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Abstract

The objective of this work is to solve the Sylvester equation, which plays an
important role in the construction of the observer of Luenberger and also in the
theory of control, communication, reduction models and numerical methods for

the resolution differential equations.
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Notations

Dans tout ce qui suit nous utilisons les notation suivantes :

R I’ensemble des nombres réels .
C I’ensemble des nombres complexes .
M, (R) L’ensemble des matrices a valeur dans R .
€m vecteur .
U(A) le spectre de A .
D(O, 1) le cirle unitaire .
ER()\) la partie réel de A .
P I’ensemble des valeurs propres ,tq R(u;) <0 .
K, k(A, U) sous-espace de krylov d’ordre k associé a A .
GMRES la généralisation de la méthode de minimisation du résidu .
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Introduction

The objective of this work is to solve the Sylvester equation, which plays an important
role in the construction of the Luenberger observer, and also in the theory of control
communication, reduction models and numerical methods for the resolution differential
equations [6].

We are interested in the role of the Sylvester equation in the construction of the

Luenberguer observer associated with the following control system

©(t) = Az(t) + Bu(t)
y(t) = Du(t)

with A € M,(R), B € M,x(R), D € M,,»n(R), y € R™ 2 € R" and u € R¥ and
who gives a approximation z(t) € R™ of the state vector x(t). He this is a variant of
the classical Sylvester equation, and is of shape AX — XH = CG Or X € M,.n(R),
H e M,,(R) and G € M,,(R) are at

determine and matrices A € M,,(R), and C € M, ,,(R) are given.

Among the methods proposed to solve the Sylvester equation, we find the Hessenberg-
Schur method which consists in choosing. H € M,,(R) real Schur matrix and G € M,,(R)
identity matrix I, but the application of the latter is not easy; if A is wide and hollow
[3]. It is therefore interesting to see other methods for this kind of situation (A wide and
hollow) and it is for this reason that we apply the method of Saad and Datta [3].

Before proceeding to the resolution, note that the matrices H, G and X must satisfy

the following conditions [6]:



1. H be stable
2. X well conditioned

3. the pair {H, G} is controllable.

because if H is stable (all the elements of the spectrum of H are at negative real part)
we can show that the approximation z(t) of z(t) obtained by the Luenberger observer
satisfies e(t) = z(t) — Xz(t) tends to 0 when ¢ tends to co. In addition, the set of these
three matrices contribute to a good approximation z(t) of z(t).

Note also that if the spectrum of A and the spectrum of H are disjoint, there exists a
unique matrix X which satisfies the equation of Sylvester. Suppose that G = I,,, (without
loss of generality, because the product of G and C' is a matrix of type n x m ) and that

the matrix C' is of rank 1; the equation then becomes

AX — HX = cel,

which gives the idea of applying Arnoldi’s process with a first vector v; such that
Uma1 = ac; we find this vector by exploiting the fact that all the vectors of the Arnoldi
basis of the Krylov subspace associated with A and v; are such that v;;; = ¢;(A)v; where
¢; is a polynomial of degree 1.

The Arnoldi process then calculate, using vy, the matrix H,,, upper Hessenberg matrix,
which is not determined stable, we therefore proceed to a placement of poles for the

stabilizer, which means that we present an algorithm in two main steps

1. find vy such that v,,+1 = ac by finding the solution of ¢ = ¢,,(A)v; by the GMRES
method [12].

2. apply the pole placement algorithm, proposed by Saad and Datta [3] on the matrix
H,, to stabilize it.

We can then calculate the solution X from the results obtained.

Chapter 1 be reserved for a few reminders, on the control theory, on the GMRES
method and the Arnoldi process. In chapter 2 we come back to Sylvester’s equation and
we see how to exploit the Arnoldi process to solve it. In chapter 3 we explain how obtain

vy such that v, 11 = ac



In the fourth chapter, we present some numerical tests and for more details, the reader

can consult the article of C.W Gear [5]. We end this work with a conclusion.



Chapter 1

Preliminary

In this chapter, we recall some notions on the theory of control, we then continue with
reminders on the Arnoldi process [9] and we close this chapter with a reminder of the
GMRES method [12].

Unless otherwise stated, throughout this chapter A € M, (R),

C € Myxn(R), B € M,y (R) and zo € R".

1.1 Control of linear systems

1.1.1 Dynamic Linear Systems

We will give the definition of a dynamic linear system.

Definition 1. [10/:A discrete linear dynamical system admits the internal description as

the following state representation:

T = Az, + Bu
k+1 k k (11.1)
yr = Cay,

where xy, € R™ is the state vector and its dimension is that of the system;

yr € R™ output of system ; up, € R" said system entry.

10



1.1.2 Continuous Dynamic Linear Systems
Definition 2. [10]: A continuous linear dynamical system admits the internal description

as following state representation.:

t(t) = Az(t) + Bu(t)
y(t) = Cx(?)

(1.1.2)

where x(t) € R™ is the state vector and its dimension is that of the system; y(t) € R™

system output; u(t) € R" said system entry.

1.2 Controllability and observability

In this section, we recall some very important notions in control theory.

1.2.1 Controllability

Definition 3. [1] The system defined by (1.1.2) is said to be controllable if there ezists a
function t — u(t),0 < t, called control or command, allowing the system to pass from the

initial state xo = x(ty) to any final state x(t1) (0 <t <t; < o0).

Definition 4. [1] The system defined by (1.1.1) is said to be controllable if there ezists a
finite family {ug, u, ...,un_1} allowing the passage of the system from the initial state x

to a final state zn (0 < N < 00).

Proposition 1. characterization of controllability [10, 1]

We consider the system defined by (1.1.2), the following properties are equivalent:

1. the pair {A, B} is said to be controllable

2. the matrit A= | B AB A2B ... A" 1B | has maximum rank

i.e: Tg(A) = n (criterion of Kalman’s controllability)

3. rg(A—X,B) =nV\ € ag(A) where o(A) is the spectrum of A.

For discrete systems (defined by (1.1.1)) the controllability is given by the Kalman

criterion [1].

11



1.2.2 Observability

Definition 5. The system defined by (1.1.2) is observable, if for all 0 < t < tq, there exists

t1 > 0 such that the state initial xo can be uniquely determined from u(t) and y(t).

Definition 6. The system defined by (1.1.1) is observable, if there exists a rank N < oo
such that the initial state xo can be entirely uniquely determined from the knowledge of

the inputs {ug, uq,...,uny_1} and the outputs yo, ..., yn-

Proposition 2. Observability characterization [10] A linear system (continuous or
discrete) is said to be observable (or the pair {A, C'} is said to be observable) if the matriz
defined by

'=|1C CA CA%2 ... CA" 1 | is of maximum rank i.e:

{A, C} observable < rg(I') =n

Proposition 3. [10/Duality
The pair {A,C} is observable iff the pair { AT, CT} is controllable.

1.3 Stability

Discrete case: We consider the following linear system

Ty = Axy, (1 3 1)
T given

Definition 7. [1] We say that the system (1.53.2) is stable if the spectrum of the matriz A

is inside the unit circle (in the complex plane) i.e:
od(A) C D(0,1)

Continuous case: We consider the following linear system

(1.3.2)

12



Definition 8. [1] We say that a type system (1.58.2) is stable if all values of A have a
negative real part. ie:

(VA € 0(A)) R(N) € R™

1.4 Luenberger observer and Sylvester equation

In practice, we do not have access to all the components of the state z(t) of the system
(1.1.2) (nor to xp) in a way explicit; we then construct an approximation z(t) for the state

vector z(t). And it is in this horizon that we use the observer de Luenberger [1].

Definition 9. /1] The Luenberger observer associated with the control system (1.1.2) is
given by

2(t) = Fz(t) + Dy(t) + Pu(t)

(1.4.1)
2(0) = 2o

where F, D € M,,,(R), P € M,«x(R) are to be determined.

the vector z(t), given by (2.1.2), is an approximation of x(t) if the error e(t) = z(t) —
Xx(t) tends to zero whatever the initial conditions x(0), z(0) and u(t), which cannot take

place, except if the conditions of the following theorem are verified.

Theorem 1. [1] The system (1.4.1) is the observer system associated with the system
(1.1.2), and z(t) is an approximation of Xx(t) in the sense that the error e(t) = z(t) —
Xz(t) — 0 when t — oo for any initial condition z(0), z(0) and u(t) if the following 3

conditions are verified:
1) XA-FX =DC,
2) P=XB,

3) F stable.

13



proof.
By differentiating the relation e(t) = z(t) — Xx(t) we obtain

et) = () — Xit)
= Fz(t) + Dy(t) + Pu(t) — X (Ax(t) + Bu(t)), (1.4.2)

we use y(t) = Cz(t) and we add and subtract FXxz(t) in (1.4.2), we get:

é(t) = Fe(t) + (FX — XA+ DC)x(t) + (P — XB)u(t), (1.4.3)
if 1) and 2) hold the relation (1.4.3) becomes a first order differential equation given
by
é(t) = Fe(t)

and if 3) holds, we obviously have Jim e(t) = 0 whatever the initial conditions z(0),z(0)
and u(t).O
And to determine the matrices F';, D and P, we use Sylvester’s equation; this is given

by the following matrix equation

XA-FX =DC (1.4.4)

where A and C are given, and X is the solution to be found. Its existence and uniqueness

is ensured by the condition [6]:

o(F)Nno(A) =10 (1.4.5)

We see in chapter 2 how to solve this equation by the Arnoldi process. O]

14



1.5 The Partial Pole Placement Problem

We consider the control system (of type (1.1.2)) next

(1.5.1)

(where b € R") and we suppose that the vector f € R™ is such that u = —f7z(¢) thus
the solution of the system (1.5.1) is written [7]
x(t) = exp[(A — bf)t]xg (1.5.2)

it would therefore be desirable for x(t) to be stable i.e.

lim z(t) =0 (1.5.3)

t——+o0

we then consider o(A) = {\;}_; the spectrum of A and we suppose that

R(N) >0, fori=1,...m (1.5.4)
R(N) <0, fori=m+1,...,n (1.5.5)

and let P = {1, ..., iy} C C with R(p;) < 0. Thus (1.5.3) can only be verified if A —bf7
is stable, in other words if we have (according to the definition 8)

YA€ o(A—bfT) RN\ eR™ (1.5.6)
the choice of the vector f € R™ must therefore be oriented towards a replacement of
unstable eigenvalues i.e

c(A=bfT)=PU{N} s (1.5.7)

to verify the relation (1.5.3).

In summary we define the problem of partial placement of the poles as follows [7]

Definition 10. Let P = {1, ..., um} C C with (Vu; € P) R(wi) < 0 and let b € R™ we

15



define the problem of partial placement of the poles of the matriz A by:
choose f € R" such as o(A —bf") =P U{N} s

Remark 1. When dealing with a discrete dynamical system, the pole placement problem
consists in putting the eigenvalues around the origin (at inside the unit circle), i.e. we
use the same definition 10 except that the set P C D(0,1) and for the spectrum of A we

have:

INi| >1,  fori=1,...m

Ni| <1, fori=m+1,..,n

1.6 Arnoldi process

The Arnoldi process uses the Gram-Schmidt method [9] for the construction of the or-
thonormal basis of the subspace of Krylov. This process is often used in projection
methods on Krylov subspaces in order to solve linear systems of big size. This section will

be reserved for this process.

Definition 11. /9] We call Krylov subspace of order k associated with A for v # 0 the

subspace generated by the vectors v, Av, ..., A¥ v ie:
Ki(A,v) = vect{v, Av, ..., A"¥ v}
Remark 2. For z € K;(A,v) we have
z € Ki(A,v) & 3q € Py_1 mboxsuchthatz = q(A)v

An orthonormal basis of the Krylov subspace K(A,v), is constructed by the Arnoldi

process [9].

Algorithm 1. Arnoldi’s Process

-choose v # 0 and calculate vi = v/||v]],

16



-for j=1,...,k do
calculate h; j = (Avj,v?-) fori=1,..,7
calculate v; = Avj — zj: hi jv;,
hjvr; = 1951, -

Zf hj+1,j =0 StOp,

Virq = 2
LT Ry
-End j.
We set

‘/k - [Uh "'7vk]a

Hy, = (hi;)a<ij<k) the upper Hessenberg matrix

0
. Hjy, ) Sl
and Hy = the upper Hessenberg matrix (k + 1) x k (where e, = is
hk+1,k€;€ 0
1
the k%™¢ vector of the canonical basis of RF).
We therefore have the following results [9].
AV, = Vi.H, + hk%—l,kvk—%lega (161)
AV = Vi Hg, (1.6.2)
VIAV, = H,. (1.6.3)

Proposition 4. [4] the vectors {vy,...,vx} generated by the algorithm 1 constitute an or-

thonormal basis of the Krylov subspace Ki(A,v) and we also have fori=1,... k :

v; = qi—1(A)vy (1.6.4)

with q;_1 a polynomial of degree i — 1
In practice, we use the modified Arnoldi process because it is more stable [9].

Algorithm 2. The Modified Arnoldi Process

-choose any v, calculate § = ||v|| and vy = v/

17



-for j=1,...,k do

Uj = Al)j

fori=1,...,7 do

hij = (05, v:)

end i
hjt1g = |9l
Zf hj+1,j =0 8t0p

vit1 = vj/hj1

-end j.

1.6.1 minimal polynomial and the characteristic polynomial

Definition 12. [}/ q is the minimal polynomial of A for v if q is the polynomial of lesser
degree verifying

e the leading coefficient of q is equal to 1
e ¢(A)v =0.

Remark 3. -According to the Cayley-Hamilton theorem the minimal ploynomial of A for
v is at most degree equal to n.

Proposition 5. [/ The Arnoldi process stops at step m

(hms1.m = 0), where m is the degree of the minimal polynomial of A for v

According to the proposition 4 the vectors v; are written in the form v; = ¢;_1(A4)v;

where ¢;_1(A) is a polynomial of degree i — 1. Let us denote by m the degree of the
minimal polynomial from A for v; we have

1

i—1
ql;l(t) = o ) (tq172<t) — Z hj’iflqj',l(t» pour tout 1= 1, MM,
1,5— j=1

(1.6.5)
and for the case where 1 = m 4+ 1 we have

Gm(t) = tqm-1(t) — i Rim@i—1(t).

18



There is a relation between the polynomial (1.6.5) and the characteristic polynomial of

the upper Hessenberg matrix H; of order 7; this relation is given by the following theorem.

Theorem 2. [/ Let m be the degree of the minimal polynomial of A for v, then for
1 =1,...,m we have

det(tl; — H;) = Biq;(t) (1.6.6)
As a result, we have the following corollary

Corollary 1. [}/ fori =1,....,m (m the degree of the minimal polynomial of A for v) the
polynomial q; is the polynomial characteristic of the intermediate matriz H; (calculated by

the algorithm 1) up to a multiplicative constant.

This corollary gives the relation between the polynomial ¢;(¢) such that
vir1 = ¢;(A)v; and the characteristic polynomial of the matrix H;. This result allow

us to start the method of Saad and Datta [3] for solving the equation of Sylvester.

1.7 GMRES method and its implementation

We consider the linear system

Az =, (1.7.1)

where b € R™ and the matrix A is assumed to be real and reversible.

1.7.1 GMRES method [12]

The GMRES method (Generalized Minimal Residual [12]) is designed to solve the system
(1.7.1). She is defined by:

given xy any approximation of z, solution of the system (1.7.1), and rq = b — Az the
residual associated with xg. At step k& < m (m being the degree of the minimal polynomial

of A for vy = ro/||rol|), find the vector ., approximation of x, such that
Ty € I'0+Kk(A,T0), (172)

19



We use the Arnoldi process to build a base orthonormal of the Krylov subspace K} (A, o),

U1,...,U (T = b — Axy is the residual associated with xy) and we set:

Vk = [Ul, ...,Uk],

so (1.7.2) becomes

T = To + VkOt,
831

a
with o = ‘2 € R*, and the relation (1.7.3) translates to

(6773

(AVi)'r, =0

s (AV)T(b— Axy) =

s (AT (b — Az + Via)) =0
& (AVi)Tro — (AV)TAVa =0
s (A AVia = (AVL) g,

or (AVi)T AV, is always invertible so

a = [(AVR)T AV (AVi) r,

Which give

T = Lo+ Vk[<AVk)TAVk]71(AVk)T?"O

Proposition 6. [12] For the GMERS method, we have:

reLAKL(A,10) & a = argmingegr||ro — AViyl|
= [(AVi)"AVL] M (AVi) 7o,

Remark 4. The proposition 6 shows that the orthogonality problem is leads to a minimiza-

20



tion problem.
Algorithm 3. Algorithm of the GMRES method

1. choose xy then calculate ro = b — Axg, 8 = ||rol| and vy =ry/p
2. use modified Arnoldi process to calculate vy, ..., vy, and Hy,
3. solve argmin,cgr||Ber — Hyyl| = v

4. calculate x = xo + Viys

1.7.2 Implementation of the GMRES method

To solve the minimization problem (step 3 Algorithm 3) we has recourse (according to
the work of Saad and Schultz [12]), to Givens rotations to decompose the matrix Hj, as
product of a triangular matrix R, and an orthogonal matrix Q.

If we carry out such a decomposition we have

IN{k - QkRIm

R

with Qg € Myy1xki1(R), Ry = ; and Ry triangular of order k.
0

So the minimization problem of step 3 of the algorithm 3 gives

per — Hyy = Ber — Qkékya
= BRrQfer — QrRiy (car QkQf = Ij41),
= Qk(ﬁ@gel - Rky),

@ is orthogonal so keeps the norm, then we have

||5€1 - ﬁky|| = ”Qk(ﬁ@gel - Rk;?J) |

= [(BQier — Ruy)l,

21



Al 4!

we set QF (Ber) = gi, = : and g, =
Vk+1 Vi
we obtain
_ 5 Ik Ry
lGe — Riyl® = | -
Vk+1
_ g — Ry 2

Y41

by minimizing we get

Y = R,;lgk c Rk

To decompose the matrix H we define the Givens rotation matrix €;

1 0
0
1 0 0 0
0 C; S; 0
Qi:
0 —S; G 0
0 0 0 1

where the s; and ¢; are such that s? + ¢? =1 (¢; = cosb;, s; = sinb; ).

We set ﬁ,ﬁo) — H; and for i = 1, ..., k we have

and we put

Qr = BQy_1...Q,

22

gk — Riyll* + [ves]?,

0
1

(1.7.4)



thus the resolution of the minimization problem is done in stages as follows

First Step

we calculate

o hi,1
T )
_ ha,1
RV TR
SO
C1 S1 0 ... 0 6
—s1 ¢ 0 ... 0 0
Q1 (Ber) = 0 0 1 ...0
0 0 1 0
015
815
= 0
0
A
A
0

23



Q7 (H")

0 HY
A
niY iy
0 A%
hiy)

24




Second Step

in the same way we calculate

1
hsY
V()2 +(r5)2)

1
h)

S9 =
V@202

Cy =

then

Q3 (Ber) = D (Ber))
= 05(Q7 (Ber))

= Q291

1
e

(1)

0 ¢ s Yo

0 —S9 (2

= o O O
o o o O

1
e

02’751)

—52751)

(2)

= g2,

25




SO

(2) (1)

M=
W = e
’Y?(,Z) = —32751)7
Q;(H) = QM
1 0 0 0 0 A R 1
0 ¢ s 0 0 I O 1
B 0 —s9 ¢ 0 0 h§,12) h:(a?
lo o o 1 0 0 :
)
0 ... ... ... 01 0 0 ... 0 hyl,
e v 1 A 1
0 K ny ... hY
0 b !
= ni
0 :
hig,
0 0 0 ... 0 A,
_ g

in general at any step ¢ we have

Ql (Ber) = Qu(Q1.. 0 (Ber))
= Qi(Q£1<561>)
= gi

26




1 0 0 ng_l)
0 ’Yéi_l)
1 0 0 O :
0 ¢ s 0 72-(:1)
0 —s; ¢ O %-(i_l)
0 0 0 1 0
0
0 0 1 0
R
7
Ci%'(iil)
—Si%'(i_l)
0
0
= i
with
5 = hi ’
VOS2
hiii_l)

G = RlE=1y2 (p(i—1) 5!
( o )2+( ¢+1,¢)
where the s; and ¢; are such that s? + ¢Z =1 (¢; = cosb;, s; = sinb; ).

the vector g; is given by

27




(%)

M
7
0
g 72'(—221 ,
0
0
with
1D =4 j=1,i—1,
7O = eV,
%'(21 = _Si%'(iil),

only the components %(i) and %-(_?1 which change at every step 1.

QIH(™) = ouH"

_ g
3V (S PR 1.
0 : )
B
= 0 hg?l,i-i—l
o Apo
1+2,041
hix
(4)
0 ... 0 ... 0 Wi,

at any step ¢ only the terms hl(? and hf-i)l,i will be modified:

R — cihz(,iiil) + Sihz(,ii:rll))’

hz@l,i = 0.

Thus the vector yy, solution of the minimization problem (at step 3 of the algorithm

3 ), is obtained from the following equation
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Rryr = g,

which confirms the relation given by (1.7.4).

Conclusion

We have seen in this chapter reminders for the resolution of the Sylvester equation given
by AX—XH = CG, in particular the condition of uniqueness and existence of the solution
X. We introduce in the next chapter the problem posed by this equation and we return

in detail to its resolution using the Arnoldi process.
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Chapter 2

Resolution Sylvester’s Equation

In this chapter, we will present the work of Saad and Datta [3]. The goal is to solve

Sylvester’s equation

AX — XH = CG,

o(H) = {p1; -, b}
by applying the Arnoldi process, where A € M, (R), C' € M,xn(R) are given and H €
M, (R), X € M,xm(R), G € M,,(R) are to be found.

(2.0.1)

We will also see how to obtain the second equality given by the above expression.
Unless otherwise stated, in what follows the matrices A, X, H, C, G are defined as
above and P = {1, ..., pty, } is an arbitrary set of m complex numbers with negative real

part and different in pairs, where m is sufficiently less than n.

2.1 Position of the problem

We saw in chapter 1, that the construction of the Luenberger observer requires the resolu-
tion of the Sylvester equation. For to solve this equation one can use the Hessenberg-Schur
method [3], but the latter does not give good results if the matrix A is large, hence the
use of Arnoldi’s method.

We consider the type system (1.1.2)

x(t) = Mxz(t) + Bu(t),
y(t) = Ex(t),

(2.1.1)

30



Or E € Myun(R), M € M, (R), B € M,(R), 2(t) € R” u(t) € R¥ and y(t) € R™.

The Luenberger observer [1] associated with this system is given by

2(t) = Fz(t) + Dy(t) + Pu(t),
(1) = F=(0) + Dy(t) + Pt o1
2(0) = zo,
where the matrices F, D € M,,(R), P € M,,«x(R) are to be determined.

According to the theorem 1, seen in chapter 1, the error between z(t) and x(t) given
by

e(t) = z(t) — Ya(t),

(2.1.3)
with Y € M,, »(R), tends to 0 at infinity if the three following conditions are verified

1. YM — FY = DE,
2. P=YB,

3. F stable.

Condition 1 is none other than Sylvester’s equation, and as we saw in chapter 1, it
admits a unique solution if

o(F)No(M) =10,

(2.1.4)
to find the relation (2.0.1) we put
M=A" F=H" E=C", D=G", Y =X"T
thus condition 1 becomes
XTAT - HTXT = GT o7, (2.1.5)
that’s to say

AX — XH = CG, (2.1.6)

therefore the condition of existence and uniqueness of the solution given by (1.4.5) becomes
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o(H)No(A) =0. (2.1.7)

As regards the matrix G, we choose it so that the pair {H, G} is controllable [7].

Thus the conditions required to solve Sylvester’s equation are

1. H stable,
2. o(H)No(A) =10,
3. the controllable {H, G} pair.

Since the product of the matrices G and C' gives a matrix of type n x m we can assume
in all that follows, and without loss of generality, that the matrix G is the identity matrix;

so the equation to solve is

AX —XH=C.
o(H)=P.

(2.1.8)

Note that if we multiply C' by a scalar then the new solution is obtained by multiplying
the matrix X by the same scalar.

In what follows we will study the problem in the case where C' is of rank 1.

2.2 Application of the Arnoldi process

The application of the Arnoldi process starts from the analogy presented by the latter
with the Sylvester equation given by (2.1.8), and this analogy is the basis of the method
of Saad and Datta [3]. And this is what we do in what follows.

2.2.1 Saad and Datta method[3]

Since C' has rank 1, we can write it in the form

C = (0,0, ...,c), (2.2.1)

so we can render it as a matrix product
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C = cel, (2.2.2)
the Sylvester equation is therefore written in the form
AX — XH = cel, (2.2.3)

which reminds us of the Arnoldi process. In effect, this last is written (at step m) as

follows:

AV — ViuHpy = hyn 1 nUms1 €0, (2.2.4)

so we deduce that to solve Sylvester’s equation, it is enough to find a vector vy such that
the second member is cel after running m steps of Arnoldi’s process (m less than the
degree of the minimal polynomial of A for vy).

On the other hand the resolution of the equation (2.1.8) also requires that o(H) = P,

that is to say that the polynomial characteristic of the matrix H,, must be

Gm(t) = (t — p1)...(t — i), (2.2.5)

Since we have

Pm (A)vl = Um+1,

with p,,(t) = adet(tl,, — H,,) (according to the corollary 1, page 19), and knowing that

the characteristic polynomial of the matrix H,, is written
qm(t) = det(tl,, — H,,),

we deduce that

Um41 = QQm(A)Ul )

Since we seek to have v,,.1 = [fc with f € R, we deduce that v; must be proportional

to ¢, indeed
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agm(A)v; = e

wo= Sl
vo= 7 lgn(A)] e (2.2.6)

where v is the normalization constant.
So the basic idea is to run Arnoldi’s process starting with v; (the vector obtained by
the relation (2.2.6)) then do a placement of poles on the matrix H,,, to have the desired

spectrum, and that consists in finding y € R™ such that

o(H) =o(H,, —yel) =P, (2.2.7)

Thus solving Sylvester’s equation consists in solving two problems which are

1. find vy solution of ¢,,(A)x = ¢

2. find y € R™ such that the relation (2.2.7) holds.

The first step consists in solving ¢,,(A)x = ¢ i.e. the resolution of m systems namely
(A — p;l)x; = ;-1 which is not easy. We give more details, in chapter 3, about the
resolution of such systems. The choice of the set P must be done in such a way that its
elements are not close to the eigenvalues of the matrix A, because in this case the solution
x obtained be badly conditioned [6]. We deal in Chapter 3 with the resolution of this
problem.

The placement of the poles of the matrix H,, is done with a simple procedure that we

see in the next section.

2.3 Principle of the method of Saad and Datta

We present here the basic ideas of the two main stages of the method of Saad and Datta

which are the assignment of poles of the matrix H,, and the choice of the first vector v,

Definition 13. Let E = {ay, ..., }. We say that the set E is stable by conjugation if:

(VOZJ'GE)Z O?jeE
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Theorem 3. [6] Let H,, be the upper Hessenberg matriz obtained by the Arnoldi process.
We denote by o(H,,) the spectrum of the matriz H,,. We assume that PNo(H,,) =0,

m m—1
s=[[(Hpn—pl)er, o= [] hily, (2.3.1)
j=1 j=1

then o(H,, — asel) =P and the matriz H,, — asel is Superior Hessenbery.

Moreover if P is stable by conjugation then o(H,, — asel) is real.

We use the expression given by (2.2.4), we have the following lemma

Lemma 2.3.1. [6] We consider the matrices V,,,, H,, given by the Arnoldi process and we

assume that ¢ € Kp,1(A,v1) and vl ¢ # 0 then 3f € R™ and B, € R such as:

AVyy = Viu(H,, — fel) = Brcel (2.3.2)

m

proof. ,
Let B = hunt1,m/Vh1c and let f € R™ such that

Pmc = me+5m(vfz+1c)?fm+1

= me + hm—‘,—l,mvm—l-l? (233)

according to (2.3.3) and (2.2.4) we have:

AVm - Vm(Hm - feﬁ) = hm—Q—Lmvm—ﬁ—leg@ + me€§7

T T
- hm+1,mvm+1€m + (Bmc - hm+1,mvm+1)€m-

Which shows (2.3.2) O

Note that H,, — fel is upper Hessenberg.

Thus the lemma 2.3.1 shows that if we choose vy so that ¢ € K,,11(A,v;) then 1
‘equality (2.3.2) is of the same form as (2.2.3) except for a multiplicative constant.

The following results show how to find such a Krylov space and how to obtain the

relation (2.2.7)
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Lemma 2.3.2. [6] Let V,,, and H,, be the matrices constructed by the Arnoldi process and

let p be a polynomial of degree less than m then
p(A)vr = Viup(Hp)er .

proof.
it suffices to check that: A/v; = V,,Hle; 0 < j < m and the lemma goes away
deducted. O]

Lemma 2.3.3. [6] Let H, 1 € My 11(R) be an upper Hessenberg matriz and p a monic

polynomial of degree m (the coefficient of highest degree is equal to 1). SO
emi1P(Homyr)er = T by
j=1

Theorem 4. [6] Let ¢ be the vector defined by (2.2.1). We assume that
o(A)NP = 1. We define the monic polynomial

m

pm(t) = Tt — 15) (2.3.4)
j=1
and x the solution unique of
pm(A)z = ¢ (2.3.5)
and let Vi, Hyyy Vi1 and huy1 0 be determined by the Arnoldi process with vy = H%H Let
ﬂm = hm+1,m/v7jr;+1c and f = Bmvnj;c; then
cE Km+1<A, ’01), (236)
and
o(H,, — fel)="P. (2.3.7)

36



proof. |
The relation (2.3.6) comes from (2.3.5) and from (2.3.4) indeed

c=pn(A)r = c=|z|pm(A) v ( because vy = i)
—_— ]
= ¢ = gm(A)n (with g (t) = [lz][pm(t))
= c€ Kp1(A ) (by definition of Krylov subspace)
To show the relation (2.3.7)
= BnVye
= Bull2|Vupm(A)vr, (2.3.8)
m—1
we set:p,_1(t) = [] (¢ — p;) thus replacing py,(t) = (£ — fim)Pm—1(t) on the right in
j=1

the expression (2.3.8) and applying the lemma 2.3.2 we have

BullzllVapm(A)vr = Bulll|Viy (A = pn D )pm-1(A)vy
= BunllzlVer (A = pin D) VD1 (Hin e
= B2l (Hm = pon L) pm—1 (Him )er
= Bmllzllpm(Hm)er

= Bmllxls,

where s is defined by the 3 theorem.

In addition we have
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o hm-‘,—l,m
Bulel = ")

_ MWH
UnTm+1pm(A)37
hm+1,m

U£+1pm(A)U1 7

so, by lemma 2.3.2 and lemma 2.3.3, we have

hm+1,m hm—i—Lm
T T
Um+1pm(A)Ul Um+1Vm+1pm(Hm+1)@1
I,
+1,m

m
I 2y
j=1

1

m—1
II hjery
i=1

m—1
Thus we deduce that a = §,,,]|z|| (because o = H h;—i}l,j)
j=1

and it follows that as = f and by theorem 4 we have
o(H,, — fel')y =P.

]

Remark 5. In practice, we do not use the scalar (3, as it is defined in theorem 4 because

the numerical results obtained will be worse than those obtained by this expression

B cr'd
[el[*

B (2.3.9)

U)Zth d = hm+17mvm+1 -+ me

We have by the Arnoldi process
Avm - VmHm = hm+1,mvm+lefn7
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adding V,, fel to both members of the equality we have

AV = Vi Hyy + Vi fel, = hustmVnir€ + Vinfer, (2.3.10)

SO

AVm - Vm(Hm - feﬁ) = (herl,mUerl + me)eﬁ

we put

H= Hm - feﬁa d= herl,mUerl + me

and we will not fail to point out that d is the last column of the matrix AV,, —V,,H which

means that we have

AV, — Vi H = de?,

and to get back to the relation (2.2.3) we must that d is proportional to ¢

d = fB,,c
so we get
d=Bmc = c'd=p,clc
cld
= fBp=—
P e
c’'d
]|
we have

AV, — V.. H = 6mce£

and therefore by identification with the relation (2.2.3), the solution X sought is given
by

X =—Vp
Bm
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Now that we know how to obtain the matrices H and X, we can present the algorithm

for partial placement of the poles of the matrix H,, [3]:

Algorithm 4. Placement of the poles of H,,
ll = €1,

a=1;

End 1

s = (Hp — prond)ln;
[=as;

calculate H,, — fel
End

Now it only remains to know how to obtain the vector v;.

Conclusion

Solving Sylvester’s equation by Arnoldi’s process therefore leads us to solve two problems.
The first lies in determining the vector v; to start Arnoldi’s process, and the second
problem is a placement of poles on the matrix H,,.

We come back to the first problem in more detail in Chapter 3.
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Chapter 3

Saad and Datta method

In this chapter we solve the system ¢,,(A)x = ¢, which constitutes the first step of the
Saad-Datta method [3] (see algorithm 6, page 46) for solving Sylvester’s equation. The
importance of this step lies in the fact that it makes it possible to find the vector vy, which
will start the process of Arnoldi.

Throughout this chapter, P = {1, ..., pt } is a set of m complex numbers with negative

real part and different two two, o(A) means the spectrum of A and ¢,,(t) = [[ (¢ — ).
i=1

3.1 Presentation of the problem

We know that the vector v; must satisfy the relation (2.2.6) (chapter 2 page 34) which

leads to the fact that v; is a solution of the following equation

am(A)z = ¢, (3.1.1)

knowing that

G (t) = (t = 1) (t — pim),

that’s to say

(A= I)..(A— ppI)x =c, (3.1.2)

by setting x = x,, and x¢ = ¢, the relation (3.1.2) becomes
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(A= l)..(A — 1)z, = o, (3.1.3)

we put (A — pim )Ty = xm_1 so the relation (3.1.3) becomes

(A — [Lll)(A — Mm,1[)$m,1 = Xy,

repeating the same operation, we get

A — ZI T, = Ti—
(A= pud) ' (3.1.4)
1=1,...m

Thus, solving (3.1.1) is equivalent to solving (3.1.4). The last vector z,, is of course the
solution wanted. However, this method cannot be used for two reasons. The first is that
it is very expensive; because the methods direct are not possible in the case of large linear

systems. The second reason is due to possible disruptions in iterations; see [1] for details.

3.2 Rational fraction approach

If the resolution of the m linear systems cannot succeed for the reasons already cited,
then a different approach is called for.
We know from (3.1.1) that
z = [gm(A)] ', (3.2.1)

and we also have

ok 1 (3.2.2)
G (t) N T2y (= )’ et

whether we denote by ¢, (1;) the derivative of ¢,,(t) calculated at point u; we have

Qo (i) = ﬁ (pti — pj),

J#i

the derived numbers ¢/, (;) are all different from zero, this is due to the fact that all the

elements of P are disjoint
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two by two, thus the decomposition into simple elements of (3.2.2) gives

1 1
— = , 3.2.3
il 2 ) 929
so the relation (3.2.1) becomes
S (A ) 324
T = — mul) e, 2.
=1 ()

the expression (3.2.4) makes no sense if either matrices (A — ;1) is not invertible. Since
PNo(A) =0, the spectrum of the matrix A does not contain any root of the polynomial
¢m(t) and therefore the matrices (A — p;I) are all invertible.

Indeed if p & o(A) we have

uwéo(A) < pisnot the root of the characteristic polynomial of A
& det(A—pl) #0

& (A — pl) invertible,

which proves what we just said.

We pose

zi = (A—mwl) e,

therefore the relation (3.2.4) becomes

UL |
T = T, (3.2.5)
3 an(1)
so to find x we have to solve the m linear systems next
(A—pl)x; =c withi=1,...,m, (3.2.6)

and then use the linear combination given by (3.2.5) to find .
For the resolution of (3.2.6) we use the GMERS method [12]; however the vector vy

sought must be normalized, which is not necessarily the case for z, so we set
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T
V1 = 7.
]

3.3 Resolution of ¢,,(A)z = ¢ by the GMRES method

The GMRES method [12] is one of the most efficient methods for solving type systems
(3.2.6). To apply the GMRES method, we construct V; and H; by the Arnoldi process
applied to A and v; = ﬁ, this base will be used in all m systems given by (3.2.6) because
Arnoldi’s base , given by the matrix V;, does not vary if we replace A by (A — o) (where

o is a scalar ). Arnoldi’s process gives
T
AV = ViH; + by viaeg

if we add —oV} to both members of the previous equality

AV, — oVi = ViH; + hypoigie] — oV,

we then obtain

(A—oD)V, = Vi(H; — ol) + hii1 o6t - (3.3.1)

The interest of this idea lies in the fact that the same basis V; will be used to find all
vectors x; which makes it possible to save in the calculations because we just modify the

matrix H; by replacing it with H; — ;[ for i =1, ..., m.

Remark 6. - We choose the integer | as being the smallest integer such that
IrP < e fori=1,..,m (3.3.2)

with 1" = ¢ — (A — Dz fori=1,...m (see [6] for more details).
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Finally we solve the system given by (3.1.1) by the following Algorithm

Algorithm 5. Solving g, (A)x = ¢

1. Compute 3 = ||| and v = 55

2. Apply the Arnoldi process on the matriz A and vy to construct the matrices H; and

Vis

3. Fori=1,....m do

calculate Hl(“i) = H; — u;l; find yl(“i) = argmingcct||Beq — ﬁ[l(“j)yH where
)
lf[l(“j) _ H, :
0... hl+1,l

if lle — H"y#)|| > epsilon

choose larger | and go to 2.

end if

calculate z; = Vlyl(”i);

end 1

LA |
4. calculate x = T
; G (141)

3.4 The choice of poles

The eigenvalues of A are not known beforehand, so it is difficult to choose in advance the
set of poles P of way that PN o(A) = . If one of the p; is close to one of the eigenvalues
of A, the linear system which associated with it (A — p;I)x; = ¢ will be ill-conditioned.
To solve this problem one can make an estimate on the eigenvalues of A, such an estimate
makes it possible to choose the elements of P well. Other methods allow the estimation of
the eigenvalues of A, like the deflation method, combined with polynomial iterations, as in
[3], or Arnoldi’s method restarted implicitly (IRA method: Implicitly restarted Arnoldi)
which gives an estimate of the eigenvalues of the matrix A, as in the works of L.Reichel,
B.Lewis and D.Calvetti (for more details see [6]). It should be noted that in several

situations in practice, such as the case of large and flexible spatial structures (LFSS) [3],
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the eigenvalues of the matrix A are given by an analytical formula (see page 49) which

facilitates the choice of the elements of P.

3.5 Algorithm for Solving Sylvester’s Equation

Now we know how to get x, and at the same time the vector v; = H%H which allows to have
Uma1 = ac, and since we have already seen in chapter 2 how to calculate the matrices H

and X, we can then give the definitive algorithm for the resolution of Sylvester’s equation.
Algorithm 6. Solving Sylvester’s equation

1. solve ¢n(A)x = ¢ by the GMRES method (i.e. the algorithm 5), then calculate

— T
U1 = la]

2. run Arnoldi’s process to calculate V,, and H,,
3. find y such that o(H) = o(H,, —yel) =P

4. calculate B, = cT'd/||c||* with d being the last column of AV,, — V,, H

_ 1
5. X =3V
Conclusion

Since the matrices A and A — ;I have the same Krylov subspace, this makes it possible
to make significant savings in calculation and in memory, because only the step of solving
the minimization problem (in the method of GMRES ) which will be executed as many
times as the number elements of P. Regarding the choice of the set P, it is essential to

choose it well because otherwise the system (3.1.1) will be badly conditioned.
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Chapter 4

Numerical tests|5]

In this chapter, we give numerical tests for details, we can consult the article of C.W Gear
[5]. The tests were done we have PC equipped with an Intel processor. Celeron D at 3.2
GHz, 2 GB of RAM, precision 2,2204.107!6 and equipped with version 7.4 of Matlab.

In all the tests, the vector c¢ is generated randomly by the command rand of matlab
(taking into account the dimension of the matrix A). The vector vy, solution of (3.2.6),
is determined by the algorithm 5 (page 45) with e = 1078. Tt should also be noted that

before starting we make sure that the spectrum of A and the set IP are disjoint.
Uy
In this chapter, we denote by ||u|| the Euclidean norm [1] of the vector w | | given

U,

by
k

lull = | >_ il

i=1

and by ||U | the spectral norm [1] of the matrix U = (u;;)1<; j<k given by

Ul = +v/p

with p is the largest eigenvalue of the matrix AT A

4.1 Gear Matrix

In this test we apply the algorithm 6 (page 46) by choosing | = 16 on the matrix A of
size n = 1000 given by
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0

oS = O

0 1

(4.1.1)

this type of matrix is called Gear matrix ("Gear matrix”), and for more details on

this type of matrix we return readers to the C.W Gear article [5]. We chose the next set

of poles

P={u=—4k/k=1,...m}.

After running the 6 algorithm (page 6) we calculate the norms

|(AX — X H)—cel || and ||o(H,, — fel)— || where p € P, H = H,,, — fel ; the results

obtained are reported in the following table

(4.1.2)

Remark 7. Ifl < 16, the algorithm 6 stops; but the precision increases by taking | larger,
as shown in the table 4.2

m | (AX — XH) —cep || | [0 —0(Hn — feh,)ll
4 3,3557.1078 1,3902.10~13
6 5,3488.1078 2,8664.10~ 11
8 7,5778.1078 2,1207.1071°
10 1,0016.10~7 3,4674.1078
12 1,2644.1077 6,2719.10~"
14 1,5445.10~7 2,4907.10~4

Table 4.1: Results obtained for Gear matrix A of size n = 1000 and [ = 16

Remark 8. Note that the greater the number of poles, the greater the norms ||(AX —

XH) —cel || and ||o(H,, — fel) — u|| increase.

We redo the same work done previously, except that here the matrix A is a Gear

matrix of size n = 500, and we keep the same set P used in test 1
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m | [(AX — XH) —cep || | [|n—o(Hn — feh,)ll
1 3.9215.10 1 2.8891.10° 13
6 1,6637.10° 13 4,4564.10 11
8 7,3598.10~ 13 6,5515.10~ 10
10 2,9257.10~ 12 1,4474.10°8
12 1,0948.10 11 3,4224.10°°
14 4,2106.10 1 4,8322.10°

Table 4.2: Results obtained matrix A of Gear of size n = 1000 and [ = 32

m | (AX — XH) —cep || | [|n—o(Hn — fel)ll
1 2,3109.10~° 4,6729.10° 1
6 3,6771.10°° 1,7709.10~ 11
8 5,2031.10~% 1,3948.1077
10 6,8712.10°° 1,0157.1078
12 8,6675.10°° 1,5981.10°°
14 1,0581.10~7 1,5231.10° ¢

Table 4.3: Results obtained matrix A of Gear of size n = 500 and [ = 16

4.2 LFSS Matrix

We consider the matrix A defined by

0, I
A= Ii’; (4.2.1)

where n = 2p is the size of this matrix (p = 500 for this test), and the matrices D, L
are defined as follows

D = diag{dy, ...,d,} and L = diag{ly,...,l,}, the eigenvalues of this matrix are the

solutions of the equations

2 —dyr—1, =0, k=1,..p (4.2.2)

Thus if dj, = 2ay, and [, = —(of + (7) the spectrum of A is given by

o(A) = { lambday, )\_k} with Ay = ay +18,. This type of matrix is used to model large
and flexible spatial structures (LFSS for Large flexible space structures) [3].

To illustrate the impact of the choice of the set of poles on the results obtained, we

choose 2 sets of poles that we define by
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m | [(AX — XH) —cep || | [[n—o(Hn — feh,)ll
4 3,1980.10~ ™ 1,5291.10~13
6 1,4500.10~13 6,9802.10~ 11
8 6,1146.10~ 13 1,4631.107°
10 2,3719.10~ 12 2,3719.1078
12 9,2488.10~12 4,3654.107°
14 3,4298.10~ 1 1,2756.10~*

Table 4.4: Results obtained matrix A of Gear of size n = 500 and [ = 32

P, = {uk = ag + zbk/ak € [—2, —1] and by, € [0, 1]} (423)

and

Py = {uk =ar + zbk/ak S [—4, —3] and by, € [0, 1]} (424)

In both cases, we give the minimum value [ so that the algorithm does not stop.

The following table illustrates the results obtained for the set Py,

U | m | [[(AX — XH) —ce |l | I — o(Hm — feg,)ll
105 | 4 3,1328.10°8 1,6338.10~1
151 | 6 6,8162.10~7 2,6208.10~13
190 | 8 5,5369.10 1,6679.10 2

Table 4.5: Results obtained for the set of poles [Py

and this one illustrates the results obtained for the set P,

L m | [(AX = XH) — cep || | [lp—o(Hn — fe,,)]
21 | 4 1,1413.10°° 6,8883.10
21| 6 1,2864.10~" 2,8424.10° "
21| 8 0,0084 1,6200.10~°

Table 4.6: Results obtained for the set of poles Py

The tables 4.5 and 4.6 show that the set P; gives better results than the set Ps.
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4.3 Graphical representation of spectra

In this example we graphically represent the distribution of the spectra of the matrices

A, H = H,, — fel  and H,, in the plane complex.

We consider the Saad matrix A = A(r,s), of size n = 500 (with s = 10, r = 50 and

n=rs ), defined as follows

ai,z’:4 forizl,...
Qi 54+1 = —1.2 for ¢ = ]_,
Qii—1 = 1.1 fori:2,...

a‘iT+1,i7‘ == air’ir+1 — 0 fOl" Z = 17

Qigri = Qijpr = —1 fori=1,...

N

,n—1

N (4.3.1)
,s—1

(s —=1Dr

the set of poles chosen for this test is the set defined by (4.2.3) and we take m = 6.
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conclusion

In this work, we presented an algorithm based on the Arnoldi process for the resolution
of the Sylvester equation, in the case of sparse and wide matrices, while assuming that
the second member is a matrix of rank 1.

The fact that the second member of Sylvester’s equation has rank 1 made it possible
to make the analogy with the Arnoldi process. thing that has gave the idea to use this
process to find the solution.

The upper Hessenbergue matrix given by the Arnoldi process is not always stable and
does not necessarily satisfy the condition of existence and uniqueness of the solution, so
we made a placement of poles on it to remedy this problem.

It has also been pointed out that the choice of the set of poles can distort the solution
if it is not done adequately because if a pole is close to an eigenvalue of the matrix A the
system which is associated is badly conditioned, which falsifies the results by the following.

One can exploit the fact that the spectrum, in several situations in practice, is given
by an analytical formula to choose a set adequate poles. In the absence of such a formula,
the use of the estimates of the largest and the smallest eigenvalue of the matrix in question
is always possible.

The generalization of this work to the case where the matrix C' has any rank r remains
possible. We follow the same pattern, except that in this case we base ourselves on the

Arnoldi process by blocks and the GMRES method by blocks.

52



Bibliography

1]

[7]

8]

B.N. Datta, Numerical methode for linear control systems design and analysis, De-
partement of mathematical Sciences Northern Illinois University Dekalb, IL 60115
(2003).

B.N. Datta, An algorithme to assigne eigeinvalues in a Hessenberg matriz, IEEE

Trans. Autom. Control, AC-32 (1987), pp. 414-417.

B.N. Datta and Y. Saad, Arnoldi Methods for large Sylvester-Like Observer Matriz
Equation, and an Associated for Partial Spectrum Assignement, Linear Algebra and

Its Applications 154-156:225-244 (1991).

L. Elbouyahyaoui, Etude du polynome minimal pour la méthode du GMRES cas
standard et cas par blocs, Memoire de DESA, EMI (2005).

C.W. Gear, A simple set of test matrices for eigenvalue programs, Math. Comp.,

23:119-125, (1969).

B. Lewis, D. Calvetti, L. Reichel, On the solution of large Sylvester observer equation,

Numer. Linear Algebra Appl. (2001); 8:1-16.

B. Lewis, D. Calvetti, L. Reichel, Partial eigenvalue assignement for large linar con-

trol systems, Contemporary Mathematics. Primary 93B55, 65F15 (1991).

B. Lewis, D. Calevetti, L. Reichel, On the selection of pole placement problem, linéar

algebra Appl., 302-303 (1999), pp.331-345.

[9] A. Messaoudi, Recursive interpolation algorithm: A formalism for solving systems of

equations-11 iterative methodes, Journal of computational and applied Mathematics,

76 (1996) 31-53.

23



[10] A. Rachid et D. Mehdi, Réduction,réalisation et commande des systemes linéaires,

edition: Scientifika 1° trimestre 1993, ISBN: 2-909894-03-7.

[11] Y. Saad, Projection and deflation methods for partial pole assignement in linear stat

feedback, IEEE Trans. Autom. Control, AC-33 (1988), pp. 290-297.

[12] Y. Saad et M.H. Schultz, GMRES a generalized minimal residual algoritme for solving
nonsymetrique linéar equation, SIAM J. Sci. Statist Comput 7 (1986) 856-869.

[13] D.C. Sorensen, Implicit application of polynomial filters in a k-step Arnoldi methode,
SIAM J.Matriz Anal. Appl., 13 (1992), pp.357-385.

[14] W.M. Wonham, Linear Multivariate Control: A Geometric Approach, 3rd ed.,
Springer, New York, (1985).

o4



	Preliminary
	Control of linear systems
	Dynamic Linear Systems
	Continuous Dynamic Linear Systems

	Controllability and observability
	Controllability
	Observability

	Stability
	Luenberger observer and Sylvester equation
	The Partial Pole Placement Problem
	Arnoldi process
	minimal polynomial and the characteristic polynomial

	GMRES method and its implementation
	 GMRES method Y.Saad and MH Schultz
	Implementation of the GMRES method


	Resolution Sylvester's Equation
	Position of the problem
	Application of the Arnoldi process
	Saad and Datta methodB.N.Datta and Y.Saad

	Principle of the method of Saad and Datta

	 Saad and Datta method
	Presentation of the problem
	Rational fraction approach
	Resolution of qm(A)x=c by the GMRES method
	The choice of poles
	Algorithm for Solving Sylvester's Equation

	Numerical testsC.W.Gear
	Gear Matrix
	LFSS Matrix
	Graphical representation of spectra


