
�
éJ
J.ª

�
�Ë@

�
éJ
£@ �Q

�
®Öß
YË@

�
éK
Q



K� @

�	Qm.
Ì'@

�
éK
PñêÒm.

Ì'@

REPUBLIQUE ALGERIENNE DEMOCRATIQUE ET POPULAIRE

ù


ÒÊªË@

�
IjJ. Ë @ ð ú



ÍA

�
ªË @ Õæ



Êª

�
JË @

�
èP@

�	Pð

MINISTERE DE L’ENSEIGNEMENT SUPERIEUR ET DE LA
RECHERCHE SCIENTIFIQUE

 @
�

ñ
	
«

�

BAK.�

ú


j
.
J
Ê

�
K PA

�
Ô«

�
éªÓA

�
g.

UNIVERSITE AMAR TELIDJI LAGHOUAT
ÐñÊªË@

�
éJ
Ê¿

FACULTE DES SCIENCES
�

HA
�
J


	
�A

�
K
QË @ Õæ�

�
¯

DEPARTEMENT DES MATHÉMATIQUES

MÉMOIRE
Présenté pour l’obtention du diplôme de MASTER

EN: MATHÉMATIQUES
Option: analyse fonctionnelle et applications

Par: Samira MAHBOUB

Mathematical Result for Heat and Mass Transfer
in Porous Media.

Devant le jury composé de:

Mr. Djamel OUCHENANE Professeur, UATL, Laghouat Président
Mr. Ameur YAGHOB MCA, UATL, Laghouat Examinateur
Mr. Mohamed Lamine MOSTEFAI MCB, UATL, Laghouat Encadreur

Année universitaire: 2023/2024



i

Thanks.
We praise God Almighty who enabled us to carry out this scientific

research and who gave us health and well-being. Praise God, praise
God very much. And yet: If the completion of this thesis requires a lot
of motivation, rigor and enthusiasm, then this research work needs the
contribution of many people whom I would like to thank: My supervisor,
Dr. Mohamed Lamine MOSTEFAI is a professor at the University
of Laghouat for all his valuable advice, for his active listening, and for
everything he did with us. I thank Dr. Djamel OUCHENANE and
Dr. Ameur YAGHOB after accepted examination my memoire. I
thank also all the professors of the Department of Mathematics at the
University of Laghouat, directed by Dr. Fares YAZID for all their
considerable efforts alongside us throughout our academic career. All
our thanks also go to my family, my friends and those who contributed
with us from far or near in the completion of this work.



Dedication .

“To my mother and father, who never stopped believing in me.”
“For my teacher, who saw potential in a quiet student and fanned the

spark into a flame.”
“For my husband, who always pushes me to reach for the stars.”
“For my friends, who taught me the true meaning of friendship.”

Samira MAHBOUB.

ii



. �
�	
jÊÓ

h.

	
YÒ

	
J
�
K

�
éJ
¢

	
k Q�


	
«

�
éË

�

A�ÖÏ

	
­J
ª

	
� Ég

�
éj. J


�
�
	
K Xñk. ð

�
IJ.

�
�
	
K , ÉÒªË@ @

�	
Y

�
ë ú




	
¯

�
	
�A

�
j.

�
JÓ Q�


	
« ú



×A

�
�Ó ¡�ð ú




	
¯

�
éÊ

�
JºË@ ð

�
èP@ �QmÌ'@ ÈA

��
®

�
J
	
KB

�

�
éK
XðYmÌ'@

�
éÒJ


�
®Ë @

�
éÊ¾

�
�Ó

©¢
�
¯ ñë ú




	
GA

�
�
JË @ ð , ú



j
.
J
ÊJ
Êë@


�
Èð

�

B@� ,

�
éJ
¢

	
k Q�


	
«

�
HB

�
XA

�
ªÓ

�
HC

�
�
K 	áÓ

	
àñº

�
JK


ú
�
Î« YÒ

�
JªK
 Zú

	
¯A

�
¾Ó Z 	Qk. Xñk. ð ©Ó Zú

	
¯A

�
¾Ó ©¢

�
¯ ñë

�
IËA

�
�
JË @ ð , ¡j

	
JÓ Zú

	
¯A

�
¾Ó

.
�
é
	
¯ðQªÖÏ @ Q�


	
« È@

�
ðYË@ ø

�
Yg@


�

ð
�
èP@ �QmÌ'@ ÈA�

�
®
�
J
	
K @

�

, ¡j
	
JÖÏ @ Zú

	
¯A

�
¾ÖÏ @ ©¢

�
®Ë@� , ú



×A

�
�ÖÏ @ ¡�ñË@ : �

éJ
kA
��
J
	
®Ó

�
HA

�
ÒÊ¿

.
�
éJ
j. J
ÊJ
ÊëB


�
@

�
HB

�
XA

�
ªÖÏ @� ,

�
éJ
¢

	
mÌ'@ Q�


	
«

�
HB

�
XA

�
ªÖÏ @� ,

�
éÊ

�
JºË@



Résumé:
Dans ce travail, nous prouvons un résultat d’existence d’une solution
faible d’une initiale non linéaire problème de valeurs limites modélisant
le transfert de chaleur et de masse dans un milieu poreux hétérogène. Le
système se compose de trois équations non linéaires ; le premier est el-
liptique, le second est parabolique dégénéré, le troisième est parabolique
avec le terme parabolique ayant un coefficient dépendant d’une des fonc-
tions inconnues.
Mots clés:
milieux poreux, dégénérés paraboliques, transferts de chaleur et de masse,
équations non linéaires, équations elliptiques.



Abstract:
In this work, we prove an existence result of weak solution of a nonlinear
initial boundary value problem modeling heat and mass transfer in an
heterogeneous porous medium. The system consists of three nonlinear
equations; the first is elliptic, the second is parabolic degenerate, the
third is parabolic with the parabolic term having a coefficient depending
on one of the unknown functions.

Key words: porous media, parabolic degenerate, heat and mass
transfer, nonlinear equations, elliptic equation.
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Notations.

Here are the main notations used in this work:

• Ω : domain of Rd, d = 1, 2, ...

• Γ = ∂Ω: domain boundary Ω.

• ∂
∂n = ∇ · n: derived in the direction normal to the boundary Γ,
outgoing from Ω.

• x = x, (x, y), ... : space variable in Ω ⊂ Rd.

• t, T : temporary variable and final time, in (s).

• div u = ∇ · u =
d∑
i=1

∂ui
∂xi

, u = (u1, u2, . . . , ud).

Functional spaces:

• Lp(Ω) =
{
f : Ω→ R | f measurable and

∫
Ω
|f(x)|pdx <∞

}
where

p ∈ [1,+∞[.

• L∞(Ω) =
{
f : Ω → R | f measurable and ∃ c ≥ 0 such that

|f(x)| ≤ c, a.e. sur Ω
}
.

• M(Ω) = space of measurable functions on Ω.

• Wm,p(Ω) = {w ∈ Lp(Ω) | Dαw ∈ Lp(Ω), α = (α1, . . . , αd) ∈

Nd, |α| :=
d∑
i=1

αi ≤ m} where Dαw = ∂α1+···+αd

∂α1
x1 · · · ∂

αd
xd

w.

• Hm(Ω) := Wm,2(Ω), Sobolev space of order m.

• V = {v ∈ H1(Ω) | v = 0 sur Γw}.

vii



• Cm(Ω) := {f : Ω −→ R | Dαf continues in Ω, |α| :=
d∑
i=1

αi ≤ m}.

• C∞0 (Ω) = D(Ω):space of functions of C∞(Ω) with compact support
in Ω.

• For X a Banach space, we note Lp(0, T ;X), the space defined by:
Lp(0, T ;X) = {f : (0, T ) → X | measurable with

∫ T
0 ‖f ‖

p
X dt <

∞}.
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Introduction.

To study the displacement of oil by hot water in a heterogeneous porous
medium, we proposed [4] the following nonlinear system:

(S0)


div−→V = 0, −

−→
V = K∇P +−→f

m(x)∂S
∂t

= − div−→V1, −
−→
V1 = K0a∇S − b

−→
V +−→F

`(x, S, θ)∂θ
∂t

+−→V · ∇θ = div (Λ∇θ)

in a region ΩT = Ω×]0, T [⊂ R3 × R+, where Ω is a bounded domain,
T > 0 a real number; a(x, S, θ) ≥ 0, b(S), `(x, S, θ), −→F (x, S, θ), and
−→
f (x, S, θ), and m(x) are given functions; K(x, S, θ), K0(x), and Λ(S, θ)
are positive definite tensors. The unknown functions P (x, t), S(x, t),
and θ(x, t) are respectively the reduced pressure, the reduced saturation,
which must satisfy 0 ≤ S ≤ 1, and the temperature. The function a
vanishes for S = 0 and S = 1, this means that the second equation is
degenerate. To the system (S) are associated the boundary and initial
conditions (∂Ω = Γ0 ∪ Γ1 ∪ Γ2)

(BIC)



−→
V (P, S, θ) · ~n = −→

V1(P, S, θ) · ~n = Λ∇θ · ~n = 0,
(x, t) ∈ Γ0T

.= Γ0 × [0, T ];
−→
V · ~n = Q(x, t), −→

V1 · ~n = bQ(x, t), (x, t) ∈ Γ1T ,
Q given;

S = S0(x, t), P = P 0(x, t), (x, t) ∈ Γ2T , and
θ = θ0(x, t), (x, t) ∈ Γ1T ∪ Γ2T ;

S = S0(x), θ = θ0(x) for t = 0 and x ∈ Ω.

Assuming that ` depends only of x: `(x, S, θ) = `(x) we proved in [4]
the existence of a bounded weak solution to the above system with the
mentioned boundary and initial conditions.

In this work we will study the same system with the same boundary
and initial conditions but with ` depending on x and S as well. Let us
recall the definition of this functional coefficient.

2



The function ` is given by

`(x, S, θ) = ρ1c1{(1− S0
1 − S0

2)S + S0
1}m

+ ρ2c2{1− (1− S0
1 − S0

2)S − S0
1}m+ ρ3c3(1−m),

where ci(θ) = (∂ei)/∂θ is the specific heat capacity of the component i at
temperature θ. Here ei is the internal specific energy of the component
i, i = 1, 2, 3; the subscript 3 stands for the porous matrix.

We observe that ` depends on x, S, and θ.
We are interested in the temperature range [0, 300] where c1 and c2

are nearly constant [6]. Then we may assume that ` does not depend on
θ. In this case, we can write ` as

`(x, S) = `1(x)S + `0(x),

where

`1(x) = (%1c1 − %2c2)(1− S0
1 − S2

2)m(x),
`0(x) = [(%1c1 − %2c2)S0

1 + %2c2 − %3c3]m(x) + %3c3.

The system to study is thus the following

(S)



div−→V = 0, −
−→
V = K∇P +−→f

m(x)∂S
∂t

= − div−→V1, −
−→
V1 = K0a∇S − b

−→
V +−→F

`(x, S)∂θ
∂t

+−→V · ∇θ = div (Λ∇θ), `(x, S) = `1(x)S + `0(x),

with boundary and initial conditions (BIC).
From now on, we will refer to the system (S) with the conditions

(BIC) by problem (P).

3



Chapter 1

Galerkin method of
mathematical model.

1.1 Resolution by Galerkin method of the
model problem.

Let {
−∆u = f(u) in Ω
u ∈ H1

0 (Ω),

with f ∈ C0(R) ∩ L∞(R). This involves solving the variational problem

∀v ∈ H1
0 (Ω),

∫
Ω
∇u∇vdx =

∫
Ω
f(u)vdx. (1.1)

The solution is done in several steps
First we consider a Galerkin basis of H1

0 (Ω),

Lemma 1.1. Let H1
0 (Ω) there exists a countable free family {wi}i∈N,

wi ∈ H1
0 (Ω) such that the finite linear combinations of w ,are dense in

H1
0 (Ω). Such a "sequence"exists because H1

0 (Ω) is separable (see Brezis , P
150) .This lemma is expressed equivalently if Wi = vect〈w1, w2, ..., wi〉,is
the space generated by the first i vectors, then ∪∞i = Wi is dense in
H1

0 (Ω). (wi Galerkin space ).

Remark 1.1.1. The lemma is true if we replace H1
0 (Ω) by separable

Banach V space of infinite dimension. firsly Galerkin step: Let’s show
the existence for this problem in finite dimension.

4



1.1. RESOLUTION BY GALERKIN METHOD OF THE MODEL
PROBLEM.

Lemma 1.2. For any i ∈ N∗ ,the variational problem: find ui ∈ Wi such
that:

∀v ∈ Wi,
∫

Ω
∇ui∇vdx =

∫
Ω
f(ui)vdx (1.2)

admits at least one solution.

Proof. We provide Wi, with a scaiar product inherited from L2(Ω)

[u, v] =
∫

Ω
uvdx

and we identify Wi, of finite dimension,and its dual via this scalar prod-
uct.

(u, v) −→ a(u, v) =
∫

Ω
∇u∇vdx (1.3)

is a bilinear from on Wi, By Riesz’s theorem , there exists a linear map

Ai ∈ ζ(Wi) such that: a(u, v) = [Ai(u), v] (1.4)

as Wi, is of finite dimension, this application is continuous. Likewise
there exists Fi : Wi → Wi to for any couple (u, v)∫

Ω
[f(u)v]dx = [Fi(u), v] (1.5)

it is enough to take Fi = Πi ◦ f , with Πi : the orthogonal projection
of L2 on Wi; this non linear map is continuous (composed of continuous
maps)(we use caratheodoy’s theorem here). the problem 1.2 is there fore
written

∀v ∈ Wi, [Ai(ui), v] = [Fi(ui), v]. (1.6)
Now let Pi be the function{

Pi : Wi −→ Wi

u −→ Pi(u) = Ai(u)− Fi(u) (1.7)

. the equation 1.6 is equivalent to

Pi(ui) = 0. (1.8)

To resolve this problem.we will apply the following lemma

Lemma 1.3. Let E be a Euclidean space (dimension E < +∞)and let
P : E = (Rm) −→ E = (Rm) continuous such that ∃p > 0, for which any
point x on the sphere of radius p satisfies P (x) · x ≥ 0. there then exists
a point x0, ‖x0‖ ≤ p with P (x0) = 0.

5



1.1. RESOLUTION BY GALERKIN METHOD OF THE MODEL
PROBLEM.

Proof. we mast therefore calculate [Pi(u), u] on a sphere. By definition
of the scalar product on W , and by use of poincare’s inequality, we have

[Pi(u), u] =
∫
Pi(u)udx = a(u, u)−

∫
Ω f(u)udx

≥ ‖∇u‖2
L2(Ω) − ‖f‖L∞(R)|Ω|

1
2‖u‖L2(Ω)

≥ ‖∇u‖2
L2(Ω) − CΩ‖f‖L∞(R)|Ω|

1
2 |∇u‖L2(Ω)

= ‖∇u‖L2(Ω)(‖∇u‖L2(Ω) − CΩ‖f‖L∞(R)|Ω|
1
2 ).

where |Ω| is the measure of Ω and CΩ is the constant of poincare’s in-
equality dane as soon as

‖u‖H1
0
≥M |Ω| 12C

1
2
Ω .

so
[Pi(u), u] ≥ 0.

Now all the norms are equivalent on W , which is of finite dimension, so
there exists two strictly ppositive real numbers C0 and C1 such that

C0‖∇u‖2 ≤ C1‖∇u‖2

By multipying (*) by C0, we obtain

C0‖u‖H1
0
≥ C0M |Ω|

1
2C

1
2
Ω

From (*) and (***) we have

C0‖u‖H1
0
≥ C0M |Ω|

1
2C

1
2
Ω ≤ ‖u‖2.

So by taking
p = C0M |Ω|

1
2C

1
2
Ω ,

we have
[Pi(u), u] ≥ 0, p ≥ C0M |Ω|

1
2C

1
2
Ω ,

and by Lemma 3 the problem admit’s a solution ui in H1
0 (Ω).

2nd step: a priori estimation

Lemma 1.4. the sequence ui, is bounded in H1
0 (Ω).

6



1.1. RESOLUTION BY GALERKIN METHOD OF THE MODEL
PROBLEM.

Proof. we repeat the previous calculation

a(ui, ui) =
∫

Ω
f(ui)uidx ≤ CΩ‖f‖L∞(R)|(Ω) 1

2 |‖∇ui‖L2(Ω). (1.9)

therefore
‖∇u‖L2(Ω) ≤ CΩ‖f‖L∞(R)|(Ω)| 12 , (1.10)

which shows Lemma 4.

Passage to the limit
Lemma 1.5. Any weakly convergent subsequence of the sequence ui con-
verges to a solution of problem 1.1.
Proof. Let up subsequence ui → u on H1

0 (Ω) and by Rellich’s theorem ,
we have therefore

ui → u on L2(Ω) stongly.
therefore , caratheodory’s theorem implies

f(ui)→ f(u) dans L2(Ω) stongly.

We fixe aj, the sequence Wi is increasing for all i ≥ j, wj ∈ Wi. Conse-
quently , we multiply 1.2 by in test function wj we obtain:∫

Ω
[∇ui∇wj]dx =

∫
Ω[f(ui)wj)]dx, (1.11)

∇ui → ∇u on L2(Ω)weakly (1.12)∫
Ω[∇ui,∇wj]dx→

∫
Ω[∇u · ∇wj]dx, (1.13)

like f(ui)→ f(u) in strong L2(Ω). On the other hand , we also have∫
Ω[f(ui)wj]dx→

∫
Ω[f(u)wj]dx

Therefore,for all j ∈ (N∗),∫
Ω

[∇u∇wj]dx =
∫

Ω
[f(u)wj]dx,

as this equation is linear with respect to wj, it remains true for finite
linear combinations of tey wj,

∀w ∈ ∪∞i=1Wi,
∫

Ω
[∇u∇w]dx =

∫
Ω

[f(u)w]dx.

Finally ∪∞i=1 = Wi is dense in H1
0 (Ω). For everything w ∈

H1
0 (Ω), ∃zi ∈ Wi, zi → w, inH1

0 (Ω) strongly.

We apply (1.13) with w = zi, and we pass to the limit when i→ +∞
without difficulty to conclude that u is the solution to problem 1.1.

7



1.2. SUPERPOSITION OPERATORS THE APPLICATION OF
GALERKIN’S METHOD.

1.2 superposition operators the applica-
tion of Galerkin’s method.

Operators of the type u → f(u) are called superposition operators or
Nemystky operators.

1.2.1 Superposition operators in L2(Ω).
we have seen that under reasonable technical assumptions, these opera-
tors continuously send strong L2(Ω) into strong L2(Ω) by caratheodory’s
theorem. this result does not persistin L2(Ω) weakly.

Proposition 1.2.1. Let (Ω) and f as in caratheody’s theorem the map f
is sequentially continuous from L2(Ω) weak into L2(Ω) weak if and only
if f is affine .

Proof. Let Q ⊂ Ω a cube. By changing coordinates , we can always
set Q =]0, 1[N with a, b ∈ R and 0 < θ < 1. We define a sequence of
functions of L2(Ω) by{

un(x) = 0, if x ∈ Q
vn(x1) if non,

{
vn(t) = a, [nt]

n
≤ t ≤ [nt]+0

n
,

b, [nt]+0
n

< t < [nt]+1
n

,

Where [s] designates the integer part s. of s The sequence oscillates
between the values a and a all the more quickly as n is large. The crazy
sequence , with similar properties in fact{

f ◦ un(x) = f(0) ifx ∈ Q
wn(x1) if non,

{
wn(t) = f(a), [nt]

n
≤ t ≤ [ny]+0

n
,

f(b), [nt]+0
n

< t < [nt]+1
n

.

The sequences un and ( f ◦ un ) for are bounded in L2(Ω). They
therefore each contain a weakly convergent subsequence. In the following
we will not distinguish these sequences, because it is clear that the entire
sequences converge, by the uniqueness of the limit. we have there fore

8



1.2. SUPERPOSITION OPERATORS THE APPLICATION OF
GALERKIN’S METHOD.

lau and foung un → u and f ◦ un → g and it is a question of identifying
u and g. First of all it is clear that:{

ux = 0 ifx ∈ Q
v(x1) if non,

We vest the weak limit in L2(0, 1) of the sequence vn. Indeed, the space
of functions of x1, mulles outside of Q. is a closed one of L2(Ω) Isometric
to L2(0, 1). We therefore return in this way to dimension 1. Consider
any scus-interval [t1, t2] of [0, 1] we deduce from the weak convergence of
the sequence vn that:∫

[t1,t2]
[vn(t)]dt→

∫
[t1,t2]

[v(t)]dt.

Let’s calculate
∫
[t1,t2][vn(t)]dt:∫

[t1,t2]
[vn(t)]dt =

∫
[t1 [nt1]M

n
,t2]

[vn(t)]dt+
∑

[nt2]+1],[[nt2]−1]

∫
[ k
n
, kM
n

]
[vn(t)]dt+

∫
[nt2−1

t2
[vn(t)]

dt,

∫
[ k
n
, k+1
n

]
[vn(t)]dt = θa+ (1− θ)b

n
,

and ∫
[t1,t2]

[vn(t)]dt→ (t2 − t1)(θa+ (1− θ)b,

so he comes
1

t2 − t1

∫
[t1,t2]

[vn(t)]dt = θa+ (1− θ)b

if to limit t2 → t2

v(t) = θa+ (1− θ)b a.e.

the same reasoning shows that{
g(x) = f(0) ifx ∈ Q
θf(a) + (1− θ)f(b) if non.

Consequently, a necessary condition for f to be sequentially continu-
ous(done a fortiori continuous) from L2 weak is that f(u). for all a, b,
0

f(θa+ (1− θ)b) = θf(a) + (1− θ)f(b), (1.14)
in other words must be affine.

9



1.2. SUPERPOSITION OPERATORS THE APPLICATION OF
GALERKIN’S METHOD.

On the other hand, the situation differs in H.

Theorem 1.2.1. Let T be Lipschitzian of R in R of class C1 piecewise
and having only a finite number of non-differentiability points. then the
map u→ T (u) is

(i) continues from H1(Ω) strong into H1(Ω) strongly.

(ii) sequentially continues from weak H1(Ω) into weak H1(Ω).

Proof. Let us mention some simple but very u seful relation ships con-
ceming the positive and negative parts; if u ∈ L2(Ω), we have

u = u+ − u−, |u| = u+ + u−,

u+ = χu>0u = Xu≥0u, u− = −χu<0u = −χu≤0u,

∇u = ∇u+ −∇u−, ∇|u| = ∇u+ +∇u−,
∇u+ = χu>0∇u = χu≥0∇u,

and Fanalogue for u− Finally ,note that |∇u+| · |∇u−| = 0 a.e.
We define Tk a the truncation at height k by{

Tk(t) = t, if |t| ≤ k,
kt
|t| , if |t| > k.

Truncation at height k is an approximation of identity in various spaces.
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Chapter 2

Generalized Solutions of
System (P).

Let(P) be the problem

(P)



div−→V = 0, −
−→
V = K∇P +−→f

m(x)∂S
∂t

= − div−→V1, −
−→
V1 = K0a∇S − b

−→
V +−→F

`(x, S)∂θ
∂t

+−→V · ∇θ = div (Λ∇θ), `(x, S) = `1(x)S + `0(x),
−→
V (P, S, θ) · ~n = −→V1(P, S, θ) · ~n = Λ∇θ · ~n = 0, (x, t) ∈ Γ0T

.= Γ0 × [0, T ];
−→
V · ~n = Q(x, t),−→V1 · ~n = bQ(x, t), (x, t) ∈ Γ1T , Q given;
S = S0(x, t), P = P 0(x, t), (x, t) ∈ Γ2T , and
θ = θ0(x, t), (x, t) ∈ Γ1T ∪ Γ2T ;
S = S0(x), θ = θ0(x) for t = 0 and x ∈ Ω.

2.1 Assumptions on the Data of the Prob-
lem (P).

We assume that the data m(x), `(x), K0(x), K(x, S, θ), −→f (x, S, θ),
−→
F (x, S, θ), and Λ(S, θ) are defined for

(x, S, θ) ∈ Ω? = Ω× [0, 1]× R+

and satisfy the conditions:

(i) ? K0, K, and Λ are symmetric,

11



2.1. ASSUMPTIONS ON THE DATA OF THE PROBLEM (P).

? M−1 ≤
(
`0; `1;m; (K0ξ, ξ)/|ξ|2; (Kξ, ξ)/|ξ|2; (Λξ, ξ)/|ξ|2

)
≤

M ,
uniformly in Ω?, where M is a positive constant,

? the function b depends only on S with bS .= db

dS
continuous

on [0, 1],
? the tensors K(x, S, θ), Λ(S, θ) are continuous with respect
to S and θ, and

(ii) ? the function a is defined on (x, S, θ) ∈ Ω × [0, 1] × R+ and
has the form

a(x, S, θ) = a0(S)Pc(x)
µ2(θ)

with a0 a continuous function on [0, 1] such that

a0(0) = a0(1) = 0, a0(S) > 0, ∀S ∈]0, 1[.

The function Pc is measurable on Ω and the function µ2 is
continuous on [0,∞[ with

M−1 ≤
(
Pc(x);µ2(θ)

)
≤M for x ∈ Ω and θ ≥ 0.

?
−→
f (x, S, θ) and −→F (x, S, θ) are measurable in x and continu-

ous in θ and S with

M−1a0 ≤
(
‖
−→
f ‖R3 ; ‖−→F ‖R3

)
≤Ma0 on Ω?.

The boundary data P 0(x, t), S0(x, t), and θ0(x, t), are assumed to
be defined not only on the boundary but also on ΩT = Ω × [0, T ]
and satisfy, with Q(x, t) for (x, t) ∈ Γ2T , the conditions:

(iii)
(∥∥∥∥∂θ0

∂t
,
∂S0

∂t

∥∥∥∥
2,ΩT

; ‖∇θ0;∇S0‖2,ΩT ; ‖P 0;∇P 0‖2,∞,ΩT ;

‖P 0‖∞,Γ2T ; ‖Q‖q,∞,Γ1T

)
≤

M, where q > 2.
Here ‖ · ‖2,ΩT denotes the L2(ΩT )-norm, ‖ · ‖2,∞,ΩT the
L∞(0, T ;L2(Ω))-norm, and ‖Q‖q,∞,Γ1T the L∞(0, T ;Lq(Γ1T ))-
norm.

(iv) 0 < θ0(x, t) ≤M1, a.e. in ΩT , M1 ∈ R+, and 0 ≤ δ0 ≤ S0(x, t) ≤
1− δ1, a.e. in ΩT with δ0 and δ1 two numbers in R+.
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2.2. NOTATIONS.

2.2 Notations.
Let us put

I = ]0, T [,
H = W 1

2 (Ω,Γ2) = H1
Γ2(Ω) = {v ∈ H1(Ω) | v = 0 on Γ2},

U = W 1
2 (Ω,Γ1 ∪ Γ2) = H1

Γ1∪Γ2(Ω) = {v ∈ H1(Ω) | v = 0 on Γ1 ∪ Γ2},
H and U are equipped with the gradient norm,

For X a Banach space, H1(I;X) =
{
v ∈ L2(I;X)

∣∣∣∣ v′ = dv

dt
∈ L2(I;X)

}
·

Definition 2.2.1. A triplet (P, S, θ), of measurable and bounded functions
in ΩT , is called a generalized solution of system P if:

(a) 0 ≤ S(x, t) ≤ 1 and 0 ≤ θ(x, t) a.e. in ΩT .

(b) P ∈ L∞(I;H)+P 0, u(S) ∈ L2(I;H)+S0 where u is the function
defined by u(s) =

∫ s
0 a0(ξ) dξ, mSt ∈ L2(I;H?); θ ∈ L2(I;U) + θ0

and `θt ∈ L2(I;U?).

(c) ∀ψ ∈ H; ∀ϕ ∈ H1(I;H), ϕ(x, T ) = 0, x ∈ Ω; ∀η ∈ H1(I;U) ∩
L∞(ΩT ), η(x, T ) = 0, x ∈ Ω, we have

(c.1) (−→V ,∇ψ)Ω = −(K∇P +−→f ,∇ψ)Ω = (Q,ψ)Γ1 , a.e. in ]0, T [;

(c.2)
∫
I
〈mSt, ϕ〉H?,H dt− (−→V1,∇ϕ)ΩT + (bQ, ϕ)Γ1T = 0;

(c.3)
∫
I
〈`θt, η〉U?,U dt+ (−→V , η∇θ)ΩT + (Λ∇θ,∇η)ΩT = 0;

(c.4) ∀ϕ ∈ L2(I;H)∩W 1,1(I;L1(Ω)), ∀η ∈ L2(I;U)∩W 1,1(I;L1(Ω))
with ϕ(x, T ) = η(x, T ) = 0, x ∈ Ω, we have

∫
I
〈mSt, ϕ〉 dt +

∫
I
(m(S − S0), ϕt)Ω dt = 0,

∫
I
〈`θt, η〉 dt +

∫
I
(`(θ − θ0), ηt)Ω dt = 0.

Here 〈·, ·〉H?,H is the scalar product for the duality H?, H; St = ∂tS =
∂S/∂t; (·, ·)ΩT , (·, ·)Ω, (·, ·)Γ1 denote the scalar product of L2(ΩT ),
L2(Ω), and L2(Γ1) respectively.
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2.3. REGULARIZATION.

Remark 2.2.1. Since −→V 1 = −(K0a∇S − b
−→
V +−→F ), and

(b−→V ,∇ϕ)ΩT = (bQ, ϕ)Γ1T − (bS
−→
V · ∇S, ϕ)ΩT ,

here bS = (db)/dS, (c.2) may be written as

(c.2)′
∫
I
〈mSt, ϕ〉H?,H dt+ (K0a∇S+−→F ,∇ϕ)ΩT + (bS

−→
V · ∇S, ϕ)ΩT = 0.

Our main result is the following:

Theorem 2.2.1. If conditions (i)-(iv) are fulfilled problem (P)
has at least one generalized solution, i.e., there exists at least
one triplet (P, S, θ) satisfying condition (a), (b), and (c) of Def-
inition 2.2.1 in which (c.2) has been replaced by (c.2)′.

To prove this theorem we will construct a triplet with the required
properties; this needs several steps:

2.3 Regularization.
We extend the coefficients of identities (c.1), (c.2)′, and (c.3) by putting

f∗(x, θ, S) =



f(x, S, θ), (x, S, θ) ∈ Ω?;
f(x, 0, θ), S ≤ 0, θ ≥ 0;
f(x, 0, 0), S ≤ 0, θ ≤ 0;
f(x, S, 0), S ∈ [0, 1], θ ≤ 0;
f(x, 1, 0), S ≥ 1, θ ≤ 0;
f(x, 1, θ), S ≥ 1, θ ≥ 0.

Also, we put

aε(x, S, θ) = a∗(x, S, θ) + ε, ε > 0; −→
Vκ =

−→
V

1 + κ|
−→
V |
, κ > 0.

Then we have

‖
−→
Vκ‖R3 ≤ ‖

−→
V ‖R3 and ‖

−→
Vκ‖R3 ≤ 1

κ
· (2.1)
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2.4. GENERALIZED SOLUTIONS OF THE REGULARIZED
PROBLEM (Pεκ)

2.4 Generalized Solutions of the Regular-
ized Problem (Pεκ)

Definition 2.4.1. A triplet (P, S, θ), of measurable and bounded functions
in ΩT , is called a generalized solution of system (Pεκ) if:
(α) P , S, and θ are in V2(ΩT ) and ∇P ∈ L2,∞(ΩT ).

(β) P , S, and θ satisfy conditions (b) of Definition 2.2.1.

(γ) For all ψ, ϕ, and η chosen as in (c) we have

(γ.1) (−→V ,∇ψ) = (Q,ψ)Γ1 , a.e. in ]0, T [;

(γ.2)∫
I
〈mSt, ϕ〉H?,H dt+(K0aε∇S+−→F∗,∇ϕ)ΩT +((bS)∗

−→
Vκ ·∇S, ϕ)ΩT = 0;

(γ.3)
∫
I
〈`θt, η〉U?,U dt+ (−→Vκ, η∇θ)ΩT + (Λ∗∇θ,∇η)ΩT = 0,

(γ.4) ∀ϕ ∈ L2(I;H)∩W 1,1(I;L1(Ω)), ∀η ∈ L2(I;U)∩W 1,1(I;L1(Ω))
with ϕ(x, T ) = η(x, T ) = 0, x ∈ Ω, we have∫

I
〈mSt, ϕ〉 dt +

∫
I
(m(S − S0), ϕt)Ω dt = 0,

∫
I
〈`θt, η〉 dt +

∫
I
(`(θ − θ0), ηt)Ω dt = 0.

Here

V2(ΩT ) =
{
u

∣∣∣∣u, ∂u∂x1
,
∂u

∂x2
,
∂u

∂x3
∈ L2(ΩT );

vrai max
0≤t≤T

‖u(·, t)‖2,Ω + ‖∇u‖2,ΩT < +∞
}
·

We are going to investigate first the regularized problem, then, pass-
ing to the limit with respect to h and ε, the proof of the existence of one
generalized solution of the degenerate problem (P) is achieved.
Theorem 2.4.1. If conditions (i)-(iv) of Theorem 2.2.1 are ful-
filled problem (Pεκ) has at least one generalized solution, in the
sense of Definition 2.4.1.

Below C (with or without a subscript) indicates a generic constant
independent of the number α (defined in Section 2.5 below), which will
probably takes on different values in different occurrences.
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2.5. TIME DISCRETIZATION OF SYSTEM (Pεκ).

2.5 Time discretization of system (Pεκ).
In order to prove the existence of a generalized solution of system (Pεκ)
we proceed as follows: We approximate the time derivative by time dis-
cretization, that is, we replace for instance ∂θ/∂t by the backward dif-
ference quotient ∂αt θ. More precisely, for each positive integer n, divide
the time interval I =]0, T ] into N = 2n subintervals of equal length
α = T/N = 2−nT . Set tj = jα and Ij = (tj−1, tj] for an integer j,
1 ≤ j ≤ N . Denote the time difference operator by

∂αt ξ(t) = ξ(t+ α)− ξ(t)
α

,

for any function ξ(t) and constant α ∈ R?. Also, for any linear space H,
define

Lα(H) = {v ∈ L∞(I;H) | v is constant in time on each subinterval Ij ⊂ I}.

For notational convenience, for vα ∈ Lα(H), set vjα ≡ vα|Ij = vα(tj).
We set also vj′α for vα(tj−1). If w = w(x, t) is a function, the average in
time over Ij is

wα(x, t) = 1
α

∫
Ij
w(x, τ) dτ, t ∈ Ij. (2.2)

The value of wα(·) on the interval Ij is denoted wαj(·).

Definition 2.5.1. A discrete time solution is a triplet of functions

Pα ∈ Lα(H) + P 0
α, Sα ∈ Lα(H) + S0

α, and θα ∈ Lα(U) + θ0
α

satisfying the following integral identities

(Kj′α∇P jα + −→
f j′α,∇ψ)Ω = −(Qα, ψ)Γ1 , t ∈ Ij, (2.3)

j = 1, . . . , N, ∀ψ ∈ H;∫
I
(m∂−αt Sα, ϕ)Ω dt +

∫
I
(K0 a

α
ε ∇Sα +−→F∗α,∇ϕ)Ω dt (2.4)

+
∫
I
(bαS
−→
Vκ

α · ∇Sα, ϕ)Ω dt = 0, ∀ϕ ∈ Lα(H);∫
I
(`α∂−αt θα, η)Ω dt +

∫
I
(−→Vκα, η∇θα)Ω dt (2.5)

+
∫
I
(Λα
∗∇θα,∇η)Ω dt = 0, ∀η ∈ Lα(U),
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2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

where θα(·, t− α) = θ0(·), Sα(·, t− α) = S0(·) when 0 < t ≤ α. Here

`α = `(x, Sα), −→
Vκ

α = −→Vκ(Pα, Sα, θα), Λα
∗ = Λ∗(Sα, θα),

Kα = K(x, Sα, θα), aαε = aε(x, Sα, θα), −→
F∗

α = −→F∗(x, Sα, θα),
bαS = bS(Sα), −→

f α = −→f (x, Sα, θα), and
Kj′α = Kj′α(·) = K

(
·, Sα(·, (j − 1)α), θα(·, (j − 1)α)

)
.

Remark 2.5.1. Let us write, for example, the integral identity (2.4)
in another (equivalent) way. If we take the test function in the form
χIj(t)ϕ(x) with χIj the characteristic function of the interval Ij =
]j′α, jα] =]tj−1, tj] and ϕ a function in the space H, we obtain
∫
Ij

(
m
Sα(x, t)− Sα(x, t− α)

α
, ϕ
)

Ω
dt +

∫
Ij

(K0 a
α
ε ∇Sα +−→F∗α,∇ϕ)Ω dt

+
∫
Ij

(bαS
−→
Vκ

α · ∇Sα, ϕ)Ω dt = 0.

Since Sα(·, t) is constant with respect to t on the interval Ij, equals
Sα(·, tj), and the same is true for Pα, θα, we get the integral identity
(where Sjα denotes Sα(·, tj) = Sα(·, jα), we do the same with P and θ,
and denote for instance Kjα = K(x, Sjα, θjα)):

(mSjα, ϕ)Ω + α(K0 a
jα
ε ∇Sjα +−→F∗jα,∇ϕ)Ω (2.6)

+ α(bjαS
−→
Vκ

jα · ∇Sjα, ϕ)Ω = (mSj′α, ϕ)Ω, ∀ϕ ∈ H.

Now, choosing in (2.5) the test function χIj(t)η(x) with η a function in
the space U , we obtain

(`jαθjα, η)Ω + α(−→Vκjα, η∇θjα)Ω + α(Λjα
∗ ∇θjα,∇η)Ω (2.7)

= (`jαθj′α, η)Ω, ∀η ∈ U .

2.6 Maximum principles about discrete
time solutions.

We will prove maximum principles for j = 1, i.e. for (S1α, θ1α). It is
obvious that the same techniques show that similar results are true for
(Sjα, θjα), j = 2,..., N .
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2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

Theorem 2.6.1. Suppose conditions (i–iv) are fulfilled. If
(P 1α, S1α, θ1α) is a time discrete solution of (Pεκ) at the time level
t1 = α, then

0 ≤ S1α(x) ≤ 1 a.e. in Ω, (2.8)
0 ≤ θ0 = min

ΩT
θ0(x, t) ≤ θ1α(x) ≤ θ

0 = max
ΩT

θ0(x, t) a.e. in Ω.(2.9)

Proof — To prove the right-hand side of inequality in (2.8), we con-
sider the Lipschitzian function G(t) = (t− 1)+ and take in (2.6), written
for j = 1, the test function ϕ = G(S1α) which is in H. We get

(mS1α, G(S1α))Ω + α(K0 a
1α
ε ∇S1α +−→F∗1α,∇G(S1α))Ω

+ α(b1α
S

−→
Vκ

1α · ∇S1α, G(S1α))Ω = (mS0, G(S1α))Ω.

Putting Ω1α
S+ = {x ∈ Ω | S1α(x) > 1}, we get

(mS1α, G(S1α))Ω =
∫

Ω1α
S+

m(x)S1α(S1α − 1) dx

=
∫

Ω1α
S+

m(S1α − 1)2 dx+
∫

Ωα1
S+

m(S1α − 1) dx

and

α(K0 a
1α
ε ∇S1α,∇G(S1α))Ω = α

∫
Ω1α
S+

K0 a
1α
ε ∇S1α · ∇S1α dx

≥ αε

M

∫
Ω1α
S+

|∇S1α|2 dx.

Since −→F∗1α = −→F∗(x, S1α, θ1α) = 0 for S1α > 1, we have

(−→F∗1α,∇G(S1α))Ω =
∫

Ω1α
S+

−→
F∗

1α · ∇G(S1α) dx = 0.

Also, we have

α|(b1α
S

−→
Vκ

1α · ∇S1α, G(S1α))Ω| ≤
αM

κ

∫
Ω1α
S+

|∇S1α||S1α − 1| dx

(mS0, G(S1α))Ω =
∫

Ω1α
S+

mS0(Sα1 − 1) dx
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2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

The above computations and estimates lead to∫
Ω1α
S+

m(S1α − 1)2 dx +
∫

Ω1α
S+

m(1− S0)(S1α − 1) dx (2.10)

+ αε

M

∫
Ω1α
S+

|∇S1α|2 dx

≤ αM

κ

∫
Ω1α
S+

|∇S1α|(S1α − 1) dx

Let us now use the elementary inequality

ab ≤ r

2a
2 + 1

2rb
2, ∀a, b ≥ 0, r > 0.

We have∫
Ω1α
S+

|∇S1α|(S1α − 1) dx ≤ r

2

∫
Ω1α
S+

|∇S1α|2 dx+ 1
2r

∫
Ω1α
S+

(S1α − 1)2 dx

Choosing r = εκ/M2 and plugging into inequality (2.10), we get
∫

Ω1α
S+

[
m− αM3

2εκ2

]
(S1α − 1)2 dx +

∫
Ω1α
S+

m(1− S0)(S1α − 1) dx (2.11)

+ αε

2M

∫
Ω1α
S+

|∇S1α|2 dx ≤ 0.

Since (according to (i))[
m− αM3

2εκ2

]
≥
[ 1
M
− αM3

2εκ2

]
a.e. in Ω,

for α > 0 sufficiently small (i.e. for 0 < α < 2εκ2/M4, here ε and κ are
fixed), all the terms on the left of inequality (2.11) are nonnegative, this
implies that S1α ≤ 1 a.e. in Ω. The same argument shows that Sα is less
than 1 on each time level tj, j = 1, ..., N . Therefore, Sα(x, t) ≤ 1 a.e. in
ΩT .

Now, to prove the left-hand side of inequality in (2.8), we consider
the function G(t) = t− = 1

2(|t| − t) and choose in (2.6) as test function
ϕ = G(S1α) = S1α

− . We get

(mS1α, S1α
− )Ω + α(K0 a

1α
ε ∇S1α +−→F∗1α,∇S1α

− )Ω (2.12)
+α(b1α

S

−→
Vκ

1α · ∇S1α, S1α
− )Ω = (mS0, S1α

− )Ω.
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2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

Putting Ω1α
S− = {x ∈ Ω | S1α(x) < 0}, we have

(mS1α, S1α
− )Ω = −

∫
Ω1α
S−

m(S1α)2 dx,

(mS0, S1α
− )Ω = −

∫
Ω1α
S−

mS0S1α dx ≥ 0,

and

α(K0 a
1α
ε ∇S1α,∇S1α

− )Ω = α
∫

Ω1α
S−

K0 a
1α
ε ∇S1α · ∇S1α

− dx

= −α
∫

Ω1α
S−

K0 a
1α
ε ∇S1α · ∇S1α dx.

Since −→F∗1α = 0 for S1α < 0, we have

(−→F∗1α,∇S1α
− )Ω = −

∫
Ω1α
S−

−→
F∗

1α · ∇S1α dx = 0.

Also, we have

α(b1α
S

−→
Vκ

1α · ∇S1α, S1α
− )Ω = −α

∫
Ω1α
S−

b1α
S

−→
Vκ

1α · ∇S1α S1α dx,

with ∣∣∣∣ ∫
Ω1α
S−

b1α
S

−→
Vκ

α1 · ∇S1α S1α dx
∣∣∣∣ ≤ M

κ

∫
Ω1α
S−

|∇S1α| |S1α| dx

Putting together the previous equalities, we can rewrite the rela-
tion (2.12) as

−
∫

Ω
S1α
−

m(S1α)2 dx − α
∫

Ω
S1α
−

K0 a
1α
ε ∇S1α · ∇S1α dx

− α
∫

Ω
S1α
−

b1α
S

−→
V 1α
κ ∇S1α S1α dx = −

∫
Ω
S1α
−

mS0S1α dx ≥ 0.

Thus, ∫
Ω
S1α
−

m(S1α)2 dx + α
∫

Ω
S1α
−

K0a
1α
ε ∇S1α · ∇S1α dx

+ α
∫

Ω
S1α
−

b1α
S

−→
V 1α
κ ∇S1α S1α dx ≤ 0.
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2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

Using the coerciveness of K0, the definition of aε the above estimate on
the last term, we get the inequality∫

Ω
S1α
−

m(S1α)2 dx + αε

M

∫
Ω
S1α
−

|∇S1α|2 dx

≤ αM

κ

∫
Ω
S1α
−

|∇S1α| |S1α| dx

≤ αM

κ

∫
Ω
S1α
−

(
r

2 |∇S
1α|2 + 1

2r |S
1α|2

)
dx

Choosing r = εκ/M2 and continuing as above by choosing α sufficiently
small we get ∫

Ω1α
S−

(S1α)2 dx ≤ 0.

Then, 0 ≤ S1α a.e. in Ω. This finishes the proof of estimates (2.8).
To prove the right-hand side of (2.9), we take in (2.7) as test function

η = G(θ1α) with G(t) = (t− θ0)+ and θ0 = max
ΩT

θ0(x, t). We get

(`1αθ1α, G(θ1α))Ω + α(Λ1α
∗ ∇θ1α,∇G(θ1α))Ω (2.13)

= α(−→Vκ1α, G(θ1α)∇θ1α)Ω + (`1αθ0, G(θ1α))Ω.

Putting Ω1α
θ+ = {x ∈ Ω | θ1α > θ

0}, we can write

(`1αθ1α, G(θ1α))Ω =
∫

Ω1α
θ+

`1α(x)θ1α(θ1α − θ0) dx

=
∫

Ω1α
θ+

`1α(x)(θ1α − θ0)2 dx+
∫

Ω1α
θ+

`1α(x)θ0(θ1α − θ0) dx.

Since

α(Λ1α
∗ ∇θ1α,∇G(θ1α))Ω ≥ α

M

∫
Ωθ+
|∇θ1α|2 dx

and

α(−→Vκ1α, G(θ1α)∇θ1α)Ω ≤ α

κ

∫
Ωθ+

(θ1α − θ0) |∇θ1α| dx

≤ α

κ

∫
Ωθ+

{
r

2 |∇θ
1α|2 + 1

2r (θ1α − θ0)2
}
dx, (r > 0)

21



2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

with

(`1αθ0, G(θ1α))Ω −
∫

Ω1α
θ+

`1α(x)θ0(θ1α − θ0) dx

=
∫

Ω1α
θ+

`1α(x)(θ0 − θ0)(θ1α − θ0) dx ≤ 0,

the relation (2.13) leads to∫
Ω1α
θ+

(
`1α(x)− α

2κr

)
(θ1α − θ0)2 dx+

(
α

M
− αr

2κ

) ∫
Ωθ+
|∇θ1α|2 dx ≤ 0.

choosing r = κ/M and noting that (see the hypothesis (i) and estimate
(2.8)):

`1α(x)− αM

2κ2 = `0(x)S1α + `1(x)− αM

2κ2 ≥
1
M
− αM

2κ2

we get, for α sufficiently small,
∫

Ω1α
θ+

(θ1α− θ0)2 dx ≤ 0 which implies that

θ1α(x) ≤ θ
0 a.e. in Ω.

To prove the left-hand side of (2.9), we take in (2.7) as test function
η = G(θ1α) with G(t) = (θ0 − t)+ and θ0 = min

ΩT
θ0(x, t). Putting Ω1α

θ− =

{x ∈ Ω | θ1α(x) < θ0}, we get, after multiplying and transposing:∫
Ω1α
θ−

`1α(x)(θ0 − θ1α)2 dx + α
∫

Ω1α
θ−

Λ1α
∗ ∇θ1α · ∇θ1α dx

= −α
∫

Ω1α
θ−

−→
Vκ

1α · ∇θ1α (θ0 − θ1α) dx

−
∫

Ω1α
θ−

`1αθ0(θ0 − θ1α) dx

−
∫

Ω1α
θ−

`1αθ0(θ0 − θ1α) dx

≤ −α
∫

Ω1α
θ−

−→
Vκ

1α · ∇θ1α (θ0 − θ1α) dx

≤ α

κ

∫
Ω1α
θ−

[
r

2 |∇θ
1α|2 + 1

2r (θ0 − θ1α)2
]
dx

continuing as above we arrive to the result that∫
Ω

[(θ0 − θ1α)+]2 dx ≤ 0

which implies θ0 ≤ θ1α a.e. in Ω. This finishes the proof of esti-
mates (2.9).
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Chapter 3

Galerkin method for Heat
and Mass Transfer in porous
media.

3.1 Galerkin’s approximations of discrete
time solutions.

The time discretization leads thus to elliptic problems, which can be
solved by a Galerkin’s procedure, see for instance [1, 2, 3]. Let us de-
termine solution at the time level t1 = α. For this we choose linearly
independent functions {ei}∞i=1 ⊂ H and {fi}∞i=1 ⊂ U , such that the sub-
space spanned by these functions is dense in H and U respectively. We
are looking for functions

P 1α(·) ∈ H + P 0
α1(·),

S1α
d (x) =

d∑
i=1

σ1
i ei(x) + S0

α1(x), and θ1α
d (x) =

d∑
i=1

τ 1
i fi(x) + θ0

α1(x),
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3.2. PROOF OF EXISTENCE OF GALERKIN’S
APPROXIMATIONS.

with σ1
i and τ 1

i unknown real coefficients such that the following identities
hold true

(K1′α∇P 1α + −→
f 1′α,∇ψ)Ω = −(Qα1, ψ)Γ1 , ∀ψ ∈ H;(3.1)∫

Ω
m
S1α
d − S0

α
ϕdx +

∫
Ω

(K0a
1α
εd∇S1α

d +−→F∗1αd ) · ∇ϕdx (3.2)

+
∫

Ω
b1α
Sd

−→
Vκ

1α
d · ∇S1α

d ϕdx = 0,

∀ϕ ∈ Hd = span [e1, . . . , ed];∫
Ω
`0 θ

1α
d − θ0

α
η dx +

∫
Ω

−→
Vκ

1α
d · ∇θ1α

d η dx (3.3)

+
∫

Ω
Λ1α
∗d∇θ1α

d · ∇η dx = 0,

∀η ∈ Ud = span [f1, . . . , fd],

where `0 = `(x, S0) = `0(x)S0(x) + `1(x) and

K1′α = K(x, S0, θ0), −→
f 1′α = −→f (x, S0, θ0), a1α

εd = aε(x, S1α
d , θ

1α
d ),

b1α
Sd = bS(S1α

d ), −→
F∗

1α
d = −→F∗(x, S1α

d , θ
1α
d ), −→

Vκ
1α
d = −→Vκ(x, S1α

d , θ
1α
d ),

and Λ1α
∗d = Λ∗(x, S1α

d , θ
1α
d ).

Remark 3.1.1. In fact, we determine only the Galerkin’s approximations
at every time level tj, j = 1, . . . , N and take (Pα

d , S
α
d , θ

α
d ) constant on each

time interval Ij =]tj−1, tj] for j = 1, . . . , N .

3.2 Proof of existence of Galerkin’s ap-
proximations.

Here, for simplicity, it is assumed that T
α
is an integer. Giving the couple

(S0
α1, θ

0
α1), we can determine the triplet (Pα

d , S
α
d , θ

α
d )(t) inductively for

t ∈](j − 1)α, jα], j = 1,..., N as a solution of an elliptic system. Before
carrying out the proof, we give the following.

Remark 3.2.1. The finite dimensional space Hd (or Ud) is equipped with
the three (equivalent) norms defined, for v = ∑d

i=1 αiei ∈ Hd, by

‖v‖Rd =
[

d∑
i=1

α2
i

] 1
2

, ‖v‖2,Ω =
[ ∫

Ω
|v|2 dx

] 1
2

, ‖v‖H =
[ ∫

Ω
|∇v|2 dx

] 1
2

.
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3.2. PROOF OF EXISTENCE OF GALERKIN’S
APPROXIMATIONS.

Let us explain the first step of the existence of Galerkin’s approxima-
tions. Let therefore take j = 1 and suppose that (S0, θ0) is known -the
initial conditions. By injecting S0 and θ0 in the equation of pressure, we
have to find P 1α such that

P 1α ∈ H + P 0
α1∫

Ω

[
K(x, S0(x), θ0(x))∇P 1α(x) + −→

f (x, S0(x), θ0(x))
]
· ∇ψ(x) dx

= −
∫

Γ1
Qα1(σ)ψ dσ, ∀ψ ∈ H.

This problem is coercive (by assumption (i)) and using the trace theorem
we can use the Lax-Milgram Lemma to see that it possesses an unique
solution P 1α defined on Ω.

Now, to determine S1α
d and θ1α

d , we use a corollary of the Brouwer’s
Fixed Point Theorem. We need some notations. If β = (β1, . . . , βd) and
γ = (γ1, . . . , γd) are two vectors in Rd, the vector

d∑
i=1

βiei(x) of Hd and

the vector
d∑
i=1

γifi(x) of Ud are denoted vβ and wγ respectively.
Let us now consider the mapping

Rd × Rd 3 (β,γ) 7−→ Π(β,γ) = (b, c) ∈ Rd × Rd

where the 2d parameters are the unknown coefficients given by

bi =
∫

Ω
m
vβ − S0

α
ei dx

+
∫

Ω
[K0(x)aε(x, vβ, wγ)∇vβ +−→F∗(x, vβ, wγ)] · ∇ei dx

+
∫

Ω
bS(vβ)−→Vκ(P 1α, vβ, wγ) · ∇vβ ei dx, i = 1, . . . , d;

ci =
∫

Ω
`(x, S0)wγ − θ0

α
fi dx

+
∫

Ω

−→
Vκ(P 1α, vβ, wγ) · ∇wγ fi dx

+
∫

Ω
Λ∗(vβ, wγ)∇wγ · ∇fi dx, i = 1, . . . , d.

The operator Π is continuous. In fact, if {(βq,γq)}∞q=1 is a sequence
of Rd × Rd converging in this space to (β,γ), the functional sequence
{(vβq , wγq)}∞q=1 is converging a.e. in Ω and in (H,U) to (vβ, wγ). Now,
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3.2. PROOF OF EXISTENCE OF GALERKIN’S
APPROXIMATIONS.

using the assumptions on the functional coefficients of our system (P)
and the dominated convergence theorem, we see that

lim
q→∞

Π(βq,γq) = Π(β,γ).

Let us denote (· | ·) the “natural” scalar product of R2d and compute

(Π(β,γ) | (β,γ)) =
d∑
i=j

biβi +
d∑
i=1

ciγi = Σ1 + Σ2,

where

Σ1 =
∫

Ω
m
vβ − S0

α
vβ dx

+
∫

Ω
[K0(x)aε(x, vβ, wγ)∇vβ +−→F∗(x, vβ, wγ)] · ∇vβ dx

+
∫

Ω
bS(vβ)−→Vκ(P 1α, vβ, wγ) · ∇vβ vβ dx,

and

Σ2 =
∫

Ω
`(x, S0)wγ − θ0

α
wγ dx

+
∫

Ω

−→
Vκ(P 1α, vβ, wγ) · ∇wγ wγ dx+

∫
Ω

Λ∗(vβ, wγ)∇wγ · ∇wγ dx.

Using the assumptions (i)–(iii), we obtain the estimates:
∫

Ω
m
vβ − S0

α
vβ dx = 1

α

∫
Ω
mv2

β dx−
1
α

∫
Ω
mS0vβ dx

≥ 1
Mα
‖vβ‖2,Ω

[
‖vβ‖2,Ω −M2‖S0‖2,Ω

]
;∫

Ω
K0ā(x, vβ, wβ)∇vβ · ∇vβ dx ≥

ε

M
‖vβ‖2

H;∫
Ω
|
−→
F∗(x, vβ, wγ) · ∇vβ| dx ≤

( ∫
Ω
|
−→
F∗|2 dx

) 1
2
‖vβ‖H

≤ C1‖vβ‖H, C1 = const.;

and∫
Ω
|bS(vβ)−→Vκ · ∇vβ vβ| dx ≤

C2

κ

∫
Ω
|∇vβ| |vβ| dx

≤ C3

κ
‖vβ‖2

H (Poincaré’s inequality).
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3.2. PROOF OF EXISTENCE OF GALERKIN’S
APPROXIMATIONS.

Similarly, using assumptions (i)–(iii), we obtain the estimate
∫

Ω
`(x, S0)wγ − θ0

α
wγ dx = 1

α

∫
Ω
`(x, S0)w2

γ dx−
1
α

∫
Ω
`(x, S0)θ0wγ dx

≥ 1
Mα
‖wγ‖2,Ω

[
‖wγ‖2,Ω −M2‖θ0‖2,Ω

]
;

also ∣∣∣∣ ∫
Ω

−→
Vκ(Pα

d , vβ, wγ) · ∇wγ wγ dx

∣∣∣∣ ≤ 1
κ

∫
Ω
|∇wγ | |wγ | dx

≤ 1
κ
‖∇wγ‖2,Ω ‖wγ‖2,Ω

≤ C4

κ
‖wγ‖2

U ;

and ∫
Ω

Λ∗(vβ, wγ)∇wγ · ∇wγ dx ≥
1
M

∫
Ω
‖∇wγ‖2 dx = 1

M
‖wγ‖2

U .

The previous estimates lead to

Σ1 ≥
1
Mα
‖vβ‖2,Ω

[
‖vβ‖2,Ω−M2‖S0‖2,Ω

]
+ ε

M
‖vβ‖2

H−C1‖vβ‖H−
C3

κ
‖vβ‖2

H

and

Σ2 ≥
1
Mα
‖wγ‖2,Ω

[
‖wγ‖2,Ω −M2‖θ0‖2,Ω

]
+ 1
M
‖wγ‖2

U −
C4

κ
‖wγ‖2

U .

Using the equivalence of norms in a finite-dimensional space, the pre-
vious estimate prove the existence of positive constants such that

(Π(β,γ) | (β,γ)) ≥ C5

α
‖(β,γ)‖2

R2d − C6‖(β,γ)‖2
R2d − C7‖(β,γ)‖R2d .

In each step, we get an estimate like the previous. For (β,γ) ∈ R2d, for
α > 0 sufficiently small, the right side is positive.

If α is small enough independent of d, the second term is non-negative,
hence Π has a zero, that is (Sαd , θαd )(t) for t ∈](j − 1)α, jα], exists. This
proves that the triplet (Pα

d , S
α
d , θ

α
d )(t) can be determined inductively for

t ∈](j − 1)α, αj].
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3.3. PROOF OF THEOREM

3.3 Proof of Theorem 2.4.1.
From Corollaries 2.1 and 2.2, the pressure equation in the weak sense
of Definition 2.1 can be easily seen to hold since ⋃∞n=1 Lα(H) is dense in
L∞(I;H) (let us recall that α = T/N = T/2n). Also, it follows from
(2.4) that

lim
α↓0

∫
I
(m∂−αt Sα, ϕ)Ω dt +

∫
I
(K0 aε∇S +−→F ,∇ϕ)Ω dt (3.4)

+
∫
I
(bS
−→
Vκ · ∇S, ϕ)Ω dt = 0, ∀ϕ ∈

∞⋃
n=1
Lα(H)

For any ϕ ∈ L2(I;H), ϕα ∈ Lα(H), where ϕα(x, t) = 1
α

∫
Ij
v(x, τ) dτ ,

t ∈ Ij. Because Sα(·, t) is constant over each interval Ij =]tj−1, tj] (equals
S(·, tj)), we observe that∫

I
(m∂−αt Sα, ϕ)Ω dt =

∫
I
(m∂−αt Sα, ϕα)Ω dt.

Then, the identity (2.4), can be written as∫
I
(m∂−αt Sα, ϕα)Ω dt = −

∫
I
(K0 aε∇S +−→F ,∇ϕα)Ω dt

−
∫
I
(bS
−→
Vκ · ∇S, ϕα)Ω dt.

This implies that∣∣∣∣ ∫
I
(m∂−αt Sα, ϕ)Ω dt

∣∣∣∣ ≤ C‖ϕ‖L2(I;H), ∀ϕ ∈ L2(I;H). (3.5)

The sequence {m∂−αt Sα} is thus bounded in L2(I;H′). Consequently,
for a subsequence, {m∂−αt Sα} converges weakly in L2(I;H′). For ϕ ∈
D(I;H) and α > 0 small enough, using formula (??), we see that∫
I

(
m(·)∂−αt Sα(·, t), ϕ(·, t)

)
Ω
dt = −

∫ T−α

0
(mSα, ∂αt ϕ) dt

−→
α ↓ 0

−
∫
I
(mS, ∂tϕ)Ω dt =

∫
I
〈mSt, ϕ〉 dt,

as a distribution. Therefore, m∂tSα ⇀ m∂tS weakly in L2(I;H′). Com-
bining these results, the saturation equation holds in the weak sense of
Definition 2.4.1 since ⋃∞n=1 Lα(H) is dense in L2(I;H).

Finally, if v ∈ L2(I;H) ∩W 1,1(I;L1(Ω)) with ϕ(x, T ) = 0, we find
that∫
I
(m∂−αt Sα, ϕ)Ω dt +

∫ T−α

0
(m[Sα − S0], ∂αt ϕ)Ω dt = 1

α

∫ T

T−α
(m[Sα − S0], ϕ)Ω dt,
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3.3. PROOF OF THEOREM

which yields the last equation in Definition 2.4.1, and thus the proof of
Theorem 2.4.1 is complete.

29



Bibliography

[1] H.W. Alt and S. Luckhaus, Quasilinear elliptic-parabolic differential
equations, Math. Z. 183 (1983), 311–341.

[2] S.N. Antontsev, A. V. Kazhikhov, and V.N. Monakhov, Boundary-
Value Problems in Mechanics of Nonhomogeneous Fluids, Studies
in Mathematics and Its Applications, North-Holland, Amsterdam,
1990.

[3] J. Arbogast, The existence of weak solutions to single porosity and
simple dual-porosity models of two-phase incompressible flow, Jour-
nal of Nonlinear Analysis: Theory, Methods, and Applications, 19
(1992), 1009–1031.

[4] Y. Atik, A Boundary Value Problem For Heat and Mass Transfer in
Porous Media, Proceedings of the International Conference on Math-
ematical Analysis and its Applications, Kuwait, 1985, pages 77–100.
Published by Pergamon Press Oxford. Edited by S.M. Mazhar, A.
Hamoui, and N.S. Faour, Kuwait University, P.O. Box 5969 Safat,
Kuwait.

[5] Z. Chen, Degenerate Two-Phase Incompressible Flow I. Existence,
Uniqueness and Regularity of a Weak Solution, Journal of Differen-
tial Equations 171 (2001), 203–232.

[6] A. Lagarde, Considédrations sur le transfert de chaleur en milieu
poreux, Revue de l’Institut Français du Pétrole, (1965), 383–446.

[7] J.L. Lions & E. Magenes, Non-Homogeneous Boundary Value Prob-
lems and Applications, Vol. I, Translated from the French by P.
Kenneth, Springer-Verlag, Berlin, 1972.

[8] P. Pucci & J. Serrin, The Maximum Principle, Birkhäuser, Basel,
2007.

30


	Notations
	Introduction
	Galerkin method of mathematical model.
	Resolution by Galerkin method of the model problem.
	superposition operators the application of Galerkin's method.
	 Superposition operators in L2().


	Generalized Solutions of System (P).
	Assumptions on the Data of the Problem (P).
	Notations.
	Regularization.
	Generalized Solutions of the Regularized Problem (P)
	Time discretization of system (P).
	Maximum principles about discrete time solutions.

	Galerkin method for Heat and Mass Transfer in porous media.
	Galerkin's approximations of discrete time solutions.
	Proof of existence of Galerkin's approximations.
	Proof of Theorem

	Bibliography

