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Résumé:

Dans ce travail, nous prouvons un résultat d’existence d’une solution
faible d’une initiale non linéaire probleme de valeurs limites modélisant
le transfert de chaleur et de masse dans un milieu poreux hétérogene. Le
systeme se compose de trois équations non linéaires ; le premier est el-
liptique, le second est parabolique dégénéré, le troisieme est parabolique
avec le terme parabolique ayant un coefficient dépendant d’une des fonc-
tions inconnues.

Mots clés:

milieux poreux, dégénérés paraboliques, transferts de chaleur et de masse,
équations non linéaires, équations elliptiques.



Abstract:

In this work, we prove an existence result of weak solution of a nonlinear
initial boundary value problem modeling heat and mass transfer in an
heterogeneous porous medium. The system consists of three nonlinear
equations; the first is elliptic, the second is parabolic degenerate, the
third is parabolic with the parabolic term having a coefficient depending
on one of the unknown functions.

Key words: porous media, parabolic degenerate, heat and mass
transfer, nonlinear equations, elliptic equation.
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Notations.

Here are the main notations used in this work:
e ():domain of R4, d=1,2, ...
e [' = 0Q): domain boundary (2.

° a% = V - n: derived in the direction normal to the boundary T,

outgoing from 2.
o x =1, (x,y), ... : space variable in Q C R%.

e ¢, T: temporary variable and final time, in (s).

d
e divu=V-u= Y g“?, u = (ug, Us, ..., Uqg).
i=1 7%
Functional spaces:

o [P(Q) = {f : Q0 — R | f measurable and/ |f(z)|Pdx < oo} where
Q
p € [1,+o0l.

L>(Q) = {f : Q — R | f measurable and 3 ¢ > 0 such that

|f(x)] <c, ae. sur Q}

M(Q) = space of measurable functions on €.

Wwmr(Q) = {w € LP(Q) | D*w € LP(Q), a = (aq,...,0q) €
d aa1+~~~+ad

N, |a| :== 3 a; < m} where D*w = TR T
= x11 o Oy

H™(Q) := W™2(Q), Sobolev space of order m.

V={ve H Q) |v=0sur T}
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d
o C(Q) :={f:Q— R| D*f continues in Q, |a| := ¥ o; < m}.
i=1
e C°(02) = D(Q):space of functions of C*°(2) with compact support
in €.

e For X a Banach space, we note L?(0,T; X ), the space defined by:

LP(0,T;X) = {f : (0,T) — X | measurable with [y ||f ||% dt <




Introduction.

To study the displacement of oil by hot water in a heterogeneous porous
medium, we proposed [4] the following nonlinear system:

divV/ =0, -V =KVP+ f

(So) m(yc)%t9 = —div 7;, —71 = Ky, aVs — 67 + ?
Uz, S, e)gf +V V0 = div (AV0)

in a region Qpr = Ox]0,T[C R3 x Ry, where  is a bounded domain,
T > 0 a real number; a(x,S,0) > 0, b(S), {(z,S,0), ?(:U,S, ), and
?(x, S,0), and m(zx) are given functions; K (z, S, ), Ko(z), and A(S,0)
are positive definite tensors. The unknown functions P(z,t), S(x,t),
and 6(z,t) are respectively the reduced pressure, the reduced saturation,
which must satisfy 0 < S < 1, and the temperature. The function a
vanishes for S = 0 and S = 1, this means that the second equation is

degenerate. To the system (S) are associated the boundary and initial
conditions (092 =T U1 UT,)

V(P,5,0)-7i = V.(P,S,0)-7i = AVO-ii =0,
(x,t) € Tor =T x [0,T7;
Vei=Qt), Vi-A=bQ1t), (z.1)€Tr,
(BIC) @ given;
S = 8%z,t), P = P%z,t), (z,t) €lyp, and
0=0x,t), (x,t) € UTlyr;
S = S5%x), 0=60z) for t=0 and =z €.

Assuming that ¢ depends only of z: ¢(z,S,0) = ¢(x) we proved in [4]
the existence of a bounded weak solution to the above system with the
mentioned boundary and initial conditions.

In this work we will study the same system with the same boundary
and initial conditions but with ¢ depending on z and S as well. Let us
recall the definition of this functional coefficient.



The function ¢ is given by

U(x,8,0) = pa{(1-8) = 8)S+Si}m
+paca{l — (1= 8] = 55)8 — SY}m + pses(1 —m),
where ¢;(0) = (0e;)/08 is the specific heat capacity of the component i at
temperature #. Here e; is the internal specific energy of the component

1,1 = 1,2, 3; the subscript 3 stands for the porous matrix.
We observe that ¢ depends on z, S, and 6.

We are interested in the temperature range [0,300] where ¢; and ¢y
are nearly constant [6]. Then we may assume that ¢ does not depend on
f. In this case, we can write ¢ as

U(x,S) = l1(x)S + Lo(x),
where

hz) = (o101 — 0ac2)(1 — S) — So)ym(x),
bo(r) = [(o1e1 — QZCZ)S? + 0202 — 03¢3)M(x) + p3c3.

The system to study is thus the following

divV/ =0, -V =KVP+ J
(S) m(m)%j — _divV,, —V,=KaVS—bV +F
Uz, S)gi LV VO =div(AVE), Uz, S) = ((x)S + L),

with boundary and initial conditions (BZC).
From now on, we will refer to the system (S) with the conditions

(BZC) by problem (P).




Chapter 1

Galerkin method of
mathematical model.

1.1 Resolution by Galerkin method of the
model problem.

Let

{ —Au = f(u) in Q
u € Hy(9),

with f € C°(R) N L>*(R). This involves solving the variational problem
Vv € Hy (%), / VuVudx :/ f(u)vdz. (1.1)
0 0

The solution is done in several steps
First we consider a Galerkin basis of H{ (),

Lemma 1.1. Let H}(Q) there exists a countable free family {w;}ien,
w; € HY(Q) such that the finite linear combinations of w ,are dense in
H}(Q). Such a "sequenceexists because H} () is separable (see Brezis , P
150) .This lemma is expressed equivalently if W; = vect(wy, wa, ..., w;),is
the space generated by the first i vectors, then U = W; is dense in
H}(Q). (w; Galerkin space ).

Remark 1.1.1. The lemma is true if we replace H}(Q) by separable
Banach V' space of infinite dimension. firsly Galerkin step: Let’s show
the existence for this problem in finite dimension.



1.1. RESOLUTION BY GALERKIN METHOD OF THE MODEL
PROBLEM.

Lemma 1.2. For any i € N* the variational problem: find u; € W; such
that:
Yv € W;, / Vu;Vodr = / f(u;)vdx (1.2)
Q Q

admits at least one solution.

Proof. We provide W;, with a scaiar product inherited from L*(2)

[u, v] :/quda:

and we identify W;, of finite dimension,and its dual via this scalar prod-
uct.

(u,v) — alu,v) = / VuVudx (1.3)

Q
is a bilinear from on W;, By Riesz’s theorem , there exists a linear map
A, e (W) such that: a(u,v) = [Ai(u),v] (1.4)

as W;, is of finite dimension, this application is continuous. Likewise
there exists F; : W; — W, to for any couple (u,v)

(el = [Fi(w). o] (15)

it is enough to take F; = II; o f, with II; : the orthogonal projection
of L? on W;; this non linear map is continuous (composed of continuous
maps)(we use caratheodoy’s theorem here). the problem [1.2]is there fore
written

Yv € WZ‘, [A,(uz),v] = [.FZ(UZ),U] (]_6)
Now let P; be the function

PW, — W
L 2 B - D

. the equation [1.6] is equivalent to
P,(u;) = 0. (1.8)
O

To resolve this problem.we will apply the following lemma

Lemma 1.3. Let E be a Euclidean space (dimension E < +o0)and let
P:FE=(R") — E = (R™) continuous such that Ip > 0, for which any
point x on the sphere of radius p satisfies P(x)-x > 0. there then exists
a point o, ||xo|| < p with P(xy) = 0.

bt



1.1. RESOLUTION BY GALERKIN METHOD OF THE MODEL
PROBLEM.

Proof. we mast therefore calculate [P;(u), u] on a sphere. By definition
of the scalar product on W, and by use of poincare’s inequality, we have

[Fi(u), u] J Pi(uwude = a(u,u) — fo f(u)udz
IVl = 11z @ 122 lull 2o

1
IVullZ2i0) = Callfllze@ Q12 [ Vul g )

AVARAVARI

IVull 2@ ([ Vull L2 @) = Call fll L@ [2).

where [Q)| is the measure of 2 and Cgq is the constant of poincare’s in-
equality dane as soon as

1 1
ullgg = M|Q[2C3.

[Pi(u), u] = 0.

Now all the norms are equivalent on W, which is of finite dimension, so
there exists two strictly ppositive real numbers Cy and C; such that

Col[Vull < C1[|Vull,

By multipying (*) by Cj, we obtain

1 L
Collully = CoM|>C4

From (*) and (***) we have

1
Collullms = CoM |93 < [lull-.
So by taking
!
p = 00M|Q|§Cé,

we have L
[Pi(u),u] >0,  p>CoM|Q2C3,

and by Lemma 3 the problem admit’s a solution u; in H} (). O
2nd step: a priori estimation

Lemma 1.4. the sequence u;, is bounded in HJ(S2).




1.1. RESOLUTION BY GALERKIN METHOD OF THE MODEL
PROBLEM.

Proof. we repeat the previous calculation

alui, u;) = /Qf(ui)uidw < Callfllzoo@) ()2 |[[ Vil 20 - (1.9)
therefore )

IVullr2) < Call fll e m) [(2)]2, (1.10)

which shows Lemma 4. ]

Passage to the limit

Lemma 1.5. Any weakly convergent subsequence of the sequence u; con-
verges to a solution of problem [1.1]

Proof. Let u, subsequence u; — u on HJ(£2) and by Rellich’s theorem ,
we have therefore
u; — u on L*(Q) stongly.

therefore , caratheodory’s theorem implies
fu;) — f(u) dans L*(2) stongly.

We fixe a;, the sequence W; is increasing for all ¢« > j, w; € W;. Conse-
quently , we multiply [I.2) by in test function w; we obtain:

/Q[wiwj]dx - /Q[f(ui)wj)]dx, (1.11)
Vu; — Vu on L*(Q)weakly (1.12)
/ Q[Vuy, V;|de — / Q[Vu - Vuw,)dz, (1.13)

like f(u;) — f(u) in strong L*(2). On the other hand , we also have
[l twwilde — [ Qlf(wyw;lde
Therefore,for all j € (N*),
/Q[Vquj]dx = /Q[f(u)wj]dx,

as this equation is linear with respect to wj, it remains true for finite
linear combinations of tey wj,

Yw € UX, W, /Q [VuVw)de = /Q [f (w)w]dz.

Finally U®, = W, is dense in H}(Q). For everything w €
H}(Q), dz; € Wi, 2 — w, inH}(Q) strongly. O

We apply (1.13) with w = z;, and we pass to the limit when i — +o0
without difficulty to conclude that u is the solution to problem [I.1]

7



1.2. SUPERPOSITION OPERATORS THE APPLICATION OF
GALERKIN’S METHOD.

1.2 superposition operators the applica-
tion of (zalerkin’s method.

Operators of the type u — f(u) are called superposition operators or
Nemystky operators.

1.2.1 Superposition operators in L?*(0).

we have seen that under reasonable technical assumptions, these opera-
tors continuously send strong L?(€) into strong L?(Q2) by caratheodory’s
theorem. this result does not persistin L?(Q) weakly.

Proposition 1.2.1. Let (2) and f as in caratheody’s theorem the map f
is sequentially continuous from L*(Q2) weak into L*(Q)) weak if and only

if fis affine .

Proof. Let Q C Q a cube. By changing coordinates , we can always
set @ =]0,1[Y with a,b € R and 0 < § < 1. We define a sequence of
functions of L?(Q) by

{un(x):(), if €@

Up (1) if non,

va(t) =a, 2 <y < 0
b, nt+0 o [ntl+

n )

3

Where [s] designates the integer part s. of s The sequence oscillates
between the values a and a all the more quickly as n is large. The crazy
sequence , with similar properties in fact

wa(t) = fla), 1<t <
f(b), [nt7]1+0 <t < [ntjl-i-l

The sequences u, and ( f owu, ) for are bounded in L?(Q2). They
therefore each contain a weakly convergent subsequence. In the following
we will not distinguish these sequences, because it is clear that the entire
sequences converge, by the uniqueness of the limit. we have there fore

8



1.2. SUPERPOSITION OPERATORS THE APPLICATION OF
GALERKIN’S METHOD.

lau and foung w,, — w and f owu, — g and it is a question of identifying
u and g. First of all it is clear that:

{uzzo ifre@

v(xy)  if non,

We vest the weak limit in L?(0,1) of the sequence v,,. Indeed, the space
of functions of z1, mulles outside of Q. is a closed one of L?(§2) Isometric
to L*(0,1). We therefore return in this way to dimension 1. Consider
any scus-interval [tq, t5] of [0, 1] we deduce from the weak convergence of
the sequence v,, that:

/[tl,tQ} [Un(t)]dt - [U(t)]dt.

[t11t2]

Let’s calculate [;, ;1 [va(t)]dt:

[ oaltNar = /[t R COLEDS /[ MCOLE

[t1,t2] [nt2]4+1],[[nt2]—1] n
0 1—-0)b
I
and

/[t t ][’Un(t)]dt — (ty — t1)(0a + (1 — )b,

so he comes

1
to —t

/[ [on(0))dt = a+ (1= 6)b
t1,t2

v(t)=0a+ (1—-60)b  ae.
the same reasoning shows that

{ g(x) = f(0) ifz €@
Of(a)+ (1 —0)f(b) if non.

Consequently, a necessary condition for f to be sequentially continu-
ous(done a fortiori continuous) from L? weak is that f(u). for all a, b,
0

fOa+(1—0)b) =6f(a)+ (1-0)f(b), (1.14)

in other words must be affine. O

[*2= [vn (1)]

dt,



1.2. SUPERPOSITION OPERATORS THE APPLICATION OF
GALERKIN’S METHOD.

On the other hand, the situation differs in H.

Theorem 1.2.1. Let T be Lipschitzian of R in R of class C piecewise
and having only a finite number of non-differentiability points. then the
map u — T'(u) is

(i) continues from H'(Q) strong into H*(Q2) strongly.
(ii) sequentially continues from weak H(Q) into weak H'(Q).

Proof. Let us mention some simple but very wu seful relation ships con-
ceming the positive and negative parts; if u € L*(§2), we have

v=ut—u", Ju=u"+u,

ut = Xusot = Xuzolt, U = —Xu<oU = —Xu<0U,
Vu=Vut—Vu , Vul=Vu"+Vu,
Vut = xusoVu = xu>oVau,

and Fanalogue for u~ Finally jnote that [Vu™|- |[Vu~™| =0 a.e.
We define T}, a the truncation at height k by

ot if [t| > k.

m7

{ Tp(t) =t, if|t| <k,

Truncation at height k is an approximation of identity in various spaces.
O

10



Chapter 2

Generalized Solutions of
System (P).

Let(P) be the problem

divV =0, -V =KVP+ f

m(m)aaf = —divﬁ, —71 = KyaVs — b7 + ?

Uz, S)gi + V- V6 = div (AVO), L(z,S) =l1(x)S + lo(x),

V(P.S,0)-ii=V\(P.S,0)-7i=AV0 -ii=0, (x,t) € op =Ty x [0,T];
-1 = Q(x,t), Vi - =0Q(z,t), (x,t) € Tr, Q given;

S =8%x,t), P = P%x,t), (z,t) €Ty, and

0=0x,t), (x,t) €l UTlyyp;

S =5%z),0=0% =) for t=0 and x €.

2.1 Assumptions on the Data of the Prob-

lem (P).

We assume that the data m(x), ¢(x), Ko(x), K(z,S,0), 7(3:,5, 0),
?(:c, S, 0), and A(S,0) are defined for

(2,59,0) € Q, = Q x[0,1] x R,

and satisfy the conditions:

(i)

* Ky, K, and A are symmetric,

11



2.1. ASSUMPTIONS ON THE DATA OF THE PROBLEM (P).

(iii)

o Mt i (Ko, I (K& O/ €% (A8 O/ ¢ <
M,
uniformly in €2,, where M is a positive constant,
db
*  the function b depends only on S with bg = 7S continuous
on [0, 1],

*  the tensors K(x,S,0), A(S,0) are continuous with respect
to S and #, and

% the function a is defined on (z,S,0) €  x [0,1] x R} and

has the form o
Pe(z)

p2(0)

with ay a continuous function on [0, 1] such that

a(x,S,0) = ay(9S)

ag(0) = ag(1) =0, ae(S) >0, VS €]0,1[.

The function P, is measurable on € and the function us is
continuous on [0, co| with

Mt < (E(Z‘);Mg(&)) <M for z€Q and 6>0.

* ?(x, S, 0) and ?(:1:, S, 0) are measurable in x and continu-
ous in # and S with

M~ag < (I F llzs: [ F les) < Mag on Q.

The boundary data P%(z,t), S°(x,t), and 6°(z,t), are assumed to
be defined not only on the boundary but also on Qp = Q x [0, 7]
and satisfy, with Q(x,t) for (z,t) € 'y, the conditions:

V0% VS lo075 1% VPOl|2.00,07

<H060 95°
2,.Qr
1Pllctars Qo) <

ot ot

M, where q > 2.
Here || - |2, denotes the L*(Qr)morm, | - |20, the
L>(0,T; L*(€))-norm, and [|Qllge0r,, the L*(0,T;LY(Tyr))-

norm.

0<z,t) < My, ae inQp, My e Ry, and 0 < §p < S%(x,t) <
1 — 61, a.e. in Qp with dg and d; two numbers in R.

12



2.2. NOTATIONS.

2.2 Notations.

Let us put

I = 10,7T],

H o= Wo(QI)=H. (Q)={veH(Q)|v=0 on Iy},

U = Wy(QT1Ul) =Hp o, () ={veH(Q)|[v=0 on I'1UD},
H and U are equipped with the gradient norm,

d
For X a Banach space, H'(I; X) = {v c XL X)|v=¢ LQ(];X)}-

dt

Definition 2.2.1. A triplet (P, S, 0), of measurable and bounded functions
in Q7, is called a generalized solution of system P if:

(a) 0< S(z,t) <1land 0 <0(z,t) a.e. in Qp.

(b) P e L>®(;H)+P° u(S)e L*(I;H)+ S° where u is the function
defined by u(s) = [5 ao(§) d&, mS;, € L*(I;H*); 0 € L*(I;U) + 6°
and (0, € L*(I;U*).

(c) VYYeH;, Voe H(I;H), o(x,T)=0,2€Q;Vne H(;U)N
L>®(Qr), n(z,T) =0, z € Q, we have

(1) (V. V)o=—(KVP+ [, Vi)a = (Q,¢)r,, ae. in]0,T];

(c2)  [(mSu, @b mdt = (Vi Vo, + (0Q, P)ry = 0

(c:3) [0 - udt + (V q¥0)a, + (A0, Vn)a, =0

(c.4) Vpe LX(L;H)NWEY(T; LY(Q)), Vne L2(LU)NWEB(I; LY(Q))
with ¢(x,T) =n(z,T) =0, z € Q, we have

/[(mSt, o)V dt + /I(m(S — 5%, o) dt =0,

/I<€9t777> dt + /I(ﬁ(e —6%),m)qdt = 0.

Here (-, -)3+ 3 is the scalar product for the duality H*, H; S; = 0.5 =
S /0t; (-, )ap (-,)a, (+,-)r, denote the scalar product of L?(Q7),
L*(Q), and L?*(T';) respectively.

13



2.3. REGULARIZATION.

Remark 2.2.1. Since 71 = —(KoaVSs — bV + F), and

OV, V)ay = (0Q. Drrr — (bsV - VS, @)y

here bsg = (db)/dS, (c.2) may be written as
(C'2>/ /I<mSt7 90>H*,H dt + (KOGVS + ?7 VSO)QT + (b57 : VS? (p)QT = 0.

Our main result is the following:

Theorem 2.2.1. If conditions (i)-(iv) are fulfilled problem (P)
has at least one generalized solution, i.e., there exists at least
one triplet (P, S, ) satisfying condition (a), (b), and (c) of Def-
inition in which (c.2) has been replaced by (c.2)'.

To prove this theorem we will construct a triplet with the required
properties; this needs several steps:

2.3 Regularization.

We extend the coefficients of identities (c.1), (¢.2)’, and (c.3) by putting

f(l’7 S? 0)7 (m7 S? 9) 6 Q*;
f(z,0,0), S <0, 6=>0;
_} f(z,0,0), S <0, 0<0;
P05 =9 Fa 50, Scl.1], 6<0:
flr,1,0), S>1, 0<0;
flz,1,0), S>1, 0>0.
Also, we put
a-(x,S,0) = a.(x,S,0) +¢e, >0; 75: 7 , Kk>0.
1+ K| E |
Then we have
1
[Valles < [V lles  and — [[Valles < - 2.1)

14



2.4. GENERALIZED SOLUTIONS OF THE REGULARIZED
PROBLEM (P.,)

2.4 Generalized Solutions of the Regular-
ized Problem (P.,)

Definition 2.4.1. A triplet (P, S, ), of measurable and bounded functions
in Qr, is called a generalized solution of system (P.,) if:

(a) P, S, and 0 are in V5(Qr) and VP € L>>®(Qr).
(B) P, S, and 4 satisfy conditions (b) of Definition [2.2.1]
(v) Forall ¢, ¢, and 1 chosen as in (c) we have

(v.1) (V, V) = (Q,¢)r,, ae in ]0,T];

(v.2)
/I (S, @) 3 A+ (Koa.V S+ Foy Vio)ar +((bs).Ve- VS, 0)ay = 0;

(v3) [ Omuaedt + (Vin0)a, + (A0, Vi), =0,

(v4) Vye LlX(LH)NWER(T LY(Q)), Vne L*(LU)NnWh(T; LY Q)
with o(x,T) = n(z,T) =0, z € Q, we have

/I(mSt, o)y dt + /I(m(S — 8%, o) dt =0,

/<£9t,n> dt + /(6(6 — 6%, m)q dt = 0.
I I
Here

Ou Ou Ou
b 81’1’ 8:&2’ 81'3

i (1) o + | Vulag, < +oc)-

Vy(Qp) = {u‘ € L2(Q);

We are going to investigate first the regularized problem, then, pass-
ing to the limit with respect to h and e, the proof of the existence of one
generalized solution of the degenerate problem (P) is achieved.

Theorem 2.4.1. If conditions (i)-(iv) of Theorem are ful-
filled problem (P.,) has at least one generalized solution, in the
sense of Definition [2.4.7]

Below C (with or without a subscript) indicates a generic constant
independent of the number « (defined in Section below), which will
probably takes on different values in different occurrences.

15



2.5. TIME DISCRETIZATION OF SYSTEM (P..).

2.5 Time discretization of system (P-,).

In order to prove the existence of a generalized solution of system (P.,)
we proceed as follows: We approximate the time derivative by time dis-
cretization, that is, we replace for instance 06/0t by the backward dif-
ference quotient 0f*¢. More precisely, for each positive integer n, divide
the time interval I =]0,7] into N = 2" subintervals of equal length
a=T/N =2"T. Set t; = joa and I[; = (tj_1,t;] for an integer j,
1 <7 < N. Denote the time difference operator by
oper) D) —€(0)

«

for any function £(¢) and constant o € R*. Also, for any linear space H,

define
LYNH)={ve L>*(I;H) | v is constant in time on each subinterval I; C I}.

For notational convenience, for v* € L*(H), set v/* = v*|;, = v*(t;).
We set also v7'® for v®(t;_;). If w = w(z,t) is a function, the average in
time over ; is

Wo(x,t) = 1/1 w(z,T)dr, telj. (2.2)

& JI;
The value of w,/(-) on the interval I; is denoted wq;(+).
Definition 2.5.1. A discrete time solution is a triplet of functions
P*e LOH)+ P, S*e L*(H)+S2, and 6% € LYU)+ 6

satisfying the following integral identities

(KIVP 4+ 7% V9o =—(Qu ), tel,  (23)

j=1,...,N, Vi € H;
/1 (md; 5%, p)q dt /I (Koa® VS* + F.%, Vip)q dt (2.4)

/Iaf;ﬁia -VS% )adt =0, VYo e LYH);

/1 (628726°, n)q di

+
+
+ /1 (Vo nV0™) dt (2.5)
_|._

Jaeve Tiadt =0, v e L),

16



2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

where 0%(-,t — a) = 0°(+), S*(-,t — a) = S°(-) when 0 < t < . Here

¢ = 2,57, Vo= V(P 5%,0%), AT = A.(5%,6%),
K* = K(x,5%60%), af=a.(x,S" ea)’ ?a ? (x, 57,6%),
N ?xsaea and
K = KIo() = (.7504(., (j— 1)), 0%, (j — 1)04))-

Remark 2.5.1. Let us write, for example, the integral identity
in another (equivalent) way. If we take the test function in the form
Xz, (t)p(x) with X1, the characteristic function of the interval I; =

|7'a, ja] =|t;—1,t;] and ¢ a function in the space H, we obtain
« t) — S« t —
/1 <mS (z,t) j (z a),<,0> dt + /1 (Ko a® VS® + FLo, Vp)g dt
J Q J

+ /I (BAV.2 - V5%, p)a dt =

Since S*(-,t) is constant with respect to t on the interval I;, equals
S%(-,t;), and the same is true for PC“ 0%, we get the integral identity
(where S7* denotes S®(-,t;) = S*(-, j ) we do the same with P and 6,
and denote for instance K’ = K (z, Sfa, 67*) ):

(M, 0)e + a(Kyal® VS + FI* Vi) (2.6)
+ abEVI VS 0)g = (mST, p)a, Ve € H.

Now, choosing in the test function xr,(t)n(x) with n a function in
the space U, we obtain

(907 p)oy + a(VI% qV0)g + a(ANOVH, Vi) (2.7)
= (0207 ), VneU.

2.6 Maximum principles about discrete
time solutions.
We will prove maximum principles for j = 1, i.e. for (S 0. It is

obvious that the same techniques show that similar results are true for

(i, g3y, j =2, N.

17



2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

Theorem 2.6.1. Suppose conditions (i-iv) are fulfilled. If
(Plo Sl@ gl?) is a time discrete solution of (P.,) at the time level
t1 = a, then

0<S"x) <1 a.e. in Q, (2.8)
0 <6 =min(z,t) < 0z) < 0’ = max 0°(z,t) a.e. in (9)
QT QT
Proof —  To prove the right-hand side of inequality in (2.8]), we con-

sider the Lipschitzian function G(t) = (t —1)* and take in (2.6]), written
for j = 1, the test function ¢ = G(S'*) which is in H. We get

(mSla,G(SM))Q + a(Koalavsla ?la VG(Sla))Q
+ AT VS G(S))q = (mS°, G(S™)a.

Putting Qg = {z € Q| §'*(z) > 1}, we get
(mS',G(" e = [ m(x)s™ (s~ 1)da
ol

- / m(S* — 1)2dz + [ m(S™ —1)dz
Qla

Qg}r
and
a(Kopal® VS, VG(S))g = a / . Koal®vsle. vsie gy

ae la)2
> i - VS| dx.

Since ?*1‘1 = ﬁ*(x, Ste gloy =0 for S'@ > 1, we have

(Fl1e, VG(51))q = /Q Fll . vG(5') da = 0.

S+
Also, we have
M
‘(bla 1a_vsla’G(Slo¢)>Q‘ S L ‘VslaHsla_ 1‘d.ﬁ[
K Q}QO‘
(mSY, G(S')q = mSY(S* — 1) dx
Q};}r

18



2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

The above computations and estimates lead to

/ m(S — 12 dr + m(l— S9) (S — 1)dz  (2.10)
Q}S‘a Qla
?\[; ]V51a|2d:c
M
< ‘L IVSe|(St — 1) do
KoJQg

Let us now use the elementary inequality
ro, 1
ab < —a*+ —b°, Va,b>0, r>0.
2 2r
We have

1
/ VS| (ST — 1) dw < f/ |V51a]2d:17+—/ (St —1)*dx
5 2 5 2r Qg

Choosing r = ex/M? and plugging into inequality ([2.10]), we get

[ |m- O[MT (8" —1)de + m(1 = S°) (5™ = 1)de (2.11)
Ole 2eK?2 Qg
M +
ag la|2
_ <
+ 537 |VS |“dx <0.
Since (according to (i))
{ _aM3]>[1_aM3] wo i O
m= g U 9 e in Q,

for a > 0 sufficiently small (i.e. for 0 < a < 2ex?/M*, here € and & are
fixed), all the terms on the left of inequality are nonnegative, this
implies that S'* < 1 a.e. in Q. The same argument shows that S¢ is less
than 1 on each time level ¢;, j =1, ..., N. Therefore, S%(z,t) < 1 a.e. in
QT-

Now, to prove the left-hand side of inequality in (2.8)), we consider

the function G(t) = t_ = 1(|t| — t) and choose in (2.6 as test function
© = G(S') = S1*. We get

(M8, 81+ a(Kyal® VS + 1o vigle)g (2.12)
+Oé(bla la | VSla’ Sla)g — (mSO,Sla)Q.
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2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

Putting QL = {z € Q] S'*(z) < 0}, we have

(msla78£o¢>g - - m(sla)2 d[L’,
S_

(mS°, 81 = — e mS° S dx > 0,
S_

and

a(Koal® VS, VS = a /Q  Koal*vs' . VS dr
S_

= —a/ Kyal*vS' . VSt dx.
Q

la
S_
Since F*la =0 for S'® < 0, we have

(Fllo, vsia), = — /Q Flo . vsie gz — 0,
S_

Also, we have

Oé(b}sva Hla . VSla, Sia)Q — —Oé/ bAIS'a Hla . vsla Sla dZL',

la
QS,

with

/Q b}ga N041 . Vsla Sla dl’

la
S_

M
<= [ VS8l de
K le‘i

Putting together the previous equalities, we can rewrite the rela-

tion (2.12)) as

—/ m(S*)?dr — oz/ Koal*vst . vs'®dr
Q la Q51704

57
a/
Q

pleVlaygle gla gy — [ mssidz 0.

sla Qslcx

Thus,
/ m(S1*)2de + a / Koale vsie . vsle dz
Qsl_a Qsl_a

+ a/ bISQV}f‘VSM St dz < 0.
Q

sla
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2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

Using the coerciveness of Ky, the definition of a. the above estimate on
the last term, we get the inequality

Sla2d &6 vslan
/Qmm( >x+MQS£a’ | dx

S_

M
< 2 [ 1vse)|sie| da
K sla
M 1
< « <r|vsla|2+ |Sla|2) dr
K QSia 2 27’

Choosing r = ex/M? and continuing as above by choosing « sufficiently
small we get

SN2 qr < 0.
/%g )2 d <

Then, 0 < S' a.e. in . This finishes the proof of estimates ([2.8)).

To prove the right-hand side of ([2.9)), we take in ([2.7)) as test function
n = G(6') with G(t) = (t — 8")* and ° = max 6°(x,t). We get
Qr
(9> G(0))q + a(AlVO* VG(0))q (2.13)
— &(ana7 G(GIO‘)VHIO‘)Q + (€1a007 G(‘gla))Q.

Putting Q3% = {z € Q| 0™ > 50}, we can write

(glaeloz7 G(ela))g _ / fla(aj)ela(ela o §O> dr
o
- / @)@ — 82 de+ [ 0@)8° (' — 8°) da.
Q

la la
0+ QG+

Since
la la la > g lo|2
a(N*VO VGO0 ) > 3 o, VO “|* dx
and
(Ve Gewe ey, < [ (9 —8")|ve|de
K Qg+
« r 1 —0
< = o lo|2 — (pla 2}
< 2 ne+{2’w (@ =T dr (0> 0)
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2.6. MAXIMUM PRINCIPLES ABOUT DISCRETE TIME
SOLUTIONS.

with
(06°, G(6'))g — / (@) (0 — %) do
Qla

0+

_ / 0o (z)(6° — 8°) (0 — 8°) dx < 0,
Qla

0+

the relation ([2.13]) leads to
a a ar

la la 02 la|2
— — _— \V4 < 0.
/ (g (x) 2/{7‘)(8 0°)*dx + ( 2/{) /9+ VO *|“dx <0

choosing r = k/M and noting that (see the hypothesis (i) and estimate

(2.8)):

la
0+

aM
2k2

M 1 M
= Llo(z)S™ + 4y (z) ar s -2

Ela _ _
() 2k2 — M 2K2

we get, for a sufficiently small, / (61 —@0)2 dxr < 0 which implies that
Q%

0'(x) < 0’ ace. in Q.
To prove the left-hand side of ([2.9)), we take in (2.7 as test function
n = G(6') with G(t) = (6° — )" and §° = min 6°(z,t). Putting Q}* =

Qp

{x € Q|0 (x) < °}, we get, after multiplying and transposing:

/ @) (@0 — 092 de + a [ AlVee. Ve ds
e

e
— —O{/ ?ﬁla X Vela (QO o 9104) dx
2
- glaQO(QO - 01&) dr
2

- glan(QO - ela) dax

0
S —Oé/ Wila.vela (Qo_eloz)dx
e

« r 1
< = 7v91a2 790—61(1261
< 5 VP g @ 0o
continuing as above we arrive to the result that
/[(Qo ) dr < 0
Q

which implies 9° < 0' ae. in Q. This finishes the proof of esti-

mates (2.9).
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Chapter 3

Galerkin method for Heat
and Mass Transfer in porous
media.

3.1 Galerkin’s approximations of discrete
time solutions.

The time discretization leads thus to elliptic problems, which can be
solved by a Galerkin’s procedure, see for instance [I, 2, B]. Let us de-
termine solution at the time level ¢{; = a. For this we choose linearly
independent functions {e;}2, C H and {f;}3°, C U, such that the sub-
space spanned by these functions is dense in H and U respectively. We
are looking for functions

Pe() € H+Ph(),

d d
Si*(@) = D oier) + S0 (2), and 0, (x) = Y7 fi(w) + O (x),
i=1 =1
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3.2. PROOF OF EXISTENCE OF GALERKIN’S
APPROXIMATIONS.

with o} and 7} unknown real coefficients such that the following identities
hold true

(KVevple 4+ Fre gyp), = —(Qal, Yy, Y € Hi(3.1)
/QmS}aa—SO pdr + /(Koa “ 4 Eéa )-Vepdz (3.2)
oy bgzv:zﬁ V8§ pdr =0,
§ Vo € Hq = span ey, ..., eq);
/ Pl =0 / Volo . wglap dy (3.3)
0 o 0
+ /QA,{;‘“VH}ﬁ -Vndr =0,
Vn € Uy = span [fi, ..., fd],
where (0 = ((z,S°) = ly(2)S°(x) + ¢1(z) and

/

KV = K(2,8°,6°), FVe= F(z,5°0%, a=a. (xS, 00,
1= b S1) ﬁyzﬁ SITL 03, Vik = Vi, Sk, 000),
and Al = A.(x, S}, 0)%).

Remark 3.1.1. In fact, we determine only the Galerkin’s approximations

at every time levelt;, j =1,..., N and take (P§, S$,05) constant on each
time interval I; =|t;_1,t;] for j =1 N.

VAR

3.2 Proof of existence of Galerkin’s ap-
proximations.

Here, for simplicity, it is assumed that g is an integer. Giving the couple
(831,931) we can determine the triplet (P, S$,609)(t) inductively for
t €](j — Da,jal, j = 1,..., N as a solution of an elliptic system. Before
carrying out the proof, we give the following.

Remark 3.2.1. The finite dimensional space Hq (orUy) is equipped with
the three (equivalent) norms defined, for v =%, cie; € Hy, by

d_ 132 3 3
ol = | 20| Wollan = | [P as] s o= | [ 1vopas)
=1
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3.2. PROOF OF EXISTENCE OF GALERKIN’S
APPROXIMATIONS.

Let us explain the first step of the existence of Galerkin’s approxima-
tions. Let therefore take j = 1 and suppose that (5°,6°) is known -the
initial conditions. By injecting S° and #° in the equation of pressure, we
have to find P'® such that

P'* € M+ P
/Q [K(az, SO(x),60°(z))VP™(z) + 7(3:, SO(x), 90(;5))} -V(x) dx

- —/F Qui(o)do, Vi € H.

This problem is coercive (by assumption (i)) and using the trace theorem
we can use the Lax-Milgram Lemma to see that it possesses an unique
solution P defined on €.

Now, to determine S}* and 6%, we use a corollary of the Brouwer’s
Fixed Point Theorem. We need some notations. If 8 = (f, ..., f4) and

d
¥ = (1,---,7a) are two vectors in R, the vector Y fie;(x) of Hy and

=1
d
the vector Y 7, fi(x) of Uy are denoted vg and w, respectively.
i=1

Let us now consider the mapping
R? x R? 3 (8,7) — I(8,7) = (b,c) € R x RY

where the 2d parameters are the unknown coefficients given by

Q0
b, = /mvﬁ S e; dx
Q

(0%

+ /Q[Ko(:c)ae(x, vg, wy)Vug + ?*(x,vg, w,)] - Ve; dz

—i—/ bs(vﬁ)Z(Plo‘,vﬁ,wv) Vouge;de, i=1,...,d;
Q

0
wy — 0

6 = /é(m,SO)ifi dr
Q a
—l—/ﬂ7,,$(P10“,vﬂ,uu,)-Vw,y fidz
+/ A(vg,wy)Vwy - Viide, i=1,...,d.
Q

The operator II is continuous. 1In fact, if {(8,,7,)};2, is a sequence
of R x R converging in this space to (8,~), the functional sequence

{(vg,, wy, ) }32 is converging a.e. in Q and in (H,U) to (v, w,). Now,
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3.2. PROOF OF EXISTENCE OF GALERKIN’S
APPROXIMATIONS.

using the assumptions on the functional coefficients of our system (P)
and the dominated convergence theorem, we see that

lim TI(8,,~,) = IL(B,~).

q—00

Let us denote (- | -) the “natural” scalar product of R?*? and compute

d d
(IL(B,v) | (B,7)) = szﬂz’ + Zcz‘%’ =X + Yo,
i=j i=1

where
Q0
/mvﬂ S vgdx
Q «
+/Q[K0([E)CLE($,U5,’LU7)VUB + ﬁ(@w,u&,)] -Vugdz
—I—/ng(vg)ﬁ(Plo‘,vg,wﬁ . VUB Vg dl’,
and

0
Yo = /E(a: So)w&ewvdaa

+/7 , Vg, Wey) Vw7w7d$~l—/A (vg, wy)Vw,y - Vw, dx.

Using the assumptions (i)—(iii), we obtain the estimates:

- S0 1 1
m 28 vgdr = — | mvide — = [ mSgdx
B B B
Q a JQ « JQ
1
> -llvsllzalllvslzo = M2 20);
| Kol vg, w02) Vo5 - Vogda = sl

1
2
[ F vy - Voalde < ([ ) sl

< Cillvglln, Cr = const,;

and

[ 1bs(a)Va - Vugvglda < =2 [ 90| v do
Q
Cs

IN

|| vgl|3, (Poincaré’s inequality).
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3.2. PROOF OF EXISTENCE OF GALERKIN’S
APPROXIMATIONS.

Similarly, using assumptions (i)—(iii), we obtain the estimate

0
/E(m,SO)w7 b
0 a

1 1
wydr = a/gf(x, So)w?rdx——/gf(x, 596w, dz

«

1
> o llwyllzafllesllae — M2[6°)]20];
also
V(P2 !
[ VaPs vg ) - Veoyuwy o) < [ V| | do
Q K JQ
1
< IV, llaallws s
C
< syl
and

1 1
| Al w) Vo, - Voo, da > — [ Vs |2 da = <l

The previous estimates lead to

1 £ Cg
81 2 o llvsllee|[vsllaa— M8 lla0) + o Ivsll3 = Calloslin——" lusll5
and
1 2140 1 2 Cy 2
S > o llwyllzalllws o — M0 lae] + 5 llws = = llus

Using the equivalence of norms in a finite-dimensional space, the pre-
vious estimate prove the existence of positive constants such that

(IL(B,7) [ (B,7)) = = (B, 7)Iz2 = Coll (B, )l[roa — Crll(B, ) l[g2a-

=)
«
In each step, we get an estimate like the previous. For (8,v) € R??, for
a > 0 sufficiently small, the right side is positive.

If « is small enough independent of d, the second term is non-negative,
hence II has a zero, that is (S3,609)(t) for t €|(j — 1), jal, exists. This
proves that the triplet (Pg, S$,09)(t) can be determined inductively for
t€)(j - Da, ajl.
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3.3. PROOF OF THEOREM

3.3 Proof of Theorem 2.4.1l.

From Corollaries 2.1 and 2.2, the pressure equation in the weak sense
of Definition 2.1 can be easily seen to hold since 32 ; L%(H) is dense in
L>(I;H) (let us recall that o = T/N = T/2"). Also, it follows from

that
lim [(md;*S*, Q)adt + / (Koa. VS + F, V) dt (3.4)
I I

al0
+ /I(bsﬁ VS, p)adt =0, Vo€ | LH)
n=1

For any ¢ € L*(I;H), po € L*(H), where p,(z,t) = ifljv(x,r) dr,
t € I;. Because S®(-,t) is constant over each interval I; =|t;_1,t;] (equals
S(-,t;)), we observe that

/(m@[o‘Sa, Y)odt = /(m@;“Sa,wa)Q dt.
I I

Then, the identity (2.4)), can be written as

/I(mat—asoa7 Spa)ﬂ dt = — /I(KO Qg VS + ?7 v@a)ﬂ dt

_/I(bsvfi : VS, SOOc)Q dt.

This implies that
‘/l(m@_aé"“, v)a dt‘ < Cllelleamy, Yo e LX(H). (3.5)

The sequence {md; “*S*} is thus bounded in L?*(I;H’). Consequently,
for a subsequence, {md; *S*} converges weakly in L?(I;H'). For ¢ €
D(I;H) and a > 0 small enough, using formula (??), we see that

/I(m(~)8{a5a(~,t),gp(-,t))th - —/OTa(mS“,af‘go)dt

a_u)> _/I(ms’ atSO)Q dt = /I<mst7(10> dt’

as a distribution. Therefore, md;S® — md,S weakly in L?(I; H'). Com-
bining these results, the saturation equation holds in the weak sense of
Definition since U2, LY(H) is dense in L*(I;H).

Finally, if v € L2(I; 1) N WH(I; LY(Q)) with ¢(z,T) = 0, we find
that

—a Qo T-a o 0 fe% 1 T o 0
/I(mat 5% Q)adt + /0 (m[S —S},atgo)gdt:—/ (m[S® — 5%, @)a dt,

o JT—a
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3.3. PROOF OF THEOREM

which yields the last equation in Definition [2.4.1] and thus the proof of
Theorem [2.4.1] is complete.
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