsi) e (39.1) 9 (38.1) A3Mally 0loyas



dV dx., dy. dz-
= —j+—k

dar det T ad) Tar

det= <fxdt)i+(fydt>j+(fzdt)ﬁ

1.6 Operators and vectors

In a space provided with a system of
orthonormal axes, if we can correspond
to each point (x,y,z) a vector field

V(x, y,z), and a scalar field U(x,y, z), it is
convenient to use the following
operators:

1.6.1 Gradient

It is a differential vector operator, also
called NABLA symbolized by (7) or

(grad), defined by (1.40). It applies to
scalar functions.

Using this operator, we can define
other operators.

1.6.2 Divergence

It is a scalar defined by (1.41), it presents
the scalar product between the
vector (grad) and a vector field
V =V,i+V,j+V,k,itis noted div(V).

(1.38)

(1.39)

daiidl 9 Wly33ed 6.1
S iy 13) e puileie g dolaiie phaay 39301 sLadll §
Jaidl 9 V(x,y,2) Flad Hlaiell (x,y,2) dai

1339 > 0553 AW Slyd3all OB U (X, Y, 7) ok

4l 1.6.1

(V) 2 4 3oy oG Lasl o o Flads JubldS 350 92
AL Cosnmy 9 Apdaadl JIgll e 3akas (gTad) o
:daJuw

(1.40)

Sy Olige Lipal LiSles ¢ 35ell 108 Jleaialy

Jeladl 2.6.1
ol glads o ‘_;o.l.le el (po T cgo.l.w‘)h.\ﬁ.o}b
(V =V, i+V,j+V,k) sas Ji> 9 (grad)

AW BN sy 9 div (V) 2 4 3ap

div(V) = grad.V = (:—xi + %f+ %E) (V. i+V,j+V,k)

x+6V
x 0y

av

— av
div(V) = 5 24 z

+az

(1.41)
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1.6.3 Rotational
Itis a vector defined by (1.42), it presents

the vector product between the vector

(grad)
V=V,i+V,j+V,k, itis noted rot(V).

and a vector field

a

OboN!I 3.6.1

&la.fb R sfla.&"v.ﬂ sldzdl oo T ‘Lf—b.ﬁ'o Jldde 92
SFlad Ji> 9 (grad) gy

9 div(V) 2 4 3ap V = V,i+V,j+V,k)

rot(V) = grad AV = (a W—%f&-zfé) A(ViZ+ V] +V,k)

al
L. [aV, V,\. (dV, aV, .
(- G-

dy 0z dz ox

1.6.4 The Laplacian

It is a scalar operator defined by the
relation (1.43), it presents the square of
the NABLA operator, it applies to the
vector field to give a vector, or to the
scalar field to give a scalar, it is denoted A.

—\ 2
A= (V)
a2 9 o
A=
axz 9y T 822

OV DOV
dx 0y

(1.42)

ObwdY 4.6.1
31 13 U 5l s o 0 e 3 90
w&}b‘;&wbbdsugbqgudb
1AL AL s 9 A 3 A 309 cbaodao ylkiie s

(1.43)
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1.7 Resolved exercises

Exercise 1.7.1

Are the following vectors: V, =1+],
VZ = i)+_lzandV3 =]_>+_l€

1) Calculate (V1.V,) and (V4 A V).

2) Deduce the angle 6 between Vl and Vz.

3) Calculate the following products
Vl' (VZ JAN V3) and Vl VAN (Vz VAN V3).

4) Determine the triangle surface formed
by the vectors V,and 73.

Solution
1. Calculation of (V,.V,) and (V, A V).

o 1 1
0 1

(V1AV,) 9 (V1.V,) et 1

Vy 9V oneladl o0 0 &l gl .2

1AW Oleluzdl Cawl .3

ViA(VyaVs) 9 Vi (V3 AV3)

V3 9V onslaadl Sl Cliall Al cps .4

Jod!

'(Vl N Vz) 9 (V1V)2) L.-‘L“P' i |

—

VI'VZ - 1

(8- C)

2 . The angle 6 between 171 and 172.

— — 1
V1/\V2 =|-1
-1

Vy 9V i 0 gl gl .2

o L S V..V,
V1.V, = ||[V4]|||[V2]|cose cosO = —————
IVall[[v.|
— 1 1 —_— o
O T T oNE R cosb =3 0 =60

3 . Calculation of the product

Vl' (Vz AN V3) and Vl 7AN (Vz JAN V)3).

-
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Vl A (Vz A Vg) 9 Vl- (Vz A Vg)

Uy (Vy AV5) = (E) . (:E)



Vl' (Vz /\V3) =-2

- ()0

Vin(VaAV3) = (1) A (—1)
0 1

Vl A (Vz /\V3) = <—1)

4 . The surface of the triangle formed by

the vectors Vl and Vg.
1 0
1|A|1
0 1

Three points 4, B and C of space have as
coordinates A(a,a,0), B(0,a,a) and
C(a,0,a).

1. Calculate the modules ||AB ||, ||AC || and
IBC ||.
2 . Deduce the nature of the triangle ABC.

3 . What must be the value of (a) for the
surface (S) of the triangle ABC to be equal

to/3/2 m?

4 . Calculate the volume of parallelepiped
formed by 04, OB and OC.

S==
2

S

1, - -
S [ Vinvs||

Exercise 1.7.2

Solution

1. Calculation of the modules ||ﬁ B
|AC || and ||BC ||.

1

0

Vi 9V, opeladdl Sl il doluns .4

1
1
1 2
2.7.1 Qg_,.c.ﬁl
9B(0,a,a) < A(a, a,0) sLadll e blas S
.C(a,0,a)

.BC A_C)cA_B)vALS&Egbwpil

ABC il dagylo gt . 2

Cdiall Al 9SS 3> @ dasd 9SS O o 5. 3
2 m? ) yglus ABC

Ayl duslul G Az gV (Gl ghe e ol . 4

.0C30B <04
Jol

—a

ﬁ:(o) |4B|| = VZa
a

— O —

AC = (—a) |AC|| = V2a
a
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a
B¢ = (~a) |BC]| = vZa

2 . The nature of the triangle ABC. ABC Edind dapdo il .2
Since: B9 UST Laa

|4B]| = [|ac]| = [|BC|| = v2a

therefore, the triangle ABC is equilateral. MY S9lude ABC il din
3 . The value of (a): .?mZJ{gw o)l Al (3553 3 @ desd .3
We have:

¢ have EENMRIRY

1, 1)/~® (O 1|/
S = = ||[ABAAC|| S=5 <0>/\ -a s=>|I| a2
2 a a a?
73
S=—a®
5 @
By equalizing the surface (S) calculated Ao luadl dod ao Dguuseal! (S) d>luall Blglunes
by the given surface (5): dod zyseind Blaxsll
\/_§az — E a=1m
2 2
4 . The volume of the parallelepiped OB <« 04 42N duolud Sl dxo¥l Slgie px> .4
formed by OA, OB and 0C .0Cs
- 1\ [/0\ /1 1\ /1
v = |0A.(OBA\OC))| v=|(1].[[1]A|0 v=|(1].[ 1
0 1 1 0 -1
v=2md
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Exercise 1.7.3

Let be the following vectors:
Vi=1+2j+k, V, = 2i + aj + bk,
Vs=1+4j+2kandV, = —2i + ¢j — 3k.
1 . Determine (a) and (b) so that the
vectors Vl and Vz are collinear.

2 . Determine the value of (c¢) so that the
vectors Vg and V4 are perpendicular.

Solution
1. Determination of (a) and (b).

Vl and Vz collinear, implies

3.7.1 {p el
e
«V, = 21+ aj + bk

I dAxiY)
V,=-2i+cj-3k
Olidaial, 9V, oleladd! 093 3> b g a ns - 1

Oldelaie Vy 9 Vg Olelaidl 5950 @ ¢ one - 2

J=d!
.(b) 9 (a) (e .1
:piuntd Olidaie V, 9V Olslaidl

1 2 0
Vl/\VZ =0 2 /\ al=10
1 b 0
2b—a=0
2—b=0 (a;b):(4'2)
a—4=0
2 . Determination of (c). J(€) doid (a5 .2

173 and V4 perpendicular, implies

- =

V3.V4_ :6

e biund Ololaio V9 V3 Olsladdl

()

—2+4c—-6=0

Exercise 1.7.4

Check that the four points A(6,0,0),
B(0,6,0), €(0,0,6) and D(2,2,2) belong
to the same plane.

c=2

4.7.1 u:’JA'iJl

<B(0,6,0) <A(6,0,0) bGI o oo Bam
S ganall s I} #35 D(2,2,2) 3 C(0,0,6)
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Solution

To verify that four points belong to the
same plane, it suffices to show that any
base formed by these points occupies a
zero volume. We will take for example the

Joll
oudts JI 5 Al B O oo Gasl Jarl e
i (o S (ol T OF Colls OF (40 g gined!
DA ol Wio 5udd Loguas lazm> Jidu kil

base DA, DB and DC. .T)fg DB
. 4 -2 -2
v = |DA.(DBADC))| v=|-2].[( 4 |A[-2
-2 -2 4
4 12
v=|l-2|.{12 v=20
-2/ \12
Exercise 1.7.5 5.7.1 {p el
Find the orthogonal projection Pofthe |[V=1- 2] + Kk glaid P S3geal! adunll dzgl
vector V=7—2j+k on the line that ase 2
A (1,21) odadidh Sl eadiiawd!
passes through the points A(1,-2,1), ? ( ) ) g
B(—-1,-1,2). .B(-1,0,2)
Solution Jdi
The projection P of a vector V on a | glad pudiiwa)l o V plaid P $agen)l taiuall
straight line of unit vector u is 198 U Rurgill did>g
P= (V. u)u
Let's look for u from the line AB ‘ AB prdiwnl] U (Puzgd! Busgll glads e Eonid
Uu=—- u= u=
28] JCorTor :

30



2i-2j+k

P= (zi-j+7€).<_ 3

—2i-2j+k
3

F—l(z* 2j
—6 1+ J —

Exercise 1.7.6

If the variable vector is:

V(t) = (&3 + 2t)i — 3e72tj

k)

6.7.1 (el
() pia)) DYy pladdl Bylee CE13)

J+ 2sin5tk

Calculate at t = 0 the following :AJWI polaadl (E = 0) b canld
quantities:
dv (o) dV(t) dZV(t) d?V(t)
dt dt? dt?
Solution J=di
dv(t - dv (0 -
% = (3t* + 2)T + 6e7 %] + 10cos5tk d(t ) =20+ 6]+ 10k
dv =11.832
de||
a2ve . e o dzvo) .
e - 6ti — 12e “'j — 50sintk T 12j
d2V(t)
=12
dt? ‘
7.7.1 {p sl

Exercise 1.7.7

If the variable vector is:
V() =

Calculate at t = 0 the following quantity. ’

Jl 217’ (t)dt

31

Bt?—1)T — (2t—3)7 + (3t*

(P (t) el DY pladdl B)lue 813
— 4tk

:JWI Il (8 = 0) e ]



Solution

2

217 (t)dt = f

1

)

((3tZ —1)i— (2t — 3)j + (6% — 4t)E) dt

2
f V(t)dt = (3 — )i — (t2 — 3)] + (283 — 2t2)E]i
1

fl ZV’ (t)dt

Exercise 1.7.8

In a space provided with a system of

orthonormal axes of the reference
R(0,1,], E), to each point (x,y,2)
corresponds a vector field

V(x, y,2z) and a scalar field F(x, y, z).

= 61+ 8k

8.7.1 ooyl

daz>go guilxie 9 Jwlaie ‘o.la.oJ Sgudall sliadll ‘3
Lelads Wi (x,y, 2) dais SO 33y <R(0,1,7, k)
1o F(X, Y, Z) kol Mi> 9 V(x, y, 2)

V(x,y,2) = xzi — y* j + 2x% yk
F(x,y z) = x* yz3
1. Calculate: o 1
gradF AF awv | Tei(V) | v
2 . Find a scalar field ¢(x, y, z) which b 4l 3izw (X, Y, Z) bokew M g .2
check the conditions: e v
V(x,y,2) = grade(x,y,2) ¢(1,1,1) =4
Solution J=di
1 - Calculation of: soliedl Olwe .1

ax2 3
(yZ)i+

dF =
gra Fye

d(x%yz3 d(x%yz3) _,
( yz)j+ ( yZ)k
ady dz

gradF = 2xyz31 + x223] + 3x%yz2k
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9% (x?yz3) 9% (x*yz3) 0%*(x*yz3) 3
AF = — 53—+ 9yr  t oz AF = 2yz® + 6x°yz

divV = grad. V(x, y,Z)

d'V’—(a it og +0E>( i — y%j + 2x%yk)
iV = (-1 ay] 55K ) (xZ =¥ ] + 22y

divV =z — 2y

rotV = grad/A\V(x,y, z)

_?V—(a*+a*+aﬁ>/\( i — y% + 2x%yk)
rotV = (-1 Oy] e xzl — y“j + 2x°y

R
a d d — . .
rot(V) = kax 3 o2 ) rotV = 2x%1 + (x — 4xy)j

i}
xz -y* 2x%y

92 9>
d9x? * ay?

— aZ —
AV(x,y,z) = < S az2> V(ix,y z)

9> 9>
dx? * ay?

AV(x,y,2) = ( + az2> (xzi — yJ + 2x%yk)

AV(x,y,z) = —2] + 4yk

2. The scalar field ¢ (x, y, z). D(x,5,2) ol Jioell 2
We have : und
V(x,y,z) = grad¢ xzi — y%j + 2x%yk = a—¢ a_;l:j a_‘l’ﬁ
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( 0p(x,y,2)
a7
0p(x,y,z Ip(x,y, 1
9 %= —y? %zxz ¢(x,y,2) :Exzz+C(y,z)
0p(x,y.2)
"~z -2V
9¢(x,y,2) _0C(y,2) a2 1,
3y~ ay By Cy.2)=-3y"+C(2)
1 1 Ip(x,y,z) 9C(2)
2 3
') == 5 C — = =
(x,y,2) 2 X Z-3Y + C(2) 97 Xz + 37
ac 1
a(zZ) =2x%y —xz C(2) = 2x*yz — Exz2 +C
1 1 1
_ .2, .3 200 _ a2
q)(x,y,z)—zx z=3y + 2x°yz 5 XZ $(1,1,1) = 4
+C
1 1+2 1+C—4 C—7
2 3 2 3
1 1 1 7
.2, _ .3 O
¢(x,y,l)—2xz 3V’ +2x%yz—oxz’ + 5

Exercise 1.7.9
In a space provided with a system of
of the reference

orthonormal axes

R(0,1,], E), We consider three vectors V;,
172 and 173 related, respectively, to the
points A(2,1,3), B(1,1,5), €(0,2,0) and
defined by :

V,=tj+2tk

1. What are the reduction elements of
the [T], associated with this vector
system?

2 . Calculate the scalar invariant of this
torsor.

V,=3ti+tj+tk

9.7.1 {p el
dazypo wilxie 9 dolaie p.la.oJ Sguniall cliadll @

WGl V5 9V, oV dadd &3 Lo «R(0, 1,7, )
5C€(0,2,0) 9 B(1,1,5) <A(2,1,3) «idl Je

J,g LS ddy20

Vs=i—tj+2k
o0 dlazdl 0dgy 33yall [T]o Jiddll polis 2o .1
CaniN|

sl 40l sl 2
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3 . What are the possible values of t for
the scalar invariant to be zero?

4 . Is there a value of t (if yes, calculate
it) for which the torsor reduces to a
couple?

Solution

1. The reduction elements of the [T],:

I_Z>=Vl+VZ +_I73

Sl ol 09Sy (S AiSandl (B) 03 (plo .3

Slogize
9 (2 Dol 0813 Wusl) (£) I oud Az g3 Jo .4
Sdz>gope Juds [T Ou_gstel.wlungdl

J=di
[T]p Jadll polis .1

R=tj+2tk+3ti+tj+tk+i—tj + 2k

=@Bt+1)i+tj+ Bt+2)k

. —t —4t 4
M, = (—41:) + <14-t> + ( 0 )
2t —2t —2

—5t+4
10t

. L . 1 3t 0 1
Zt 5 t 0 2

[T]o = {

2 . The scalar invariant of the torsor [T]

3t+2

3 . The values of t so that Iy, is zero:

=@Bt+1i+tj+ Bt+2)k
My =(-5t+4)i+10t] — 2k

01‘

o 3t+1 =
I[T]0=R-M0 I[T]OZ t .

{[T]p ikl el il .2

5t+ 4
10t I[T]o = —5¢2 +t
-2

tloguae bl Coldl 0950 lghal oo (I (£) 03 .3

1
I, =0 ‘ —5t*+t=0 ‘ t=0 V t=¢

4 . For the torsor to be reduced to a
couple, it is necessary that:
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1)
Il
=1

There is no value for (t) that can verify
these three equations at the same time, so
the torsor [T], cannot be reduced to a
couple.

Exercise 1.7.10

In the space linked to the orthonormal

reference frame R(0,1,j, E), let be the

torser [T],, defined by:

R=ai-2j
[T]O={—> N _,] -
My,=21+)]— bk

1. Is the torsor [T], a couple?

2 . Calculate (a) so that [T], is a slider.
3 . Determine its central axis (A).

4 . Whatis the value of the moment on the
central axis?

5. Calculate (b), knowing that the
minimum distance between (A) and (0)
is 3/2.

Solution

1 . For a torsor to be a couple, it is

necessary that R = 6, which is not the

case here. Then [T], is not a couple.

2 . Calculation of (a) so that [T], is a
slider:

3t+1=0

3t+2=0

0 t=0

CYolasdl 3amS Gz (£) J dad ST dlmy) oSz Y
Jiad JI [T]o Jage Of oSes Y di 9 el OT (§ LI

4}3.3).0

10.7.1 (p el
dzrpo (uilxie 9 delatie elae) G gudell sLiadll ‘3
gk Loy Byaall [T]p Jakall i «R(O, 1., )

(a,b) eR? Ab>0

§dz9350 Jadb [T]p Jxaadl do .1

Aol [T]g 055 G (@) i .2

(A) 35y 0)97e0 Wslre dxgl .3

$ 9ol i s pjall dod (2L .4

P (0) 9 (A) o Blus yaol Of ke ¢(b) G .5
3/2

Joul

bl @iz O com dzgdpe Juaddl 09 § -1
JIAB aule g (Alodl 0dn (3 suiiis sl 5 «(R = 0)
Axgaje Jidas e [T

el ([T]o) 055 3= (a) @lus -2
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slider -
Tlofs oy = B3 =0
(ai—Zf).(Zf+f—b7€)=0‘ 2a—-2=0 ‘ a=1
3 . Determination of the central axis : ‘ 1855yl ygoeall dods .3
_, R I/[_)O = X 1 1 2 1
=——5 taR y)=g|-2|A{ 1 |+a|-2
IR] z 0/ \-b 0
2b +
x 2b 1 r=ghrta
1 =
(}’>:§<b>+a<—2> 1 (grey=>b
7z 5 0 y =§b—2a zZ=
Z =

4 . The value of the moment on the central
axis :

153Syedl ygoall (L ajall dasd 4

—M_)O)A = (ﬁoﬁ))ﬁ)

Where u is the direction vector of the
central axis A.

@) | e (HE)E | o

5 - The value of (b) :
The distance between A and O is minimal
if

S35l sgmall Rz gl Busgll plads 98 (U) Co>
()

:(b) 4 .5
lewie ooy Lo sl (0) 5 (A) oy Al 095
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So on this condition:

-2
%/

Since (b > 0) so:

2t a-2btaa=0
5° T4 73 a=

—s 3
07| =3

38

I
—
vl N

Sy
~—

+
.

a=0
:@USQ&@U&Mg
2
9 5
)+1 - £

iy (b > 0) of s s



1.8 Additional exercises

Exercise 1.8.1

Using the scalar and the vector product,
find the shortest distance between the
point 0(0,0,0) and the plane formed by

4dLs| ol 8.1

1.8.1 ¢yl
a8l azgl ¢ Slaidl clucel g olud! sluzd! Jloaiwl

Jody I $giumadl 9 0(0,0,0) Uaidl (o d8luno

the points A(0,1,1), B(1,0,1) and .C(1,1,0) 9 B(1,0,1) <A(0,1,1) blaJi
C(1,1,0).

Answer: 2 /\/§ REPE ]
Exercise 1.8.2 2.8.1 (p el

The vertices of a triangle are located at
the points A(2,1,—-1), B(—1,3,2) and
c(1,-2,1).

Find the length of the median of the
segment AB.

PR gLl pladdl § Gl wohy olbiis)

.C(1,-2,1) 9 B(~1,3,2) «A(2,1,-1)
AB dalad)l laugie Jgbo Ao

1
Answer: E\/66 HEIPE 3]
Exercise 1.8.3 3.8.1 o el
Let be the two vectors: Oleladd! S
Vi = x%1 — yj + xzk V, = yi + x] — xyzk

Calculate: US|

az —> - 2 — —

i — 1,-1,2) daddlwie VNV
oxdy (V,AV,) at the point (1,—1,2) ( ) 6x6y( 1\V3)
Answer: —41 + 8] REPES]
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Exercise 1.8.4 4.8.1 oyl

Find the two vectors Vl and Vz, knowing 100 ke (V) 9 (V) Olelaidl ugl
that:
Vi+V,=50+3]+2k ViNV, = 81— 14] + k

Answer: Vi,=2i+j—-2k | V,=3i+2j+4k 1l
Exercise 1.8.5 5.8.1 (p sl
Using the dot product, find all possible | ¢ 4Seol! Ligyl @.u,-.x:,-gi s k! elizedl Jloasial
angles between the diagonal halves of a (a) 4l caSe yUall Llall
cube with side a.

Answer: 6, =70.528° | 6, =109.471° 6; = 180° 10l gxll
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Chapter 2

Forces and Moments
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2.1 Introduction

In this chapter, we will touch on two
important and fundamental physical
quantities in mechanics, namely Force
and Moment. Their importance is
highlighted in the Static and Kinematic,
and their relationship is closely related to
the nature of movement of objects. We
also discuss their modeling and
mathematical representation in the
Problems and exercises.

2.2 Definition and

meaning of force

A force is a modeling of a mechanical
action that can be exerted on an object by
imposing on it a deformation or a
variation in its state of motion or both at
the same time. (Fig. 1.2) shows some
examples of force in our daily life.

physical

doddo 1.2
9 (nege oasbnd oylude ] Gylatiw ¢l 102 §
38l g Bedl Led g VT cekiual § el
lagbolil iz 9 el ymid] ol 9 O g5l ol (§ Loginadl
dl Gyl S ol Ayl daubay Gdy Wl

el 5 Jilaall § Lol Loghtial 5 logicr el

Aundll lgagein 9 Boall Csyai 2.2

panz o B35 OF oSy $8e Jad) Al (p ol
8 lgslS of Syl Al> of Sl i J) (53548 <o
8ol e Akl jans Zapgs (1.2 . JSE) Cg)l s
+Apogdl Wik 3

\v. £

*$

Sl e dbiel 1.2 21

Fig. 2.1: Examples of force.

2.2 Mathematical representation of
the force
The forces are represented by vectors.

Possessing the general properties of the
vectors seen in the previous chapter,

59l Jlupbyll Jeiad! 2.2

W AV ailas g Olmes 4 plado Badll Jiad
(D Olneedl 008 ¢ Giludl Juaddl § LT,
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they are characterized by an intensity or | (2.2 X&) olxil Jol> ¢ Gadadl dlads of dolud! dbais

a modulus expressed in Newton N, a
direction, a sense (Fig. 2.2) and a point of
application.

N igeidl lake sna Bk 5

BySUl s pudl 5 893 (ailas- 12,2 JS&JI

Fig. 2.2: Characteristics of the force of impact of the foot on the ball

2.3 Operations on the forces

2.3.1 Composition of forces

We can replace several forces f')l, f')z, f‘},,
acting on a solid at the same time, by a
single force which will have the same
effect on the solid. This force is called the
resultant R, it is the vector sum of all the
forces exerted on the solid.

Fi = ﬁ
i=1
Example 2.1

Graphically and then analytically

calculate the resultant of the three forces

represented in the (Fig. 2.3).

Seill e Oldes 3.2

Sl S5 1.3.2

B8 cFy (Fy F Sl o 48 gamme pargas LSl
s L) 090 By By cabio e iy OF §
& 3oy 9 duamall ol Bodll 0dd .clsall eV
B350l (591 JSU (Flatd) gl piad 9 (R 30700 Logas
S cdall Je

(2.1)

1.2 Jbe
doed gall I (o)l duame dolus o3 Wiy dgl
(3.2 K1) @
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™l

N

1

w

\ 4

Fig. 2.3

3.2 Jsad!

Solution :
The resultant by the graphical method or
the polygon method (Fig. 2.4), gives us :

R =
The resultant by the analytical method is:

I_-\')=F1+F2 +F3

(36

:J=d

3> 391 55 UoIgl Lol At Lo Sas Ll
9 LS clasall plasy aSad Ul sl Gl
(4.2 .Js&d) 3 o9

rdlazeo)! oﬁ doluc! a.ﬁ:blan

/10
R=|3
0

y
A
i1 T-.) —
~ F3
/)
— R
[—
> X
Fig. 2.4 4.2 JSad1
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2.3.2 Decomposition of forces

A force F can be decomposed in a plane

into two forces Fl and FZ, each following
a determined direction (Fig 2.5).

Ssd)l Juloes 2.3.2

9 (F1) o593 J) g § Jiod OF (F) 858 oSz
(5.2 JSadl) cpivan olosily ek 339 Lagio S ¢(F)
Wl «(Fy) 9 (F1) oo S ool uw oS lago

Whatever the directions of f')l and fz, they 148! Oladss
verify the relationship :

F == Fl + FZ (2.2)

(F) 893 ol 15.2 &1
Fig. 2.5: Decomposition of force F.

Example 2.2 2.2 Jb»
Find the components of each force | .JSidl) § Bagrgell o)l oo 893 5 GuSye dgf
presented in the (Fig 2.6). (6.2

60

v

Fig. 2.6

6.2 JSaJI

45



Solution : ‘ el

. 800cos0, _ 408cos0, _ —424cos03
Fi= (8005in01> F, = (—4083in02> F; = (—424sin03>
0 0 0
0.8 0.6
c0s§; = ————=10.8 sin@; = —————=10.6
V0.82% + 0. 62 V0.82 + 0. 62
0.9 . 0.56
cos03 = = 0.8009 sinf; = = 0.4983
0.562 + 0.92 0.562 + 0.92
_ 640 . 352.9411 . —339.6226
Fi=1480 F, =|—-188.2352 F; =|-211.3207
0 0 0
2.3.3 Force projections ed)l bliw) 3.3.2

2.3.3.1 Orthogonal projection of a e Ae Bgd) ($dgaall Jadunall 1.3.3.2
force on a straight line
plad paiuws das o (F) 8o} ($3g0n)l Ladunel!

HAILI AL (Jass (7.2 JSAI) (1) 4eez s

The orthogonal projection of a force F
(Fig. 2.7) on a straight line having a unit

vector U is given by the relation :

P=(Fu)u (2.3)

i Jas Ao Bodl (Sageall bliwI 17,2 S

Fig. 2.7: Orthogonal projection of a force on a straight line.
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2.3.3.2 Orthogonal projection of a
force on a plane

The orthogonal projection of a force F on
a plane possessing a normal unit vector n
(Fig. 2.8) is given by the relation :

P = nA(FAT)

S Js B9d) $3g0all Jaduned! 2.3.3.2

dslads Sy tas s (F) 89} $ogent! Jaduall
1AW ML Jass (8.2 JS&I) (71) ke

(2.4)

SFums das (e Bod) Sogaall bl :8.2 JSEJI

Fig. 2.8: Orthogonal projection of a force on a plane.

Example 2.3

Find the orthogonal projection of the
force F = 2i —j + k on:

a). The line that passes through the points
A(1,2,1),B(—1,0,2).

b). The plane x0y.

c). the plane defined by the points
A(1,0,0),B(0,1,0),€(0,0,1).

d). Deduce the normal component of Fin
each of the previous cases.

Solution

a. The orthogonal projection of F on A:

first, let's look for the orientation unit
vector of A

3.2 Jl»

tde F = 27— J + k 59l Sageall Jadunll dzrol
9A4(1,2,1) el o pan SUI (A) pudiasnal! (i
.B(—1,0,2)

(x0y) gyl (<

B(0,1,0) <A(1,0,0) bl saxall Ssiunall .(z
.€(0,0,1)9

Ol o D> IS § Ldgeall F dSpe giiias! (o
sl

=l
:(A) Jo F b3l $agenll Jaiuall (i

(A) puiasel) Ruzgidl Bd>gll laks e Vol Cammaid
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|4B]| = 3

—_ _2
AB =| -2
1

4B 1 (‘%)
u —— u=—-\|-—
|4B|| 3\ 1

. 2
FA= —1 5
1

W =

)66

A= o
o -1

b. The orthogonal projection of F on x0y:

The unit vector normal to the xoy plane
is k.

—

Froy = A(FAR)

- 1 -

:(x0y) Js F 89il) $og0a)l laiuall (0

K 98 (X0y) Syl e @I Bugll plads

{36

~ 0 -1
Fxoy = (0)/\<_ 2 )
1 0

c. The orthogonal projection of F on plane
defined by ponts 4, B and C:

The unit vector 7 normal to the plane by
ponts A, B and C is:

AB AAC

1_i =S = —=
|AB A AC||

By applying the relationship (2.4)

P=nA(FAn)

—

Fx0y=

)

Sdomall S gl o F 55l ($390a)l Jakunll (g
:C 9 B <A blJL

K 98 (X0y) Sgiunal! e @I Bugll plads

SN
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d. The normal component of F in each
cases:

P A S § dpogend! F dSye bl .

2 2 16
o o 1 - 1
() | F,=F—F, Fi={-1]-5| 2 FL=5|-11
1 -1 10
(x0y) | F, =F — F,q, Fl=<—1>—<—1) Fl=<0>
1 0 1
. 2\ 1/ 4 L 1/(?
(ABC) FJ__F_FABC FJ__ —1]—=|-5 FJ_:_ 2
1 3\ 1 3\2

2.4 Classification of forces
The forces are classified according to one

of the following three criteria :
2.4.1 Remote forces, contact forces

2.4.1.1 Remote forces

A remote force is exerted between solids
that can be separated by vacuum or fluid
air or otherwise. there are three Kinds of
remote forces:

* The forces of gravitation:

They are exerted between the stars;
between the earth and terrestrial objects.
The weight of a body is essentially a
gravitational force. These are attractive
forces.

* Electrical forces:

They are exerted between two objects
carrying electrical charges. They can be
both attractive and repulsive.

* Magnetic forces:

They are exerted between magnets or
between magnets and certain materials
(in particular iron). They can also be
attractive or repulsive.

1S9l Laduas 4.2
: AW AW julaadl dl cuns e (S48 Liual
dwnad| (5 98ll 9 Ddadl (59d)1 1.4.2

idodad! (s9d)1 1.1.4.2

A s day 6 plua ¥l o W3yl I o)l (B
G Uz g3 D a2 of adle o 13 (10 gk ais bo oye
rdgdadl 55dll oy glgil

1:dudlnl (g98%*

gl 9 doglewdl plp2VE AWSI pluadl Lol
3 92 el 039 -dmdyYl pluaVlg ()Yl e Wi
Adl> (gl 008 . (23! (0 9 A dudlxdl 898 Ll
Y e

1:450,gSJ1 (5 gI*

Sloeds OMes o (0 poyled Aalie Jladls 9SS
)35 of Adlads 0985 Of oSy - 48LyeS

1duwab sl (sodl *

e ol e d lallaal o dolie 98 o Bke
0955 O 9Ses (Wil dyols) alaadl jass 9 bl
o959l dudlods Lol
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2.4.1.2 Contact forces (connection)

It is mandatory that there is contact
between the two objects for a contact
force to be born. For example, the tensile
force of a wire, the reaction of the ground,
applies to the solid-wire and solid-
ground contact points (Fig. 2.9).

(Mo gll) dwaD! (S0 2.1.4.2

JUail Sl 9950 O Grg el e S9! (1o Bl 1o (3
i3 LS o polal B33 Wgh G dnduall plucIl oy
Sl 898 dadais ¢ JLodl Jaiw e .JUall 899 Ll
9 pur-ellow JUaiVI blds e co2)VI Jad 3y el
(9.2 SSI) e -2l

Wir
T Solid
y
e e
Ground

JuaiVl $9d) Gadard! (peYI GglL) bl 19,2 JSEJI

Fig. 2.9: Points (in red) of application of contact forces.

2.4.2 Localized forces, distributed
forces

2.4.2.1 Localized forces

A localized force is applied at a point on
an object or on a point object. For
example, a wire pulls an object with a

force T located at the attachment point
(Fig. 2.9).

2.4.2.2 Distributed forces

A distributed force is applied to a set of
points distributed over a line, a surface or
in a volume of the object. For example, the

weight P is distributed throughout the
volume of an object.

2.4.3 Internal forces, external
forces

2.4.3.1 Internal forces:

dchgiall S9dll 9 ddadidl sgdll 2,4.2
dudadidl s9d)1 1.2.4.2

dhail § susee lgiudal of LG 0gSh Al B4dll
W“hm-&ﬁwwgiwlyS»b
das wis dliedae 095 (T) 5901 898 O Lo Lowur e

-(9.2 JRad1) el Jusell S

e gioll sgdll 2.2.4.2

bl o degoee § lgialal 090 I Gedl (B
el e o o sl o0 g 51 Ja- s i
sl anaz e eige 09Su (P) JaI ¢ Mid .alesTy

PORES /PSS

a5l (S9dll g AWl (598l 3.4.2

dads-ll (s9d)1 1.3.4.2
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Internal forces are those that are exerted
by objects internal to the system. For
example, muscle forces are internal
forces in humans or animals.

2.4.2.2 external forces

External forces are exerted by objects
external to the system. Like the weight P
of a solid, for example, which is an
external force because it is applied by the
Earth.

Example 2.4

Of the following mechanical actions, say
whether they are contact or remote.
Specify the ones that are localized and the
one that are distributed in surface or
volume.

1. Hammer blow on a nail.

2. Earthly attraction.

3. Action exerted by the wind on a sail.

4. Action exerted by a magnet on an iron
nail.

5. Action exerted by an arrow on a
target.

6. Action exerted by the sun on the earth.

7. Action exerted by a table on a book
placed on it

Solution :

1. Mechanical contact action. (Localized).
2. Remote Mechanical action
(Distributed).

3. Mechanical contact action

(Distributed).

s o (ol oy AN 2Vl 5405 (595 (2
OludY! e é Ads1o 599 ) Oasll 598 ¢ JUad!
Olgaaedt

da) Bl (s9d)1 2.4.2.2
Loyl 521 Wil @ el (B dumylsdl (5ol

08 &S 598 98 Lo o) (P) JaI Jio .pllaidl s
o2V B LRO9=9 § Cunnniiall OY el

4.2 Jbs

9l Aoty CIE13) Lo ads> ¢ I LS8l JadYI (o
dejgio g Gadall dadads CO613] Lo § Ll su> el
Loz 9f bxlaw

Shmwe e dyae dop, 1

syl dudl, 2

BRI e 2yl dugyled I Jaall, 3

(S Yl e uiblide dussles Jas, 4
Bugl e mgan dunylel I Joaadl, 5
2 e el dugyled SdI Joll. 6
duls dsgupge LS s Aol duylel Jos .7

Ldedl
(Jai) gwled (S0 Jai. 1

(B)9%0) Suas $ae J2d. 2

(£55%0) (ol K Jad. 3
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4. Remote Mechanical action
(Distributed).

5. Mechanical contact Action (Localized).
6. Remote Mechanical action

(Distributed).

7. Mechanical Contact Action
(Distributed).

2.5 Mechanical models

2.5.1 Material point:

This model is suitable for cases where we
are only interested in the movements of
the center of gravity. In particular, it does
not take into account either the object's
own rotations or its deformations.

2.5.2 Non-deformable solid

This modeling is well suited for the
study of the movements of solid
bodies and the dynamic forces
implemented. It allows to take into
account the proper rotations.

(£35%0) (gold Ko Jab. 4
(Big50) o3 S50 J23. 6

(E3558) o3 S0 Jab .7

A8l d>deid! 5.2

:dolodl dadidl 1.5.2

Oy Jadd lgd iy I SVl culis Z3geill lia
GIsbY 4 ¢ poguasdl azg e pluadl JaI S50
g a5 Vg dud Jg= ! Ohgd Y kel

i)l euud! 2.5.2

pluadl Wiy duwhd) boled duwlie d>deddl o
o il gde didaddl ASelolll (s9dlly dduall
0l IM> Lpgadl Lyl 9 s9dll odd pg3e Hlis)
=l
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2.6 Resolved exercises

Exercise 2.6.1

The modulus of the resultant F of two

forces Fl and 1—52 is equal to 100 N and F
forms an angle of a = 30° with the force

Fl. Knowing that ||Fl || = 80N Find
graphically and analytically ||?2 || and the
angle 0 between the two forces f')l and ?2.

Solution
Graphically (Fig. 2.10):

Ugloxs ¢pylel 6.2

1.6.2 (ool
100 N st (F3) 9 (F1) 0538 (F) duasall dugh
2 -(F1) 9 5931 ao @ = 30° dogly JK&3 (F) 85l 5
IF|| Wl 5 Wik agl -||Fy]| = 8ON Of el

Fp 9 Fy 0fsi)l o (8) gl

J=di
:(10.2 . JS&1) Wke

Fig. 2.10

10.2 JKad!

We trace F with a scale of 1c¢m for 20 N, A
spacing of ¢ = 30° is fixed and then fl is
plotted with the same scale. We trace ﬁz
starting from the end of fl to the end of F.

After the modulus of fz is measured by
the ruler and the angle 6 by the
protractor.

Analytically, We have:

F=F1+F2 FZZF)

gl 3455 (20 N) IS (Lem) o343 el (F) sy
s ohadl iy (Fy) g 0 (@ = 30°) Layud
{(F) &g JI (F) &6 o (F7) <3 usy

(8) Lgl3)! dasdy Bylaunalls (F) gl U3 day pusd
ETHN N

bod lile

_Fl FZZ = (F)_Fl)z

- 12 — 2 —
IF2[" = [[FI]" + [[Fa

53
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— 2
|F2|| = 1002 + 80% — 2 x 100 x 80 X cos 30°

‘ |F2|| = 50.434 N

F=F +F, F2=(F1+Fy)
— = 2 — 2
L IFI” ~ IFl” ~ IIFal
F|| = (|F + (| F + 2(|F{||||F-|lcos@ cos 0 = —
” ” ” 1” ” 2” ” 1”” 2” 2||F1||||F2”
2 _an2 _ 2
cos 0 = — £ AR cos6 = 0.1309 0 =82.477°
2 X80 x50.434
Exercise 2.6.2 2.6.2 (p el

Two forces F; and F, act on a point A.
their intensities and directions are
indicated on the (Fig. 2.11).

Determine their resultant, graphically

slogsininA Aakdl i § O35 (Fz) 9 (Fy) 008
(112 Jsad) g o9 bgw S (o
(F) Logtiams (ailias LWl 0 Liky 3>

and then analytically.
F, 60N
F, 40N
Fig. 2.11 11.2 JS&d1
Solution J=di
Graphically (Fig. 2.12): :(12.2 . SN Wik

We build the parallelogram from the
sides Fl and FZ. The resultant F
represents the longest diagonal of this
parallelogram, its intensity is measured
using a ruler for the same scale as Fl and
FZ and its direction which is described by
the angle 6 which is measured using a
protractor.

(Fa) 5 (F1) oo JSawll g3LoY1 Glghe ouuy
3 eI lgied pslaill Jglol Jios (F) Aaseel!
oy 9 Bylaually (ol gibighs of Ll Al 0
gyl 03U Waloxia 9 (F7) 9 (Fyp) 4 towny U1 ehad!

cAl)l Jloiuwls lgund (1 (9)
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Fig. 2.12

12.2 JKad!

Analytically, We have:

F=F1+F2 ?2:(?1

b ?2)2

—2 — 12 — 2 = —
IF[I™ = IIFall” + |2l + 2[|F4[|[[F2[|cos25°

- n2
|F2|| = 1002 + 802 — 2 x 100 x 80 X cos 30°

|F|| = 97.725 N

F

?:?14‘?2 ?1:

2

- —)2
—Fz Fl

(F-F,)

- 2 —02 - 2 1 - -
[Fal” = FIl” + |F2|l” — 2[[F||[|F2[|cos (F,F2)

— 2 . .
[FIl” + [IF2]” — [[Fall

FF,) = call
cos(FFe) = Rl

(F.F,) = 97.725% + 407 — 607
O ) = T X 97,725 x 40

cos(?, FZ) = 0.9657 cos(f, 72)

0 = 200 +(F),F2)

Exercise 2.6.3

Write the Cartesian components F, and
F, of the force F as a function of its
modulus ||F|| and the angles « and g, in
the four cases of the (Fig. 2.13).
Numerical application ||F|| = 100N

55

0 =20°+15.4°

= 15.04° (F,F;) = 15.04°
6 = 35.4°
3.6.2 cpsed!

WYy (F) 858l (F,) 9 (F) s Syl st
oo Al U5 & (B) 9 (@) osusl o (||F|) sl
(13.2 K1) § o gall eI

IF|| = 100N: $34s Gadas



a b o
YN F
X
a =45°
C d
a=80° B=35°
Fig. 2.13 13.2 S
Solution J=di

In the four cases the force F

is

oSy Jl Ale (F) sl aopdl e¥ldll amer k)

decomposed into F = (i;) Fo (i x) o
,) <
o EeeCm | rowe) | rCH
o T | reeGmD) | re G
o Trn) | e | re-(D
sin (ﬁ + z_ a)
- in4s5° ~_ (70.
@) r=r cosa (ﬁ +2§ - 0!) T (2;3150) o (;g ;) )
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Exercise 2.6.4
(Fig.

components of the force F with respect to

In the determine the

2.14),
the reference (x0y), (x'0y"), (x0y') and

(x'0y). Numerical application:

IF|| = 100N, & = 30° and g = 40°

4.6.2 (el

Bl LS o (ne ¢(14.2 JSEJI) § doedgall Aozl §
W sl 0 ehae S o (F)
(x'0y) s (x0y") (x'0y") «(x0y)
GNP Y

B =40°ya =30°F|| = 100N

Fig. 2.14

14.2 JS&d1

Solution

In order to find compounds F, we draw a

parallelogram of diameter F, depending
on the reference we choose (Fig 2.15).

Jod!

YN (S)lgin muuy: pois o(F) wliSpe ilomsl Jf op0
(15.2 JS&d1) 0yt S ehaal) G (F) opkad

e
ol
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- (cosPB F= cos40° = _ (153.20
Gy F=F (sinﬁ) =200 (sm4-0°) a (128. 55) N
L, = (sin(a+ B)) Fe sin70° = _ (93.96
(x0y) F=F (cos(a +B) = 100 (cos70°) F= (34. 20) N
_ cosf — sinf.tana c0s40° — sin40°.tan30°
F = F( sinf ) = ( sin40 )
(x0y") cosa cos30
= _ (39.49
(74 22) ¥
_ sinf + cosp.tana sin40° + cos40°. tan30°
F = F( cosp ) = ( cos40 )
(x'0y) cosa cos30
= _ (108.5
(88 45) N
Exercise 2.6.5 5.6.2 (ol

The (Fig. 2.16) shows the assembly with
welding of three bars at a point O.

1. Determine the components of the
tension force 71 of the bar (1) if
|T4|| = 2000 N.

2 . Determine the modulus of the tension
force 73 and if
T3, = 1000 N.

3 . Determine the modulus of the tension

force ?3 if Tlx + sz + Tgx = 0.

its component T;,

58

didan £330 EE (pe ASLiue Aoz (16.2 JSE) zudsn
.0 dad)l wie doselo

C38 13] (1) gbhdl) (T) S0l BB wlSye cne .1

|IT4|| = 2000 N
COE 13| (T3,) %Sy 9 (T3) Sghl 895 doglo ne .2
.T3, = 1000 N

CI813] (T'3) 5901 895 Abglo ns .3
-Tlx + sz + T3x = O



y
VAL,
45° (2) 5
o J30 7.
T. N
I
Fig. 2.16 16.2 S5
Solution Ji
1. The components of tension T, (T1) 590 899 OUSye .1
= cos45° = _ (1414.21
T1 =2000 (sin45°) Ti= (1414.21) N
2. The module of tension T; and its (T'3,) WiSye 9 (T3) gl 899 USye .2
component T3,.
B _, T ~ . 1000 S,
Ty =[Tslsindor | |[Tall= =20 | |l =5g | ITsl =200
T3y = ||T3]|cos30° T3, = 200 x 0.866 T3, =173.2N

3. The module of tension 72.

Since the bar (2) is horizontal on the axis
Ox then:

=0 ”72” = [Tl

59

(T3) Fg0 83 ©Sya .3
10 (0x) sgoeall 399 41 (2) gl O Ly

|IT2|| = (T1x + T3,) |T2|| =314.6 N



Exercise 2.6.6
Use the diagram presented in the (Fig.
2.17) to Calculate:

1. The moment in B of the force F with a
modulus equal to 200 N.

2 . The moment of F in C and in D.

6.6.2 3l

1ol J2T o0 (17.2 K1) @ b goll oyl S
3 (]|F|| = 2000 N) ibgbo &1 (F) sl g3 .1
B &adill &l e

D &l &ruidly 9 € Waiild &l (F) 891 p3e .2

\\‘Tﬂ

4
=

Fig. 2.17

17.2 Jad

Solution

1. The moment in B of the force F.

Jod!

.B dail) &l (F) 891 pjs .1

Mg(F) = BANF

From the (Fig. 2.17):

: (18.2 JSdl) (s DMl

F = 200u i D4 u ! ; F=22 3
= u Uu=— u= R
|pA|| V32 + 22\, V13 0
My (F) 200 _33 A ) My (F) 200 g N
= — = — m
’ V13\o/ \o ’ 13\-15

Mg (F) = —832.05k N.m
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2. The moment of F in C and in D.

‘ Waill &eudlls § € Ladll deudlls (F) 858 a3 .2

.D
M (F) = CANF MF—@g/\; M, (F —OgN
M (F) = CANF C()_‘/ﬁo : C()_‘/1_36 .m
3@ -piE | 3@ =22221nlz) | 7d=22(o)x
Mp(F) = DANF p(F) = 32 2 p( )—\/1—3 0 .m

Exercise 2.6.7
Use the diagram presented in the (Fig.

2.18) to calculate the moment in O of the

7.6.2 (i)
Qlus J21 0 (18.2 JSidl) § gl puayll Jiias!
N3 g (||F|| = 1414 N) leiosb &1 (F) 891 o3¢

force F with a modulus equal to 1414 N. .0 il deudlb
y |
e »
3m :
(0]
Fig.2.18 18.2 Sl
Solution J=dJi
The moment in O of the force F. .0 dadil) 4wl (F) 89l p3e
From the (Fig. 2.17) : (18.2 JSidl) oo B3l
. 3-0.6 1414cos45°
My(F) = OBAF My (F) = -1 A 1414sin45°
0 0
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0
0

Mo(F) = ( )
3398.97

Exercise 2.6.8

Use the diagram presented in the (Fig.
2.19) to calculate :

1. The moment in C of the force ?1 of
modulus equal to 270 N.

2 . The moment in C of the force Fz of
modulus equal to 282.8 N.

3 . The resulting moment in C of the two
forces.

M, (F) = 3398.97k N.m

8.6.2 oyl

il J o0 (19.2 JSKA1) & gt gal! punyll i)
9 ([|Fy]| = 270 N) sl 1 (Fy) 8581 g3 .1
.C dlaisll deudll €3

9 (||F2|| = 282.8 N) oo 31 (F) 8ol pjs .2
.C dhaisll &l <3

€ &l &uidls (F3) 9 (Fy) ool 256 duams .3

A
y (em)
A B
b
i ¢ o f— 3
F, 60 Fp )/ a5
c x(cm)
Fig. 2.19 19.2 JS&d!
Solution Jd!
1. The moment in C of the force F;. .C aiill il (F) 5ol pys 1
. —sin60° . —233.82
M(Fy) = CANF, F; =270 —cos60° F,=| -135

0 0

. 0 —233.82
MC(F1)=<O.03>/\< ~135 )
0 0
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2. The moment in C of the force FZ.

. _ . —sin45°
M(F;) = CBA\F, F, = 282.8( —cos45°
0

.C &ail) &l (F) 8ol p3s .2

. —0.707
F, = 282.8 (—o. 707)

0

L 0.04\ /—0.707
M (F,) = 282.8(0.03 | A| —0.707

0 0

3. The resulting moment in C of the two
forces.

ﬁc = ﬁc(ﬁﬂ + ﬁc(ﬁz)

Exercise 2.6.9
In the (Fig. 2.20), find F knowing that :

Aadil) &l (Fy) 9 (Fq) sl 236 duama .3

.C

9.6.2 iyl
: O ke (F) uzgf (19.2 JS&d1)

1) |F+F,=F,
2) |F+F,=F;
3) |F=F,+F,+F;+Fqg
4) |F=F;+F,+F;+Fg

4 A
i 1N| .
F, 1N
_E':“ =1 /\\
+ re/ \\
7 N
VAR L K
A F7 Ye FB >
\\\ /
?\/ F.
>

Fig. 2.20

20.2 JS&di
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Solution ‘ J=di
) |FoF.-F, F=(3)-0) F=(3)
2) |F=F;-F, F= (_52) a (:;) F= (g)
|77 ~ [0\, (3\, (-3 0 = _ (0

) |F=F+F;+F;+F, F_(4)+(0)+(0)+(—4) F_(O)
4) |F=F;+F,+F;+Fg f=(2)+(3)+(_54)+(35) ?=(3)
Exercise 2.6.10 10.6.2 (el

Use the diagram presented in the (Fig.
2.21) to calculate :

1. The reduction element in O of the
torsion bar [T], associated with the
forces 71, FZ and 73, linked respectively
to points 4, B and C.

2 . The scalar invariance of [T],.

3 . The central axis of [T],.

1ol Jof (30 (21,2 JS1) § qugol gyl i
Sl JSaall [T]o Jiasl 0 wis gl paie .1
.C 9 B <A LUL dasyall (F3) 5 (F) o(F,)
[T Jxaal ol coll .2
[T Jidsl @3S5all ygoeall .3

1m 1N
Fq B#\\\
Fs\ F,
/ \
/
A C
0 >

Fig. 2.21

21.2 JsCad!

Solution
1. The elements of reduction in O :

J=di
.0 daill wie plmyYl G pais .1
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[T] _{ ﬁ=F1+F2+F3
° ﬁo = m/\?l + Eﬁ/\?z + R‘)/\F:g

( R=1+4j+31—j—20+3j
[T]y =4 — 1 1 5 3 6 —7
Mo=(1)A<4)+(6>A<_1>+(2)A( 3)
\ 0/ \o 0 0 0 0
( R=2i+6]
_ 0 0 0
Tlo ={—
3 -23 22

\

R=21+67
[T]o={; b

M0=2k

2. The scalar invariance of [T]: ([T]o Jidal oludl coll .2
In, = R. M I'r, =0
3. The central axis of [T]y: ([T]o Jidall &35l y9==adt .3
This is the set of points that verify the Wolaoll 3as5 QI il ds gozre 92
equation:
. RAM, - X\ 1 (2\ (0 2
OP =———+aR y=E6/\0+a6
IR z o/ \2 0
_3 +2
()=l ) <L) .
Y)=7al— a
4 40 0 0 y = —1—0 + 6a
z=0
The central axis equation is: 1855yl ygoeall Wolas die 9
y—3x=-1
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2.7 Additional exercises

Exercise 2.7.1

Find a force F whose norm is equal to 3N
and its components in the directions j and

k are twice as large as that in the
direction 1.

Answer:

Exercise 2.7.2

Find a force F whose norm is equal to 6N
and its direction is that of the vector :

V=-—1+4 +2V2k.

Answer:

Exercise 2.7.3

Calculate the reduction elements of the
torsors [T], and [T]. associated with the
forces acting on the square plate of the
(Fig. 2.22).

Numerical application :

EEEEEERRE

4dLs| ol 7.2

1.7.2 (el
9(7) 339 WSy 9 (3N) letbogbs (&I (F) Bl azgl
(1) 339 W@iuSyo Chnyas Logio S 05 (K)

HEIPY J]

2.7.2 cpsed)
(e 92 aloxie 5 (6N) ibsb @I (F) Bsdll azsl
V=-1+4 +2V2 k :paid

-1
( 4 > 10l gxdl

2V2
3.7.2 (el

[T]c 9 [T]a onidadl oo SN gl G pais S|
Byl ol B350 i Ay (el
(22.2 JKa1) § donpgal

PNPRME

|F1 |l = 9N, ||[F5 || = 3N, ||F3 || = 4N, ||F4 || = 5N, ||Fs || = 6N, ||F5 || = 2N.

Fig. 2.22 22.2 Sl




R=-11i—4jN R=-11i-4jN

Answer: [Ty = {_) ‘ - ! [T]lc = { . : J eS|

M, =—-6kNm M. =kNm
Exercise 2.7.4 4.7.2 {p el
Find the resultant of the concurrent | oYl e A>3 &M S9d)l duass dargl
forces in each case of the (Fig. 2.23). (23.2 Jsidl) § dxpgall

a b c
A A vt
YTeon Yeon 2 150N
o 62°
40N 25N 50 ‘ .
—s o 0 "x | 2530 23° X
Laon 125N | 180N
130N
80N

Fig. 2.23 23.2 JSaJ!

a) |F|| = 35N (F,0x) = 34°
Answer: | b) |F|| = 59N (F,0x) = 236° folgll

c) |F|| = 172N (F,0x) = 315°
Exercise 2.7.5 5.7.2 {pyeidl

The figure (Fig. 2.24) shows two tugs that
bring a ship to a port. The most powerful
tug generates a force of 20000 N on its
cable, the smallest a force of 16000 N. The
ship follows a straight line.

Calculate the angle that the most
powerful tug forms with the ship's
direction.

il Q1 Oyl e piSl ek (24.25E01) JSad!
A 599 Byl (5o8l Wi elnedl ) BS dipdas
Byl 3udal Lo ¢ 3aedl yoxll Ju> e 20000 N
Uas dpdudl 2l 16000 N &S 593 yisedl
Aigdad! ol o BylolB (5981 LIS 1 gl !

67



Fig. 2.24 24.2 JSad1

Answer: 0 =23.57° 1ol gxll
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3 Juadl
all gzl 03195 9 095w

Chapter 3

static and equilibrium
of the solid body
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3.1 Introduction

In this chapter, we will study the effect of
forces acting on a solid body, and how to
replace a certain system of forces with a
simpler equivalent system. This analysis
is based on the basic assumption that the
effect of a certain force on a solid body
remains unchanged if that force is moved
along its line of action (the principle of
transmissibility).

It follows from this that the forces acting
on a solid body can be represented by
sliding vectors, as described in the second
chapter.

Two important concepts related to the
effect of a force on a rigid body are the
moment of the force about a point, and its
moment about an axis .

The determination of these quantities
involves computing vector products and
scalar products of two vectors that we
saw in the first chapter.

In this chapter, we will also discuss the
concept of mechanical connections
between solid bodies and the consequent
restriction of their movements, and we
know the degrees of these connections as
well as the degrees of freedom of the
connected solid body.

We model all possible mechanical
connections in the plane and in space, as
well as the balance sheet of movements
and the balance sheet of reactions of a
solid body in contact with another solid.
We train at the end of the class with a set
of exercises solved in detail, Followed by
another set of exercises for training and
self-assessment.

dodds 1.3

e BE @ el AL Gl Bguw ¢ Jaddl lin
SRl o cxme Al Jldias! dxsS 9 ¢ bl ouad!
LAY e Judoull 1in desay ol (366 pllai
090 J o o e Aigae 898 6 O (ulud)!
o) lghos Jas- Jgb (e Bl Al oy 03 13)
(JEBYI dbs

OS2 i ey (o 8335001 9 OF Wlld e b
Jadl 8 g 98 LS ¢ diljie J8lg5 dlauls: lghind
S

oo o Bl Bl Oladie Olege Ologgie Hln
L0970 Jg> lgajeg cdlads Jgo Bl pial Led o
Ao Oblusd! alustiwl OLeSl 0dd dadod esaiy
JoV! hadll § abial) (@I daiY)l

oyl pggae JI Jadl e § @plaiiuw LT LS
el (po lgis I Lo 9 daall plu Yl o &Sl
Glyo 138 g o gl il Wiy Byl 9 ¢lgisyd
Jsw090dl bl euucml) &yl

9 Sgunal! § AiSandl &S5l ol e il
593 daz 9 &Syl dhuazdl J) Gylail WS sladdl §
@ S 3T Cdio g el o ) JladYI
cJmadill Agloall opyledll (o dsgareey Juaddl y5T

-G @il 9 Coyuild epyleidl oy (531 As gacea Lgals
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3.2 The axioms of statics

3.2.1 Axiom 1:

If a mechanical system is at rest and
subjected to two forces ?1 and f')z (Fig.
3.1), then these two forces have: same
direction, same modulus and opposite
directions.

Ol Wlbigads 2.3

11 dgud 1.2.3
dapls 6 9 Q9 Al (§ Ao Aoz SE13)
logd crisdll oila O ¢(3.1 JSl) (F) 9 (Fp) el
Q ovoglude g oLyl § ppiwSlaie 9 Joloell (i

XA

e dapls &Sl &S Aoz t 1.3 KA

Fig. 3.1: Static mechanical system subjected to two forces.

3.2.2 Axiom 2 :

If we add (subtract) a balanced system of
forces to (from) a system of forces applied
to a solid, the kinetic state ofthe latter will
not be modified.

3.2.3 Axiom 3:

The mutual forces between two solids (1)
and (2) are always of: same direction,
same modulus and opposite directions
(Fig. 3.2).

12 dugaidi 2.2.3

595 Aoz (2a) J) Llgke (598 Alar (L) Lol 13)
25V 1y ASymdl Al O (o punr e ddalas
AR5 Y Yl e (&S

13 d2idd1 3.2.3

logd Lagd 0952 (2) 9 (1) ok o Okl OU gl
M‘) O@}" L:g W‘abj 5»\-&}." L’“& d.nl:dl uﬂ-a..!
(2.3
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IFy/z || = [[Fon |

(2) 9 (1) o o OWaLie GGgh : 2.3 Sl

Fig. 3.2: Two mutual forces between two solids 1 and 2.

3.2.4 Axiom 4 :

The dimensions and the shape of the solid
play no role in the statics of the perfect
solid, that is to say that if a given force
system is balanced on a solid, it remains
balanced also on any other solid.

3.2.5 Axiom 5:

If a deformable body is in equilibrium, it
also remains in equilibrium after
solidification (Principle of solidification).

3.2.6 Axiom 6:

The resultant R of two forces F; and F,
applied to the same point P of the solid S,

has its point of application at this same
point. Its modulus and direction are
determined by the diagonal of the
parallelogram built on these two forces
(Fig. 3.3).

14 dugood 4.2.3

4395l Do o 0135 Y bl prndl S g Slad
699 Aoz Cilgs 18] A (8T (Jliadl bl gl
e Ejlyie v B dlo o g o dddae
T o g

:5 &gl 5.2.3

Lo Ll B3l ge (s 4318 co gt B eun (3195 13
fare of dndiaidll Tuse) ddiall Al ) Jg=iy
(dpdazdl

16 dugaudl 6.2.3

(P) dats § Olidddas (Fy) 9 (Fq) oisd) (R) dasal!
cdladd ©I3 (Sl dads O 9SS ¢(S) Ao e 0
Olodz dlaxell 0da (guie 9 dosb .(P) dkaddl i
JSadN) sl il Agall gAY (Silgie sk
(3.3
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() P

MDY (Sl gie Bueld 1 3.3 i

Fig. 3.3: Parallelogram rule.

3.3 Mechanical connections
3.3.1 Free solid and bound solid
3.3.1.1 Free solid

A solid is said to be free if it can make any
movement in space.

Each movement in space, can be
considered as one or a composition
among the following six movements
(Table 3.1):

S8l eUogll 3.3
il Clall g el Cdiall 1.3.3
ol Clall 1.1.3.3

8 &> b pldll aBal O 13 e caball OgS
sLadll

s gazmo (po WSy ol Bulg Lef esliadll 3 a&Sy> S yias
(1.3 Joull) bl Candl 2l y0

sbadll § LSeodl OByl 11.3 Jodan!

Table 3.1: Possible movements in space

Translation along the Ox axis Rotation around the Ox axis

T 0x 397! 339 duloeud! &S)> Ry 0x y9oeodl Jg=> dlygo 3Sy>
T Translation along the Oy axis = Rotation around the Oy axis

g 0y s97all 339 Aol 4Sy> g 0y s37adl Jg> &ly90 45)>
Translation along the 0z axis Rotation around the Oz axis

e 07 3ol 339 dnloxudl dS)> e 0z 92l Jg=> ddlygs 4Sy>

These movements are exposed in the (Fig.
3.4). A free solid can make all these
movements. It is said that it has 6 (six)
degrees of freedom.

ol 5Ses (4.3 L JSA) G OByl sdn oyl
do) Of Ji .yl 00D auazms pois OF y2l Cluall
Aoyl o Wl (E) 6
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Z 4

- badll § Wyadl el : 4.3 JS&JI

Fig. 3.4: The basis of movements in space .

Example 3.1

The object in the form of a square marked
by the letter A was initially centered at
the origin, then it was moved to the point

1.3 Jle
OF A Oyzdl plas pope digd (o A I el
P dadll wie aubgdl 450,25 039 |odl wis dladl §

P (Fig. 3.5). (5.3 .J5ad)
What are the possible movements to | ol euunl o Jid oSy oSendl Sl (2l
. . ”
achieve this displacement? SaaSI
z[
y
Fig. 3.5 5.3 Jsadl
Solution: =l
P ASanll Iyl

Les mouvements possibles sont :
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Movement (1)

‘ T,+Ty,+T,+2R,+R, ‘

(1) &=

Movement (2) ’

3.3.1.2 Bound solid

Asolid is said to be bound if itis in contact
with other solids. These will partially or
completely prevent it from moving. For
each link corresponds to two numbers:

3.3.1.2.1 Degree of bonding

This is the number of movements
prohibited by this link.

3.3.1.2.2 Degree of Freedom

This is the number of movements allowed
by this link.

3.3.2 Types of mechanical joints

In solid mechanics, there are 11 types of
bonds. In order to detail them with their
balances of movements and reactions, we
will assume that two solids S; and S, are
in contact and that the frictional forces
are negligible.

3.3.2.1 The embedding

In this type of joint, the solid S; is
embedded in the solid S, (Fig. 3.6).Itcan't
make any movement. The degree of this
bond is 6 and its degree of freedom is 0.
The bilan of movements and reactions as
well as the degree of freedom and joint
are summarized in the (Table 3.2).

T,+T,+T,+R,

‘ (2) &=

il Cbal 2.1.3.3

pluzrl Maio O 13 Jadye &l o puur o8 JWs
O A5yl 8 WS of Lhar it Al Lo .53+ o
Opdds Wyas Jlall of byl U J

ztla,:b.ﬂ d>)>1.2.1.3.3
Al 00D s ds giaadl WSyl Dus 92

Lyl d>y0 2.2.1.3.3
abab.)l ol 3939 bjw| Qs_)z.ll dde gd

(<duogll) Jaslg i g1gil 2.3.3
0o eg3 (11) e -l dzrga il ol 0580
oz lghoaldl J2i oo ESOB) Olog!
(S1) o craownsr (el pias olgladl 993y 9 Syl
logi S $98 Jadl (S7) 3

(G by dogll) ol 1.2.3.3

Pl it (S ) cabsall 053 Il o0 il Mt §
$b psiy Of aey ¥ (6.3 JSI) (S5) bl @
(0) lgioy> 4233 9 (6) (P O3 Ayl 04 Ay . AS >
9 Ayl Ao 145 9 JWdYI 093 9 Syl dasel
(2.3 Jguaadl) § ddpe dlaalyll ey
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-t v

.ELAJ.S}" Aoy

16.3 S

Fig. 3.6: Embedding linkage.

gl dogl JdVI 393y 9 &Syl das 2.3 Jgdax!

Table 3 2: Bilan of movement

- reaction of the Embedding

48 yoell Agasell JadYI 293y dlya> Ayl JI dyd oyl Ay
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
doladl | ddlygd 89 3
Translation | Rotation | Force | Moment
x 0 0 1 1 6 0
y 0 0 1 1
z 0 0 1 1

3.3.2.2 Pivot (Cylindrical joint)

In this type of joint, the solid S; can only
rotate in the solid S, about the Ox axis for
example (Fig. 3.7). The degree of this
bond is 5 and its degree of freedom is 1.
The bilan of movements and reactions as
well as the degree of freedom and joint
are summarized in the (Table 3.3).

Qlokaudl yg2ei) 2.2.3.3

299 Of Jadd (8'1) caball oSy Jaslg oy g9l 1o 3
(7.3 JS&1) Yo Ox sl Jg=> (S2) bl S
(1) o> dxpd 9 (5) (P 03] dall odd dxyd
9 Ayl &> 138 9 JWdYI 093 9 ASyedl duas!
/(3.3 Jgunll) 3 dipe dlalyll dzys

F
4z z L
;—-H:I:H— (19‘; )éﬁ ;
® hJ

REIPV- RV RPEIN]

oy 17.3 Sl

Fig. 3.7: Pivot (Cylindrical joint).
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le‘;’l‘)_gz&’.ﬂ Ao o JndYI 393y 9 Ayl dhas & 3.3 Jguxl!

Table 3.3: Bilan of movement - reaction of the Pivot (Cylindrical joint)

&Syl Az sl 090y A | dslyl dys oyl dazyd
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
dobeud! | ddlygd 89S Py
Translation | Rotation | Force | Moment

X 0 1 1 0 5 1

y 0 0 1 1

z 0 0 1 1

3.3.2.3 Slide daJriall 3.2.3.3

In this type of joint, the solid S; can only
slide in the solid S, along the Ox axis for
example (Fig. 3.8). The degree of this
bond is 5 and its degree of freedom is 1.
The bilan of movements and reactions as
well as the degree of freedom and joint
are summarized in the (Table 3.4).

oy OF (87) iall e Jaslg o gl 1 (3
JSaI) Mo Ox H97=adl 339 (S2) Gl Y15 Jadd
(1) Wgoy> 23 5 (5) 03] Alatyl 0 iy (8.3
9 Ayl dxys 1S g JdI 293) 9 A8yl duasl

(4.3 Jgunll) @ dbpe Ayl dzys

o

b 2

Aaljell oy :8.3 S

Fig. 3.8: Sliding joint.

el Ao o JadVI 59y 9

Syl dlas 1 4.3 Jound!

Table 3.4: Bilan of movement

- reaction of the Sliding joint

ASyou) Ayasell JdYl 399y dlyas> sl I Ao doyzdl Ay
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
dolewd! | ddlyed B Py
Translation | Rotation | Force | Moment
X 1 0 0 1 5 1
y 0 0 1 1
z 0 0 1 1
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3.3.2.4 Sliding pivot

In this type of joint, the solid S; can rotate
in the solid S, about the Ox axis for
example as it can slide along this axis too
(Fig. 3.9). The degree of this bond is 4 and
its degree of freedom is 2. The bilan of
movements and reactions as well as the

GlAedl Jlglaudl Hgoai)l 4.2.3.3
J313 59 OF (81) uall (S Jaslg 1 (po ol 1o 3
LS (9.3 JSidl) s Ox yg=adl Jg=> (S3) sl
P O3] dalyl 0dd s Lanl didy Corwdy OF Sy
JWdYl 293) 9 &Syl Aazdl . (2) s> 23 9 (4)
Joddl) @ Abype Al Ay 9 Lyodll dzys 1S g

degree of freedom and joint are (5.3
summarized in the (Table 3.5).
AT 2 z
P e
t v ¥
@3l Glglasd)l jgoeaill Aoy 19.3 S
Fig. 3.9: Sliding pivot.
Gl ‘;g".hwg)” D9l Ao ) JadVI 593y 9 ASydl dhas : 5.3 Jgdxd!
Table 3.5: Bilan of movement - reaction of the Sliding pivot
A8yl dball JdYl 398y Ayas Aaslyl Ay dyzl Ay
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
Gbead | Adhes | 8 | e
Translation | Rotation | Force | Moment
X 1 1 0 0 4 2
y 0 0 1 1
z 0 0 1 1

3.3.2.5 Finger ball joint

In this type of joint, the solid S, can rotate
in the solid S, only around the two axis Ox
and Oy (Fig. 3.10). The degree of this
bond is 4 and its degree of freedom is 2.
The bilan of movements and reactions as
well as the degree of freedom and joint
are shown in the (Table 3.6).

209 93 59,81 9! 5.2.3.3

add 5900 0 (§1) biall oSy Jaolg ) (0 g9l 12 3
Mo Oy 9 Ox 0370 Jg= (S72) bl J51> Jg=>
dmys 9 (4) P 03] daily) sl dzys .(10.3 JSa)
A2y 198 9 JdYI 593) 9 &Syl Aadl .(2) gy
(6.3 Jganll) § dxiye dalyll dzyd 9 &yl
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20V 93 (59,51 Hgmaidl Aoy 110.3 i

Fig. 3.10: Finger ball joint.

a3 59,1 Hgzmaill Ao gd JadYI 593) 9 ASymdl Ama : 6.3 Jguonl

Table 3.6: Bilan of movement - reaction of the Finger ball joint

48yl ddmal Juddl o9y dhuwa | dalyl dexyd oyl Ay
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
dolbewd! | dgled 8 Py
Translation | Rotation | Force | Moment
x 0 1 1 0 3 3
y 0 1 1 0
z 0 0 1 1

3.3.2.6 Helical joint

the rotation of the solid S, inside the solid
S, about the axis Ox for example,
generates its displacement along this
same axis (Fig. 3.11). In this case, one of
the two movements depends on the other.
The degree of this bond is 1 and its degree
of freedom is 5. The bilan of movements
and reactions as well as the degree of
freedom and joint are summarized in the
(Table 3.7).

A9kl Ao gll 6.2.3.3

s 01 (S1) cabiall oo Jalayll 5o £33 140§
LS <0y 9 Ox (gl 339 N3 9 (S;) uall G2
0290y «0x ENI yglxall Jg> Ll yous OF diSes
d=>y3 9 (2) P O3] daulyl odd d>yo L(11.3 JSadI)
oo 1S 9 JadNl 093) 9 A8yl Ahazell . (4) gy

(7.3 dsal) § Ao Al 3 o

=
=t

L, &

x y

Fig. 3.11: Helical joint.

A g3kl Ao gll 111.3 JSKaJ)




ddgploel Ao gl JdYI 393y 9 dSyoell dhuas 1 7.3 Jgid!

Table 3.7: Bilan of movement -

reaction of the Helical joint

&Syl Az sl 090y A | dslyl dys oyl dazyd
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
dobeud! | ddlygd 89S Py
Translation | Rotation | Force | Moment
X 1 1 0 0 2 4
y 0 0 1 1
z 0 0 1 1

3.3.2.7 plan-plan joint
In this type of joint, the solid S, can slide

on the solid S, along the axis Ox and Oy
as it can rotate around 0z (Fig. 3.12). The
degree of this bond is 3 and its degree of
freedom is 3. The bilan of movements and

SFume Sgiuwn duo9 7.2.3.3
oy OF (1) cabiall oSy Jaslg i o0 g9l 10a 3
JSSdl) Wie Oy 3 0x 970 B39 (S7) Al G
ol A3 .0z Hgoeadl Jg= Houb Of 4Ses LS ¢(12.3
A8yl dhuazd! . (3) gy A2y 9 (3) (P 03 Al
dye Ayl dzyd 9 doyoedl dya 1S 9 SVl 399y 9

reactions as well as the degree of freedom (8.3 Joi=l) &
and joint are shown in the (Table 3.8). )
z 4z
—= <=
(S P (S ghume dlyog 112.3 S
Fig. 3.12: Support Plan Plan.
Sgiuuns S giume Auog) JLadYI 593 9 dSyol dhmas : 8.3 Jgudon!
Table 3.8: Bilan of movement - reaction of the Plan Plan
ASyou) Ayasell JdYl 399y dyas> sl I Ao doyzdl Ay
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
dobewd! | ddlygd 89S Py
Translation | Rotation | Force | Moment
x 1 0 0 1 3 3
y 1 0 0 1
z 0 1 1 0
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3.3.2.8 Ball Joint (Spherical)

In this type of joint, the solid S; can rotate
in the solid S, around the three axes Ox,
Oy and Oz (Fig. 3.13). The degree of this
bond is 3 and its degree of freedom is 3.
The bilan of movements and reactions as
well as the degree of freedom and joint
are summarized in the (Table 3.9).

9y ygoeail 8.2.3.3
oy OF (87) il oSa Jaolg Il (oo g9l 1 3
JS&I) Wao 0y 9 Ox 970 B39 (S2) Al 393
odd Ay .0Z ygmeadl Jg> youb OF 4Ses WS ¢(13.3
A8yl dhuazd! . (3) gy A2y 9 (3) (P 03 Al
diye daylyll dzyd 9 dyyedl dzyd 1S 9 JWadYI 599) 9

(9.3 Joua=ddl) &
7 F
= x: v
» ¥
595 ygoaddl Aoy 113.3 KA
Fig. 3.13: Ball Joint.
S ygoeatdl Ao gl JadI 393y 9 Ayl dlbuas : 9.3 Jodoxl
Table 3.9: Bilan of movement - reaction of the Ball Joint
Ay dlaz| JdYl 299y Aya> daylJl dyo Lyl doyd
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
dobewd! | ddlygd 89S Py
Translation | Rotation | Force | Moment
x 0 1 1 0 3 3
y 0 1 1 0
z 0 1 1 0

3.3.2.9 Linear rectilinear

In this type of joint, the solid S, can slide
on the solid S, along the two axes Ox, and
Oy as it can also rotate around the axis Ox
and Oz (Fig. 3.14). The degree of this bond
is 2 and its degree of freedom is 4. The
bilan of movements and reactions as well
as the degree of freedom and joint are
summarized in the (Table 3.10).

dosdiuns dias-9.2.3.3

oy OF (1) caball oSy Jaslgll oo g9l a3
JSK&l) Mis 0y 9 Ox (y9=e 339 (S2) aall 39
0 A3 .02 yg=eell Jg> yous OF aSes WS ¢(14.3
A8yl dhuazd! . (4) gy A2y 9 (2) (P 03 sl
diype daslyll doryd 9 doyzdl dexyd NS 9 JW3l 393 3

(10.3 Joudl)
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Aol dxdasd! Ao )l 114.3 JSEI

Fig. 3.14: Linear rectilinear Joint.

dosdiunal! dudasl o gl JladV 593y 9 dSyoell dhuas> : 10.3 Jgux!

Table 3.10: Bilan of movement - reaction of the Linear rectilinear Joint

&Syl dya| JadYI 293y dlya> Ayl JI dyd oyl dyd
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
doladl | ddlygd 89 3
Translation | Rotation | Force | Moment
x 1 1 0 0 2 4
y 1 0 0 1
z 0 1 1 0

3.3.2.10 Annular linear

In this type of joint, the solid $; can rotate
in the solid S, around the three axes Ox,
Oy and Oz as it can also slide along the
axis Ox (Fig. 3.15). The degree of this
bond is 2 and its degree of freedom is 4.
The bilan of movements and reactions as
well as the degree of freedom and joint
are summarized in the (Table 3.11).

ddl> dudas 10.2.3.3

J313 59 OF (1) duall oSy Jaslg 1 (po ol 1o 3
<0z 9 0y «0Ox S y9lxall Jg= elld 9 (§2) b
JS) Mie Ox syl 339 Camady Of diSey WS
oy 4>y 9 (2) P O3 Aty od d>yo .(15.3
&yl dzyd 10S 9 JadVI 593y 9 Ayl dmaxl! .(4)
(11.3 Jgaadll) § dbye daslydl dxyd 9

B

il ddasell Ao gl 115.3 Sl

Fig. 3.15: Annular linear Joint.
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Al dudasdl Ao gl JadYI 393y 9 ASydl dlbua : 11.3 Jouxl!

Table 3.11: Bilan of movement - reaction of the Annular linear Joint

&Syl Az sl 090y A | dslyl dys oyl dazyd
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
dobeud! | ddlygd 89S Py
Translation | Rotation | Force | Moment
X 1 1 0 0 2 4
y 0 1 1 0
z 0 1 1 0

3.3.2.11 Punctual joint

In this type of joint, the solid S, can slide
on the solid S, along the two axes Ox and
Oy as it can also rotate around the three
axis Ox, Oy and Oz (Fig. 3.16). The degree
of this bond is 1 and its degree of freedom
is 5. The bilan of movements and
reactions as well as the degree of freedom
and joint are summarized in the (Table

dxdaidl Ao gl 11.2.3.3

oy OF (81) ekiall oSos Jaslgll oo g9l i 3
LS <0y 9 Ox gg==all B39 N3 9 (S2) cball B9
0z 9 0y «Ox S Holxall Jo9> hbfi)jdg ol EH oY)
dryd 9 (2) P O3] dlalyll odd A=y (16,3 JSi)
Aoy IS 9 JWwdY1 593) 9 &Syl dbuadl . (4) Wiy

(11.3 Jgaandl) § diiye ddaylyll dzys g oyl

3.11).
Y ¥ |

47

Adai)l Ao gll 116.3 JSAI

Fig. 3.16: Punctual joint.

dudadill duo gl JladVI 393y 9 ASyaedl dbuas : 12.3 Jguxl

Table 3.12: Bilan of movement - reaction of the Punctual joint

&Syl Abyasel| Jd 293 dha> daslyll dzyd doyzdl daryd
Bilan of movement Bilan of reaction | degree of joint | Degree of freedom
dobewd | Adlygd 8 Py
Translation | Rotation | Force | Moment
X 1 1 0 0 1 5
y 1 1 0 0
z 0 1 1 0
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Example 3.2
We apply three forces F, = 20k, Fz = 10
and F; = 57 on a beam of length L, which

weighs P = 15k N and is recessed at the
point O (Fig. 3.17). Determine the
reaction to embedding point 0.

2.3 Jbe
F¢ =)3(Fp = 10]) (F; = 20k) 95 &5 s
9 (P =15k N) Wl 5 «(L) Wb Laje Je (5T
3 o +(17.3 . JSa) (0) daisdl wis p8>L dxode

(0)z kY Al Lis Jadll

VA ; ; i
4.__3_1:7:1’__»?4 ______ ‘_l-_ m____.’;4____5_m___’;
Fy | |
| F i
) : B: : >y
A ¢ B / C
x Fe
Fig. 3.17 17.3 JSad

Solution :

The beam is submitted to the action of the

three forces FA , FB, FC and its weight P
appliqué applied in ¢ and has the
reaction in O which is composed of a force

R and a moment ﬁo such that:

3]
SN g8l § Adaiall JudVI (59a) dp)lall ayasei

((G) daidl wis Gaaall (P) Wl 9 (F) «(Fp) o(F )
diasell 9 (0) daididl wis JadYI 395y avass gl LS

1y (M) a3l 9 (R) 8ol &

- Rox . MOX
R = Roy Mo =| Moy
ROZ MOZ
0 0
04 = <3> F,= ( 0 ) M(F )0 = OANF,
0 20
- 0y /0 - 60
M(FA)/0:<3>/\<0> M(FA)/():(O)
0 20 0
0 0
0B = (7) Fp= (10) M(Fg),0 = OBAFp
0 0
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. 0 0
0 0

0

—_— 0 —
oC =12 Fc
0

- 0 5
M(Fe) 0 = <12> A (0)
0 0

. 0 . 0
0G = (6) P= ( 0 ) M(P),o = 0G\P
0 —15
. 0 0 ~ —90
0 -15 0

Since the beam is in equilibrium then :

(0B O9Sw Al 3 Lyl Of Ly

Ryy+5=0 = R,, =-5
F=0 R,y +10 =0 = R,, = —10
R,,+20—-15=0=R,, = —5
M,,+60—-90=0= M,, =30
My=0 M,, =0
M,,—-60=0=M,,= 60

So the reaction at point O is :

R~ (-10)

3.3.3 Axiom of linking

-5
-10
-5

For any bonded solid body, it is possible
to remove the bonds by replacing them
with the reactions.

Example 3.3
Apply the axiom of the connections on the

plane-plane support contact (Fig. 3.18).

10950 (0) daidl s Jadll 359 O3

o= (0 ) wm

Al 3Uosl ey 33.3
Laslg I W3] oSl 0 edardiye o gz ST 22l 0
Jaall 590 Ledludiuwl o

30
0
60

3.3 Jbwe
Sims uladl o ASIE)! C3bogl Ay Gabo
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Fig. 3.18

18.3 Jsad!

Solution :

We can omit the Solid S, in blue (Fig.
3.19) and replace it with the three
rections which are :

A force R, which prevents the translation
following Oz.

A moment ﬁx which prevents the
rotation around Ox.

A moment ﬁy which prevents the
rotation around Oy. (Fig. 3.19)

:J=d
JS1) 0 @31 g1 93 (85) cuall CBiions o Loy
1AL BN JadYI 39343 daud 92 9 (18.3

(02) 3 PleudYl 50 (S1) Auall il (R,) 893
(0x) Js> Obl e (S1) Aball s (M) g3
(0y) s> Obgl e (S7) ! wias (M) 3¢

(19.3 J&d1)

Fig. 3.19

19.3 Jsad!

3.4 Equilibrium conditions

For a solid S to be in equilibrium, it is
necessary and sufficient that :

(35l 51531 Loy 4.3
5 ((055.0) 5155 B (8) b 0550
i b @iy Of asUl 9 y9 4all
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0

1N
M= @
=

( )ext 6

3.4.1 Three-dimensional system of
forces

The projection of the two equations (3.1)
and (3.2) on the axes of the spatial
reference frame, allows us to obtain six
equations:

(n
zFix - 0
i=1
n
<zFiy = 0
i=1
n
ZFiZ = 0
\i=1
rn
ZMix — 0
i=1
n
<ZMl‘y =0
i=1
n
ZMiz =0
ki=1

3.4.2 system of concurrent forces

In the case of a system of concurrent
forces at a point, the moment will be zero
with respect to this point, the equilibrium
condition is reduced to equations (3.3).

Example 3.4

In the (Fig. 3.20), AB is a wire attached to
the wall BD at B and AC is a wire attached
to the ceiling DC at C.

(1.3)

(2.3)

Sl AdM (599 Ao 1.4.3

el yolxe (Ae (2.3) 9 (1.3) adolas)! boliwl
b LS ¥l e e Jazes ¢ 3Liadl

(3.3)

(4.3)

43550 (S93 Aoz 2.4.3

By dad § dddlie ol lgd 0SS I Al §
b paise g daddl oyl dudll agie puass
.(3.3) Yol a.c}o:u ‘3 C)}lle

4.2 Jbe

Xis (BD) sl Juaio Js> (AB) €(20.3 . JS21) 3
.(C) % (DC) Gdudb Juain Jo= (AC) 5 (B)
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A weight Pis hung at A. the angles of AB
and AC with the wall and the ceiling are
respectively 6; and 6,. Calculate the

tensions 71 and 72 of the two wires.

Jesddl o Dogl (A) Al § Akna (P) gl & g
3 (AC) Js=d! o &gl e (0,) p Sl 5 (AB)
(T2) 9 (T1) ! ($5385 ol 1(67) (P adiaad!

Numerical application: 6; = 6, = 60°, - i
IP]| = 100 N |[P]| = 100 N <6, = 61 = 60° igsus grulas
D C

0,
B \
16, y
I A
Fig. 3.20 20.3 Sl

Solution : 2=l
The forces acting on the weight meet at | 4ds 94 dhaddl Le G Ugozel e 855001 (59l
point A, so the condition of rest is: 95wl b 0950

ZF:B

Let's project the forces in the plans (Fig.
3.21):

?1+?2+I_j=6

JSa) Sgimall pglme o DMl bliwl pods
:(21.3

||71||cosel> <—||72||sin92> ( 0 ) 0
<IIT1||sin01 [T,||cose, ) \=IIPll (o)

|T1||cos0; — ||T,||sin6, = 0
|T1||sin6, + ||T;]||cos6, = ||P||
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D y4 C
CH
| e
B \ L4
§ 62 02:/0,
""""" Al TR
. |
Fig. 3.21 21.3 Sl
By solving this system by the determinant 2 ddoeall A ylay 8dd pilolanl! Ao Jow gl
method :
0 —sin0, cosb; O
- |P|| cos6, ~ sin@, ||F||‘
1T+l = cosf, -—sind, 172l = cosf, -—sind,
|sin01 cosfO, |sin01 cos0,
sinf, cosf;

7l = oeas I 7] = coerggs I 26 = 16, - 6,
= _ Sinf; cos0, - _ cosB; . (—sind,
SR cos (00) Pl (Sin91) = T (00) IP] ( cos0, )

= 0.5 = —0.866
T: =866y go6) T= 50(" g5 )

3.4.3 Plane forces

In the case of a plane problem (for
example xOy), we will have three
equilibrium equations. Two equations
related to the sum of the forces:

dgiuall 598! 3.4.3
095 ¢(Wie X0y) Sgiunad! § S8l 0955 I Dl §
oo Ol QL] .Ojlgdl (o o Ylae A5G Ly

P S9Rll g gaxa

(5.3)
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An equation related to the sum of the

moments:

n
z_ﬁ/Pomt ( )ext

i=1 i=1

Example 3.5

A bar AB, of length L and weight P of
50 N, connected at A by a non-sliding
cylindrical joint and its end B, rests on a

simple support. A force F of 200 N acts in
its middle at an angle of 45° in the vertical
plane (Fig. 3.22). Determine the reactions
at the A and B ends.

: pgsall ggecmey dilatio dolaey

(6.3)

5.3 Jtw

(50 N) 4o (P) gt 5 (L) Wb «(AB) Lyl
3YP At Qlglaul Gr9me Jadens (4) die Aate
@l (F) 895 Sy Jals puleks Buius (B) les
W3 gl lgdsatie § didylall Je 55 (200 N)
(22.3 JSadl) Jo3Lad! sgiundl 3 (45°)

(B) 3 (A) ulgd! wis JadV 393 (e

y -

ARB

2
G B
) —— >
Z A F A x
Fig. 3.22 22.3 Ssadi

Solution J=dJi
O)lgdl b

The equilibrium condition :

yr-

— —

F+P+R,+Rz=0

\ Il =

Decomposing the forces according to the
reference R(4,1,7, k ):

cosO,
cos(AB)

o515 \

R(A, L], K ) plaoll o @580 ) S9! Jloms
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Ry, = 141.4N

-141.4 0 Ry 0 0 Ax .
—141.4 |+ | —50 | +| Ray |+ | Ry |=|0 R4y + Rpy = 191.4
0 0 RAZ 0 0 RAZ:()

AGAF + AGA\P + AANR, + ABARz = 0

N |

1(§)A(3%?3)+%<§)A<-§°)+() (Rﬂy) +()-(2)

0 0 0 M4y 0
-70.7 -25 Rp, 0 0

Rp, = 95.7N ‘ Ry, = 95.7N ‘ My, =0 ‘ My, =0
The reactions in A and B are: \ 1 2 (B) 9 (A) b Jwd¥l 390y
141.4 0 0o o0
A ( 95.7 O) B (95. 7 0)
0 0 0O 0
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3.5 Resolved exercises

Exercise 3.5.1

Two cables are attached together to a
point C which is loaded by a weight P of
400N, as shown in (Fig. 3.23). Determine
the voltage T:A in AC and 73 in BC in each
of the following cases :

20_917:-0 pr 5.3

1.5.3 ool
(C) daidi § lLgsamy a0 Olbgipe Olddas O
Z290 38 S ((400N) 0)43 U1 (P) J&b dasedll
9 (AC) Jed  (T) Sg¥ cne -(23.3 <) @

L oo A= 5§ (BC) Jel & (Tp) 555!
4w

Fig. 3.23

23.3 JSadi

Solution

All three cases of the exercise are similar
in (Figure 24.3). We project the three
forces onto the axes and we find:

Jod!

(24.3 JSad1) & L S o peill CY> guazr
oid Hgloeadl e SN (s 9dll bliwl pgds

Fig. 3.24

24.3 Sl
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0

yr-

(

||7A||sin0A

||7A||COSOA> N (—”73”00303) N (_

||TB||sinBB

|Tal|cosO4 — || T5|cos6s = 0
|T a||sin6, + ||T5||sin65s = ||P||

By solving this system by the determinant

D odoeall ddyhay 0ds (pidolacdl Ao Jou pgds

method :
0 —cosOg cos6, O

— |P|| sin6g = . |sin6, ||F||‘
ITall = cos@, —cosOg 175l = cos@, —cosOg

|sin0A sinfg | |sin0A sinBpg |
= cosOp - = cos0, -
Il = s o P I7sll = s g g5 1P

= cosOp = cosO,

_ = cosGA)
o= sinta 1925 1Pl (ime

Numerical application:

In case (b) the triangle (ABC) is right at
(C), we can verify this by the vitagoras
theorem.

sin@y, cosO, sin@gp | cosOp
(a) 0.8 0.6 0.6247 | 0.7808
6, =53.13° 05 =38.66°
sin@y, cosf, sinf@gp | cosOp
(b)
0.923 ‘0.3846 0.3846‘ 0.923

93

_ - —cosGB)
To= sncorson Pl (sinp,

P ous Gudas
WSey ¢(C) we @3B (ABC) Sl (b) Dl &
~osblid duoylais 3 (e 3ol

= _ (187.483 ~ _ (—187.483
2 (249.977) Tp = ( 149.928 )

= _ (141.994 = _ (—141.991
Ty= (340.771) Tp = ( 59.166 )




9A+HB :900

sin@y, cos0, sin@gp | cosOp
(c) | 0.6427 | 0.766 | 0.342 | 0.993
OA ar 93 = 600

Exercise 3.5.2

In the syteme of (Fig. 3.25), Calculate:
1. the angle 0 for which the two moduli of
the cable tensions are equal.

2. The maximum valu of force F applied in
C knowing that the maximum tension in
each of the AC and BC strings is equal to

Ty = (32372é.2 7258) Tp = (_13231?620238)
2.5.3 el

ful (253 S4) @ dmidsell Aol §
P9l 398 iogls (Soludl lglerl ye (31 (6) dogl)t .1
(C) wis dinao)l (F) 8ol Abghal dnatacyl dogdll .2
Sl Jo= S oy yig5 Bk (oadl Of Leke

.2500N
2500N.
BA = 500
0p = 20°
Fig. 2.25 25.3 Sl
Solution Jd!

1. The angle 6 for which ||T,|| = ||T5||

We apply the equilibrium condition and
project the forces onto the two axes:

ZF:B

ITall = [ITs]| tetxl o 1 (6) &gl Pl 1
203)3.7uﬂ Ao el ladud 9 O)lgll bo & udad

TA+T)B+F=6

||?A||cos6A —”?B”COSOB ||?||sin0 /0
(et (W) o
|T5||sin6g —||F||cos6 0

|T4||sin64
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ITall = 1T = (7|

||F||siné = ||T||(cos65 — cosb,) ... (1)
|F||cos6 = ||T||(sin6, + sindp) ...(2)

®
©)

cosOg — cos0,
sinf, + sinfp

tan@ =

c0s20° — cos50°
sin50° + sin20°

tan0 =

tan6 = 0.2679

2. The maximum valu of force F:
We express F as ||T|| from equation (1) or

(2)

I =

0 = 15°

;oM lghaziy OF oS (F) 89l Buis elast .2
(2) 51 (1) @staadt oo (|[T])) @Y (|[F|]) 0= S

||f||sin0

The maximum value of the tension
intensity of the two cords is :

|IT|| < 2500

cosOg — cosf,

(P okl 3 gl Buid dnelacl doydll

||?||sin0

<2500
cosOg — cosOy

2500(cosOg — cosO,)
< -
sin@

IF]

Exercise 3.5.3

A 600N block is supported by two cables
AC and BC (Fig. 3.26).

1. For which value of 0, the tension of the
cable BC is minimum?

2 . What are the values of the tensions of
the corresponding AC and BC cables

|F|| < 2867.88 N

3.5.3 oyl

(BC) 3 (AC) (o dilas (600N) ydd &g
(26.3 Js&d1)

(BC) Ja=d! 595 0950 ¢(0) doglill daid T S o0 .1
S oSes b il

9 (AC) pdl 3 cpighl dad Jswis 0SS (oS .2
S(BC)
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Fig. 3.26

26.3 S

Solution

1. The value of 0 for minimale ||7')B ||

Z?:B

Jodi

o yiol | Tg | et oo @1 (6) duglill dasd .1

||7A||cos60°) <—||TB||COSB> ( 0 ) 0
_ +{ = + sl =
<||TA||sin60° [T5||sine )~ \=IIP] (o)

0 —cos0 cos60° 0
= |||f;|| sin@ o |sin60° ||73|||
”TA” - |cos60° —cos6 ”TB” - |cos60° —cos6
sin60° sinO sin60° sinO
600cos0O 300

”TB” - sin (60° + 0p)

||TB || is minimal if:

sin (60°+60p) =1

2. The values of the tensions of the AC and
BC cables:

T» _ 600 X cos30° (cos600)
47 sin (60° + 30°) \sin60°

60° + 05 = 90°

96

75| =

sin (60° + 6p)

:0613) dyil || T

0, = 30°

H(BC) 3 (AC) o) § (25399 dud .2

= 300 (—c0530°)

To =
B~ sin (60° + 30°) \ sin30°



—

T, = (2598

449.973

(449.973) ¥

Exercise 3.5.4

Calculate the angle 6 and the force F
knowing that the modulus of the tension
of the two cables AC and BC is the same
and is equal to 750N (Fig. 3.27)

—259.8
150

~|

B= ) N

4.5.3 ¢pyed!
S¢S Bad ol Lle (F) 85l 5 (0) L)l oo
P legn S dad 9 Ologluds (AC) 5 (AC) kel
(27.3 Jx&d1) (750N)

Fig. 3.27

27.3 S

Solution

According to the exercise (3.5.2) :

||F||siné = ||T||(cos25° — cos35°)
|F||cos@ = ||T||(sin25° + sin35°)

Jdi
1(2.5.3) opyeid! domdls Jiiuwd

||F||sine = 750 x (0.08715)
|F||cosé = 750 x (0.99619)

6 =>5°

Exercise 3.5.5

Aforce F = 1007 + F,j+ F, k isapplied
at point C of a pipe ABCD (Fig. 3.27), its
momoent to O is

M, (F) =751 —140] + M, k.

Determine: F,, F, and M,.

|F|| = 750 N

—

65.3668
—747.146

( )N

5.5.3 (psedl

Wil § didae (F = 1007 + F, J + F, k) bgd
lesje ¢(27.3 X&) (ABCD) Jask @8l 0 (C)
32 (0) il 4wy

(M, (F) =75t — 140 + M, k)

(M) 9 (F,) (Fy) o
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vt D

B

C
45 cm

() L5

Al 40cm x

Z P
60 cm

Fig. 3.28

28.3 S

Solution

The moment of the force F with respect to
Ois:

3o (F) = OCAF

J=dl
190 (0) daiill &l (F) 8ol pe

Mo (F) = (0.6i + 0.45] + 0.4k)A(100i + F,j + F,k)

Mo (F) = (0.6 + 0.45] + 0.4k)A(1007 + F,j + F,k)

Mo (F) = (0.45F, — 0.4F,)i + (40 — 0.6F,)j + (0.6F, — 45)k

Compared to the data:

0.45F, — 0.4F, = 75
40 — 0.6F, = —140
0.6F, — 45 = M,

Exercise 3.5.6

A fixed crane has a mass of 1000 kg and
is used to lift a body weighing 2400 kg. It
is held in place by a pin at 4 and a rocker
at B. The center of gravity of the crane is
located at G (Fig. 3.29). Determine the
components of the reactions in A and B.

1O ldanall 45)laatl
F,=300N
F,=150 N
M, =45 N.m
6.5.3 og_,».ﬂl

(A) iads § dxe (1000 kg) \@liS dadly puseind
GiliS A go Jai Jali (wled (B) 9 Grgxe wlos
(G) daidl § ady dadly)) ol J&5 3S)e (2400 kg)
(29.3 Jsad)

{(B) 3 (A) oo S wie Jaddl 3y SlSye (ne
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1.5m
1 =
~2m 4m
Fig. 3.29 29.3 &I

Solution J=dI
The system is in the plane, so we only 203 WSy Joall UpdSH cdogiune Aol
work in two dimensions. .

19l Jog A etz 9 (30.3 JSKAT) (e o B
Starting from (Fig. 3.30) and applying the
equilibrium conditions:

Fig. 3.30 30.3 Jsad!
F=0 Z Mp=0
P+P +R,+Rs =0 Lo papan)® (ﬁﬁi) +() =)
Ray+ Rp, =0 R,y = 33354 N
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—M_)B(_P_)) + —M_)B(_P_),) + ﬁB(ﬁA) + ﬁB(ﬁB) = 6

BGAP+BCAP +BAANR,+BBARz; =0

(i) Mg (;) A_p3544) * (15) (ﬁg) +() 2 () = (o)

~19620 — 141264 — 1.5R,, = 0

Ry, = —107256 N | Ry, = 107256 N

e

Exercise 3.5.7

A homogeneous board AB with a length
| = 2 m and a weight ||P|| of 50 N rests on
two simple supports at € and D 0. 6m and
0.4m apart from A and B respectively
(Fig. 3.31).

Determine the reactions in € and D.

R, = (1070256) N

7.5.3 (el

Wi 9 (I=2m) Wsb (AB) duilxin d>g)
IS i (s pikiens 390 A3lgie ([|P|| = 50 N)
9(0. 6m) Bluws Oldas (! (D) 9 (€) cadaisd!l opo
(31.3 JS&dl) Jisdl Je (B) 3 (A) o= (0. 4m)
(D)3 (C) s JadVI 593y cne

Ya
0.6m , R, R, 0-4m
“------ »I Ij -->
-— —— — L4 =x
A AC (;L DL B
P
Fig. 3.31 31.3 Sl
Solution J=dI
Applying the equilibrium conditions: 1)l gl U & gudad

(o) (e () (o)
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Re+Rp=0..(1) M4 (P) + M4(Re) + MA(Rp) =0

Zﬁ,,:ﬁ

AGAP +ACAR,+AD ARy, =0

)l (3 )+ () ()0

0 0 0 0
( 0 >+< 0 >+< 0 >=<0> 0.6R; +1.6R, = 50...(2)
—50 0.6R, 1.6R, 0
0 0
R =30N R, =20N §C=<30> N ﬁD=<20> N
0 0

Exercise 3.5.8

The maximum value of each reaction in 4
and B is 200 N, their directions are
vertical and are directed upwards. The
two forces fD and FE have as modules 30
and 20 N respectively. Neglecting the
weight of the beam (Fig. 3.32):

1. Determine the interval of the values of
FC Who is fit to work the system.

2. Determine the reactions in A and B for

IFc|l = 150N.

8.5.3 (el
oalidl Wis Jadll $3) oo JS Abglal dnalacHl doydll
dgz 9 Y98 Lagin S (30 <(200 N) 2 (B) 3 (4)
(Fg) 9 (Fp) ofsill o J Bl Y1 920 Logho JS
(32.3 JKJI) <A e (20N) 5 (30N) (2

D> doglll a5 Jleal
ozd! Jox) gias 1 (F) Bl 8 Jlora .1
03 Lis (B)y (A) L JwdY 393y ol .2

(lIF¢]l = 150N)

ylk
- 2m 2m 2m 2m
R,T¢-------- bo--- ;- koo —
Fc Rp Fp Fg
AP — v ——
A C Ba D E Xx
Fig. 3.32 32.3 Sl
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Solution J=d
1. The interval of the values of F. .(F')C) 8ol Buds Jlxo .1

The maximum value of the intensity of {(B) Lewol) &l (FC) Blid daedacy! dosdl!
(I—fc) for the support B:

D=0 | FRe) + T F) + T (Fe) + —m(ﬁ,,) + 74(Fg) =0

— —_— —_—

AAANR,+AB ARy +ACAF;+AD AFp + AE A

"nl

0660 B-C-
(o) (8 (o) ()0

340 + 2F
4Rp — 2F; = 340 3_%
We put the condition that was given to us (Rp) 8 e W Jasl Ul b 4l auias
on the value of I_i’)B.
340 + 2F
Rz <200 3+ 2% 500 F,<230N

The maximum value of the intensity of

H(A) Kol sy (F ) Buizd dnatachl Aoyl
(F¢) for the support A:

Mo=0 | Fa(Ry) + alRe) + FalFe) + Wa(Fy) + Wn(Fi) =0

BAANR,+BBARy;+BCAF,+BDAF,+BEAF;=0

()] (e) ) (5) () ) )« 3) () o

La) () (e (50

2Fc — 140
4R, = 2F; — 140 ‘ ol

R, =
4 4
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We put the condition that was given to us

(R ) bus o W Jasl ()1 Jo bl pad
on the value of Ry,.

2F; — 140

R, <200 <200 Fo<330N

So the maximum value of the intensity F pladl (e Jadlos (I (F() 8uiad dnalachl daudll 03
that preserves the system is the smallest, 18l Lo yipol (2
that is:

Fc<230N

In order to find the smallest value of the | b i)l ap9 o (F¢) Buid &yiuo¥l Aol uoes §
intensity FC, the following condition must H(A) Sanadl Ja3 3y Je S
be on the reaction of the support A:

R,>0

This condition reflects the existence of

s (R ) J2ddl 3y 3929 s b 41 1
the R, reaction.

ZFC;JZO ‘ 2F;—140>0 ‘ Fc=70N
So the intensity domain of fc is: 1gR (FC) Bl Jlxo O3]
70 < F; <230
2. Cala_l)lation of the value of reactions | lLuis  Judyl 593 dd _)gl.uo 2
when ||F¢|| = 150N. (|[F¢]l = 150N)
e L I LU P Ry
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Exercise 3.5.9

Two homogeneous rods OA and OB of
lengths a and b respectively, of the same
density 4 connected at O, so that AOB
forms a right angle. The system is
suspended at O vertically (Fig. 3.33).

1. Determine the reaction at 0.

9.5.3 ¢yyed

WS s bgd Oldlxio (OB) 9 (04) OB
I Siste Sl e (b) 3 (a) WaYsb (4) duasl
Aozl 3laS 458 dgl) Olaual 9 (0) § Lgsan
.(33.3 JSid1) (0) i o W gdlL

(0) s Jaddl 3y 898 s .1

Bty gl oo O (B) 9 () dgly)l sl .2

2 . Find the angles a and f so that there is gl
equilibrium.
Ya
A5
Ro
¢ Vol % R
x G <Ly 66
a B \NGp * \
—_ l \\\4
PA FB \ B
Fig. 3.33 33.3 Sl
Solution J=di
1. Reaction at Point O: :(0) daddl s Jaddl 3y .1
By applying the first equilibrium P9 O3l o Bl IS (9
condition :
o 0 0 0 0
ZF=0 R0+PA+PB:0 RO ar _PA + _PB =10
0 0 0 0
Ro =P, + Pp

2. The anglesa and f3 :

By applying the second equilibrium
condition :

Zm=a

(B) 9 (a) (gl Gl .2
F I O3lgR o el N o

—ﬁO(FA) + —ﬁO(FB) + —ﬁo(ﬁ()) = 6
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OGA/\FA‘FOGB/\FB‘FO—O)/\I—?)O =6

N| R

—sina 0 b
—cosa |\N| =Py |+ 3
0 0

sinf 0 0
—cosﬁ) A (—PB) = (0)
0 0 0

0 0 0
aP sina —bPpgsinf 0

aP sina = bPgsinf

sina _ bPp

sinB  aPy,

The two rods are homogeneous, which
allows us to write :

mB_lb

mpg
my, Aa

my

The two rods form a right angle, so :

sina bmg
sinf  am,

&h&t’&uwm;um%u@hﬂ

bZ
sinf ~ a?

sina

a

1w oo ¢ a3 dgly OLBLLII i

sinfd = cosa

Finally we find : HRESTPEAP
bZ
tana = ?

Exercise 3.5.10 10.5.3 oyl

The end of a homogeneous scale of weight

P and length [, is pressed against a
perfectly smooth vertical wall and its foot
rests on the supposed horizontal ground
whose coefficient of friction is u (Fig.
3.34).

() dsb 9 (P) s puilwio ehd Dighall Lilgdl
A 35555 ddiud! dlgd g cloled kel Jasl> ) Buiiie
) (1) WK Jolae s lgmbaw dud)]

.(34.3

105



a. Determine the smallest angle a that the
scale can make with the ground to stay in
equilibrium.

b. will there be equilibrium if u = 0

Coon oVl ae ekl lgainas (@) gl yiuol cpe
g e adles
S = 0) W pheld 03195 S 0550 OF Sy J2 .0

Fig. 3.34

34.3 Sl

Solution

a. Determination of the minimum value of
a:

By applying
condition :

the first equilibrium

ZF:B

J=dl
1S eld! (B 3> (@) J dod yauol s
10190l JoV do Gl Bkt

F+ﬁA+§)B:6

() (5) ()2

By applying the second equilibrium
condition :

Zmza

R, = Rp,
P = RBy

1)l GUJI b A Gaudao

ﬁB(ﬁ)) + ﬁB(ﬁA) + ﬁB(I_iB) = 6

BGAP+BAANR,+BBAR; =0

0

[ [—cosa 0 —cosa R,
E( sina )A(—P>+l< sina )/\(0)
0 0 0

2

1 0 0

Pcosa R sina

3

P
"~ 2tana

Ry
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For the scale to remain in equilibrium, it

is necessary that: JEETIRYY
P 1 Rg.
Ry <R <
A= b ‘ 2tana ~ * 2tana ~ P
1 RBx 1 1 1
< <u tana = — a = arctan (—)
2tana = Rp, 2tana 2u 2u

Discussion of the equilibrium of the scale

ifu=0:

H(1 = 0) 0513] ehadl G5 dsdlio .

Of axid (n=0) 8V B 3 Lupge 13)

u = 0, brings us back to doglyy edead! Do) Sz Y &l pms 10 9 (@ > 11/2)

a>mn/2 that is to say that the scale
cannot be tilted with an angle a < /2.
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3.6 Additional exercises

Exercise 3.6.1

The (Fig. 3.35) represents a weight P,
hooked to three wires of the same length
I, which are themselves attached to the
vertices of a horizontal equilateral
triangle from the side a. calculate the

wire tensions according to ||75||, land a

ddLd| ()3 6.3

1.6.3 ¢pyed!
o 1) Jl D likaa (P) SUE3 (35.3 JSJ1) Jaa
Can Gl Dol date 391 31yl 9 (1) Jglal
(@) 4alp Jgb gD Sgluiio ilie g Losd JS&3

(@ s Le||P||) &9 e S 5igh Buds s

Fig. 3.35

35.3 S

Answer:

Exercise 3.6.2

The table shown (Fig. 3.36) weighs 30 Kg
and has a diameter of 1 m. It is supported
by three equidistant legs. A vertical load
with a mass of 100 Kg is applied at the
top of the table in D. Determine the
maximum value of a if the table should

not tilt.

T2l = Il = Il =

lp

———— H)| |
J3GE—a?) s
2.6.3 cppel

Wkad (1 1) Wykad 9 30 K g() eS8 aukiuns Builo
JSadl) eV (soludie blle JSKES ol AW e
daidl Wis (100 Kg) 4i Jo> lgd9d as) (36.3
¢339 Busledl U3 Y 3> (@) dasld dosd ST (e (D)

NOATSHT)
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Fig. 3.35

35.3 S

Answer:

Exercise 3.6.3

A table of negligible weight has the shape
of an equilateral triangle ABC with side [,
it rests perpendicularly on three legs
fixed to the vertices. A weight P is placed
on the table at a point distant from a on
the AC side and from b on the BC side (Fig.
3.36).

Find out which part of the weight will be
supported by the feet A4, B and
C respectively.

a=0.325m

HEIPY 5]

3.6.3 (el

EMDYI Goludke ko JSi g} ASUI dhaga Bl
I Wl Sl 229 § ¢(1) 4akidg (ABC) 4wy
6893 209 lgwsdy Ao Enhe Jorif &N o oY)
9 (AC) gl o () Blussy U2 dais § (P) Jis
.(36.3 JX&dl) (BC) gl = (b) dlunes

(C) 9 (B) <(A) Syt JE (po dhoxi U1 23281 S
Al e

36.3 S
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Answer: ZPb’ ZPa’ P (\/§l “2(at b)) 1olgxdl
V3l V3l V3l
Exercise 3.6.4 4.6.3 (pyed!

As indicated (Fig. 3.37), a force F of 455 N
is applied to the 6 m long pole ABC. The
mast is held by a ball joint at A and by two
cables BD and BE. For a = 3m,
determine the tension in each cable and
the reaction in A.

(455 N) o (F) 893 ¢(37.3 JS) dengy S
Wsb (ABC) dyld (C) dglall lgdl 3 didas
$95 s97mas (A) ol lgybo § W93l diin (6 1)
o da = 3m) J=1 50 ((BE) 9 (BD) ik 9

(A) K Jaidl 33138 g Juo= S § 55931 593 Bl

N

A

Fig. 3.37 37.3 Sl
. 260 . 130 _ —-195

Answer: Tgp=| —-520| N, Tgg=|—-260 | N, R,=11170 | N HEPe ]
—-520 260 130
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Exercise 2.7.5

The ACD Half-frame is supported by ball
joints at A and D and by a cable passing
through a ring at B and attached to the
hooks at G and H (Fig. 3.37). Knowing that
the Half-frame supports at point C a load
of 268 N, determine the two voltages TBH

and 736 of the cable.

5.7.2 opyedll

o0 S Wis (59,5 y9oeats Witdl oo (ACD) o) sl
(G) Ls Olgia 9 (B) s (o gase (e 9 (D) 9 (4)
LY Ciuad Jaiy (38.3 JSAI) gy WS (H) 9
Bl cne (268 N) diesd (P) i (€) daiidl wis 1o
o 3 (Tpg) 5 (Tpy) st

0.925m
Fig. 2.24 38.3 JSadl

Answer:

Tpy = 1207 + 240] — 240k A Tpe = —1607 + 296] — 128k

HEPE J]]
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Chapter 4
kinematics of the solid body
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4.1 Introduction

In this chapter, we study the Kkinetics of
solid bodies. Before that, we start with a
reminder of the quantities related to
motion, such as the position, speed and
acceleration of a material point and the
relationships that connect them, and then
we generalize this to a solid body that
forms a set of cohesive material points
among themselves.

the
the

4.2 Brief reminders
Kinematic quantities
material point

on
of

4.2.1 Trajectory

The trajectory (Fig. 4.1) of a moving
material particle M is the set of points
M(t;) occupied by M at times (t;) during
this movement.

dodin 1.4

Ji T el pludl &Sy (o) ¢ uadll 13 §
9 posal6 dSmlly Ailaiall yoliall s 88 U3
gy a3 @ BBl g dpote Aakid gyl 9 el
oo Aoz Sy G Gl gl (o 3 gaal @
s Lond aanlociall et ol

Lole)l dladsd) a..gs)."mﬁolﬁ.dlg Sﬁﬁ 2.4

el 1.2.4
degoze g2 ¢(1.4 JSJN) (M) aS)a’JAH dadidl Hluo

S 3 WS> I s @ (M(E)) by
()4

M(t) | m,)

M(ts)

o

L

M;'ts ) M)

v

(M) dSyxin ke dlads jluws :1.4 JSEJI

Fig. 4.1: Trajectory of a moving material point.

4.2.2 Position vector
It is the vector linking the origin of the

reference O to the moving point M at any
moment t. (Fig. 4.2).

egell plad 2.2.4
Syl daiily (0) phaollidews Juas g1 lakdl 9o

(2.4 J21) () A T § (M)
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M) M (tz)

M(t3)

IVI(ts)v

M(t,)

v

(M) &b dadsd apgall glak :2.4 JSEII

Fig. 4.2: Vectors positions of the point M.

4.2.3 Displacement vector
It is the vector linking the position of the

point M at the instant ¢ that is to say M(t),
to the position of this same point which is
in motion at the instant (¢ + At) namely
M(t + At) (Fig. 4.2).

Jsyl glais 3.2.4
(t) damlll § (M) daldl apgo Jasy I gladdl g2

Dy I guads dadidl 04D g0 J) ¢ (M(D)) 1
(3.4 JX&J1) (M(t + At)) 29 (t + At) da=ll §

M(t)
—h

M(t)M(t + At)

M(t + At)

»

o

TX

(t + At) 5 (t) osdaz o (M) daid JEsy! glads 3.4 JSad)

Fig. 4.3: Vector displacement of the point M between
the instant t and ¢t + At.

4.2.4 Average speed vector
The average velocity vector between two

instants t and t + At is the displacement
vector between these two moments per
unit of time. They have the same direction
and the same direction (Fig. 4.4).

dhawgioll dsdl la 4.2.4

92 ¢(t + At) 5 (t) cdasd o Aawginll ds pudl §lads
0950 . il B9 e cuidaselll (5l oy JLasY! glad
(4.4 &) olxiV! g Joldl o log)

114



A
M(t) M(t + At)
P P>
U v
0 >y

(t + At) 9 (t) s o dawginll de ol glad 14.4 JKEJI

Fig. 4.4: The average velocity vector between the instant ¢t and t + At.

. M(t)M(t + At)
VUmoy = At

4.2.5 Instantaneous velocity vector
The limit of the average velocity vector

Umoy between two instants t and t + At
when At is very small (At - 0) is reduced
to the velocity vector at instant t denoted
v(t), it is at any instant t tangent to the
trajectory in M(t). (Fig. 4.5).

v(t) = EE}) VUmoy

~ _ M@®M(t + At)
=R
~ _ OM(t + At) — OM(t)
v(t) = lim

At—0 At
30 - 2™ _ G
ST T

(4.1)

dylaselll ds pudl §lai 5.2.4

8 (Vinoy) dawgiall depdl plaks 4d] Joi2 L 92
(AL) Go3)! Jlmall 0550 bodis (& + At) 9 (t) cpodad
S (T(1)) Jidl dg (AL — 0) Tl Lndo Logias
bolos dasd & 3 0909 o(t) das) § ds il plais
(5.4 JS&1) (M (D)) dadl 3 sluwld

(4.2)
(4.3)
(4.4)

(4.5)
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Ya
v(t)

vat)/v

o

> x

(£) dlad § Jasell Al plads 15,4 (I

Fig. 4.5: Instantaneous velocity vector at instant ¢.

4.2.6 Average acceleration vector

The average acceleration vector between
two instants t and t + Atis the variation of
the velocity vector between these two
moments per unit of time. (Fig. 4.6).

. v(t + At) — V()
Aoy = At

bwgiall &yl glais 6.2.4

9 (t+ A) 9 (£) oedasd om awgied! gLl plads
& ol Wil (o ddaselll de il glads (§ sl
(6.4 1) (peill w9

(4.6)

v(t)

v

»
»

(0]

X

(At) 9 () s (o Jawgiadl gLl §lad 16.4 JSEI

Fig. 4.6: Average acceleration vector between the instant ¢ and t + At.

4.2.7 Instantaneous acceleration
vector

The limit of the average acceleration
vector Zim,,y between two instants t and
t + At when At is very small (At - 0) is
reduced to the acceleration vector at
instant t denoted d(t).

glé.am SHludl glad 7.2.4
(amoy) ‘h'“‘y'“"" &)L““m sl 8’-‘”“ ad) Jos b 92
o3l Jlmall 09 s (t + At) 9 (t) owdaxd o
(@(1)) Sl iy (AL — 0) ST 1uz i Logis (AL)
.(t)&.&:dé bl & lads pia
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ac) = EZH’) amoy (4.7)

V(t + At) — v(t)

a(t) = li 4.8
H = At (4.8)
N _ d'l_?)(t) _ dW _ =2 - (4.9)
a(t) = o oM

4.2.8 Tangential acceleration and B! g)ludl 9 (gulonll gyl 8.2.4

normal acceleration
8 4552 O Com cddasdlll de ! plads Bl Wis
In deriving the instantaneous velocity
vector, account must be taken of the | § onkid .dabxil § 9 Al § Gl opis Hlas)!
variation in its modulus which | i L
generates a tangential acceleration QG ot Lai Jluall gleoll Pludll Wy s
component and the variation in its | . e s3g0all ‘éi AU gLl i sl
direction which produces a normal

acceleration component (Fig. 4.7). (4.7 .S58 Al Al G 3

ar(t) = Lllt”ur (4.10)
33112
v

() = IIRII N (4.11)

o >y

Gl g duuolonll disSyo 9 Jaselll gyl glads :7.4 JSEJI

Fig. 4.7: The instantaneous acceleration vector and its components.
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Example 4.1
The three-dimensional motion of a

particle is defined by the position vector:

1.4 Jbw
:L»,l‘g lafdﬁn elLxall L3 Hyoeis dadd (b ge &la.fb

7(t) = (2tcost) T + (4t —5)] + (2tsint) k

Where 7(t) and t are expressed in meters
and seconds, respectively.

1. Show that the curve described by the
particle is located on the hyperboloid :

¥ +5)*
2 .Determine :
a). The velocity and acceleration of the
particle att = 0.
b). The instant t for which the position
vector and the velocity vector are
perpendicular.
).

components of acceleration.

The two tangential and normal

d). The radius of curvature.

Solution

1. The curve described by the particle:
We have:

x = 2tcost

y=4t-5

A Lo AW 9 AILS Olydde (E) 9 (F(1)) S

93 Wl adadlly dusme dSymmiall dladidl Hluws OF cps -1
t dolao!

4(x* + z%)
e 2

(t = 0) dasll wie gLl g deudl (lads (i

glad 9 depudl plad lgd 090 I (t) daxll (o

Ol i &)L“:dl
AUl g dusslonl &)me MJA(C

byl yad Cayai.(

Jod!

148)ouiall dladidl dewys S aeiadl 1
o

z = 2tsint

2

(f) = (tcost)?

)

2

2

(E) = (tsint)?

2
=t 2

2
) -
4
2 . a. The velocity and acceleration of the

particle att = 0:
We have:

(y+5)? = 4(x?® + 2%

it = 0 dasll wie Ayl dadidl gyl 9 depw . 1.2
o
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B(t) = 7(0) B(t) = 2(cost — tsint)i + 4] + 2(sint + tcost)k

v(0)=21+4 m/s

act) = v(t) a(t) = 2(—2sint — tcost)i + 2(2cost — tsint)k

d(0) = 4k m/s?

2.b. The instant t so that 7#(t) L ¥(t): T(t) L V(1) b 09 I daxlll 0.2
We have: HVIRY)

7(t) L ¥(t) = 7(t).v(t) =0

4t cos*t — At*sintcost + 16t — 20 + 4 t sin’t + 4t%sintcost = 0

20t—-20=0 t=1s

2 . c. The components of the acceleration Rl glads Sy 7.2

vector :
- dl[v|l _, . RV . 2
ar(t) = g Ur IB®)|l = J(2(cost — tsint))” + 16 + (2(sint + tcost))
JETs G = —~ 3
v(t)| = 24Jt2+ 5 a = u
lv@®ll + T N T
IPn @Il = VIF®I2 — [[7r(D)]I2
- 2 2 2t \?
lay@®Il = [(2(—2sint — tcost))” + (2(2cost — tsint))” — ( > 5)
t- +
2t t* + 8t2 + 20
day(®|| = 16+4t2—( ) a =2 |————
llay @Il \/ Tt llay @l \/ 215
2.d. The radius of curvature : Dlunedl sl yhad Caual 0.2
- B> @1
” N( )” R IIaN(t)II
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4(t* +5)

2Jﬁ+8ﬂ+20
t2+5

4.2.9 Polar coordinates

In certain situations, in plane motion,
the position M of the particles is defined
by its polar coordinates r and 6 (Fig.
4.8).1tis then appropriate to express the
velocity and the acceleration of the
particle in components parallel and
perpendicular to the radial line OM.
These components are called radial and

transverse components.

2(t2 +5)
t* + 8t2 + 20

dudadll OLSIW>Y19.2.4
oS o cdgiuell &yl (§ e WY 3
Wil NS oo (M) dSyoiall dadidl apge
oo A @3 (a9 (8.4 JK&I) (0) 9 (1) dudaidl
Eludy Aoy goge dail oo pn OF Culiadl
501 e B3gass Dilge xiSyes ASyoniall daid
dyladlly Syell (BB eud (OM) Gyl

v yallg

Bi>gll daiil g dudad)l CLSIU>Y! :4.8 JSEdI

Fig. 4.8: Polar coordinates and unit vectors.

4.2.9.1 Position vector

7(t) = ru,
4.2.9.2 Velocity vector
v(t) = 7, + rouy,

4.2.9.3 Acceleration vector

o9l glad 1.9.2.4
(4.12)
s aull £lad 2.9.2.4

(4.13)

&bl §lad 3.9.2.4
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a(t) = (i —r6*)u, + (r0 + 216)u,

Example 4.2

The rotation of the arm 0OA of length
l = 0.9m around O (Fig. 4.9) is defined
by the relation: 8 = 0.15t?> where 8 is
expressed in radians and t in seconds.
The collar B slides along the arm in such
a way that its distance to O is:
r =0.9—-0.12 t%, where r is expressed
in meters and t in seconds. Once the 04
arm has rotated by 30°, determine :

1. The total speed of the collar.
2 . The total acceleration of the collar.

3 . The relative acceleration of the collar
with respect to the arm.

(4.14)

2.4 Jbe

(0) &adidl Js> Jouki (L = 0.9 m) Web (04) gy
iolae el WYL Baiie dglp (9.4 JSEJI)
A5BL (£) 9 OLoIYL By (0) o (6 = 0.15¢)
9 Ay Bluad! 0985 Sz eI 339 352 (B) Gl
Bydde (1) Cu> (r = 0.9 —0.12¢%): 2 (0) o
¢(30°) Dght wie glyddl O950 Lo AL (£) 9 AsdL
e

.Bglal LS de i .1

.Gglall I g4I .2

EHW Al Golal) (gl a3

Fig. 4.9 9.4 S|
Solution Jd!
1. The total speed: 14801 de ! L1
vB(t) = 7, + rOu, v(t) = (0.24t)u, + (0.9 — 0.12t>)(0.3t)u,
() = (0.24t)u, + (0.27t — 0.036t3)u,
2. The total acceleration: S ludl .2

121



a(t) = (i —ré®)u, + (r + 216)u,

da(t) = (0.24 — (0.9 —0.12t3)(0.3)»)u, +

((0. 9 — 0.12¢2)0.3 + 2(0.24¢)(0. 3t))fig

@(t) = (0.0108t* — 0.081¢% + 0.24)%, + (0.108¢% + 0.27)7i,

3. The relative acceleration of the collar
relative to the arm:

The movement of the collar relative to the
arm is rectilinear and defined by the
coordinate r, so:

dpoa(t) = iU,
4.3 Kinematics of the solid body

4.3.1 Definition of an undeformable
solid

An undeformable solid S is the
mathematical model which represents a
set of material points, the distance
between any pair of these points of which
is invariant over time, independently of
the forces applied (Fig. 4.10).

V (4,B) € (S): ||AB|| = constant

il danill Gglall quaddl & luildl .3
Bodxs 9 dasdiume A4Sy P e duwddb Gohall asS,>
G (1) Dyladll dSlumYL

fiB/OA(t) = —(0 024’)ﬁr m/SZ

! el OS> 3.4

i)l eunddl Lyl 1.3.4

degazes Jioy I 02U Zdgadl 92 Cliall @yl
bl 0da o z9) &1 o Wl cdasladl b cp0
S dede didall 598l (e AU jaks ¢ Logd A

.(10.4

(4.15)

J

Fig.4.10 Non-deformable solid

054 Y o 110.4 JSAI

4.3.2 Speed field:

Each point of a solid S animated by any
movement, has its own speed (Fig. 4.11).
These velocities are related to each other
by the following relationship

T;B — T;A +3AZ§

(ol ! Ji> 2.3.4

LS ool il ol Bl (po dais JS a3
lpane Olewdl 0dd Jady .(11.4 .JSE) Wie
ERE YRR

(4.16)
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Where @ is the rotational speed or
angular velocity and is always collinear to
the axis of rotation.

This relationship is known by the velocity

distribution relationship or velocity field.

0955 9 Lglyll depudl of Olgwl Ao B @ Cu>
Ohgl yemme (Lo Logo dddaine

Ji> o Wledl asiel d8May dBMall odd yai
Ole Al

—

>,<A

e

A

Syl £Ul Clio e 111.4 JSEJI

Fig. 4.11: Undeformable solid in motion

4.3.3 Field of accelerations:

By deriving the previous relation, we can
find the accelerations of all the points of
the solid S.

oleyldl Ji2>3.3.4
a2 Ole udl Ji> AN (gl dylud! ANl Blaiily
(S) all LA e dlaid) Lfi &)M

dvp dv, d(&\AB)
ap = —— ag =
dt dt dt
R da/\ﬁ _)/\dﬁ @—a dfﬁ__,/\ﬁ
=t AT dt a ¢
dp = d, + &\AB + &\(WA\AB) (4.17)

Where « Is the rotational acceleration or
angular acceleration.

It is known by the acceleration

distribution relation or acceleration field.

In plane motions, @ and w are collinear
and they are perpendicular to the plane
of motion, and the relation (4.17) can be
simplified as follows:

aB = aA —+ Zﬂ\ﬁ — wz/\ﬁ

S9N &)Ll i Olygdl £l 92 @ Cn

Ji> ol Wleyludl auigs A8y dBMall 0 Byl
Ole Lt

OUgS 9 @ o Buaie @ 090 gl OByl 3

BNl Jasus (Sey 9 Syl Sgime e Obogas
i WS (4.17)

(4.18)
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Example 4.3 3.4 Jbe

The (Fig. 4.12) represents a shovel in full | sladL i cJoadl U3 8las> Jlgal JSad! Jhay
work, with the characteristics indicated.

g Ll
_ _ 2
1 . If wpp=rad/s, ap=2rad/s’,| _ _1rad/s cw,z=2rad/sE0 .1
wpc = —1rad/s and ag; = —4 rad/s>. , ,
a. Calculate the speed of point C.| '®Bc=—4rad/s” s asp = 2rad/s
b. Calculate the acceleration of point C. .C daddl de o o

2 . If the speed of the point C is constant € Ahid lud o

and is equal to 4T m/s. 4T m/s 3 yaitig &b € daddl ds w CS613] . 2
Calculate the values of: ford s
a. w,p and wp. «Wpc 9 Wyp -

b. aABand Apc- Ape s o
BC AB *™

Solution J=di

1. a The speed of point C: :C dadidl ds w1

1_7)(: = 77)3 aF E;BCAR ‘

. . . _ + 1_7)(: - 1_7)A ar 3ABAZ§ aF Z))Bc/\—B_C)
Vg = Vy aF (DAB/\AB ‘

Point A is static: Sl 4 daddl
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Ve=-8.31+3.7] m/s
1.b The acceleration of point C: :C dhaddl gHylud o .1

ac = fiB iz agc/\B—C) - wéCE_C) ‘

?iB = ?iA + ff/\ﬁ - wﬁBﬁ
Point A4 is static:

‘ + ?ic = HA ar RAB/\ZE — (DiBZE + (_igc/\_B_é — w%C_B_C)

\ Sl A daisdl

—)

) w3 o

Sl

(3) ()3

dc = —24.11—18.3] m/s
2. a the values of @45 and Wp: ‘ :Wpc 9 Wap 1.2

1_7)(; = i;B + Z)}B(;/\_B—é ‘

+ 1_7)(: = 1_7)A + Z))AB/\XB_) + a;B(:/\_B—C)

1_7)3 =S T_J)A T BAB/\AB ‘
Point A is static: ‘ Sl 4 dadl

4 0 3 0 2.3 4 _3'9(‘)AB O.SwBC

o]=( 0o |A(3.9])+[ 0 |A[-0.5 0= 3wu; |+|23wp

0 W4p 0 Wpgc 0 0 0 0

@,z =—0.8787k  rad/s @pc=1.1461k  rad/s

2.b the values OfffAB and RBC: ‘ :RBcj RAB P:_ﬂé < 2

Zic = ?iB + agc/\ﬁ: — wlZgCE—C)

+ EC = ?iA + EABAE) - wfwﬁ + (_x)Bc/\B_C) - (D%;CB_C)

ZiB = ZiA aF ?f/\A—B) — wleA_B)
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Point A is static and the velocity of point C
is constant, so:

103 il € Aaiid) ds w9 WSl A Aaiill

l

=0 A dc
0 0 3 2.3 2.3
<0> = ( 0 )/\(3 9) — (0. 8787)2< ) ( ) ( ) —(1.1461)? (—0. 5)

0 A4p 0 0 0

0 —3.9a,5 2.3163 0.5apc —3.0211

(0) = ( 3a,p ) ( 3. 0112) (2 3aBC) ( 0.6567 )
0 0 0 0 0
G =-1.066k  rad/s? dpc=2.4063k  rad/s?
Example 4.4 4.4 Jl»

The plate ABD and the rod OB are tightly
fixed and rotate around the ball joint O

with an angular velocity :

@ =151+ w,j

The speed of Point A is given in the
position shown in (Fig. 10.4):

B, =0.087+0.3

Calculate:
1. The rotation speed of the system.
2. The speed of Point D.

logiSes <OB Bl a0 o8> e ABD dxpino
depuy 0 Al Jo> 9,51 Juadaddl Juady Olygud!

ST
+ wzz rad/s

JSAI) § Al Aoyl § A Al Ao Jaas
{(10.4

6]+ v,k m/s
:Q.A.w}‘
Aol " ob_g...\.ll E\sﬂ .1
D daddl ds . 2

8cm

<
A AN

6

[y

Fig. 4.13

13.4 Jsad!
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Solution

1. The rotation speed of the
system:

By applying the velocity distribution
relationship between point 4 and O
which is fixed :

1_7:4 = ‘l—jo +a/\0—14)

0.08
(0. 36) =
Vaz

2. The velocity of point D:

0.08w, — 0.12w,

~0.16w, — 0.12
0.18 + 0.16w,

By applying the velocity distribution
relationship between point D and O
which is fixed :

1.5

0 0.16
Vp = Uy + ®\OA vp=(0]+|-3.5|A( 0.12
0 -3 —0.08

4.3.4 Instantaneous center and axis
of rotation

In a plane movement of a solid S, there
exists at any instant ¢ an immobile point
I, this point which may be inside the solid
or not is called the instantaneous center
of rotation. The axis perpendicular to the
plane passing through this point is called
the instantaneous axis of rotation. If we
apply the relation of the velocity field
between this point I (¥; = 0) and any
point M of the solid S, we obtain :

J=d
ol Olygl ds w1

0 9 A phidl o Oleadl Ji> e Gadats
SLJI

0.08 0 1.5 -0.16
(0.36) = (0) + (wy>A< 0.12 )
Vaz 0 W, 0.08

V4, =—0.38m/s

w, =—-3.5rad/s

w, =—-3rad/s

:D w| ELGJw 2

0 9 D ywhaidl (o Ol Ji> a8 Gadais
ASLJI

0.64
0.74

Ol O yg=xall 9 3501 4.3.4
Waze) S § uz g5 (S) o o Lginal! 3,20l 3
9 il gzl JS5 OS5 U3 (1) LSl dads (¢)
S3g0all jemall 9 .Ohe W 31 35palb oud cdamyls-
2970l (o il odgs i 9 ASyadl Gt (o
Aadil g Oledl aigl e Udds 13] 0Lyl J3)I
(S) chall go (M) das & 9 (B = 0) Sum (1)

e

(4.19)

127



This relationship allows us to deduce
graphically the place of the point I.
Indeed, it constitutes the intersection of
the lines perpendicular to the velocity
vectors of the points M of the solid.

Example 4.5

The (Fig. 4.14) represents a plate in
movement at a given instant in the xOy
plane.

1. What can we say about its movement?
2 .Determine :

a. The angular velocity w of the plate.

b. The speed of point C.

c. The instantaneous center of rotation
I(x,y,0).

d. The equation of the location of the
point M(x,y) of the plate which has a
speed of modulus ||[¥(M)|| = 10 cm/s

R Ll (1) daddl O dudoeiy A8l 0da U zawd
Oleudl dadl de drdgandl Olopiinuadl alolds yuias
bl gl oo (M) blasld

5.4 Jbe
Sgunadl § lgiSy> IS Ao oy (14.4 JSiJ)

(x0y)

SlESy> o Jgi OF oSen 13ke .1

e 2

donsdal) (@) gl Al ]

(C) daidl ds s .

I(x,y,0) bl 391 355l .z

I dmiall oo M(x,y) bl dsgozo ddlas .o

(IP(M)]| = 10 cm/s) Wiasd s e

y(cm) 4 v(1em - 1em/s)
A Uy
C. B
il Ug
x(cm)

Fig. 4.14

14.4 JS&J1

Solution

1. We can say that the movement of the
plate is not a pure translation, because:

Jod!

dulbeud! G dowiyall &> O pyndl LSy .1
:OY cdizo
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Vg # Uy

2. Determination of :
a. The angular velocity w of the plate:

Let's apply the relationship of the velocity
distribution between A and B :

‘l—jB = 1_7:4 +B/\1—4§)

1onad L2
il (w) iyl ds audl J
(B) 9 (A) owdaddl oo ds dl Ja> A Galaid

)6 (6)

0
0
w

3
-3
0

3w
3w
0

()

b. The speed of point C:

)

Let's apply the relationship of the velocity
distribution between A and C :

4

2|+

0

1_7)C=<

c. The instantaneous center of rotation

I(x,y,0).

Calculation method:
According to the definition:

T])C == T_J)A +Z))/\14—C)

1_])I=

Let's apply the relationship of the velocity
distribution between A and I :

T;I = T;A +B/\14_I)

Dl

w=-2rad/s

:(C) M‘ &ij <
:(€) 9 (A) (dadidl (o de ! Ji> A3 Gudaid

I(x,y,0) bl 391 355l .z

1olusd! dinybo
syl I35 50
0

:(1) 9 (A) (adadidl o ds ! Ji> d8de Gudaid

0 4 2(y—8)
8-+ (=57)
0 0 0

Graphic method:

The instantaneous center of rotation is
the point of intersection of the lines
perpendicular to the velocity vectors (Fig.
4.15).
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1Sl 3\.3:»_,.'&” °
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y(cm)

V(1em - 1em/s)

»

»

x(cm)

Fig. 4.15

15.4 Jad!

d. The equation of the set of points M(x, y)
of the plate which has a speed of modulus
B = 10 cm/s

By applying the relationship of the speeds
between A and M(x,y,0):

G dowiall 0 M(x,y) bladl degoazee ddlas .3
([FM)]|| = 10 cmn/s) \Pord e g 70035

3 (A) ool oo Ol Ji> BMe Guban

:M(x,y,0)

0

o (633

—

Vy =

4 2(y-8)
0 0

—

omll = 2

we have

0
y—6
1_5M=2<5—x)
0

4=4(6-0*+¥-6)?%

G-x)?+@y-6)2=1

This is the equation of a circle with a | bkhd Caual 9 I (5,6) cm W3Sy 851> dolae (b 9

center I (5,6) cm and aradiusR =1cm
(Fig. 4.16)

.(16.4 &) (R = 1 cm)
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A
y(cm) V(1em - 1em/s)
v
A Va
¢ B
&
x(cm)

Fig. 4.16 16.4 JS&J1

4.3.5 Pure Translational Movement

In this type of movement, the trajectory
can be rectilinear or curvilinear, the
speed of rotation w is zero (w = 6) and all
the points of the solid have the same
speed and the same acceleration (Fig.
4.17).

Gl ey 85,0 5.3.4

oo 9f Lodisuns Yluall 990 dS)ell oo Alonll 3 (3
blis S (@ = 0) dagias (@) Obal dsw 0955 9
glady jud 9 dsaudl plads puiin welS Cliall !
(17.4 JSad1) gyl

(4.20)

(4.21)

iy Asloeand] 35y 117.4 JSAI

Fig. 4.17 Pure Translational Movement
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4.3.6 Rotation around a fixed axis

In this type of movement, all the points
which constitute the axis of rotation are
immobile, their speeds are zero (Fig.
4.18). If we assume that A4 belongs to the
axis of rotation, we can express the speed
and acceleration of any other point B by :

1_53 = E)’/\Zﬁ

dp = @N\AB + W\(WA\AB)

ol ygmme Jg> duilygll dSydl 6.3.4

297 S5 @I bl S @Syl oo Aol s (3
(18.4 JX&d1) degurs glepw 9 «diSlw 095 Olyg !
0 eall UiSas ¢ yg2xallIkg) 5 (A) Aaidl slielyg
1 Lot (B) 5 a6l g s g A

(4.22)

(4.23)

Cull ygme Jg= duilygo dSy> 18.4 JS&I

Fig. 4.18 Rotation around a fixed axis

4.3.7 Planar movement

In this type of movement, the rotation

speed @ and the vector AB are
perpendicular. In our studies, it is
assumed that it takes place in the plane of
the figure xOy and the rotational speed
vector w will have only one component
along Oz axis.

= —
w = wk

dogiuall a5y 7.3.4

(@) Ohgl e plads 9% ¢Syl oo Alnll 0 §
G 0aAR Olslaie (AB) dall pusdl glads
9 (x0y) Sgiumdl § £y=x5 dduall plua¥I Of WLty
B339 By A8y (@) Oh! depw glaid 09S5 JUL
(0z) s9o)!

(4.24)
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Example 4.6

A 5m long steel beam is lowered
horizontally by two cables which run at
the same speed (Fig. 4.19). When the
beam approaches the ground, the crane
operators apply brakes to slow down the
unwinding movement. At the instant
considered, the deceleration of the cable
connected at B is 2.5 m/s?, while that of
the cable connected at D is 1.5 m/s>.
Determine :

1. The angular acceleration of the beam.
2 . The acceleration of points A and E.

6.4 Jtw

Liawlg: W5 o (5 M) \Wob &uadl disas Ayl
QAS Lwie (194 S) depdl udi ke
(Sl Sl S o WiSy> Jaydd 2l oo duylal
Jgogall Juodl £5lud zmamand JIBY! ddos pud SII
Jel plud i (2.5m/s?%) 92 (B) daidl
:one (1.5 m/5?%) 92 (D) driidb Jgsogell

doylall solyll gyl .1

(A) 9 (E) pdaddl gyl -2

y(cm)4
A B D E
l -I- -I. | >
o| «—15 2 1.5 —| x(cm)
Fig. 4.19 19.4 JS41
Solution Jd!

1. The angular acceleration of the beam :

aB = ?iD +Zf/\5§— wzﬁ

1)l s9l3)l gyl .1

—2.5] = —1.5] — ak\(—20) — w?(—20)

—2.5] = —1.5] — ak\(—20) — w?(—20)

20T+ a+1)j=0

w=0

2. The acceleration of points A and E :

aA = aB +a>/\—874>— wzﬁ

a=—0.5rad/s?

:(A) 5 (E) (eidadid! gyl .2

G, = —2.5] + (—0.5k)A(—1.57) — 0%(—1.57)

‘_’iE = ?iB +ff/\ﬁ — wzﬁ

dp = —2.5] + (—0.5k)A(3.51) — 02(3.51)
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4.3.8 Compound movement

4.3.8.1 Velocity vector in a moving
axis system

Be in the space, the two references
R(0,1,}, l—é) that we consider fixed and
R'(0, 77 7(7) moving relative to the first.
If a point P located in R'(0’, 77 7(7) by the
vector variable with time ¢.

4,5,0)1 45,1 8.3.4

yxin plao § dsudl $lads 1.8.3.4

oias G (R(0, ], K)) Ololnall cslialdl § oS
Hyoiy SHI (R'(0', 1, k') )l 5 USL
S(P) dSyoein dadd > 13] . Jg! elaod) duuddly
AV piiall gad 9o ¢ladn (R') 2yoxiall plasll
(£) o3

0'P = (x()U +y(®)) + z(8))')

Its derivative with respect to R’ will be:

dO'P
dt
Rl

Let's calculate the velocity of the point P
relative to the reference R

_dx@® dy(t)]_,, , 4z(0)

dt dt dt ’

dﬁ’) _d(ﬁ(f’+ﬁﬁ)>
dt ) dt ;

And we know that
d(0'P)\ doO'P P
dt Codt ) @

Where @ is the rotational speed or
angular velocity of the reference R’ with
respect to the reference R.

d(:tp))k = Vaps  is the absolute speed of
the point P.

10955 (R') o) Ll diiiiun 013

(4.25)

(R) plaol) dpuudlls (P) ddaiiidl de o o

dOP\ _ d(00) . d(0'P)
dt | — dt dt
R R R

:Cﬁp.la.’tg

do'P .
+ +woNO'P
RI

dt

dﬁ) _d(o_o;)>
dt ), ~ dt )

Ohgwl ds s gl gl gl ds ! g laks 92 (W) Con

+(R) plaol) dewuddls (R') daold

. (s e . . d(OP)\ _ -
dail) dilholl dedl plads g2 T) = Vabs
«(P)
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d(W)) __d(00n
dt Jp  dt
O’ with respect to O

is the speed of the point

do'P(t)
dt
the point P.

) =7,,; is the relative speed of
RI

VUpyp = @ANO'P is the speed of the
moving reference frame R’ relative to the
fixed reference frame R.

% doo .
Vaps = “dt + Vier + Vriyr
Example 4.7

A point P(1,1,1) in the reference frame
R'(0, 7,7’, ﬁ), which rotates around k' at
the speed @ = wk’ (Fig. 4.20) the
coordinates of O’ in R(O,1,j, 75) are
(2,4, 3).

1 . Expressed the vector w in the
reference frame R(0,1,j, E).

2 . Express the position vector OP in the

reference frame R(0,1,j, E).

3 . Calculate the absolute speed directly
from the OP expression.

4 . Check it out using the relationship
(4.26)

nNoSteset 4 5 d(00)\ _ d(00)
(0 ) ksl 4$Jw &la.w 3.5 . )R =
.(0) daisl) &l

dadil) duudd! ds ! glads 9o

dO'P(t) .,
, rel
R

dt -
.P)
Hyoiall plaall A plads 98 T, p = WA O'P
(R) ol onall &eudlls (R')

(4.26)

7.4 Jls

—;—)—)

S R'(0',1, 1K) plaadl § P(1,1,1) daii
(20.4 ) (@ = wk') demdb (K') Jo> 29
@ R(0,1]K) plaall § (0') daidl sl
(2,4,3)

R(0,1,7,K) phaall § (@) pladl os ps .1
R(0,1,],k) phaall § (OP) gl glas & s .2
(OP) 83k 0 Biskko dllaoll de el plads ol .3
ALl

(26.4) M1 Jlaxiasl €3 oo 35 .4

Kt . P
ha; L4
1>
) A
7/ J
o
X

19.4 JSad!
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Solution J=d

1. The expression of @ in the reference R(0,1,7,k) plasll & (@) glaidl s sl .1
frame R(O,.L1K). G2 G (K) Js> 390 R'(0',0,1, 1) plasd
The reference R'(0',1,) k') rotates

around P which is || k so we can write HUsH W T Low ¢(kK)

w = wk

2. The expression of position vector OP in | plaa)l § (0P) aiogall glas oo il .2

the reference frame R(0,1,j, k). R(0,1].F)

OP =00 +0'P 00’ =2i+4j+3k
U = cosO1 + sinbj
W=7+7’+F ]’ = —sin6i + cos6j 0 = wt
K=k

OP = (2 + coswt — sinwt)l + (4 + sinwt + coswt)j + 4k

3. Calculation of the absolute speed |slec (o 5ike dilaodl dodl glai Olus .3

directly from the OP expression. .(0P)
Vops = d(:tP) ‘ Vaps = w(—(sinwt + coswt)l + (coswt — sinwt)j)
4. Verification using the relationship .(26.4) 43! Jlamiwl U o Béx .4
(26.4).
Vabs = T + Vyer + 'UR,/R W =0 rel dt
R
—_— 1 —_—
OP=|1 E)rel =0 E)RI/R = E;/\ O'P
1
Bops = Wk ANO'P Bops = 0k’ A (l’ +7 + k’) Vgps = @ (—l’ +]’)

Vaps = w(—(sinwt + coswt)l + (coswt — sinwt)j)

Actually we found the same as the

; AL doedd! e i g Mad
previous result. : ] e 9
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4.3.8.2 Acceleration vector in a yxia plao § &)ludll glad 2.3.8.4

moving axis system i
olaall Fiil slacl §yluidll Bylue Je Juax

We obtai.n the absolut.e accel.er:_:\tion of :epo3l) Al (26.4)

the particle P by differentiating the

equation (4.26):

d*0F —d200,+d20—’ﬁ +da/\0—’P’+2_’/\d0—,P)+_’/\(—’/\0—’P’) 4.27
dt? R_ dt? ez ), dt AT TeMe (4.27)

The terms of the equation (4 27) are: \ P (4.27) doladd! gu>

The absolute acceleration of the point P, S (P) daiidl g)lud 91 ¢(P) daisl) 3laoll &bl
or the acceleration of the point P in the

fixed reference frame R. -(R) <ol elandl
dZETJ> .
2 = Qgps
dt* /.
The acceleration of the point O’ with -(0) dail) deuddl (0') dadd! §ylud
respect to 0.
d?00’
dt?

The relative acceleration of the point P, S (P) daiidl g)lud 9l ¢((P) daill Gl &) luucll
or the acceleration of the point P in the

moving reference frame R’. (R') 2)yzetoll plaol
dZO’P(t)> .
—] =a
2 rel
dt R’
The linear acceleration. ‘ ol g ludl
dw D
E ANO'P = Qjin
The angular acceleration. S9! &yl
do
—=a
dt
The Coriolis acceleration. .Coriolis gyl
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_. dO'P
26 N —— =

The centripetal acceleration.

Acor

o3kl gyluddl

GA(BAO'P) =d,y

We call the sum of the last three terms,
the acceleration of the reference frame R’
with respect to R and we note it.

el @l B Y1 dgd> I Eo0m0 (0w
-(R) ol plaosll &l (R) £ yiall

=
25:79)

Example 4.8

A system of axis R'(0’,t,)', k') rotates
with respect to a system of fixed axis
R(0,i,j, k) of the same origin 0’ = 0. At
any instant ¢, the angular velocity of the
reference frame R’ with respect to R is
given by:

8.4 Jln
plaa) Gy o0 R'(0',1, 1K) Syoie phne
(0" = 0) Iaa)l § dne JAly 9 R(O,1,], k) b
Ll (R) Obgs depw Jasd o(t) &S W)

W1 duay)! 3L (R) elaod

@(t) = 2t — 3] + (2t + Dk

The position vector of a particle P with | (R') edaoll 4l (P) &y dadl apge plads

respect to R’ is given by:

:AJWI AL Jand

0'P(t) = (¢ + 1)i— 6t] + 463k

Find at the instantt = 1:

1. The relative speed

2 . The speed of the reference R’ with
respectto R

. The absolute speed

. The relative acceleration

. The angular acceleration

. The linear acceleration

. Coriolis acceleration

. The centripetal acceleration

. The acceleration of R'with respect to R.

O 00 NN U1 s W

(t = 1) da=ll s a9l

Al de ! L1

-(R) pl=old 4w (R') PNEPNJ w2
ikl de .l .3

(,S"‘""‘" t)l.wi" 4

.‘égl‘}il &)Lu'ﬂl .5

.gh.'idl &)wam .6

.Coriolis gyld.7

NEKIC S]] ol .8

(R) plaad) &l (R') ool g3 .9
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Solution

1. The relative speed:

Brel (t) =

d(Tp’(:r))
),

Jod!

:w‘ :L;Juﬁﬂ .1

Do (t) = 2t — 6] + 1282k

Bre(1) = 21 — 6] + 12k

2. The speed of the reference R’ with
respect to R:

B(Orir = B() AO'P(L)

:(R) plxol) &l (R') ehaod! Ao .2

B(D)gyr = B(1) AO'P(1)

B(L)gpyr = (20 —J + 6k) A (21 — 6] + 4k)

3. The absolute speed:

B(1)p,r = 321 + 4j — 10k

1dallaoll de udl .3

~ dOP(b) ~ doo'(t) dO'P(b) R
Vaps(t) = dt Vaps(t) = dt + dt +wAO'P(t)
R R’
00'=0 (0'=0) Baps(1) = 21 — 6] + 12k + 327 + 4] — 10k

Daps(1) = 341 — 2] + 2k

4. The relative acceleration:

. d20'P(t)
Arei(t) = —)
RI

dt?

5. The angular acceleration:

@) = dif)

6. The linear acceleration:

G0 (t) = 21 + 24tk

a(t) = 21— 2tj + 2k

:(“gum\‘. Ul gludll .4

A,0(1) = 27 + 24k

:.ég[}.‘l &)Lum .5

d(1) =2i—2j+2k

:gh.'idl gl .6
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d_w_) t —_— — - - = - - 7
djin(t) = J AO'P(t) a;,(t) = (21 —2t] + Zk) A ((t2 + 1)1 — 6t] + 4t3k)

dt
Gyin(1) = (20— 2] + 2k) A (21— 6] + 4k) Vim(1) = 41 — 4] — 8k
7. Coriolis acceleration: Coriolis: gyl .7
dO'P(t _ I L .
Geor(8) = 26(0) AT() dcor(t) = 2(21 — 2] + 2k) A (2t1 — 6] + 12t%k)
cor(1) = 2(21 — 2j + 2k) A (20 — 6] + 12k) Geor(1) = 487 — 24] — 20k
8. The centripetal acceleration: ‘ 123l gylull .8

Gepi(t) = B(E) A (B(E) AO'P(D))

Qepe(t) = (281 — 2] + (2t + DE) A ((Zti — % + (2t + D)k) A ((t2 +1)i— 6t + 4t3E))

Geye(1) = (21— j + 6K) (20 — ] + 6K) A (20 — 6] + 4K) )

Gepe(1) = —141 + 212] + 40k

9. The acceleration of R’ with respect to R: ‘ :(R) plaol) 4wl (R') plaol! &yl .9

EiR//R(t) = 71in(t) + ?Cor(t) + ?cpt(t)

g r(1) = 40 — 4] — 8k + 48i — 24j — 20k — 141 + 212j + 40k

g r(1) = 381 + 1847 + 12k
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4.4 Resolved exercises

Exercise 4.4.1

The end B of a ramp is 5 m from the fixed
point 4 when the driver begins to retract
the ramp with a constant radial
acceleration of = —1 m/s? and lowers it
with a constant angular acceleration
0 = —0.5rad/s* (Fig. 4.20). At t =25,
determine :

1. The speed of point B.

2 . The acceleration of point B.

3 . The radius of curvature of the
trajectory.

EU_gJau pr 4.4

1.4.4 (el

(A) daidl e dam dadly ghdl (B) dghall dilgall
I QI dasdl wie (5m) Bl ghawd 3 LW
kye 9 (i* = —1 m/5?) goluuils Lylad Ll G5l
(20.4 &) (0 = —0.5rad/s?) s3b §luh
(= 2 5) daslll Lis dogl

.(B) daidl de .1

«(B) dadd! gylus .2

bl slissl yad Cagal .3

.
5]
== ~ee

—— L V—

- ,; ).

\60"
@\ —

=0

Fig. 4.20

20.4 Js<id!

Solution

By using the polar coordinates:

1. The speed of point B:

By = i, + o,

J=d
rdadad)l LSS Jloiwl

!(B) akasJl &c,» .1

1 ;
vp = (I, + (Ei*tz) (6t)u,

1.
vp = (FOU, + o (03 )u,

Ba(t) = (~0)8, + 1 ()i

Bp(2) = —24, + 21,
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2. The acceleration of point B: ‘

:(B) dadidl oluwd .2

dy = (i — 12T, + (rd + 270),

_ _(.. (1..t2
apgp = |\Tr 21"

) (ét)2>fir + ((%i‘tz

)+ z(m(ét))ae

. 5.
dg(t) = <(1 — 0%t ), + Eetzﬁ},)

3. The radius of curvature:

@p(2) = 31, + 51y

el bzl yad Caual .3

[Ze(®1* _, = = - d|[vp (D)l
= l@ngll = VIidsl? ~ l@prll? | ldprll =——
d|[v t+ ot
1 v (DIl 16
eIl = |t2 + 1—6t6 dt 1
t? + 7t°
d||[vg(2 _
W@l s ldyall = V328
8
Exercise 4.4.2 2.4.4 (p el

In the illustrated engine system (Fig.
4.21), l=160mm and b =60mm.
Knowing that the crank AB rotates at a
constant angular speed of 1000 rpm in
the clockwise direction. For 6 = 0 and
0 = 90°, determine: the angular velocity
of the connecting rod BD and the speed of
the piston P.

[ =) (21.4 JS&J) § gl S8l pladl §
(AB) 4sldl O Lie .(b = 60 mm)s (160 mm
sl 3 (1000 rpm) iesd &b digly s Hou
(0 =90°) 9 (0 = 0) J>T oo s Asludl Lylis
oSl de o 138 g (BD) Jaogll glydd daglyll de udl

.(P)

Fig. 4.21

21.4 S
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Solution \
By applying the velocity distribution

relationship between D and B and then
between Band A :

‘l—jD = ‘l—jB + aDBAﬁ)) ‘

+
'l_?)B = -'_}A + _(B’AB/\ﬁ ‘

The point A being fixed, so:
1_7:4 = 6

The movement takes place in the plane,
so:

Jod!

(B) 9 (D) el (s Sile audl auigs A9Me Sandany
:(A)s (B) cidaiid oy o5

i;D = 1_7)A ar _d;AB/\ﬁ + E;DB/\EB

e (S Lo () Andd!

1_7)1) = 6A3Aﬁ + Z))DB/\B—D)

: 03] e gianall § @5 Syl

0 0
3A3=<0> Z;DB:<O)
W B Wpp
0 bsin@ 0 bsin®
Vp = < 0 )/\ <bcos0> + ( 0 >/\ le — (bsin®)?
Wyp Wpp @Wpp Wpp
0 —w pbcos0 —wpp+y/ 12 — (bsind)?
Vpy | =| wypgbsing |+ wppbsind
0 0 0
bcosO bcosO

Wpp =

w
JI2 — (bsing®)? A

)

Vpy = Wapbsin@ | 1 —
» A8 < JI2 — (bsin®)?

Numerical application: 1§3Ae Gandal
b
6=0 Wpp = —7 W4p wpp = 39.27 rad/s Vpy =0
0 =90° ‘ wpg =0 Vpy = wypb ‘ Vpy = 6.28m/s
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Exercise 4.4.3

The rod AB can slide freely on the ground
and the inclined plane (Fig. 4.22). At the
instant shown, the angular velocity of the
rod is 4.2 rad/s in the counterclockwise
direction. Determine the speeds of the
two ends A and B of the rod.

3.4.4 ¢y el

s J& 9 2V e Doy GYSY giSe2 (AB) Sl
0585 el dunipglly Alaselll 3 .(22.4 JS&JI) Silo
Qe olxll wSe (4. 2 Trad/s) Gl dglill de udl
Bldl (B)g (A) inled! Gerw ne dsludl

.3m

0.125m

Fig. 4.22

22.4 Séd

Solution

Determination of the speeds of the ends A
and B of the rod :

By applying the velocity distribution

relationship between B and A :

Jol
: Qludd (B) 9 (A) crvlgd! ds o cpunl

:(A) 9 (B) caidadidl o Ole udl aigl d8Me Jlaaiuwly

1_7)3 = 1_7:4 ar 8;13/\@

According to (Fig. 4.23) and using the
Pythagorean theorem:

toy 9 lid &y il 9 (23.4 JSE1) IS oy

0
0

()= (8)+(2 )1 o5)

The components of v verify the

following equality:

@_ 0.3

Vg 0.125

41 Al Ol (D) &l flads LiSya

vBy = 2. 4'va
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Vpx Vax —1.26 Vpy = 0.7m/s
(2.4v3x> = ( 0 ) +| 1.68 vg, = 1.68m/s
0 0 0 Uy, =1.96m/s
1.96 0.7
vyl 0 |m/s vpl|1.68 | m/s
0 0
1_7)3)’ 7_7)3
l_])_Bx
//
/ 1 03m
/
/
/
/
0.1251m
0.4m
Fig. 4.23 23.4 Sl
Exercise 4.4.4 4.4.4 (p i)

The plate shown in (Fig. 4.24) moves in
the plane xOy. Knowing that :
Vgr =0.25m/s, vg, =—0.45m/s and

Syiuall § y>3(24.4 JSEDN) § D! Al
(v4, =0.25m/s) o Wl .(x0y)
(vex = —0.5m/s) 9 (v, =—0.45m/s)

Vcx = —0.5m/s. Determine :
y / B,
A YB/ﬁB
0.15m

L\ o

0 | %

-
0.15m 0.05m
Fig. 4.24 24.4 S
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1. The angular velocity of the plate. doeidiall Ll ds audl L1
2. The speeds of points 4, B and C. {(C)s (B) <(A) bl op0 SS A o .2

Solution \ J=di

1. The angular velocity of the plate: ‘ rdoudiall gl de ! .1

By applying the velocity distribution
relationship between A and C:

£(C) (A) il oy leudl 95 B Jloiasly

i;C = i;A +6AR

The rotation of the plate is around 0z so | glaid OB ((0z) sl Jg> H95 dmpisall Of Loy
the rotation speed vector will have the

. s B9 &Sy Olygl ds
expression: SR 9 bA>1g dope O] AS

—-0.5 0.25 0.15w
(vcy>=<vAy>+<0.2w>
0 0 0

w=-5rad/s Vey =Vygy— 1

By applying the velocity distribution | :(B)4(4) uadsdl g Ole adl a9 A3dle Jlomiwsly
relationship between 4 and B :

1_7)3 = 1_7:4 +6/\ﬁ

VUBx 0.25 0 0.15 Vpx 0.25 0
(—0.45>=(v,,y>+<o>/\< 0 ) <—0.45>=<vAy>+<—0.75>
0 0 -5 0 0 0 0

Vg, =0.25m/s V4, =0.3m/s Vey = —0.7m/s
0.25 0.25 -0.5
9’,,( 0.3 | m/s Vg (—0.45) m/s Ve | —0. 7> m/s
0 0 0
Exercise 4.4.5 5.4.4 (p sl

In an oil pump platform (Fig. 4.25), the | ghdl ¢(25.4 JSK&l) hidl Zp Olaxe 4> §
link AB causes the beam BCE to oscillate 35 e (BCE) Ugasel) dyle 150! § ot (AB)

when the axis OA of the crank turns. .
Knowing that 04 has a radius of 0.6 m | 29%9 (0.6 m) 32 (0A) dsb Ol lels .(04) sl

and a constant clockwise angular velocity
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of 20 rpm, determine at the indicated

instant:

1. The speed of the point D.
2. Its acceleration.

e olaxdl yuds (§ (rpm 20) lgiesd 4l gl de
o]l dumsd oll ‘3 s Ldsldl
(D) &l de e .1

syl .2
33m 3.3m
i B 7 = E
v‘ C l\ l
2m
D
0.6m
A 0.
Fig. 4.25 25.4 JS4J!
Solution J=dJi

1. The speed of point D:

The system consists of a crank OA which
rotates with an angular velocity wg,
constant, therefore its angular
acceleration is zero @y, = 0, a link AB
(a))AB, aAB) and a beam BE (aBE’ aBE). The
points O and C are stationary, that is to
say :

1_7)0=0 ‘ 1_7)(::0

By applying the velocity distribution
relationship between 0 and A then 4 and
BthenBandC:

T_J)A - 1—50 —+ E)’OA/\EZ ‘

1—53 = 1—7:4 + ZSAB/\E

/(D) dais)l de o .1

Al dogly depu y9d (04) el (o AL Aoyl
bgdas  Solll dasylud O ade 9 «(wWpy)
((@gp, dgp) AB) JuaNl g3 9¢(dpy = 0)
(0) ouaidl .((Wpg, dpr) BE) dgaxxll dp)le o

ol @l oS (€) 9

c=0

|

?io=0

5 (4) 3 (0) pdaid! e e pudl 233 A3Mle Fasdaa
(C)9 (B) oikalidl oo Lk 9 (B) 3 (4) oidaiid) o

50,4/\0_A + 5ABAE + E;BE/\B_C) = 6
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1_7)(; - 1—}3 + Z))BE/\E—C) ‘

Atthe instant considered, the speed of the
point D is the same as that of the point E
and has only one component along the
axis Oy. By applying again the field
relationship of the velocities between E
and C:

T_J)E = I_J)C + BBE/\&)

0 —-0.6 0 0.6 0 3 0
()22 ) (%) (o )nle)- (o)
—20 0 W 4B 0 WpE 0 0
0 20,5 0 0 @45 =0
(12) aF <0.6wAB> aF <3w35> = <0> wpp = —4 tour/mn
0 0 0 0

wprp = —0.4186 rad/s

4 o (g (B (D) Al A cByimall Aasell
399 logie JSU Buly dSype Jaiid Lagal) 9 (E) daid!
3 Bype el Y ADe Gacday -(0y) Hgeal!

:(C)s (E) cxaidl oy

()0 (Lo ()

0
vEy
0

(

2. The acceleration of the point D:

)|

By applying the acceleration distribution
relationship between 0 and A then 4 and

B then B and C:

HA = ao T ROA/\O—A) — w%,AO_A

—1.3816
0

)

(4) 5 (0) rdadidl o Oleyluddl a)gd AN Ganlarz
:(C)9 (B) cnkaiidl o a9 (B) 9 (A) cidaid! oy o3

: (D) dadidl Sl .2

ﬁ’B = ﬁ’A + &’AB/\A_B) — wﬁBﬁ + —ngo—Ad AF EAB/\E + &)BE/\B—C) - (D%EB_C) = 6
ac = ﬁ’B aF RBE/\B—C) — w%EB_C)
2.63 0 0.6 0 3 0.5256 0
0 Q4B 0 (292338 0 0 0
2.63 —20a,p 0 0.5256 0 a,p = 1.0521 rad/s>
0 +1 0. G“AB 4F 3aBE — 0 =10
0 0 0 0 0 apr = —0.21042 rad/s*
At the instant considered, the | 84>y &Sy 4 (D) daldl g)lud Al daxll §

acceleration of the point D has only one
component along the axis Oy, which is the
same as the component ag,. By applying
again the field relation of the
accelerations between E and C:

E)lud ASpo lgus (B JI 9 ((0y) H9eadl 339 laid
31 Byo Wleyludll Ji> ABMe Gadais () Aadill
:(C) 9 (E) o
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ar = a(; + RBE/\EZ — w%Eﬁ

Apx 0 0 3.3 0.5782
0 —0.21042 0 0

0
Apx 0 0.5782 Yex = 0.5782 m/s?
(aEy> = <—0. 6943 | — 0
0

0 ag, = —0.6943 m/s?

Finally: ‘ nslg

0
ap (—0.6943) m/s?
0

Exercise 4.4.6 6.4.4 (p sl

The rod AB is connected by ball joints to ng.la-ui Bk ao 9y el duais (AB) S

the collar A. and to the disk wh(?se c?nter oyad i 9 (C) 035y Loy3 2 5 (4) ledyb wis
C and radius R =16 cm At its tip B.

Knowing that the disk C rotates | »5 294 02l «(B) 4ok Lis (R =16 cm)
counterclockwise at the constant speed | §(w( = 3 rad/s) )48 dgl) ds s deludl iylae

w( = 3 rad/s in the plane x0z, determine o ) i . )
9 . A [T] | de A . sz S |
the speed of the collar A for the indicated 0o (4) Skl depw e (x02) Gyiunal

position (Fig. 4.26). (26.4 JS&dl) § dianall drasz gl

Fig. 4.26 26.4 JS41
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Solution

According to the relationship of the
velocity field between A and B and then
between B and C (center of the disk):

-'_}A = i;B ar _E)’AB/\EZ
With:
Wap = Wyl + wyj + w,k

Let's sum term by term and knowing that
the speed of the point C is zero:

1_7)C=0

At the indicated instant, the point A is
directed along Oy downwards, therefore:

()= () ()

J=di
©5 (B) 9 (A) om wlead! Ja> AMe 3adal po BMASI

: vl 383 (C) 9 (B) o

1_7)3 = 1—}(; + 5’0/\@

_(30 = 3]_)
:degudas (C) daidl de w
1_7),4 = E))oAC_B) + E)’AB/\ﬂ
ssall 339 Vg3 i (A) Aadidl (dsell Aall §

: (0y)
0 24
(5)-3):
0 0

—8w, - 20w,
—25w, + 8w,
20w, + 25w,

8w, + 20w, =24 ..(1)

(2)
20w, + 25wy, =0 ...(3)

8w, — 25w, = vy, ..

Exercise 4.4.7

The rod BC has a length of 42 cm and is
connected by a ball joint to the collar B
and by a connection to a clevis of the
collar C (Fig. 4.27). Knowing that the
collar B moves towards A at a constant
speed of 19.5 cm/s, determine at the
indicated instant :

1. The angular velocity of the rod BC.

2 . The speed of the collar C.

(1)x25+(2)x20—-(3)x8

V4y = —30cm/s Uy (-20) cm/s

0

7.4.4 (pyod)

297ai dlaulsy dlais (42 cm) Web (BC) S

Aol e 3908 lgkaul y9mais 9 (B) okl 955

oLl y=is (B) Gkl Of Leke .(27.4 JS)) (C)

L (e 6(19. 5 cm/s) iesd &l ds o (4) ddrdidl

! doeys goll dlasell

(BC) Sluld Dogl3 ds ! .1

(C) 39kl ds o .2
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\
-\

32cm

X

27.4 S

Solution

1. The angular velocity of the rod BC :

Applying the velocity field relationship
between B and C:

BC = i;B ar 83(;/\3?

such as: ‘

Jod!

: (BC) L) Dol sl .1

1 (C) 9 (B) o wle pdl Ji> A §udaid

Wpe = Wl + wy] + w,k

At the indicated time, point B is heading ‘ 1 (A) daddl g2 dxl (B) dladid! cdinel! dlaslll (§

towards point 4, so:

0
Vp| —VBy
s

With: ‘

24 ‘

e

v = fvﬁy + v3, ‘ vg = \/(2.4)217,232 + v3,

Vp = 2. 61.732

Vp = Vg (24‘)2 +1 ‘
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19.5 (9
Vg, = —— vg, =7.5cm/s vgy = 18 cm/s vg| —18 | cm/s
2.6
=7.5
BC = xi + 8] — 10k cm

|BC| = Va2 85+ 107 | x= [|BC| -2 - 102

x = /422 — 82 — 102 x =40 cm

The point € moves along the axis Ox, so : ‘ : 03] ¢(0x) Hg7eadl 399 Ly (C) Uadid)

i;C = vii)
Vcx 0 Wy 40 Vex 0 10w, — 8w,
(0>= —18 |+ | wy |A| 8 <0>=(—18)+ 40w, + 10w,
0 -7.5 W, -10 0 -7.5 8w, — 40w,

Ow, + 8w, = V¢, ... (1)
10w, + 40w, =18 ...(2)

8w, — 40w, =7.5 ...(3)

We have obtained three equations with
four unknowns. We will look for a fourth
from the position indicated in (Fig. 4.28).
Indeed, the vector wp. is perpendicular
to the vector DC.

05 Condd L Jdlme dan)l W¥slae B Ue Lbass
3 dmogdl dapgl IS e dml) Aol
e Lages 090 (Wp() gladdl 23190 § .(28.4 JSiJ)

.(DC) glasd

0
D 32cm
24 cm
A e
1 —
z_— X
Fig. 4.28 28.4 JS&J!
DC = 8] — 10k @pe.DC =0 (@I + w,j + w,k). (8] — 10k) = 0
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8w, = 10w, ..

Let's replace (4) in (2) :

10w, + 32w, = 18 ...(5)
8w, — 40w, = 7.5 ...(6)

w, =1.634 rad/s
w, =0.1052 rad/s

w, = 0.0841 rad/s

(4)

H(2) & (4) b2y

10 x (5) + 8% (6) © 164w, = 240

1.634
Wpe = (0. 1052)

0.0841

1) X 25 + (2) X 20 — (3) X 8 & 20v,, + 600 = 0 V4, = —30 cm/s
0
Uy (—30) cm/s
0
Exercise 4.4.8 8.4.4 (p el

The bar OA has a length of | =4 m, it
rotates counterclockwise with an angular
velocity of w = 1.8 rad/s and an angular
acceleration of a = 6 rad/s?, its position
is marked by the angle 6 (Fig. 4.29).
Determine the speeds and accelerations
of points A, B and G for 6 = 30°.

osSlae ol § )95 ¢(1 = 4 m) WWob (0A) 4p)e
(w = 1.8 rad/s) ied &gl ds o deludl ylia)
g 9 345 (@ = 6 Tad/s?) )48 b gyl 5
Oyl 9 Ol (ne .(29.4 JKLJN) (0) wylb

(8 = 30°) J=1 ;2 (G) 5(B) <(A) LI

yA

Fig. 4.29

29.4 S
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Solution

The speeds:

Applying the velocity field relationship

J=di
: ole Ll

:(€) 3 (B) oo ©ls pdl Ji> &8s 3ulald

between B and C :

17-)3:1_7:4

Point A moves along Oy, while point B
moves along Ox, their speeds and

+ WNAB

() B39 215735 () Al Loy o) B9 2y () Al

b WS lagasylud 9 Loguis
accelerations are respectively: P R
Uy = VAyf a, = aAyf Up = Vpg,l ap = aByf
AB = Isin6i — lcos6j @ = 1.8krad/s d = 6krad/s*

vl = v,,j + 3. 6kA(T — 1.732))

Vpyl = 6.2281+ (V4 + 3.6)]

Vpy = 6.228m/s

To calculate the speed of the point G, we
must apply the relationship of the speeds
between G and A or B.

1_7)(; = T_J)A +B/\14—G)

Vyy = —3.6m/s

Ole ! a0igl @M §ubas o(G) dadi)) A Olusnd
{(B) 91 (4) o) i) 5 (G) ridaiid! o
Be = —3.6] + 1.8kA(I — 1.732))

Ve = 3.1141 — 1.8

e The accelerations: ‘

By applying the acceleration distribution
relationship between A and B :

Up

(#)

0 —-1.8
0 0
:(B) 9 (4) i eyl 20395 e Gaskaio

a)B = aA +6AZ§_ wzﬁ

¥YBx 0 0 2 2
( 0 ) = (yAy> + (0)/\ (—3.464) -3.24 (—3.464)
0 0 6 0 0
VBx 0 20.784 6.48 Yay = —23.223 rad/s?
( 0 ) = (yAy> + ( 12 ) — (—11.223)
0 o 0 0 Yex = 14.304 rad/s?
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To calculate the acceleration of the point | 255 @M 3dad ¢(G) daddl gHlud Olud
G, we must apply the relationship of the | g4 (A) cuaddl Gu=] g (G) cniaddl o eyl

accelerations between ¢ and A or B.

{(B)
?iG = E)A + R/\A—G) - (I)ZA—G)
AGx 0 0 1 1
<a6y> = (aAy> + <0> A (—1. 732) —3.24 (—1. 732>
0 0 6 0 0
Agx 0 10.392 3.24
Agy | = | —23.223 | + 6 —| —5.6115
0 0 0 0
Agx 7.152
agy | =(-11.6115 | rad/s?
0
Exercise 4.4.9 9.4.4 (p el

The bar AB has a length of l = 4 m and it
moves in the xOy plane. The speed of
point 4 is ¥, = 8i m/s and point B moves
parallel to direction AB (Fig. 4.30).
Determine the speed of B using :

1. The speed distribution relationship.

2 . The instantaneous center of rotation of
the bar.

Syiwall § =5 (I =4m) Yob (AB) S
(Vs =8Im/s) » (A) S dem .(x0Y)
{(30.4 JSid1) (AB) Gxie 339 Hy=iz (B) Sykally
ilesiasly (B) dlakidl ds s cpe

Ol ! aigl dBMs .1

Bludl G I 3S5adl .2

V\ 0 = 60°

v

Fig. 4.30

30.4 Js<id!

Solution

Determination of the speed of B by :

Jol

:laaiwls (B) Laiill de o sl
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1. The velocity distribution relationship: ‘

BB = 1—7:4 +B/\1—4§)

1ole ! g3 ABSMs .1

Up = 81 + wkA(21 + 2V3))

Up = (8 — 2V3w)i + 2wj

Since ¥z and AB have the same direction,
we can write :

AB

Up = ||Vl 18]

By equalization we obtain :

B2

V3|7
— =2w

=8-2V3w ‘ 5

Finally the speed of point B is :

| vg = ||Usll

{8 LiSey (el pudti ogd (AB) 3 (V) Of Lo

21 + 2V3j 5. = ||7B||i+\/§||i33|| ,
4 B2 z

s Uk Byl il
‘ Vgl = 4m/s ‘ w =V3rad/s

L P (B) &addl & (439

Vg =20+ 2V3] m/s

2 . The instantaneous center of rotation
method I :

(1ol G 351 -2

()

\ 0 = 60°
A :1_5 ;

A X

Fig. 4.31

31.4 Js<id!

Recall that the instantaneous center of
rotation I is the point of intersection of
the lines normal to the velocity vectors.
The tracing of these lines from the
velocity vectors of the points A and B,

gk QI (1) daddl 92 Olygald 31 355ell (sSIRM
o le adl daitl e ddgenll Closdiunel! LS

e omogead! cmedincdl ounys (I) O dodis
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allows us to locate this point I and to
determine ||Vg|| (Fig. 4.31).

Exercise 4.4.10

An arm OA of length L rotates about the
vertical axis Oz with a constant speed w;.
A disk D of radius R is attached to the arm
so that its center coincides with point A.
The arm and the disk are located in the
same plane. The disk rotates around A
with a constant speed w, (Fig. 4.32).
Determine:

1 . The speed of the point P located
directly above A.

2 . The acceleration of P.

3 . The angular velocity and the angular
acceleration of the disk.

de pudl dbgb Uz o3 (B) 9 (A) wis (s pud! (Slads
-(31.4 g9 (JIvgll)

10.4.4 (5ol

(02) Js8Ladl s9==all Jg=> 5945 (L) llsb (0A4) g1y
(R) oyhad Ciuai (D) po® -(wq) 4B Ly Aoy
gLl (A) Aaidl e 03Sye Babain Eusm BLAL buaie
(A) Ig= 2942 oyl - Sguuadl (uid § Olais 42,81 9
ione +(32.8 JS&) (w32) A8 Oligs As

Wy a5 @y po sl Jasma o (P) dlakdl depw .1
(A) a3 gb

«(P) dadid! §)ylud .2

02yl ol gyluddl 9 il ds ! 3

Z =< L
|

)

1
=
0.
{

U

Fig. 4.32

32.4 S

Solution

1. The speed of the point P:
By replacing O’ with 4 in the relation
(4.26)

Jod!

:(P) Ak 4 .1
: zmc (A) 2 (26.4) M1 § (0') JIwinwls

dOP(t)\ _dOA N dAP(t) v 5 ATB
dt T odt dc ), T “1 (®)
R R
dOP(t)

dt

) = W1 AOA(t) + W, AAP(L) + wy A AP(L)
R
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dOP(t) o N S dOP(t) . .
= w1kANLj+ w1 ARk + w1k ARk = —Lwql — Rwyj
dt R dt R
2. The acceleration of P : ‘ {(P) daidl gyl .2
By deriving the relation of the speed: ‘ s ] A8 Bl

dAP
+——NAAP + 26 A—— + @y A (01 A AP)

dzﬁ’) _ d*04 N dﬁﬁ’) d@,
2 — 2 2
dez2 ) =~ dt ez ), dt dt
d?0P ym— g - R S oo
27| = @104 - w;AP + 2wk A (w2 AAP(Y)) + w1k A (w1k A RK)
R
d*0oP
—= = ~Lw?] — Rw3k + 2wk A (w,i A RE) + w1k A (w1k A RK)
R
d*oP d>0P

dt?

a2 ) = —Lw?j - Rw2k+2w1w2Rl
R

> = 2w, @, Ri — Lw?] — Rw2k
R

3. The angular velocity and the angular

: a 1U1 & 3Ll g dsgldl de i .
acceleration of the disk : ‘o2l ol & 9 4ol depll .3

The angular velocity of the disk is the | . E . .
s adl CuSy 9l duaxo yall dglyll ds !l
composition of the two angular velocities | ~ eI & it "iJJ .
:(w2) 9 (wq) oy

— —
w; and w, :
— — — —_— - 7
w=w;+ w, w = wyl+wik

We obtain the angular acceleration of the
disk, by deriving its angular velocity, that

Wi FUELL oyl ol BHludl S Juax
Sl

T cduglyll
is: Lol
, dw _, dw, dw, _, dw, dw,
*=ar 4 ) T4 ““ar ) @
R R R R R
w1 does not undergo any variation in the | 4ds g (R) coldl plaoll § piS &l ade Tyl Y (04)
fixed reference frame R, so: 10
dw o
1) —0o
dt

On the other hand w, varies in R, then its
derivative will be :

ABlixil dis 9 ¢(R) phaodl § A% (@) 3 dgz o0
1090
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da,

da,

dt

).

dt

) + w1 A Wy
R/

)

= —
= wylt+wq k

w,, is invariant in R’, that is to say :

Finally :

Ql

gl

sl
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4.5 Additional exercises

Exercise 4.5.1

The three-dimensional motion of a
particle is defined by the position vector :

4dLs| o3 5.4
1.5.4 (el

P e gall pladn cladll § dlads dSy> du

7(t) = (Rt cos wt)i + ct] + (Rtsinwt)k

Determine :

1. The amplitude of the particle's velocity,
2. The amplitude of its acceleration,

3. The radius p of its curvature at time
t=0.

e

LAdadidl odg) ds i &la.fb 20::92 1

.l@.ﬁgw &la.fb 3.1::3]9 2

(t = 0) da=lll e (p) Ryluwe ;U:ejljh.'é a3

L 1Bl (®) = VR*(1 + w?t?) + ¢? 1
Answer: | % lall(®) = Rwv4 + w?t? 2| gl
2 2
3. ptc 3
2Rw
Exercise 4.5.2 2.5.4 (p el

The oscillation of the rod 04 around the
point O is indicated by the angle

0 = %(sin net). The collar B slides along

the rod so that its distance relative to O is
r =15(1-e2%"Y (Fig. 4.33). When
t = 1s,determine:

1. The speed of the collar.

2. The acceleration of the collar.

3. The acceleration of the collar relative
to the rod.

¢(0) daidl Jg> J $3Ladl Gginal! § (0A) Bl g5
(B) @3kl .(8 = = (sin mt)) Dl leardga sa
(0) daddl s 9 dis Blud! Eu> Bl 339 B
Xe (334 Sa) (r = 15(1- e2Y) (o
D> [t = 1 s) ddasll

Bolall 4w .1

Sokall gyl .2

Blal) Aaaidly Bolal) quuaid! §yluadl .3

Fig. 4.33

33.4 JS&d!
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1. v(1) = 4.06U,. — 12.97ug m/s 1
Answer: | 2. d(1) = —124.75u, — 24.351u, m/s* 2| olg
3. #(1) = —8.12 m/s? 3
Exercise 4.5.3 3.5.4 (p el

The rod AB of length | = 30cm is
connected by ball joints to the collars A
and B, which slide along the two rods 0z
and CD as illustrated in (Fig. 4.34).
Knowing that the collar B is moving
towards the point D at a constant speed of
5 cm/s, determine the speed of the collar
A.

$9sS s97aiy s (I = 30 cm) Wsb (AB) Sl
339 Ol ol ((B) 5 (A) caslshaudl cndglally
lole .(34.4 JS1) § ez gall (CD) 9 (02) Bl
&6 A5 (D) daddl olosl iy (B) Skl of

(A) Gkl de 0 30> ¢(5 cm/5) Whord

zl

B

95l
C e
= _8cm 18 cm
X <
Fig. 4.34 34.4 S
Answer: B, =35.777 kcm/s 1lganll
Exercise 4.5.4 4.5.4 oy yoi)

The point A of the bar AB moves with a
speed ||U4]| = 8 m/s in the direction :
0.9667 — 0.2595 and B in the direction
0.7661 + 0.643j (Fig. 4.35).

1. What are the coordinates of the
instantaneous center of rotation of the
bar?

1

ed ds o (AB) 3Ll oo (A) daddl oy
¢(0.9667 — 0.259j) olx3y! §(||V4]l = 8 m/s)
0.7661 +) o=yl § (B) daidl Jyl Lo
.(35.4 J&1) (0. 6435

TELl odgd Ol I 38 sl Sldlu] (2l .1
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2. What is its angular velocity?
3. What is the speed of point B?

Sduglyl \gismw (p Lo 2
§(B) daidl dspw (£ .3

y A
B
0 'ie =30°
A X
Fig. 4.35 35.4 JsCad!
1. 1(0.62, 2.32, 0) 1
Answer: | 2. @ =3.33k 2| ol
3. Vg =4.391+ 3.69j 3
Exercise 4.5.5 5.5.4 o el

The rectangular plate of the (Fig. 4.36),
rotates at the constant speed
w, = 12 jrad/s with respect to the arm
AE, which itself rotates at the constant
speed w; = 9irad/s around the axis
Ox. For the indicated position, determine
the speeds and the accelerations of the
points B, C and D of the plate.

Bg = 1621 — 121.5k m/s

dul de e Hods (36.4 JS&) Aldaiiwe dowiue
P @9 (AE) gbd Js> (0, = 12 rad/s)
Js> (W, = 9Trad/s) b ds yo5 L
Ol o D> (dinall daud 9dl 30 BMRII (O X) Hgorall

(D) 3 (C) «(B) sl bl leylasd 9

—3037.5k m/s?

dap

Answer:

Be = 1621 — 121.5] — 108k m/s
A = —12961 + 1944j — 3040k m/s>

1Ol gxdl

Bp = —108k m/s

‘ dp = —12961 + 1944] m/s*
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Fig. 2.24 38.3 JSal!
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5 Juadll

Chapter 5
Mass geometry
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5.1 Introduction

In this Chapter, we will practice
determining the centres of mass and
moments of inertia of two-dimensional
objects such as flat plates. However, the
same ideas also apply to three-
dimensional objects. The most general
situations require the use of multiple
integrations for analysis, but we can often
use symmetry considerations to simplify
the calculations.

5.2 Mass of a material system

We call a system of material points or
more simply a material system all
together finite (discrete) or not
(continuous) of material points.

5.2.1 Discreet system

Itis a system made up of alimited number
n of material points of mass m;. The total
mass of this system is the sum of all the
masses of the material points which
constitute it.

5.2.2 Continuous system

It is a system made up of an infinity of
identical material points, each having an
elementary mass dm. These systems are
distinguished according to the
distribution of points in:

dodins 1.5

p93e9 SIS Sl Slml e ki ¢ il 1o §
doddaall ZIgYI Jio St &6l pluzSU Ulaall
Pl Il e Ll ol dlgaciion @1 dolucd! Gylally
plustiwl drogas ASYI JELYI Clasl, sladl 4306
W WSey o8y cdabxill Bousin oS lides

» Anlusd) Oldoad! Jaruadd JBUII Glylis! pldseiuw

dole Ao S 2.5
S ol Aoz dbluw of Dol bli dlex> o
ddadl Bagusee U Ielgus dsladl blad! e dsgazeo

(soksa) Baguzen AL of (dugina)

dagionll Aol 1.2.5

S (ol BUBII (po 39uome dUe (po 9SS Ao g2
S goazme (p pladl lig) duS)l ALSI .m; \ghe S
i 095 (1 Gyoled! Lol

(5.1)

(dugiiadl ) B paduad! ddoll 2.2.5

Lol BN o dle e dde o 05T Aoz (P
dm Lpaie WSS o S wl Aol
1) Wgiod BB 295 > ozl 00 iyl
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5.2.2.1 Linear distribution

The mass is distributed on a line with a
linear density 4 (Fig. 5.1.1), its totality is
given by:

M=f dm=f Adl
L L

5.2.2.2 Area distribution

The mass is distributed over a surface
with a surface density o (Fig. 5.1.2), its
totality is given by:

[ am= [[ aas

5.2.2.3 Volume distribution

The mass is distributed over a volume
with a volume density p (Fig. 5.1.3), its
totality is given by:

= am= [ v

Jasdl gl 1.2.2.5
¢«(1.1.5 Jadl) A4 419\25@: S Je s g8
AU Al s JiSTI 20D & Ol

(5.2)

ekl 239l 2.2.2.5
(2.1.5 JSa1) 0 0dUS el S o AN 5955
A1 B o S 2k e (S

(5.3)

t;""ﬁ"" a=)9413.2.2.5
¢(3.1.5 JSl) p 4BUS oz S o ASII §595
A1 A8l s S 00 szl (S

(5.4)

N

»

.3 (aekand! 2 ¢ Jasdl .1 MiSUl aug A 11,5 JSEI

Fig. 5.1: Mass distribution 1) linear, 2) surface, 3) volume
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5.3 Center of mass

Each mass distribution of material
system is characterized by a point G
called the center of mass, that provides
global information on the situation of the
system. The center of mass can be
considered as a local average that
represents the system.

5.3.1 Discrete system

Each material point in this system is
characterized by mass m; and occupies a
position P;(x;y; z;) in the Cartesian
frame. The center of mass G of this system
is:

5.3.2 Continuous system

5.3.2.1 Linear

5.3.2.2 Surface

o Jf, OPdm

WS 38y 3.5
e ol G dain dole Aot MS 2395 S5 ey
052 Aarll Ul 6 Aals loglan 1395 1 A

Aolod! dad! Jias PP Mﬂm‘ )s)A el

dginll doxtl 1.3.5

Badmeg m; SO e dlocell 0 (§ duole dlads S5
odg) G S Sy (GHHEI ehaodl § P; G ges
198 dhosxll

(5.5)

8 paduanal! ddoxdl 2.3.5

dudazdl 1.2.3.5

(5.6)
duxdand! 2.2.3.5
(5.7)

ffs dm

5.3.2.3 Volumetric \

. _[If, OPdm

0G =

dwox1 3.2.3.5

(5.8)

/If, dm
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Example 5.1

Find the center of mass G of a solid in the
form of a quarter circle with radius R and
linear density 4 (Fig. 5.2).

1.5 JUs
W ykad 83315 2y S (o b G ALSI 3o izl

(2.5 JSad) 4 ddasell ALY aidlSy R

y(dm)

_ » x(dm)

Fig. 5.2

2.5 JSadi

Solution

The solid S is symmetrical with respect to
the first bisector y = x, therefore its
center of mass G is located on this line,
that is to say (x; = y¢)

Using the polar coordinates (Fig. 3).

Jodl
S oY1 Cisaiall Gl polize (S) sl ozl

lia e (6) 4biS 3Sp ads 1 o(y = x) Wolas

(X6 = ye) Tk 4oy puiinnsl
(3 K1) dudad)! OLSIU>YI Jloaiawls

0_G>_fﬁ”dm _ . L, = xdm
= W Y6 G [ fdm
_ A [ xdl [ xdl _ J Rcos6.Rd6
T ATal ST X = """ Rae
T
R [Z cos0d6 2R
JZde i
yam) |
==
£
o
! .
> x= Rcos# x(dm)
Fig. 5.3 3.5 Sl
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5.3.3 GULDIN’s Theorems

5.3.3.1 Theorem 1

The area S of a surface resulting from the
rotation of a linear solid body is equal to
the length L of the body multiplied by the
circular perimeter drawn by its center G
during the generation of the surface
(Fig.5.4).

S=LX2nr

GULDIN bu,la 3.3.5

1 4,la011.3.3.2
Jas o gz Ogd e g8l awd (S) dolul!
SPII Jaall (§ By paae puuld (L) Jshall Solu
(4.5 JSadl) hasad! ud g5 <l (G) 235y oy 5!

(5.9)

A s92a Jg> Jas o puur 10951 4.5 JSEI

Fig. 5.4: Rotation of a linear solid body around the axis A

5.3.3.2 Theorem 2

The Volume V resulting from the rotation
of a surface solid body is equal to the area
S of this body multiplied by the circular
perimeter drawn by its center G during
the generation of this volume (Fig. 5.5).

V=SX2nr

2 4,021 2.3.3.5

9l Grhauw clio puu 09 oo BWI (V) !
S dasmall § dig pan puucddl g (S) ALl
JKEI) el 1 ud gl Ul (G) 03Spe dewsyy I
(5.5

(5.10)
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A yg7e Jg> Frhaw o w995 1 5.5 JSad!

Fig. 5.5: Rotation of a surface solid body around the axis A

Example 5.2 2.5 Jt.
Find the center of mass G of the plate SK&) § dpgall dmuball (G) S 3Sye a9l
shown in (Fig. 5.6). 6.5
y(cm) 4
x(cm)
Fig. 5.6 6.5 Jad!
Solution J=d!

The plate has an axis of symmetry that is
the first bisector whose equationis y = x,
so its center of mass G is located on this
line, we use this property to calculate
only x; by rotating the plate around the
axis Oy. The volume that results from this
rotation is a hollow cylinder with a
Hemisphere (fig. 5.7)

didalae S JgVI Cauaiall g 12U5 yaome dxsisall
(prlivnall 1B (e (G) WS 3500 ads I «(y = x)
229902 elldg (x) dadd s ( dmo Bl 0dd Jaiviud
2 e ziiy G ezl (DY) szl J9> dxpisall

(7.5 . JS&d1) 8,8 Cauais d8gome dlglawl g oilygull
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_ Volume of revolution around Oy

Xg =

2w X Surface of the plate

Volume of a cylinder — volume of a half sphere

X6 = 21 X (Surface of a square — surface of a quarter of a disk )
3?2 XB—%X%nzs
X¢ — 1 xG=1,85 yG=185
2 _ 292
2m (32 — gm2?)
y
x
Fig. 5.7 7.5 J&d!
5.4 Moment of inertia dlanll p3c 4.5

It is a geometric quantity that imposes
itself during the rotational movements of
physical bodies. It is often denoted by I or
J, and it physically represents the
difficulty that opposes or faces the
rotation of the material system.

5.4.1 Case of a material point

Let P be a material point of mass m and
coordinates (x,y,z) in a Cartesian
reference frame, its main moments of
inertia are defined by:

Iy = m(yZ + Zz)
I, = m(x* + z%)

I,, = m(x* +y%)

Alygnll Byl Ul g oyl Apsatits 4ueS 50
oz 929 <(J) o (1) 2 4 3ap Lo WK &ola)l Jozml
Aol Ohgd axlgd of poylad I Dgasall Libind

TN

Lol dads d> 1.4.5

e 3 GL3Is1g (m) GliS dole dais (P) oSW
WS duutiyll lgilllas pg3e Byad ¢(x, Y, Z) P S1HE
e

(5.11)
(5.12)
(5.13)
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The index ii indicates that the component | glais &Sy Obgl glaks &Sy Of Wby (ii) JLI

of the rotation vector and the component
of the angular momentum vector are on
the same Cartesian axis.

(SN yg0all i o Olads S0 g3l

The inertia products are also defined by: | 1 WS lgidlas pgie zilgd Byms LS
I,,=-myz=1,, (5.14)
I,,=—-mxz=1,, (5.15)
I, = —mxy = I, (5.16)

The index ij indicates that the component
of the rotation vector and the component
of the angular momentum vector are not
on the same Cartesian axis.

The previous six moments of inertia
represent what is called the inertia
tensor of the hardware system S with
respect to the Cartesian reference

frame R(0, 1,7, E), which takes the form of
a symmetrical matrix.

Ixx Ix
IR(S) = Ixy Iyy
I, I,

It is also possible to calculate the polar
moment I, of a hardware system which
defines as the moment with respect to the
origin O of the Cartesian reference frame.

15(S) = m(x? + y* + z%)

gl dSpeg Ol glads &Sy O duds (if) S
A ygeall udd e Ol Y Syl pjall

o b _nolie [SUI ALl cud! Alasdl agie Jiad
elaoll Cguiadl (S) wolol dhooxll dlas)l Wicws

dBgime S dsb Silg R(O,i),]_),TC)) S

55
I,
Iy, (5.17)
IZZ

dozdd (Ig) bl dlasl pie Clus Ll LS
(0) dhail) deuidy Alanll pje AU Byaally dole
373U PN ESN I RS

(5.18)
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Example 5.3

Calculate the inertia tensor I and the
polar moment I, of the material point of
mass m = 5 Kg and coordinates (1,2, 3)

3.5 Jl»
(Io) ghad)l Vlas)l a3y (Ig) Wlan)l wiso o
Wiy (m = 5K g) ks I doladl daiild

in the_) Cartesian reference frame .R(0,i], Té) G plaol § (1,2, 3)
R(0,1,j, k)).
Solution J=di
e Inertia tensor (Ig): :(Ig)dUlastl Wias @
I, = m(y* + z%) I,, = —myz
I..=5(2%+3% I,,=-5x2x3
I..=65Kg.m? I,, = —30 Kg.m*
Iy, = m(x* + z%) I, = —mxz
2 2 65 -10 -15
ly = 50174379 Ly = =5x1x3 Ir=(-10 50 -30)Kg.m?
I,, =50 Kg.m* I,, = —15 Kg.m* -15 -30 25
I,, = m(x* +y?) I, = —mxy
I1,, =5(1% + 2%) Iy, =5x1x2
1,, =25Kg.m? I,, = —10 Kg.m?

e Polar moment I, ‘

Iy = m(x? + y? + z%)

Io =5(1% + 22 4+ 3%)

I, =70 Kg.m?

It can be noticed that: | 10 dasdle ¢S
Ixx+1yy+IZZ=2m(x2+y2+ZZ) ‘ Ixx+1yy+lzz:210
I, +1,, +1 65 + 50 + 25
I, == ;y = lo=—"—— I, =70 Kg.m?
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5.4.2 Discrete system

It comprises a limited number n of
material points. Each point of mass m;
occupies a position P; with coordinates
(x;,¥i,z;). The main moments of inertia of
this system are:

dagiin ol Aoz D> 2.4.5

o 5 . Doldl LI e (1) 139dxe lods Joitd
PGS plae § rbge Oty (my) s
ik LS dntsyll gilllae pge Byas P;(Xy, Y, Z;)

(5.19)

(5.20)

(5.21)

These inertia products are written:

n
I, = _Zmiyizi = Iy
i=1
n
I, = _zmixizi =1,y
i=1

n
= _Zmixiyi = Iy,
i=1

I,

Example 5.4

Calculate the inertia tensor I and the
polar moment I, of the system
constituted by three material points of
masses 3, 5 and 2 kg located respectively
at the coordinates (—1,0,1), (2,1,3) and
(=2,2,1) in the Cartesian reference frame

R(0,ij k).

Solution
e Inertia tensor I

: JWS LSS (gillas ggilgs

(5.22)
(5.23)

(5.24)

4.5 Jln

(Io) bl Vlasll pzeg (Ig) Ylas)! dics sl
Kg 592 ¢3S ok bl il e ASinadl dhozxeld
& (—2,2,1) 5 (2,1,3) «(—1,0,1) Wlela=ly
R(0,1,], ) S8l alandl § iUl

Jol
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3
L= Y M +7) | L= ma(v+2) + m (04 23) 4 my0 + )
i=1

I, =3(0%+12%) +5(1% + 3%) + 2(2%2 + 1?) ’ 1., =63 Kg.m?
3
Ly = ) my(x? +22) Iy = my (3} + 25) + my (x5 + 23) + ma (4 + 23)
i=1
I, =3((-1)% + 1%) + 5(2% + 3%) + 2((-2)* + 1) ’ I,, = 81 Kg.m*

3
L= ) my(x +?) I, = my(x} +¥F) + my (3 + y3) + m3 (x5 + 33)
i=1
I, =3((—-1)%+0%) + 5(2% + 12) + 2((—2)? + 2%) ‘ I,, =44 Kg.m?
3
I, = —Zmiyizi Iy, = —(m1y1z1 + myy;z; + m3y3z3)
i=1
I, =—3x0x1+5x1x3+2x2x1) ‘ I, = —-19 kg.m?
3
Ixz = —zmixizi Ixz = —(m1x121 + myx,7z, + m3x323)
i=1
I,,=—-Bx(-1)x1+5%x2x3+2x(-2)x1) ‘ 1., =23 kg.m?
3
Iy = —Zmixiyi Iy = —(myx1y1 + myx;y, + m3x3ys)
i=1
Liy=—-@Bx(1)x0+5x2x1+2x(-2)x2) ‘ I, = -2 kg.m?

We arrange these results in a matrix Ulas)l dioo JSod) dg9a4a0 § gLl 0dd 3y

to form inertia tensor I :(Ip)

63 -2 -23
Ir= -2 81 -19]| kg.m?

-23 -19 44
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Polar moment I,

(1) il lan)l 3o

3
Io=) mi(x} +y? +722)
i=1

Io =3((-1)?+0%2+12) +5(2%2 + 12 + 3%) + 2((—2)?* + 22 + 1%)

I =94 Kg.m?

We can also verify that:

Lie + 1y + 1, p
2 0~

10:

5.4.3 Continuous material system

5.4.3.1 Linear

In this case the mass distribution is linear
with density 4, and each element fraction
is characterized by its position (x, y, ), its
mass dm and its length dl, so that:

dm = Adl

Ixx = J(yz + zz)dm Iyy = f (xZ + Zz)dm Izz = f(xz + yz)dm
1 ! L

I, = —f yzdm I, = —f xzdm
1 l

5.4.3.2 Surface distribution

In this case the mass distribution is

surface with density o, and each element

fraction is characterized by its position

(x,y,2), its mass dm and area ds, so that:

63 +81+44

101 oo Bam! Ll Lolals

> I, =94 Kg.m?

8 yodunns dodlo dho> 3.4.5

ddas-1.3.4.5
(1) BUS Was S asigs O Ul o §

WlS (x,,2Z) dadgar Gaais s3> S aeig

iyoms o(d) Alsby (dm)
(5.25)
(5.26)
Iy =— f xydm (5.27)
.
duxbaw 2.3.4.5

((0) BUS Lxlaw WS aujgd GO9S Wl oda 3
(dm) S «(x, y, ) 4 go2 Gpais 32 IS ey
1w ¢(ds) d>luwy
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dm = aods

I = ﬁ(y2 +z%)dm

I, = —ﬂ yzdm
S

5.4.3.3 Volumetric distribution

In this case the mass distribution is
volumetric with density p, and each
element fraction is characterized by its
position (x,y,z), its mass dm and its
volume dv, so that:

dm = pdv

I, = ff (x? + z-)dm

I, = —ﬂ xzdm
S

(5.28)

I,, = ] f (x* + y®)dm (5.29)

I, = —Jf xydm (5.30)

dwox>3.3.4.5
(p) LSS boom> ASII 20)g5 090 Wl oda (§
(dm) €lS «(x,y, Z) dabges Gpais si> S5 aaing

1Cum o (dV) x>y

(5.31)

I, = H (y?* + z¥)dm I, = ff (x% + z%)dm 1,,= Jf (x2 +y»)dm  (5.32)

I, = —ff yzdm
v

Example 5.5

Calculate the inertia Tensor I and the
Polar Inertia moment I, of the plate
shown in (Fig. 5.8. 1), which has a mass
density o = 6 g/cm?.

== [ i

I, = —fff xydm (5.33)

5.5 Jl»

(Io) o)l Ylaal p3eg (1) Vlasn)l dies
el @Iy (1 .8.5 &) § ddgall doniiall
0 = 6 g/cm? &S LS,

1
y(cm) y(em) 2
P
dyl®
dx |
x(cr;l) x(cm)
Fig. 5.8 8.5 JXid!
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Solution

The solid S in this case is a plate in the
plane x0y, so z = 0, proceeding from the
elemental rectangle centered at the point
P(x,y,0)) whose area is ds = dxdy (Fig.
5.8. 2) and using relations (28), (29) and
(30) we can write the following:

I, = aff yidxy
S

I, = aﬂ x%dxy
S

J=di

Q domiio 3 ALl sdd § (S) all el
Julainall opo BN ¢(z = 0) 03] «(x0y) S ghuna]|
dilua g P(x, Y, 0) Aol i 3Spaall g perial
OBl Jloaiwbyg (2 .8.5 JSI) (ds = dxdy)
i bo LS audainnd (30) 9 (29) ¢(28)

I, = aff(xz + y*)dxdy

Iyzz—ffyzdmzo
S

So, we just need to calculate only three
elements of the inertia tensor I:

y*dy

P
R
=
Il
(=)
o —_
()
=
N—
<
N
(Y
<
+
N—
9..
=
o —_ o

Ixzz—ffxzdmzo
S

S
I, = —aff xydxy
S

dlas)l Wise (o _polis W Gl Laid Luu.nS.g «0d)
Ir)
56 64

1 =6[2X—+3X—
xx 3 3

I, = 608 g.cm?

2 4 5 4
I,,=6 szdxjdy+fx2dxjdy
0 2 2 0

8 117
Iyy=6|:§X2+TX4]

I,, = 968 g.cm?

1,,=1576 g.cm?

I 64 12+21 16
=—6|=X—+—X%x—
4 2 2 2 2




Finally, we present the tensor I

608
Ip=|-576 968
0 0

Polar moment [

Ip = f (x? + y? + z¥)dm

dosiuall (1) Alasdl dioe HUS Lies (-

—576 0

0 ) g.cm?
1576

1(Ip) i) Basll g

Ip = aJ (x% + y% + z*)dxdy

S

S
2 4
I,=6 fxzdx
0 2

5 4 2 4 5 4
dy+.I-xzdxfdy+fdxfyzdy+fdxfy2dy
2 0 0 2 2 0

8 117 56
Io=6[§><2+—><4+2><—+3><

3 3

5.4.4 Influence of symmetry on the

inertia tensor
If a solid has a symmetry in its shape with
respect to the axes of the reference frame

R(O,T,f,ﬁ), the number of non-zero
elements independent of the inertia
tensor will be reduced.

5.4.4.1 Plane of symmetry

If one of the three main planes represent
a plane of symmetry of a solid, the inertia
products on the other two planes are
Zero.

If the plane (x0y)
symmetry, then:

has a plane of

64

3 I, =1576 g.cm?

Wlas)l wiew Js oL 156 4.4.5

o 97l Al aSls (§ By il uncrdl 503 13)
$35 N3 0B ¢ R(0,1,],K) plaodl solma (0 AS
dogdaall ae dlaa)l Wien _sole due Olads |
Agrany (e dlitually

Sgun] dwddb HI5US5 1.4.4.5
SFuns Jhoy O druanyll Sbgiunadl dl O 13
Al Al @ly QLS call ‘om.zU B

Aagdas 0955 ¢33 oy granadd

1OV HBUS Sgium Jin (X0Y) Sginadl OE13)

Iy I, 0
Ig=(I, I, ©
0o 0 I,
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If the plane (x02z)
symmetry, then:

has a plane of

If the plane (y0Oz) has a plane of

symmetry, then:

I,,=0

I,,=0

10 HBUS Ggiue Jiax (X0Z) Syl 05 13]

Ixx O Ixz
Ie=[0 1, o©
I.X'Z 0 IZZ

I, 0 O
Ig=(0 Ly I,
0 Iyz I,

It can be seen that if the solid admits more | oo AST Cliall gucell O '13] &l G oo palsiud
than one principal plane of symmetry, the | (g8 SO Dlaadl zilgs OB oty YU Ggium

three inertia products are all zero.

I, =0

5.4.4.2 Axis of symmetry

If one of the three main axes represent an
axis of symmetry of a solid, the inertia
products on the two main planes formed
by this axis and the other two axes are
Zero.

If the Ox axis is an axis of symmetry, then: \

If the Oy axis is an axis of symmetry, then:

I,,=0

dogiae

L, 0 0
=0 Ig=(0 1, o
0 0 I,

D97e0) dunddl BBUS 2.4.4.5

SBUS ygmme Jies MY duwnyll yelomadl usl O 13)
L&JMJ duunddb AUl @"[9.! up AW p.wau
Qp_gzd‘ &0 BYC S| KV- L@@S&g w.lu‘ Cdnctd o
Aaguan 0983 (3Nl

1O HBUS y9oee Jiea (0x) Hg==all OB 13

I, 0 0
Ig=| 0 Iy, Iy,
0 I,, I,

10 HBUS y9oee Jhe (0y) sgoeell OB 1]
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I, =0

If the Oz axis is an axis of symmetry, then: \

I,=0 I,,=0

I,,=0

Lo I, 0
Ig=(I, I, ©
0 0 I,

It can be seen that if the solid admits more | oo AST Cliall gl O '13] &l B Lo palseiud
than one principal axis of symmetry, the | 035 S Ulas)l Zlgs OB ¢y JUS Hgme

three inertia products are all zero.

5.4.4.3 Symmetry of revolution

In the case of solids having an axis of
revolution such as a cylinder (Fig. 5.9.1),
a cone (Fig. 5.8.2)

The mass is distributed symmetrically
around this axis. If we assume, for
example, that this axis is 0z (Fig. 9) the
planes xOz and yOz present main planes
of symmetry and consequently all the
inertia products will be zero.

doguiae
I, 0 0
=0 L= 0 I, o
0 0 I,

‘“3‘)33 )90 Bl 3.4.4.5

Jie Obgs sgoee el (I dball plull A>3
6(2.9.5 1) g yseall ¢(1.9.5 JK&JI) &l glawdl

138 . ygoeadl 1t Jgor &bl ddgas dsjge AN 0985
O ¢(9 .JK&dN) Wis (02) He=all 92 Hgmall lin OF
QFwe Oy (¥02z) 9 (x02) iyl (ogined!
055 Wlaall iy molic awa OB Wy U

4o 9o
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-

)

x

(0z) 3L s97s el Cbio w1 9.5 JS&I

Fig. 5.9: Solids of revolution of 0z axis

5.4.4.4 Spherical symmetry

In the case of solid bodies characterized
by a spherical shape centred on O,
whether they are filled or hollow (fig. 10)
all the main axes and planes of the
reference R(0,i,j,k) are symmetry
elements corresponding to the sphere,
and the three axes have the same roles,
which makes all the main elements of
inertia equal and all the elements of the
products of inertia are zero.

Iy =1y =1,

S9! ,BU 4.4.4.5
(0) 03550 ($955 S 3 (I Al plua¥I AL
S5 085 (10 .JSadI) ddgme o Brglow O Iegun
R(0,ij,K) plaol) &yl Slgiuolly sgloeal
Wloxo SN Holmall (939 By U5 _solis
& gludie duuts Il Dlasll polic arez Jaz oo )19Vl

Aagdan Alaall Zlgh solic amy

Fig. 5.10 Spherical symmetry

S9,S HBUS 110.5 Sl
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Example 5.6

In the case of a spherical solid, find a
relationship between I, the moment of
inertia with respect to O and one of the
main moments of inertia.

Solution
In a spherical symmetry, whether hollow

or full, we have:

Iy =1y =1,

The moment of inertia with respect to 0
is:

e

6.5 Jle
Py oW e v\?.ji ‘ggﬂl all M‘ > ‘3
Alasll pgie uxly (0) Taseldl 4l (1)) Ulasll
EWRR!
J=di
‘ai CIE ddgomo 8,SU1 CO elgun ,égﬂl sbl d> £3
:O!-é Be glow
I,,=0 ‘ I,,=0 ‘ I, =0

90 (0) Laill deuidl Dlas)l pje

+y% + z8)dm

jﬂ (x%2 + y? + z¥)dm

I,y 1

yy+ ZZ_

ﬂ (y? +zz)dm+ﬂ (x? +zz)dm+f (x% + y*)dm

) ﬂv (y2+zz)dm+ﬂv (x2+zz)dm+ffv (x% + y*)dm

Zf (x% + y* + z*)dm
S

Ly + 1y +1,,

Ly + 1,y +1,, =2l

fo (x% + y* + z*)dm
Vs

We have:

So, we can write:

| 1SS O gdaind <003
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P~
=
=

Ixx + Iyy + IZZ =3 Iyy
IZZ
Finally: et
Ixx
3 Iyy = 210
IZZ

5.5 Solid plan

In the case of planar solids, one of the
coordinates of the element dm is zero. If
for example the solid is in the (xOy)
plane, then:

We immediately deduce that:

yz —

5ol biall )] 5.5

Su>] cdugiued! ddall pluadl duball sl D> 3
O 13] Miad .dogdae 055 (dm) paiadl CLSIL>
10 (X0) @gtunall § Wdly (ol syl

101 B lue )

I, = ff y*dm I, = ff x*dm I, = ff(xz + y?)dm
S S S

By noticing that:

1,,= szdm+ﬂyzdm
S S

I, = Iy + 1y,
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5.6 Main axes of inertia

Let be a non-diagonal inertia matrix of a
solid § with respect to a reference

R(0,1j k)

There are at least a basic orthographic of
the same origin O noted R4(0, ?1,]_’1,})1),
called the main base of inertia at point O,
and in what directions (01,, 0j;, Ok,) are
the principal directions of inertia and the
inertia matrix in this basis is a diagonal
matrix. The elements of this diagonal are
called the main moments of inertia. The
inertia matrix in the base R,(0,1;,7;, k)
would be written:

To find the main moments of inertia and
their directions, we must diagonalize the
matrix:

I
Ig
0

P

xx

P

xy

XZ

P

That is, solving the system of equations:

Ixx -1 Ixy Ixz
I, L,-1 I,
Ixz Iyz Izz -1

Alaal) deauSy)l y9lxall 6.5

Mdulmﬁ@béﬂhéﬂsaswﬂ
:R(0,1,], k) plas) &ty (S) cio

Ixy Iy,
I}’}’ I}’Z
Iyz I,

(0) Wit duilxieg Buslaio susl J8YI s uxgs
Ularll &byl SUS I ou <Ry (0, Ty, 1, Ky ) 2
druniyll yolxall (2 (014, 0], Oky) gl 0SS
Buis )l odg) Al dlasll 3.93.944.0 Oﬂj AJlazl
i)l 09380l (ound Adgiiaall ylad polis .duylad
Susld)l oda ‘3 dlasll 3533.,4.0 S 03%3 Alasl)

Zg}g lASRl(O, il,jl,zl)

0 0
I, 0 )
0 I,

o ygloeog duwdyll Dlaall pgie dbwf J=i o0

148 g2l §yadl Lids
Ixy Ixz
Iyy I)’Z
Iyz Izz
:AJW SYalaedl Ao Jo> Com 4 ‘éi
il 0
J2 | = (o) (5.34)
ks 0
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This system admits a solution if the | &JW dgamell ddzxe O 13] D> Juidi dlazel o2

determinant of the matrix is zero:

L”Si [FEREY
Iy —1 Ixy Iy,
Ixy Iyy —1 Iyz =0 (535)
Ixz Iyz Izz -1
Example 5.7 7.5 Jbe

An undeformable solid S located in the
plane xOy consists of four particles with
masses m; = m3 = 3kg and m, = my =
2kg, At the points A, B, C and D vertices of
a square with center O respectively
(Fig. 5.11).

1. Calculate I the inertia tensor relative
to the base R(0,1,], E).

2. Are the directions (Z,j, k) main? Justify.
3. Deduct without calculating a base
R1(0,i1,j1,ky) in which the vectors

(11,71, K1) present the main directions of
inertia.

Syunadl § 2y 0giill LB Ak (S) clo puwr
dhii U8 ) e ik «(x0y)
(my; =my = 2kg) s (my = m3 = 3kg)

‘il e (Cc Bc A 9 D) o 093y J& 4219

.(11.5 JS&d1) (0) 0355
Baslal dudll dlas)l Wieo (Ig) o9l .1
.R(0,1,],k)

e Sty (], k) clalsdl o .2

Jis3 Ry (0,1, j1, Fey) 896 Gl 093 giiias! .3
Wlas pojal Ay LS (iy,f1, Ky) ik
Aol

ge Y™ oB
! ! 0 | o x(cm)
S I )

D | | | | r C

Fig. 5.11
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Solution

1. Calculation of the tensor I

Ly = myy; + myy3 + may; + myy;

Jaul

(Ig) QL1

I, =3x%x3%+2x3%2+3(-3)%+2(-3)?

I, = 90 Kgcm?

Iy, = myx} + myxd + maxd + myx} | Iy =3 x (=3)2+2x 32 +3 x 3% +2(-3)?

I,, = 90 Kgcm?

I, =1 +1,,

I,

I,, = 180 Kgcm?

= —(Myx1y1 + Myx3y; + M3X3y3 + MyX4Ys)

Liy=—(83x(-3)x3+2x3x3+3x3x(-3)+2x(-3)x(-3))

I,, = 18 Kgcm?

90 18
I,=(18 90
0 I,

2. The Matrix is not diagonal, then the
base is not principal.

3. Determination of a main base.

If we rotate the coordinate system around
the axis Oz at an angle of 45°, the system
in this new coordinate system accepts

two planes of symmetry (O, il,ﬁl) and

(0,j1,k1), which cancels out all the
products of inertia, and the base

(0,11,J1, k1) will be primary. The new
vectors (i;,]1, k1) according to the old
ones (i,], k) are:

0
0 | Kgem?
180

Condd Busl@d O3] cduyhad Condd ddgauanll .2
+Araantd)
(02) s92xal! Jg> R(0,1, ], k) o)l 52900 o 13)
S i) elall 1 (§ dlazed! OB ¢45° Wyud gl
sl (0,]1, k1) 3 (0,7, k1) b BUS (3 gune
09 dakeg cdlaall Ty pols amz> pln ‘§JJ|
Busdadl OLSYy Ay (0,14, 71, Kp) 50!

109553 (T, J, &) dapadd) Slalos! A% (T, 1, i)
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If the rotation is reverse clockwise (Fig.
5.12.1)
If the rotation is clockwise (Fig. 5.12.2)

Reverse clockwise deludl Qylic WSe

(1.12.5 JSad1) deludl Oylie GuSe Olygll O 13
(2.12.5 JS&d1) deludl Loyl olaxil olygdl 013

Clockwise ‘ deludl Lylds olxiby

i =0.7071 + 0.707]
j1=—0.7071 + 0.707]

— —

k1:k

11 =0.707{—0.707j
j1=0.7071 + 0.707]
El = E

—-——

|

———q-=-=-=-=--r---

x1(cm)

deludl Qi wSe Olygd .2 cdeludl uylis il Olyga 1 2 12.5 JSa!

Fig. 5.12: 1. Reverse clockwise rotation, 2. Clockwise rotation

5.7 Huygens Theorem

By knowing the inertia tensor at the
center of mass G(xg, yg, z¢) of the solid S
in the base R(0,1,j, E); then we can
determine the inertia tensor at the point
O in the same base by the relation:

Io/r(S) = I5/r(S) +Jog/r(S)

Huygens 41,153 7.5

WS Sy Al Ulaa)l  dkes)  Lidymas
Basldl § (S) e pwnd G(x¢, V¢ Zg)
! 1hg) Dlan)l Wise s UiSes R(O,7,7,K)
ML Busldll s 3 (0) Tl deudll Cball

AJudl

3

(5.36)
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Where o
(}’g + Z%) —X6Ye —X6Zg
Jogir(S) =m| —xgye (xt+2%) —Yeze (5.37)
—XGZg —Y6Zg (xé + }’g)
Example 5.8 8.5 Jl

Determine the moment of inertia at the
point O of a homogeneous rod with a
linear mass density A=5 Kg/m, (Fig. 13).

3

LS duiloria 3l (0) JI dxeddls Dlasll Wias cpe
(13 Kad1) 2 = 5 Kg/m dudasel)

0
Fig. 5.13 13.5 Jsad!
Solution J=dl
The T s jocated in the X0V PIane: | (; _ 0) 03] (x0y) simall § a5 Sl
- Y 10955 audey
IGyz =0 Iy, =0

Its center is G(1,4, 0) and its length:

l=+2%+42

Its mass is:

sy G(1,4,0) g Bl S 3Sye

l=2V5m
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m = Al | m = 10V5 Kg

Its position in the x0Oy plane realises: | o]l 3w (x0Y) Sgiud! § o go
y=2x+2
2
dm = Adl dl = /dx? + dy? dl= |1+ (?) dx
x
dl =1+ 22dx ‘ dl = V5dx ‘ dm = 1V5dx
2
Toee = [ y2dm Toex = 5V5 [ 22+ 2%
0
5v5 52075
Iy = —/[2x + 2)3]% Igxx =
6 3
2
Igyy = fxzdm Igyy = 5\/§Jx2dx
0
5V5 ., 40V5
ny=T[x ]0 Iny=T
Lo = 41 520v5 405 5605
Gzz = LGxx Gyy Ig,, = + Gzz =
3 3 3
2
Igyy = —fxydm Igyy = —5\/§fx(2x + 2)dx
0
2 2 20V5
_ _ 203 _ 42 —
Igyy = 5\/3[3x x]o Gy =—"—3—
0 0 28
The inertia tensor with respect to O is: | 192 (0) dadil) il Wlas)l Wino 550

Io/r = Ig/r +JoG/r
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26

(-

0

0
0

205 -1

Iop = 3

28

16
—4
0

-4 0
1 0
0 17

s 3

105

3 14

0

2
0
100
Ior = (
5.8 Moment of inertia of a solid
with respect to an axis A(0, )

The moment of inertia of a solid S with
respect to an axis 4 passing through the

a
) is equal

B
to the doubly contracted product of the

point O and of unit vector ﬁ’(
14
inertia tensor I, by the unit vector u.

Iy=(a B Y)IO/R<

Example 5.9

Homogeneous solid S of straight

parallelepipedal shape and of dimension

(a, b, c) centred at O (Fig. 5.14). Calculate

its moment of inertia with respect to
1

A o,a(l) .
1

-14
7
0

0
0

) Kg.m?
107

297 duwdlb Cluo e dlas p3s 8.5
A0, %)

(4) 137 4l (8) o ey dllas pie sy
a
) dgrss glady (0) sl oo o

B
) Al punndl dllas Wise g Zodied! (§ gouael!

st
14
L(U) a9l gladg (Ig/r)

a
B) (5.38)
14
9.5 Jl

@I d> gVl Gilgie S A (§) udlamio o e
>l (14,5 JS&J1) (0) 835Sms (a, b, c) sala

1
Al 0,uf1

1

Fig. 14

14.5 Sl
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Solution J=I

The three axes Ox< Oy and Oz are axes of | LS yglxe (0xc 0y 5 02z) &I Hglxall Of L
symmetry with respect to the solid S, Ty nolis &M,. OB «(S) bl puull Al
consequently all the inertia products are | yui sin 3 Ulas)l dias 9509 cdogias dWlasl

zero and the inertia tensor is diagonal: Lyhad
I, 0 O
Iop=| 0 I, 0
0 0 I,

L= [[| 0% + 222dm L= p || 07+ 222w

XX

abcff (y? + z*)dxdydz | = fﬂy dxdydz+ﬂf dedydz

/ a b c a b <
2 2 2 2 z 2
__m 2 2 1 2 2
Ixx_%k dx | y*dy |dz+ |dx |dy | z dz) Ixlezm(b +¢%)
L b & & b
2 2 2 2 2
In the same way we find: | e dislall iy
1 2 1 2
Iyy—ﬁm(a +c%) Izzzﬁm(a + b*)
The inertia tensor with respect to O: \ :(0) darid) 4l Alas)l Lies O9S0
(b? + ¢?) 0 0
Io/R:Em 0 (a2+C2) 0
0 0 (a? + b?)

To calculate the inertia tensor with | Gdad ¢(A) eriwnel deuddl dlanl wico Qlwe
t to the straight line A, th lati e

respect to the straight line e relation (38) 25

(38) applies
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1 (b? + ¢?) 0 0 1
L=—m1 1 1) 0 (@ + c?) 0 (1)

12 0 0 (a®+bH)/ M
1 (b?% + ¢?) 1
= Em(l 1 1| (a® +c?) Iy = gm(a2 + b?% + ¢%)
(a® + b?)
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5.9 Solved exercises

Exercise 5.9.1

An undeformable solid (S) located in the
plane (x0y) consists of three particles with
masses (m; = 4kg) and (m, = m3 = 3kg),
(Fig. 5.15).

1 - Discuss the symmetry of the solid (S).

2 - In what does this symmetry help us when
calculating its center of mass and its inertia
tensor?

3 - Calculate its center of mass (G).

4 - Calculate its inertia tensor (Ip).

dgloeo )kl 9.5

1.9.5 ¢yl

Sl § ady 09l LB p& (S) Co pu
«(my = 4kg) dudas JiS & o JKE& <(x0Yy)
((15.5 L&) (m; = m3 = 3kg)

(S) el el LIS 2806 — 1

A8 3Sye Dl wis HBUN Kia By 13le § - 2
Saxllac diasy

(G) 4kiS 3Sya sl — 3

(Ig) Wlas Wiso owsi — 4

yem?t
oot My
o S .
AEC S
O 1 2 3 x(i:m)
Fig. 5.15 15.5 JS&!

Solution
1 - Itis clear from the (Fig. 5.15) that the
solid (S) admits the first bisector of the

plane (xOy) as axis of symmetry whose

equation is:

Jdi
el OF (15.5 .JSadl) IMs oo W ek — 1
(x0y) Sgiwall JVI Caaiadl iy (S) bl

rdidolae SWlg HBUS jgoeaS
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2 - We conclude from this symmetry that
the center of mass of the solid S is located
on the axis of symmetry, which imposes a
similar situation between the two axes
(0x) and (0y), and accordingly we can

write:

el AisI! 3S g0 ol o Ul Aol (pe Tk =2
O Yla3 oyl I BN ygzme e 2o (S) !
b Loy i O S ey (0) 9 (0x) cpgoeal!

Y6 = X¢ Iyy = Iyx
3 — Calculation of the center of mass G. (G) A 3850 Ol -3
L o DX L. o MaXs t max; + maxy 4x1+3%x2+3x3
= = x —
¢ Yim; ¢ m; +m; +m3 ¢ 4+3+3
Xx¢=1.9cm Y¢=1.9cm

4 — Calculation of the inertia tensor I.

Since all the material points are in the

x0y plane then:

Zi=0

I, = mly% +m2y% +m3y§

.(Ig) dlas)l Wiow Gl —4

0B (x0Y) Sgiuml! § ads Aokl LG S Of b

yz —

I.,=4x%x1%+3x32+3(2)2

1., =43 Kgcm? Ly =1,y

I,, = 43 Kgcm? I, =1 +1,

I1,, = 86 Kgcm?

Iy, = —(Myx1y1 + Myxy; + M3x3y3)

I,

=—(4%x1%x1+3%x2%x3+3x3x2)

I —

xy = —40 Kgem?

43 —-40 O
Ip=1-40 43 0

0 0 86
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Exercise 5.9.2

1 - Find the center (G) of the solid S of
uniform linear mass (A) of the (Fig. 5.16)
by considering it:

a - a discrete system.

b - a continuous system

c - Using GULDIN's theorem.

2 - Calculate the inertia tensor (I, /) of
the solid ().

3 - Calculate the moment of inertia of the

)

1

solid (S) with respect to the line A (
0

2.9.5 ¢yl

Q3USJ1 93 (S) cduall puuzell (G) WSV S0 drgl — 1
Iias (16.5 . JS&J1) 3 zgall (1) dolaiall dudass|
ol

ugiie Aoz |

B yadane dhozr —

.GULDIN 4,15 Mostiuws — z

(8) k) puul) (/) lland) Wios ] — 2

a1

1

) dgyl Cuaial) el &) dlac g.a.waj—3
0

________________

T |

B o e e

-

Y 5 S R

[
[FNY

=

dapmmm-
[ | Sy

Fig. 5.16

Solution
1.a - Calculation of the center of mass (G)

by considering (S) as a discrete system:

J=i
g Aoz (S) Dbl (6) &S 350 i =11
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In this case, the solid (S) is formed by six B (o BgSe (8) cabsall puusell pimy Al 0 §
segments (S;) each of length (I;) and | (G;) ®Sws (I;) Wsb ww S (§;) Oluad

center (G;) (Fig. 5.17) (17.5 . Jad)
,.'“
S s e
o) -
e
R e
61, R
1 ; S I R
L G v 1
0 L 2 3 4 5 6 .
Fig. 5.17 17.5 JS41
6
Zlixi
0_G>:_22m,-o_a} m; = Al; O_G,:z_zgl,-o_a’,- 0G=—| o
nem, e %51, I Y
iYi
1
0
. 1 /2%x14+2x2+2%x3+1%x4+1%x3.5+2x%3 . 2.55
0G=E 2X1+2%x2+2%x3+1x2.5+1x2+2x%x1 0G=11.85
0 0

1.b - Calculation of the center of mass (G) | dw=> () sl (G) WS ¥ Gl - .1
by considering (S) as a continuous e

system:
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In this case, the elementary segments | k| (dm, dl) Lnaiall sl 095 Dl oin §

(dm, dl) are either parallel to (Ox) (dl = 297l Dilge ol (AL = dx) Jwolsdll yymeed dsilge

d llel to (0y) (dl = dy) (Fig.
x) or parallel to (0y) ( y) (Fig (18.5 . S&1) (dl = dy) I

5.18).
__. [, OPdm __. Af, OPdl
0G=— dm = Adl oG =——
J, dm Af dl
__ J, OPdl 1 _
0G =—— 06=—<f xdli+f ydlf+0k>
J, dl 101/, !
J xdl+J xdl+J xdl+J xdl+J xdl+J xdl
_ .1 L Iz I3 Iy ls le
0G = —
10( [ ydi+ | ydi+ | ydi+ | ydl+ | ydl+ J ydl
151 Iy I3 ly l5 le
0
“.H
e i e e e
TR :
3 ----lé---- :'. _il.. ----Iir-----i
R T
1= At
) T S T
ol L 2 3 £ 5 6 .
Fig. 5.18 18.5 JS&JI
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1

2 3 4 3 4 2
fxdx+f 2dy+fxdx+f4dy+fxdx+f 3dy
0 1 2 2 3 0

0G = — 2 3 4 3 4 2
10 fdx+fydy+f3dx+fydy+f2dx+fydy
1

[t e

~ 10 y

2

—

0G = 2+4+6+2.5+2+2

1 <2+4+6+4+3 5+6>

10 0

1.c - Calculation of the center (G) by
GULDIN's theorem:

To calculate (x¢), the solid (S) is rotated

about the axis (Oy), which results in | g

either a disk or a perforated disk or a
cylinder (Fig. 5.19 a), the total area of

these generated surfaces is:

Soy =X 2%+ 2w X 2 X 2+ (1 x 4*

2
[x](2,+l—l + [3x]3 l l + [2x]

[ o
ol

(255
0G=(1.85
0

s Jleaiwl (6) WS 38y Qlus> - z.1
:GULDIN

Jo= (8) ball ! 9y podl (Xg) s S
02 Ll poddl 1da sl (0 i (0Y) s>l
d>luadl ¢(a 19.5 .JKidI) Dlghawl of wgdie (oyd
iR AUl zolaud) ddlezyl

0

—mTXx2)+2nx4x1+ (mx4* —m x 3%)

+ 27 X3 X2
Soy = 51m
We apply the GULDIN relation: :GULDIN 43 (guas
SOy 51w
x. = 22 - Xc = 2.55
¢~ 2ml X6 = 2mx 10 ¢
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Similarly, to calculate (y¢), the rods are | ys=oll Jg=> Ol w9l poli (Y5) uwd ($g
rotated about the axis (0x), which results | § doebsall Zehauwdl poudl 1da sl o0 @i (0x)
in the shapes of the (Fig. 5.5 b), their total ri>luno (U9 (b 5.5 . JSEI)

surface is:

Sox =2mX1x2+ (mx3%2—mx1)+2nx3x2+(mx3%2—mx22)+2mrx2x1

+ 1 x 22
Sox — 37
We apply the GULDIN relation: :GULDIN 43s §ukas
Sox 37t
Y6 = omi Y6 = 2mx10 4
[ v -re ! r b

_________

Fig. 5.19 19.5 JSa!

2 - Calculation of the inertia tensor el Wies Ol —2




The solid S is in the plane xOy so: 103 (X0Y) Syl § 2y () hal! puucnl!
I, = —Afyzdm I,,=0
z=0
I, = —Af xzdm I,,=0
—/’l(f dx+f yzdy+f 32dx+f yzdy+f 22dx+f yzdy>
3 3 3
I, = ,1<[x]g + ly—l +9[x]3 + ly—l +4[x]3 + [y—l )
3 3 3
1 2 0
26 19 8 125
Ixx=l<2+?+18+?+4+§> Ixx=T)l
= J- (xz + zz)dm Iyy = ).J x2dl
l l
2 3 4 4 2
I, =l<f xzdx+f szy+f xzdx+f 42dy+f 2dx+f 32dy>
0 1 2 0
»312 . 1 3
Ly=4(|5 +4[y]1+? +16[y +9
0 _
8 56 37 27
Iyy=l<§+8+?+16+?+18> Iyy:TA
I, = —fxydm I, = —Af xydl
1

2 3 4 3 4 2
I,=-2 <f xdx+f 2ydy+f 3xdx+f 4ydy+J 2xdx+J 3)’d3’>
0 1 2 2 3 0

(e o )
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Iy, =-A(2+8+18+10+7+6) I, =512
Izz=f (x2+y2)dm Izzzlf (x2+y2)dl Izzzlxx+1yy
1 1
125 227 352
ln=—3-4+—54 L ==~
1/ 125 -153 0
0 0 352
Knowing that: 0l ke
N=r = I m<112553 B )
= — = — 0/R = —| —
l 10 30 0 0 352

3 - Calculation of the inertia of § with
1
1.

respectto A <
0

1
1
0

a

) JsY Cnaiol) el (S) Dllas Olu> -3

m 125 -153 0 \ /1
Ih=3;1 1 0)(-153 227 o |(1
0 0 352/\0
L="@1 1 0 _7248 =23
A7 30 . A=7s™M

Exercise 5.9.3

1. Find by an integral calculation and then
by GULDIN's theorem the center (G) of the
solid (S) of uniform linear mass (1) of the
(Fig. 5.20).

3.9.5 (p el

doylas Jleasuwly @3 JoII diyhay Qluwady gl . 1
93 (S) )l gl (G) SV 3 GULDIN
SN @ sl (1) delaniedl ddasdl ABUSU)
.(20.5
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2 - Calculate the inertia tensor (Iy/z) of

the solid.

3 - Calculate the moment of inertia of the
1

1)

solid (S) with respect to the line A (

(8) bl gl (IO/R) dlas)l Liow mi -2

1
A (1) JoV Cyarall dedlly (§) Dlas sl -3
0

! = x
R
Fig. 5.20 20.5 JS&dI
Solution J=di
1.a - Calculation of the center (G) by the eI Jlamiwls (6) AUsSI 3Sp0 Ol — 1.1
integral. 035509 (dl) dgb dall el o bpais lejar S

An elementary part of the solid of length
dl is delimited, its center (x,y) which
forms an angle (@) with the axis (Ox) and
it delimits an elementary angle (d@) (Fig.

5.21)

7209 (0) P (0x) yg7eel) duuddl aglig (x,y)
(21.5 . K1) (dB) upais Dl

Rsing

¥

R

T

Rcos@

Fig. 5.21

21.5 S
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J; xdm Af, xdl JE RcosORAO R[sin@]2
X6 =——— X¢ =—— = 3 X¢ = T
fl dm Afl dl fOZ RdO [0](2)
_2R
X — p

Since the rigid body (S) accepts the first
bisector with the equation (y = x) as the
axis of symmetry, its center of mass (G)
lies on this line and from it:

Ye

Il
=
Q

1.b - Calculation of the center (G) by
GULDIN's theorem:

To calculate (x;), we rotate the solid (S)
which has the shape of a quarter circle of
center (0) and radius (R) around the axis
(0y), which results in a half sphere (Fig.
5.22 a), its surface is:

93 JoYI Cuaiadl Jads (S) call puud! OF Lo
(G) kS 3Sy0 OB « pUS H9aS (Y = x) dlawl
g Eulind| lu\buls&a:g

2R

J’G=7

dylai Jlaaiwb (G) WS 3Spe Qlu> - .1
:GULDIN

S () bl gl 9ty 9B (X) omsnd (S0
Js> (R) Wskad Cauaig (0) Wiy 8515 gy Jims
aw Ciuad poudll 14s shz oo @il (0Y) s9>eed!
dilus ¢ (@ 22.5 . JS&J1) B)S

Soy = 2mR?
We apply the GULDIN relation: ‘ :GULDIN 43 §ukas
2
. SOy X = 2R 2R
6= 5 7 2R Xg=—
2nl 27 (Z2E) 7

Similarly, to calculate (y), the plate is | ys=oll J9> dmuiuall p9ds poli (V) s ($g
rotated about the axis (0x), whichresults | 5, maw il poudl I chy> o0 zid (0x)

in a half sphere (Fig. 5.22 b), its surface is: sdi>lns ¢ (b 22.5 . JSKEJ)
Sox — ZTI'RZ
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We apply the GULDIN relation: ‘ :GULDIN 43 §uas

_ Sox e UL 2R
Y6 = 27l 2T (ZzR) Y¢ = T

We also had to deduce from the symmetry | (§) cduall gl {503 e Lal daiad O W 08 WS

of the solid body (S) for the first bisector | . N N T T
of equation (y = x) that (y; = x¢). @ady (y = x) dslaall 93 Il haioll ddlly

(¥g = x¢) O
a i b
|
N — w —
— — —
|| /
| -~
L
Fig. 5.22 22.5 Sl
2 - Calculation of the inertia tensor dlas)l Wiew Clus -2
Ixx Ixy Ixz
Iop=1xy Ly I,
Ixz Iyz Izz
The solid (S) is in the plane (x0y) so: :03] (X0y) Syl § 2 (S) ! el
I, = —/lfyzdm I,,=0
z=0
I, = —Afxzdm I,,=0
I, = .[ (y? + z%)dm I.,=4| y*dl
l l
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z
I, = Af (Rsin@)*Rd6O

z
L, = /1R3f (sin@)?deo
0

AR3
I, = f (1 - cos20)d6

I, =fl (x? + z)dm

TAR?
4

I, = afl x*dl

xx =

z
I, = Afo (Rcos6)*Rd6

I1,,=AR3 ? 0)2deo
yy = 0(cos)

AR3 (2
— | (1+ cos260)d6

I
2 Jo

yy =

Depending on the symmetry of the Solid
(S) with respect to the first bisector with

equation (y = x), we can also conclude

TAR3
4

I, =

(S) bl puud! JBUS e lolais! L Ll Lises
:0f gl (y = x) Wolaadl 93 Jg¥ Cauaiall drunddl

that:
Iy = Iy
AR3
IzZ:f (x* + y*)dm Iz = Inx t Iy zz=n2
!
I, = —f xydm I, = —Af xydl
! 1
(s i
2 2
Iy = —A] (RcosO)(Rsin®)RdO = —AR3J (cos0)(sin0)do
0 0
AR3 L AR3
Iy = T[(cose)z](z) I, = ——
AR3/™® -2 0
IO/R = T -2 T 0
0 0 2m
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Knowing that:

~| 3

. ZnR

0 lods

mR2

Io/r =

:
|

3 - Calculation of The Inertia (S) for the

2
/4
0

-2

k3
1
0

1
A <1>d3;§’| Cuaioll dadls (§) dlre Gl -3

1 0
first bisector A <1>
0
-2
Rz 1 — 0\
1 1 1 0 2 1
A= ( )k_ 1 0) :
w
0 0 2
2
2 1_; 2
mR 4
I = 11 0 2 — ( __>
A ( N, 2 Ih=——(2-—
w
0
Exercise 5.9.4 4.9.5 oy il

A solid (S), consisting of three quarters of
circles (§1), (S2) and (S3) with radii (R, =
% R, = iR3) in the (x0Oy) plane, have the
same uniform linear mass density (A1)
(Fig. 5.23).

1 - Find a relationship between their

masses (M,), (M) and (M3).
2 - Discuss the symmetry of (S).

(52) €(51) P93 gLyl B (0 O95%0 ¢(S) o punr
d (Ry =7 Ry = ;R3) Wyladl GLail (83) »
sl AU DS ol 1) (X0Y) Gshanal
(23.5 .J5&d1) (1) bl

(M3) 5 (M3) «(Mq) SS9 o d83s ol —
(8) bl sl U5 GiBG — 2
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3 - What is the interest that we can have
from this symmetry?

4 - Knowing that (xq, = %), find G(x¢,y¢)
the center of mass of (S) as a function of
(Rq1)

5 - If the surface area of a sphere of radius
(R) is (4mR?), then find G(x; y;) by
applying GULDIN's theorem.

6- knowing that the inertia tensor of a
solid body is (Ig = Igq + Is; + Is3) and
that (I, =  M;R?) and (I, = —— M;R?),

€ Ul 1 Basds 13les — 3

ALS 350 G (g, V) wrsl ¢(xg, = 1) ol Lok - 4
.(Ry) &Y% (S)

2 (R) Wyhad (ol §)S maw >l cI813) - 5
.GULDIN &y adais G(xg, y¢) “>91 «(41TR?)
9 chall puxdl Alae Wies Of W - 6

1 "
9 Uy, = EMiRiZ) Oly (Is = Iy + Isy + Ig3)

w . 1
9 (My) Y (Ig) 4= ‘(Ixyi Z_;Ming)

Find (I5) in terms of (M) and (Rq). -(R1)
yA
Fig. 5.23 23.5 JS&I
Solution J=dJi

1 — The relationship between the masses

(M), (M) and (M3)

="

M, M;

y) — —
L, L3

(M3) 9 (M3) «(My) S o 4831 - 1

M4 M, M3

1 1 1
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M4

_M; M
R,

M,
R; Rs

2 - The Solid S admits the first bisector of
the plane (x0Oy) of equation (y = x) as an

axis of symmetry.
3 - This symmetry allows us to write:

Ye = X¢

4 - Calculation of the center of mass

M,
Ry 2R, 4R,

= My=>M,=im
1_2 2_4 3

Sgiuuall JoVI Caiadl (§) Cduall el Jads — 2
SBUS H92xaS (7 = x) dolasdl 93 (x0Yy)

1o Lod LI 1 Jiiaus — 3

= Iy

8 rlluadl diyylally Alanl! 3530 Ol — 4

directly
X, = Y xgm; X = Y xg Al X = Yigxg,li
6= w3 . 6= w3 4. 6= w3 3
iam; =1 Am; i1 li
2 _ 2mRy 2, 2mR, 2 _ 2mR;
x _ Xg lh + x6,1z + x6,13 x _ERl 7 tgle—7 tnzRs—3
¢ l1 + lz + 13 G 2R, + 21R, + 211'R3
4 4 4
2,02 .25 20 7 2 2
ZR2L2R2 .1 %R 2 (R? + 4R? + 16R 6 6 6
xg==1 L w2 w3 | xg =—< - - - X¢=—Ry | G(=Ry,=Ry)
R1+R2+R3 V(3 R1+2R1+4’R1 T T T

5 - Calculation of the center of mass by the
GULDIN method.

The solid S is rotated about the axis (Oy)
to obtain a semi-spherical surface (Fig.
5.24)

S
1y
x = —
¢7 2mlL

.GULDIN &isylay 4! 3530 Gl — 5
Jiazid (0) s92eall Jg> bl gl pgkiy poi
.(24.5.J5d1) &ilyS Blasl i A oo i3 e

v = Suy+S2y * Sz
G 21T(L1 + L1 + Ll)
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2m(R3 + R3 + R3) 6 6 6
=R 2Ry, —R
27 27 211'R3) X =Ry (n L 1)

Xg —

2m (G Ry + T R+

Fig. 5.24 24.5 JSA!

6- Calculation of the inertia tensor (Ig,g)) | () )l pull (I g) Vlanl Wise Clu>—6
of the solid ()

3 Ixxi Ixyi 0 IO/R = Iyxi Iyyi 0
Io/r =z Iy, Iyy, O i=1 i=1

i=1\ 0 0 I, 3
0 0 lezi

i=1

1 2 2 2 1 2 2 2
E(MlRl +M2RZ +M3R3) _;(MIRI +M2RZ +M3R3) 0
IO/R = 1 2 2 2 1 2 2 2
0 0 (M{R% + M,R5 + M3R})
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1 1

z = °
Ior=MRE(1+8+64) 1 1 0

T 2

0 0

Exercise 5.9.5
Use the result of question 1 of exercise 3
to find the centres of mass of the solid

bodies shown in (Fig. 5.25).

1 1 0
2 v
1
T 2
0 o
1 1 0
2 (4
Iojr=73M;R;}[ 1 1
-— = 0
2
0 o
5.9.5 p el

IS 35150 Sloma) 3 (a5l (4o 1 JIgud! dmll puSri!
/(25.5 .JS&d1) § zegell Al pluYl

¥( r:‘.\‘rlfj-“l y(em) | yiem) T
s, x(em) | s, x(em) | g x(cm)
y(em| y(em y(cm]
I(C;J‘I) X(C?ﬂ) x(c;n]
S6 S5 S4
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y(cmli

y(cmli

y(cmli

x(cm) S,

25.5 JsCad!

Solution

The result of Question 1 of the second

exercise was:

2R 2R
(2R 2R
m T

)

Jodl
(P QU opyaidl (o 1 Ul doesls 56

Therefore, the centers of the masses of | Jydd)l Cuws ddiall plua¥I S 310 (9SS duleg

the solids will be according to the :Jwl
following table:
2R 2R (mr—2)R 2R
& ( ——,—) G|———,—
T T /4 T
2R 2R 2R (m—2)R
sl e o[22 =28
/4 /4 /4 /4

2R 2R (m—2)R (m—2)R
0l e e
T T T .4
2R 2R , 2R 2R e n
S, ¢lZT_—_m m ' m G(——)
2 2 ' 2
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2R 2R 2R 2R
s el F-mmtw G<§ Q)
5 2 ) 2 2’1'[
2R 2R 2R 2R
s el B 7w mtR 7 G<§ R)
6 2 ) 2 2,2
2R 2R 2R 2R
7 2 ’ 2 2°2
2R 2R 2R 2R
S = R—?-FF R—F-FR—? c 5 (n—Z)R
8 2 ’ 2 2’ =«
2R 2R 2R 2R
R_?-I_R_F R—?'i‘? (n—Z)R R
So |G ) G|———,—
2 2 - 2

Exercise 5.9.6

A solid S is constituted by three linear

segments of the same mass density A (Fig.

5.26).

1. Express its mass M as a function of A
and R.

2. Calculate its center of mass by
considering it:

a) adiscrete system.

b) a continuous system.

3. Apply GULDIN's 1st theorem to

calculate each of the surfaces generated

by the rotation of (§) around the (0y) axis

and the (x = 3R) axis

4. Calculate its inertia tensor (Ip) as a

function of (M) and (R).

6.9.5 (p el

o L) Al slil S 0 Lilgo () Gl oz
[(26.5 . JS&d1) § 9090 LS (1) &SI G3LS))
(R) 9 (4) &Y (M) wliS e e .1

o] Lime diliS 3550 Cannrl .2

Augiio Aoz (1

Bpaduus dhox (2

d>lus >l ¢ Jg¥ GULDIN dsylas gaudais .3
bl puncell 295 e Ul Sl o S Tl
.(x = 3R) s97=aJlg (0) s37=eJl J3=> (S)

(R) 9 (M) dY% (1) aidlas wice wo-i 4
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———————————————————— i B B

3R x

Fig. 5.26 26.5 Sl
Solution J=d!
1 - The expression of (M) the mass of the | (2) dYu () cuall gl S (M) & il - 1
solid (S) as a function of (1) and (R). .(R) s

If we assume that the oblique part of the
bottom is (§;) of mass and length (I, m,)
the vertical part of the middle is (S,)
(I;,m;y) and the curved part of the top is
(83) (l3,m3), the mass (M) of the solid
will be:

M=m1+m2+m3 ‘

M = All +).lz +Al3

Wby wliS (S1) 98 Bl Jawdl sidl Gpiel 13)
(L, m5) (S2) 38 J53Ul Jag¥l 52015 (L, my)
ALS 0 «(l3,m3) (S3) 9o pushall Glall s5llg

i (M) coall gl

‘ M=).(ll+lz+lg)

M=/1(\/ER+2R+;R)

2 - Calculation of the center of mass of (5):

a) By considering it as a discrete system
consisting of three segments whose
centers of mass are known and which
are presented in the following table:

T
M=(V2+2 +E)/1R
 (S) &S 3She Dl — 2
Sye el G ¢y d9Sie dagine Aoz oylasl (i
06l d_gd:dlé@bf&ﬁgjmw

214



S1 S2 S3

3R R 2R 2R
6(53) G(R,2R) 6(R+= 4R -=)
2 2 /4 /4
Applying the relation of the center of 09 cdugiin ole dlaze) S 3Sy0 AN Gankais
mass of a continuous material system, the (S) 4WS 35y

center of mass of S will be:

G (Zi xX;m; Zg yimi>

Yim; = Yim,
Since they have the same linear density A: ‘ 101 (1) dudasedl ASI uis ogd OF e
m; = All

The center of mass of S becomes: ‘ }(S) S 3540 Zmar

(x111 + x3l; + x3l3 Y1l + 21, +}’313>
L+1L+1 ’ L+ +1;
3R VZR+Rx 2R+ TFr 2R TR R R+ 2R x 2R + T 2R TR
2 T 2 2 /3 2
R ’ R

V2R + 2R + - V2R + 2R + =~

G<3\/§+6+n \/§+6+4n)R

G

2V2+4+m 2V2+4+ 7

b) Considering it a continuous system. B poduns Aoz 0yliicl (&
We use the descriptions of the (Fig. 5.27) (27.5 .JS81) Ao gal Jusolisl puid

_J, xdm . J; xadl [, xdl
— L ket ro ="

X6 ¢=
J, dm J, adl
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\/ff:(—y +2R)dy + R f;R dy + R [Z(R + Rsin6)d6

XgG l
\/E 21R 3R % %
—=5 (=¥ +2R)°]g + R(Y)Iz" + R(RO)]; — R(RcosO)];
Xg =
VZR + 2R + %nR
3v2 s
=5-R?*+2R*+5R*+R® 3VZ+ 641
Xg = Xg=—"
VZR + 2R + 2 7R 2V2+4+m
[ ydm J; yadl dl
l l y
Yo =——— Y6 =———— yg =L
J, dm J, Adi
VZ [Rydy + [*F ydy + R [Z(4R - Rcos8)d0
ye = Yo ydy + [, ydy ¢ cos
¢ l
V2 1 7 g
Tyz]g + iyz]%k + 4R?*0]2 — R%sin0]>
Ye =
VZR + 2R + %nR
yA %
:2 x = R + Rsin®
SO
3 e LA dl = Rd6
o AN -
LR
N N ) N
2 | di =dy
1 \ dl =dx? +dy? =V2dy = V2dx
x
Fig. 5.27 27.5 JS&!
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V2

— R?+4R? + 2nR* — R? VZ + 6+ 41
Y = Vo= =
VZR + 2R + 2 7R 2V2+4+m

3 - Calculation of the surfaces generated | y»9u5 o (Ul (pseland! (o (S Al Qlus — 4

by the rotation (.)f (5) around the ax1_s 19all 9 (0y) ssmall Js> (S) bl I
(0y) and the axis (x = 3R) by applying

the 1st theorem of GULDIN. -J9Y GULDIN &k g (x = 3R)
When the solid (S) is rotated about the | (0y) j9ll Jg=> (§) bl el p9di Wi

axis (0y), the shape of the (Fig. 5.28 a)is | ;_ (228.5 .JS20) & guipgall KA1 s :
obtained, its surface is: -
tdxdaw

s = 2mlxg
R\ (3V2+6+T
s=2n<\/§R+2R+—>(—>R
2/\2V2+4+m

s = m(3V2 + 6 + m)R?

¥ ¥y

: t

47 L 4R 4+

| |

| |

| |

ER-:- 3R +

|

| |

I |

2R + 2R +

| |

| |

| |

R+ R +

| |

| |

| — [

______ S S T

a R 2R b

Fig. 5.28 28.5 Jsid!
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When the solid (S) is rotated about the | (x = 3R) y35dl Jg=> (§) ! Pl 9l wis

axis (x = 3R), the shape of the (Fig. 5.28 | d>luws ¢ (b 28.5 .JS1) § zogedl K&l e oz
b) is obtained, its surface is: rdxlaw

s =2wl(3R — x¢)

TR 3\/§+6+1t
s=2n(x/§R+2R+—><3R——>R
2 2V2+4+1

s =n(3V2 + 6 + 2m)R?

4 - Calculation inertia tensor (Ig) : :(Ig) Wlas)l Wiew Sl -5
The solid is located in the (xOy) plane, so 103 ¢(x0Y) Sgiwal! § 2y cbsall guun!
z=0 I,,=0; I,,=0 ‘ Iz =1t 1,
R 3R 5
Iy = j y*dm I, = A\/ff yidy + Aj yidy + AR3J (4 — cos0)%do
l 0 R 0

T Y3

R 3R I & n
2 2 2
I = sz yidy + Af yidy + 16/1R3f do — 8/1R3f cos0do + /1R3f cos*0do
0 R 0 0 0

29 1 o 1 26
CcOS = — —CO0S
2 2

R 3R (s i T
2 2 1 2

I, = A\/fj yzdy+/1j y2dy + 16AR3J d0—8AR3J cos0do +E/1R3f do
0 R 0 0 0

4

1 2
+—AR3 j c0s260d0
2 0

31R 313R T T b3 ' z
n r 1 I 1 sin2072
Lo =2 2| +2[2%| +162R%01Z - BARP[sin6]2 + 5 ARP[OTE + 5 AR* ||
3, 3], 2 2 2 1o
V2 2 33 1(4V2+8+99m
IL,=|—+=+—m|AR3 Ixx=—( )MRZ
3 3 4 6 (2vV2+4+m)
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f x’dm
I

R 3R 1%
2
I, = A\/EL (—y + 2R)?*dy + ARZJR dy + AR3 L (1 + sin0)*do

[

R 3R 5 >
I, = A\/EL (—y + 2R)?*dy + ARZL dy + AR3L do + 2/1R3f sin6deo

0
n

73
+/1R3f sin?0do
0

s'n20—1 1c0520
me=3"32

13

I, _A\/—f (- y+2R)2dy+AR2f dy+,1R3f d0+21R3j; sin0do

1
+ = AR3f de—ElR3f c0s20d0
0

—y +2R)%|" i T 1 n

I, = -2 [%l + ARYYIF + AR[O]Z — 24R3[cosO]Z + 5 AR[O]Z
0 V3
1 AR? [cosze]i
2 2 |

7v2 9 3 1(28vV2 + 54 +9n
ILy,=(—+-+-m|iR? Iyy=—( )MRZ
3 2 4 6 (2V2+4+m)

1(32v2 + 62 + 118m)

Iz = Lix + 1y »~ 6 (2vV2+4 +m)

I, = —J xydm
L

y——/l\/_f (—y + 2R)ydy — /mf

3R T

ydy — AR3 f (1 + sinB)(4 — cosO)do
R

I, = —A\/fj (=y + 2R)ydy — ARJ
0

3

ydy — 4AR3 f dO — 4AR3 j sin6do
0 0

3R
R

Y3 m

2 2
+ AR3 f cos0do + AR3 f sinOcos0do
0 0
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1
sinfcos0O = Esinze

I,

7 1
+ AR3f cos0do + EAR3

0

R 3R 5
= -2 f (—y + 2R)ydy — AR f ydy — 4AR3 f d6 — 4AR3
0 R 0

n

2
f sin0do
0

n
2
J sin20d0o
0

1 R 1 3R
- _ _ 2.3 2| _ 22
Iy = /1\/5[ 3y + Ry ]0 AR[Zy]R

T

1 5 c0s20712
AR [ ]

11' w

4
— 4AR3[0]2 + 4AR>[cos0]? + AR3[sin6]?2

A linear solid (S), in the form of an
incomplete circle with center (0) and
radius (R) (Fig. 5.29)

1 - Discuss its elements of symmetry.

2 - Determine the center of mass of the
solid.

3 - By applying GULDIN's first theorem,
Calculate the areas of the surfaces
generated by the rotation of (S) around
(A) and (A").

4 - Calculate its inertia tensor (Ip) with
respect to the reference R(0, x,y, z).

2 2 Iy
2v2 13 1(4V2 +26 +12m
IL,y=\—-————5—-2m)AR? Ixy=——( )MRZ
3 2 3 (2V2+4+m)
X (4V2+8+99m) —(8V2+52+24m) 0
Ig = —(8vV2 + 52 + 24 28v2 +54+9 0 MR?
* T 6(2vZ+4+m) ( m) )
0 0 (32V2 + 62 + 118m)
5.427 -2.318 0
Ip = <—2.318 2.037 0 )MRZ
0 0 7.464

Exercise 5.9.7 7.9.5 o el

13S0 dlols 8 8515 UK (e ¢(S) (oS o punx
((29.5 .JS1) (R) Wylad caaly (0)

OyBUS solie 386 —1

el ig) A 3Spe S>> — 2

doluws cunl (Y GULDIN doplas gadais — 3
(A") 3 (D) Js= (S) Obgs e sl aselad!
placl &l (Ig) aillae wiss cuwsl - 4
.R(0,x,y,2)
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Fig. 5.29

29.5 Sl

Solution

1 - The Solid (S) is symmetrical with
respect to the axis (Ox) and to the plane
(x0z), therefore its center of mass is
located on this axis and its inertia tensor
is diagonal, that is to say all the inertia
products are zero.

J=Ji

(0x) s3al) il 50030 (S) bl el = 1
o o 48 350 08 1) (X07) Sl driloy
ols ez OF 6T (g ylad dilllas Wiasg (0X) ysorell
dogdae dlasll g

Y¢=0
I}’zzo I,,=0 Ixy:0
2- Determination of the center of mass ST 3830 doded — 2
xdm
X =fl— x = Rcos@ dm = Adl ,dl = Rd@
J, dm
n n
AR? f%‘* cos0deo R[sine]%“ o
X — 7 X = iz G —?, 0
AR [;* do (0]}
4 4

3- Calculation of the areas of the two

surfaces

ol doluw Ol -3
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Fig. 5.30

30.5 Jadl

When we rotate the solid (S) around the
line (A), we obtain the area (5,) of the
(Fig. 5.30 a), and if we rotate it around
(A") we obtain the area (S,,) (Fig. 5.30 b),
their surfaces:

el gtz (A) sg7eedl Jg= (S) pawcrll 295 wis
J9> 03945 sy (a 30.5 .JSadI) § gl (S))
(b 30.5 .JS&JN) (S,,) mawl @i (A) ygeod!

tagio J5 d>luco
SA = 271'er SAI = Zn'er,
6mw \(2V2R 2R 61 2V2R
SA_Z"(TR)< 3w | 2 ) SA’_Z'T(TR)(R_ 3 )

3
Sy = (zx/i + Em/i) TR?

The (Fig. 5.40) shows:

(r,) is the distance between (G) and (A)
(ry,) is the distance between (G) and (A")
(D) is the length of the solid (S)

222

Sy = (3m — 2v/2)nR?

b o b (40.5 . JSa)

(D) 3 (6) o Blusall (B (1)
()5 (6) ox Blasall (B ()
(8) cball gl Jsbo 92 (1)



Fig. 5.40 40.5 JSaJ!

4 - Calculation of the inertia tensor (Ig) (Ip) Vasll wies Qlu> -4
I, = f y*dm y = Rsinf, dm = Adl ,dl = Rd0O
!
7 7
3 (%, . o2 3 [¥ (1—cos26
I, = AR f (sin@)-do I, =AR f (—) deo
z T 2
) )
AR (F T ARS (7T q 7
I,=— do — | cos20 I, =—1|[0]4 —=[sin20]}
2 \Jx n 2 i 2 1
z 7
AR3 (37 1 1
e -
Ixx 2 ( 2 + 1) xx m 2 T 3
I, = f x2dm x = RcosO, dm = Adl ,dl = RdO
!
7 T
s [(F ) 3 (4 (1+ cos26
I,y = AR* | * (cos6)?d6 Ly =8 | " (-5 de
4 4
AR (7 T AR [ Tm g L
— — 4 5 4
I, = — JE do +J7_T cos20 I, = T<[0]% +E[sm20]% >
7
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Exercise 5.9.8

A curved linear solid (S5), characterized
by the factors presented in the (Fig. 5.41)
1. Discuss its symmetry.

2. Determine its center of mass.

3. By applying GULDIN's first theorem,
Calculate the areas of the surfaces
generated by the rotation of (§) around
the axes (Oy) and (x = a).

4. Calculate its inertia tensor (Ip) with
respect to the reference R(0, x, y, z).

I,, = mR?
— 0 0
1 1
2 3m
0 1
8.9.5 (p el
doms gall pasliaslly i () oo Jas o ooy
(41,5 .1 §
0, BU5 8L .1

sl g QSN 3800 3> .2

dolue Cunl ¢J9Y! GULDIN doplas (3adais .3
asall dg> (8) Obed o (el oaxdadl
(x =a)s (0y)

plaoll dudlly (Tg) adlhs wies Gl .4
.R(0,x,y,2)

Y

Fig. 5.41

41.5 Sl
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Solution

1 - The Solid (S) is symmetrical with
respect to the first bisector of equation
(y = x), Therefore its center of mass (G)
is located on this axis and therefore (x; =

Ye)and (I, = Iyy)'

And since it is located in the (xOy) plane,
therefore (z = 0) and consequently the

inertia products (1,,) and (I,,) are zero.

J=Ji

J9YI el dunddly JBU0e (S) bl puucnl! — 1
e 2 (G) 4lS 3850 OB IV ¢(y = x) ddlolan G
(x = Iy) 3 (Xg = Y) OB JWbg 9=l 1dn

ddeg (z = 0) OB (x0Y) Sgiumall § 039290 Iylasg
.(Ixz) 9 (Iyz) Alasll @33 ‘:.J.a»‘"

X6 =Ye
I,,=0 I,,=0 Iy = 1y, I,, = 2I,,
2- Determination of the center of mass S 3Sy0 dodoed — 2
= fl xdm X = acos30 dx = —3acos*0sin6
- y = asin y = 3asin*0cos
7 [ dm 30 dy = 3asin’0cos6
1
dm = Adl dl = /(dx)? + (dy)? dl = 3asinfcos0
uz
2 (7 oyt -a [—COSS : 2
_ A3a* [Z cos*0sin0do _ 5 1, iy =g
X6 = T Ye=— @ 2
23a [ cosOsinfdo B [cosz]2 Yo =za
2
0

3- Calculation of the areas of the surfaces
When we rotate the solid (S) around the
line Oy, we obtain the area (S,,) of the
(Fig. 5.42 a), and if we rotate it around the
line (x = a) we obtain the area (S,-,) (Fig.

5.42 b), their surfaces:

el dolus Glus — 3
gl @ik (0) s97eedl Jg=> () pend! 95 is
Jg> oy9u5 wieg (a 42.5 .JS&1) & zosall (Soy)
(b 42.5.J51) (Sy—q) Ehaud! @i (X = @) )3l

lagie JS d>lune ¢
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42.5 Sl

S.—qa =2ml(a — x¢)

3 2
o= 2r(3) a2

The (Fig. 5.43) shows:

(x¢) is the distance between (G) and
(0y).

(a — x¢) is the distance between (G) and
(x=a)

(D) is the length of the solid (S)

9
Sy—a = Ena

2

b o g2 (43.5 . JSad)
(0y) 3 (G) o Ll (£ (x4)

(x = )3 (G) ow Bl (p (a — xg)
(8) ! gzl dgbo 92 (1)

vV &

O -

Fig. 5.43

43.5 S
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4 - Calculation of the inertia tensor (Ig) (Ip) Vasll wies Qlu> -4
— cin3
_ 2 y = asin’0
- f 70 dm = Adl ,dl = 3asinfcos0do
; 3 z
L, = 3/1a3f (sin8)”cosOdO L, = §Aa3[(sin9)8](2)
0
3 3,
Ixngla Ixlema
3 3
I, = Zma2 I,,= Ema2
Iy = —f xydm x = a(cos0)3 y = a(sin@)3
!
dm = Adl dl = 3asinfBcos0do
s
2
I, = —3/1a3j (sin0@)*(cos0)*do Iy = ——/1a f (sin20)*deo
0
I 2
3 , [2(1— cos40
Iy, = —3—2ma f (1 — 2cos40 + (cos40)*)do
3 T
I, = —3—2ma f do + Tema j;) cos40do — 3—ma f (cos40)*do

L __3 and0+3 f% ode > 2f§<1+cos80)d0
xy — 32ma . 16ma 0COS 32ma . 2

w
3 2z

I,y =——ma J d0+—ma f cos49d9——ma f de—ama f cos860d6
0
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s
3 T 3 1 2 3 T 3 1 2
2 2112 a2 | i 2212 2 2| D s
I, = 32ma [0]; 16ma [4sm49]0 64ma [6]; 16ma [83m80]0
I, = > Ma?
v~ 128 ¢
1 3 :
3 2 64
i = Ema2 3 1
64 2
0 0
Exercise 5.9.9 9.9.5 ¢p el
A curved linear solid S, characterized by | dxg0ll jaibasdh 1els (S) Houne o o puur
the parameters presented in the (Fig. (84.5 . S5 &

5.44)

1 - Find k as a function of (a).

2 - Find its length (1) as a function of a.

3 - Determine (x;) the abscissa of (G) its
center of mass.

4 - By applying GULDIN's first theorem,
Calculate the areas of the surfaces
generated by the rotation of the solid (S)
around the axes (Oy) and (x = a).

5 - Calculate its main moments of inertia
with respect to the reference R(0, x,y, z).

(@) @Y% (k) wxgi-1

(@) @Yy (D) Wb axgi -2

el g) S| 3830 (G) Ao (xg) 94> -3
dolus cunl (99! GULDIN doplai gadais — 4
(0y) ig7dl Jg= (S) 09 o Sl (podad|
(x=a)s

plaol &l dubl ailllas polic sl - 5
.R(0,x,y,z)

Fig. 5.44

44.5 JSzd!
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Solution

1 - finding (k) as a function of (a).

Jol

(a) @Y% (k) o=l -1

3 o k=2
y:kxz xX=ay=a 3
a2
K 1 1 %
= — = —X
Ja Y=Ta

2. finding the length (1) of the solid (S) as

a function of (a).

l=f dl
l

=/ (dx)? + (dy)?

(@) DY (S) cAball gl (1) Jolall slomy] - 2

d Z
dl = 1+( y) dx

dy_31 1 9
- — 1 _ — _
dx 2\/— dl ( +4ax>dx l= J +4ax
3 a
9 2 3
a 9 % [ = 4a (1+Ex) l % (14.13‘;)7
l=] (1+EX) dx - ? § 27 4a
0 2 0
0
8 2 8 13 ( N/ )
a 2 a 13v13 -8
1=%7 <1+4a“) 1 27 (4) =Ty @
l=1.44a
3- Determination of (X;): ‘ ASI 3550 Aol (xg) Wi - 3
J, xdm 9
xg = dm = Adl dl = 1+—x>dx
J, dm
Al x (1+ix)dx
_ o J 1+—x dx
6 = Al
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Using the integral by part:

‘ 1853260b JolSH! Jlaasiuwls

u=x 9 8a 9 %
dv = (1 +—x) dx _ _
du = dx 4a v 27<1+4ax)
i 314 3
- Sa N x| 2= [ (1 2x)
X =27 2a”) | ¥ ), U T2
L 0
o a9 )
3 a 2
8a 9 7 —(1 +—x)
X6 =53 <1+—x) x—-2 i
271 4a 5
0 2
3 14 5714
8a (1+ 9 )7 8a (1+ 9 )7
*é = 9 2a”) *| " a5 4a”
0 0
3 5
4a (1 n 9)7 8a (1 9)2 1
Y6 =271 1) % a5 4
_ 8a (13V13 8a (169V13 — 32
Y6 =271\ " 8 45 32
B 271<13' 3__(169‘ 32)) 8= 12151(247' B
_ (247v13 + 64) 0.5457
X Xc = U. a
¢~ 45(13Vi3-8) ¢

3- Calculation of the areas of the surfaces
When we rotate the solid (S) around (0y),
we obtain the area (Sy,) of the (Fig. 5.45
a), and if we rotate it around the line
(x = a) we obtain the area (S,-,) (Fig.
5.45 b), their surfaces:

ool d>luw Olues — 3
gad! 72 (0Y) 9370l J3= (S) ! g5 wie
Jg> oy9u3 wisg (a 45.5 .JS&1) @ zesell (Soy)
45.5 .JS&N) (Sy=q) Tawdl @i (x = a) y9o=ol!

logie JS dluse ¢(b
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Soy = ZTl'le

S.—a =2ml(a — xg¢)

Soy = 21(1.44a)(0.54a)

Sy—q = 2m(1.44a)(a — 0.54a)

Soy = 4.88a? Si—q = 4.16a>
& &
P R S
ﬁ. (4]
a b
Fig. 5.45 45.5 JSadi

The (Fig. 5.46) shows:

(x¢) is the distance between (G) and (Oy)
(a — x;) is the distance between (G) and
the line (x = a)

(D) is the length of the solid (S)

s bo i 9: (46.5 . JS&d)
(0Y) 3 (G) o Bluadl (£ (x4)
{(x = a) priwadl 9 (G) gg&éwlgp (a—xg)

(8) )l puucrll Jgbo 52 (1)

L 4

Fig. 5.46

46.5 JSEJ!
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4 - Calculation of the main moments of

inertia.

Since the solid (S) is located in the (xOy)

plane so (z = 0) and consequently:

I, = |, y?dm I, =

Ixx=f yzdm
l

Ayl Dlasll pgie Gl -4

OB (x0y) Gyl § (8) cball puucnll 392! Iya3
ey (z=0)

I,, =1 +1,,

dm = Adl

9
dl = (1 +—x) dx
4a

Using the integral by part three

successive times we find:

_ 2(8192 +236951V13) ,

A%, 9
Ixxzafox (1+Ex)dx

1 ddliie Cilpe B &3l JolSUI Jlamiusy

I, = 0.41732a3

' a 2066715
, 144
Ixx =0.41732a° X m
— 2 —
Iy —fl x“dm y=

Nis

I, = 0.29ma?

N|w

dm = Adl

9
dl = (1+Ex)dx

Using the integral by part two successive
times we find:

. (11843V13 — 1024)
= 76545 4

I —Afaz (1+9 )d
yy = Ox 4ax X

1 il Uie e L3l o1 Jlaminsy

— 3
I,, = 0.54441a
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44

1.
— 3
Iyy = 0.5444Aa” X m

_ 2
Iyy =0.37ma

I1,, = 0.66ma?

Exercise 5.9.10

1 - Verify by an integral calculation and
then by GULDIN's theorem that the
center G of the solid (G) of the (Fig. 5.47)

- a b

isG (E’ E , 0).

2 - Calculate the inertia tensor (Io/z) of

the solid (S) of uniform surface mass (o).

10.9.5 ¢y

Lylas Jloaiwly o5 JoSHI disylay Cluadly o - 1

(S) bl ozl (6) WS 3550 of GULDIN
L6 (5,3,0) 5a (47.5 .J5a)) § giogall

(S) Mzu (IO/R) dlax)l Wioe wpi -2
() olitiall duoelaci ZBESII 93

A
ds = dxdy
b
_____ . dy
Yy dx
x a
Fig. 5.47 47.5 JSid!
Solution Jadl
1.a - Calculation of the center G by the 1 JoSH Jlortiuwls (G) S 3Sp0 Sl —1.1
integral:
. _Jf; xdm _ o], xds ’ _Jf; ydm ’ _off, yds
— s — s =" f=———
JI, dm off, ds JI, dm off, ds
a b 121 b a b yz b
. fo xdxf0 dy [7]0 [vlo ’ fo dx fo ydy [x]8 7]
6= < _170 cG=——— _ 0
s Xe ab s Y6 ab
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1.b - Calculation of the center (G) by
GULDIN's theorem:

To calculate (x;), the plate is rotated
about the axis (0y), to produce a cylinder
of radius (a) and height (b) (Fig. 5.48 a),

its volume is:

Y¢ =

N| S

Lyl Jhoasiwl (6) WS S Gl — w01
:GULDIN

297l Jg> domiall ygdis pgll (Xg) Gewss §
Wyl Cauai dilghawl 194l 12 sly ope il (0)
gax> ¢(a 48.5 . JXiJl) (b) kelalylg (a)

Vo, = ma*b

We apply the GULDIN relation:

_ VOJ’
2ms

X6
Similarly, to calculate (y;), the plate is
rotated about the axis Ox, to produce a
cylinder of radius b and height a (Fig. 5.48

b), its volume is:

B ma’b
X6 = 2rab

:GULDIN 35k alas

257l Jg= dvduall pols polll (Yg) G o
W yhad Casas dilglacel yguidl 10 slyz po i (0x)
ilgezx> ¢(b 48.5 . SS&) (@) siyly (b)

Vox = Tl'a,bz

We apply the GULDIN relation:

— VOx
21Ss

Ye

3 mab?
" 2mab

:GULDIN &M galas

Ye =

N| S
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a
/’_——.i_—§ w
& >
Wa
Fig. 5.48 48.5 Sl
2 - Calculation of the inertia tensor. Al Wiew Olus -2
Ixx Ixy Ixz
Iop=1xy Ly I,
Ixz Iyz Izz
a b
I, = 'ﬂ y*dm I, = aff y*dxdy I, = af de yidy
0 0
a b b3
I, = a.f dxf y*dy I, = oa— I, =80 kg.m?
0 0
a b 3
_ 2 2 a
Iyy—aﬂx dxdy Iyy=0'fxdxf dy Iyy=a?b
0 0
I,, =500 kg.m?
Izz=1xx+lyy Izz: 580 kgmz
a b azbz
I, = —aﬂ xydxdy I, = —af xdxf ydy ILy=o0 7
0 0

I,, = —150 kg.m?
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I,,=—-0 .U yzdydz I, = —aﬂ- xzdxdz
z=0 I,,=0 I,,=0
80 -150 0
Io)rp=|-150 500 0 |Kg.m?
0 0 580
Exercise 5.9.11 11.9.5 (p sl

1. Find by an integral calculation and then
by GULDIN's theorem the center (G) of the
solid (S) of the (Fig. 40).

2. Present the shape generated by the
rotation of (S) around the equation axis
(x=R).

3. Calculate the inertia tensor (I ) of the
solid (S) of uniform surface mass A.
Numerical application:
(a=2b=4m)and (1 = 6 kg/m?).

4. Calculate the moment of inertia of the

1
solid (§) with respect to the line A (1)
0

oyl Jlanioly o JoH) ey Gl g .1
(S) chall puxl (G) WS 35, GULDIN
(40 .JS41) § z g0l

297l o> (8) Ohgs oo i I JSad! 351 2
Aoz can>lg (X = R) ddolae S

93 (8) bl puunll (I /) Wllanll Lins ol .3
() dolaiedl dudasdl d36SI

(SIS (Gasdal

A=6kg/m?») s (a=2b=4m)

1
A (1) JoVI el &l () Ulas Cul .4
0

Fig. 5.49

49.5 S
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Solution

1.a - Calculation of the center (G) by the
integral.

An elementary part of the solid of area
length (dl) is delimited, its center (x,y)
which forms an angle (0) with the axis
(Ox) and it delimits an elementary angle
(d@) (Fig. 41)

Jal)

JoI Jloziunls (G) WSV 350 Wl —1.1

(ds) wiluw i)l gl (o Laais Isja ddodd
(0) p (0x) s9=ald &l digliy (X,Y) 03Sye9
(41 .JS1) (dB) Lnais g nazwg

f J, xdm o f J, xds JI, rcosérdeodr
xG X xG =
JI, dm aff ds JI, rdodr
R_2 7 [smBg
Jo T?dr [Z cos0d6 Io 4R
*e = R L X6 =" R = XG = 3T
Jo rdr [2do [ ] [6]2 T
Va
R !
8
\m |
ﬂi r'-/ >G___.-"'. é
a P e 9'*
rcos@ R tr
Fig. 5.50 50.5 K&l

Since the solid (S) admits the bisector line
of equation (y = x), then its center of
mass (G) is located on this line, and from

is done:

Y6 = X¢

93 JYI Cuaiadl Jady (S) dall puud! OF Lo
Mo e ok (6) 48 35 O (y = x) Usladl
g euiiunel!

4R

yG:E
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1.b - Calculation of the center (G) by
GULDIN's theorem:

To calculate (x;), we rotate the solid (S)
which has the shape of a quarter disk of
center (0) and radius (R) around the axis
(0y), which results in a half sphere (Fig.
5.51 a), its volume is:

We apply the GULDIN relation:

Similarly, to calculate (y;), the plate is
rotated about the axis (Ox), which results
in a half sphere (Fig. 5.51 b), its volume

is:

oyl Jaiwlh (G) WS Sy Qs - Q11
:GULDIN

S (8) cball puucdl g padi (Xg) s (I
ds> (R) Wylad Caaiy (0) o35y 2 & S
8yS Cual youdl 10 sy o zidd (0y) ygall
gox> ¢(a 51.5 . JSadl)

:GULDIN a8 guas

4R
xazg

s97all Jg= dsdall yogdis poadi () s ($9
JREN) 8yS Caad poddll 1 sy ez (0X)
ko> ¢(b 51.5

2 3
Vox = §11'R
We apply the GULDIN relation: :GULDIN 43 (guas
4. p3
_ Vox Y6 = — . 4R
Y6 = ons ¢ 2T (nfz) Y6 =3

We also had to deduce from the symmetry | (§) cduall gl J5U3 e Lal daiad O W o8 WS
of the solid body (S) for the first bisector | zuiudy (y = x) dolaadl 93 Jg9 Cauaiall dnddly

of equation (y = x) that (y; = x¢). (e = x6) O
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Fig. 5.51 51.5 JSadi

2 - Presentation of the shape generated by | ys=xedl Jg=> (§) Obgd o g G JK&I jlxs] — 2
the rotation of (S) around the equation
axis (x = R) and calculation of its volume.
By rotating (S) around the axis of | dslas I Hgxall Jg= (8) il puunll 9ol Wis
equation (x = R) we obtain the form of I . .
the (Fig. 5.52) and to prime GULDIN's GLDIN dsyla g (52.5 . JRadl) =i (x = R)

second theorem its volume is: tdax> (1950 ALl

ez Olusg (x = R) adolae sl

Vy—gp = 2ws(R — x¢)

TR? 4R
Vx=p = 27|~ (R‘ﬁ)

32 — 41 3
Vx=R = T R

Y &
R hessnn it I I z _'_'_H;:
............... i, .
R
Fig. 5.52 52.5 JSadl
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2 - Calculation of the inertia tensor Ulasl Wiow Cluw> -2

The solid S is in the plane (xOy) so: 103 (x0Y) Sgiwall § 2y (S) k! puucnl!
‘ I,, = —Afyzdm I,,=0
z=0
‘ I, = —Af xzdm I,,=0
I, = f (y? + z%)dm I, = AJ ytdl
L l
Y Tl'
2 2
I,=2 f (Rsin®)%*RdO I, = AR3 f (sin@)2de
0 0
AR? (2 AR3( (2 z
I, = —j (1 — cos20)do Iy =— f do — J cos20do
2 J 2 (i} 0
T
AR3 T sin2072 TTAR3
I,=—1|1[0]%- [ ] 1. =
xx 2 0 2 0 xx 4
I, = f (x? + z%)dm I, = Af x%dl
l !
w w
2 2 3 [2 2
I,, =2 | (Rcos@)“Rd6 I,, = AR (cos0)~do
0 0
AR® (2 AR? [ (2 z
Ly =— (1 + cos20)d6o Iy, =—— f do + f cos20d6
2 Jo 2 (] (]
L[ n rsin2e)z AR
vy = | 16 [ 2 ]0 Ly =—3
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We can also here, based on the symmetry
of the solid S with respect to the first

bisector of equation (y = x), conclude

(S) uall puudl HBLS e Iolais! L Lasl LSy
0 gl (y = x) Jolaodl 93 JoVl Ciuaiell dewdlly

that:
Iy = Iy
Izz=f (x2+y2)dm Izzzlxx+1yy
l
I, = —f xydm I, = —lf xydl
l l
w w
2 Z
| —lf (Rcos0)(Rsin®)RdA6O Iy = —AR?’f (cosB)(sin0)do
0 0
AR3 T AR3
Ixy = T[(COSO)Z](Z) Ixy = —T
AR3/T® -2 0
IO/R = T -2 A 0
0 0 2m@
Knowing that: ‘ RN
m
m A=—— 2m
A=— -
I 21R A R
=7
1 — 0
mR? 4
Iom = ~2
R 2 1= 1 0
T
0 0 2

3 - Calculation of the moment of inertia of
1
1.

S with respect to A (
0

JoV Cuaiall Al (§) dlac Py Q> -3

.A(l)

1
0
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-2
2 1 T 0) 1
Iy = > 1 1 0 —_2 1 ((1))
4
0 0
7
2 1_E 2 4
mR
I, = 2 = S
a=H- 1 1 0f 2 L="—(2-3)
T
0
Exercise 5.9.12 12.9.5 (p el

1 - Find by an integral calculation and
then by GULDIN's theorem the center (G)
of the solid () of the (Fig. 5.53).

2 - Present the shape generated by the
rotation of (S) around the axis (x = R).

3 - Calculate the inertia tensor (Io/z) of
the solid (S) of uniform surface mass (o).
Numerical application:

(R =12 cm) and (¢ = 6 kg/m?).

4 - Calculate the moment of inertia of the

1
solid (S) with respect to the line A (1)
0

(6) WSV jSye Jab) ddylay Glually drgl — 1
((53.5 . JSadN) § dipgall (S) dball doniiial
oszeall Jg> (8) 03 o gty I JSad! 32 - 2
AMle Soatns Logrox> ol @3 (0y) 9 (0x)
.GULDIN

(8) ! puunll (Ig/) Ullaall Wiss coss — 3
() dnlaiiell dmlad) AES 93

(6 =6kg/m?*)s (R =12 cm) :g3us Gudas

1
A (1) JoVI el daddls (S) Alas ol — 4
0

=y

Fig. 5.53

53.5 Jadi
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Solution
1 - Calculation of the center (G) by the

integral.

The plate can be considered as a

rectangle of dimensions (R X 2R) of

Jall
O Jloaiwly (6) WS 3Syo Sl — 1

Al (R X 2R) oolaf Subasene dowsiall jlis! ¢S
LS gl Gually (R) oykad Ll yoyd gy lghiasl (30

which a quarter of a disk of radius (R) is .(55.5 . JS&J) 3 g 9o
taken from its bottom and fixed on its
side, as illustrated in (Fig. 5.55).
Fig. 5.54 54.5 JS&JI
y S
[ .
= X3 = R+r1y5inf,
2R
I:J.I.':.l U_'_-._'I if '."I - _;__ - “I.I:'.{ -?..e':'!l'!--'ll-e':'!l-?:e
TR
r radfsdi,
x
¥. = R —wcost,
Fig. 5.55 55.5 JX&di
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An elementary part is delimited in each | di>lue dodiall (o sjr S § Lpais bxbaw Sud
fragment of the plate of area (ds), and (46 .JS&d1) (x, y) 03559 (ds)
center (x,y) (Fig. 46)

o _JL xam ol xds g s
JI. dm off ds ¢ S
e = Js, x1ds1 — [[;, x2dsz + [[ xsds;
§1— Sy + 583

ffsl x1dx,dy, — ffsz (R — r5c050,)1r,dr,d0, + ffs3 (R + r3sinf3)rydr;do,
B 2R?

XG

1
Xg = RZ <ﬂ; xdx1dy, — RJL rodr,d6; + Jf r5c050,dr,d0;, + Rfj r3dr;d6;
2
+ff r5sind; dr3d93>

1 R 2R R % R %
X6 =557 f x1dx1f dy; — Rf rzdrzf de, +f r%drzf cos0, de,
2R*\ Jo 0 0 0 0 0

T T
R 7 R 7

+R f r3drs f do; + f ridr; J sinf;do,
0 0 0 0

. mR® R mR® R}
L T t3taty
¢ 2R?
5
X¢ = —R Xg = 10cm
6
) = U yam L _Jj, yds
JI, dm off ds Ye ="
e = s, y1dsi — [f;, y2ds, + ffs3 y3ds3
o=

Sl—Sz+Sg

ffsl yidx;dy,; — ffsz r,sinf,r,dr,do, + ffSS (2R — r3¢0503)r3dr;do,
- 2R?

Ye
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I, y1dxidy, — [[ 13sin@,dr,d6, + 2R [[ r3dr;d@; — [[ ricosfs;dr;dfs

Ye

2R?

1 R 2R R 5 e z
Y6 =552 .[ dx1f y1dy, —f T%drzf sin@, do, + 2Rf rsdrsf do;

[

R z
- f r%drg, f C0503d03
0 0

2R3

R3
— 3t 2 "3

nR® R®

Y6 =

2R?

8+31tR
12

Ye =

2- The shape generated by the rotation of
the plate around (Ox) and (0y).

The rotation of the plate around (Ox)
generates the shape of the (Fig. 5.56 a),
while its rotation around (0Oy) generates
the shape of the (Fig. 5.56 b). Their

volumes are:

Vox = 2WSYyg

Ye=17.42 cm

geedl Jg> domaduall 1090 (o W g SN JSE1 -2

.(0y) 5 (Ox)
Loy ¢(@ 56.5 . JSEI) Waa (0X) s> dompiuall g3
bx> (b 56.5 .JS&) Wed (0y) Js> Wygl

o OISCE!

Voy = 2TSX¢

8 +3m .
8+3m 10
Vox — T 3 R vOy:?

Vox = 31531.13 cm?

Vgy = 5760 cm?
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a

Fig. 5.56 56.5 JSi!

3 - Calculation of the inertia tensor dAlas)l Wiow Clw>—3
Ixx Ixy Ixz
Iojpr=\1ry Iyy Iy
Ixz Iyz Izz

The solid S is in the plane (xOy) so: ‘ :03] (X0Y) Syl § adds (S) ! puunll

z=0 Iyzz—fj yzdm ‘ IyZ=0 Ixzz—Jf xzdm Ixz=0
S S

Ixxzjj (y2+zz)dm Ixxzjf yde
s s

=ﬂ (x? + z%)dm Iyy=U x*dm
S S

Izz=ff (x2+y2)dm Izz=lxx+1yy
s
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ﬂ y*dm | aff y*ds
S S

Iy = 0'(ﬂ yids, — ff yids; + ff y§d33>
S S S

L., = O'(ff y%dxldyl - ff (rzsinez)zrzdrzdez + Jf (ZR — rgcoseg)zrgdr3d03>
S S S

R 2R R 5 R >
I, = a(f dxlf yidy, —f r3 drzf sin0,%do, + 4sz r3dr3f do,
0 0 0 0 0 0

R z R z
— 4Rf r%drgf c0s03d0; +j rgdrg,j c0s0;> d03>
0 0 0 0

s s
I 8RR (% sin0,2a0, + mkt — 2 B (2 os0,2ap
=0|————= | sin0, 2 +TR* ———+— | co0s0; 3
> 3 3, 3 3,
4 4 4 4 -3 2
Ixxza(§+1r)R Ixx=6<§+n>(0.12) I, =5.56x10"2Kg.m

I, = ﬂ x’dm I, = aff x%ds
S S

L, = a<ff x3ds, —ff x3ds, —I—ff x%ds;;)
S S S

I, = a(j:f x2dx,dy, — ff (R — rc050,)?*r,dr,do,
S S

ar fj (R ar rgsin03)2r3dr3d03)
S

R 2R R z R z
Iyy = 0'(] x%dxl .[ d}’1 — R? J r, drzj d92 + ZRJ T%drzj CosedeZ
0 0 0 0 0 0

R z R z
- .[ rgdrz J (Cosez)zdez + RZ J r3 dr3 J d93
0 0 0 0

R

R n n
p z

+2Rf r%drgf sinf;do; +f rgdrgf (sin03)2d03>
0 0 0

0
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——— et —+—+

__(2R* mR* 2R* mR* mwR* 2R* nR*
w=%\3 "4 "3 16 4 ' 3 ' 16

I,, = 20R* I, =2x6x(0.12)* I,, =2.48 x 1073 Kg.m?

yy

I,,=8.04x1073 Kg.m?

I, = —ff xydm I, = —aff xyds
S S

Iy = —0<ff X1y1ds; — ff X2y2ds; + ff x3)’3d33>
s s S

I, =-0 <ﬂ- x1y1dx,dy, — Jf (R — 1,€050,)(r,sin0,)r,dr,d0o,
S S

+ ff (R + r3sinf3)(2R — r3c0303)r3dr3d03>
S

R 2R R 5
Ixy = —0g <j xldxl j }’1dJ’1 — Rf r% drz f sin02d92
0 0 0 0

R z R u
z z
+f rgdrzf c0s0,sinf,d0o, + 2R2f rydr; | dos
0 0 0 0
R z R z
— Rf r3 dr3f cos03d0; + 2Rf r%drgf sinf;do;
0 0 0 0
T

R 2
—f rgdr3f sin03cose3d03>
0 0

I, = —(3m+10) x (0.12)*

I,, = —4.02 x 1073 Kg.m?
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2.48 —-4.02 0
Io/g = (—4. 02 5.56 0 )10-3 Kg.m?
0 0 8.04

4 - Calculation of inertia of (S) with

1
respecttoa A <1>
0

1
A (1)4391 Craiall dudll (S) Ulas Clus -4
0

2.48 —-4.02 0 1
I,=(1 1 0)(—4.02 5.56 0 )(1)10-3
0 0 8.04/ \0
-1.54
IL,=(1 1 0)| 1.54 |1073 I,=0
0

Exercise 5.9.13

1 - Discuss the symmetry of the plate (S)
of the (Fig. 5.57).

2 - Find by an integral calculation its
center of mass (G).

3 - Present the shape generated by the
rotation of (§) around the axes (0Ox) and
(0y) and calculate their volumes using
GULDIN's theorem.

4 - Prove that the volume of a sphere of

radius (R) is (v = 2—”R3).

5 - Calculate the inertia tensor (Io/z) of
the plate (S) with uniform mass per unit
area (o).

6 - Calculate the moment of inertia of the

solid (S) with respect to the first

1
1). Numerical application:
0

(R =75 cm) and (6 = 10 kg/m?).

bisector A (

13.9.5 ¢p ol
(JSAN) @ dmizgall (S) dmdiall JBUS S8G - 1
.(57.5
() @i 35y JaSHI Ay phay s izl — 2
o9l o= (8) Obgs (e iy I S joeil - 3
B exiws lagroz> =l o3 (0y) 9 (0x)
.GULDIN
B (R) LA Cial 58 paa ol i - 4
(v = 4?”123)
@13 (S) dowivall (Ig/g) Yland! dies sl - 5
(0) Aolitial) duoeladl A5LS))

1
A (3) Jo¥) haial) el (S) Alas ol - 6
HURR U Y2 Y

(6 =10kg/m?)s (R =75 cm)
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Fig. 5.57

57.5 JX&JI

Solution

1 - discussion of the symmetry of the

plate.

The plate is located in the (xOy) plane,
that is to say (z = 0). It is symmetrical
with respect to the first bisector of
equation (y = x), which allows us to

write:

Jal)
Aoisall JoU5 AsdUe — 1

(z=0) ol gl (X0Y) Sgiuadl § aiis doesisall
dolaedl 93 Jg¥I Caioll drudll Byblue (B9
1 b B ddeg (Y = X)

The plate can be considered as a square
with a side R from which a quarter of a
disk with a radius R has been taken (Fig.
5.58).

& 4 g1 ((R) dakd laye dxpdiall sl oSe
.(58.5 .JXidl) § 90 98 LS (R) 05kl Lasal 09
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Al

Fig. 5.58

58.5 JXadl

2 - Determination of the center of mass of

the plate by the integral method.

An elementary part is delimited in each
fragment of the plate of area (ds), and

center (x,y) (Fig. 5.59)

oI A ylay doesiiall ALS 340 Sl — 2

wirlus dopaiall o sizr S § Lpais el S
(59.5 .JS&dN) (x, y) 03Sm9 (ds)

-}.l

¥, = B —reosfy

"8 Vo = B —rsinfy

= rdfdr

59.5 JX&J!
JI, xdm off, xds [f. xds
Xg = Xg=———— xg =28
JI, dm off. ds s
B ffsl x1dsy — fst x2ds;
X =
S1—S2
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1l fsl x1dx,dy, — || fsz (R —rcosO)rdrd6

Xg =

2 _TR?
R"~=%
x1ax1ayq — rar ar r-cosoar
s X1dxid RszddB SZZ 0drdo
Xg = —
(57 r
[ xydxy [Fdy, — R [Frdr [2d6 + [*r2dr [Z cos0d0
xG:0x1 *1Jo @Y1 0 0 0 o €08
(57) %
R® nR® R®
_ 2" a3
ol 4—n
(G50 #
10-3
x6=m7: xG=16.750m
10 - 3m
y(,-:mR yG=16.75cm
3- Proof of the law for the volume of a Byl o> 0938 | - 3

sphere.

The rotation of the plate about (x = R) | Wg (x = R) L=l Jg> domiiall  pguis
generates the shape of the (Fig. 5.60), | .5, aad e Hle 9o Ul «(60.5 .JK&JI)
which is a half sphere. Its volume Hlgezx> 0950 GULDIN d8de gadaio

according to GULDIN's relation is:

1
V(x=R) = Vcylindre — Evsphére VUcylindre — Evsphére = 2ms(R — x¢)

VUsphere = 2vcylindre —4ms(R — x¢)

, , TR 10 - 3w
vsphére =2nR’ — 4w | R° — T (R — mR)

T 10 — 3@ -
vsphére =|2w — 47 (1 — Z) (1 — m) R
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i Xg;

x

Fig. 5.60

60.5 JXad!

4- The shape generated by the rotation of
the plate about the axis (Ox) and (0y).

The rotation of the plate around (Ox)
generates the shape of the (Fig. 52 a),

O95eall Jg domduall 95 opo Mgt S SSKEJI - 4
-(0y) s (0x)

ek ¢ (2.61.5 - JSJ1) W (0x) Js> sl 1925
Lz (b 615 JSi) s (0y) s> Lapss

while its rotation around (0y) generates Lo OWSCEI
the shape of the (Fig. 5.61 b). Their
volumes are:
Vox = 2WSYyg Voy = 2TSX¢
P (4—1t)R210—31tR _5 (4—1:)R210—31t
Vox = ST\ Ty 12-3n Voy = 2T\ 12 - 31
10 - 3w, 10 - 37,
Vox=m——=—R voy =m————R
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Vo = 127062.65 cm? vy = 127062.65 cm?

L J

a b
Fig. 5.61 61.5 JSall
5 - Calculation of the inertia tensor (I /). (To/r)Vlas)! wins Qlus—5

L, = ff y*dm ) a‘ff y*ds
S S

Ixxzo-(ff y%dsl_ff y%dSZ)
S1 S2

I,,=0 (ff yidx,dy, — ﬂ. (R - rsinB)Zrdrcw)
S1 52
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3

R R R g R z
IL,,=0 f dxlf yidy, — RZJ rdrd@f do + ZRf rzdrf sinfdo
0 0 0 0 0

0
R z

—f r3drf (sin0)*do
0 0

- R* nR4+2R4 R*
==\ 37 T3 T 16

16 — 5 16 — 5
I, = a(Tn) R* I, =10 (T”> (0.75)* | I, =57.75 x 1073 Kg.m?

Iy =1, I,, =57.75 x 1073 Kg.m?

1,, =2I,, I,,=115.5x 1073 Kg.m?

I, = —ﬂ- xydm I, = —aﬂ xyds
S S

Iy, =—0 (ff xX1y1dsy — ff xz}’zd32>
S1 52

I,,=-0 <ﬂ x1y1dx,dy, — ﬂ (R —r1sin@)(R — rcosB)rdrdB)
S1 S2

R R R 7 R >
I,,=-0 f xldxlf yidy, — sz rdrf do + Rf rzdrf cos0do
0 0 0 0 0 0

n s
2

R z R
+ Rf rzdrf sin@do —f r3drf sinecosede)
0 0 0 0

- R* 1rR4+R4+R4 R*
T TO\Y Ty T3 T3

I,, =—-19.83 x 1073 Kg.m?

255



57.75 —19.83 0
Iojp=|—-19.83 57.75 0 |1073Kg.m?
0 0 115.5

6 - Calculation of inertia of S with respect

1
to A (1)
0

1
A (1) JoV Cuaiall dwdlls (S) Vlas Gl -6
0

57.75 —19.83 0 1
Ih,=(1 1 0)|-19.83 57.75 0 11073
0 0 115.5/ \0
37.92
I,=(1 1 0) <37. 92) 1073 I, =75.84 x 1073 Kg.m?
0

Exercise 5.9.14

1 - Discuss the symmetry of the plate S of
the (Fig. 5.62).

2 - Find the expression of the parabola

y = f(x) which presents the upper limit
of the plate.

Numerical application: (d = R,h = 2R)

3 - Calculate s the surface of the plate.
4 - Determine the coordinates of the
center of mass (G) of this plate by
integration.

5 - Present the two shapes generated by
the rotation of the plate around the axis
(0x) and (0y) then calculate their
volumes using GULDIN's theorem.

6 - Calculate the inertia tensor (I, g) of
the plate(S) with uniform mass per unit
area (o).

7 - Calculate the moment of inertia of the
solid (S) with respect to the line (x = 2R)
Digital application:

(R=10cm) and (o = 10 kg/m?).

14.9.5 (p el

JSAN) @ dmpgall (S) dompall HBUS S0 - 1
.(62.5

Jos I (y = f(x) @8I aadll Bylue wxgl — 2
ouall G glall dl

(d=R , h=2R):$3s G

JAorpinall dlus (8) i = 3

doinall 0dg) (G) S 3Spe OldlU>] cne — 4
VCIHWN POPE - 1-TUY

Jo> (8) Obed e Olamiiy ol (el 526l - 5
Nozius lagroz> Cun>l @3 (0y) 9 (0x) s970]l
.GULDIN &3

I3 (S) dowivall (Ig/g) Ylan)! dics sl - 6
(0) dnlainall dummbad! A3USI

(x = 2R) prltisell duaaidls (S) Wlas ol - 7

(6 =10 kg/m?) 9 (R = 75 cm) :$34s Gudas
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Parabole

X

Fig. 5.62

62.5 il

Solution

1 - discussion of the symmetry of the
plate.

The plate is located in the plane (x0y),
that is, (z = 0) and is symmetrical to the
line (x=d+R), so the following is

achieved:

x¢=D+R I, =T+ 1y

2- The expression of the parabola

(v = f(x)).

The general expression of the parable is:

y=ax*+bx+c x=0,

Jall
Aoduall LS Abdle — 1

(z=0) J & (X0Y) Sgumdl 3 ai5 donsissall
dieg (X = d + R) puiueld deudlly 8ybolsie (29

R e

:glgb@n:u..g

yz_ Ixzzo

(¥ = f(x)) @8I aadl s dlomy| - 2

P (30 aaill dolall Byluall

I
=]

y=0 c

x=2(d+R), y=0

0 = 4a(d + R)?> + 2b(d + R)

0=2a(d+R)+b

x=d+R, y=h

h=a(d+ R)?>+b(d +R)

—2h = 2a(d + R)?
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e B o
(d + R)? " d+R
h, 2h 1
Y="@+re" Ta+r" y=gg*

3- Calculation of the surface of the plate.
The plate can be considered as a surface
delimited from above by a parabola, from
which a half-disk of radius R is subtracted
(Fig. 5.63).

S = Sparabolique — Sdemi disque

Aoeiall dolus Ol — 3
gais M (0 13gum0 nkaas domadll sliie! Sy
98 LS (R) oyl Ciad poyd il die g1 (3

(63.5 .JK4d1) & zo9e

nRZ
s = ﬂ ds; —
s1

R? 4R [ f(x1) TR?
s —f dx,dy, — s :f J dy, |dx, ———
2 0 0 2
TR2 4R R2
s= f(xpdxy ——— s = J (— x1 +2x,)dxy — ——
0 2 2
1 31" 2" R 32— 3n
— _ |1 21==] —— s =——R?
R[3], 2|, 2 6

| A

0 d i

Fig. 5.63

63.5 i

4 - Determination of the center of mass of

the plate by the integral method.

SO Al ylay doesdiall AS 3550 S| — 4
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An elementary part is delimited in each | di>lue dodiall (o sjr S § Lpais bxbaw Sud
fragment of the plate of area (ds), and (64.5 .Jid1) (x, ) 0359 (ds)
center (x,y) (Fig. 5.64)

LN % _X' i
if rddr
=
o , 7 ;
‘ 5 ' d ¥ = 2R + reast '
Fig. 5.64 64.5 JSad!
xo=d+R \ I ‘ ff, yas
Y6 = — 5
ff51 yidsq — fst y2ds; I, L y1dx;dy; — f] fsz (rsin®)rdrdo
Y6 = 32 — 3”R2 Ye = 32 — 311'R2
6 6
4R R i
3 Jo (fof(xl) }’1dy1) dx, — [, r’dr f:smede

Y6 = 3231 p,

6
R1, 1 , 2 2 5
_fo 7(_ﬁX1+2x1) dx1—§R

Y6 = 32—37

6
1 4R 1 4R AR 2
_8R? Jo xidx, —g [, xidxs +2 [" xidx, — 3R

Ye = 3237

6
4R 4R 4R
el 4 A 5
_ 8R 0 R[4], 3 . 3

Ye 3231 p,

6
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128 128 2 54

=2 64+ 2
__5 3 3 53 _ 15
Vo=~ gp—3m, K Ye =37 _3m R
6 6

108
_ R = 1.59R
Yeé 96 — 971 Ye

5- Presentation of the shapes generated | Js> ddall Oly9d (e i giadl (SN jlxd| — 5
by the rotation of the plate around Ox and Aoz Gl 9 (0y) 9 (0x) y9oead!

Oy and calculation of their volumes.

The rotation of the plate around (Ox) | .JS&Jl) We (0x) y9=ell Jg=> dmadiall gy
generates the shape of the (Fig. 5.65). Its tdozx> 0950 GULDIN 48 galais .(65.5

volume according to GULDIN's relation is

32 - 3m 2)( 108

% Vo, = 127R3
6 96—91TR) ‘ ox = LT

Vox = 2TSY¢ ‘ Vox = 21t<

Fig. 5.65 65.5 JSal
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The rotation of the plate around (Ox) | .(57 .JK&d) Wi (0y) y9=adl Jg=> dxaduall podiy
generates the shape of the (Fig. 56). Its dox> (950 GULDIN dddls gadais

volume according to GULDIN's relation is:

32 -3m

2
e RZ) (2R) | Vox = §n(32 — 3m)R3

Voy = ZRSXG ‘ Voy = 211'(

Fig. 5.66 66.5 JSAdl
6 - Calculation of the inertia tensor (I ). (To/r)¥las)! wins Clu>—6
g Ixy I,
Iojp=\1xy Ly Iy,
I, Iyz I,

I, = ﬂ y*dm I, = aﬂ yids
S S

Ixx=o-(jf y%dsl_.[j J’%dsz)
S1 S2

L,=0 (ff yidx,dy, — ff (rsine)zrdrd9>
S1 52

4R / ~f(x1) R -
I,,=0 (f (f y%dy1> dx; — f rsdrf (sin0)2d0>
o \Jo 0 0
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1 4R 1 3 R b4
I, = a(—f (——x% + 2x1> dx, —f r3drf (sin0)2d0>
3Jo 2R 0 0

L ( 2048 1024 2048 512 n) \
== 0\ "9 3 5 3 8
512 = _
Ixxza(m—§>R4 Ixx=(075)4 Ixx =x10 3Kg.m2

I, = 'I:f x2dm I, = O'ff x%ds
S S

I, = a(ﬂ xids, — Jf x%dsz)
S1 S2

IL,=0 <ff x2dx,dy, — ff (2R + rsin@)zrdrd9>
S1 $2

4R / ~f(x1) R ™ R -
I, = a(j <j dy1> x3dxg — 4-sz rer de — 4-Rf rzdrj sinfde
0o \Jo 0 0 0 0

R b4
—f r3drj (sin0)2d0>
0 0
I (fm( 1 242 >2d 2mR* 8R4 ”R4>
=0 ——X] Xy | x7dxy — 2R — -R" — ——
yy 0 2R 3 8

512 8 = 4
Iyy=a(——+128—21t————>R

5 3 8
344 17w _
L, = a(— — —) R* I, = (0.75)* I,, =< 1073 Kg.m?
15 8
584 971
= by s he=o (7~ )R
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I, = —ff xydm I, = —aﬂ xyds
S S

Iy, =—0 (ﬂ xX1y1dsq — ff xz)’2d52>
S1 52

I, =-0 <ﬂ x1y1dx,dy, — U (2R + rcos@)(rsin@)rdrd&)
S1 S2

4R / f(x1) R >
I,,=—-0 L <f0 yldy1> x,dxq — ZRL r? drf0 sin6do

R n
)
—f r3drj cosBsianB)
0 0

1 (4R R ; R >
I,,=—-0 (Ef (f(x1))%x1dxy — 2Rf r? drf sin0d6 —f r3drf cosesinede)
0 0 0 0 0

1 4R 1 2 R T
I,=-0 <Ejo (—ﬁx% + 2x1> x,dxq — ZRjo r? drf0 sin6do

R b4
— f ridr f cosOsin0d0>
0 0

256 1024 4 p
Ixy = _G(T_T+128_§>R

I,, = —1080R* I, =—x1073 Kg.m?

57.75 —19.83 0
Iojp=|—-19.83 57.75 0 |1073Kg.m?
0 0 115.5

7 - Calculation of inertia of S with respect | paiiuedd  deddb  (§) dlae > - 7
to the straight line A(x = 2R). A(x = 2R)
We apply the HUYGENS theorem HUYGENS 4,125 §uas
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5.10 Additional exercises

Exercise 5.10.1

Determine the moment of inertia of the
shaded region of mass M, shown in (Fig.
5.67) withrespect to each of the

48U ¢)s 10.5

1.10.5 u:b&ﬁ‘
WS o1 Alae)! Aaial) JWUI ygundll p3e S
dpundly <lldg (5.67 .JS) 3 mioge 98 LS (M)

coordinate axes. RUIINES, Y RTIE SN
Y
;'-I.IJ Y
: Z
y = kx?
- b
E
- (1 >
Fig. 5.67 67.5 S|
- Mb?
xx — 7
Answer: HEIPY ]
3Ma?
Iy, = 5
Exercise 5.10.2 2.10.5 ¢yl

Determine the moment of inertia of the
shaded region of mass M, shown in (Fig.
each of the

5.68) withrespect to

coordinate axes.

WS Id dllac)! dakiedl GIUI Hguadll pie S
drundlly g (5.68 .JS&I) § zioge 9o WS (M)

NIV RES Y RTIE N
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b
x
a
Fig. 5.68 68.5 JSaJ!
Mb?
Iy = 7
Answer: HEIPY ]
Ma?
=70
Exercise 5.10.3 3.10.5 (p el

Determine the moment of inertia of the
shaded region of mass M, shown in (Fig.
5.69) withrespect to
coordinate axes.

each of the

S I3 dllac)! dakiell GIUI jguadll pie du>
drandlly g (5.69 .JS&I) § zioge 9o WS (M)

NUIV{RESY BTIEIN]

tl

Fig. 5.69

69.5 JXiJI
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2Mb?
xx = 9
Answer: 1O gl
4Ma?
Iy, = 10
Exercise 5.10.4 4.10.5 (p el

Determine the moment of inertia of the
shaded region of mass M, shown in (Fig.
5.70) withrespect to each of the

WS 5 Allaed! dilaial) JWUI ygmadll p3e du>
dwdlb ldg (5.70 .JSad) @ TRy 9B WS «(M)

coordinate axes. RUIR RESVBPEN
Yy
a '
b
4 y = kx3
_ -
Fig. 5.70 70.5 J<adt
4Mb?
xx = 10
Answer: 1O gl
Ma?
I, = 38
Exercise 5.10.5 5.10.5 ¢yl

Determine the moment of inertia of the
shaded region of mass M, shown in (Fig.
5.71) withrespect to each of the
coordinate axes.

s oy dllac)! dilel) GIUI Hgsalll pie Sd>
dawdlls 39 (5.71 . JK&N) § maoge 98 WS (M)
NUIV RS BTIEIN]
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b
h
v
Flg 571 71.5 S:. J|
Mh?
Ixx = 2
Answer: gl
Mb?
I, = 6
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