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Résumé

L’objectif de cette memoire est I’étude des solutions positives de ’équation
différentielle fractionnaire. Le théme de cette recherche concerne donc I’analyse
des solutions positives de cette équation. Dans le deuxiéme chapitre, 1’étude
est consacrée au probléme fractionnaire avec des conditions aux limites. Le

dernier probléme fractionnaire aborde la dérivée de Hadamard."

mots clés : Equations différentielles fractionnaires , Les Solutions Positives
des Equations Différentielles Fractionnaires de Hadamard, Solutions positives

d’équations différentielles fractionnaires non linéaires"
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Abstract

The objective of this master’s memory is to study positive solutions for
fractional differential equations. In the second chapter, the considered problem
is subject to integral boundary value conditions (IBVC), and the third one aims
to study fractional differential equations (FDEs) with Hadamard derivatives

We provide some examples for each problem.

Keywords: Fractional calculs , Positive solutions of nonlinear fractional dif-

ferential equations,Positive Solutions of Hadamard F D E



Notation

[a,b] : semi-open interval of R with end a and b.

AC([a,b]) : the space of absolutely continuous functions on [a, b].

C™([a,b]) = {f : [a,b] = R; f n-times differentiable and continuous}.

AC™([a,b]) : the space of differentiable and absolutely continuous functions f on [a, b].
['(+) : Euler Gamma function.

E,, : the one-parameter Mittag-Leffler function.

I8 f - the fractional integral in the sense of Riemann-Liouville of the function f.

¢D® : the fractional derivative in the sense of Caputo of ordera.

P(X) : the set of subsets such that X is a Banach space (X, || - |)-
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Introduction

The concept of fractional calculus is a generalization of ordinary differentiation and integration
to arbitrary non-integer orders. Fractional calculus appeared in the year 1695 [28, 29, 30|, in
an exchange of correspondence between L’Hopital and Leibniz, even during the construction of
classical differential and integral calculus. In these correspondences, Leibniz urged the possible
generalization of the whole-order derivative to an arbitrary order, while L’Hopital questioned
him about the special case where the order of the derivative was % In the reply letter dated
September 30, 1695, Leibniz presented a correct reflection, affirming that very important con-
sequences would come from these developments [28, 29, 30|. This date is regarded as the
exact birthday of fractional calculus. Encouraged by this new perspective of fractional calculus
application, several authors have developed definitions for fractional derivatives and integrals
in subsequent decades, but some of these definitions have contradicted each other. One of
these definitions, which emerged in the nineteenth century, is the proposal by Liouville, which
was later reformulated by Riemann . More information about the definitions of the Riemann-
Liouville derivative and integral can be found in |13, 20, 21|. In this sense, Caputo introduced

the so-called Caputo fractional derivative, fundamental in the study of memory effects and also

in the modeling of real problems by means of differential equations.

Among other applications that over time were justifying the relevance of the fractional
derivative, the emergence of many definitions of fractional derivatives, among which we mention:
Hadamard, Weyl, Caputo-Hadamard, Katugampola, Caputo-Katugampola, Caputo-Fabrizio,
Hilfer, Hilfer-Hadamard, Hilfer-Katugampola, Jumarie, Erdelyi-Kober, Riesz, Caputo-Riesz,
Cassar, Grunwald-Letnikov, each with its respective importance and application [31, 5, 8, 10,

12, 13, 19, 20, 21].

We have three chapters :In the first chapter we give some basic notion for F.C and we gave

the fixed points theorem .In the second chapter we establish the existence of positive solution

v



with integral B.V.C to the problem :

Du(t) + f(t,u(t)) =0, 0<t<1,

u(0) =u/(0) = 0,u(l) = /\fo1 u(s)ds

(1)

where 2 < a < 3, 0 < A < 2, D* is the Caputo fractional derivative, and f : [0,1] X
[0,00) — [0, 00) is a continuous function. To the best of our knowledge, no paper has considered
the existence of positive solutions for nonlinear fractional differential equations with integral
boundary conditions. Our purpose here is to give some existence result for positive solutions to
this equation. Our proof is based upon known Guo—Krasnoselskii’s fixed point theorem given
in [32].

In the third chapter we study the following problem with Hadamard derivative :

(

Du(t) = f(t,u(t),u'(t)), tell,T], T<e,
u”(1) = 0,u® (1) =0,
u(l) + au/( fl g1(s

L u(T) ) —bu' (T fl ga(s

where 3 < a < 4, g1,90 € C([1,T1],[0,4+0)), a,b > 0, and D* denotes the Hadamard derivative

of fractional order ar. The following assumptions are needed for the sequel:
(Hl) b>a>1>1logT,
(H2) f e CO([1,T] x [0,00) x (—00, +00), [0, +0)),

(H3) g1,92 € C([1,7],]0,00)), 0< 01+ 02 <1, p= (1 —01)(1 — 04) — 0905 > 0, where

gl(s)dsa

_/T%+logs—logT
o1 — b
1 a—f—:?—logT

T
a—logs
02:/ b—ggl(s)ds,
1 T

a+ 7 —logT
T b
+logs —logT
03:/ T g2(s)ds,
1 a+=—logT



Chapter 1

Basic Notions on Fractional calculs

In this chapter, we introduce the necessary concepts for the good understanding of this thesis.
We present some fundamental notions, definitions, and lemmas related to fractional calculus,
measures of noncompactness, multivalued analysis, Ulam stability and some fixed point theo-

rems which play an important role in the achievement of the desired results in this thesis.

1.1 Functional spaces

Let J = [a, b], the compact interval of R. We present the following functional spaces:

Definition 1.1.
Denote by C(J,R) the Banach space of all continuous functions f : J — R endowed with

the norm

[fllee = sup{[f ()] : t € J},

and C™(J,R) denotes the class of all real-valued functions defined on J which have a continuous

n th order derivative.

Definition 1.2.
Denote by L'(J,R) the Banach space of measurable functions f : J — R that are Lebesque

integrable with norm

1l = / ()] dt,

and by LP(J,R) we denote the space of Lebesgue integrable functions on J where | f|P belongs to
LY(J,R) endowed with the norm

1 £llze = (/J!f(t)]”dt)

1



Definition 1.3.

A function f:J — R is said to be absolutely continuous on J if for all € > 0 there exists a

number O, such that for all finite partition [a;, b;] in J, then
p
Z(bl - ai) < 56 )

=1

implies that

Z 1£(b) — fla)] < e.

Definition 1.4.

Let AC(J,R) be the space of absolutely continuous functions on J. Forn € N, we denote
by AC"(J,R) the space of functions f : J — R which have continuous derivatives up to order
n—1 on J such that f™ belongs to AC(J,R) defined by

ACYIR)={f:J—=E : f.f " ....f" Y eCR) and f*V e AC(J,R)}.

For more details about AC(J,R) and AC"(J,R).

1.2 Special functions

In what follows, we recall three types of functions that are important in fractional calculus:
the Gamma, Beta, and Mittag-Leffler functions. More details about these functions can be

found in [13, 20].

1.2.1 Gamma function

Definition 1.5. (Gamma function [20])

The Gamma function, denoted by I'(z), is a generalization of the factorial function n!, i.e.,

I'(n) = (n—1)! for n € N. For complex arguments with positive real part it is defined as
['(2) :/ t*“texp(—t)dt, R(z) > 0.
0

By analytic continuation, the function is extended to the whole complex plane except for the

points 0, —1,—2,—3, ..., where it has simple poles.

2



Thus, I' : C\ {0, —1,-2,...} — C. Some of the most properties are
) =r2) =1, I'(z+1)=_=zI(2),

T(n) = (n—1), neN, r(%) o (1.1)

The Gamma function is studied by many mathematicians. There is a long list of well-known

properties but in this survey, formulas (1.1)are sufficient.

1.2.2 Beta function

Definition 1.6. (Beta function [20])
The Beta function is defined by the integral

B(z,w) = /Oltz_l(l — )7 ldt, R(z) >0, R(w) >0

The functions I'(-) and B(-,-) are related by the formula

To demonstrate this relationship, we use the Laplace transform, see [13].

1.2.3 Mittag-LefHler function

Definition 1.7. (Mittag-Leffler function [20])

The Mittag-Leffler function in one parameter is defined by

>0 cC
;Fka+l @ » % ’

where it was introduced by Mittag-Leffier [?]. The two-parameter function of the Mittag-Leffler

type is defined by the series expansion

ZFka—l—B a, >0, zeC,

k=0

which 1s of great importance for fractional calculus. In particular,

E11(z) = exp®, Fai(z) = cosh(v/2), FEu1(z) = E.(2).

3



1.3 Elements from fractional calculus theory

The fractional calculus is a field of mathematical analysis that embraces the integrals and
derivatives of functions of any real or complex order. For the past few decades, this field has been
one of the hand-over-fist sprawling fields of mathematics by the virtue of the amazing findings
obtained when researchers enrolled the fractional operators in their attempts to construe some
problems that arise in nature. See [13, 20, 21]. At the beginning of the fractional calculus in
1695|28| , it consisted of one main integral operator, namely the Riemann-Liouville fractional
integral and two fractional derivatives, namely the Riemann-Liouville and Caputo derivatives.
Because of the penurious number of operators, researchers were compelled to discover and
develop new fractional operators that allow them to better comprehend the world around
them. For this purpose, new derivatives and fractional integrals have been arising. The kernel
of these integrals and fractional derivatives differs, resulting in a large number of definitions, see
[8, 10, 12, 13, 20, 21]. Due to the large number of integral and fractional derivative definitions,
it was necessary to create a fractional derivative of a function f with respect to another function,
which is called i-Riemann-Liouville, using the fractional derivative in the Riemann-Liouville

sense, which is given by [13]:

n
D0 = () 150

where a € (n —1,n), n = [a] + 1 for &« ¢ N and n = « for a € N. However, such a definition
only encompasses the possible fractional derivatives that contain the differentiation operator
acting on the integral operator.  On the other hand, in subsection 1.3.2, we will mention a
corresponding fractional integral which generalizes the Riemann-Liouville fractional integrals
and some special cases of this operator. In the same way, recently, Almeida [31] using the
idea of the fractional derivative in the Caputo sense, proposes a new fractional derivative called
-Caputo derivative with respect to another function v, which generalizes a class of fractional

derivatives, whose definition is given by
"D F() = L),

where o« € (n — 1,n), n = |a| + 1 for « ¢ N and n = « for @« € N. Despite that the -
Riemann-Liouville and 1-Caputo definitions of fractional derivatives are very broad, there is

the possibility of proposing a fractional differentiable operator that combines these operators

4



and overcomes the wide range of definitions. Motivated by the Hilfer [27] fractional derivative
definition, which includes the classical Riemann-Liouville and Caputo fractional derivatives
as special cases. Depending on 1-Riemann-Liouville and 1-Caputo fractional derivatives in
Hilfer’s sense of definition, Sousa and Oliviera [23] introduced a new fractional derivative of a
function with respect to another ¢/ function so-called -Hilfer derivative. Which unify a wide
class of fractional derivatives. the definition of ¢-Hilfer fractional derivative, its relation with
the ¢)-Riemann-Liouville fractional integral and some special cases of this derivative are will be
presented in subsection 1.3.4. The advantage of the fractional operator -Hilfer proposed here
is the freedom of choice of the classical differentiation operator and the choice of the function
1, i.e., from the choice of the function 1, the operator of classical differentiation can act on the
fractional integration operator or else the fractional integration operator can act on the classical
differentiation operator. As a result, the properties of the two fractional operators mentioned
above can be unified and obtained. There are several definitions in fractional calculus that are
widely used and important in showing different fractional calculus outcomes. In this section, We
will present some definitions of classical fractional integrals and fractional derivatives and their
properties. Next, we introduce a new class of fractional integrals and fractional derivatives,
because there are so many different fractional operator definitions, the following definition is a
special approach when the kernel is unknown, involving a function v, making this new operator

a generalization of the fractional operators that we use throughout this thesis.

1.3.1 Fractional integrals and fractional derivatives

Let J = [a,b], (—o00 < a < b < o0), be a finite interval on R. In this subsection, we present

some definitions of classical fractional integrals, fractional derivatives, and their properties.

Definition 1.8. (Cauchy formula [33])

The Cauchy formula of the nth integral of a locally integrable function f on R™ is given by

I = g [ =9 ) s

Definition 1.9. (Riemann-Liouville fractional integral [13])

For o > 0, the left-side (right-side resp.) Riemann-Liouville fractional integral of the func-
tion f € L*(J,R) of order a is defined by

RLpe (1) = /t(t — O fs)ds, ted,



I p— /tb(s e f(s)ds, te

resp., wheret € J.
Riemann-Liouwille fractional derivatives are defined depending on their fractional integrals

and integer order derivatives as follows.

Definition 1.10. (Riemann-Liouville fractional derivative [13])
For a > 0, the left-side (right-side resp.) Riemann-Liouville fractional order derivative of

order a of f € L'(J,R), is given by

g )= () () = ot (1) [ b

i i) = () (o) = ot () [0 as

resp., where n = [o] + 1 and o] denotes the integer part of real number .

Definition 1.11. (Caputo fractional derivative [13])
For a > 0, the left-side (right-side resp.) of Caputo fractional order derivative of order o
of f € AC"(J,R), is defined by

D) = I (10) = s [ ) s e

I'n—«

1 b
Dy f(t) ="E e (M) = ) /t (s — )" LM (s) ds, t € J,

I'(n—«

resp., where n = [a] + 1 and [«] denotes the integer part of real number «.

Lemma 1.1. (Relation between Riemann-Liouville and Caputo derivatives [13])

Let o € (n — 1,n|. If the function f € C™(J), then

~  [%(a)

“Dg, f(t) = "Dg f(t) - Th—at1)

(t —a).
k=0

Lemma 1.2. ( [13])
For o, 3> 0 and f € L'(J), we have

1) The integral operator "I, is linear,
2) MEI BRI f() = PRI PRI f() = PRI

3) MDg FEIg f(t) = f(b),



4) "D I f (1) = PRI ().

Lemma 1.3. () [13])

Fora >0 and B > 0, we have
(I (t—a)” ") (z) =

(D2 (= ) (1) = — D) (@ _qpomt o >0,

Lemma 1.4. ( [13])

Letn—1 <a<n,n €N, and f € C(J). Then, the Riemann-Liouville fractional differential
equation

RLD:—I— (t) = Oa

has a general solution
f)=cit—a)* T +et—a)*?+et—a)+.. . +tet—a)*",ceERi=1,2,...,n,
From the above lemma, it follows that
RL[§+ RLDSL“JF ) =f(t) —ci(t —a)* ' —ca(t —a)* * —c3(t —a)*® — ... —cp(t —a)*™,

for somec;, e R, i =0,1,2,... n.

Lemma 1.5. ([13])
Letn—1<a<n,neN. If f € AC™(J), then the Caputo fractional differential equation

“Day f(t) =0,
has a general solution
ft)=co+ci(t—a) +eo(t —a) + ...+ cor(t —a)"
From the above lemma, it follows that
BLpe CDg f(t)=f(t) —co—ci(t—a) —calt —a)® — ... —cor(t —a)"

for somec; e R, 1 =0,1,2,...,n—1.



Definition 1.12. (Hadamard fractional integral [13])
Let a > 0. The Hadamard fractional integral of order a > 0 for a function f € L'(J,R) is

defined as )
1 ¢ AN ds
Hyo f(4) = —— log — =, tel
‘ja-‘r ( ) F(Oé) /0; <Og 8) f(S) S ) € J

Set § = (t%), a,a > 0, n = [a] + 1, where [a] denotes the integer part of c. Define the
space

ACT (I R)={f:J = R: 6" f(t) € AC (J,R)}.

Definition 1.13. (Hadamard fractional derivative [13])
Let a > 0. The Hadamard fractional derivative of order o > 0 for a function f € ACY (J,R)

18 defined as

"L (0 =6 (0N 0= o (1) [ t (102 t) fo®.

Definition 1.14. (Caputo-Hadamard fractional derivative [10, 13])
Let a > 0. The Caputo-Hadamard fractional derivative of order a > 0 for a function
f e ACY (J,R) is defined as

1 t ¢ n—a—1 d
GOL [ (t) = (308" f) (8) = m/a (10g g) 8" f (s) ?S

Lemma 1.6. ([10, 13])
Let a, f > 0 and n = [a] + 1. Then, we have

1) The integral operator %™ is linear,

2) 132, (log 1)~} (w) = (it (log £)7 o1,

9) G2, (log )" (a) = hiel.

(10g f)ﬁ—a—l) ﬁ >n,
4) ¢ (logt)* =0, k=0,1,...,n—1.
H~a+

Lemma 1.7. ([13])

Letn —1 < a <n,neN, the general solution of the fractional differential equation
H©3+ (t) =0

s given by



where ¢, € R, k=1,2,...,n are arbitrary constants.

From the above lemma, it follows that
n ¢ a—k
T e A0 = 50 - Do (L)
for some ¢, € R, k=1,2,...,n are arbitrary constants.

Lemma 1.8. ([10, 13])
Letn —1 < a <n,neN Iffe AC}(J,R), then the Caputo-Hadamard fractional

differential equation

has a solution

and the following formula holds
n—1 ¢ k
"3 95 0) = 50 - S (los )

where c, € R, k=0,1,2,...,n—1.

1.3.2 Fractional y-integral

Definition 1.15. ( [23])
Let (a,b), (—oo < a < b < 00) be a finite or infinite interval of the real line R and o > 0.
Also let ¥(t) be an increasing and positive monotone function on (a,b), having a continuous

derivative ' (t) on (a,b). The left-sided fractional integral of a function f with respect to another
function ¢ on [a,b] is defined by

19 / W) () — ()2 f (s)ds, (1.2)

Lemma 1.9. ([23])
Let a, 5,0 > 0. Then, the left-sided 1-fractional integral satisfies the following properties:

1) The integral operator I + 1s linear,

2) The semigroup property of the fractional integration operator I, + 1s given by the following

9



result:

LI () = LY f (1),
holds almost everywhere if f € L'(J,R).

3) Commutativity:
e (e rw) = 1 (1 rw) .

Lemma 1.10. (/23])
Let o, 8 > 0. Then

15 (0(8) — (@) (1) = =2 ((t) — (@),

- T(a+p)

The fractional integral operator with respect to another function defined in (3.1) is a general
operator, in the sense that it is enough to choose a function ¥ and obtain an existing fractional
integral operator. In the following, we present a class of fractional integrals, based on the choice

of the arbitrary 1 function.

1. Choosing 1 (t) =t and replacing in equation (3.1), we get

19 h(t) = ﬁ / (t — )27 f(s)ds =" %, f (1),

the Riemann-Liouville fractional integral.

2. If we consider ¥(t) = log(t) and a > 0 in equation (3.1), we have

1

I&h(t) = m/ %(logt —log s)* " f(s)ds

_ ﬁ / t <1gt> f(S)% =1 32, £ (1),

the Hadamard fractional integral.

3. Choosing ¥(t) = t° and g(t) = t*f(t) and substituting in equation (3.1), we get

I g(t) = I e f (1)
Stetn

= Tl s (0 — 35)%1 f(s)ds

= P (),

a

10



the Erdélyi-Kober fractional integral.

1.3.3 Fractional i-derivative

We start by evoking two definitions of fractional derivatives with respect to another function,
both of which are motivated by the fractional derivatives of Riemann-Liouville and Caputo, in

that order, choosing a specific function .

Definition 1.16. [13]
Let )'(t) #0 (oo <a<t<b<oo)and a>0,n €N. The Riemann-Liouville derivative

of a function f with respect to 1 of order a correspondent to the Riemann-Liouville, is defined

by

. d\" (o)
D0 = () 1)
1

1 a\" [, N
- L'(n—a) <¢’(t) %) /a V'(s) (¥(t) — ¥(s)) f(s)ds,

where n = [a] + 1 and [ denotes the integer part of real number.

Definition 1.17. [31]
Let o > 0, n € N, J = [a,b] is the interval —oc0 < a < b < o0, f,9p € C"(J,R) two
functions such that v is increasing and V'(t) # 0, for any t € J. The left-sided 1-Caputo

fractional derivative of a function f of order « is given by

; n—a); 1 d\"
i) = 18 () 0

Lemma 1.11. ([11, 21])
Let a, 3 > 0. Then

DI (0) ~ (@) ) = g (018) = b))
Lemma 1.12. ([23])
If fe C"(J,R) and o € (n — 1,n), then
- St

15V CDEL () = f(t) —



In particular, given o € (0,1), we have
I CDEE (1) = f(t) = f(a).

1.3.4 Fractional -Hilfer derivative

From the definition of fractional derivative in the Riemann-Liouville sense and the Caputo sense
[13], was introduced the Hilfer fractional derivative [27], which combines both derivatives. Mo-
tivated by the definition of Hilfer, we present a new generalized operator, the so-called -Hilfer
fractional derivative of a function f with respect to another function. From the fractional
derivative 1-Hilfer, we introduce some relations between the v-fractional integral and the frac-

tional derivative i-Hilfer.

Definition 1.18. [23]

Let o € (n—1,n) with n € N, J = [a,b] is the interval —co < a < b < oo, f,9b € C*"(J,R)
two functions such that 1 is increasing and ¢'(t) # 0, for any t € J. The left-sided 1)-Hilfer
fractional derivative HDz‘f;w(.) of function f of order a and type 5 € [0, 1] is defined by

a,fB; n—a); 1 a\" —B)(n—a);
MO = 2 () BT, e 13

Lemma 1.13. [23]

For§ >0, a € (n—1,n), and 8 € [0,1], we have

I'(9)

06— a) (W(t) — ()", §>n.

MDY (i) — ()" =

Lemma 1.14. [23]

In particular, given n < k € N and as 6 > n we have

k!

Thti—a) (¥(t) — p(a))* .

MDA (W(t) — v(a) =
On the other hand, for n > k € Ny, we have
KDL (W (t) — w(a)" = 0.

Lemma 1.15. [23]
Letn—1<a<mn, f€[0,1] andy=a+ B(n—a). If f € C"(J,R), then
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a; o, a))Y k oln— (n—a) n—
1) I5 MDEPVE() = f(t) = Yop, GOt £ LT f(a) where £ F(E) =
n—k
d
(wzl(t) E) f(t);

2) MDYV ISV (1) = f(t).

In the following, using the 1-Hilfer fractional derivative operator defined in equation (1.3), we
can combine in this deriwvative a different types of fractional derivatives by changing the value

for 1 and taking the limit of the parameter 3. Some of them are presented below.

1) Consider ¢ (t) =t and taking the limit f — 1 on both sides of equation (1.3), we get

o) = 1 () 0
1 to(d\"
= Tn—a) /a (t—s) ! (E) f(s)ds
=¢ Dg—&- (t)>

the Caputo fractional derivative.

2) For ¢ (t) =t and taking the limit B — 0 on both sides of equation (1.3), we have

a,0; d\" n—a);
D) = () 150

o () [
—RL Do f(t) = ﬁ (%)n/:(t — )" f(s)ds

the Riemann-Liouville fractional derivative.

3) For i(t) = logt, a > 0 and taking the limit B — 0 on both sides of equation (1.3), we

have

DEYstf(1) — (ti) 1t (g)

dt
S S AT A S A A SN
—r<n_a(a) /(g‘> S
:Hgaf<t)7

the Hadamard fractional derivative.

4) For ¢(t) = logt, a > 0 and taking the limit f — 1 on both sides of equation (1.3), we

13



have

D = 1 (1) 10
1 t " AN\, ds
e ACH N C AR

- ngJr (t)7

the Caputo-Hadamard fractional derivative.

5) For (t) =t and replacing in equation (1.3), we have

dt
_ RLIfJ(rn—Ol)D[n]RL[éi—B)("—a)f(t)

=Dl f(t),

a,B; n—a); d\" —B)(n—a);
DL = 10 (§) 1

the Hilfer fractional derivative.

1.4 Functional tools

In what follows, we present some concepts of functional analysis that we will use throughout

this thesis.

Theorem 1.1. (Ascoli-Arzela Theorem [4])
Let A C C([0,T],R). A is relatively compact (i.e., A is compact) if:

1) A is uniformly bounded, i.e., there exists M > 0 such that

|lf()] < M for everyf € A and t € [0,T],

2) A is equicontinuous, i.e., for every € > 0, there exists 6 > 0 such that for each ti,ty €

(0,77, [t1 — ta| <& implies | f(t1) — f(ta)] < € for every f € A.

Definition 1.19. [6]
A map f:1]0,T] x X — X is said to be Carathéodory if

1) t— f(t,x) is measurable for each x € X,

14



2) x— f(t,x) is continuous for almost all t € [0,T].

Moreover, f is called L'-Carathéodory if for every Vp > 0, there exists ¢, € L'([0,T],R") such
that
|f(t, )] < @,(t), forall|z| < p and for a.e. t €[0,T].

Lemma 1.16. (Standard Gronwall inequality) [9]
Let f:]0,T] = RT be a real function and w be a nonnegative locally integrable function on
[0,T7].

Assume that there is a constant a > 0 such that for 0 < a < 1

£ < wlt)+a [ (=97 () ds.

Then, there exists a constant k = k(a) such that

ft) <w(t) + k‘a/o (t — 5)*tw(s) ds.

Lemma 1.17. (Standard Gronwall inequality) [18]
Let f:[1,T] — [0,00) be a real function and w be a nonnegative locally integrable function

on [1,T). Assume that there is a constant a > 0 such that for 0 < a <1

7(t) < wit) +a / t (1og t) IOk

Then, there exists a constant k = k(a) such that

o) < w(t)+ ko [ t (1og §)a1w<s> ds

s
for every t € [1,T].

Lemma 1.18. (Generalization of Gronwall inequality) [25]
Let [ and g be two integrable functions and h be continuous with domain [a,b]. Let ¥ €

Cl([a,b],R) be an increasing function such that ¥'(t) # 0, Vt € [a,b]. Assume that
1) f and g are nonnegative functions,

2) h is nonnegative and nondecreasing.
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If
£(t) < g(t) + h(t) / T (s)(W(t) — U(s)™ £(5) ds,

then

<o+ [ 3 PONOF Gy iy - ua)etgs) ds.
['(ka)

Lemma 1.19. [25]
Under the hypotheses of Lemma 1.18, assume further that g(t) is nondecreasing function
fort € [a,b]. Then
£(8) < g(t) Ea (HOT (@) (W (2) — ¥(s))7)

1.5 Background about measures of non-compactness

1.5.1 The general notion of a measure of noncompactness

Firstly, we need to fix the notation. In what follows, (F,d) will be a metric space, and
(X,|-|) a Banach space. Let @ be a non-empty subset of X, then @ and conv@Q denote
the closure and the closed convex closure of (), respectively. When () is a bounded subset,
Diam(Q) denotes the diameter of ). Also, we denote by B (resp. Bx) the class of nonempty
and bounded subsets of E (resp. of X).

We begin with the following general definition.

Definition 1.20. [3]
A mapping i : Br — RT will be called a measure of noncompactness in E if it satisfies the

following conditions:
1) Regularity: 1(Q) = 0 if, and only if, Q is a precompact set.

2) Invariant under closure: u(Q) = u(Q), for all Q € Bg.
3) Semi-additivity: p(Qq U Q2) = max{u(Q1), u(Q2)}, for all Q1,Q2 € Bp.

To have a MNC in a Banach space X we need to add the two following additional properties:
4) Semi-homogeneity: w(AQ) = |Nu(Q) for X € R and Q € Bx.

5) Invariant under translations: p(x + Q) = p(Q), for all z € X and Q) € By.
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Three main and most frequently used measures of moncompactness are: the Kuratowski
measure of noncompactness (MNC), the Hausdorff MNC, and the De Blasi Measure of Weak

Noncompactness. In this thesis, we are interested in the Kuratowski MNC.

1.5.2 The Kuratowski measure of noncompactness

Now we present some fundamental facts of the notion of Kuratowski measure of noncom-

pactness.

Definition 1.21. [33, 16]

Let (E,d) be a metric vector space and Q) be a bounded subset of E. Then the Kuratowski
measure of noncompactness (the set-measure of noncompactness, k-measure) of Q, denoted by
pr(Q), is the infimum of the set of all numbers € > 0 such that QQ can be covered by a finite

number of sets with diameters < €, i.e.,

pe(@Q) =inf{e > 0: Q C U, S;, S; C E, diam(S;) <e€,i=1,2,...,n, n € N}.

This measure of noncompactness satisfies the following properties:
1) Regularity: pu(Q) = 0 if and only if Q is a precompact set.

2) Invariant under passage to the closure: pug(Q) = pur(Q), for all Q € B.

3) Semi-additivity: pu(Q1 U Q2) = max{px(Q1), pe(Q2)}, for all Q1, Q2 € Bp.

4) Monotonicity: Q1 C Q2 = jup(Q1) < pi(Q2)-

5) Algebraic semi-additivity: pg(Q1 + Q2) < pk(Q1) + ux(Q2), for all Q1, Qs € BE.
6) Semi-homogeneity: pk(AQ1) = [A|pr(Q1), for A € R and Q1 € Bg.

7) Invariant under passage to the convexr hull: pg(conv@) = puk(Q).

8) (@1 N Q2) < min{ux(Q1), i (Q2)}, for all Q1,Q2 € Bg.

The following lemma is important in order to attain the desired outcomes in this work.
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Lemma 1.20. [24]

Let J =1[0,T] and D be a bounded, closed, and convex subset of the Banach space C(J, X).
Let G be a continuous function on J X J and f a function from J x X — X, which satisfies
the Carathéodory conditions, and assume there exists p € L'(J,RT) such that, for each t € J

and each bounded set B C X, we have

lim pg(f(Jen X B)) < p(t)ur(B), heredy, = [t — h,t] N J.

h—0t

If V is an equicontinuous subset of D, then

" { [ cnrusnas iy e v} < [ 16t OV () s

1.6 Multivalued Analysis

In this section, we introduce some definitions, notations, and preliminary facts for multival-

ued analysis, which are used throughout this thesis.

Definition 1.22. [6]

Let (X, ||-|l) and (Y, ||||) two Banach spaces. A multivalued function F (or a set valued
map, multivalued map) from X into P(Y') is a correspondence that associates to each element
z € X a subset F(z) of Y.

We denote this correspondence by the symbol F : X — P(Y). We define:

1) The effective domain DomF = {z € X : F(z) # @}.

2) The graph Gr(F) ={(z,y) € X XY : 2 € DomF, y € F(z)}.

3) The image of the set A € P(X): F(A) ={x € UgeaF(x)}.

4) The inverse image of the set B € P(Y): FY(B)={z e X : F(x)N B = @}.

5) The multivalued map F : X — P(Y) is convex (closed, compact) valued if F(x) is convex
(closed, compact) for all x € X.

6) F is bounded on bounded sets if F(B) = UzepF(x) is bounded in'Y for all bounded set
B of X, i.e.,

ilelg{sup{HyH 1y € F(z)}} < oo
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7) F is called upper semi-continuous (u.s.c for short) on X if F~1(A) is closed in X whenever

A C X 1is closed.

8) F is said to be completely continuous if F(B) is relatively compact for every bounded
subset B of X.

9) A multivalued map F : X — Po(Y) (where Po(Y) ={A e P(Y): A# o}) is said to be

measurable if for every open U C X the set F~Y(U) is a measurable set.

10) F has a fized point if there exists x € X such that x € F(x). The fized point set of the

multivalued operator F will be denoted by Fix F.

For each y € C([a,b],R), the set of selections of F at point y is defined by
Sry={ve L a,b,R):v(t) € F(t,y) for a.e. t € [a,b]}.

In the following, by P, we denote the set of all nonempty subsets of X which have the property
"p" where "p" will be bounded (b), closed (cl), convez (c), compact (cp) etc. Thus Pp(X) =
{A € P(X) : A is bounded}, Puy(X) = {A € P(X) : Ais closed}, Pop(X) = {A € P(X) :
A is compact}, and P, (X) ={A € P(X) : A is compact and convex}.

Definition 1.23. [6]
A multivalued map F : [a,b] x R — P(R) is said to be Carathéodory if

1) t— F(t,x) is measurable for each x € R,

2) x — F(t,x) is upper semi-continuous for almost all t € [a,b].
Further, a Carathéodory function F is called L'-Carathéodory if

3) for each p > 0, there exists ¢, € L'([a,b],RT) such that

[F (&, 2)|| = sup{lv] : v € F(t,2)} < ¢, (1),

for all ||z|| < p and for a.e. t € [a,b).

Lemma 1.21. [1/]
Let (E,d) be a metric space induced from the normed space (X, ||-||). Consider Hy : P(X) X
P(X) — RT U{oo} given by

H4(A, B) = max {sup d(a, B),supd(A, b)} ,

ac€A beB
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where d(A,b) = inf,cad(a,b) and d(a,B) = infyepd(a,b). Then (Ppa(X),Hq) is a metric

space.

Definition 1.24. [6]
A multivalued operator N : X — Py (X) is called

(a) ~v-Lipschitz if and only if there exists v > 0 such that

Hy(N(x),N(y)) < ~vd(x,y) for eachz,y € X.

(b) A contraction if and only if it is v-Lipschitz with v < 1.

Lemma 1.22. [6]

If F: X = Pa(Y) is u.s.c., then Gr(F') is a closed subset of X XY, i.e., for every sequence
{Zn}neny € X and {yp}tnen C Y, if when n — 00, z, = Ty, Yp — Y« and y, € F(x,), then
Y € F(z,). Conversely, if F is completely continuous and has a closed graph, then it is upper

semi-continuous.

Lemma 1.23. [17]

Let X be a separable Banach space. Let F : [a,b] X X — Puyo(X) be an L'-Carathéodory
multivalued map and let © be a linear continuous mapping from L'([a,b], X) to C([a,b], X).
Then the operator

©0Sr: C([a,b], X) = Pepe(C(la,b], X)), x +— (© 0 Sr)(x) = O(Sra),

is a closed graph operator in C([a,b], X) x C([a,b], X).
For more details on multivalued maps and the proof of the known results cited in this sec-
tion, we refer the interested reader to the books by Deimling [6], Gorniewicz [6], and Hu and

Papageorgiou [6]

1.7 Fixed Point Theorems

The theory of fixed points is one of the most powerful tools of modern mathematics, which
is used to show the existence and uniqueness of fixed points of various kinds of equations.
Throughout this study, we convert the given problem into an equivalent integral equation and

then use the appropriate fixed point theorem such that the fixed points obtained are thus the
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solutions of the given problem. In this section, we collect the fixed point theorems which are

used in the proofs of our main results. We start with the definition of a fixed point.

Definition 1.25.

For a mapping ® of a set E into itself, an element x of E is a fized point of ® if P(z) = x.

Theorem 1.2. (Banach’s fixzed point theorem [22])
Let Q be a non-empty closed subset of a Banach space (X, ||-||), then any contraction mapping

® of Q into itself has a unique fized point.

Theorem 1.3. (Schauder’s fixed point theorem [22])
Let 2 be a nonempty closed bounded convex subset of a Banach space X and ® : 2 — € be

a continuous compact operator. Then ® has a fixed point in 2.

Theorem 1.4. (Schaefer’s fixed point theorem [22])
Let X be a Banach space, and ® : X — X is a completely continuous operator. If the set
By={z € X :x=Xbx,\ € (0,1)} is bounded, then ® has a fized point in X.

Theorem 1.5. (Krasnoselskii’s fired point theorem [22])
Let Q2 be a non-empty closed bounded convex subset of a Banach space (X, ||-]|). Suppose
that Fy and Fy map € into X such that

1) Fix + Foy € Q for all x,y € Q,

2) F is continuous and compact,

3) Fy is a contraction with constant [ < 1.
Then there is a x € Q with Fixz + Fhoxr = x.

Theorem 1.6. (Ménch’s fized point theorem [26])
Let € be a bounded, closed, and convex subset of the Banach space such that 0 € ), and let

® be a continuous mapping of  into itself. If the implication
V =convd®(V) or V=3oV)U{0} = u(V) =0,

holds for every V' of Q), then ® has a fixed point.

Theorem 1.7. (Nonlinear alternative of Kakutani maps [7])
Let Q) be a closed convex subset of a Banach space X and U be an open subset of 1 with

0 € U. Suppose that N : U — Pep.c(2) is an upper semi-continuous compact map. Then either
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(i) N has a fized point in U, or
(i1) there is an x € OU and p € (0,1) with x € uN(z).

Theorem 1.8. (Covitz and Nadler fixed point theorem [6])
Let (E,d) be a complete metric space. If N : E — Py(E) is a contraction, then Fiz N # ().
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Chapter 2

Positive solutions of nonlinear fractional dif-

ferential equations with integral B V C.

In this chapter, we investigate the existence of positive solutions of the following nonlinear

fractional differential equations with integral boundary value conditions

cDu(t) + f(t,u(t)) =0, 0<t<l, )
w(0) = u”(0) =0, wu(l) =\ [ u(s)ds,

where 2 < a < 3,0 < X\ < 2, “D® is the Caputo fractional derivative, and f : [0, 1]x [0, 00) —

[0, 00) is a continuous function.

2.1 Preliminaries

For the reader’s convenience, we present some necessary definitions from fractional calculus

theory and lemmas. For details, see [32].

Definition 2.1.

For a function f : [0,00) = R, the Caputo derivative of fractional order « is defined as:

¢ = ! t — ) MY ds, n=[a
D f(t) = )/O@ yrme=lf) (syds, = [a] + 1,

I'n—«

where [« denotes the integer part of the real number «.

Definition 2.2.
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The Riemann—Liouville fractional integral of order o for a function f is defined as:

1

Io‘f(t):m/o(t—s)o‘_lf(s)ds, a >0,

provided that such an integral exists.

Definition 2.3.

The Riemann—Liouville fractional derivative of order o for a function f is defined by:

D)= s () [m o s n= )+,

provided that the right-hand side of the previous equation is pointwise defined on (0, 00).

Lemma 2.1.

Let o > 0, then the fractional differential equation
“Du(t) = 0.

has a unique solution given by the expression:

Lemma 2.2.

Let a > 0, then

In the sequel, we obtain the exact expression of the Green’s function associated to the fol-

lowing fractional differential equation with integral boundary value condition:

“Du(t) +y(t)=0, 0<t<l.

The result is the following.
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Theorem 2.1.

Let 2 < o < 3 and X\ # 2. Assume y € C[0,1], then the problem (2.1)-(2.2)has a unique

solution u, given by the expression:

where
26(1=5)* "o M As)=(2-Nalt=9)"1 () ¢ <4 <
G(t,s) = 1 2-NT(a+1) <
2t(1—s)*" 1 (a—A+As)
[CESYINCES I 0<t<s<1
Proof 1.

We may apply Lemma 2.2 to reduce (2.1) to an equivalent integral equation

u(t) = —Ioéy(t) + Z?‘:o Mti — _f[; (t—s)* " s) ( )dS + Z u(J) O)tj

7!

Since u(0) = u"(0) = 0, we deduce that

u(t) = — fy “k—y(s) ds +u'(O)t.

Finally, the condition u(1) = A fo s)ds implies that

u/'(0) = fol (1}‘237134(3) ds + )\folu s)ds

Hence, we have the following form

)=~ [ ST ds e [ By ds e [ s

Let fo s)ds = A, then, from the previous equality, we deduce that

Az/l(ﬁ
// P(Z; 19 dsdt // (S)dsdt+/01/\Atdt
/ (1

—8)* 1 (1—s)>!
aT(o) y(s)ds +2/0 —F(a) y(s) ds + = )\A
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So, expression (2.5) implies that

e [ s [ o

Replacing this value in (2.4), we arrive at the following expression for function wu:

u(t) = —/O %y(s) ds+t/0 %y(s) ds — 22_>\)\/0 t(;r_(;))ay(s) ds
+ A /0 t1 = )% 1y(s)ds

2—A (o)
bt —s)ot L2t(1 — 5)* (o — A+ \s)
- @ wods+ | Sy e d
—s5)* Ha—=XA=Xs) = (2= Na(t —s)*!
/0 (2= NT(a+1) y(s) ds

y(s)ds

/12151—3 Ya— X+ Xs)
()

Fa+1)
/G s)y(s)d
0

This completes the proof. B

A careful analysis of the Green’s function G allows us to deduce the following result:

Lemma 2.3.
Let G be the Green’s function related to problem (2.1),(2.2) which is given by the expression
(2.3). Then, for all o € (2,3), the following properties are fulfilled:

1) G(0,s) = G(t,1) =0 for all t,s € [0,1] and \ # 2.

2) G(1,5) =0 for all s € [0,1] if and only if A = 0.

3) G(1,s) > 0 for all s € (0,1) if and only if A € (0,2).
4) G(t,0) > 0 for all t € (0,1) if and only if A € [0,2).
5) G(t,s) >0 for all t,s € (0,1) if and only if X € [0,2).

6) G(t,s) <

(27)\2)11(@) for allt,s € [0,1] and X € [0,2).

7) G(t,s) and G(t,s)/t are two continuous functions for all t,s € [0,1], 2 < a < 3, and
A # 2.
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Now, we prove two additional inequalities of the Green’s function G. Such properties,
together with the previous ones given above, will be of fundamental interest to ensure the

existence of solutions of problem (1) that will be proven in the next section.

Lemma 2.4.

Fir2 < a <3 and 0 < X\ < 2. Let G(t,s) be the Green’s function related to problem
(2.1)—(2.2) given by the expression (2.3). Then the following inequalities hold:

2a

tG(l,s) <Gt s) < a2

G(1,s), forallt,s € (0,1). (2.6)

Proof 2.

Assume in a first moment that 0 <t < s < 1. In such a case:

G(t,s)  2t(A(s—1)+ )

MES) = Gi s = 2= D 1a)

, forall0 <t <s< 1.

Now, it is immediate to verify the following inequalities:

2ta < 2c0
Ma—2) 7 Ma—2)

2
t<Xt§h(t,s)§ , forall0 <t <s<1.

On the contrary, if 0 < s <t <1 we have that

(1—3s)t72(2t(1 —8)* (s — DA+ ) + a(A = 2)(t — s)*7 )

hlt, s) = N2 — 1) +a)

, Jorall 0 <s<t<1.

Now differentiating twice the above expression with respect to t , we conclude that

@(t S) _ (Oé - 2)(06 - 1)05()\ — 2)(1 — 3)1—0¢<t _ S)a—3
o YCIEEYR

<0, forall0<s<t<l.

By definition, h(1,s) = 1. Moreover:

25((s — DA+ «)

Mss) = G-+ a)

>s, forall0<s<1.

These two previous facts, together with the concave character of function h(-,s) on the interval

[s,1], allow us to conclude that :

h(t,s) >t, forall0<s<t<]l.
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Finally, it is not difficult to verify that :

2

h(t, S) < m,

forall0 <s<t<l,

and the inequalities (2.6) are fulfilled. B

2.2 Main result

This section is devoted to give an existence result for the nonlinear boundary value problem

(1). To this end, we define the operator T : C[0,1] — C[0, 1] as

Tu(t) = /0 G(t, 5)f (s, uls))ds. (2.7)

with G defined in (2.3).

It is clear, from Theorem (2.1), that the fixed points of operator T coincide with the solutions
of problem (1).

Let E = C0, 1] be the Banach space endowed with the usual supremum norm || - ||. Define
now the cone P C E as follows:

(t) S tA(a—2)
t 2a

P = {u cE:ult)/te B~ lu(®)]], vt € [0, 1]} , (2.8)

Set

Jo= lim {min f(t,u)} and fo = lim {max f(t,u)}_

u—01 | t€l0,1] U u—o0 | t€[0,1] u

To prove the existence of at least one positive solution of (1), we state the following

Guo—Krasnoselskii fixed-point theorem [10]:

Theorem 2.2.
Let E be a Banach space, and let P C E be a cone. Assume that €21, are open and
bounded subsets of E with 0 € Q C O C Qo, and let T : PN (Qy \ Q1) — P be a completely

continuous operator such that
i) [|[Tul] > |lul|, w € PNOQ, and ||Tul|| < ||ull, uw € P NOQs; or

i) |Tu|l < |lull, w € PNoQ, and |Tull > |[ul, u € PN Iw.
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Then operator T has at least one fived point in PN (Qa\ Q1).

Now, we are in a position to prove the main result of this paper.

Theorem 2.3.
Assume that one of the two following conditions is fulfilled:

I) (Sublinear case) fo = o0 and fo = 0.

II) (Superlinear case) fo =0, foo = 00, and there exist x> 0 and 0 > 0 for which f(t, kz) >
pr? f(t, z) for all k € (0,1].

Then, for all a € (2,3) and X\ € (0,2), the problem (1) has at least one solution that belongs to
the cone P defined in (2.8).

Proof 3.
Firstly, we prove that T : P — P is completely continuous.
From the continuity and the non-negativeness of functions G and f on their domains of defi-

nition, we have that if uw € P, then Tu € E and Tu(t) > 0 for all t € [0,1]. Moreover.

U 1 ,8
Lull) — [ Es 1 (s, u(s)) ds,

Which is from condition (??)in Lemma(2.13), a continuous function for all u € E.

Let’s see that T € P C P. Take u € P,then ,for all t € [0,1] the following inqualities are
satisfied

Tu(t) = /0 G(t, 5)f (s, u(s))ds

215/0 G(1,s)f(s,u(s))ds

M—_QmaX/ {G(t,s)} f(s,u(s))ds

t€[0,1]

> RO L [t

200 te[0,1]

tA(a —2)
= ——||Tu|.
5o ITull

In view of the continuity of functions G and f, the operator T : P — P is continuous. Let

Q2 C P be bounded, which is to say there ezists a positive constant M > 0 such that ||uljec < M
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for all u € Q). Define now

L= ogtgrlr,lg%(ugM |f(t,u)| + 1.

Then, for all u € €, it is satisfied that
1 1
|Tu(t)] :/ G(t,s)f(s,u(s))ds < L/ G(t,s)ds, forall t € 0,1], (2.9)
0 0

that is, the set T'(Y) is bounded in E.

For each u € ), we have

rorol=|- [ L s e [ 2 CAE s as
1 t s 2 1 -
S F<a_1>/0(t_5) |f7u(5)|d5+ (2—/\)P(Oé—|—1)/0 (1—8) ’f(S,U(S)‘dS
L ! 0—2 2L 1 o1
S—F(a_l)/o(t—s) d8+(2—A)F(a+1)/0<1_S) ds

_ . oL _
=T  @-Nl(a+l)

As consequence , for all t1,ts € [0,1] , we have
to
[(Tu)(t2) — (Tu)(t)| < / [(Tu)'(s)|ds < N(t2 — t1),
t1
and the set T(Q)) is equicontinuous.

Now, from the Arzela—Ascoli Theorem we conclude that T'(S)) is compact, i.e., T : P — P

18 a completely continuous operator.

Consider now the first situation:
(i) Sublinear case (fy = o0 and fo, =0).

Since fo = 00, then there exists a constant p; > 0 such that f(t,u) > du forall 0 < u < py,

where 61 > 0 satisfies

51M max {/01 sG(t, s) ds} > 1. (2.10)

200 tel0,1)

Take u € P, such that ||ul| = p1, then, from the expression (2.10), we deduce the following

mequalities:
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rull = ma { [ Gt 5) (s, u(s) ash = oimac{ [ G s)u(s) s}

te[0,1] t€[0,1]

-9 1
> mmu% max {/ sG(t, ) ds} > lul].
0

Q t€(0,1]

Since f(t,-) is a continuous function on [0,00), we can define the following function:

f(t,u) = max f(t,z).

z€[0,u]

Clearly, f(t,-) is nondecreasing on [0,00), moreover, since fo, = 0 it is obvious that (see [32])

=0.

F(t
lim max GED)
u—00 te[0,1] u

Choose 0o > 0 satisfying the following property:

209
— = <1. 2.11
E- N = 21
Therefore, there exists a constant ps > p; > 0 such that f(t,u) < dqu for all u > ps.
Let now u € P be such that ||u|| = ps, then, from the definition of f, Eq. (2.11), and property

(6) in Lemma (2.13), we attain the following inequalities:

Il = max { [ e fsautsdsh < max { [ G )(s Julh s}

te(0,1]
1
< 0a|ul| ma /G(t s)ds p < 2 [[ul] < lul
X Y .
=2 Uy T = 2=MND(a)" " =

Thus , by the first part of Guo-Krasnoselskii fized point theorem , we can conclude that (1) has
at least one positive solution .

Consider now the second case (ii).

Let 65 > 0 be given as in Eq.(2.11). Since f(0) =0, we have that there exists a constant ry > 0
such that f(t,u) < dou  for 0<u<ry.

Take uw € P, such that ||ul| = r1. Then we have
Tu() = [ 69 fsu(s)ds <8, [ Gt op(s)ds < alll [ G1e8)ds < 5l <
u(t) = t,s)f(s,u(s))ds < t,s)u(s)ds < U t,5)ds < ———————|u|| < ||u||.
0 : 0 : 0 (2—)\)F((zz% 2)
d
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Consider now d3 > 0 satisfying

mgM max {/01 SGG(t,s)ds} > 1, (2.13)

2x te[0,1]

with u > 0 and 6 > 0 the constants given in condition (ii).
The fact that fo, = 00 says us that there exists a constant ro > 11 > 0 such that f(t,u) > dsu
for all u > ry. Let now u € P be such that ||u|| = %7’2. As consequence, we have that for

all t > 0 the following inequality holds:

AMa —2)
2a

> lull =

u(t)
t
So, condition (ii) gives us the following properties:

1
= > o u_s)
| Tul| trél[(gi}l(] {/0 G(t,s)g (s,u(s))ds} > utrél[gﬁ {/013 G(t,s)f (s, . ) ds}
1 . 1
> 1163 max {/0 80G<t,8)@d8} > u@%”u” max {/o 80G<t,8)d8} > |||

t€[0,1] s t€[0,1]

We notice that the second integral in the previous inequalities is well defined because u(t)/t
is a continuous function on(0,1] andlim o, u(t)/t exists. Therefore, by the second part of
Guo—Krasnoselskii fixed point theorem, we can conclude that (1) has at least one positive solu-

tion.

Remark 1.

Notice that condition (ii) in the previous theorem generalizes condition (AS3) imposed in [31]
for problem (1.2), which is as follows:
f:[0,00) = (0,00) is nondecreasing and there exists 0 € (0,1) such that f(kx) > K f(z) for
all k € (0,1) and x € [0,00).

Notice that, since k € (0,1) the condition is less restrictive when 0 is greater. Moreover, we

do not impose any monotonicity assumptions on function f.

Exemple 1.
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Consider the fractional differential equation

CDu(t) + f(t,u(t) =0, 0<t<1,

w(0) = u”(0) = 0, u(1) = 220 (Lo (s) ds,

1—cos(1) JO

sin(1)

where 2 < a < 3,0 <\ = T—cos(1)

< 2, and

Ft,u(t)) =z (t) + sin? (£e"D) 4 log(1 + u(t)).

Obviously, fo = oo and fo = 0. Thus, by the first part of Theorem (1.1), we can get that

the problem (1)has at least one positive solution.

Remark 2.

In Ezample (1), fractional order o could be any constant which satisfies

2 < «a< 3. For example, we can take o = 2.5.
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Chapter 3

Existence of Positive Solutions of Hadamard
Fractional Differential Equations with Inte-

gral Boundary Conditions

In this chapter ,We investigate the existence of multiple positive solutions of the problem

(

Du(t) = f(t,u(t),u' (1)), te[,T], T<e,

(3.1)
u(l) +au/(1) = flT g1(s)u(s)ds,

u(T) — bl (T) = [ go(s)uls)ds,

\

where 3 < a < 4, g1, g2 € C([1,T],]0,+00)),a,b > 0, and D* denotes the Hadamard derivative

of fractional order av. The following assumptions are needed for the sequel:

(Hy) b>a>1>logT,

(Hy) feC([1,T] x [0,00) X (—00,400), [0, +00)),

(H3) 1,92 € C([1,T7],]0,00)),0 <01+ 02 < 1,p=(1—01)(1 —04) — 0903 >0,

where
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T b T
=+ logs —logT a—logs
01 :/ T 3 g1<5)d8, 09 —/ b & g (S)dS,
1 (l‘i‘T—lOgT 1 G+T—lOgT
T b T
=+ logs —logT a—logs
= L d = d
7 /1 a+L—logT g2(s)ds, o4 /1 a+ —long2(S> °
3.1 Preliminaries
Lemma 3.1. (see [33])
Let ¢ > 0, then the fractional differential equation
Du(t) =0,
has the unique solution
la) (k)
ut™ (1)
u(t) =)~ (logt)
k=0 )
Lemma 3.2. (see [33])
Let ¢ > 0, then
LQJ (k) (1)
I"D(t) = u(t) — Y o (logt)

Now, we can find the

exact expression of the Green’s function associated with the fractional-

order differential equation with nonlocal boundary value conditions:

(

\

Lemma 3.3.

Du(t) = y(t), €1,T] and 1 <T <e,
u"(1) = 0,u® (1) =0,
(3.2)
u(1) + av/( fl g1(s
u(T) — bu/ (T f1 ga(s

Let 3 < q < 4. Assume y € C([1,T]) and (Hy) holds, then the problem (3.2) has a solution

u(t) given by

:/1TG(t,s)y(s)ds+/ ts/ G(s,7)y

T)drds, (3.3)
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q—1

where ) )
(a—&—%—logT) (log g)q_ +(log t—a)(log %)
(a+4—log T)I'(q)
_ ) bla=1)(a—tog ) log(L)s— 4
G(t’ S) < + (a+%710gT)F(q) bl 1 S S S t S T7 (3 )
q—1 q—2
(logt—a)(log %) :—b(q—l)(a—logt) 10g(%) 7 l<t<s< T,
L (a—i—T—logT)F(q)
and ,
R(t,s) — [(a —logt)os + (logt + % —log T)(1 — 04)] g1(s)
pla+ L —logT) (3.5)
[(a —logt)(1 —01) + (logt + 2 —log T)o3] ga(s) '
pla+ 2 —logT) '
Proof 4.
Applying the result of Lemma (3.2), we get the general solution of problem (3.2)
(3.6)

u(t) = ap + aglogt + ﬁ /t (log T'/s)4 y(s)ds,

where ag,a; € R are arbitrary constants. Using boundary conditions yields the system of

equations:
( T
ap +aog = /gl(s)u(s)ds,
1
b b roT
logT — =)oy = ——— [ (log—)?? 3.7
0+ (08T = ) = s [ (g )" 2y (e)ds (3.7

\

Solving the system (3.7), we obtain

ab /T 1 T,
ay = log —)7 %y (s)ds
" a+z—1logT Jy F(q—l)( 50 v
a T

log =) 1y(s)ds
T ), e
b T
d
o [ et



and

1 T 1 T
= log =) Yy(s)d
aq a—|—%—logT/ F(q)(og S) y(S) S
b T 1

a+ % —logT/
1 T
+—— d
a+ 7 — logT/ gi(s)uls)ds
1 /
Ca+ —logT

Consequently,

LT TN y(s)
u(t) = ap+« logt+—/ (log—) —ds
) " ' I'(q) /1

S S

T b T
=+ logt — log T

— G(t, ds+ L / d

|t omtons + T2 [ utonas

a—logt / g2(s)u(s)ds.

a—i—%—logT 1

We obtain the exact form of u(t) by solving the following equations

(1—01)/1Tg1(5)u(3)d5—02/1 2 (5)u ds—/ (s /Gm )drds,

00 [ ooyt —os [ tonisyis = [ (o) [ s, ytrasas,

and
T (1—o04 1T a1(s) [ T)drds
/1 (s)uls)ds = (>1f— o1)(1 { 04) — 09073
o) flT g2(s f1 T)dT ds
(1—09)(1— 04) — 0903
T o3 1Tg1 ) , 7)drds
/1 gasyuls) = f(l - 01){1 - 574) — 0903
(1—o0y) flT g2(5) fl T)dT ds
(1—01)(1— 04) — 0903
We find

T T
:/ G(t, s)y(s)ds+/ (t,s) G(s,m)y(T)drds
1

1
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, where

((a+ 2 —logT)(log L)~ + (logt — a)(log L)s!
(a+ % —log TI'(q)
Gltos) = +b(q—1)(i—logt)log(§)q27 l<sct<T
(a+ 7 —logT)I'(q)
(logt — a)(log T)*" +b(g — 1)(a — logt) log(T )"~
y (a+ % —1log T)I'(q) 7

[(a —logt)os + (logt + % —log T)(1 — 04)]g1(s)
pla+ % —logT)
[((a —logt)(1 —o0q1)+ (logt + % —log T)o3]g2(s)
pla+L% —logT)

R(t,s) =

Lemma 3.4.

Let 3 < q < 4, and assume (H1) holds. Let G(t,s) be the Green function related to problem
(3.2) given by the expression (3.4), then we have

(1 —-logt)G(1,s) < G(t,s) < G(1,s (3.8)

Proof 5.

Denote K(t,s) = G((ii

Q

Case 1: 1<t<s<T<e

(logt — a)(log L) + b(q — 1)(a — logt)(log T)7~2
—a(log %)‘1—1 + b(q — 1)a10g(€)q—2
a—logt 1 logt

K(t,s) =

we have

then,
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Case 2: 1<s<t<T<e,

(a+ % —log T)(log )" + (log ¢ — a)(log L)~

K(t,s) =
) “allog Ty + blg — Lya(log T)o-2
b(q —1)(a —logt)(log £)s~2
“allog Ty + g — Lyaflog Ty ?
we can write ,
b _log T)(log L)1~ 1
PO (L 1 L )
a(log Z)at [b(q —1)(log ;) 1 1} a

As 1— % > (1 —logt), taking account of assumptions b > a > 1

and 3 < q < 4,it comes that :

(a+ 2 —log T)(log £)e* log T'(log £)4! .
a(log T)e71 [b(g — 1)(log T)=t = 1] a(log T)e=t

(a+ % —logT)(log t)s* log t
= — Tq_T1 e +1——>(1—1logt).
a(log 5)7*[b(q — 1)(log 5) =" — 1] a

S

K(t,s)

Now, we differentiate twice K (t,s) with respect to t,

PK(t,s) (a+ L2 —1logT)
o~ allog Ty (g — DiogT) T 1]
x[(g = 1)(g — 2) 5 (log )7 — 25(g — (log 1)) + —
1 (a+ 2 —logT)

# a(log )11[b(g — 1)(log L)~ — 1]

x (g = 1)(log )**[(g = 2) — (log )]+~ >0,

if 1 < s <t<T <e. Whereupon, the maximum values of K(t,s) are at either t = s or
t=T;
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K(s,s) = 1—§§1,

a
Y logT
K(Ts)= —\etr-lsD) ., loeT
a[b(q —1)(log 3)~* — 1] a

ab(qg—1) —b(g —1)log T + Zlog £
ab(qg — 1) —alog L
ab(q — 1) —a[(q — 1) log T — 7 log 7]

<

- ab(q —1) —alog £
_ ablg=1 —al(g—1) —log ]
- ab(qg — 1) —alog L

< ab(qg — 1) —alog L .y

ab(q — 1) —alog T
hence, (1 —logt) < K(t,s) <1 for1 <s<t<T <e. This completes the proof.

Now, we present some definitions and recall Avery-Peterson fixed point theorem.

Definition 3.1. (/33/)
Let E be a real Banach space. A nonempty convex closed set P C E is said to be a cone

provided that
(i) au € P for allu € P and all a > 0,
(ii) u,—u € P implies u = 0.
Note that every cone P C E includes an ordering in E given by x <y ify—z € P.

Definition 3.2. (/33])
The map ¢ is defined as a nonnegative continuous concave functional on a cone P of a real

Banach space E provided that ¢ : P — [0, +00) satisfies
d(0x+ (1 —0)y) > 06(x) + (1 —0)p(y) for allxz,y € P and 0 <6 < 1.

Stmilarly, we say the map n is a nonnegative continuous convex functional on a cone P of a

real Banach space E provided that n: P — [0,400) satisfies
nfx + (1 —0)y) <On(x)+ (1 —0)n(y) forallz,y € P and0 <6 <1.

Let v and 6 be nonnegative continuous convex functionals on P, ¢ be a nonnegative continuous

concave functional on P and i) be a nonnegative continuous functional on P. Then for positive
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real numbers a’, b, ¢ and d', we define the following convex sets

P(y,d) ={z e P[y(z) <d},

P(y,6,b,d) = {x € P | ¥ < é(x),7(x) < &),
P(1,0,6,0,¢,d) = {a € P |V < ¢(x), 0(x) < ¢, 7(x) < d'},

and the closed set

R(y,,d,d) = {z € P | ' < (), 1(x) < d'}.

Theorem 3.1. (/33])

Let P be a cone in a real Banach space E. Let v and 6 be nonnegative continuous convex
functionals on P, ¢ be a nonnegative continuous concave functional on P, and v be a nonneg-
ative continuous functional on P satisfying (Ax) < Mp(x) for 0 < X < 1, such that for some

positive numbers M and d’,

¢(x) <(x) and |z]| < My(z).

for all x € P(~,d). Suppose A : P(v,d") — P(v,d') is completely continuous and there exist

positive numbers a’, b', and ¢ with o’ <V such that

(S1) {x€ P(y.0,6,0.c,d) | d(x) >V} #0 and
o(Ax) >V forx € P(v,0,0,V,d,d),

(S2)  o(Azx) >V forx € P(y,¢,0) d with 0(Az) > ¢,
(S3)  0¢ B(y,¢,d,d) and v(Az) < o forx € R(v,¢,d',d') withy(x) = a'. Then A has at
least three fized points x1,xe,x3 € P(vy,d") such that

v(w) < d', fori=1,2,3;
b < p(x1);
a' < P(x9) with ¢(xs) < b';

P(xs3) < d.
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3.2 Main Results

Let us define the operator A : C'[1,T] — C'[1,T] as:

- /1 G(ta S)f(57 U(S), UI(S)) ds
i / R(t,s) / G(s,7) f(r, (7).l (7)) drds.

1

(3.9)

Let the Banach space E = (C*[1,T],] - ||) be equipped with the norm

Joll = o { e a0 e 1)1 .

el,T te[1,T]

We define the cone P C E by
P={ue€ E|u(t) >0 and u(t) is convex on [1,T]}.

And denote a nonnegative continuous concave functional ¢, the nonnegative continuous convex
functional 6, the positive continuous convex functional v, and the nonnegative continuous

functional v on the cone P as follows :

v(u)—tg% W' @), P(u) = H(u)—tg% |u(t)]

and

. 1+T
o(u) = te:[%,l%lia} lu(t)| for o€ [1 T}

Lemma 3.5.

If u € P and satisfies the boundary conditions u(1) = —au’(1) + flT g1(s)u(s) ds, then

(T-1)+a
Jax lu(t)| < [—— féﬂ“‘%ﬂ (1))

Proof 6.
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Since u(t) —u(1) = [ u'(s)ds, we get

max |u(t)] < |u(1)] + (T — 1) max |/ ()]

te[1,7) te[1,7)
T
<=+ [ a(su)ds| + (T = 1) s [ (1)
te[1,T]
< lav/ s)d T-1 .
< onl (] + e )] [ n(5) s+ (7 1) s 0

Then,
T
e |u(?)] {1 —/1 91(s) d81 <(T- 1)53% u'(t)] + @ max |u'(¢)]
=[(T"=1)+ 4] e |u'(2)].
Therefore,
ma [u(t)] < (T~ 1)+ 3= max [u/(1)|.

Lemma 3.6.

For o € [1, #}, we have

i R(t,s) > (logé R(t,s),
te[é,gfli&)—a] ( S) (Og )g% ( S)

where R(t,s) is defined by (3.5).

Proof 7.

From lemma (3.13), we have

[(a —logt)os + (logt + 2z —log T) (1 — 04)]g1(5)
p (a + % — log T)
[(a—logt)(1 —o1) + (a+ 2 —logT) 02]ga(s)
P (a + % — log T)

R(t,s) =

we can write

(1 —03—04)g1(8) + (01 + 02 — 1)ga(s)
p (a + % — log T)
| o3+ (2 —108T) (1 = 00)]gs(s) + [o(1 = o) + (7 ~ 108 T) 029 (s)

b
P (a + T—logT)

R(t,s) = logt
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Denote
o (L=05—04)gi(s) + (91 + 02 — 1)ga(s)
J(S) = b ’
p (a + 7 — log T)

and

laos + (4 —1logT)) (1 — 04)] g1(s) + [a(1 — 01) + (B(T —log T)) 0] 92(8)‘

Us) = p(a+%—logT>

When j(s) < 0, we have tow cases:

Case 1: 0 < (1 — 03 —04)q1(s) < (1 — 01 — 02)g2(s), so if and only if to monotonicity of

R(t,s), maxicpr R(t,s) = R(1,s) = I(s) > 0, the minimum value is

R(T,s) =j(s)logT +1(s) > 0.

Then, is holds

minte[&,(TJrl)fé] R(ta S) _ R((T + 1) — 0, 8)
maxyen, ) R(t, s) R(1,s)
log((T'+ 1) —0)j(s) +1(s) (3.10)
I(s)
B A TC V) V2 P
l(s) '

Case 2: (1 —o035—04)g1(s) <0 < (1 — 01— 02)g2(s). The minimum value of R(t,s) is R(T, s)

and

[(a—logT)os + (logT + % —logT) (1 — 04)]g1(s)
pla+ % —logT)
+ [(a—logT)(1 —01) + (log T + & — log T) 02]ga(s)
pla+L —logT)
[(a—logT)os + 2(1 — 04)]gi(s) + [(a —log T)(1 — o1) + Zo2]ga(s)
pla+ 2 —logT)

R(T,s) =
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Since, b>a>1>1logT and 1 <T <e, wehcwe lThen

¢ [(1 = 04)g1(s) + 02ga(s)]
p (a + % — log T)
(1= 00)g1(5) + 0222211 (s)]
p (a + % — log T)
11— 0)(1 =01 = 02) + po(l — 03 — 04)] g (5)
(1 —01—09)p (a + % — logT)
91(s)

- >0,
e(l—o01—03) (a+ % —logT)

v

R(T, s)

v

The expression (3.10) also holds.
Therefore, for 6 € [1, %}, we get

i R(t log § R(t
e iin Bt 5) > (log d) max R(t, s).

Lemma 3.7.

IquP(SE[ ] then

i > (log & t
e imin, u(t) = (log §) max u(t).

Proof 8.

T T T
te[nglﬂ_é]u(t) :te[é%lﬂ—é]{/l G(t,s)y(s)ds+/1 R(t, s)/1 des}

T T T
> min {(1—logt)/ G(l,s)y(s)ds+/ min _ R(¢ s/ G(s T)drds
1 1

te[6,T+1-4] te[8,T+1—6]
T

> (1—log(T+1-9)) max G(t, s)y(s)ds
1 te[LT]

T

+ (log 6) max R(t, s)/1 G(S,T)y(T)des

1 tE[l ]

T
> (log 6) max G(t, s)y(s)ds + (logd) max R(t,s / G(s T)drds

1 te[LT] 1 te[LT]

> (1oz) o { | "G, (s)ds + / " R(t.s) / G(s, 7)y(r >d¢ds}

= (logd) e u(t).

Hence,

' > (logd t
te[&,g’lﬂ) 3] ( ) - (Og )trerhaéﬂ(]u( )
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Lemma 3.8.

A : P — P is completely continuous.

Proof 9.

From the continuity and the non-negativeness of functions G and f on their domains of

definition.

We know that if u € P, then Au € E and Au(t) > 0 for allt € [1,T)]. Take u € P, then

o) = [ EE s atalsds (3.11)
—l—/l 8};—55752,5)/1 G(s,7)f(r,u(r)u'(7))drds (3.12)
Let us set
M, = max{‘% t,s € [1,T]} , My = max {|R(t, s)|t,s € [1,T]},

K ={A+ M B},

where

( (a+b/T —1logT) (T =1+ &=L (1 —T°7%))

a+0b/T —logT
L T T) o= DT =T + (1= 70
a+ % —logT
L (a4 /T —logT) (T — T) — 52 (T? — T*) + =D (7 — 7o=2)
L a+b/T —logT
L={(1-9))+ (logd) M[2(T—1)—TlogT]|} (T —1)
L 4 (logT)* " + ab/T (o — 1)(log T)*2
la —logT +b/T] I'(a) ’
v a (ot b/T —logT) (T" 1) = GE(T** — 1) + atle—l) (a5 — -0y
a+b/T —logT '

Theorem 3.2.

Assume there exist constants 0 < o' < b < < d', where ¢ = b, and suppose the function

f(t,u(t),u'(t)) satisfies
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a+T -1
’1—0'1—0'2

(A1) f(t,u,v) < d'/K, for (t,u,v) € [1,T] x [0 d’] X [—d', d,

(A2) f(t,u,v) >V /L, for (t,u,v) € [6,1+T — ] x [V/,6V] x [-d',d],

(A3)f(t,u,v) < d'/N, for(t,u,v) € [1,T] x [0,d'] x [-d',d].

Then the boundary value problem (3.1) has at least three solutions uy, uz, and us satisfying

max |u,(t)| < d, for i=1,2,3;

te[1,T]
V< min |uy(t)];
te[6,T+1-4]
a < max |us(t)| with min |us(t)| < V;
te(1,T] te[6;T+1-4]

t)] <a.
tgﬁ%lw()\ a

Proof 10.

The BVP (3.1) has a solution v = u(t) if and only if u is the solution of the operator equation

u = Au(zf):/1 G(t,s)f(s,u(s), u'(s))ds
* / Rt s) / G(s,7) f(7,u(7),/(r))drds.

Let us assume that the operator T satisfies the conditions in the Avery-Peterson fized point

theorem.

If u € P(y,d), then v(u) = maxycp ) [u'(t)| < d'. With Lemma (3.5),
we get
a+T—-1 a+T -1

max |u(t)] < ——— max |u'(t)] <
te[1,T)] 1 — 01 — 09 te[1,1] 1—0;—09

d.

With the condition u € P and its non-negativeness on its domain, and because A(u) € P with

A(u) > 0 and A(u) is convez on [1,T], the mazimum value of | A(u)'(t)| is either |A(u)' (1)| or
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|A(u)(T)]. Combining with the assumption (A1), we have

Y(Au(t)) = max |(Au)'(t)]

te(1,T]
= max {|(Au)'(1)], |(Aw)'(T)|}

_ /T (a+0\T —logT) (a — 1) (—logs)* > + (log T/s)* * [log L — b(av — 1)]
L (a+\T —logT)I' ()
X f(s,u(s),u'(s))ds|

N /T (a+b\T —logT)(a — 1) + (log L) — b(ev — 1)]1/T.(log T'/ s)* 2
1 (a+0\T —logT)I'(ax)

x f(s,u(s),u'(s))ds
+/1 aRg;S) /1 G(s,7)f (7, u(7), u'(7))drds

_d (a+b/T =logT)(T* ' =1)+ 5= (T —T ) =bla—1) (T —=T*?)
K a+0b/T —logT
d | [(a+b/T —1logT)&=t1 —b(a — 1)] (1 — T*7%)
K a+0b/T —logT
N M, [ (a+0/T —logT) (T —T) — 5o (T? — T) + AL (P 72
K a+b/T —logT
d/

< —{A+M,BY=d
_K{+1}d

Therefore, A : P(vy,d") — P(~v,d"). To confirm the condition (S1) of Theorem (3.1), we choose

u(t) =44 1<t < T. So p(u) =< > ¥,

_b’+c’

0(u) <d,andy(u) =0<d

Consequently, {u € P(v,0,0,0,c,d),o(u) >V} # ¢. Moreover, if

u € P(y,0,0,0,c,d)

then v < u(t) < ¢ and |u/'(t)] < d' hold fort € [0,T + 1 —6|. By using the assumption (A2),
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we will check the condition (S1) of Theorem (3.1).

p(Au(t)) = min |(Au)(t)]

te[6,T+1-46]

= min {/ G(t,s)f(s,u(s ds+/ Rts/ G(1 u(T), ’(T))des.}
te[0,T+1-46]

> min {(1 —logé)/1 G(1,8)f(s,u(s),u'(s))ds

te(6,T+1-0]

+
!

NI N N S S

(1 —logd)R(t, s)/1 G(1,7)f(1,u(r),u (7))drds.

v

min {(1—10gt)+/1T(1—logs)R(t,s)ds} /1TG(1,T)ds

te[8,T+1-4]

{(1—10g(T+1—(5)) (log §) max R(t, s) /IT(l—logs)ds}/lTG(l,s)ds

te(1,T]

v

A%

(1 —log(T + 1 — 8)) + (log ) M2 [2(T — 1) — Tlog T} /T G(1, 5)ds

A —=log(T+1—-6))+ (logd) My [2(T — 1) — T'log T} (T — 1)

< —aT (log T)*™' + ab(a — 1)(log T')*2

[T(a—1logT)+ b I'(«) =V

So the condition (S1) is satisfied. If u € P(y; o,V ,d") and 0(Au) > 6, then
o(Au) = min (Au)(t) > (logd) max (Au)(t)

t€(0,T+1-4] te[1,T)

= (logd) - 8(Au) > (logd) - 60" > V.

So condition (S2) of Theorem (3.1) follows. Finally, we show that the condition (S3) of Theo-
rem (3.1)holds.

As Y(0) = 0 < d, so 0 ¢ R(y,v,d,d). For u € R(y,¢,d,d') with ¥(u) = o we have
0<u(t)<d,tel[l,T]. Using assumption (A3), we can estimate
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(Au) = max [(Au)(t)|

t€[1,T)
:tg%?%/GtS s, u(s ds+/Rt5/G37 (1,u(r),u (7)) dr ds
Stlerﬁ}Tc] /1 G(1,5)f(s,u(s),u(s ))ds—f—tgﬁ%/l R(t,s)/1 G, 7)f(r,u(r),d (7)) dr ds

< max}{ljt/lTR(t, ) ds}/ITG(l,s)f(s,u(s),u’(s))ds

te[1,T
T
/ G(1,s)ds
1
Lat b —logT)(1 — 1) — 2 (1 a_l)]

< (1+ My)

zl8 ==

(1+M2) :
a—i—T—logT

o éaal) (Ta 5 T27a)

a+7—10gT

+ (1+ Ms)

| — |

Therefore, problem (3.1)has at least three positive solutions uy, us, and ug such that

max |u,(t)| < d, fori=1,2,3;
te[1,7)

V< min  |u(t);

te[5,T+1-6]
a' < max |ug(t)| with min |u(t)] < b;
te[1,T) te[0,T+1-46]

<ad.
nax us(t)] < a

The proof of the theorem is completed.
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3.3 Example

We consider the problem

(Dlu(t) = fltu(t). (1), te[12)

u! — u® —
L=0 H=0 (3.13)

where
log(2+1) + % + (&) wel0,4],
f(t7 u? v =
log(2 +1) + & + (1%)3 u €[4, +00],
with
o1 = 0.0528, 05 = 0.0469, 05 = 0.839, 74 = 0.0469, and p = 0.2817
. and

M1 = 0.444, M2 = 5.480, K = 4.075, L = 0.333,and N = 1.084

Setting o' = 1, b’ =5, d’ = 104, then f(¢,u,v) satisfies

(

tou,v) < L =92453.987, for (¢, u,v) € [1,2] x [0,2 x 10%] x [—10%, 10%];
K

=15.151, for (t,u,v) € [2,2] x [5, 2] x [-10%,10%;

S

ft,u,v) >

flt,u,v) <& =0.9225,  for (t,u,v) € [1,2] x [0,1] x [-10%,10%].

\

All conditions in Theorem (1.3) hold; then problem (3.13) has at least three positive solutions.
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Conclusion

In conclusion, this dissertation has been dedicated to the exploration of positive solutions
for fractional differential equations. The primary objective was to investigate the behavior of
solutions under different boundary value conditions, with a focus on integral boundary value
problems in the second chapter and the application of Hadamard derivatives in the third chap-
ter. Through theoretical analyses, numerical simulations, and illustrative examples, we have
elucidated various aspects of fractional calculus and its relevance in modeling real-world phe-
nomena.

By addressing integral boundary value problems and incorporating Hadamard derivatives,
this research has contributed to expanding the understanding of fractional differential equations
and their applications. The provided examples have served to illustrate the theoretical concepts
and demonstrate their practical implications. However, it is essential to acknowledge that the
exploration of fractional calculus is an ongoing endeavor, and there remain many avenues for
further research and development.

In summary, this dissertation represents a significant step towards unraveling the complexi-

ties of fractional differential equations and lays the groundwork for future investigations in this

field.
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