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Abstract

In this memory, we considered a system of laminated beam with an internal constant delay
term in the transverse displacement. We established the global existence and the uniqueness of
the solution by using the semi-group theory.

Finally, we studied the asymptotic behavior of solution by using the multiplier method, and we
proved the exponential stability of the system under suitable assumptions on delay feedback
and coefficients of wave propagation speed.

Keys words : Laminated beam, global existence, constant delay, exponential decay.
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Résumé

Dans ce mémoire, nous considérons un systeme de poutres lamellaires avec un terme de retard
constant dans le déplacement transversal. Nous établissons I'existence globale et l'unicité de la
solution en utilisant la théorie de semi groupe.

En fin, nous étudions les comportements asymptotiques de solution en utilisant la méthode des
multiplicateurs et nous montrons la stabilité exponentielle du systeme sous des hypothéses
appropriées sur le retard et les coefficients d’'onde vitesse de propagation.

Mot clés : Poutre lamellaire, existence globale, retard, décroissance exponentielle.
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(General introduction

A laminated beam system is a structural arrangement composed of multiple layers of mate-
rials bonded together to form a single, strong, and durable beam. It is designed to provide
enhanced strength, stiffness, and load-bearing capacity compared to traditional solid beams.
Laminated beams are widely used in various industries and construction applications where
high structural performance is required.

The construction of a laminated beam involves stacking multiple thin layers of compatible
materials, such as wood, metal, or composite materials, and bonding them together using ad-
hesives or other bonding agents. The layers are typically oriented such that the grain or fibers
run in different directions, which helps distribute loads evenly and increase overall structural
integrity.

The use of different materials in the laminated beam system allows for the optimization of
specific properties. For example, wood layers provide excellent compressive strength, while
fiberglass or carbon fiber layers offer high tensile strength and stiffness. By combining these
materials, laminated beams can be tailored to meet specific design requirements, such as
increased strength, flexibility, or resistance to environmental factors like moisture or temper-
ature variations.

In summary, laminated beam systems provide a reliable and versatile solution for structural
requirements. By combining different materials in layered configurations, laminated beams
offer enhanced strength, durability, and performance characteristics, making them a preferred
choice in modern construction and engineering projects.

The best contribution in this fild is the work of Hansen et al.[I9], the laminated beam model
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describes the vibrations in a structure consisting of two layered identical beams of uniform
thickness stuck together by an adhesive (of negligible thickness), in such a way that a slip is
permitted while they are continuously in contact with each other. In the absence of interfering

forces, the system of the model takes the following form

pwis + G — wy), = 0,
Ip(35tt - wtt) - D(35:zx - wzx) - G(Q/) - wx) =0, (1)
31,54 — 3D szp + 3G (Y — wy) + 4ys +48s = 0,

with z € (0,1) and t > 0. Hence p, I, G, D, 3, and 7y are density, mass moment of inertia, shear
stiffness, flexural rigidity, adhesive damping parameter and, adhesive stiffness respectively.
Similarly, w = w(x,t) denotes the transverse displacement of the beam from its equilibrium
position, ¥ = 1(z,t) is the rotation angle, 3s — 1) denotes the effective rotation angle and,
s = s(x,t) is proportional to the amount of slip along the interface. The first two equations
of are derived on the assumption of Timoshenko beam theory and, the third equation
describes the dynamics of the slip. Moreover, if s(z,t) is identically zero, then the standard
Timoshenko system is recovered. Furthermore, if 5 # 0, then the adhesion at the interface
produces a restoration comparable force to counteract the interfacial slip. Otherwise, in
absence of adhesive damping (i.e. 8 = 0) ), the third equation of describes the dynamics of
slip of coupled laminated beam without structural damping.

Laminated beams have wider applications in engineering as structures are often made out
of more than one beam or plate stuck together using the appropriate substance depending
on their intended purposes. Among other applications, the closest examples one can think of
in recent times are the layered glass gorilla screen protection for smart gadgets, windscreens,
among others. Being a controlled system, stability is very important. Thus, many researchers
among mathematicians and engineers have focused a lot of attention on the study of well-
posedness and more importantly, the stability behavior of this differential model, majorly by
exploiting different damping mechanisms introduced to the system. We discus some of the

results below. The asymptotic behavior of system with boundary feedback controls of the
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form

w(O,t) = ¢(07t) = S(Oat)7 (w - wz)(lvt) = klwt(lvt)a
(3535 - ¢I)(17t) = _k2(35t - %Dt)(lﬂf),

was studied by Wang et al. [38]. The authors established an exponential stability of the
system provided that r| = \/g %+ \/% =ro,

ki #ri(i=1,2).

Interestingly, Tatar [37] and Mustafa [28] obtained the result in [38] under weaker conditions
on the parameters p, G, I,, and D. D. Some related results were also obtained by Cao et al
[13] with different boundary controls.

Apart from stabilization through boundary damping mechanisms, researchers have consid-
ered other interesting damping techniques. For example, Raposo [34] introduced extra linear
frictional damping terms in the first two equations of in addition to structural damping,
and proved exponential stability without further restrictions. Later Apalara et al. [I0] es-
tablished that a single linear frictional damping in the effective rotation angle is sufficient for
exponential decay in case of equal wave speeds. Similarly, in [3], the authors consider system
with structural damping, and prove that if it is coupled with boundary feedback controls
acting through complementary displacements, then no further dissipation or restrictions on
parameters are required for exponential decay, otherwise the assumption of equal wave speeds
is necessary.

Regarding dissipation through material damping, for laminated beam with infinity mem-
ory, we mention the work in [22], in which with only structural damping and suitable assump-
tions on the relaxation function, the authors established general exponential decay results
in case of equal wave speeds and polynomial stability otherwise. For earlier results con-
cerning stabilization of laminated beam through viscoelastic damping, we refer the reader to
[14],]25],]29]. Furthermore, regarding stabilization through thermal effects, we cite the re-
sult in[24]. The authors investigated a thermoelastic laminated beam with past history, and

proved that in presence of structural damping, the solution decays exponentially and polyno-
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mially without any restrictions on the parameters. For a system without structural damping,
exponential and polynomial decay of the solution are possible in case of equal wave speeds,
otherwise, the system lacks exponential stability. Other interesting results about damping
through thermal effects can be found in [5], [6], [I8] for thermoelasticity, and [23] for ther-
moelasticity of type III. In all these works, authors mainly established that the system decays
exponentially in the case of equal wave speeds and polynomially otherwise, with and without
structural damping.

In control systems, time delays are inherent since propagation and transport of material
and/or information are involved. Time delay may manifest in form of lags between the input
and processing the output, or lags in attaining or restoring the desired system stability after
perturbations due to internal or external factors, among others. To explicitly analyse the
delay effect on physical properties especially stability, it is preferred that control systems are
modeled and represented by delay differential equations. Although there are isolated cases
where that voluntary inclusion of delay may benefit control (see [2]) or may not significantly
disturb the general system stability, for instance, in [27], time lags have been established as
one of the underlying causes of instability and deterioration of the system performance. For

example, consider the following system of wave equation

et — Ap =0, in Q x (0, 00),
¢ =0, on Iy x (0, 00), (2)
%f = —ppr — pap(x, t —7), on I'y x (0,00),

where ¢ = ¢(z,t), Q2 C R? is open and bounded having a smooth boundary 9Q = I'yUT
and, v = v(x) is the unit normal to 9. It is long established that in the absence of delay (us =
0, 1 > 0), the system (2)) is exponentially stable, see [20],[21],[41] .Whereas, on including delay
(2 > 0) , Nicaise et al. [30] established that the solution decays exponentially provided that
pa < 1, , and in case of a reversed scenario (ug > u1),the authors proved that the system
solutions become chaotic by introducing a correlating sequence of delays to the solution.

Similar conclusions were reached by [16],[39]. For more works regarding constant time delay
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effect on stability, we refer the reader to [4],[8],[32],[35] and references therein.

In the dynamic Timoshenko beam model, the amplitude of vibrations of the complemen-
tary displacements vanishes due to damping. A constant time delay translates into a forward
phase shift increasing early time response, which is seen to cause frequency dispersion in dis-
placements [26]. This may require stronger damping to counteract the longer time needed for
decay. This delay effect is inherent in the laminated beam model as it is derived on assump-
tion of Timoshenko beam theory. The presence of structural damping in a laminated beam
provides some dissipation, which is sufficient for exponential stability in absence of delay on
assumption of equal wave speeds [7],[9]. It is yet to be established if the internal structural
damping can still solely stabilize the system in presence of delay, rather authors have chosen
other damping mechanisms. For instance, Feng [17], considered a laminated beam with three
internal constant delay feedbacks, with help of three external boundary controls and some
conditions on the system parameters, he established exponential decay result. Seghour et al.
[36] on the other hand, investigated a thermoelastic laminated beam with neutral delay in
dynamics of slip equation, and established uniform stability provided p = GI,. . The required
dissipation was obtained through thermal effects in addition to linear frictional damping in
the transverse displacement.

In this work; we study the well-posedness and exponential decay of the system . The
remainder of this work is organized as follows. The first chapter contains the various key
concepts on which our study will be founded, such as the presentation of some reminders and
definitions and some fundamental theorems (Sobolev spaces, the Lax-Milgram theorem, the
Hille-Yosida theorem, some useful inequalities...), in the second chapter we prove the well-
posedness of solution of the system , and in the last chapter we discuss the exponential

stability results.



Chapter 1

Preliminaries

In this chapter, we recall some basic knowledge in fonctional analysis, moste of wich will be
used in the subsegent chapter. The reader can easily find the detailed in the related literature,

see, e.g. [I], [11], [12], [33], and [40].

1.1 Functional Spaces

We denote by R” the Euclid space, Q C R" is bonded smoth domain,C*(€) is the k" differ-
entiable continuous function space in 2, C*°(Q) is the oo'® differentiable continuous function

space in Q, C2°(Q) is the co!” differentiable continuous function space with compact support

in €

Definition 1. Let X be a vector space over the filed K (K =R or C). Then a semi-norm on
X is a function ||.|| : X — R, such that :

a) ||z|| =0 forallz € X,

b) ||laz|| = |a|||z|| for all z € X and o € K,

¢) |z +yll <zl + [lyl| for all 2,y € X.

A norm on X is a semi-norm wich also satisfies :

d) ||z|| =0 = x = 0. A vector space X toghether with a norm ||.|| is called a normed linear

7
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space, & normed vector space or simply, a normed space.

Definition 2. (Convergent and Cauchy sequences ). Let X be a normed space, and let
{Zn}nen be a sequence of elements of X.

a) {xn}nen converges to x € X if
lim ||z, —z| =0,
—00

e if
Ve > 0;3N > 0,Vn > N, ||z, — z|| < e.

b) {zn}nen is a Cauchy sequence if
Ve > 0;3IN > 0,Ym,n > N, ||zy — x| < e.

Normed spaces in which every Cauchy sequence is convergent are called complet normed

spaces. In general a normed space is not complete.

Definition 3. (Banach Spaces). A normed spaces is called a Banach space if it is complet
i.e. if any Cauchy sequence inside the space converges to a point of the space. Its dual space

X' is the linear space of all contnuous linear functional f : X — R.

Proposition 1. X' equipped with the norm ||.||x: defined by

[fllxr = sup{|f(u)

Hlull < 13

is olso a Banach space.

Remark 1. From X' we construct the bidual or secend dual X" = (X'). Futhermore, with
each u € X we can define p(u) € X" by o(u)(f) = f(u), f € X', this satisfies clearly
lo(x)]] < ||lull. Moreover, for each uw € X there is an f € X' with f(u) = ||ul| and ||f]| = 1,

so it follows that ||p(z)| = ||ul-
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Definition 4. Since ¢ is linear we see that

0: X — X",

is a linear isometry of X onto a closed subspace of X", we denote this by

X — X".

Definition 5. if ¢ (in the above definition ) is onto X" we say X is reflexive, X = X"

1.1.1 The weak and weak star topologies:

Let X be a Banach space and f € X’ . Denot by

Pef X >R
xTr +— Pf
When f cover X', we obtain a family (¢¢)rexs of appmications to X in R.

Definition 6. The weak topology on X, denoted by o(X,X"), is the weakest topology on X

for which every (¢f)rex is continuous.
We will define the topology on X', the weak star topology, denoted by o(X’, X). For all
x € X. Denote by
0 : X' =R
f=eu(f) = (fiz)x x
Definition 7. The weak star topology on X' is the weakest topology on X' for wich every
(pz)zex’ ts continuous.

Remark 2. Since X C X", it is clear that, the weak star topology o(X', X) is weakest then
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the topology o(X', X", and this later is weakest then the strong topology.

Definition 8. A sequence () in X is weakly convergent to x if and only if

lim f(z,) = f(x)

n—oo

for evry f € X', and this is denoted by x, — x.

Remark 3. :
1.1If the weak limit exist, it is unique.
2.1If x, — x € X (strongly), then x, — x (weakly).

S.If dim X < oo, then the weak convergent implise the strong convergent.

1.1.2 Hilbert spaces

The proper setting for the rigorous theory of partial differential equation turns out to be
the most important function space in modern physics and modern analyse, known as Hilbert

spaces. Then, we most give some impotant result on these spaces here.

Definition 9. A Hilbert space His a vectorial space supplied with inner product (u,v) such

that ||ul| = \/(u,u) is the norm which let H complete.

Theorem 1. Let (zy)nen is a bounded squence in the Hilbrt sace H, then it possess a subse-

quence which converges in the weak topology of H.
Theorem 2. In the Hilbrt space, all sequence which converges in the weak topology is bounded.
Theorem 3. Let (x,)nen be sequence which converges to x, in the weak topology and (yn)nen

1s an other squence which converge weakly to y, then

lim <xnayn> = <m,y>.

n—oo
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Proposition 2. Let X and Y be tow Hilbert space, let (xn)neny € X be a sequence which
conveges weakly to v € X, let A € L(X,Y). Then, the sequence (A(xy,))nen converges to

A(z) in the weak topology of Y.

Theorem 4. ( The Laz-Milgram Theorem)

Let X be a Hilbert space and let a : X x X — R be a bilinear functional. Assume that there
existe tow constants C' < oo, > 0 such that:

(i) |a(u,v)] < Cllu|lv|l  forall (u,v) € X x X  (continuity);

(i) a(u,u) > allul|> forall wu€ X (coerciveness).

Then, for evry f € X* ( the dual space of X), there exists a unique u € X such that

a(u,v) = (f,v) forallv e X.

1.1.3 The LP(2) spaces

Definition 10. Let 1 < p < oo, and let  be on open domain in R™, n € N. Define the

standard Lebesque space LP(S2) by
LP(Q) = {f :Q— R: f is measurable and/ |f(z)[Pdx < oo}
Q

Notation 1 : for pe R and 1 < p < oo, denote by

I = ([ |f<x>|pdx)’1’

. If p = o0, we have

LP(Q) ={f: Q= R: f is measurable and there exists C suche that,|f(z)] < C in Q}

. 1 1
Notation 2 : Let 1 < p < oo,we denote by q the conjugate of p ie. — 4+ - =1.
p

q
Theorem 5. It is well known that LP() supplied with the norm ||.||, is a Banach space, for

all 1 <p<oo
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Remark 4. In particularly, when p =2, L?(Q) equipped with the inner product

(f. 92 = /Q f(@)g(x)d,

18 a Hilbert space .

Theorem 6. For 1 < p < oo, LP(Q) is reflexive space.

1.1.4  The Sobolev space W"P(2)

Definition 11.

i) Let m € N and p € [0,00]. The W™P(Q) is the space of all f € LP(Q), defined as
WmP(Q) = {f € LP(Q), such that 0“f € LP(Q)for all o € N}

such that |af = 377 ) aj <m where, 9% =071 05%....05.

i) if f e W™P(Q), we define its norm to be

1
(E\a|<k Jo ID fIPdz)> (1 < p < 0),
| fllwmr ) =
> ja|<k €sssup [DYf| 5 (p = 00)

Definition 12. We denote by

Wy (o)
the closure of C3°(€2) in W™P(Q)

Remark 5. i) if p =2 we usully write

H™(Q) = W™2(Q), HFM Q) = Wy (Q).

12
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Supplied with the norm

e = | D (10 F12)°

laf<m
The letter H is used, since - as we will see - H™(Q)) is a Hilber space.

with usual scalar product

(u,v) = Z /Qﬁauaavdx

laj<m

Note that H°(Q) = L?*(Q)

Theorem 7. .

1. H™(Q) supplied with inner product (.,.) gm(q) is Hilbert space.

2. Ifm>m', H™(Q) — H™ (Q).

Theorem 8. Assume that 2 is an open domain in R™ n > 1, with smooth boundary I'. Then,

np
n—op

i) if 1 <p <n, we have W'P C LI(Q), for every q € [p, p*], where p* =

i) if p=n we have WP C LI(Q), for every q € [p,00).
-n

ii1) if p > n we have WP C L®(Q) N C%*(Q), where a = b
p

1.1.5 The LP(0,T, X) space

Definition 13. Let X be a Banach space, denote by LP(0,T,X) the space of measurable

functions

f:]0,T[— X

t— f(t)

such that

1

T 5
(/ \f(t)H?(dt> M lors <o 1<p<oo.
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If p= oo,

£l oo 0.2 = s]llp[ess\lf(t)llx
t )

Theorem 9. LP(0,T, X) equipped with the norm ||.||ro,1,x) @5 @ Banach space .

Proposition 3. Let X be a reflexive Banach space, X' it’s dual, and 1 < p < oo, 1<
q < 00, %—I—% = 1. Then the dual of LP(0,T, X) is identify algebraically and topologically with
L10,7T, X")

1.2 Some useful inequalities

In this section, we shall recall some inqualities which will be used in the supsequent chapters.

1.2.1  Young’s inequality

Theorem 10. Let 1 < p,q < oo, % + % = 1,then

P
ab< L+ ab>0
P q

Theorem 11. (Young inequality with €) Let 1 < p,q < oo, ]% + % = 1,then

p 1 bq
ab<el + =2 ab>0
b er 4

The Young inequality has several variants in the following.

Corollary 1. Let a,b > 0, % + % =1,1<p,q<oco. Then

11 b
i) arba <242
P q )
Ly 11 a ber
i) arbs < — + — Ve > 0.

bea
i) a“b'=* < aa + (1 — a)b O<a<l
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1.2.2 Holder’s inequality

Theorem 12. Let 1 < p,q < o0, %4— % =1,
then if  f e LP(Q), g€ L1(Q), we have

1fallzr) < 1fllr)-l9llzeo)

Theorem 13. (Generalized Holder inequality) Let 1 < py,....,pm < 00,

p% + e+ Ii =1, then if fr € LPE(Q) for k=1,...,m, we have

/ ool < TT 1 il on )
Q k=1

Remark 6. We have the corresponding weighted Holder inequality of the integral form. Let

l<p<oo, l4+i=1, feLP), ge LYN),w(x) >0 on Q. Then

[ st < ( [ 7@t dw) ([ st@ate d:c)

1.2.3 Poincaré’s inequality

In this subsection, we shall recall the Poincar inequality in different forms.

Theorem 14. . Let Q be a bounded domain in R™ and f € H}(Y). Then there is a positive

constant C such that

I£llz20) < ClIV fllz2),  Vf € Hy(9)

Theorem 15. Let Q be a bounded domain of C* in R™. There is a positive constant C | such
that for any f € HY(Q).

1f = Fllz2 () < CIVFllz2o

Where f = ﬁ Jo f(x)dx is the integral average of f over Q, and |Q| is the volume fo Q.
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Theorem 16. Under assumption of Theorem for any f € HY(Q), we have

iz < © (rwum(m 1 fdx!> |

1.2.4 Cauchy-Schwarz inequality

Theorem 17. Let f € L?(2), g € L*(2), we have

[ssiae=< ([ \f(w)def (f rg<x>|2dx)%.

1.3 Basic theory of semigroups

16

In this section, we recall some basic knowledge in semigroups,most of whiche will be used in

the subsequent chapters. Ageneral rference to this topic is [12], [11],

1.3.1 Cy—Semigroups of Linear Operators

Definition 14. (Semigroups)

Let X be a Banach space, the one-parametre family S(t),0 <t < oo from X to X is called a

Semigroups if
(i) S(0) =1 (I is the identity operateur on X ).

(1) S(t+ s) = S(t) + S(s) for every t,s >0 (the Semigroup property).

Definition 15. The linear operator A defined by

D(A) = {x € X : lim (S(t)x — )/t e:m'sts}

t—0t

and

Av = lim (S(t)e — @)/t = =——li=o for all w& D(4)

is called the infinitesimal generator of the Semigroup S(t), D(A) is called the domain of A.
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Definition 16. (Cy—Semigroups).
A Semigroup S(t),0 < t < oo,from X to X is called a strong continuous Semigroup of bounded

lineaar operators if

lim S(t)x =2 for all ze€X,

or

lim ||S(t)x —z||=0 for all ze€X.
t—0+
i.e S(t) Co—Semigroup.

Definition 17. A semigroup S(t),0 < t < oo is called a semigroup of contraction if there

exists a constant o > 0 (0 < o < 1) such that for all t > 0,

1Stz = SOyl < allz —yl, for all zyelX.

1.3.2 Hille-Yoshida Theorem

Definition 18. An unbonded linear operator A : D(A) C H — HEl is said to be monotoneﬂif
it satisfies

(Av,v) >0 Vv € D(A).

It is called maximal monotone if, in addition; R(I + A) = H i.e
Vfe H Jue D(A) such that u+ Au=f.

Proposition 4. Let A be a mazimal monotone operator. Then

1. D(A) is dense in H.

2. A is closed operator.

3. For evry A\ > 0, (I + \A) is bijective from D(A) onto H, (I + AA)~! is a bounded operator,

and H(I—f—)\A)ilHE(H) <1.

LH denotes a Hilbert space
2Some authors say that A is accretive or —A is dissipative.
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Theorem 18. (Hille-Yosida) Let A be a mazimal monotone operator. Then, given any ug €

D(A) there exists a unique function

u € CL([0,+00); H) N C([0, +00); D(A))

satisfying
d
d%ft +Au=0 on|0,+00)
u(0) = up.

Theorem 19. (Lumer-Phillips theorem) Let A be a linear operator defined on a linear sub-

space D(A) of the Banach space X. Then A generates a contraction semi group if and only
if

1. D(A) is dense in H.

2. A is dissipative, and

3. (A — Xol) is surjective for some Ao > 0, where I denotes the identity operator .

An operator satisfying the last two conditions is called mazimally dissipative.



Chapter 2

Laminated beam system:

Well-posedness

2.1 Statement of problem

We consider a system of laminated beam with constant delay term acting on the transverse

displacement:

wt(‘rv _t) = fO(‘rvt)a

we(1,t) = s(1,t) = ¥(1,t) = 0,

pwy + G — wy )y + pwy(x, t —7) =0,
Ip(gstt - wtt) - D(33rx - ¢zx) -
BIpStt — 3D8a;a; + 3G(1/1 — wg;) + 4’)’8 + 458,5 = 0,

G —ws) =

w(z,0) = wo, s(x,0) = sg,Y(x,0) = 1y,
’U)t(fE,O) = U]l,St(.’E,O) = 81,¢t($,0) = wl
w(0,t) = s5(0,t) = 1,(0,t) =0,

where wg, w1, Yo, Y1, S0, S1, fo is the initial data which belongs to an appropriate space,

19
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7 > 0 is time delay and the none zero real number p is the weight of delay. With some
restrictions on p , we prove that the adhesive damping is strong enough to stabilize the
system exponentially, even in presence of delay without any other additional damping or
boundary controls, provided the assumption of equal wave propagation speed (GI, = pD)

holds.

2.2 Existence and uniqueness

In this section, we state the well-possedness results of a laminated beam with constant delay

feedback. Firstly, we proceed by introducing the following new variable as in [30)].
z(x,0,t) = wi(x,t —70) in (0,1) x (0,1) x (0, 00).
It follows directly that z satisfies

Tze(x,0,t) + 25(x,0,t) =0 in (0,1) x (0,1) x (0, 00).
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Consequently, the system ([2.1)) is equivalent to

pwi + G(Y — wg)s + p2(z,1,1) =0,

I,(354t — 1) — D(3800 — Yaa) — G(¢p — wy) =0,
31,51 — 3D + 3G (1) — wy) + dys + 485 = 0,
Tze(,0,t) + 25(z,0,1) = 0,

2(x,0,t) = wy(x,t)

z(x,0,0) = fo(x,70),

wi(z, —t) = fo(z, 1),

w(z,0) = wo, s(x,0) = sg, Y(z,0) = 1y,

wi(x,0) = wy, s¢(x,0) = s1,P(x,0) = 1

w(0,1) = 52(0,) = 1h2(0,2) = 0,

we(1,t) = s(1,t) = ¢(1,t) =0,

21

1), (2.2)

At this step, in order to define the energy functional of system (2.2, we multiply the first

four equations in the system ([2.2) by wy, (3s¢ — ), st, and |u|z, respectively, then integrate

over (0,1), we have

1 1 1
/ pwywidx + G/ (Y — wy)gwpdx + u/ z(x, wedz = 0,
0 0 0

1 1
Ip/o (35t — )¢(3s1 — wy)dx — D/o (383 — Vz)z (38 — wy)dzx

1
e /0 (4 — wa) (351 — 1) da = O,

1 1 1 1 1
3],,/ Suspdx — 3D/ SpaStdr + 3G/ (Y —wy)se dox + 47/ s¢s dx + 45/ s?daj =0,
0 0 0 0 0

11 11
7| / / zz¢(z, 0, t)dodx + |u|/ / 2zq(x,0,t)dodx = 0,
0o Jo 0o Jo

And
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Summing up, we find

1d [* 02 1d [* 1d [t ., 1d [t
it 2ds + = — 3 do+ -— [ 3I,s%dx+ =~ [ 4ys%d
2 dt x+2dt/ o(Bst —)* T ), et x+2dt/0 T

+2dt/ / 7| pl 2% (x, 0)dods + 3D/ SzSqt dx + D/ 38y — Uz)(38y — g )rdx  (2.3)
1 1 1
+G/0 (Y — wy)pwidr — BG/O (Y — wy)sdx + G/O (Y — wy)edx

1 1
+3G/ (Y — wy)sidr = —45/ sidx — / z(z, Dwdz — |g| 22(z,1)dx
0
Ll /

1
[pwt2 + 1,(3s¢ — wt)Q + D(3sy — 1/11)2 + 3[,,3,52 + 3D3§] dx
0

Hence,
Ld
2dt
1d 1 1 1

+- = 4ys* + / 7| ul2*(x, 0)do | do + G/ (Y — wy) (Y — wy)edx (2.4)

1 1
= —45/ sidx — u/ z(x, Dwidx — li] 22(z,1)dx + == 1 ?d:c.
0 0 2 2

0 0

we end up with,

1d (!
s | [wi +Lo(B3st = 0)? + D(3sa — 2)” + 31,5 + 3Ds] + dys”] da
0
1d [! 1 1
+- [G(d} — wy)? +/ T|,U,|,22(SU,O')CZO':| de = —u/ z(z, Dwidz (2.5)
2dt J, 0 0

45/ sidax —M 22(x,1)dx +M w?dz.

0

Then, the energy of the solution to the system (2.2} is given by

1
E(t)== / [pwi + 1,(3sy — ¥u)® + D(3sy — 1by)? + 31,87 + 3Ds2] dx (2.6)
0
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1 1
—i—% / [4732 + G — wy)? + 7y / zz(z,a)da] dx.
0 0

23

On the existence, uniqueness, and smoothness of solution of problem (2.2)), we introduce the

vector function ® = (w,u,&,v,5,2) 50 = wi, & = 35 — Y, v = &, and y = s; and thereby

transform system ([2.2) to

Lp(t) = AD(t), t>0,

®(0) = o = (wo, w1, 380 — 1o, 351 — Y1, S0, 51, fo)

where the operator A is defined by

u
—1(G(35s — & —wy)z + pz(x, 1))
v
AL = 1 (Deys + G(35 — € — wy))
y
(s )
—17a(2,0)

We consider the following spaces
_H; = {’UI’UEHI(O,]_):’U(O):O}7 Hbl — {05U€H1<0,1):U(1) :O},

And let

H:= H}(0,1) x L*(0,1) x HL(0,1) x L?(0,1) x H}(0,1) x L*(0,1)
x L2((0,1) x (0,1)),

be the Hilbert space equipped with the following inner product

1 1 B 1
(D, D)y = p/ u&dm—i—G/ (33—§—wx)(3§—§—u~)$)dm+lp/ vodx
0 0 0

(2.7)
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1

1 1 1
+3Ip/ yydz + D/ Ep&pda + 47/ ssdx + SD/ SgSzdx
0 0 0 0

1,1
+7|p / / z2(z,0)%(x,0)dodx.
0 JO

The domain of A is given by

®eH|we HX0,1)NHL0,1), & se H*0,1)NHL(0,1),
D(A) =4 weHL0,1), v,y€ HH0,1),2 2 € L*((0,1) x (0,1)),

wz(1) = &(0) = 52(0) = 0

We observe that D(.A) is independent of time ¢ > 0. Furthermore, it is obvious that D(.A) is
dense in H. obvious that D(A) is dense in H.
Now, we present the theorem of existence and uniqueness of solution, then present their proof.

To this end we will use the semigroup method and the Lumer-Philips theorem.

Theorem 20. Let &g € H, , then there exists a unique weak solution ® € C(RT,H) of

problem (2.7). . Moreover, if ®9 € D(A), then ® € C(R*, D(A) N C*(RT, H).

Proof. for any ® € D(A), we use the inner product and the operator A, we have :

1
(AP, D)y = —/ uw[G(3s — & —wy)y + pz(x,1)] dx
01
+G/ By — v —uy)(3s — & — wy)dx
10
+ / v [Dézz + G(3s — & —wg)] dx
0
dvs 4Py

1
+3/ y[Dsm—G(Ss—é—wx)——] dz
o 3 3

1 1 1
+ D/ vp€zdr + 47/ ysdx + SD/ Yz Sz dx
0 0 0

1 1
- !u!/ / z(2,0,t) 24 (2, 0,t)dodz,
0 0
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Therefore,

(AD, @) _—G/ (35 — £ — wy)pda — /Oluz(:):,l)dac
+3G/O y(3s—§—wz)dx—G/0 V(35 — £ — wy)dar
—G/Olum(Ss—£—wz)dﬂc+D/01U§mdx
+G/01v(3s—§—wx)dx—l—?)D/Olysmdx

1 1 1
- SG/ y(3s — & — wy)dx — 47/ sydx — 4ﬁ/ yidx

1
+D/ vzﬁxdx+47/ ysd:n—l—?)D/ Yo Sz dT
0

|,u|// (z,0,t)24(x,0,t)dodz,

Then, using integration by parts, and boundary condition, we get :

(AD, D)y = —45/ y2dr — / uz(z,1)dz
1
+ G/O u(3s — & — wy)pdx — G/O u(3s — & — wy)dx

1 1 1
—D/ vmfxdx—?)D/ yxsxda:—i-D/ Vp€pdx
0

1
+3D/ Yo Szdr — |H|/ / — 22 (x,0)dodx
0
1
= —4ﬁ/ yzd:c—u/ uz(x,1)dz
0 0

1
- |g| [2%(2,1) — v?] da.
0

(2.8)

Now, using Yong’s inquality, we find :

! lal [* o Il
—,u/ uz(x,1)dx < / dr + “— 5 22(z,1)dx, (2.9)
0 0
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Substituting in , we find; for some ¢; > 0,

1 1
MQ@H§~M/y%%HM/u%m
0 0

<1 (P, D)y

This shows that the operator A — ¢q1 is dissipative .
We have to show now that for all F' = (f1, fa, f3, f4, f5, f6, [7) € H there exists ® € D(A)
such that

(I - A)®=F. (2.10)

Then in terms of it’s components, equation (2.10) becomes :

w—u=fi,

pu+ G(3s — £ — wy)x + pz(z,1) = pfa,

‘5 —v= f37
Ipv = Déuy — G(3s — € —wy) = Ipfa, (2.11)
S—Yy= f57

31,y — 3Dszy + 3G (3s — § — wy) + 4ys + 48y = 31, fs,

Tz + 2o = Tf7.

Following the same arguments in Nicaise and Pingotti [30] it follows from equation (2.11))7,
that :

T2+ 25 = Tf7,

First, we solve the homogeneous equation, we have :

Tz 4 2o = Tf1 = 2z(x,0) = ke 7,

Then, using the variation of constants, we have
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Tk(x,0)e T + k' (x,0)e 7" — 7k(x,0)e 7" =71 f7,
Then,
K(z,0) =71e"" f1 = k(z, U)—T/ e frdn+c1,c € R.
0

Hence,

g
z(x,0) =ce 7T + 7'6_”/ e frdn,
0

Using the boundary conditions :

z(x,0) =u(x)e " 4+ Te_”T/ e frdn.
0

It follows that :

z(x,1) =u(x)e " + 1" /1 e frdn. (2.12)
0

Now we insert (2.12)), u = w — f1,v =& — f3, and y = s — f5 into (2.11))2, (2.11))4 and (2.11)s,

we obtain

(ne™"T + p)w + G(35 — € — wa)a = pfi + e~ f1 + pf>

—Te7 7 fol e frdn;

1y = D& — G(3s — & —wa) = Lp(f3 + fa); (2.13)
(31, +4v+45)s —3Dsze +3G(3s — & —wy) = (31, +48) f5+
(BIﬂ)f67

Then , we multiply 1, {) and 1 3 by ﬁ;,é, and § respectively and integrate over
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(0,1) , we find
fol(ue_‘” + p)wwdx + Gfol (35 — £ — wy)Wdx

= fol [(P +pe ) f1 + pfo—Te T fol eﬁ7f7d77] wda:;

I, [} €€dx — D [ €uuédr — G [} (35 — € — wy)éda

1 ’ (2.14)
=1, Jo (f3 + fa)édz;
(31, + 4~y +4p) fol ssdx — 3D fol SzzSdx + 3G fol (3s — & — wy)3dx
= [ (31, +4B) f1 + 31, f6) 3da.
To solve (2.14]), we introduce the following variational formulation
B ((w,&,5), (0,€,5)) = L(,€,5), ¥(@,5) € W, (2.15)

Where the Hilbert space W = H1(0,1) x H}(0,1) x H}(0,1) is equipped with the norm :
1w, & )3y = 18s = & = wa) 15 + lwll3 + 12113 + lls23:
B: W x W — R is bilinear from defined by

~ 1 1 ~
B ((w,f, s), (1, €, 5)) = (pe™ "™ + p)/0 wivds + I,,/O cédr (2.16)

1 1 1
+(31, + 4y +45) / ss&dr + D/ Elpdr + 3D/ Sy Spdx
0 0 0

1
—i—G/ (3s — & —wy) (38 — £ — wy)dx,
0

and L : W — R is the linear form given by
B 1 1
L(,€,3) = (p+ pe™™) / frivdz + p / foivdz (2.17)
0 0

1 o !
_7.670/ 12)/ fze"dndz + Ip/ (f3 + fa)€dx
o Jo 0
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1
+ /0 (31, + 48) f1 + 31 f] 5da.

We easily show that B and L are continuous. In addition form the definition of B, we have

B <(w,§, s), (0, ¢, 5)) =(p+pe ™) /01 wide + 1, /01 £2da

1 1
+ (31, + 48 + 47) / sidx + D/ £2da
0

0 (2.18)

1 1

+3D/ sidw—i—G/ (3s — &€ — wy)?dx
0 0

> a|(w, €, 5)|[5, a>0.

Hence B is coercive. Therefore, by using the Lax-Milgram theorem we can obtain that

problem (2.15) has a unique solution (w,&,s) € W. Now substituning w, &, and s into

(2.11)1, (2.11)3, (2.11))5 we get u € H1(0,1), v € H}(0,1), and y € H}(0,1).

Then using the classical elliptic regularity it follows that ® € D(A) therfore A is surjective.
Finally, by using the Lumer-Philips theorem, the well-posedness results of problem ([2.7)) stated

in Theorem [20] are established. This completes the proof.



Chapter 3

Laminated beam system: Stability

results

In this chapter, we state the stability results, then proof them by using the energy method.
We establish an exponential stability result for the considered system in case of equal wave

speeds.

3.1 Technical lemmas

In this section, we state and prove some technical lemmas which are fundamental in the proof
of our stability result. We use multiplier technique to establish stability results for the energy
of the solution of system (2.2) . This requires constructing a suitable Lyapunov functional

equivalent to energy as we elaborate in the subsequent section.

Lemma 3.1.1. If (w,,s,2) is a solution of , then the energy functional E defined by

(@) satisfies

1 1
E'(t) <48 | side+|u| | zide, vt > 0. (3.1)
0 0

Proof. Multiplying the first three equations in the system(2.2)) by wy, (3s¢ — ;) and s; respec-

30
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tively, then integrating each by parts over (0, 1) using the boundary conditions

pfo wypwedr + Gfo ) — wy)pwedr + ufo z, Dwedz = 0,

I, fo (38t — t)t(3s¢ — ¢)dx — D fg (382 — Vz)z (38t — Yr)dx

-G fol(w — wg)(3st — ¢r)dx = 0,

31, fol susidr — 3D fol Sgzstdx + 3G fol (1 — wy)spdx + 4y fol s¢sdx
+48 fol s?dr =0

2dt

1d [! 02 1d [! 1d 5 1d [t
= 2de + - — 3 PRSI AP VRS A N
5 x—i—zdt/ (38 — )% dx + pstx+2dt/0 ys“dx

1 1 1
+3D/ SpSptdr + D/ (383 — ) (385 — Vg)edx + G/ (Y — wy)gwidx
0 0 0

1 1 1
—3G/0 (Y — wy)sedx + G/o (Y — wg)Ypdz + 3G/0 (Y — wy)sidx

:—4ﬁ/ 2 — / (2, Vwyde,

that is
1d [! 2 2 2 2 2
37 [pwt + 1,(3s¢ — )" + D(3s5 — Yg)” + 31,87 + 3D3x] dx
0
—1—5% 4’ys de + G w wy) (Y — wy)de = —43 st dz

1
—u/ z(x, wede,
0
we finally end up with,

1d

s | [owi + 1(Bse =) + D(3sy — ) + 3L,s7 + 3Ds] + dys”] du
0

1d ! 1 1
+- [G(w - wx)2] dx = _M/ z(x, Dwidx — 4@’/ sidx

Similarly, multiplying (2.2)4 by ||z, , followed by integrating the product over (0, 1)

31
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(3.3)

(3.4)

(3.5)
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and then using the substitution z(z,0,t) = w; ,

11 1 1
de/ / zQ(x,U)dde——]u]/ / 2z(x,0,t)dodz
2 dt Jo Jo 0 Jo
1,1
:—w/ / iZQ(ZD,J)dUd.’L'
2 0 0 do
’M’[ ! 2 ! 2
= - / z (m,l,t)dac—/ z (:C,O,t)dx]
2 Lo 0

1 1
= _lu [/ 22(z,1,t)dx —/ w?dx] ,
2 Lo 0

we obtain,

d (ot 1 1
T‘Z'u‘dt/o /0 zg(x,a)dada::—’g’/o 22($,1)d$+|g|/0 w?dz.

Next, merging (3.5) and (3.6) we note that from ([2.6)),

| [ wl [

1 1
E'(t) = —,u/ z(x, Dwdx — 46/ stdx — o 22(z,1)dx + 5 wldz.
0 0

0 0

We now exploit Young’s inequality on the first term of (3.7) to obtain

! |l ! 2 |1l ! 2
—,u/ z(x, Dwedr < / 2%(x, D)de + — | widz.
0 2 Jo 2 Jo

Consequently, substituting (3.8)) in (3.7) completes the proof of (3.1)).

Lemma 3.1.2. If (w,v, s, 2) is a solution of , then the functional Fy defined by

1 1 T
Fi(t)i=—p [ wwrdo+p [ w [ v(dyds,
0 0 0

For anyey; > 0, satisfies the estimate

1 1 1
—F(t) < —g / widr + p/ (35t — ) 2dx + &1 / 22(z,1)dx
0 0 0

1 G MQ 1
2d — / — wy)?dz.
+9p/03ta:+ 2+4€1 0(¢ wg)“dx

32
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Proof. DifferentiatingF,using the first equation in(2.2), integrating by parts the term con-

taining (1 — w;), and exploiting the fact that ¢, = —(3s; — 14) + 3s¢,

d 1 1 x
S = —p/ (wt2+wttw)d$+p/ wtt/ Y (y)dydz
0 0 0
1 x
+P/ wt/ Vi (y)dyd
0 0
1 1 1 z
= —P/ wtzdx—/ Pwttd33+ﬂ/ wy | Y(y)dydz
0 0 0 0
1 x
+p / wy / Y (y)dydz
0 0

= —p/ol widz + /01 (G — we)e — pz(z, 1) wdz

b [ 6w e et 1) [ v

b v [ (@ v+ 0wt

_ —p/l dx—i—/ Gl — wm)rwdx—/ol,uz(:v, 1wz

- G/ (6 — we)a / $(y)dydz - / 2(z, 1) /01w<y>dydx
—p/o wt/o (3s¢ — wt)(y)dydw+3p/olwt /Ox si(y)dydz,

It follows that,

%Fl()— / dw— /wt/ (3s¢ — Y) (y)dydx
+3p/ wt/ s1(y)dydaz — 1 / (/0 (o (y)dy — w)z(:c,l)) dx

+ G/O (Y — wy)pdr — G/O (Y — wy)wydx.

We deduce that,

d B 1 ) 1 ) 1 x B
TR0 == [ utte G [ 0wt —p [Cwn [ @00y

+3p/01 wy /Ox st(y)dydx — u/ol (/Ox Y(y)dy — w) z(z, 1)dz.

(3.10)
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By Young’s and Poincaré’s inequalities, the last three terms of (3.10)) give

1 z 1 z 2 1
—p/o wt/o (3s¢ — ) (y)dydx < p/o </0 (3s¢ —¢t)dy) dw—l—Z/O w?dx

1 1
< p/ (3s; — wt)de + p/ w?dm,
0 4 Jo

1 T 1 T 2 1
3p/ wt/ se(y)dydz < 9p/ (/ st(y)dy> dx—l—p/ widx
0 0 0 0 4 Jo
1 o [
< 9p/ s?dx/ w?dz,
0 4 Jo

And,
1 x M2 1 z 2
[ ([ wttr—w) stenas < 25 [ [ vty - ) ao
0 0 €1 Jo 0
1 1 1
—|—€1/ zQ(x,l)dwg/ (w—wm)de—i—sl/ 22(z,1)dx. (3.11)
0 0 0
The combination of (3.10)-(3.11)) leads to (3.9). O

Lemma 3.1.3. If (w,v,s, z) is a solulion of , then the functional Fs defined by

1
F2<t) = —Ip/(; (3St — lbt)(?)s — ’Lﬁ)d.f,

Satisfies the estimate

d ! 3D [! 9
—Fy(t) < —Ip/ (3s; — 1) ?dx + / (38 — y)°dx (3.12)
G2 1 5
+ﬁ . ('Lﬂ - UJx) dx.

Proof. By direct computations, using the second equation in ({2.2]), we find

d

1 1
aFg,(t) = —I,,/O (3s¢¢ — Yit) (35 — ) da — Ip/o (3s¢ — ) 2dx

1 1
= —/ [D(3832 — Yzz) + G(¢ — wy)](3s — ¢)dx — Ip/ (3s4 — wt)Qda:,
0 0
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Then,

1F3 = _D/ 3srm ¢m)(38 - dl‘ - G/ 7/} Wy (33 - lb)d

dt
1
— Ip/ (38t — wt)zd.’l?
0

Integrating by parts, we obtain,

d

1 1
%Jg( y=-1I /O (3s¢ — 1py)?dx + D/O (355 — 1) 2da(3s — ) da. (3.13)

1
—G/O (W — w,)(35 — )da.

Exploiting Young’s and Poincaré’s inequalities, we estimate the last term of (3.13]) as

follows:
1 G2 [t D [t
—G/ (Y —wy)(3s —Y)de < ——= [ (¢ — wy)?dx + / (35 — 1p)%dx
0 2D Jo 2 Jo
G2
< 2D (1!1 w,)?dx + / 35y — g )2dx. (3.14)
Consequently, the relation (3.12)) follows directly by substituting (3.14)) into (3.13)). O

Lemma 3.1.4. If (w,v,s, z) is a solution of , then the functional F3 defined by

F3(t) :=3 / stsd:v—i—Qﬁ/ 2d:1:—|—3,0/ wt/ y)dydz,

For any €9 > 0, satisfies the estimate

d 1 1 1 9M2 1
—F3(t) < =3D | sidx — 37/ sdx + 52/ wids + —— / 22(z,1)dx (3.15)
dt 0 0 0 4y Jo

9 1
+<3I +p>/ s2dz.
462 0
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Proof. Differentiating F3, we find

d 1 1 T
—F3(t) =31 / (8105 + 82)dx + 4ﬂ stsd:v + 3p/ wtt/ s(y)dydz
0

dt
—I—Sp/ wt/ si(y)dydex,

Using (2.2)), we find

1
—F3 / (3Dsyr — 3G(¢) — wy) — 4ys — 43s¢) sdx
0
1 T
3/ G — wy)y +uz(x,1)]/ s(y)dydx
0 0
1 1
—|—3p/ wt/ st(y)dydw+4ﬁ/ stsda:+3fp/ stdx
0
1
—3D/ smsd:v—?)G/ (¢ — wx)sdx—élfy/ s2dx
—4[3/ stsd:n—3G/ (Y — wy m/ s(y)dydzx
—3,u/ (m,l)/ dyd:n—{—?)p/ wt/ y)dydz
0 0

—|—45/ stsdm+3l/std:p
0

Integrating by parts, we get

1
iFg( t)=-3D sidaz—llv/ 2dm—i—?)p/ wt/ y)dydx
0
1

dt
1
+3Ip/ stdeS,u/ (:c,l)/ s(y)dydz
0 0 0

1 1 1
—3G/0 (¢—wx)sdx—l—3G/0 (w—wx)sdx—kllﬁ/o sesdx

1
—45/ sesdzx.
0

We finally arrive at,

d 1 1 1 x
—F3(t) = —3D/ sidx — 47/ sidx + 3p/ wt/ st(y)dydx (3.16)
dt 0 0 0 0



3.1. TECHNICAL LEMMAS 37

1 1 T
+3Ip/ s?daz—?)u/ z(x, 1)/ s(y)dydz.
0 0 0

Using Young’s, Poincaré’s and Cauchy-Schwarz inequalities, we have

—BM/()lz(x,l)/Oxs(y)dydx < i’fj/ol 22(z, 1)dm+7/01 </Oxs(y)dy>2dx

9M2 1 1
< | 22(x,1)dx+ 'y/ s%dz, (3.17)
47 Jo 0
1 z 1 9p2 1 z 2
Bp/ wt/ se(y)dydz < 52/ widr + +-— </ st(y)dy) dx
0 0 0 de2 Jo 0
1 9p2 1
< 52/ widr + +-— [ sidzx, (3.18)
0 462 0
For any g9 > 0. Estimate (3.15]) follows directly by virtue of (3.16])-(3.18)). O

The assumption of equal wave speeds G, = pD plays an important role in the next two

lemmas.

Lemma 3.1.5. If (w,v,s, z) is a solulion of , then the functional Fy defined by

1 1 1
Fy(t) == —/0 (35t — Y )wpdr — /0 (355 — z)wedx + 3/0 (3s¢ — 1) sd,

For any e3 > 0, satisfies the estimate

4y (t)<—£ 1(33 —1py)?dx + € /1(33 —w)zdx—i-g/lstx (3.19)
dt 4 = QIp 0 x x 3 0 t t s Jo t .

I MQ /1 5 (G G2 >/l 9
+L— 2z, )de + | — + — P — wy) dx.
D,02 0 ( ) Ip DIp 0 ( )
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Proof. As in the previous Lemmas, we have

d

1 1
£F4(t) = —/0 (31t — Yy ) wadx _/0 (35t — Yp)wizdx

1 1
- / (382 — Yz)rwidr — / (352 — Vg )wndz
0 0
1 1
+ 3/ (3$tt — ’lﬂtt)SdZC + 3/ (381} — wt)std:c,
0 0
using system , we get
d 'Ta D
—F = - e — Wy e zx — Wzxx T
GF0 == [ |0 =00+ 00— ) i
1
—/ (35t — Yt)wipdx
0

+Ak%—%ﬂ;um+fW—w@¢z

D

1 1
+ 3/0 |:IGP('¢ —wy) + Tp(gsrm - wm:):| sdx + 3/0 (3st — 1) sedw

1 1
= —G/ (Y — wy)wydr — D/ (3822 — V) Wydx
I, Jo Iy Jo
1 1
- / (35 — Yy )wizpdx — / (382 — Vp)rwidx
0 0

bt G [t
+pA@% %V@DW+pAcm,wmw wa)oda

1 3D 1
+ E (Y — wy)sdx + / (384z — V) sdx
Ip 0 Ip 0

1
+3/ (3s¢ — ) s¢d,
0

Integration by parts the term containing 3syy — Yz,

d G [! D [!
G0 =7 [[wwuads s 2 [0 = v yunads

1 1
- / (38t — Y )wipdr — / (38 — Vg )rwidx
0 0

Lofta G [t ~
+p£@% %vwnm+péw% o) (4 — ) o
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39
3G 3D (! !
+— | (Y —wy)sdx — — [ (3sy — Wy)szdx+3 | (3sp — y)sd,
I, Jo I, Jo 0
And exploiting the fact that w, = —(¢ — w,) — (3s — ¥) + 3s, we find
d G ! ) G [!
—Fy(t) = — (w —wg)dr+ — [ (¥ —wy)(3s —Y)dx
dt I, Jo
SG
(?/) wy)sdr — / (382 — V) (Y — wy)pdz
Ip
- / (3530 - %)de‘ —|— / (3390 - ¢z)3xd$
I, Jo I, Jo
1 1
+/ (3St - wt)wmd:r - / (3815 — wt)mwtdx
0 0
L 1 G 1
+ ,0/ (3390 - %)Z(% 1)dl’ +— / (33m - ¢m)(¢ - wx)xd$
3G
(w wy)sdr — / 38y — Vy)Spdx
Ip
1
+ 3/ (3815 - z/Jt)stdx,
0
We end up with,
d D 1 G 1 1
—Fy(t) = == | (355 — ¥2)* 4+ — / (Y — wy)?dx + 3/ (3s¢ — ) sedx
dt Iy Jo Iy Jo 0
G 1 L 1
+— / (Y —wy)(3s —Y)dx + = / (3sy — y)z(x, 1)dx. (3.20)
Iy Jo P Jo
Next, Young’s and Poincaré’s inequalities guarantee the relations
1 1 9 !
3/ (3s¢ — Py)sedx < 53/ (3s; — by)?dx + — | sidx, (3.21)
0 0 €3 .Jo

1

i/ol(w—wx)( dx</ (Y — wy) da:+— 0(35—1/1)2dx

G2 D 1 )
< _ _
S DIp/O (7/} wx) dx + 4Ip (3Sm ¢z) dz,
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and,

M/1< ve)ee Ve < 2 [ 3y — e+ 22 [ 20 1) (3.22)
— 38y — Y)z(z,1)de < — 38y — Yy :J:—I—/ z%(x, 1)dx. 3.22
P Jo 4Ip Jo Dp? Jo

for any e3 > 0, . Estimate (3.19)) follows directly by substituting (3.21))-(3.22)) into (3.20). O

Lemma 3.1.6. If (w,v, s, z) is a solution of , then the functional F5 defined by

1 1
F5(t) ::/ (¢ —wx)stdx—/ wiSzdx
0 0
for any e4,e5 > 0, satisfies the estimate

d 1 1 1
Loty <G [ (= w)2de +e4 / (350 — v0)2dz + e5 / 2(z,1)da
2Ip 0 0 0

dt
16’}/2 MQ 1 ) 1 1662 1 )
d — dx. 2
+<91p +4p2€5 /0 sydr + 3+4€4+ o1, /0 spdx (3.23)

Proof. Differentiating Fy, then integrating by parts over (0,1) the term containing s,; and,

using the substitution wyy = —(3s; — ¥¢) — (¥ — wy)¢ + 384,

1 1 1
£F5(t) = / (Y — wy)spdr — / Wy SpdT — / Wi Sgedr
dt 0 0 0
1
+ / (¢ - wm)tstda:
0
1 1 1
= / (¢ - wx)sttdx - / wttsmdl' - / (3St — Q/Jt)Stdx
0 0 0
1 1 1
- / (Y — wy)¢sedx + / (Y — wy)spdr — / Wy S, dT
0 0 0

1 1
+ 3/ sydx + / (Y — wy)¢spdx.
0 0

We arrive at,

d 1 1 1 1
—F5(t) = / (Y — wy)spdr — / Wy Spdr — / (3s¢ — ) sydx + 3/ s?d:c. (3.24)
dt 0 0 0 0
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Next, using (3.24), (2.2) and integrating by parts the term containing s,, we end up with

d 1 1 1 1
—F5(t) = / (Y — wy)sudr — / Wi Spdr — / (3s¢ — ) sedx + 3/ s?dw
0 0 0 0

dt
1 43 4ry 3G D
~ e (g age g )

that is,

d 45 1 4y 1 G (! 5
iy ! =7 — _ — - = —
o 5(1) 3L, J, (Y — wy)sedz 31, J, (Y — wy)sdx Ip/o (Y — wy) dx

D ! 1 1
+ / (Y — wy)Szpdx + ,u/ z(x,1)s,dx + G/ (VY — wy )z Spdx
1y Jo P Jo p Jo

1 1
—/ (3st—wt)stdx+3/ sidx
0 0

46 1 4,7 1 G 1 )
= —— — Wy )8idr — — — wg)sdr — — —wg)°d
s | = wasds = [ - wopsde = 7 [ i
1 1 1
+D/ (Q/J—U)I)Sxxd:E—Flu/ z(m,l)smd:c—G/ (Y — wy)Sppdx
1y Jo P Jo p Jo

1 1
— / (3s¢ — ) sedx + 3/ s?daj
0 0

we arrive at

d a [ 1 4y [
il 7 - _ — Wy 2 2 = — W,
o 5(t) Ip/O (Y — wy) dm+3/0 spdx 31, ), s(¢p — wy)dx
43 [ 1 u !
——— | s(v —wy)dx — / (3s¢ — ) sedr + / z(z,1)sdx. (3.25)
BIp 0 0 P Jo

Exploiting Youngs and Poincaré’s inequalities, the last four terms of (3.25)) are estimated as

follows

- —wg)dr < — — wy) dx + d
3pos(zb wg)dx 4p0(¢ wg)“dx 9 /Osa:
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G 1 16’)/2 1
< — [ (¢ —wy)?dx + / sidx (3.26)
41, Jo 9, Jo
46 1 G 1 ) 1662 1 )
—— —wg)dr < — — wg)“d d
31, Ost(i/) w):v_4lp 0(¢ wy ) dx + 9Ip/05t$
1 1 1 1
—/ (3sy — YPy)sedx < 54/ (35 —aby)?da + — | sida
0 0 deq Jo
u o[t 12 1 ) 1 )
= z(z,1)spdx < / sydx + ¢ / z“(x,1)dx, 3.27
P/o (1) 4p%es Jo * Jo (1) (3.27)

for any e4,e5 > 0. 0. The assertion of the lemma follows from the estimates (3.26))-(3.27) and
(13.25]). O

Lemma 3.1.7. If (w,v, s, z) is a solution of , then the functional Fg defined by

1 1
Fs(t) := 7'/ / e 2% (x, 0)dodx
0 JO

satisfies, for my > 0 the estimate:

1 1,1 1
iFg(t) < —ml/ 22(z,1)dx — mlT/ / 22(z,0)dodx +/ w?dz. (3.28)
dt 0 0 Jo 0

Proof. Differentiate Fg and use the fourth equation in the system (12.2)) and

z(x,0) = wy as follows

1l
—Fg(t) = 27'/ / e " z(x,0)z(x,0)dodx
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1 1 1
/ [6_7 2 — 22 dm - 7'/ / e 77z 2 (x,0)dodx
0 o Jo

Observe that, Vo € (0, 1), the relation e™™ < 777 < 1 hols. Therefore, for some m; = e~ 7,

we arrive at the estimate(3.28)). O

3.2 Exponential stability

In this section, using the lemmas obtained in Section[3.1] we state and prove our main stability

results.

Lemma 3.2.1. Let N, N, k=1,---,6, be positive constants. The functional defined by
L(t):=NE(t)+ > NpFi(t), Ny>0k=1,--,6t>0 (3.29)
satisfies the equivalence relation
aElt) < L<cE(lt), Vt>0, (3.30)

for some positive constants c1 and co.

Proof. Let L = 22:1 NiFy(t).

|L(t)| = |N1F1 + NoFy + N3F3 + NyFy + NsF5 + N6F6|
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dx

w [ " p()dy

1 1
L(t)] < pV; / fwwldz + pNy /
0 0
1 1
+IpN2/ ](351,—1#55)(3&—wt)|dx+3IpN3/ |s¢s|dx
0 0

dx

w [ " p)dy

1
0

1
+25N3/ s2dx+3pN3/
0
1 1
L3N, / (350 — d)slda + Ny / (351 — b )ws|da
0 0
1 1
N, / (35 — e Jwrldz + Ns / (6 — wy)se] d
0 0

1 1,1
—|—N5/ |wisy| do + TN6/ / e 7722 (z,0)dodz.
0 0o Jo

Exploiting Young’s, Poincaré’s, Cauchy-Schwarz inequalities, ([2.6]), accompanied with the fact

that wy = —(¢¥ —w,) — (3s — 1) +3s and e 77 < 1 for all o € (0, 1), we deduce that for some

positive constant 7.

1
IL(t)| <n / [wf + (3sp — 1)* + (355 — Yu)® + 57 + 52+ 8° + (Y — wy)?] da
0

11
+77/ / 22(z,0)dodz < nE(t).
o Jo

It is easy to observe that, from (3.29) that |£(t) — NE(t)| < nE(t), which is equivalent to

(N =n)E(t) < L(t) < (N +n)E(1),
and hence the relation (3.30)) follows by taking N large enough. O
At this point, we’re in position to prove our stability result which reads as follows.

Theorem 21. Let (w,, s, z) be a solution of , and suppose that G1, = pD, there exist a
positive number [ such that if || < [, then the energy E(t)of defined by (@ vanishes

exponentially as t approaches infinity, i.e.
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E(t) <ae™®, t>0, (3.31)
for some positive constants a and b.

Proof. We proceed by differentiating (3.29)), then substitute for functionals F) to Fg using

estimates (3.9), (3.12)), (3.15)), (3.19), (3.23) and (3.28) respectively. Setting

P I,Ny
1 , €1 €5 My €2 4N37 €3 2N4 5 6 ’:u’v
6
L'(t) SNE'+Y  NLF(t)
k=1
9p? 9
< [4/31\7 —9pN; — <3Ip n p) Ny — =N,
462 £3

1 16p? by 'y
— —_— dxr — 3vN- d
<3+4€4 + oI, )}/0 sydr — 3y 3/0 s“dx

1
— [[pN3 — pN1 — 3Ny — €4N5]/ (3s¢ — ) dz
0

DNy 3DN,] [! 9
- - x — WYx d
o, | [ e e

r 16"}/2 ,U2 1 )
— |3DN3 — N: d

L ’ < 91, - 4p2es i /0 Paft

[ G2, G G? GNs] [! )
— |- —(Z+ 2N — w,)2d
| 2D <Ip " DIP) o 2Ip } /0 (d) wx) !

94> N3 N I,1i2 N3
4y Dp?

1
—|—€5N5—m1N6]/ 22(x,1)dx
0

+ |e1NV1 +

1 1 1
- m17‘|u|/ / 22(z,0)dodr — [g — |p|N — eaN3 — N6:| / w?dz,
o Jo 0
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we end up with

/ CNE 1 ! 2
L(t) <— [4BN —c3 —c3N3(1 + N3) — — —c3N5 (1 + — sydx
N2 &4 0

1 I 1
—37N3 / s%dx — [;Nz —p- €4N5] / (3s; — ¢y)’dz
0 0

DN, 3DN. 1 1
- = - : / (35, — bz )?dx — [3DN3 — c3Ny] / sidx
21, 2 0 ;
N, 1
g e c3 — 3Ny — c3Ny / (1 — wy)da
21, 0

9N;  I,N4 >]/1 5
—|p| |my — |p] [T+ —2+ + N5 z%(x, 1)dx
s =1l (14 5 4 22 [ )

1,1 0 1
— mlT,u/ / 22(z,0)dodx — [f — |ul(N + 1)} / wldz,
0 Jo 4 0

for some c3 > 0. Next, we choose Ny large enough such that
1
k.= EpNQ —p>0.

Fixing N permits to choose N4 large enough such that

DNy  3DN,

> 0.
21, 2

With Ny and Ny fixed, we can easily choose N5 large enough such that

GNs
21,

—c3 — 3Ny — c3Ny > 0.
We pick e4 adequately small and N3 sufficiently large such that
k—e4N5 >0 and 3DN3—c3N5 >0,
respectively. Next, we select N sufficiently large such that remains valid and that

cNZ 1
45N—63—63N3(1+N3)—7—03N5 1+—)>0.
NQ €4
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Finally, pick

my p
<1+9N3+IPN4+N> 4(N +1)

[ = min

to we end up with

1
a/ wt —i—st (3s¢ — wt)Q—i— (S —%:)2“‘39%“‘32} dx
0

63A1[¢; w,) %—z(mJ)+:Alz%x¢ﬂda}dx

for some o > 0. By the virtue of (2.6)), it is clear that for some «g > 0,
L'(t) < —apE(t), ¥ >0. (3.32)

It then follows directly from (3.30) and (3.32)) that

L'(t) < —bL(t), V>0, (3.33)
where b = 2. A simple integration of (3.33) over (0,) yields

L'(t) < L0)e ™, V>o0. (3.34)

Consequently, the assertion of the relation ) follows from and with a =

CQE(O)/Cl. O]
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