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Abstract

LDPC codes are currently one of the hottest topics in coding theory they were invented in the
early 1960s and have made an incredible comeback in recent years. LDPC codes, unlike many
other types of codes, already have very fast encoding and decoding algorithms.

The question is how to design the codes so that these algorithms can recover the original code
word even in the presence of lot of noise.

The design problem can now be solved using new analytic and combinatorial tools. As a result,
LDPC codes are not only appealing from a theoretical standpoint, but also ideal for practical
applications.

In this study, we will provide a brief history of LDPC codes as well as the methods used to
analyze and design them.

Résumé

Les codes LDPC sont actuellement des sujets les plus brilants de la théorie du codage, ils sont
inventés au début des années 1960 et ont fait un retour incroyable ces derniéres années. Les
codes LDPC, contrairement a de nombreux autres types de codes, disposent déja d'algorithmes
de codage et de décodage trés rapides.

La question est de savoir comment concevoir les codes pour que ces algorithmes puissent
récupérer le mot de code d'origine méme en présence de beaucoup de bruit.

Le probléme de conception peut désormais étre résolu a l'aide de nouveaux outils analytiques
et combinatoires. En conséquence, les codes LDPC sont non seulement attrayants d'un point de
vue théorique, mais également idéaux pour les applications pratiques. Dans cette étudier, nous
fournirons un bref historique des codes LDPC ainsi que les méthodes utilisées pour les analyser
et les concevoir.
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General introduction

The current societies have become different from the rest of the other eras, and in terms of
science in particular, everything is in line with telecommunications and information . Digital
communications have changed significantly over the past two decades. Today, in most cases,
information is transmitted in digital form, whether it is wired media (optical fiber) or radio, cellular
or wireless local area networks, or information storage systems. This development is triggered and
supported by a strong need for reliable, fast, and efficient transmission and processing of various
information (voice, data, or image processing). And this phenomenon exists in every field
(military, government, commercial, etc.).In addition, communications are combined with

computer-aided data processing techniques.

The elements of a communications system consist of analog /digital transformation of
information, redundancy reduction, encryption, and error protection. In analog transmission, the
signal is transmitted as it is, which can cause a loss of useful information at the receiving end due
to interference and noise on the transmission channel. In addition, the amount of information
transmitted is very large and the transmission is done in circuits of great complexity and therefore
slow. Digital communications have made it possible to counteract these disadvantages. By
applying digital signal processing methods, it is possible to protect the signal more effectively.
The challenges are high-speed, real-time, low-error, secure transmission with low energy

consumption. In a transmission system, digital signal processing can be applied several times.

Digital channel coding converts sequences of useful information into discrete coded sequences,
called code words. Code words can be binary or non-binary. This note only examines binary code.
The challenge in encoding digital information is to recover as little as possible at the receiver from
the noise of the transmission channel. The receiver converts the encoded received sequence into
an estimated information sequence. The sequence should ideally be the same discrete sequence of
transmissions, but in practice, it is subject to transmission errors. The discrete sequence is then

converted to a continuous sequence and passed to the output.

In 1948, Shannon ™M demonstrated that there is a limit to the information rate transmitted in the
presence of noise, called <<channel capacity>>, but did not explain the means of approaching it.
From this point on, researchers began to investigate different methods of constructing error-

correcting codes and minimizing decoding errors as much as possible.



Even if the asymptotic nature of this limit leaves no hope of reaching it, the information theory
community has sought to find ways of getting as close as possible to this famous limit (channel

capacity).

Therefore, two families were imposed: linear block codes and convolutional codes achieve good
transmission results without errors. These two families have excellent performances, but this
revolution has opened up many avenues of research in the field of error-correcting coding and
more generally in digital communication systems. This advance has resulted in the rediscovery of
GALLAGER codes, also known as LDPC (Low-Density Parity Check) codes, which at that time
were not very popular. A commonly accepted reason to explain this oversight is the difficulty at
the time to design efficient circuits to process the writing algorithms. In 1995, encouraged by the
context that followed the discovery of the turbo principle, MACKEY rediscovered the
GALLAGER codes. Thereafter, many works were interested in these two families of codes:
Turbo-codes and LDPC codes, and more generally in the application of the iterative principle in a
digital communication system, and this will be demonstrated in this study.

This consists of two chapters. The details of each are described below:

Chapter | is devoted to the introduction to the design of a digital transmission chain which we will

describe with each basic element starting from the message source to the receiver.

Chapter Il is based on LDPC codes which are designed from linear block codes with their

encoding and decoding based on iterative decoding.






1.1. Introduction

Man has always needed to communicate. In 1794s, CLAUDE CHAPPIE built a telegraph between
Paris and Lille. It was then possible to transmit a message over a long distance. Then, thanks to
electricity, the telegraph was perfected communication was established in the form of coded
messages. The years 1832s and 1876s saw important inventions such as the Morse code thanks to
SAMUEL MORSE and the telephone thanks to GRAHAM BELL where the voice could be

transmitted [,

Long-distance communication is now possible with a simple pair of copper wires and a power

source. Today, thousands of simultaneous conversations can be transmitted at any distance.

Digital transmission systems carry information between a source and a recipient using a
physical medium such as cable, fiber optics, propagation over a radio channel, etc. The signals
carried may be either directly digital or analog (speech, image, etc.) but converted into digital
form. The task of the transmission system is to carry the signal from the source to the recipient as

reliably as possible.

The synoptic diagram of a digital transmission system is given in figure 1.1 where we limit
ourselves to the basic functions. The source transmits a digital message in the form of binary
elements. The encoder generally encompasses two fundamentally different functions: the first,
called source coding, associates a suitable physical medium with the abstract elements emitted by
the source, and the second, called channel coding, consists in introducing redundancy into the
emitted signal to protect it against noise and interferers present on the transmission channel. The
transmission channel includes the transmitter, the physical transmission medium on which the
signal will be transmitted, and the receiver. Finally, on the receiver side, the source decoding and
channel decoding functions are the respective inverses of the source coding and channel coding

functions on the transmitter side.



Chapter | General description of a digital transmission chain

1.2. The digital transmission chain

The block diagram of a digital transmission system is given in figure 1.1 we limit ourselves to the

basic functions:

— Informtion - Source
Input Encoder

Digital

Modulator i |
| |

|

Channel
Encoder

Transmitter v
Channel .,
—
Receiver 1
1
Source 1

g Infermtion _‘

Output Decoder

4—‘ Decoder ‘4_‘ DeMeodulator }(—————
Figure 1.1: General diagram of a digital transmission chain.
When detailing the sending part, the following blocks can be distinguished:
- Information Input
The source can be an analog signal. Example: A Sound signal

- Source Encoder

The source encoder compresses the data into a minimum number of bits. This process helps in the
effective utilization of the bandwidth. It removes the redundant bits

Example: unnecessaryexcessbits, i.e.
- Channel Encoder

The channel encoder does the coding for error correction. During the transmission of the signal,
due to the noise in the channel, the signal may get altered, and hence to avoid this, the channel

encoder adds some redundant bits to the transmitted data. These are the error-correcting bits.
- Digital Modulator

The signal to be transmitted is modulated here by a carrier. The signal is also converted to analog
from the digital sequence, to make it travel through the channel or medium.

- Channel

The channel or a medium, allows the analog signal to transmit from the transmitter end to the

receiver end.
|

LAGH-UNIV 2021/2022 6



- Digital Demodulator

This is the first step at the receiver end. The received signal is demodulated as well as converted

again from analog to digital. The signal gets reconstructed here.
- Channel Decoder

The channel decoder, after detecting the sequence, does some error corrections. The distortions
which might occur during the transmission, are corrected by adding some redundant bits. This

addition of bits helps in the complete recovery of the original signal.
- Source Decoder

The resultant signal is once again digitized by sampling and quantizing so that the pure digital
output is obtained without the loss of information. The source decoder recreates the source output.

- Output Signal

This is the output that is produced after the whole process. Example — the sound signal received.
1.3. Coding

1.3.1. Source coding

Source coding aims to represent the information to be transmitted in the most compact digital form
possible see figure 1.2, by eliminating the redundancy contained in the source messages. On the

one hand to digitize the data if they are analog (sound, image, video), on the other hand, to

compress the digital data, to reduce the transmission rate or the storage volumel®l.

Signal (Sound, Image, Text.) ,|  Source coding Binary message .

N

Figure 1.2: Source coding

We will distinguish two types of compression:

- Lossless, or conservative, compression allows the original data to be recovered exactly after

decompression. Ex: zip compression.



Chapter | General description of a digital transmission chain

- Lossy or non-conservative, compression leads to a loss of information. It is used for objects
intended to be perceived by a human, ensuring that the loss of information is not perceptible.

This is the principle on which the perceptual encoders MPEG (audio and video) and JPEG (image)
is based. After digitization and coding,the digital message source is characterized by its bit rate D.

defined as the number of bits transmitted per unit time.

The bit rate is equal to:

b=t ()

N

Where T is the duration of one bit.

The digitization of a signal is broken down into two successive operations, sampling, and

quantization:

» Sampling: an operation performed on the signal to be transmitted to carry out the
"analog/digital™ conversion. It consists of substituting, for the original signal, a series of
instantaneous values taken from the signal and regularly spaced out in time at precise,
regularly spaced instants. On reception, a digital R1I filter is used to recover the original
signal. figure (1.3).

» Quantization: to reconstitute the signal on reception, it is not necessary to transmit these
pulses directly, it is sufficient to transmit information characterizing the amplitude of
each of them. This operation consists of matching each sample amplitude with the closest
amplitude of a discrete sequence of "standards" called "levels".

Each level of the quantization scale is characterized by a binary number.

N i
\J h| |\|
S i 1

Figure 1.3: Signal sampling and quantification.

1 —
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1.3.2. Channel coding

Channel coding, also known as error-correcting coding, consists of protecting the binary messages
provided by the source coding by introducing information redundancy. Bits are added to the
original bits, which depend on them. This redundancy can enable error detection and possibly error

correction 4],
a) Causes of transmission errors
The causes of errors are numerous and depend mainly on:
- Transmission lines used.
- Type of modulation and coding used.

- Thermal noise due to electronic components can also cause errors if its level becomes

quantifiable.

- Pulse noise, is an important source of error since a pulse lasting about ten milliseconds can induce

several bits in error and the number of bits in error increases with the transmission speed.
b) Method of correcting transmission errors

These noises produce a large number of clustered errors and therefore error detection and
correction systems have been developed to protect the integrity of the transmitted binary
information. These systems are based on additional coding of the information at transmission and

analysis of the message at reception.
The receiver can distinguish two strategies in case of error detection:

» Either a request to retransmit the erroneous bits: this is the ARQ strategy.

» Or acorrection by channel decoding, known as FEC.

We are interested in the first correction strategy (ARQ) See figure (1.4).

Detection Correction by
retransmission
ARQ
Code ( )
Correction Automatic correction
(FEC)

Figure 1.4: Error correction method



Traditionally, two types of codes are distinguished, block and convolutional codes. Our study will

focus on the Hamming block code.
1.3.2.1. Introduction to block codes HAMMING

The information from the source is put into fixed-length frames, which will be transmitted: this is

the message. The channel coding takes this message and makes it into a codeword.
The message consists of k characters, i.e. 2% possible messages. The codeword

The code word used will also have a fixed length of n characters, i.e. 2™ possible code-words. With
n > k there will therefore be n - k characters in the code word which are redundant and will be

used to handle any errors.

Moreover, 2™ > 2k so a certain number of codewords do not correspond to a message but only
to transmission errors. 1 We thus speak of a block code C (n, k) and the coding ratio or code

efficiency R defined by:
k
R = - (1.2)
1.3.2.2. Code weight

The weight of a codeword is by definition the number of non-zero characters contained in that

word.

Example:
1011001011 Weight =6
0011010100 Weight =4
0000000000 Weight =null

Table 1.1. Example of different code weights



1.3.2.3. Hamming distance

The Hamming distance is defined as the number of different bits between two words. It is denoted

dh (C, R) with C, R two different code words.

To maximize the detection (correction) capability of the code, the Hamming distance between the
code words should be as large as possible. The objective is therefore to maximize the minimum
distance between codewords, using the linearity property, which implies that the difference
between two codewords is one codeword 1. If a code is of minimum distance:

- It will be possible to detect all errors of weight less than or equal to d,,;,, - 1.

- We can correct t errors if we can associate (without risk of error) the codeword to erroneous

receive the word; this can be done if t is strictly less than d,,,;, /2.

In summary, if s denotes the number of detectable errors, and t the number of correctable errors,

the link to the minimum distance d,,;,, is as follows:

dmin =s+1 (1.3)
dmin = Zt + 1 (|-4)

1.3.2.4. generating a systematic linear block code

We will generate a systematic linear block codeword C,,, from a message X,,, such that:

Xy =[momymy ... .. my — 1]

k Message characters

Cn=[Ro Ry «v v v e e Ry —k—1mymy o oo vev e o omy — 1]
but C,, =[ R, Xl or R, contains the control characters also called redundancy characters
1.3.2.5. Codeword generation
A- Codeword generation matrix

A matrix which generates the code word C,,, from the message X,,, is called a generation matrix,

denoted G, such that:

Cmn =G X X, (1.5)
Turning to systematic codes, the matrix G is of the following form:

G= [Prn-ty Tiio] (16)



B- non-systematic code

A non-systematic code noted: G = [P M] where the matrix M is a matrix that shuffles the bits of
the message to encrypt it. We can of course reduce to a systematic code by combining the rows to
gather to involve the matrix I,,. Any block code can thus be reduced to the study of a systematic

code. The essential part of the G matrix is therefore the P matrix called the parity matrix "],
C- Encoder design principle

The principle of the technical implementation is therefore simple, it is sufficient to have two shift

registers and an inverter (electronic switch), as shown in figure (1.5).

I"“ Imz I"” H
\

S P D g

Code word
Y W

Figure 1.5: Principle of the encoder.

Message

each parity bit is therefore expressed as R;
In binary the P;,i € {0; 1}.
The P; are obtained by simple binary addition. See table (1.2)

= Z_If=1 mjpﬂ mOd 2

) 0 1
0 0 1
1 1 0

Table 1.2. Binary addition

We take as an example a code C(7,4):

1110100 Ri=my + m; + my

ﬁlOllOOOM {R0=m0+m1 + m,
G
1100010 R, = my + m;y + mj



D- Parity control matrix

Let a systematic code of generating matrix G [P(k,n_k) Ik], the control matrix H will have the

following form:

H = [In—k pT] (1.7)

The relation (1.8) makes it possible to determine if a word of n bits noted r belongs or not to the
code word, the idea is to define the set of words n bits orthogonal to the code word and to check if

r is orthogonal to this set [4].

G xHT =0 (1.8)

The relationship that controls whether a word belongs to the code or not is given as follows:

C xHT =0 (1.9)
With ¢ code word.
Example :
1001110
H=]10100111
0011100
E- Syndrome

Consider the case where the sender transmits the code word X,,, and the receiver receives the word

C,,. We call syndrome, the vector :

S =C,x HT (1.10)

We can also write :
S =GXXy, XHT
For C,, to to be a code word, the syndrome must be zero.

If the received code mode C,,, is tainted with an error, the received Code will be the sum of the

transmitted code and the error (equation (1.11).)

Yy = Co + Eny (112)

Where Y,, is the error-ridden code word. The syndrome will be deduced by relation (1.12):

S=Y, xXHT (1.12)



Let us take the case of a single error on the i bit of the error word. The syndrome is then identical

to the it row of HT (or the ie column of H).

It is possible to correct the error if all columns of H are distinct. The decoding strategy is then very
simple: we compare the syndrome with the columns of H. If it is identical to one of them, we

correct the corresponding bit of the received word €1,
1.4. Modulation

1.4.1. Introduction

A transmission with prior modification of the spectrum of the signal to be transmitted is called

transposed band transmission or modulation. It generally uses two signals:

- The analog or digital message, called the modulating signal or message (LF)

- Accarrier or sampling signal (HF) Modulation can be:

- Either a more or less direct transposition of the message spectrum to HF (amplitude
modulation, frequency modulation, phase modulation ).

- On the other hand, a radical modification of the signal itself using digital means, notably
sampling (pulse modulation).

- Alternatively, a combination of the two previous techniques (Wide Band Code Division
Multiple Access - W-CDMA).

Example:

- Shift keying modulation.
- Pulse modulation and PCM coding.

- CPM continuous phase modulation.
Now, we will study CPM
1.4.2. General Study of CPM

Continuous phase modulations (CPM) are a family of constant envelope phase modulations. They
were introduced in the early 1980s by John B. Anderson and Carl- Erik Sandberg [®. In addition
to a constant envelope, these modulations have other properties that differentiate them from
classical linear modulations. These properties include non-linearity with respect to the transmitted
sequence and the lattice modeling of CPM signals. Modulations in which the phase of the complex

envelope z (t) evolves continuously with time but is not constant are called continuous phase



modulations, CPM. Ensuring the continuity of the phase makes it possible to limit the spectral

occupation of the modulated signal.

The general expression for the phase ¢ (t) of signal ¢ (t), in the interval, is [nT, (n + 1) T], is as

follows:
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Or the sequence (ay) the sequence of M-ary amplitudes associated with successive symbols. These
symbols are uniformly distributed. The sequence (by) is the sequence of modulation indices.
Generally, it is constant and the modulation index b is fixed. It can cyclically, and is referred to as
multi-index modulation. The elementary pulse g (t) is a normalized continuous waveform, which

is often the integral of a function q(t).

a®)=['_ 9@ d, (1.14)

The function 2 b q(t) is called the phase elementary pulse, and it is noted hereafter ¢ (t). The

function q (t) is called the frequency elementary pulse.

The most commonly used CPM modulations are described in the following sections. They are the
CPFSK continuous phase frequency modulations, with in particular the MSK modulations, and
the binary GMSK modulations. These modulations have a constant envelope .

+ CPFSK is a continuous phase frequency hopping modulation, which associates each
symbol with a frequency. The frequency change is made while maintaining phase
continuity.

+ MSK is a CPFSK modulation with a modulation index, its name comes from the use of
the minimum deviation to obtain orthogonal frequencies

+ GMSK modulation is an MSK modulation to which a Gaussian low-pass filter has been
added to reduce the spectral occupancy of the modulated signal. It is therefore a continuous
phase frequency modulation of the index .



1.5. Transmission channel
1.5.1. Definition

Before any transmission chain is designed, and in particular the selection of the waveform, the
nature, and properties of the channel used must be studied. Noise strength, channel type, and
stationarity are parameters that must be known a priori to make an effective choice of the
waveform. This knowledge then allows the capacity of the channel to be evaluated given the
waveform adopted. From an operator's point of view, information on propagation conditions is
essential for an initial assessment of the system's capacity and the quality and nature of the service

it can offer.

The transmission channel represents the link between the transmitter and the receiver and can be
of different types depending on the type of data it carries. The transmission channel is

characterized by its capacity and bandwidth.

Signal Signal

s (t) r(t)

Transmitter :: > Channel % Receiver

Noise interference

]

Figure 1.6. Transmission channel.

The sources of interference are diverse and depend mainly on the environment in which the
transmission channel is located (figure (1.6)). The main types of noise are galactic noise between
20 MHz and 200 MHz due to radiation from various energy sources in space; atmospheric noise
up to 20 MHz induced by thunderbolts, industrial noise, urban noise, micro outages corresponding
to short interruptions of the signal, phase jumps and flickers related to sudden variations in phase
or slow variations caused by electrical power supplies; crosstalk when several links are routed

through the same cable [,



1.5.2. Capacity of a noisy digital channel

A formula specifies the capacity of the transmission channel for a digital signal passing through a

real, and therefore noisy, line

D =B log,(1+ 5/y) (1.15)
Or

- D : Bitrate (bits/S).
- B : Bandwidth (HZ).
- S/N: Signal to noise ratio (W/W).

There are several theoretical models of the transmission channel according to the most frequent
types of errors:

1.5.3. Symmetric binary channel

The part of the link from the input of the transmitter to the output of the receiver can be
considered as a binary channel, which is characterized by input and output of finite and equal bit
streams (0, 1). The physical phenomena at work in the real channel are therefore left aside, to

connect simply to the binary transformation between the input and the output.

p (i—f) —p (};—:) (1.16)

Where R; and S; represent the transmit and receive event of the binary element respectively

At the output of the transmission channel, the noisy signal is demodulated to obtain a sequence of
binary elements. It is possible to represent all the parts modulation, transmission channel, and
demodulation by a binary channel. The principle of a binary channel, represented in figure (1.7),
is to associate to each input bit a certain probability that the received bit is erroneous. This depends
on the one hand on the errors generated by the propagation channel and on the other hand on the
errors due to the demodulation of the signal.



A- Description of a binary channel

The simplest model is the binary symmetric channel (BSC). A BSC is defined by its probability
of error, denoted P. The value of this probability, which depends on the channel and the
modulation, corresponds to the (BER) obtained at the output of the demodulator. If we denote ¢
and y as the input and output elements of the BSC, then the probability that the received symbol
is erroneous is equal to the P equation (1.17) and conversely, the probability that the received

symbol is correct is 1-P equation (1.18):

By=0x=1)=B{(y=1L,x=0 =P (1.17)
Pr(y:O,x:O):PT((y:1,x=0)=1—P (1.18)

1-p

Figure 1.7: Symmetric binary channel.
B- The Binary Erasure Channel

Erasure is a special type of error with a known location. The BEC transmits one of the two binary
bits 0 and 1. However, an erasure «e» is produced when the receiver receives an unreliable bit. The
output of the BEC channel consists of the symbols zero, one and e, as shown in figure. 1.8. The
BEC clears a bit with a probability , called the probability of the erasure channel. Thus, the channel
transition probabilities for the BEC are as follows:
(Py=0|x=0)=1-¢
p(y=elx=0)=¢
p(y=1|x=0)=0
|p(y=0]x=1)=0

ply=elx=1)=¢
p(y=1lx=1)=1-c¢

Thus the transition matrix Py = [1 6 € gg 1 _08 ]



Figure.1.8. Binary erasure channel model

Note that the output random variable of the channel Y takes its values in a ternary alphabet {0,1,¢},

where & represents erasure. This channel is often used as a model for networks. Erasure then

models packet losses [10],

1.5.4. The Additive White Gaussian Noise Channel AWGN

the signal is degraded by white noise 1, which has a constant spectral density and Gaussian

amplitude distribution. A Gaussian amplitude distribution is also included. The channel that we

take into consideration and that coding theorists most frequently employ A binary input channel

is seen in figure (1.9). It consists of the addition of a white Gaussian noise, of bilateral power

spectral density DSP given by equation (1.19) [*11,

S = Mo
b () = =
Noise b(t)
S(t) \ Z(t)
Input \/ Output

Figure 1.9. The additive white Gaussian noise channel AWGN

(1.19)



With additive noise modelled as samples of a distribution [*1}
The Gaussian distribution has a probability density function given by:

.

Pyr(n) = ﬁexp(— o7 (1.20)
Where o2 is the variance of a Gaussian random process.
The binary input additive white Gaussian noise channel (BI-AWGN) can be described by
the equation :
Yi =ax; +n; (1.21)

Or x; € {—1,+1}is the i° symbol transmitted, y; is the is received symbol 7; is the additive

noise sampled from " and o is the attenuation.

When transmitting a binary code word on the BI-AWGN channel, the bits of the

Code word ¢; € {0,1} can be mapped to the symbols x; € {—1,+1} in one of two ways by one

of the following two ways:{0 - +1,1 - —1}or {0 - —1,1 — +1}.

We will use the traditional convention{0 — +1,1 —» —1}, because modulo-2 arithmetic over 0.1

corresponds directly to multiplication with 1.1

When this traditional mapping is used 21,

1.6. The recipient

We've just seen how the transmitter can convert the message into a signal and transmit it over the
channel. The receiver, on the other hand, must extract the message from the signal received. It
accomplishes this by taking a sequence of decisions on the transmitted message's subsequent

symbols in the digital case, or by simple demodulation in the analog case.

Because of the discrepancy between the transmitted and received signals, the receiver's job is
complicated. The use of a priori knowledge about the structure of the transmitted signal, as well
as the conditions under which the transmission took place, are all tied to the receiver's proper

operation.



Chapter | General description of a digital transmission chain

The receiver incorporates circuits for amplification, frequency change, demodulation (for
transmissions on a carrier wave), filtering, sampling, and decision making, with the goal of
reconstructing the message broadcast by the source from the received signal 31 . The modulated
signal can be brought back to baseband using the frequency change and demodulated. After that,
the baseband signal is filtered and sampled at predetermined intervals. Finally, from the received

samples, a decision circuit determines the value of the transmitted bits.

1.6. Conclusion

Information transmitted between a source and a recipient is always threatened by interference,

disturbances, and transmission errors located along with the transmission medium.

Therefore, a theory of detection and correction of these transmission errors is produced by
researchers to address these problems.

LAGH-UNIV 2021/2022 21






11.1. Introduction

Gallager invented Low Density Parity Check (LDPC) codes in 1962 [14], These codes are based on
pseudo-random low density parity check matrices. Due to the complexity and hardware means of
its encoding and decoding, the code at that time did not attract enough interest in the research
community. Theory of coding This monitoring will continue until the code and principles of turbo
replication are introduced. For example, in 1996, MacKay and Neal rediscovered LDPC codes [1°]
and proposed using Pearl's Belief Propagation (BP) algorithm [16] to decode these codes. Then
Luby introduced the irregular LDPC code 171 which is characterized by a parity check matrix with
a different distribution of the number of elements, and the Null value is not uniform for each row

and/or column.

This chapter is devoted to LDPC codes, where the first part introduces the general concepts of
these of these codes as well as the construction methods of the parity matrix. The second part
presents the decoding techniques.

11.2. Basic concepts €

Errors can occur in digital communications regardless of the channel used. To reduce these errors,

coding is used during transmission.
There are two types of coding to consider:

Source encoder: It is the analog-digital convention's role to represent the information message on
a minimum number of bits (this allows for transmission on a minimum bandwidth).

Channel encoder: Channel coding, also known as detector coding and/or error correction, is a
function unique to digital transmissions that does not exist in analog transmission. Analog
transmission equivalent this operation consists in appending binary elements known as redundancy
elements to a digital information message in accordance with a given law. The channel decoder
checks to see if this law is always followed during reception. If this is not the case, it detects a

transmission error. This procedure aids in the enhancement of the transmitted signal's quality.
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' ~\
Source | Channel N Digital
Encoder Encoder Modulator
L ,
Transmitter ¥ __
Channel
Receiver ]
i B
Source | Channel Digital
Decoder | Decoder ' Demodulator %
. »,

Figure 11.1: Block diagram of a digital transmission chain.

11.2.1. Block codes
11.2.1.1. Definitions

The data block m of k symbols from the information source is associated with a block C, which

is the code word of n symbols with n > k and (n-k) representing the parity bits.

coder

A 4
v

Figure 11.2: Simplified diagram of a block encoder, which from an information word m of k bits, generates a
code word C of n bits.

11.2.1.2. Generating matrix
The code word C assigns to each information block a matrix G of size n X k such that:
C=m XG (1.1)
The matrix G can be written in its simplest form:
G=1[p|I] (11.2)
Where | : The identity matrix of dimension k X k.

P : The parity matrix of dimensionk X (n — k).

1 —
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11.2.1.3. Parity check matrix
Each generating matrix of dimension (n x k) is associated with a matrix B of dimension
(n- k x n) with rows orthogonal to those of H.
The matrix H can be written:
H = [PT L] (1.3)

11.2.1.4. Properties of block codes
a) Weight of the code

The weight of a code word is defined as the number of non-zero characters in the word.

Example: C = [10100110], for this code word the weight is w = 4.

b) Hamming distance
The Hamming distance between two code words is the number of bits by which they differ.
Example: €1=[10100110]
C2=[10011011]
The Hamming distance for this code C is also defined as:
dmin = min{Wk} (11.4)
The code word " 0 " is not allowed.
11.2.1.5. Block codes in systematic form

The structure of the code word in a systematic form is shown in Figure 11.3. In this form, a code

word consists of k information bits followed by (n-k) parity bits.

K: bits of information (N-K): parity bits
Figure 11.3: Systematic form of a code word of a block code.

As a result, the following generating matrix can be used to define a linear block systematic code
(n, k) [29I;

G = [Ikxx Pexm-w) (11.5)

This means that the information and redundancy bits are not mixed together.



11.2.1.6. Decoding of linear block codes

We can observed in Figure I1.4 that following its emission through a noisy channel, a code note
may be received containing errors. The resulting vector may therefore be different from the

corresponding transmitted Code Word, and it will be noted as:

r= (r,"y,13 .., 1) (11.6)

Error events can be modeled as error vectors or error patterns:

e = (e, ey€3..,6,) (1.7)
Or:e=r+c
Received
message Decoded
Linear codewor Noisy codword Linear message
— > > >
encoder channel decoder
m = (my,m,.....,M;) €=(Cq1,C2,meeerCp) r=(ry,ry,eegty) m'=(m'y,m',,.....,m';)

Figure 11.4: Diagram of a block encoder.

To detect errors, we use the fact that any valid code word must obey the condition
Cx H' =0 (11.8)

The error detection tool is based on the above expression, which is of the form:
S=r x HT (11.9)

Or: S = (s4,8,,53,...,53) Is known as the syndrome vector. The detection operation is

performed on the received vector:

- If, S is the null vector, the received vector is a valid code word.

- Otherwise, the vector received will be wrong. Checking the syndrome table to find the

corresponding error pattern gj for j =1, 2 ,..., n, the decoded message is obtained by:

m’ =r+ ¢ (11.10)



11.3. LDPC codes

The LDPC (Low-Density Parity-Check) codes are linear block codes with the formulas (n, k) or
(n, we, wr), where n is the length of the code word, k is the length of the information word, wc is
the weight of the column (the number of non-zero elements in a column of the parity matrix), and
wr is the weight of the row (i.e., the number of the non-zero elements in a row of the parity-check

matrix).
There are two characteristics of LDPC codes:

<> Parity-Check: The LDPC codes are represented by a binary parity check matrix H which
satisfies the condition (11.8).
X Low- Density: the parity check matrix H is a hollow matrix, i.e. of low density (Low density

means that there are more "0" than "1" in the matrix H) [2°],

Example: Consider the following parity check matrix of a 1/2 efficiency code producing 4

redundancy bits [2°:

O = O O
_ o O O
SO R
O = = O
_ = O O
_ o O O

S O O
S O = O



11.3.1. Tanner graph

In addition to its parity check matrix, an LDPC code can be represented graphically. This is
referred to as a Tanner graph 211, or, more broadly, a factor graph. A factor graph contains two
types of nodes, data nodes and functional nodes. Two nodes are linked together by a branch. In
the case of LDPC codes, the data nodes represent the code word, and the functional nodes
correspond to the parity constraints. As a result, we will refer to the nodes as functional nodes and
parity check nodes. A branch connects a data node i to a control node j if and only if the element
corresponding to the j " row and i " column of the parity check matrix is non-zero. The data nodes
will be represented by circles, while the control nodes will be represented by squares. A white
circle represents a data node that corresponds to a bit of the transmitted code word. circle. If a code
word bit is not transmitted (this is known as a punctured bit), the node is represented by a solid

black circle and is known as a punctured node or hidden node.

Lo [ |
C\ N

Figure 11.5: Factorial graph of an LDPC code
The factor graph is a graphical representation of the code that is very simple. This graph is used to
depict the decoding algorithms associated with the LDPC codes that will be presented later.
11.3.1.1. Cycle

In a Tanner graph, a cycle (loop) is a sequence of connected vertices that begins and ends at the
same vertex in the graph and contains the other vertices only once. The number of edges in a cycle

determines its duration 22,
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11.3.1.2. Circumference

The circumference is the minimum length of the cycles in their Tanner graph.

Figure 11.6: the cycle in a Tanner graph.

11.3.2. Regular and irregular LDPC code

If all columns or rows of H have the same weight [221, the LDPC code is called regular LDPC code.

If not, it is called an irregular LDPC code. Two parameters are defined:
d,,: Number of '1' per column,
d.: Number of '1' per row,

Example: Regular code:

10110001
H = 11010010
00101101
01001110

d,=2;d.=4.
11.3.3. Construction of LDPC codes

The construction of a binary LDPC code involves assigning a small number of values in a zero-
to-one matrix so that the rows and columns have the desired degree distribution.

The construction is based on various design criteria that must be implemented for encoding and
decoding in order to achieve a capacity that is close to theoretical capacity. Theoretical ability
several methods for creating good LDPC codes can be divided into two categories: random and

structural constructions.

1 —
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A random construction is preferred for large LDPC codes 22 23] whereas a structured construction
is used for small or medium size codes. There are primarily two methods in this last class: The
first method relies on finite geometries, whereas the second relies on circulating permutation
matrices. Matrices of circulating permutation the second method is the one that we are most

interested in in this work.
11.3.3.1. Construction of Gallager

Gallager's original LDPC codes are regular and defined by a H band structure. The Gallager

matrices' parity check lines are divided into sets wc, with Wﬁ rows in each set. The first set of rows

T

contains wr number of consecutive ‘1" ordered across the columns from left to right. (That is, for

[ swﬂ, there is no null entry from the ((i — 1) w,. + 1) " to the iwr*"column in the " row.).

Any other set of rows is a randomly chosen column permutation of this first set. Therefore, all

columns in H have a '1' entry once in each of the sets w, [?4],

Example: A regular parity check matrix (Gallager) M =12, (w, = 3, w, = 4) is:

11.3.3.2. MacKay and Neal's construction

A method proposed by MacKay and Neal is another common construction for LDPC codes.
Columns of H are added one at a time from left to right in this method. The weight of each column
is chosen to achieve the correct distribution, and the locations of the non-zero entries in each

column are chosen at random from the rows that are not yet complete (241,



Example: A regular parity control matrix (MacKay and Neal) M =12 (w, =3, w, =4)is:

(e
(e
(e
(e
(e
(e

I
1
OFRP OO OO KRR
OFRrOFRrROOoORrROo
_ O OO Rk OO

O R OO OoC o
QOO R OO KRR
=l elelell el S
SO RO RrRrORFRr OO
O RrRPr OO R OO OoOR
OO R OOk o
O RPr PR OO O OO

S OO RO R OPRr
RO OO R RFkR OOO

o

11.3.3.3. Quasi-cyclic (QC) LDPC code

In comparison to randomly constructed LDPC codes, quasi-cyclic LDPC codes (LDPC-QC) are a
class of structured constructs with at least a circumference of 6 that can be encoded with shift
registers. LDPC-QC codes are well known for their low coding complexity and low memory

requirements, while still achieving high error correction performance [2°,

LDPC-QC codes are distinguished by their parity check matrix, which is composed of small square

blocks equal to zero, matrices, or circulating circulating permutation matrices [2°1: [26],

Let an LDPC-QC code be of dimension (m % n) with m and n multiples of g, and let p* be the
circulant permutation g xq that shifts the identity matrix I to the right i times for any integer i, 0 <

i < @. For simplicity of notation, p*®denotes the all-zero matrix.

The parity check matrix H is defined by:

r pall palz pal(n—l) pa1n .
pa21 pa22 paz(n—l) paZn
H=| . . . . (11.11)
| paml pamz pam(n—l) pamn i

Where: a;; € {0,1,...,q — 1,00} His full rank.



11.3.4. Coding of LDPC codes

Despite their numerous advantages, the coding of LDPC codes can be a challenge for commercial
applications due to their high coding complexity and coding delay.

Coding for LDPC codes consists primarily of two tasks:

o Construct a hollow parity check (sparce) matrix.
o Generate the code words using this matrix.

11.3.4.1. Conventional coding based on Gauss-Jordan elimination

To compute the codeword, the classical coding algorithm employs Gauss-Jordan elimination and
column reordering. Neal proposed a simple scheme [?7] that is similar to the general method of
coding codes in linear blocks. We partition a given codeword C into message bits x and parity
check bits p using an irregular parity check matrix H of size (m % n).

C = [x|pl] (11.12)

The parity check matrix H is converted to systematic form and then divided into a matrix A of size

m % (n - m) on the left and a matrix B of size m x m on the right after Gauss-Jordan elimination.
H = [A|B] (11.13)

From condition (11.8), we have:

A.XT + B.PT =0 (11.14)
Therefore,
PT =B 1A XT (11.15)

As a result, (11.15) can be used to compute the control bits if B is non-singular®.

In general, after preprocessing, the parity check matrix H will not be sparse. As a result, the
complexity of the traditional processes for coding this LDPC code is quite high. This LDPC code

is excellent.

L A square matrix is said to be singular if it is not invertible.



11.3.4.2. Coding by lower triangular approximation

The complexity of traditional coding algorithms is inversely proportional to the square of the code
length, which becomes a significant issue for long code lengths. To address this issue, Richardson
and Urbanke [28] propose an efficient LDPC coding algorithm. In the following section, we will

provide a detailed description of this coding algorithm.

The idea is to perform a transformation of the parity check matrix using only row and column
permutation to keep H hollow. As shown in Figure I1.6, any arbitrary hollow matrix can be

converted to a desired parity check matrix H with an approximate lower triangular shape.

71-122 £ ni-=
e -t =g} E
A
o : : \ o
H— : =1 E N -
i i - \\
72 : ' N
____________ i S e e e s i
c I B E I e
= . =
Figure 11.7: Lower pseudo-triangular representation of the matrix H.
a) Richardson-Urbanke algorithm [28l:

The steps of this algorithm can be summarized as follows:

1- Perform the row and column permutation to put H in a triangular form approximate lower form:

_[A BT

H_CDE

(11.16)

Where A is of size (m — n) X (m — g),Bisofsize g x (m — g), T is a lower triangular
matrix of size (m — g) x (m — g),Cisofsize(n — m) x g,Disofsize g x g and finally

E isof size (m — g) X g. The g rows of H are called the gap of the approximate representation.

2- Once we have obtained the upper triangular format T, we use Gauss elimination to empty E,

which is equivalent to the following per-multiplication:

(—El.T‘l 8)"(? g ;):(—E.?—l.A+c —E.’IL"?‘l.B+D g)

=(?, g, 7(;) (1.17)
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Where we note:

C =-ETYA+¢C (11.18)
D= —-ET YA+ D (11.19)
3- Encoding:

Let us consider the code word C consisting of a systematic x part and two parity parts p; and p,,

with lengths g and (m - g), respectively. We apply the condition H.x” = 0 to the code
C = [x pl p2], we obtain:
AxT +BPI+TPI=0 (11.20)
CxT+DPI+0Pf=CxT+DPl=0 (11.21)
Assuming that D is invertible, p1 can be found from (I1.20):
PT =-D7C x" =-D Y (-ET A+ C)x” (11.22)

Where the low density of A, B and T can be used to keep the complexity of this operation low;
since T is upper triangular, P2 can be found by :

Pl =-T7}(AxT + BP]) (11.23)

This is the most widely used method for LDPC code encoding, and it has been adopted by the
IEEE 802.11n and IEEE 802.16° standards. The advantage of these codes is that their constructions

are performed in a systematic manner, which reduces coding complexity and complexity, as well
as the required memory.

LAGH-UNIV 2021/2022 34



11.3.5. Iterative decoding of LDPC codes

In comparison to other types of codes, decoding LDPC codes does not pose as many problems for
researchers as their construction. The most difficult task is determining the best methods for

creating efficient LDPC codes [2°],
Several methods can be used to decode an LDPC code, including:
1. Decoding with firm decisions:

o Decoding with majority logic (MLG).
o Decoding with bit switching (BF).

2. Decoding with weighted decisions:

Decoding based on a posteriori probability (APP).

o Iterative decoding based on confidence propagation (BP).
3. Mixed decoding (firm and weighted):
o Weighted LF decoding.

In terms of circuit complexity, the MLG method is the most straightforward.

The BF method necessitates slightly more circuit complexity, but it provides better error
performance than the MLG method. The APP and BP methods provide better error performance

but necessitate greater circuit complexity.
The circuit's complexity Iterative BP decoding is a good compromise between the two properties.
11.3.5.1. Decoding algorithm by belief propagation (BP)

To describe the iterative decoding algorithms for LDPC codes, we will use the notation in Table
1.1

Consider an (n, k) LDPC code with a control matrix H of size (n — k) X n. WithR = k/nthe

coding rate. ¢ = (cq,¢y,..., c,) denotes the codeword.

Eb is the average bit energy normalized to 1. N, is the average noise density. r = (ry, 13,...73)

is the received vector. z = (zy,2,,...2,) IS the estimated vector obtained fromr.



s S=zHT

pj An a priori probability of the transmitted code words ¢ j=aorais 0 or
1.

f A posteriori probability,(App) of q=pi(cj=a|r).

L(cj) log likelihood ratio(LLR), log(f°)/(f")

qij probability that bit j of x is a, given the control information i.

T The control probability i being satisfied if bit j of x is considered fixed a,
and the other bits have a separate distribution given by g;;.

Table I1.1: Message notation - iterative passing LDPC decoders
The belief propagation (BF) algorithm can perform decoding in either the probabilistic or the

logarithmic domains (301 [311. [32],

The use of logarithmic probabilities has the advantage of converting a product of several messages
to a sum. Because a sum is easier to implement on hardware, this reduces the complexity of the

decoding process. Both decoding algorithms have nearly identical bit error rates (BER).
a) Probabilistic BP decoding algorithm:
This is how the algorithm is written:

+ Entrance: Define a posteriori probability (APP) fj° and fj1 for each bit ¢;.

fr=p(=1n)=—2

-]
1+ e o?

fr=1-f (11.25)

+ Initialisation: - Set the variables q?j and q}j to the values fj0 and fjl, respectively.

(11.24)

- Set the loop counter as well as the maximum number of iterations, i, ;.
+ lterative processing:
1- Operation on lines:
- Define 8¢q;; = q?j - q}j and calculate for each i, j:

6qij =Ijrencon Orig (11.26)

- Then set: rg- = % (1+0r;j) et ri(} = % (1-8m;)
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2- Operation on the columns:
- Foreachjandianda=0,1update :

qij= aijfi* [175 (11.27)
Where a;; is chosen so that g7} + q7; = 1
3- Decision:

- Update the probabilities q? and q} given by:
qj = a;fi* 117 (11.28)

1 0
C= {1' 9% = 4 (11.29)

0, otherwise

4- Parity test:
-If CHT = 0 then given C is stopped the algorithm.
5- Iteration Storyteller:

-Stop if 1 > {44, N QO tO 1.
b) Logarithmic BP decoding algorithm

The logarithmic BP decoding algorithm [251 improves on the probabilistic BP algorithm by
introducing log likelihood ratios (LLRs), which convert most multiplications to additions.

First, we define:

1
1 (c;;) =log("? /1) (11.30)
] /fjl
0
l(rij)=log(r” 1) (11.31)
ij
0
q;;
1 (q;;) =log("" (11.32)
(@) =1/ 1)
0
1@;) =log(q’/q}) (11.33)
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11.4. Conclusion

In this chapter, we covered the fundamentals of LDPCs as well as their description using Tanner

graphs, which are a useful representation of linear block codes, particularly LDPCs.

LDPC codes, in particular, are linear block codes. Some construction methods for these codes have
been written, such as the methods of Gallager, Makey, and Neal. In terms of decoding the LDPC
codes, we mentioned several methods and detailed an iterative decoding based on the belief

propagation algorithm,
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General conclusion

The goal of this study is to examine and evaluate a LDPC code .

The process of canal coding is a key part of our study. It was for this reason that a study of coding
and decoding was required in order to clarify the role and effect of an error-correcting code on the
signal to be transmitted.

In the first chapter, we presented a brief analysis of the digital transmission chain.
In the second chapter, we looked at a new sort of error-correcting code called LDPC regular codes.

LDPC codes are correction codes close to the Shannon limit. Long LDPC codes with iterative
decoding based on belief propagation have been shown to achieve error performance within a
fraction of a decibel of the Shannon limit.

LDPC competes fiercely with turbo codes in digital communication systems that require high
reliability. In addition, LDPC codes have some advantages over turbo codes.

LDPC code with iterative decoding on a Gaussian channel combined with 2-PSK modulation can
well estimate the bit error rate (BER) and FER as a function of the signal-to-noise ratio Eb/NO
(dB).

Thus, LDPCs are now becoming a hot topic in the telecommunications field. For this reason, we
will give some perspectives.

These codes have a large number of parameters, so the optimization of their parameters would be
a future topic in order to adapt them to many channels. This adaptation offers many perspectives
of use.

For example, LDPC codes can be designed for optical communications, magnetic storage,
multiple-input and multiple-output channels and satellite transmission.

An LDPC code has been chosen for the DVB-S2 standard, providing a starting point for
expressing their potential in industrial uses. Thus, LDPC decoder architectures are now becoming
a hot topic in the field of algorithm-architecture matching.
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