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PREFACE

This document serves as the handout for the Fluid Mechanics 2 course, a crucial part of
the third-year Bachelor's degree curriculum for Mechanical Engineering students
specializing in Energy. Building upon the concepts introduced in Fluid Mechanics 1, this
course delves deeper into the dynamic behavior of fluids, focusing on advanced topics
essential for understanding and solving complex fluid-related problems encountered in

engineering practice.

The course covers a wide range of topics, from fluid kinematics to the analysis of potential
flows, and incorporates practical methods like finite control volume analysis and
dimensional analysis. These methods form the foundation for modeling and solving real-
world engineering systems such as jet engines, hydraulic systems, and rotating

machinery.

By incorporating the most widely used fluid mechanics textbooks [1-6], which are
referenced at the end of this document, this handout ensures that students are equipped
with the theoretical knowledge and analytical tools necessary to tackle the complexities
of fluid dynamics. I strongly encourage students to use these books as complementary
resources, as they provide invaluable insight into both the mathematical foundations and

practical applications of the subject.

Fluid mechanics is not just a theoretical discipline. It has profound implications in fields
ranging from energy systems to aerodynamics. As you embark on this course, I hope you
engage deeply with the material, applying the concepts learned here to real-world

scenarios and engineering challenges.

I wish you success as you continue to build upon the solid foundation laid in Fluid
Mechanics 1 and explore the fascinating world of fluid dynamics in this second part of

the course.

BOUALI Belkacem

Mechanical Engineering Department
Faculty of Technology

University of Amar Thelidji-Laghouat
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Introduction

INTRODUCTION

Fluid mechanics is a fundamental area of study in engineering that deals with the behavior
and movement of fluids and their interactions with surfaces and boundaries. "Fluid
Mechanics 2" serves as a continuation of the foundational concepts introduced in "Fluid
Mechanics 1", where basic fluid properties and fluid statics were explored.

This document provides a comprehensive exploration of key fluid mechanics concepts,
starting with fluid kinematics, which focuses on the motion of fluids without considering
the forces causing that motion. We delve into the analysis of velocity and acceleration
fields, along with streamlines, pathlines, and streaklines, to understand the behavior of
fluid particles. Additionally, the document explores the differences between the Eulerian
and Lagrangian methods of describing fluid flow, offering valuable insights into how
fluid behavior can be observed and modeled.

Following this, the document introduces the concept of potential flow, which describes
irrotational and incompressible fluid motion. By studying simple 2D potential flows such
as uniform flow, source-sink flow, and free vortex flow, we explore how these basic flows
can be superposed to create more complex flow patterns, such as Rankine ovals and flow
around a cylinder. The mathematical foundations of the velocity potential and stream
function are discussed in detail, giving readers a solid understanding of their applications
in analyzing fluid motion.

Additionally, finite control volume analysis is introduced as an essential technique in
fluid mechanics. The Reynolds Transport Theorem, conservation of mass, and Newton’s
second law are applied to control volumes, allowing for a detailed study of mass flow,
momentum exchanges, and angular momentum in fluid systems. These methods are
crucial for analyzing real-world engineering systems, including hydraulic systems, jet
engines, and rotating machinery.

The final section of the document explores dimensional analysis and similitude, two
fundamental tools in engineering that simplify complex systems into dimensionless
forms. These techniques enable the development of generalized solutions and predictive
models, particularly when experimental data is essential to validate theoretical findings.
Through these topics, this document builds on the principles introduced in "Fluid
Mechanics 1", providing students with the advanced tools and methods necessary for

solving more complex fluid dynamics problems in a variety of engineering contexts.




Chapter I Fluid Kinematics

FLUID KINEMATICS

1. INTRODUCTION

Fluid Kinematics focuses on the study of fluid motion, exploring the behavior of fluids
without considering the forces that cause their movement. The chapter builds on the
principles learned in Fluid Mechanics 1, delving deeper into key concepts such as fluid
velocity, acceleration, and the various methods of flow description. Starting with the
introduction of different reference systems like Cartesian, cylindrical, and spherical
coordinates, it then covers critical tools for analyzing fluid motion, including the
continuity equation, streamlines, pathlines, and streaklines. The chapter also discusses
rotational and irrotational flows, introducing concepts such as vorticity, circulation, and
potential flows. Additionally, students learn how to use the superposition principle to
combine simple flows into more complex patterns and how graphical methods and
complex potential theory can aid in analyzing real-world fluid dynamics problems.
By the end of the chapter, students should be able to:

- Understand the concept of fluid kinematics and its importance in fluid dynamics.

- Differentiate between Eulerian and Lagrangian fluid descriptions.

- Derive and apply the continuity equation for different types of flow.

- Identify and analyze streamlines, pathlines, and streaklines in steady and unsteady

flows.
- Understand rotational and irrotational flows, vorticity, and circulation.
- Apply potential flow theory and superposition methods to analyze complex flow
patterns.

- Use complex potential theory and conformal transformations in flow analysis.
2. REFERENCE SYSTEMS

In general, three independent spatial dimensions and time are needed to fully describe
fluid motion. In three dimensions, Cartesian coordinates (Figure 1.1a) may be used to
locate a point P via the coordinate triplets (x,y,z) with corresponding velocity
components (u, v,w). Cylindrical polar coordinates for P (Figure 1.1b) are denoted by
(r,0,z) with corresponding velocity components (v,,vg,V,). ). Spherical polar
coordinates for P (Figure 1.1c) are denoted by (7,8, ¢) with corresponding velocity

components (v, Vg, Uy).
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(a) (b) (c) r

Figure 1.1 Coordinate systems (a) Cartesian, (b) Cylindrical, (c) Spherical

e Fluid Models

Fluid models are categorized into two types: the Continuum model and the Molecular
model. The continuum model treats fluids as a continuous medium, focusing on
macroscopic properties like density and velocity without considering molecular
interactions. In contrast, the molecular model examines fluid behavior at the molecular
level, analyzing interactions between individual molecules. These models are used based
on the scale of analysis and the specific fluid properties being studied. This course focuses
on the continuum model where fluids are assumed to be made up of fluid particles
interacting with each other and with their environment. A fluid particle is an
infinitesimally small volume of fluid that is treated as a point for the purposes of analyzing
its motion in the flow. It moves with the surrounding fluid, following the flow path, and

its properties (like density, velocity, pressure, and temperature) change as it moves.

e Flow Descriptions

There are two distinct methods to describe fluid motion: the Eulerian and Lagrangian
approaches. The Eulerian description focuses on observing fluid properties at fixed
locations in space, such as measuring temperature or pressure at a stationary point over
time. This method is practical for most theoretical and experimental analyses, providing
insights into the flow behavior at specific points. As illustrated in Figure 1.1, one example
of this method involves attaching a sensor at a fixed location, like the top of a chimney,
to measure the temperature of the fluid as it passes by. On the other hand, the Lagrangian
description follows individual fluid particles as they move through space, tracking their
properties, such as temperature, along their path over time. For instance, Figure 1.2 also
illustrates the Lagrangian method, showing how the temperature of a specific fluid
particle (represented as particle A) is tracked as it moves, providing a dynamic view of

the changes experienced by that particular particle over time. While the Eulerian method

3



Chapter I Fluid Kinematics

1s more commonly used due to its simplicity and efficiency in various applications, the
Lagrangian method is valuable when studying the motion and behavior of individual
particles, such as in blood flow, or certain numerical simulations. These two descriptions,
though distinct, are complementary, and data from one can often be used to derive
information from the other. This course, however, primarily focuses on the Eulerian
method, as it is the most widely applicable for the analysis of fluid flow in many practical

situations.

(Eulerian description)
(Lagrangian description)
Location O:

T =T, o, D~

5

T Particle A:
T, =T,

X

Figure 1.2 Eulerian and Lagrangian descriptions of temperature of a flowing fluid

e Velocity Field

Consider an array of sensors that can simultaneously measure the magnitude and direction
of fluid velocity at many fixed points within the flow as a function of time (Figure 1.3.a).
In the limit of measuring velocity at all points within the flow, we would have sufficient

information to define the velocity vector field:
V =u(x, Vo z,0)i +v(x,y,2,t) ] + w(x, y,z, t)lg

Where u,v, and w are the components of velocity in the x, y, and z directions,

respectively, and ,J, k are the unit vectors in these directions (see Figure 1.3.b). The

magnitude of the velocity (speed) is given by:

V=Nu’+v+w
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(a) (b)

C g / /[7‘,4 P

1

(] V%m

.4

Figure 1.3 (a) velocity field at a given time t, (b) velocity vector representation

Example 1.1

A velocity field is given by V = (V, / £)(=xi + yj ) where Vpand ¢ are constants.

At what location in the flow field is the speed equal to Vo ?Make a sketch of the velocity
field for x >0 by drawing arrows representing the fluid velocity at representative

locations.
Solution

The x, y, and z components of the velocity are givenby u=—-V,x/{,v=V,y/{,w=0 so

that the fluid speed, V, is:
V.
V=u* +v* +w’ =7°\/x2+y2 (E.1.1)

The speed is V =V, at any location on the circle of radius ¢ centered at the origin

[xz +y' = 62} as shown in Figure. E1.1a.

The direction of the fluid velocity relative to the x axis is given in terms of 8 =

arctang (u/v) as shown in Figure E1.1b. For this flow:

oyt _y

tanf = = =
u —Vx/t x

Thus, along the x axis (y = 0) tanf = 0, so that 8 = 0° or 8 = 180°. Similarly,
along the y axis (x = 0) we obtain tanf = +oqg sothat @ = 90°0or 8 = 270°. Also,
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fory = O0wefind V =(-V,x/ ()i , while for x = 0 wehave V =(V,y/ ()], indicating
(ifV, > 0) that the flow is directed away from the origin along the y axis and toward the

origin along the x axis as shown in Figure 1.1a.

By determining V and 6 for other locations in the x-y plane, the velocity field can be
sketched as shown in the figure. For example, on the line x = y the velocity is at a 45°
angle relative to the x-axis (tanf = v/u = —y/x = —1). Attheorigihx =y =0
so that this point is a stagnation point. The farther from the origin the fluid is, the faster
it is flowing (as seen from Eq.E.1.1). By careful consideration of the velocity field, it is

possible to determine considerable information about the flow.

Figure E1.1

e Velocity Field Dimensions
The velocity field can be one-dimensional (only u), two-dimensional (u and v), or three-

dimensional (u, v, and w) depending on the number of velocity components considered.

e Steady vs. Unsteady Flows

A steady flow occurs when the velocity field does not change with time, which is

represented mathematically as z—V =0
t

. o oV
An unsteady flow happens when the velocity changes with time, represented as vy =0
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e Streamlines, Streaklines, and Pathlines

Streamlines are lines that are everywhere tangent to the local velocity vector at a given
instant (Figure 1.4a). In steady flow, they remain fixed in space, whereas in unsteady
flow, they may change with time. Streamlines are important in analytical work, and they
can be mathematically derived from the velocity field by integrating equations that define
lines tangent to the velocity vectors. For 2-D flows, the streamline equation can be

determined by integrating the slope equation (Figure 1.4b):

( dy J .
dx along a streamline u

Where u = u(x,y,z,t)and v = v(x,y,zt).

A streamtube is defined as a region within a flow field bounded by streamlines, where
fluid particles move along these streamlines without crossing the boundaries (Figure
1.4¢). Since streamlines are everywhere parallel to the local velocity, fluid cannot cross a

streamline by definition.

(a) (b) (c)

Point (x + dx, y +dy) V

Streamlines

Streamline \

Velocity vector —__

z ir
Streamline L

/\dy/
dx u
y

|, Point (x, y)

Streamtube

Figure 1.4 (a) streamlines, (b) plane streamline slop, (¢) streamtube

Example 1.2

Consider the two-dimensional steady flow discussed in Example 4.1,
V=, (=¥ +))
Determine the streamlines for this flow.

Solution
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Since u=—-V,x/¢ andv=V,y/(, it follows that streamlines are given by solution of the

equation

dy _v_Vylt _ y

dx u_—Vox/ﬁ_ X

in which variables can be separated and the equation integrated to give

dy  rdx
515
or

Iny=—Inx+constant

. L C .
Thus, the streamlines equation is y =—, where C is a constant.
X

By using different values of the constant C, we can plot various lines in the x-y plan (the

streamlines). The streamlines for x >0 are plotted in Figure E 1.2.

4 &
2
cC=9
I c=4
=1

of

2 d—C = -1 X

C=-4
C=-
-2
|

Figure E 1.2

9

Streaklines consist of all particles that have passed through a common point in the flow.

They are typically used in experimental work, created by injecting a tracer (like dye or
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smoke) into the flow and observing the path of particles as illustrated in Figure 1.5. In

steady flow, streaklines coincide with streamlines, but in unsteady flow, they may differ.

Dye or smoke
Y
Injected fluid particle

Streakline

Object

Figure 1.5 Streakline illustration

Pathlines are the actual paths traced by individual fluid particles as they move through
space (Figure 1.6). This Lagrangian concept can be observed in experiments by marking
a fluid particle and tracking its movement over time. In steady flow, pathlines are identical

to streamlines and streaklines, but in unsteady flows, they can differ.

Fluid particle at 7 = i,

Pathline P

-
. ~ *
¢ b @

Fluid particle at # = #,4

Fluid particle at some
intermediate time

Figure 1.6 Pathline illustration

Example 1.3
Water flowing from the oscillating slit shown in Figure E1.3a produces a velocity field
given by V= u, sin[@(t—y/v,)]i +v,j, where u,, v, and w are constants. Thus,the y-

component of velocity remains constant (v = v,) and the x-component of velocity at
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y = Ocoincides with the wvelocity of the oscillating sprinkler head

[u =u,sin(wt) aty =0].

Determine the streamline that passes through the originatt = 0;att = 7 /2 w.
Determine the pathline of the particle that was at the originatt = 0;att = 7/2w.
Discuss the shape of the streakline that passes through the origin

Solution

Since  u=u,sin[ow(t—y/v,)] and v=v,, it follows that streamlines are given by

solution of the equation

Q_v_ v

dx u  uysinfo(t—y/v,)]
or (u,v, / w)cos[w(t—y/v,)]=v,x+C (E.3.1)

Where C is a constant. For the streamline at t = 0 that passes through the origin (x =
0,y = 0) the value of C is obtained from Eq. E.3.1 as C = uyvy/w. Hence, the

equation for this streamline is:

x =u—‘[cos(ﬂj—l} (E.3.2)
1) v,

Similarly, for the streamline at ¢ = /2 @ that passes through the origin, Eq. E.3.1

gives C = 0. Thus, the equation for this streamline is:

x=2] cosw| Z— X | |2 o cos| Z_2Y
w 20 v, w 2 v,

= x=2gin (ﬂ} (E.3.3)
w Vo

These two streamlines, plotted in Figure E1.3b, are not the same because the flow is

—

unsteady. At the origin (x = 0,y = 0) the velocity is I7=u01 at t = 0 and

V=u,i+v,jatt = /2 w. Thus, the angle of the streamline passing through the origin

changes with time. Similarly, the shape of the entire streamline is a function of time.

10
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The pathline of a particle can be obtained from the velocity field and the definition of the
velocity. Since u = dx/dt,v = dy/dt, and we obtain:

ax_ u, sin{a)(t —lﬂ and @ _ Vo
dt v, dt

The y equation can be integrated (since vy = constant) to give the y coordinate of the

pathline as:
y=v,t+C (E.3.4)
0 1

where C; is a constant. With this known y = y(t) dependence, the x equation for the

pathline becomes:

dx { [ VOHCIH . [cle
—=uU,sin| w| t————— | | =—U,sn
dt v, v,

This can be integrated to give the x component of the pathline as:

x= {uo sin(cla)ﬂt +C, (E.3.5)
VO

Where C, is a constant. For the particle that was at the origin (x = 0,y = 0) at time

t = 0,Eqgs. E2.4and E.2.5 give C; = C, = 0. Thus, the pathline for this particle is:

x=0and y=vyt (E.3.6)

Similarly, for the particle that was at the originatt = 7 /2w, Eqgs. E.3.4and E.5.5 give

Ci, = —7nvy/2wand C, = —rmuy/2 w. Thus, the pathline for this particle is:

[t_ij and y=v, [t_ij (E3.7)
2w 2w

The pathline can be drawn by plotting the locus of x(t),y(t) values for t >0 or by

eliminating the parameter t from Eq. E.3.7 to give:

y=20y (E.3.8)
Uy

11
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The pathlines given by Eqs. E.3.6 and E.3.8, shown in Figure E4.3c, are straight lines
from the origin (rays). The pathlines and streamlines do not coincide because the flow is

unsteady.

The streakline through the origin at time t = 0 is the locus of particles at t = 0 that
previously (t < 0) passed through the origin. The general shape of the streaklines can be
seen as follows. Each particle that flows through the origin travels in a straight line
(pathlines are rays from the origin), the slope of which lies between + v, /u, as shown in
Figure E4.3d. Particles passing through the origin at different times are located on
different rays from the origin and at different distances from the origin. The net result is
that a stream of dye continually injected at the origin (a streakline) would have the shape
shown in Fig. E4.3d. Because of the unsteadiness, the streakline will vary with time,

although it will always have the oscillating, sinuous character shown.

In this example neither the streamlines, pathlines, nor streaklines coincide. If the flow

were steady, all of these lines would be the same.

(a) (b)
y
y "N
“
1
’I
2rvglo, b’
”
g /, Streamlines
i 2 X \ through origin
~
-~
= t=0 5 SN~
Oscillating bk | N
sprinkler head )z =120
4
o I I LG ]
—2ug/w 0 2ug/o *
(c) (d)
¥
[3 4e \
kb= 0 X
volu // \\
o't I~
\
\
Pathlines of / \ £ .
particles at origin / ;‘ /,t Streakllne;
at time ¢ i througlh origin
¥ at time r
\\\\ %// vy
/ =0 Pathline £-Q\1
W Uy
/ A
1 | : X
i | 0 1 X 0
Figure E.1.3
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3. CONTINUITY EQUATION-DIFFERENTIAL FORM

e The Control Volume

The control volume approach involves analyzing fluid flow by defining a spatially
bounded region (control volume) through which fluid may pass, remain, or exit, with its
boundary (control surface) separating it from the surroundings. This flexible region can
be fixed, moving, or deforming, depending on the system being studied, and aligns with
the Eulerian description, where fluid properties like velocity and pressure are observed at
fixed spatial points rather than tracking individual particles. Widely used in fluid
dynamics and machinery analysis (e.g., pumps, turbines), this approach enables practical
evaluation of system performance by focusing on boundary fluxes and internal variations,

bypassing the need to track individual fluid particles.
e Continuity equation (differential form)

Conservation of mass states that the net mass entering or leaving the control volume per

unit time equals the rate of increase of mass within the control volume.

Consider the differential fixed control volume as shown in Figure 1.7. The mass flow rate
in the x —direction across the left side is (pu)dydz. The mass flow rate in the

x —direction across the right side, using a first-order approximation (since dx is small),
is [pu + % (pu)dx]dydz. Figure 1.8 shows only the mass flows on the x or left and right

faces. The flows on the y (bottom and top) and the z (back and front) faces have been

omitted to avoid cluttering up the drawing.

The net flux in the x —direction over the differential volume is:

Net mass flow rate in the x-direction =(pu)dydz — { pou + ;( pu)dx} dydz
X

Net mass flow rate in the x-direction = —ai( pu)dxdydz
X

13
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Control volume

d
pu + EP (pu)dx] dydz
—>

Figure 1.7 Elemental fixed control volume showing the inlet and outlet mass flows on

the x faces.

Similarly, the net flux in the y and z —directions can be computed:

Net mass flow rate in the y-direction = —ai( pv)dydxdz
y

Net mass flow rate in the x-direction = —aﬁ( pw)dzdxdy
Z

Since the total rate of change of mass inside the control volume is equal to the net flow

of mass into or out of the volume, we have the following equation:

a(pdxdde) __ a(pu) dXdde _ Mdydxdz — MdZdydx
ot Ox 9 0z

After simplification, we obtain

9p _ 9pu)  O(pv)  o(pw) _,
ot ox oy 0z

or

op —
—+V(pV)=0
Py (PV)

This equation, known as the continuity equation, expresses the principle of mass

conservation in fluid flow.
Cylindrical polar Coordinates

The general continuity equation in cylindrical polar coordinates can be written as follows:

14
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0 10
L (rpy >+——(pvg)+ (pv) 0
ot ro

Special cases

Steady flow: For steady flows % = 0 and all properties are functions of position only.

Continuity equation reduces to

apu) | 3pv)  Apw) _,
ox oy 0z

Cartesian:

Cylindrical: l—(rpv)+ —(pv0)+ (pv) 0

Incompressible flow: For incompressible flows, the density changes (in time and space)

are negligible.

ou oOv oOw
Cartesian; — +—+—=0
ox 0Oy Oz
18\/19 ov,

Cylindrical: l—( )+ —=0
r o

r@@ 0z

Two-dimensional incompressible flow:

. Ou Ov
Cartesian;: — +—=10
ox Oy

Polar: li(rvr)+16ﬁ20
ror r 060

Example 1.5

The x —component velocity is given by u(x, y) = Ay? in an incompressible plane flow.

Determine v(x,y) if v(x,0) = 0.
Solution

The differential continuity equation for an incompressible, plane flow is

au 8v 0
ox 6y

15
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Since in a plane flow the two velocity components depend only on x and y. Using the

given u(x, y) we find that

—a(Ay2)+@:O = @:O

ox oy oy
= v(x,y)=f(x)
However, v(x,0) = 0 requiring that f(x) = 0. Consequently,v(x,y) = 0
Example 1.6

The velocity components for a certain incompressible, steady-flow field are

u=x"+y +z°
v=xy+yz+z

w=7?

Determine the form of the z component w required to satisfy the continuity equation.
Solution

Any physically possible velocity distribution must satisfy conservation of mass as

expressed by the continuity equation

ou oOv ow
n _

—+—+—=0
ox 0y Oz

:>(2x)+(x+z)+a—W:O
0y

ow
= —=-3x—z
0z

:>w:—3x—%z2 + f(x,»)

The third velocity component cannot be explicitly determined since the function f(x, y)
can have any form and conservation of mass will still be satisfied. Some additional

information is needed to completely determine w.

16
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4. CONCEPTS OF VOLUMETRIC FLOW RATE AND MASS FLOW
RATE

e Continuity Equation based on Stream Tube Concept

Consider the stream tube shown in Figure 1.8. The net mass flow through a small volume

of cross-section S and thickness d can be computed as follows:

Mass entering the volume: pVS
: 0
Mass leaving the volume: pVS +&( pVS)dl

Where V is the fluid velocity normal to cross-section S.

The mass change inside the volume during an infinitesimal time interval dt is %( pSd’l)

Figure 1.8 Flow through a stream tube showing the flow through an elemental volume of

the tube

According to the conservation of mass principle, this variation is equal to the net flow of

mass entering and leaving the volume:
0 0
—(pSdl)= pVS —| pVS +—(pVS)d/
ot ol

or

0 0
—(pS)+—(pVS)=0
at(p) az(p )

17



Chapter I Fluid Kinematics

For steady ﬂow% =0, we have:

%(pVS) =0 = pVS =constant

That is, between two or more sections in the tube, we can write:

PVS, = pVsS, = pVySs =...=m

m is the fluid mass flow rate, which is constant along the stream tube.
For incompressible flow p = const,,

NS =rs, =S =..=q,

q, is the volume flow rate, which is constant along the stream tube.

e The Stream Function

Consider the simple case of incompressible, two-dimensional flow in the xy —plane. The

continuity equation in Cartesian coordinates reduces to

ou Ov
—+ =

—+—=0
ox Oy

A clever variable transformation enables us to rewrite this equation in terms of one
dependent variable (1) instead of two dependent variables (u and v). We define the

stream function ) as:

u:a—w and v:—a—w

oy ox

Substitution into the continuity equation yields
ooy +Q(_8_WJ_62_1//_62_W_0
ox\ 0y ) oy\  Ox Ox0y  0Oyox

which is identically satisfied for any smooth function ¥ (x,y), because the order of

differentiation (y then x versus x then y) is irrelevant.

Since v is a function of x and Yy, its total differential can be written as follows:

18
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dy :8—de+8—l//dy = —vdx +udy

ox oy
For a line along which the stream function is constant, we have di = 0, which means
that:

—vdx+udy=0 = @

dx

w=const.

This is exactly the streamlines equation. Thus, the stream function Y is constant along

streamlines as illustrated in Figure 1.9.

Y =0

=0(,

| 7
L
Streamlines

Figure 1.9 Curves of constant stream function represent streamlines of the flow

There is another physically significant fact about the stream function: 7he difference in
the value of ¥ from one streamline to another is equal to the volume flow rate per unit

width between the two streamlines.
Ay =y, -y, = 9.a-2)

This statement is illustrated in Figure 1.10. Consider two streamlines, Y, and ¥, in a two-
dimensional flow in the xy —plane, of unit width into the page. By definition, no flow
can cross a streamline. Thus, the fluid that happens to occupy the space between these
two streamlines remains confined between the same two streamlines. It follows that the
mass flow rate through any cross-sectional slice between the streamlines is the same at
any instant in time (mass conservation). For steady, incompressible, two-dimensional
flow in the xy —plane, the volume flow rate g, between the two streamlines (per unit

width) must therefore be a constant. If the two streamlines spread apart, as they do from
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cross-sectional slice A to cross-sectional slice B, the average velocity between the two

streamlines decreases accordingly, such that the volume flow rate remains the

same, q,(A) =, q,(B).

Streamline 2

= y
Y=

Streamline 1 x

Figure 1.10 Volume flow rate between two streamlines in the xy —plane

Additionally, the stream function can be applied in cylindrical coordinates for problems
involving radial and tangential velocity components. It is particularly useful in solving

axisymmetric flows, where the flow has rotational symmetry about a central axis.

(r, 6) system coordinates: v, = v and v, = oy
ro6 or
(1, z) system coordinates: v, = _Loy and v, = 1oy
r Oz r or

Note that the stream function 1 is defined such that it satisfies continuity equation for

each case.

Example 1.7

Consider a steady, two-dimensional, incompressible velocity field with u = ax + b

andv = —ay + cx,wherea = 0.50s™1,b =1.5m/s,andc = 0.35s71.

Generate an expression for the stream function and plot some streamlines of the flow in

the upper-right quadrant.
Solution

The stream function is defined by the flowing expressions:
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u=Y (E.7.1)
y

N2 (E.7.2)
ox

We start by equation (E.7.1) or (E.7.2) (it doesn’t matter which equation we choose, the

solution will be identical). Starting, for example, with equation (E.7.1)

uza—l//:ax—kb (E.7.3)
y

Next we integrate with respect to y, noting that this is a partial integration, so we add an

arbitrary function of the other variable, x, rather than a constant of integration,
w=axy+by+ f(x)

Now we choose equation (E.7.2), differentiate equation (E.7.3), and rearrange as follows:

o df (%)
v=——"=—ay+cx=—ay—

ox 4 4 dx
= m:—cx = f()=-Sx*+C

dx 2
= t//=axy+by—§x2+C (E.7.4)

To plot the streamlines, we note that equation (E.7.4) represents a family of curves, one
unique curve for each value of . Since C is arbitrary, it is common to set it equal to zero,
although it can be set to any desired value. For simplicity we set C = 0 and solve

equation (E.7.4) for y as a function of x, yielding

o’ 24y

o (E.7.5)

Which represents the streamlines equation.

For the given values of constants a, b, and ¢, we plot equation (E.7.5) for several values

of Y in Figure 7.1.
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Figure E.1.7

5. ROTATIONAL AND IRROTATIONAL FLOWS

5.1 Vorticity

A closely related kinematic property of great importance to the analysis of fluid flows is

the vorticity vector, defined mathematically as the curl of the velocity vector V,
Q=VxV =curl(V)

In Cartesian coordinates, curl (17) is expanded as follows:

ik
curl(l7):i o O] [ow ov ;+(8_u_8_wjj+ ov_ou k
0. 0z Ox

Physically, you can tell the direction of the vorticity vector by using the right-hand rule

for cross product (Figure 1.11).

If the flow is two-dimensional in the xy-plane, the z-component of velocity (w) is zero
and neither u nor v varies with z. Thus, the first two components are identically zero and

the vorticity reduces to

Q= ov_0ou k
ox Oy
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Figure 1.11 The direction of a vector cross product

e Relation to Fluid Particle Rotation

Fluid particle rotation refers to the tendency of individual fluid particles to rotate around

their center of mass as the fluid flows.

Vorticity quantifies this rotation. In regions of a flow where the vorticity is zero, the flow
is said to be irrotational. Otherwise, the flow is said to be rotational. This means that the
fluid particles do not just translate (move in a straight line), but they also rotate about an

axis.

The vorticity vector points along the axis of rotation of the fluid, and its magnitude gives
the strength of the rotation. In simple terms, if the fluid has high vorticity, the fluid

particles are rotating more strongly.

Example 1.8

Consider the following steady, incompressible, two-dimensional velocity field:
V=v)=x7+(2xy-1)]

Is this flow rotational or irrotational?

Solution

The vorticity Q for this flow is:

Q| _u k=-=2y-0=-=2y
ox Oy

Since the vorticity is nonzero, this flow is rotational.

Cylindrical coordinates
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In cylindrical coordinates, (7, 8, z), the vorticity vector is given by:

Qz(lﬁvz _% ér+(8vr_8vzjég+l 6(;’\19)_% 3
rof oz oz Or r\ or 0o

For two-dimensional flow in the r8-plane, the vorticity reduces to

SRILLANAY
r or 00

Example 1.9

A simple two-dimensional velocity field called a line sink is often used to simulate fluid
being sucked into a line along the z —axis. Suppose the volume flow rate per unit length
along the z —axis, q,,/, is known, where q,, is a negative quantity. In two dimensions in

the r@-plane,

1
y =~ and v, =0

" oxlr

Draw several streamlines of the flow and calculate the vorticity. Is this flow rotational or

irrotational?
Solution

Since there is only radial flow and no tangential flow, we know immediately that all

streamlines must be rays into the origin. Several streamlines are sketched in Figure E.1.9.

The vorticity is:
a=1[ ) 2N _Lig-0)z =0
r\ or 00 r

Since the vorticity vector is everywhere zero, this flow field is irrotational.
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Streamlines

Figure E.1.9

5.2 Circulation

With reference to Figure 1.12, the circulation is defined as the counterclockwise line

integral, around a closed curve C, of arc length ds times the velocity component tangent

to the curve.

Fz@Vﬁ
Closed I :?'C Veosad s
curve

Figure 1.12 Definition of the fluid circulation 7~

Circulation gives a measure of the intensity of rotational motion in the fluid. A high
circulation value indicates strong rotation (like in a vortex), while a zero circulation

indicates non-rotational flow (like in a uniform, straight flow).

If the circulation around the curve is nonzero, it indicates that the flow has a rotational
component. This means that the fluid particles are rotating around the curve, and there is

vorticity present in the flow.
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In the case of zero circulation, the flow is said to be irrotational, meaning there is no net

rotation of the fluid particles.

Circulation is directly related to the vorticity of the flow Q. In a 2D flow, vorticity is

related to the circulation around an infinitesimal closed loop by the Stokes' theorem:
r=§y.ds=[[ Qa4
A
Where A is the surface bounded by the closed curve C, and dA is the area element. This
shows how circulation can be used to compute the vorticity over a surface.
6. POTENTIAL FLOWS (IRROTATIONAL FLOWSY)
In the previous section, we defined irrotational flow as flow for which vorticity is zero,
Q=VxV =curl(V)=0 (1.1)

On the other hand, we know from mathematics that the following identity is always valid

for any scalar function ¢ (x, y):
curl(Vg)=0 (1.2)

By comparing equations (2.1) and (2.2), we deduce that the velocity field in an irrotational

flow can be written as:

> a¢—> a¢—>
V=V¢=—-i+— 1.3
¢ o T (1.3)
or
u=a—¢ and v=a—¢ (1.4)
ox Oy

And in cylindrical polar coordinates,

v,=% and vg=% (1.5)

" or ro0

The function ¢ (x, y) is called the velocity potential, and the flow is said to be potential.
Thus, for any irrotational flow, there is a potential function ¢ (x, y) such that the velocity

field in the flow is derived from this potential, as indicated by Eqs. 2.4 or 2.5.
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The continuity equation, for an incompressible flow, is given by:

ou Ov

—+—=0
ox Oy

Substituting u and v by their expressions given by Eq. 2.4, we obtain:
¢ 0% _ o
+ =V¢g=0 (1.6
ox’ oy’ ¢ (1.6)

and in cylindrical polar coordinates:

li(rai)+i@= 0 (L7

r* or’
Egs. 2.6 or 2.7 are called Laplace's equations.

Hence, the potential function satisfies Laplace's equation, and conversely, if a function

¢ (x,y) satisfies Laplace's equation, then it can represent a potential flow.

Note that Laplace's equation is linear, i.e. if two or more functions satisfy Laplace's
equation, then the sum of these functions also satisfies Laplace's equation. In other words,

the superposition of a number of potential flows is a potential flow. We have:
Vi +d+d+..)=V4+V’h+Vh+..=0 (1.8)

7. PLANAR FLOWS

e Potential And Stream Functions

For 2D potential flows, the stream function y (x, y) is defined by

u=Y andv=-2¥ (1.9)
Ox

oy

The continuity equation is automatically satisfied, and irrotationality leads to the Laplace

equation,
=-2_%_,
oy Ox

2 2
VLIV o (1.10)

ox> oy’
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The similarity between Eqs. 2.6 and 2.10 implies that the velocity potential ¢ and the

stream function P of a given flow can describe another potential flow by interchanging
¢ and .

From Eqs. 2.4 and 2.9 we obtain the well-known Cauchy-Riemann equations or

conditions:

99 _ O 4nd 299V (111
Oox Oy oy Ox

e Potential lines and streamlines

The streamlines equation is defined by:

dy =0= —vdx+udy =0

) _v
:(dxl = (1.12)

The potential lines equation is defined by:

dp=0=udx+vdy=0

dy) __u
:s(dxl_ ; (1.13)

By comparing Eqs. 2.12 and 2.13, the following can be written:
d 1
Do (114
dx ),

Eq. 2.14 shows that the tangents to the streamlines and equipotential lines at the
intersection points are perpendicular as shown in Figure 1.13 (Recall that two lines are

orthogonal if the product of their slopes is -1). They are said to be orthogonal.
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b
r o

Figure 1.13 Equipotential lines are orthogonal to streamlines.
Example 2.1

The velocity field of a plane incompressible flow is given by:
u=4x and v=—4y

Check that the continuity equation is satisfied

Show that the flow is irrotational

Determine the stream function and velocity potential

Plot the flow net in the upper-right quadrant (x > 0 and y > 0)
Solution

The continuity equation for two-dimensional incompressible flow is:

ou Ov
+ OV _

—+—=0
ox Oy

Substituting u and v with their expressions yields:

O(4x) , O(4y) _, . (—4)=0
ox 0

The continuity equation is then satisfied

The vorticity in two-dimensional flow is defined as:

Q_@u ov

oy ox
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Substituting u and v with their expressions yields:

_0(4x) o(4y)
- oy ox

Q =0+0=0

Since Q = 0, the flow is irrotational.

The stream function 1 is related to the velocity components as:

u=a—l// andv=—a—w

Oy Ox

From u = 4x, we integrate with respect toy:

a—l’[/=4x = =4+ f(x)
oy

Now, from v = —4y we differentiate v = 4xy+ f(x) with respect to x

oy df (x)
Ox Y dx Y

= f(x)=C

Where C is an arbitrary constant. It is common to set it equal to zero, although it can be

set to any desired value. For simplicity we set € = 0.
= y= 4xy

The velocity potential can be determined from its definition as a function of u and v

components, or from the Cauchy-Riemann equations.

6—¢=6—W=4x anda—¢ a—l'”=—4y
ox Oy oy Ox

From d¢p/dx = 4x, we integrate with respect to x:
$=2x"+1(»)

Now, from d¢/dy = —4y we differentiate ¢ =2x" + f(y) with respect to y

%_d)_
oy dy
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= f(»)=-2y"+C
Where C is an arbitrary constant. For simplicity we set C = 0.
= ¢=2x"+-2y’

We will now plot the streamlines and equipotential lines based on the equations:
- 1y = _V —
Streamlines : y =const. = y = U’ y=C, C, C,..
X

Equipotential lines: ¢ = const.=> y* =x"—¢/2, ¢ = C, C, C,..

The flow net, in the upper-right quadrant (x > 0 and y > 0), is shown in Figure E.2.1

5

X1 X1
3 \\ \
4.5 \
a4F
3.5 \
= JF N
2.5 —=
Streamlines—
2 -
151
1 -
0.5¢ Equipotential lines—
0 . ! . .
0 1 2 3 4 5

X
Figure E.2.1
8. ELEMENTARY POTENTIAL FLOWS

e Uniform Flow

The simplest plane flow is one for which the streamlines are all straight and parallel, and

the magnitude of the velocity is constant V= (U, 0). This type of flow is called a uniform

flow. For this flow, we have:

%=U=a—w and %=O=—a—w
ox oy oy ox

Therefore,

¢p=Ux  (1.15)
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and

w=Uy (1.16)

Where the arbitrary integration constants are taken to be zero at the origin.

Figure 1.14 presents a uniform flow in the x —direction and in an arbitrary direction a.
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Figure 1.14 Uniform flow (a) in the x —direction, (b) in an arbitrary direction «.

Source (Sink)

Consider a fluid flowing radially outward from a line through the origin perpendicular to
the x-y plane as is shown in Figure 1.15. Let q,, be the volume rate of flow emanating

from the line (per unit length), and therefore to satisfy conservation of mass

27rv, = q, (source if q,, is positive and sink if negative)

Therefore, v, = 4y , V=0
2rr
or 2zr rof rof or

The integration leads to

p=Lmr  (1.17)
2n
and
w=Lrpg  (1.18)
2n
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It is apparent from Eq. 2.17 that the streamlines are radial lines, and from Eq.2.18 that the

equipotential lines are concentric circles centered at the origin.

Figure 1.15 The flow net for a source
e Free Vortex

A Free Vortex is a type of vortex in which the fluid particles rotate around a central point
(see Figure 1.16), with the tangential velocity depending inversely on the radial distance

from the center.
The velocity profile of a free vortex is given by:
r
v. =0 and v, =—— (1.19)
2rr

where I' is the circulation around the vortex, which is a constant.

y= constant

-
¢= constant

Figure 1.16 The flow net for a source
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The potential and stream function are determined as follows:

Y, 9=V g -, LW

r VH A
or roé rob 2xr or

The integration leads to:
r
p=—=0 (1.20)
2n
and
r
w=——"Inr (1.21)
2n

9. SUPERPOSITION OF SIMPLE POTENTIAL FLOWS

Because the potential and stream functions satisfy the linear Laplace equation, the
superposition of two potential flow is also a potential flow. From this, it is possible to

construct potential flows of more complex geometry.
e Source and sink

Consider a source q,, at (—a, 0) combined whith a sink of equal strength —q,, placed at

(a,0) as shown in Figure 1.17.

Source

Figure 1.17 Superposition of a source and a sink of equal strengths

The composite stream and potential functions are expressed as follows:

l// = l/lsourc'e + l/jsink and ¢ = ¢source + ¢sink
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Using equations 2.17 and 2.18 and with reference to the polar coordinate system shown

in figure 2.5, we write:

qv qv _ qv qv
y=—0, —2—(91 and ¢—2—ln1f2—glnr1

21 T T
p— qV —_ qV
= y=—(0,-0) and ¢=—"In(r,/1)
2n 2n
We have, tant92=M ; tanelzﬂ
rcos@+a rcos@—a
_ tan@,—tan0

and, tan(6,-6,)= 1+tan6, tan0

Therefore, tan (6, —6,)= ZL”;Q
r-—a

gl g

or, (6,-6)=tan™ (_26”—””9]: —tan™ (Mj

Hence,

wz_imn_l(ZarsinH

- . 2] (1.22)

r-—a

or, in Cartesian coordinates,

q , - 2ay
=———tan | —— 1.23
v 2n [xz +y° —azj ( )

Next, using the geometric relations,

r? = (rsing)’ +(rcos@+a)’ =r*+a* +2arcosd

r? = (rsing)’ +(rcosd—a)’ = r* +a* —2arcosd

to express the velocity potential as follows:

b= q, Zn(\/rz +a’ +2arcos9J

2n \/rz+012 —2arcos @

2n

l(qv jln(rz +a’ +2arcos 6

Y 2 2
r +a° —2arcos@

: j (1.24)
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or, in Cartesian coordinates,

:l q, (x+a)2+y2
¢ 2(2%)111 (x—a)’ +y’ (125)

The velocity components, using Eqgs. 2.4 or 2.9, are:

q, x+a xX—a
u= 2 2 2 2
2r\(x+a)y +y" (x—a) +y

(1.26)

_4 Y _ y
2\ X+ +a)’ x*+y-—a)

(1.27)

The flow net for this flow is illustrated in Figure 1.18.

y=constant

Figure 1.18 The flow net for a source and sink combination

e Doublet

The so-called doublet is formed by letting the source and sink approach one another

(a— 0) while increasing the strength g, (q, = o) so that the product q,a remains

constant. In this case,

2 2 -
r —a

ran”! (2arsin0} _2arsin®

2 2
r-—a

_ 4, 2arsin8 _gq,a rsinf

:}(//:
2 2 2 2
27 r'—a T r—a
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Since (a— 0),

W__Ksiné’

(1.28)

Where K, a constant equal to q,a/m is called the strength of the doublet. The

corresponding velocity potential for the doublet is:

cos 6

¢=K (1.29)

The corresponding velocity components are:

g;=—K‘”§9 (1.30)
r
sin@

v, =— K~ (1.31)
r

A plot of the streamlines and equipotential lines is shown in Figure 1.19.

Figure 1.19 Flow net for a doublet of strength K located at the origin
e Source in a Uniform Stream—Half-Body

Assuming the uniform flow U is in x —direction and the source of g, at the origin as

shown in Figure 1.20.
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U y
—-
’ Stagnation /___._,0
point T
\ ¥ |8

—— X
— Source

—_—

Figure 1.20 superposition of a source and a uniform flow

The corresponding stream function and the velocity potential are:

D g = Ursing +21r ¢ (1.32)
21 21

y=U+

¢= U+ 2y =Urcos @+ -2 fny (1.33)
2r 2r
The velocity components are:
v = U cos 0 +—1— (1.34)
2rxr

v,=Usin@ (1.35)

It is clear that a stagnation point (v, = vg = 0) occurs at @ = wandr = b = q,,/(2nU).

Therefore, the streamline passing through the stagnation point is: y, = % =rbU

It follows that the equation of the streamline passing through the stagnation point is

7bU = Ursin +-2-9
2

or

__b(z-0)

sin @

where 6 can vary between 0 and 2.
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The maximum height of the curve Y is :

h=rsinf = 4, =xb as @ >0and r > ©
2U

A plot of this streamline is shown in Figure 1.21. If we replace this streamline with a solid
boundary, as indicated in the figure, then it is clear that this combination of a uniform
flow and a source can be used to describe the flow around a streamlined body placed in a

uniform stream. The body is open at the downstream end and thus is called a half-body.

yw = nblU

Stagnation point

L=

Figure 1.21 Replacement of streamline ) = wbU with solid boundary to form a half-
body

¢ Rankine Ovals

The half-body described in the previous section is a body that is “open” at one end. To
study the flow around a closed body, a source and a sink of equal strength can be

combined with a uniform flow as shown in Figure 1.22.

.'III
e o
!
T 2 r F 1
— {

e AR N
—_— Source Sink
O .

—-

Figure 1.22 superposition of source—sink pair and a uniform flow
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The stream function and the velocity potential for this combination is:

W:Ursin9+§;(6’2 -0,)

¢=Urcos 0+ ;];[ (Inr,—Inn)
Equivalently,

v = Ursin@—g—vtan

1 ( 2ar sin@
Vd

. 2) (1.36)

r-—a

2 2
¢=Urcos¢9+%(ijln[r ta +2arcos9j (1.37)

2 2
21 r’+a —2arcos 0
or, in Cartesian coordinates,

q -1 2ay
=Uy—-—tan | —— 1.38
e 2n [x2+y2—a2j ( )

¢:Ux+1(&j,nw (1.39)
2\ 2n (x—a)’ +y° '

The velocity components are:

u—U+qv xX+a B xX—a (1.40)
2 (x+a)2+y2 (x—a)2+y2 '

q Y Y
== - 1.41
' 27r[x2+(y+a)2 x2+(y—a)2j (14D

The stagnation points occur at:

Where V = 0 with corresponding streamline Y = 0.

The maximum height of the Rankine oval is located at (h, t/2) when =1, = 0, 1.e.,
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y/=Uh—§—7V[tan_]( 22ah2]=0

—da

or

ﬁ:%ﬁ) —l:ltan(zﬂUa.ﬁJ (1.42)
a 2|\a q, a

which can only be solved numerically.

Stagnation Stagnation
point y=0 point

Figure 1.23 Replacement of streamline i) = 0 with solid boundary to form Rankine oval

e Flow around a Circular Cylinder

- Steady cylinder

When the distance between the source—sink pair approaches zero (a = 0), the shape of
the Rankine oval becomes more blunt and in fact approaches a circular shape. Since the
doublet described in Section 5.2 was developed by letting a source—sink pair approach
one another, it might be expected that a uniform flow in the positive x —direction

combined with a doublet could be used to represent flow around a circular cylinder.

qv .a

At this limit with K =

= const., the height h in equation 2.42 becomes the radius of

the cylinder ry.

2 2
V_o:l{(r_oj _l}an[hlfaf_oj:l{(r_o) _1}[27%?_0)
a 2|\a q, a) 2|\a q, a
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2
Lh_|(m) zUa’ ry
a a q.a a

K 1/2
ro—(ﬁj (1.43)

This combination gives for the stream function and velocity potential:

v =Ursind— K510 (1.44)
r

¢:Urcost9—KCOS(9 (1.45)
r

Introducing the cylinder radius given by equation 2.43, we obtain:

2
WzUrsin@(l—g.%j:Ur _r% sin@ (1.46)

r

2
¢=Urcos0(l+§.%)=Ur 1+ |cos6 (1.47)

r

The radial and circumferential velocities are:

2
v = U(l—%jcose (1.48)
r

2
v, = —U[H%jsin@ (1.49)

The flow net for this flow is represented in Figure 1.24.
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1 1 4 4 1 1
¢ = const. MJ‘_N
\ \ | | I 1

™~

Figure 1.24 The flow around a circular cylinder
- Rotating cylinder

The potential flow of a uniform parallel flow past a rotating cylinder is the superposition
of a uniform parallel flow, a doublet and free vortex.

Since the vortex flow, consisting of circular streamlines, does not influence the velocity
component v,., the cylinder r = 1, remains unchanged. Hence, the stream function and

the velocity potential are given by:

2

W:Ur[l—%]sme—Llnr (1.50)
2

r

2

¢ = Ur(l+%]cos€+L9 (1.51)
r 2r
The radial and circumferential velocities are given by:

2
v =U(1—r%jcosé? (1.52)
r

2
v, :-U(H%]sinmi (1.53)
r 27r

The tangential velocity, on the surface of the cylinder is given by:

=-2Usin@+

2
Vos :—U£1+’%]sin6’+L

r 2xr

2rr,

We can determine the location of stagnation points on the surface of the cylinder. These

points will occur at 8 = 64, Where v, = 0, and therefore:

. r
sind,,,, =— ppge (1.54)
0

43



Chapter I Fluid Kinematics

Several cases are possible:

If T = 0, then 85,4 = 0 or m —that is the stagnation points occur at the front and rear of

the cylinder as are shown in Figure 2.13a.

If —1 <T'/4nUry < 1, the stagnation points will occur at some other location on the

surface as illustrated in Figures 1.25b,c.

If the absolute value of the parameter I'/4mUr, exceeds 1, Eq. 2.54 cannot be satisfied,

and the stagnation point is located away from the cylinder as shown in Figure 1.25d.

dnlUa %1

dnUa Anla L

(c) (dd)

Figure 1.25 The location of stagnation points on a circular cylinder

10. GRAPHICAL SUPERPOSITION METHOD
The graphical superposition method involves visually combining two potential flows by
adding their stream functions and velocity potentials point by point, then plotting the

resulting streamlines and equipotential lines to represent the combined flow.

e Steps of the graphical superposition method

1. Plot separately the streamlines and equipotential lines of each elementary flow on
the same coordinate system. (Use graph paper or software such as MATLAB).

2. Add the stream functions and velocity potentials of the two flows at each point in
the domain.

3. Draw the level curves (contours) of the summed stream function and potential,

which correspond to the streamlines and equipotentials of the superposed flow.
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4. Interpret the resulting flow pattern based on the combined graphical
representation.

e MATLAB example

Superposition of a uniform flow and a doublet at the origin.

% Parameters

@& Uniform flow (C— > Doublet @Superposed flow
2 T T T T T T T

u=1; % Uniform flow velocity
k=5; % Doublet strength —
° 9 15F R

N = 200; % Grid resolution
x = linspace(-2, 2, N); 1k _ T~
y = linspace(-2, 2, N); g E— /(. = \\ —
[X, Y] = meshgrid(x, y); ' :

> 0
% Polar coordinates centered at origin 05
r=sqrt(X."2 + Y.*2);
theta = atan2(Y, X); AL

A.5F

% Stream function of uniform flow

psi_uniform = U *Y;

% Stream function of doublet
psi_doublet = -k ./ (2 * pi) .* sin(theta) ./ ;
psi_doublet(r < 0.01) = 0; % Avoid singularity at origin

% Superposed stream function

psi_total = psi_uniform + psi_doublet;

% Plot streamlines

figure

contour(X, Y, psi_total, 50, 'b'")

hold on

contour(X, Y, psi_total, [0 0], 'r', 'LineWidth', 2) % Cylinder surface
axis equal

xlabel('x")

ylabel('y")

title('Superposition of uniform flow and doublet')
grid on

hold off
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11. ELEMENTS OF COMPLEX POTENTIAL THEORY
Let f(z) be a complex function defined in a domain D € C, where z is the complex
number expressed as z = x + iy. x and y are real numbers and i is the imaginary
complex number such that i? = —1. Figure 1.26 shows the geometric representation of

complex numbers.

A Z=x+iy=re'"® =r(cosh + isinh)

\ 4

Figure 1.26 Complex plane representation

The function f(z) = f(x + iy) = g(x,y) + ih(x, y) is said to be analytic, in the domain
D, if f(z) is single valued and has a finite derivative f’(z)for every z € D. Necessary and

sufficient conditions for a function to be analytic is the following:
The four derivatives dg/dx, dg/dy, dh /0x, dh/dy are continuous.

The four derivatives dg/dx,dg/dy, dh /0x,0h/0y satisfy the Cauchy-Riemann

equations:
6_g=@ nd G_g:_@ (1.55)
ox Oy oy ox

Comparison of Egs. 2.11 and 2.55 shows that the complex function f(z) = ¢ + iy, with
¢ as the velocity potential and i as stream function, is analytic function and f is termed

the complex potential.

From differentiation of f(z), we find that:

izﬁﬂ'a—l//: ?—¢+ié—l//:u—iv=(vr—ivg)e’m (1.56)
dz oOx Ox i0y iy

Note that to switch from cartesian coordinate velocities (u,v) to polar coordinate
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velocities (v, vg), we apply the following transformation:
u) |cos@ —sinf|(v,
v) |sin@ cos® Vv,
12.ELEMENTARY POTENTIAL FLOWS EXPRESSED IN
COMPLEX FORM

Simple 2D flows
Comparison of equation f(z) = ¢ + iip with the basic flows gives the following:

Uniform stream: f(z)=U.z

Source/Sink: f(z)= 9 In(z)
2

Free vortex: f(z)= iln(z)
2r

Doublet: f(z)=K/z
Superposition

The superposition of potential flows consists simply to sum the corresponding complex
potentials. The resulting complex potential represents the combined flow. For example,
the flow around steady cylinder is obtained by combining uniform stream and a doublet.

Hence,

f(Z)cylinder = f(Z)uniform stream + f(z)doublet

:>f(z)=Uz+£:Uz(1+K/Uj

2
z

The complex velocity is obtained by differentiating f (z),

fre-U-%
zZ

The velocity is equal to zero for all z = (U/K)'/? = rZ, which represents the radius of

the cylinder. Therefore,
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f@@)=U z[l +r—°jj

2
and, f’(z)ZU(l—r—Ozj
z
Finally, to find the expression of ¢, 9, (u, v) or (v,,vg), we use the definition of the
complex potential f(z) = ¢ + iy and the complex velocity f’(z)given by Eq. 2.56.

Stagnation point flow

The complex potential for this flow is given as:
f(z)=Cz’
= f(2)=C[x" -y +i(2xy)]
=¢=C.(x’-»") and y=2Cxy
Streamlines are hyperbolic lines: y=C/x

The complex velocity is:
fl(z)=2Cz=2C(x+1iy)
= u=2Cx andv=-2Cy

The point (0,0) is a stagnation point, and for this reason, the flow is called flow in the

vicinity of a stagnation point. The flow net for this flow is represented in Figure 1.27.

(0,0)

Figure 1.27 Flow net for stagnation flow
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Flow in a sector (Flow around a corner)
The complex potential flow in a sector or around a corner is defined by:
f(z)=C.z" =Cr"(cosnf +isin nb)
Therefore, the velocity potential and stream function are:
¢ = C.r'cos(nf) and w=C.r"sin(nb)
The complex velocity is given by:
f'(z2)=nC.z"" =nCr"'e" ™’ = (nCr"'e"™)e™
Then, the velocity components v, andvy are:
v, =nCr"'cos(nf) and v, = -nCr"" sin(nd)

The streamline ¥ = 0 is obtained for & = k.m/n. For these values of 8, we can assume

the existence of awall, k = 0and k =1 (i.e. 8 = 0and 8 = /n).
Several cases are possible, depending on the value of n:

The case n = 1 corresponds to a uniform stream parallel to a single straight boundary

(Figure 1.28e¢).
For n > 1, we obtain the flow into a corner (Figures 1.28a,b,c).

For n = 2, we have flow in a region bounded by a right angle (Figure 1.28b), with
streamlines in the form of rectangular hyperbole, which has already been seen in section

6.3 to be one-half of the irrotational flow near a stagnation point at a plane boundary.
Values of n between 1/2 and 1 give flow around a corner (Figures 1.28d,e,f).

The extreme case n = 1/2 corresponds to flow round the edge of a thin flat plate (Figure

1.28).
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Figure 1.28 Flow into and around a corner

We can draw the following conclusions from the formulas of v,. and vgy:

Forn > 1, the velocity magnitude |I7| = 0 at the vertex of the corner (i.e. this point is a

stagnation point).
For n < 1, the velocity magnitude |I7| — oo at the vertex of the corner.

13. CONFORMAL TRANSFORMATIONS METHOD

Conformal transformation or mapping is an analytic transformation between two complex
planes, commonly expressed as w = f(z). It has a remarkable property: it preserves the
local angles between intersecting curves. This property makes conformal mapping an
essential tool in fluid mechanics for converting simple flow patterns into more complex,

realistic flows around various shapes.

Let lines C, and C, in the z —plane be transformations of the curves C,, and C,, in the
w —plane, respectively (Figure 1.29). Let 8z, &, Sw, and 6, be infinitesimal elements
along the curves as shown. It can be demonstrated that, if w = f(z) is an analytic
function, the angles a and 8 shown in Figure 1.29 are equal. This confirms that conformal

maps keep angles intact. Consequently, the transformation of a potential flow maintains
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the orthogonality of the streamlines and equipotential lines, although it alters the

geometry of these lines.

¥y y
Z — plane w — plane
w
C, Cw
B
6z L f(z) 5 ow
a
a=§
>X >X

Figure 1.29 Preservation of geometric similarity (angles) in conformal mapping

In practical fluid mechanics, conformal mapping is often applied by starting with a
uniform flow w = ¢ + i) represented by a rectangular grid of equipotential and
streamlines in the w —plane (Figure 1.30). The conformal transformation w = f(z) then
converts these straight lines into curved streamlines and equipotentials in the z —plane,
representing the actual physical flow around objects. Figure 1.30 shows how a uniform
flow with straight potential and streamlines in the w —plane maps into curved lines in the

z —plane, which represent the real flow of interest.

w — plane z —plane
P A ¢=C, ¢=C, ¢=C; #=C,
.w:c4
- ¢=03
iy 'll)=C1
> ¢

Figure 1.30. Flow patterns in the complex w —plane and the z —plane

e Applications - Zhukhovsky transformation
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The Zhukhovsky transformation relates two complex variables z and {, and has

applications in airfoil theory:
z=C+b* /¢ (1.57)

When |{ | or |z| is large compared to b, this transformation becomes an identity, so it
does not change the flow condition far from the origin when moving between the z and ¢
planes. However, close to the origin, Eq. 2.57 transforms a circle of radius b centered at

the origin of the { —plane into a line segment on the real axis of the z —plane.

To establish this, let { = b exp(if) on the circle (Figure 1.31) so that Eq. 2.57 provides

the corresponding point in the z —plane as:
z=be"” +be™ =2bcos O

As 6 varies from 0 to 7, z goes along the x —axis from 2b to —2b. As 0 varies from 7 to
2m, z goes from —2b to 2b. The circle of radius b in the { —plane is thus transformed

into a line segment of length 4b in the z —plane.

The region outside the circle in the { —plane is mapped into the entire z —plane. It can be
shown that the region inside the circle is also transformed into the entire z —plane. This,
however, is not a concern because the interior of the circle in the { —plane is not
important. This way, the flow around a cylinder (section 5.1) can be transformed into a

flow around a thin flat plate (section 6.4f).

n A JUF

{ —plane z —plane

z={+b%*/¢

—

>§ | ! > X

b
7
k/ _2b 2b

Figure 1.31 Transformation of a circle of a radius b in the { —plane into a line segment

between z = +2b in the z —plane
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Now consider a circle of radius a > b in the ¢ —plane (Figure 1.32). A point { =
a exp(if) on this circle is transformed to:

‘ b? ‘
z:ae’9+(—]e’9 (1.58)

a

By separating real and imaginary parts of Eq. 2.58, we obtain:

2 2
z=(a+b—]cosé?+i(a—b—jsin9=x+iy

a a

2 2
x=(a+b—Jcosl9 and y:(a—b—jsinﬁ
a a

Note that,

2 2

x y
+ =1 1.59
(a+b*/a) (a-b/a) (1.59)

For a > b, Eq. 2.59 represents a family of ellipses with foci at x = +2b (Figure 1.32)
The flow around one of these ellipses (in the z —plane) can be determined by first finding
the flow around a circle of radius a in the ¢ —plane (section 5.5.2), and then using Eq.

2.57 to go to the z —plane.

na y ;r
{ —plane

f Z_(—I—bz/r
' . o
K —2b 2b
a

Figure 1.32 Transformation of a circle of a radius a in the { —plane into an ellipse in the

z —plane

Y

o\
Mﬂ

z —plane

To further illustrate this point, suppose the desired flow in the z —plane is that of flow
around an elliptic cylinder with clockwise circulation placed in a stream moving at U.
The corresponding flow in the { —plane is that of flow with the same circulation around
a circular cylinder of radius a placed in a horizontal stream of speed U. The complex

potential for this flow is :
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AN
w—U(§+§j ¢ (1.60)

The complex potential w(z) in the z —plane can be found by substituting the inverse of

Eq. 2.57,
4 :%Z-F%\/ZZ —4b* (1.61)

into Eq. 2.60. Here, the negative root, which falls inside the cylinder, has been excluded
from Eq. 2.61.

Instead of finding the complex velocity in the z —plane by directly differentiating w(z),
it is easier to find it using the chain rule,u — iv = dw/dz = (dw/d{)(d{ /dz). The
resulting flow around an elliptic cylinder with circulation is qualitatively quite similar to

that around a circular cylinder.

14. CHAPTER SUMMARY

The chapter on Fluid Kinematics provides a comprehensive understanding of fluid motion
and introduces key concepts essential for analyzing fluid behavior. The chapter highlights
the following key points:

o Fluid Models: The chapter differentiates between the continuum and molecular
models. The continuum model is central to this study, treating fluids as continuous media
without considering molecular interactions. The behavior of fluid particles, characterized
by properties like density, velocity, and pressure, is explored through this model.

o Eulerian vs. Lagrangian Descriptions: Two approaches to describing fluid motion
are discussed. The Eulerian description focuses on fixed locations in space to observe
changes in fluid properties, while the Lagrangian description follows individual fluid
particles, tracking their properties as they move. The Eulerian method is more commonly
used in practical applications, although both methods are complementary.

e Velocity Field: The chapter explains how fluid velocity is represented in a velocity
field, with velocity components in different directions. Steady and unsteady flow are
differentiated, with steady flow having a constant velocity field over time, and unsteady
flow showing time-dependent changes.

o Streamlines, Streaklines, and Pathlines: The concepts of streamlines, streaklines, and
pathlines are introduced to describe fluid motion. Streamlines show the instantaneous
direction of flow, streaklines track particles that passed through a common point, and

pathlines represent the actual trajectory of a fluid particle over time. These concepts are

54



Chapter I Fluid Kinematics

crucial for visualizing and analyzing the behavior of fluid flows in both steady and
unsteady states.
e Mass Conservation & Continuity Equation: The principle of mass conservation is
discussed through the continuity equation, which expresses the conservation of mass in
fluid flow. The equation ensures that mass entering and leaving a control volume remains
balanced, with applications in various fluid dynamics scenarios, including steady and
incompressible flows.
e Stream Function: For incompressible, two-dimensional flow, the stream function is
introduced as a tool to describe flow patterns. It simplifies the continuity equation and
helps visualize streamlines, making it particularly useful in solving axisymmetric flows.
o Vorticity: Vorticity, a key concept in fluid kinematics, quantifies the rotation of fluid
particles in a flow. The chapter explains how vorticity relates to the fluid's rotational
behavior, distinguishing between rotational and irrotational flow. Vorticity is computed
using the velocity field and is central to understanding the intensity of rotational motion
in fluids.
e Circulation: Circulation, related to vorticity, measures the rotational motion in a fluid.
It is defined as the line integral of the velocity along a closed curve, with nonzero
circulation indicating rotational flow. The relationship between circulation and vorticity
is described through Stokes' theorem
o Potential Flow Definition: The chapter explains that irrotational flow, where vorticity
is zero, can be described by a velocity potential function. For incompressible flow, this
potential function satisfies Laplace’s equation, which is central to the analysis of potential
flows.
o Potential and Stream Functions: The relationship between the velocity potential and
stream function is described, with both satisfying Laplace’s equation. The streamlines
and potential lines are orthogonal, meaning they intersect at right angles. This relationship
is essential for visualizing and analyzing the flow patterns.
e Simple 2D Potential Flows

- Uniform Flow: A flow where streamlines are parallel and the velocity is constant.

It is the simplest form of flow.
- Source (Sink) Flow: A radial flow emanating from (or converging toward) a

point, characterized by radial streamlines and concentric equipotential lines.
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- Free Vortex: A flow where the velocity decreases with the inverse of the radial
distance from the center, forming circular streamlines.

e Superposition of Basic Flows: The superposition principle is used to combine basic
flow types (source, sink, vortex) to form more complex flow patterns. Examples include
Rankine ovals and flows around cylinders, where the superposition of multiple potential
flows can model practical situations.

- Flow Around a Circular Cylinder: The flow around a cylinder is modeled by a
combination of a uniform flow and a doublet (source-sink pair). This model is
important in understanding aerodynamic and hydrodynamic problems.

- Rotating Cylinder Flow: The potential flow of a rotating cylinder combines a
uniform flow, a doublet, and a free vortex. The location of stagnation points on
the cylinder surface is determined, depending on the rotation speed and flow
conditions.

e Complex analysis of 2-D Potential Flows: The use of complex analysis for potential
flows is introduced, where complex potentials are used to describe the flow in a more
analytical form. The complex potential helps in calculating velocities and visualizing the
flow through streamlines and equipotential lines.

e Conformal Mapping: The chapter highlights the use of conformal mapping to
transform simple flow patterns into more complex shapes while preserving the essential
flow characteristics. This technique is essential in fluid mechanics for modeling flow
around various objects, such as airfoils, and is illustrated through the Zhukhovsky
transformation.

The chapter provides a solid foundation in the theory of potential flows, emphasizing their
importance in fluid dynamics. By introducing velocity potentials, stream functions, and
superposition methods, it equips readers with the tools to analyze a wide range of
idealized fluid flows. The use of complex potentials and conformal mapping techniques
adds an analytical dimension to the study, allowing for the modeling of more complex
geometries in engineering applications, such as flow around cylinders and airfoils.
Through these principles, the chapter lays the groundwork for understanding and solving

practical fluid flow problems in various engineering fields.
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FINITE CONTROL VOLUME ANALYSIS

1. INTRODUCTION

This chapter introduces the fundamentals of finite control volume analysis, a critical
approach in fluid mechanics used to examine fluid behavior within a defined spatial
region, whether fixed or moving. The primary objective is to apply the Reynolds
Transport Theorem (RTT), mass conservation, and Newton’s second law to control
volumes to analyze mass flow, momentum, and angular momentum exchanges in fluid
systems. Through practical examples, the chapter demonstrates how to handle steady and
unsteady, compressible and incompressible flows, while addressing forces and moments
exerted by fluids on interacting surfaces. This theoretical foundation is essential for
understanding and designing engineering applications such as hydraulic systems, jet

engines, and rotating machinery.

e SYSTEM AND CONTROL VOLUME

A system is a collection of matter of fixed identity (always the same atoms or fluid

particles), which may move, flow, and interact with its surroundings.

A control volume, on the other hand, is a volume in space (a geometric entity,
independent of mass) through which fluid may flow. Unlike a system, the fluid inside a

control volume can change with time.

The boundary surrounding the control volume through which the fluid passes is named

the control surface.

Figure 2.1 illustrates these two concepts.

% %

| | I |

| | I |

| | t=0 I | t>0

I | I |

| Il, control volume | I

| /’ e "

i ! I I [ system
| | | |

I | I I — — Control
\————) Ny, surface

Figure 2.1 System and control volume illustration
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Different types of control volume can be defined in practice (see Figure 2.2):

Fixed control volume (stationary in space, e.g. pipe segment),

Moving control volume (e.g. jet engine moving with fluid),

Deforming control volume (changing shape/volume, e.g. expanding balloon).

(a) /Plpe
N N\
|4 o\ )
[ |
\ )
N/ _
(1) (2)
— — —— Control volume surface

Jet engine © e —
|
i
I
:I System at time 7, - System at time 7, > 1,

Figure 2.2 Typical control volumes (a) fixed control volume, (b) fixed or moving control

volume, (c) deforming control volume

e THE REYNOLDS TRANSPORT THEOREM

The purpose of the Reynolds transport theorem is to connect system analysis (fixed mass)

with control volume viewpoint by relating time rates of change of fluid properties in a

system to those in a control volume plus flux across boundaries.

Let B = any fluid parameter, such as mass, velocity, temperature, momentum, etc.

Letb = B/m, a fluid parameter per unit mass. The mass m may be that contained in a

system or a control volume.

Property B can be written for both the system and the control volume, as follows: System:

B, = jm pbd¥~-

Control volume: B, =I pbd¥-

Where ¥ denotes the volume.

Remember that in general, B, # B,

Example 3.1

Referring again to Figure 2.1. Let B = m, then b = 1
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dB dmxys _ d (J.sys pd-LL)

Sys

=0

dt dt dt

as, _am,_*(J.r%)

cV

<0

dt dt dt

Derivation of the Reynolds Transport Theorem

For simplicity's sake, let us consider the one-dimensional flow through a variable area

illustrated in Figure 2.3.

= = = Fixed control surface and system — — - Systemboundary attime t + 8t
boundary attime &

Figure 2.3 Control volume and system for flow through a variable area pipe

At time t, the control volume and the system coincide. A short time later, at time t + Jt,
the fluid at section (1) has moved a distance 6, = V; 8t to the right, where V; is the fluid
velocity at section (1). Similarly, the fluid particles that coincided with section (2) of the
control surface at time t have moved a distance §¢, = V, 6t to the right, where V,, is the

velocity of the fluid as it passes section (2).

As is shown in Figure 3.3, the outflow from the control volume from time ¢t to t + 6t is
denoted as volume 11, the inflow as volume I, and the control volume itself as CV. Thus,
the system at time t consists of the fluid in section CV; that is “Sys = CV” at time t. At
time t + &t the system consists of the same fluid that now occupies sections (CV — 1) +
II. That is, “Sys = CV — 1 + II” at time t + 6t. The control volume remains as section

CV for all time.

If B is an extensive parameter of the system, then the value of it for the system at time ¢

is:
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B, (t)=B,()
Its value at time t + 6t is:

B (t+0t)=B_ (t+0t)—B,(t+0t)+ B,(t+ 1)

Sys

Thus,

sys Sys sys

ot ot ot

5B, B, (t+80)~B () B, (t+5)~B,(t+5)+B,(t+5)-B, (1)

By using the fact that at the initial time t, we have Bg,,;(t) = B¢y (t), this expression may

be rearranged as follows:

9B,, _B,(t+3t)-B, () B,(t+61) L Byt+61)
ot ot ot ot

In the limit - 0,

OB DB

sys Sys

_)
ot Dt

B,(t+0)-B,() _ B,
St ot

B[ (t + 5t) = (plbl )(5'%1) = p]blAII/lé‘t
BII (t + 51) = (pzbz )(5-%11) = p2b2A2V2§l‘

- B,(t+ 1)

=B =pAVb
57 m — P40

_ B, x50 _

5t Bout = p, A, V)b,

Finally, we obtain:

DB B . .
2 _ OB, +B,,—-B, 2.1
Dt ot
or
DB

sys aBCV
== ot + P, Vb, — pAVih (2.2)
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This is a version of the Reynolds transport theorem valid under the following
assumptions: fixed control volume with one inlet and one outlet having uniform
properties (density, velocity, and the parameter b) across the inlet and outlet with the

velocity normal to sections 1 and 2.

The simplified Reynolds transport theorem (Eq. 3.1) can be easily generalized if we give

the correct interpretation to the terms B,,,; and B,.

In the case where the control volume comprises several inputs/outputs across the control

surface (Figure 2.4), Eq.2.1 can be rewritten as follows:

DBM_% Y -
Dt - ot +ZBout ZBin_

3B . L
a;v +(By,+ B, +B,.+B,,)—(B,,+B,,) (2.3)

Where, B(i)= pV.4b,

Note that the above assumptions for equation 2.1 are also required to apply Eq.2.3.

Figure 2.4 Typical control volume with more than one inlet and outlet

Generally speaking, flows are three-dimensional, geometries are complex, and fluid
properties are non-uniform. As a result, the previous assumptions are no longer valid. The
flux of the fluid property B through the control surface is determined in this case by

integration over the surface.

For an infinitesimal area element dA of the surface (see Figure 2.5), the volume of fluid

crossing this element in a small time interval &t is:

d3=5054=(V.idt)5A
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where V is the fluid velocity and 71 is the outward unit vector normal to the surface. The

product V.7 is positive if fluid flows out and negative if it flows in.

Outflow 59 = §¢£.6A = (V,.6t)8A
portion of

control
surface

Figure 2.5 Outflow across a portion of the control surface

The amount of the extensive property B contained in this volume element is:
SB = pbS8d = pb(V 7ii 5t) 5 A

Dividing by 8t and integrating over the entire control surface gives the net rate of flow

of B across the surface:

B=B, -B,= [ pbViid4

CcS
Equation 3.1 is then re-expressed as:

DB _
w OB [ pbViida
cS

Dt ot

This can be written in a slightly different form by using B, = I pb dY so that:
cv

D Bsys
Dt

B -
= CjV pbd9+ st pbViidd (2.4)

Equation 2.4 represents the mathematical statement of the Reynolds transport theorem. It
links the Lagrangian description of fluid motion, which tracks the system, to the Eulerian
description based on a fixed spatial control volume. It holds for any extensive propertyB,

any flow geometry, and any unsteady flow conditions.

For moving and/or deforming control volumes, Eq. 2.4 is expressed as follows:
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DB,
Dt

0 -
=2 [ ppas+ [ pbV.iidd (2.5)
g kaas|

~4

Where I_/; is the relative velocity I_/; =V- .

Note that the relative velocity is the fluid velocity relative to the moving control volume
(the fluid velocity seen by an observer riding along on the control volume). The absolute

velocity is the fluid velocity as seen by a stationary observer in a fixed coordinate system.

2. CONSERVATION OF MASS - THE CONTINUITY EQUATION
2.1 Derivation of the Continuity Equation

The principle of conservation of mass states that the mass of a system remains constant

over time if no mass is added or removed. Mathematically, this is expressed as:

More generally, the mass of the system can be expressed as the integral of the density

over the system volume:

m,, = [ pds

Sys

Applying the Reynolds Transport Theorem with B = m (mass) and b = 1, we obtain:

D 3
Mys _ O [ pds+ [ priida
Dt ot v Cs

From the mass conservation principle, the time rate of change of mass in the system is

zero, leading to the continuity equation in integral form:
0 =
= j 0 d9+ jp qidd=0 (2.6)
8t cv cs

This equation (Continuity Equation) states that the rate of increase of mass inside the

control volume plus the net mass flow out of the control surface is zero, ensuring mass

conservation in a fluid flow system.
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2.2 Fixed Non-Deforming Control Volume
Example 3.2: Steady, Incompressible Flow

Seawater flows steadily through a simple conical-shaped nozzle at the end of a fire hose.

If the nozzle exit velocity must be at
Section (1) (pump discharge)

least 20 m/s, determine the /

Section (2) (nozzle exit)
minimum pumping capacity required Flow

e
inm?/s. T F
mm-/s a;‘}\y gzzzi%r:]/;

N

- Control volume

Figure E.3.2

Solution

Continuity equation: % 9+ j pV jidA =0 ; steady flow
[\

cv

= [ pViidA = rir, =i, = 0
CcS

:>m2:ml

= p,0, = p,0, , where @, and Q, represent the volume flow rate at the inlet and the outlet

of the nozzle respectively.

Liquid water at law speeds is considered incompressible, then p; = p,

Consequently,
0, =0, =V4,
D; 04°
_y, TP 50 P00 o5t s

4
Example 3.3 Steady, Compressible Flow

Air flows steadily between two sections in a long, straight portion of 10 cm inside
diameter pipe. The uniformly distributed temperature and pressure at each section are
given. The average air velocity (non-uniform velocity distribution) at section (2) is 305

m/s.
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Calculate the average air velocity at section (1).

Control volume Pipe
Flow %» % % q
Section (1) Section (2)
D,=D,=10cm

p:i= 690 kPa P2=690kPa

T,=300K s
V,=305m/s

Figure E.3.3

Solution
o . 0 =
Continuity equation: — | pd 9+ I pV ndA =0 ; steady flow
8t cv (&)

= [ pV iidA =1, =i, =0
[}
=, —m, =0
= p,V,A, = pV, A , where V; and V, are the average velocities at sections (1) and (2)

respectively.

=34 :&172 (since 4, =4, )

P

Air at the pressures and temperatures involved in this example behaves like an ideal gas:

p
P=—=
RT
Lo pall 124x300x305_ (oo

T, 690% 252

Example 3.4 Two Fluids

The inner workings of a dehumidifier are shown in Figure E.3.4. Moist air (a mixture of

dry air and water vapor) enters the dehumidifier at the rate of 272 kg/hr. Liquid water

65



Chapter I1I Finite control volume analysis

drains out of the dehumidifier at a rate of 1.36 kg/hr. Determine the mass flowrate of

the dry air and the water vapor leaving the dehumidifier.

| Ity Mg Cooling coil
Section (1) |
Control volume Motor
— _LR e
. \‘[ 7 _/_1( ) |y, =7
272 kg/h " | { Fan |
| 10,
‘ ) i/ .
y| 1 .
| i Section (2)
Condensate |l ‘
(water) ~_ ‘
T Ao —‘
Section (3) /Il
nt; =1,36 kg/h
Figure E3.4
Solution

The contents of the control volume are the air and water vapor mixture and the condensate

(liquid water) in the dehumidifier at any instant.

Not included in the control volume are the fan and its motor, and the condenser coils and

refrigerant.
. : 0 =
Continuity equation: — I pdd+ I pV ndA =0 ; steady flow
at C [\
= [ pV iidA =i, + i, = it, = 0
cS
= 11, = 1, — 1,
=m, =272-1.36=270.64 kg / h

Example 3.5 Non-uniform Velocity Profile

Incompressible, laminar water flow develops in a straight pipe having radius R as
indicated in Figure E3.5. At section (1), the velocity profile is uniform; the velocity is
equal to a constant value U and is parallel to the pipe axis everywhere. At section (2), the
velocity profile is axisymmetric and parabolic, with zero velocity at the pipe wall and a

maximum value of u,,,, at the centerline.
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Figure E.2.5
(a) How are U and u,,,, related ?

(b) How are the average velocity V, at section (2), and u,,,,, related ?

Section (1) Control volume

dA, = 2rtr dr Section (2)

Figure E3.5

Solution
o . 0 =
Continuity equation: —/%Z 9+ I PV ndA =0 ; steady flow
at crv cS

J pV iidA=—p AU
0]

R 2
= _ r
I pV ndA = I Pl {1 - (Ej ].27rrdr

2) 0
R }"3
= Zﬂpzumaxﬂr —?}dl’
— ”p2umax‘R2
2
o R
= - p AU+ =

A =7R’ and p,=p,

=u =U

max
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The average velocity can be determined as follows:

p, AV = [ pV jidA
(2)

2
7[102 umaxR

= p,V,7R* = >

Example 3.6 Unsteady Flow

A bathtub is being filled with water from a faucet. The rate of flow from the faucet is
steady at 20 [/min. The tub volume is approximated by a rectangular space as indicated

in Figure E.3.6.

Estimate the time rate of change of the depth of water in the tub, in in/min at any instant.

Control volume
g
TH

r iﬁf —————— e e ;i JF/;* //i i
03m g i 7 A
| B R
1-. 1.5m '\L/
Figure E3.6

Solution

Continuity equation for all the control volume:

% J pairdSair +% J‘ pwaterdgwater — M, +1,, =0

air water
volume volume

Mass conservation for air:

0

£ dS +m. =0
| PudSy +ri,

air
volume

Mass conservation for water:
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0 .
A, J p waterdgwater - mwater = 0
ot
water
volume
0 .
== p waterdgwater = mwater

water
volume

The first term of the previous equation can be expressed as (see figure E3.6):

gj Pl = (o [M015)0.6) (03114, ]
volume
Thus,

Prater (09 - Aj )% = mwater = pwaterQwater

O Qe
~a (0.9-4,)

A; < 0.99 m?, hence

3
O _ Quaer _ 205107 _ ) 0995 ymin = 2.22 em/min

o 09 0.9

2.3 Moving Non-Deforming Control Volume

Example 3.7 Compressible Flow with a Moving Control Volume

An airplane moves forward at a speed of 971 km/hr as shown in Figure E3.7. The frontal

intake area of the jet engine is 0.80 m? and the entering air density is 0.736 kg/m3. A

stationary observer determines that relative to the Earth, the jet engine exhaust gases

move away from the engine with a speed of 1050 km/hr. The engine exhaust area

is 0.588 m?, and the exhaust gas density is 0.515 kg/m3.

Estimate the mass flowrate of fuel into the engine in Kg/hr.
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II"J|:.Iane\ =

971 km/hr
? 2 s—

= oo
/”r\- —rd ”‘i fuel in
Coentrol volume = ' ‘

¥

'plana =

971 km/hr T ==
|| | f‘lhl__.. V, = 1050 km/hr
\\ 1] g -
—— 4 il W -
R L\ A— - W, =10560 + 971 =
971 km/hr f ST \ 2021 km/hr
f" Section (2)
Section (1)

Figure E3.7

Solution
- . 0 =
Continuity equation: > M + J. PW .ndA =0; steady flow
cS

= j pWﬁdA = _mﬁteliin _plAIVVl + pZAZVVZ = 0
Ccs

or, 1y o = PrLW, — p AW,

VVl = Vplane and I/2 =", + Vplane
or, VVI = Vplune and VI/Z = I/2 + Vplane

W, =971 km/h and W, =1050+971=2021 km/h
Hence,
n‘aﬁw,ﬂ =(0.515)(0.558)(2021x 103) —(0.736)(0.80)(971x 103) =9100 kg/h

Example 3.8 Relative velocity

Water enters a rotating lawn sprinkler through its base at the steady rate of 1000 ml/s as

sketched in Figure E3.8. The exit area of each of the two nozzles is 30 mm?2.
Determine the average speed of the water leaving the nozzle, relative to the nozzle, if

the rotary sprinkler head is stationary,
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the sprinkler head rotates at 600 rpm, and

the sprinkler head accelerates from 0 to 600 rpm.

Ay = 30 mm?
Section (2)

Po=? W,
Sprinkler head

¥ 0=1000 mlss

Figure E3.8

Solution
o : 0 =
Continuity equation: > j 9+ J pPW ndA =0; steady flow
CcSs

= p AW, + py AW, — p AW, =0
p=p=p; s =4 5 W,=W; ; and Q=AW

0

=>W,=—
24,

W - 1000x107° x107°

2 —=16.7 m/s
2x30x10

and (c¢), the value of W, is independent of the speed of rotation of the sprinkler head and
represents the average velocity of the water exiting from each nozzle with respect to the
nozzle for cases (a), (b), and (c).

2.4 Deforming Control Volume

Example 3.9 Deforming Control Volume

A syringe (Figure E3.9) is used to inoculate a cow. The plunger has a face area of

500 mm?. The liquid in the syringe is to be injected steadily at a rate of 300 cm3 /min.
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The leakage rate past the plunger is 0.10 times the volume flow rate out of the needle.

With what speed should the plunger be advanced?

Qleak = - . -
0.19 > )
Plunger . u________|_ ng
motion | Ap = . T
|] V"" 500 mm? : ———
P I
' '\ : Section (2)
Section (1) Control volume
Figure E3.9
Solution

Continuity equation: 2 j pd S+ I PW iidA =0
at cv cS

0 .
jaé[/pdg—l—mZ—}_leeak :O

[ pdS=p(r4,+9neede)

cv

0 ol
=— | pdd=pA —
8tc";p >

Note that, V', = —% (speed of the piston)
t
j_pApr +m2 +leeak :0

= —pApr +p0, +p0,.. =0

:>V — Q2 +Qleak — llQZ
b A A

P P

_ 1.1300x107° / 60)

— =0.011 m/s = 660 mm/min
g 500x10
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3. NEWTON’S SECOND LAW - THE LINEAR MOMENTUM AND
MOMENT-OF-MOMENTUM EQUATIONS

3.1 Derivation of the Linear Momentum Equation

Newton’s Second Law, for a system, states that the time rate of change of the linear

momentum of a system equals the sum of the external forces acting on it.

Since momentum is mass times velocity, the momentum of a small particle of mass dm =
pd? is V. pd?9. Thus, the momentum of the entire system is fsys V. pd?9 and Newton’s law

becomes:
D ¢~ .
— | Vpd3=>» F. (2.7
Dtc‘,[/ p Z Sys ( )

When a control volume is coincident with a system at an instant of time, the forces acting
on the system and the forces acting on the contents of the coincident control volume(see
Figure 2.6) are instantaneously identical, that is,

Z Fsys = Z #contents of the (28)

coincident control volume

Coincident Fp

control volume =
————— = T,

el ———T—'“’/ Fp
F, System

Figure 2.6 External forces acting on system and coincident control volume

For a system and the contents of a coincident control volume that is fixed and non-
deforming, the Reynolds transport theorem [with b set equal to the velocity (i.e.,
momentum per unit mass), and By, being the system momentum] allows us to conclude

that:

D

— [Vpds= 2 [Vpds+ [VpViida (2.9)
Dt at cv cS

Sys
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From Egs. 3.7, 3.8 and 3.9 we conclude that:

o ¢ - . .
A, j VpdS + J- van dA = ZEzomems of the (2 10)
8t cv Ccs

coincident control volume

Equation 3.10 represents the linear momentum equation.
Note that Eq. 3.10 is a vector equation, so it can be decomposed in the three
directions x,y and z.
3.2 Application of the Linear Momentum Equation
Example 3.10 Change in Flow Direction

As shown in Figure E3.10a, a horizontal jet of water exits a nozzle with a uniform speed

of V; = 3.05m/s, strikes a vane, and is turned through an angle 6.

Determine the anchoring force needed to hold the vane stationary if gravity and viscous

effects are negligible.

§ | /
[ A,=0,0056 m? / J~—Vane

5
6 Nozzle — = A
v = = Vi

Figure E3.10a
Solution

We select a control volume that includes the vane and a portion of the water (see Figure.

E3.10b) and apply the linear momentum equation to this fixed control volume:

Q)//pda + [VpViida=Y F ; Steady flow
at cr CcS
Hence, the x and z components of Eq. 3.10 become:

[upViida=3F,

cs
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[wpViida=Y F.

CcS

or,
w,PAYV, —up AV, = ZF;
w,p AV, —wpAV, = ZFZ

With negligible gravity and viscous effects, and since p; = p,, the speed of the fluid
remains constant so that ; = V , = 3.05 m/s (Bernoulli equation). Hence, at section

(1),u; =V;,w; = 0,and at section (2), u, =V 1co0s0 ,w, =V, sinf. Thus,
VicosO p AV, =V pAV, = F,,
Visin® p AV, —(0)pA4V, = F,,

Conservation of mass states that for this incompressible flow A4V, = 4,V,or 4 = A4,

since V|, =V, . Consequently,

F, =—pAV’ + pAV} cosO=—pAV;(1-cosb)
F.=pAV’ sind

= F, =—(998)(0.0056)(3.05)*(1—cos ) = —52(1 - cos 0)
F,. =(998)(0.0056)(3.05) sin@ = 52 sin &

Control volume v,

Figure E3.10b

Example 3.11 Pressure and Change in Flow Direction
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Water flows through a horizontal pipe bend as shown in Figure E3.11. The flow cross-
sectional area is constant at a value of 0.0093 m? through the bend. The magnitude of
the flow velocity everywhere in the bend is axial and 15.24 m/s. The absolute pressures

at the entrance and exit of the bend are 207 kPa and 165 kPa, respectively.

Calculate the horizontal (x and y) components of the anchoring force required to hold the

bend in place.

Pipe bend

Section (1) A=0.0093 m? T:_ and water \ Fy,

~__Control R
volume ;A s | \
V)~ | |

Control volume” f-
Ax

180° pipe bend

\Sectxon (2)

Figure E3.11

Solution

Linear momentum equation: % %d 9+ I VpV.idAd= ZF ; Steady flow
()

I upVidd=F,,
cs
[voviida=F,

cs

=

F, =0, since u =0 at both section (1) and (2). Hence,

[voViida=F, +p4+p,4,

cs

:>(+v])(—n'11)+(—v2)(+n'12)=FAy+p1A1 + p,4,
m, =, =m

= —m(vi+v,)=F, +pd+p,4,

= FAy =-m(v,+v,)— p 4, — p,4,
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= py, A =(998)(15.24)(0.0093) = 141.4 kg/s
F, =—(141.4)(15.24 +15.24) — (107)(0.0093) — (65)(0.0093) = —5909 N

Example 3.12 Thrust

A static thrust stand as sketched in Figure E3.12 is to be designed for testing a jet engine.
The following conditions are known for a typical test: Intake air velocity = 200 m/s;
exhaust gas velocity = 500 m/s; intake cross-sectional area = 1 m?; intake static
pressure = —22,5 kPa = 78,5 kPa (abs); intake static temperature = 268 K; exhaust
static pressure =0 kPa = 101 kPa (abs).

Estimate the nominal anchoring force for which to design.

Control volume

|
| _¥ }"_Patm(Al - Ay)
|

\
plAl—bi 14—;)2/12

o= =

i,

Section (2)

Figure E3.13

Solution

Linear momentum equation: % Wd 9+ J VpV.iidd = Z F ; Steady flow
4 cs

ZF =pA+F,-p,4,-p,,(4-4,)

j VpV.ii dA = (+u,)(=rit,) + (+1, )(+7i1,)

= (g )(=1iy )+ (Huy )(+11, ) = ( Py = Py )4 (P = P ) +
Conservation of mass: m =m, = p,Au, =m, = p,A,u,

= n(u,—u,)=p A4 - p,4, +F, (p1, p; are gage pressures)
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= F,=-pA4+p,4,+m(u,—u)
To calculate F;;we need to determine the mass flowrate m = p; A; u;.

From the ideal gas equation of state:

p,_ 785x10°

= = =1.02 kg/m’ = 1= p Au, =1.02x1x200 =204 kg/s
RT,  286.9x268

P

= F, =—(—22.5x10°)(1)+204(500 — 200) = 22500 + 61200 = 83700 N

Example 3.13 Moving Control Volume

A vane on wheels moves with constant velocity V,;, when a stream of water, having a
nozzle exit velocity of V;, is turned 45° by the vane as indicated in Figure E3.13. The
speed of the water jet leaving the nozzle is 30 m/s, and the vane is moving to the right

with a constant speed of 6 m/s.

Determine the magnitude and direction of the force, R, exerted by the stream of water on

the vane surface.

A} = 0.0006 m”
e N

Vi \

Figure E3.13a
Solution

The control volume is chosen as shown in figure E3.13b. The components Rx and RZ of

the force R exerted by the water on the blade are shown in figure E13.c.
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S Vo= Yo
Moving —= ol ,J/
control / ./
volume | 4 z
30(“]/ //-/ .-—Moving
s / vane
X

Figure E3.13b Figure E3.13¢
: : 0 & - o —
Linear momentum equation: > }j)/,/od 9+ I VpV.iidA= Z F; Steady flow
vV Ccs
[w.pWiida=-R,
cs

[w.pWiida=R -,
cS

Note that the velocity of the fluid relative to the control volume is used here.

(+ ) 1)+ (+ W, cos 45°)(+1it,) =R,
(+W, sin45°)(+1i,) = R, —W°

my=pW 4, and m, = p,W,4,

We assume that the water flow is frictionless and that the change in water elevation across

the vane is negligible. Hence,
W, =w,=V,-V,=30-6=24 m/s
The conservation of mass is written as:

iy = pW 4, = 1, = p,W,4,, with p, = p, =1000 kg/m’

R, = pW?4,(1-cos45°)
R. = pW?(sin45°)4, + W,

W = pgAl =1000x9.81x0.0006x0.3=1.77 N

R, =1000x24° x0.0006(1 —cos45°)=101.2 N
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R. =1000x 24 (sin 45°)0.0006 +1.77 = 246.1 N

The R modulus is: R = /R + R> =\/101.2> +246.1> =266 N

'R 246.1

The angle of R from the x direction is: & =tan™' —= = tan~' ——— = 67.6°
R 101.2

3.3 Derivation of the Moment-of-Momentum Equation

The moment-of-momentum equation is crucial in many engineering problems,
particularly when addressing torque-related issues. It is based on Newton's second law,
which links forces to linear momentum flow, allowing for the consideration of torques as
well. By analyzing the moment of linear momentum and the resultant forces acting on
fluid particles, we can develop the moment-of-momentum equation. This equation is
often more useful than the linear momentum equation when dealing with torques and

angular momentum flow.

Application of Newton’s second law of motion to a particle of fluid (Figure 2.7) yields:

D - -
—(VpSs9) =SF
Dt(p ) ,,

article

If we form the moment of each side with respect to the origin of an inertial coordinate

system, we obtain:

article

D - .
rx— >V po3)=rxoF
Dt( poF) ,,

|
| anarticIe

Figure 2.7 Inertial coordinate system
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DV p59)

D - Dr¥ -
Note that —| (Fx V) po8 | =—xV poF +F x
Dr EXPp8 = 5oxV o D

. D — S
Knowing that Fl; =V and V'xV =0
We obtain,

Dr_ - .
E[(r x V)p§9] =rX 5Fparticle

For a system (collection of fluid particles), we need to use the sum of both sides to obtain:

J. Dﬂt[(F X V)pd&’] = ZF X dﬁpui‘tid@

sys

where Z X §Fparticl€ = z (F X F)sys

Note that j %[(f xV)pd3 | = % j (FxV)pd9

Sys Sys

Hence,

| %[(fx P)pds]=Y FxF)

sys

Time rate of change of the = sum of external torques

moment-of-momentum of the system acting on the system

For a control volume that is instantaneously coincident with the system, the torques acting

on the system and on the control volume contents will be identical:

D (Fx F)_w =) (Fx ﬁ)CV

Further, for the system and the contents of the coincident control volume that is fixed and

non-deforming, the Reynolds transport theorem leads to:

D ¢ . - 0 ¢,. = N
— | (xM)pdB=— | dxV)pd3+ | (¢t xV)pV ndA
—J @D &CJV( )P CJS< )pV i

sys

Hence,
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a . R S - -
= [ ExV)pd9+ [ (FxV)pV iidd= (FxF)_, | (@2.11)
cv (N}

3.4 Application of the Moment-of-Momentum Equation

Example 3.14 Torque

Water enters a rotating lawn sprinkler through its base at the steady rate of 1000 ml/s as
sketched in Figure E3.14A. The exit area of each of the two nozzles is 30 mm2 and the
flow leaving each nozzle is in the tangential direction. The radius from the axis of rotation

to the centerline of each nozzle is 200 mm.
(a) Determine the resisting torque required to hold the sprinkler head stationary.

(b) Determine the resisting torque associated with the sprinkler rotating with a constant

speed of 500 rev/min.

(c) Determine the speed of the sprinkler if no resisting torque is applied.

3
J 200 mm —
1 [OZZIe ex]
Control volume '-.._\_\ o o area = 30 mm?
i . ¢ Flow out
Flow|out w&r Y.
: ] ] et

<

EN

=)
Q = 1000 mlis

(a)

U™ ™ |i
V | |
2 v |

=l
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Figure E 3.14A

Before starting to solve this example, it is useful to make a few assumptions in order to
simplify Eq. 3.11 and thus obtain certain results, which follow from it precisely to solve

this exercise.

We assume that flows considered are one-dimensional (uniform distributions of average

velocity at any section).

We confine ourselves to steady or steady-in-the-mean cyclical flows. Thus,

0 L -

— I (FxV)pd3=0

ot 2y
We work only with the component of moment-of-momentum equation resolved along the

axis of rotation.

Figure E 3.14B help to better understand the subsequent analysis.

The absolute and relative velocities, V and W, are related by the vector relationship:

V=w+U

where U is the velocity of the moving nozzle as measured relative to the fixed control

surface.
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e *\— Control volume
\.
= Section (2)

| S
3 _}Tshaﬂ ) Flow out
.~ #<—Section (2)

Section (1) "\ //’ t U, =r,0
N

- W,
o Flow in (b
(a)
————1 )
! TN
Control volume | Section (1)
Flow

()

Figure E 3.14B

The second term on the left of Eq. 3.11 can be written as follows:

[ ExV)pV 715 4= (=1, (+in,)

The term on the right-hand side of Eq. 3.11 can be expressed as:

[z (? X F)contents of the :| = T;haﬁ

control volume
Tsnase represents the net torque acting with respect to the axis of rotation.
Hence,
1)V g, = Tshaﬁ
The shaft power is expressed as follows:
Wshqﬂ =10 = 1V,
With r,w, =U , we can write:

Whaﬁ =-UV,,m,

N
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The shaft work per unit mass is then:
Wehat = (Wshaﬁ [my)=-UV,,

Now let’s go back to our example,

L = —1V o,

Since the control volume is fixed and non-deforming and the flow exiting from each

nozzle is tangential, V,, =V, =16.7 m/s (See example 3.8, continuity equation)
= Tshaﬁ =-nV,m,
ni, = pQ =1000x1000x107° =1 kg/s

= T, =-200x10"x16.7x1=-3.34 N.m

When the sprinkler is rotating at a constant speed of 500 rpm, the absolute velocity of

the fluid leaving each nozzle, V,, is :
V,=Ww,-U,
where,

W,=16.7 m/s and
U, =r,0=200x10"x500x27/60=10.5 m/s

= V,=167-10.5=6.2 m/s
= Ty =-200x107x6.2x1=-1.24 N.m

When no resisting torque is applied to the rotating sprinkler head, a maximum constant

speed of rotation will occur as demonstrated below.
thaft =-r,(W, - rw,)m,

For no resisting torque, 0= —r, (W, —r,@)m,
w=W,/r,

®w=16.7/0.2=83.5rad/s =798 rpm
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For this condition (T spqrr = 0), the water both enters and leaves the control volume

with zero angular momentum.

When the moment-of-momentum equation is applied to a more general, one dimensional

flow through a rotating machine, we obtain:

T;haft = (_min )(i}" VHln) + mout( out Hout)

The “ - “ is used with mass flowrate into the control volume m;,, and the “ + “ is used

with mass flowrate out of the control volume m,,;, to account for the sign of the dot

product, V X 7 .

A simple way to determine the sign of the product rVy is to compare the direction of
Vg and U. If Vy and U are in the same direction, then the product is positive. If Vg and U
are in opposite directions, the product is negative. The sign of the shaft torque is ““ + “ if

13

T snase 1s in the same direction along the axis of rotation as w, and otherwise * -

The shaft power, Wgpqr¢, is related to shaft torque, T gpqfe, by:
VVvhaﬁ = thaﬁa)

= Yhaﬁ =(-m, )(xr, @V, )+m,  (Lr, OV,

out out BQout )

or, since rw = U,
?haft ( mm )( Um th) + mout( U{mt Qout)

Conservation of mass: m;, = My, = M

= Wshaft ( U Hm)+( Uout Baut)

4. CHAPTER SUMMARY

This chapter introduces the foundational concepts of finite control volume analysis, which
is crucial for understanding fluid dynamics. The core approach involves the Reynolds
Transport Theorem (RTT) and its application to mass, momentum, and energy
conservation in control volumes. The chapter focuses on the interaction between fluid
systems and their surroundings, analyzing how forces, moments, and fluid properties

evolve within a fixed, moving, or deforming control volume.
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The primary goal is to apply the Reynolds Transport Theorem to connect system analysis
with control volume analysis, particularly for steady and unsteady, compressible and
incompressible flows. This is achieved by examining mass flow, momentum exchanges,
and angular momentum in a wide range of practical applications, including jet engines,

hydraulic systems, and rotating machinery.
Key sections discuss:

System vs. Control Volume: Differentiates between a system (fixed matter) and a control
volume (spatial region where fluid flows), highlighting the importance of boundary

conditions.

Reynolds Transport Theorem: Derived and explained as a method to link the change of
properties in a system with those in a control volume, with applications to mass, velocity,

temperature, and momentum.

Conservation of Mass (Continuity Equation): Describes the principle of mass
conservation through the continuity equation, ensuring that mass entering a control

volume equals the mass leaving it, except for any change within the volume.

Newton's Second Law: The linear momentum equation, derived using Newton's second
law, relates the forces acting on a system to the change in momentum. The chapter
explores applications of this equation in fluid systems, including jet flows and vane

analysis.

Moment-of-Momentum Equation: Discusses how torque and angular momentum are
analyzed in rotating systems, providing crucial insights for designing machinery like

turbines and lawn sprinklers.

The chapter concludes by emphasizing the practical applications of these principles in
engineering, highlighting their importance in the design and analysis of complex fluid
systems. Through numerous examples, the chapter illustrates how these theoretical

foundations can be used to solve real-world engineering problems.
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DIMENSIONAL ANALYSIS AND
SIMILITUDE

1. INTRODUCTION

Dimensional analysis, similitude, and modeling are fundamental techniques in fluid
mechanics and engineering, enabling the systematic study of physical phenomena
through the reduction of complex systems to simpler, dimensionless forms. The primary
objective of these methods is to allow engineers to derive generalized solutions for a wide
range of practical problems, especially when direct analytical solutions are unattainable

due to the complexities of real-world systems.

In many engineering applications, especially in fluid dynamics, it is often impractical to
rely solely on theoretical and numerical analyses. Instead, experimental data plays a
crucial role in developing accurate models and making reliable predictions. By using
dimensional analysis, engineers can simplify the experimental process by reducing the
number of variables involved and focusing on dimensionless groups that capture the

essential behavior of the system under study.

Similitude, closely related to dimensional analysis, allows for the use of laboratory
models to simulate real-world systems. The ability to apply experimental findings from
small-scale models to full-scale systems is essential in engineering, as it allows for cost-
effective and time-efficient testing under controlled conditions. Through the use of
dimensionless parameters, engineers can relate the behavior of a model to its real-world
counterpart, ensuring that predictions made from experimental data are applicable beyond

the laboratory setting.

In this chapter, we will explore the techniques of dimensional analysis and similitude in
fluid mechanics. We will cover the Buckingham & theorem, which is central to forming
dimensionless groups, and learn how these groups can be used to derive prediction
equations. Additionally, the chapter will provide insight into the systematic application
of these methods in experimental design and data interpretation, helping engineers draw

meaningful conclusions from complex, real-world fluid systems.
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2. DIMENSIONAL ANALYSIS
Definition

Dimensional analysis is a method that simplifies complex problems in fluid mechanics
by reducing the number of variables through the formation of dimensionless groups (also
known as pi terms). These groups are combinations of variables such that they have no
dimensions. The basic dimensions typically used are mass (M), length (L), and time (T),
or sometimes force (F), length (L), and time (T), which are related by Newton's second

law.

Why Use Dimensional Analysis?

The dimensional analysis is used to:

Simplifies complex systems by reducing the number of variables.

Helps generalize experimental results from models to prototypes.

Identifies key variables that significantly influence the system, aiding in predictions.
Dimensional Homogeneity

A core principle in dimensional analysis is dimensional homogeneity. This principle
states that for any physical equation to be valid, the dimensions of all terms must be
consistent. Each term on both sides of the equation must have the same dimensions. For

example, consider the equation for kinetic energy:

1
E =—mV?
2

where:

E,, = Kinetic energy (dimension: [M L? T~2])
m = Mass (dimension: [M])

V = velocity (dimension: [L T~1])

If we check the dimensions on both sides:
Left side: [M L? T~2]

Right side: [M] X[L T~1]* =[M L* T~?]
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Since both sides match, the equation is dimensionally homogeneous.
The Buckingham Pi Theorem
The Buckingham Pi Theorem states the following:

“If an equation involving k variables is dimensionally homogeneous, it can be reduced
to a relationship among k —r independent dimensionless products, where r is the

minimum number of reference dimensions required to describe the variables”.
The dimensionless products are frequently referred to as pi terms.

The pi theorem is based on the idea of dimensional homogeneity. Essentially, we assume

that for any physically meaningful equation involving k variables, such as:
x, = f(x,,%5,..,%,)

The dimensions of the variable on the left side of the equal sign must be equal to the
dimensions of any term that stands by itself on the right side of the equal sign. It then
follows that we can rearrange the equation into a set of dimensionless products (pi terms)

so that:

IT, = gd1,, I1;, ..., I1, )
where g(I1,, I1,, ..., I1,_,)is a function of I, through Il.r.

Determination of Pi Terms

Several methods can be used to form the dimensionless products, or pi terms. The method

we will describe in detail in this section is called the method of repeating variables.
Steps to Apply the Method:

List all the variables that are involved in the problem.

Express each of the variables in terms of basic dimensions.

Determine the required number of pi terms.

Select a number of repeating variables, where the number required is equal to the number

of reference dimensions.
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Form a pi term by multiplying one of the nonrepeating variables by the product of the
repeating variables, each raised to an exponent that will make the combination

dimensionless.

Repeat Step 5 for each of the remaining nonrepeating variables.

Check all the resulting pi terms to make sure they are dimensionless.

Express the final form as a relationship among the pi terms, and think about what it means.

To illustrate these various steps we consider the steady flow of an incompressible
Newtonian fluid through a long, smooth-walled, horizontal, circular pipe (Figure 3.1).
For this flow, it can be demonstrated that the pressure difference, per unit length, Ap,

depends on certain factors or variables:
Ap, = (D, ps i, V)

where, D is the pipe diameter, p is the fluid density, p is the fluid viscosity, and V

represents the mean velocity at which the fluid is flowing through the pipe.

Setting up this list of variables is the first step.

(1) (2)
T p.
174
T #
——
Ape = (p, - p )it

Figure 3.1 Pressure difference per unit length in a pipe

Next (Step 2) we express all the variables in terms of basic dimensions. Using F, L, and
T as basic dimensions (we could also use M, L, and T as basic dimensions if desired- the

final result will be the same.), it follows that:
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Ap, =(FL*)L' = FL>

D=L
p=FL*T?
u=FL’T
V=LT"

Note the sign = is used to indicate dimensional equality.

We can now apply the pi theorem to determine the required number of pi terms (Step 3).
We see that there are five variables (k = 5) and all three basic dimensions are required to
describe the variables (r = 3). Consequently, according to the pi theorem there will be

(5 — 3) or two pi terms required.

The repeating variables to be used to form the pi terms (Step 4) need to be selected from
the list D, p, u and V. In this example we will use D, p and V as repeating variables. Note
that these are dimensionally independent, since D is a length, V involves both length and
time, and p involves force, length, and time. This means that we cannot form a

dimensionless product from this set.

We are now ready to form the two pi terms (Step 5). Typically, we would start with the
dependent variable and combine it with the repeating variables to form the first pi term;

that is,

1, = Ap, DV’ p¢

Since this combination is to be dimensionless, it follows that,
(FLYL)* (LT Y (FL*T*) = F°L°T°

By comparing the exponents of each dimension on both sides of this equality, we obtain

the following system:

I+c¢=0
—3+a+b—-4c=0
—b+2c=0

It follows thata = 1, b = —2, ¢ = —1, and therefore,

Ap,D
I, =——
ol 8
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The process is now repeated for the remaining nonrepeating variables (Step 6). In this

example there is only one additional variable () so that:

H2 — /uDaprc
Following the same method as instep 5, we finda = —1,b = —1, ¢ = —1, and therefore,
M-

DVp

At this point stop and check to make sure the pi terms are actually dimensionless (Step

7). We will check using both FLT and MLT dimensions. Thus,

— Ap/D - (FL_3)(L) - FOLOTO

I = =
YooVt (FLTH(LTY

-
,= H (Flll T)_4 . = O 7o70
DVp (L)LT YFL'T")

or alternatively,

0 o_MnD . LT |

1 2 T -3 712_M0L0T0
oV (MLPYLT™)

__ M . ML'T™) = 07070
' DVp (L)LT')ML®)

Finally (Step 8), we can express the result of the dimensional analysis as:

Ap,D _ H
2 g
pV DV p

Dimensional analysis will not provide the form of the function g. This can only be

obtained from a suitable set of experiments. If desired, the pi terms can be rearranged;
that is, the reciprocal of u/DVp could be used and, of course, the order in which we write

the variables can be changed. Thus, for example, II, could be expressed as:

I, = pVD
U

and the relationship between I1; and I1, as:
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DAp, pVD
;=0
pV 7

The dimensionless product pVD/u is a very famous one in fluid mechanics; it is called

the Reynolds number. The dimensionless product pVD/p is a very famous one in fluid
Example 4.1 Three pi terms

We consider the steady incompressible flow around a cylinder of diameter D and length £.
The drag force Fp on the cylinder is to be studied. What functional form relates the

dimensionless variables if a fluid with velocity V flows normal to the cylinder?
Solution

In this example we will include as influential variables the free streamvelocity V, the
viscosity u, the density p of the fluid, in addition to the diameter D and the length € of

the cylinder, resulting in k = 6 variables. This is written as:
FD :f(Da E:pa/u’ V)

The variables are observed to include all the three basic dimensions MLT (r = 3):

F,=MLT™
D=L

(=L
p=ML?
pu=ML'T
V=LT"

Consequently, we can expect k —r = 6 — 3 = 3 pi terms.

We choose repeating variables with the simplest combinations of dimensions such that
they do not form a pi term by themselves (we could not include D and ¢ as repeating

variables); the repeating variables are chosen to beD, V, and p.

We now move on to form the three pi terms:
I, = F,DV’ p°

(MLT )L (LT (ML?) =M°L°T°
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1+¢=0
= <{l+a+b-3c=0
-2-b=0

= a=-2,b=-2,c=-1

FD
pV>D?

= I,=F,DV7p'=

I, =(DV’ p°
L)L) (LTH ML) =M°LT°

3c=0
= <l+a+b-3¢c=0
-b=0

= a=-1,b=0,c=0

l
H2 :B
H3 :luDaprc

(ML'TYL) (LT ML) =M LT’

1+¢=0
= <-1+a+b-3c=0
-1-b=0

= a=-1,b=-1,c=-1

o=t

pVD

The dimensionless, functional relationship relating the pi terms is:

F l Y7,
I, =¢g(I1,, IT,) or D___o| - £
=L, IL) poV>D’ g(d pVDj

Example 4.2 One pi term
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At low velocities (laminar flow), the volume flow @ through a small-bore tube is a
function only of the tube radius R, the fluid viscosity u, and the pressure drop per unit

tube length dp/dx. Using the pi theorem, find an appropriate dimensionless relationship.
Solution
Write the given relation and count variables:

O=f(R, u, dp/dx) fourvariables (k = 4)

Q = LBTfl
R=L
u=ML'T™

dp/dx=ML’T™
The three basic dimensions are required (r = 3). Hence, one pi term is to be determined.
I1, = QR 1" (dp / dx)*

= (LT HW)'ML'THY (MLT?) =M°L'T°

b+c=0
= <3+a-b-2c=0
—1-b-2¢=0
Solving simultaneously, we obtaina = —4, 1, ¢ = —1. Then
M, = OR™p' (dp / dv)" =——2£
1 =OR "y (dp / dx) R dp /)
= [II, = g(nothing) =constant or # = constant
R*(dp / dx)

Common Dimensionless Groups in Fluid Mechanics

Several dimensionless groups are commonly used to simplify problems in fluid

mechanics and help identify dominant forces. Key Dimensionless groups are listed below:

Reynolds Number (Re)
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Reynolds number represents the ratio of inertial forces to viscous forces. It is fundamental

in determining whether a flow is laminar or turbulent.

Froude Number (Fr)

The Froude number represents the ratio of inertial forces to gravitational forces and is

especially important in flows with free surfaces such as rivers or around ships.

Euler Number (Eu)

Ap

Fu= >
pV

The Euler number is the ratio of pressure forces to inertial forces. It often appears in the
form of a pressure coefficient and is used in problems where pressure differences play a

significant role.

Cauchy Number (Ca) and Mach Number (Ma)

K is the bulk modulus and c is the speed of sound.

The Cauchy number and the Mach number both measure the ratio of inertial to
compressibility effects. Thus, either number (but not both) may be used in problems in

which fluid compressibility is important.
Strouhal Number (St)

s =L
14

Where, w represents the characteristic frequency of the unsteady or periodic phenomenon

in the flow.

The Strouhal number represents the ratio of inertial forces due to unsteady (local
acceleration) effects to those due to convective acceleration. It is relevant in oscillating

flows and vortex shedding phenomena, such as flow past cylinders.
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Weber Number (We)

pVL
o

We =

Where,o represents the surface tension of the fluid.

The Weber number compares inertial forces to surface tension forces. It is significant in

multiphase flows involving interfaces between fluids, such as droplets or bubbles.

3. SIMILITUDE

The core principle of modeling and similitude establishes that physical models, which are
scaled representations of prototypes or actual systems, can predict prototype behavior
when designed according to similarity laws. This approach relies on the Buckingham Pi
Theorem, which states that a dimensionally homogeneous equation with k variables
reducible to k —r independent dimensionless groups (Pi terms) enables similarity

between systems.

For a prototype governed by:

I1, = fdI1,, I1,, ..., I1))

a similar relationship can be written for a model of this prototype; that is,
I, =1, 11, , .., I1, )

Similarity requirements demand equality of all independent Pi terms:

mn,, =I1,,1,, =11, .., 11, =II

35 00 nm n

This ensures the dependent Pi term (I1;) remains identical between model and prototype
Iy = Iym).
The model design process involves:

Geometric similarity: A model and prototype are geometrically similar if and only if all

. . . . . .ol
body dimensions in all three coordinates have the same linear-scale ratio (lﬂ = ).
D

All angles are preserved in geometric similarity. All flow directions are preserved. The
orientations of model and prototype with respect to the surroundings must be identical

(Figure 3.2).
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Homologous
points

(a) (b)

Figure 3.2 Geometric similarity: (a) prototype; (b) one-tenth-scale model

Kinematic Similarity: Kinematic similarity requires that the model and prototype have

Ny . . T .
the same length-scale ratio (lﬁ = ) and the same time-scale ratio (T—m = 7). The result is
p P

that the velocity-scale ratio (I;—m = [3) will be the same for both.
P

The motions of two systems are kinematically similar if homologous particles lie at

homologous points at homologous times.

For flows without free surfaces, kinematic similarity can be achieved without needing
additional parameters. For systems with free surfaces, such as waves, the Froude number

becomes important to maintain kinematic similarity (see Figure 3.3a and b).

V V
Fr,=Fr, = 2 =L
! JeL, <L,

L N
VP LP
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(a)

Prototype

waves: CF -

o S
P

==

" =
Period T, e

(b)

Figure 3.3 Kinematic similarity (a) Frictionless low-speed flows, (b) free-surface flow

Dynamic Similarity: Dynamic similarity occurs when both the model and prototype have

the same length-scale, time-scale, and force-scale ratios.

In other words, dynamic similarity exists, simultaneous with kinematic similarity, if the

model and prototype force and pressure coefficients are identical. This is ensured if:

For compressible flow, the model and prototype Reynolds number and Mach number and

specific-heat ratio are correspondingly equal.
For incompressible flow,

With no free surface: model and prototype Reynolds numbers are equal.
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With a free surface: model and prototype Reynolds number, Froude number, and (if

necessary) Weber number and Euler number are correspondingly equal.

Mathematically, Newton’s law for any fluid particle requires that the sum of the pressure

force, gravity force, and friction force equal the acceleration term, or inertia force:
F,+F,+F, =F
The dynamic-similarity laws listed above ensure that each of these forces will be in the

same ratio and have equivalent directions between model and prototype

Figure 3.4 shows an example for flow through a sluice gate. The force polygons at
homologous points have exactly the same shape if the Reynolds and Froude numbers are

equal (neglecting surface tension and cavitation, of course).

1<

I

gm

,ﬁ/

o
[F. N
/ im E"ﬂi’l

4

=
/ 1] <
—

a' d{___ "o

{a) ()

Figure 3.4 Dynamic similarity illustration (a) Prototype, (b) model

4. APPLICATIONS

Example 4.3

A thin rectangular plate having a width w and a height h is located so that it is normal to
a moving stream of fluid as shown in Figure E4.2. Assume the drag D that the fluid exerts
on the plate is a function of w and h, the fluid viscosity and density, u and p, respectively,

and the velocity V' of the fluid approaching the plate.
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Determine a suitable set of pi terms to study this problem experimentally.

Find a relationship between the drag force on a certain prototype and the drag on a model

so that the similarity requirements are satisfied.

v%%""“

h
pPs 1 R

—/?—F-_'

= A—————

Figure E 4.3
From the statement of the problem, we can write:
D=f(w, h, u, p, V), six variables (k = 6)

The dimensions of the variables (using the MLT system) are:

D=MLT™
w=1L
h=L
u=ML'T™
p=ML>
V=LT"

The three basic dimensions are required (r = 3). Hence, three (k — 7 = 6 — 3) pi terms

are to be determined.

We will next select three repeating variables such as w, V, and p. Note that it would be

incorrect to use both w and h as repeating variables since they have the same dimensions.

Starting with the dependent variable D, the first pi term can be formed by combining ©

with the repeating variables such that:

I1, = DwV’ p°
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and in terms of dimensions
(MLT L) (LT Y (ML) =M°L°T°

Thus, for I1;to be dimensionless it follows that:

I+¢=0
l+a+b-3c=0
-2-b=0
and, therefore, a = —2,b = —2,and ¢ = —1. The pi term then becomes
D
I =——
wVp

Next the procedure is repeated with the second nonrepeating variable h, so that
I, = hw'V’ p
It follows that

LD LT Y ML) =M°L°T°

c=0
= l+a+b-3¢c=0
b=0

sothata = —1,b = ¢ = 0, and therefore
ot
w

The remaining nonrepeating variable is u so that

I, = ' V’p

= (ML'THWL)'LT Y ML) =M°LT°

I+¢c=0
= <-l+a+b-3c=0
-1-b6=0
and, therefore, a = —1,b = —1,and ¢ = —1. The pi term then becomes
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=4
wV p

Finally, we can express the results of the dimensional analysis in the form:

D

2

D
WVzp_f(W’ )

wl p
Or, in the form:

D w
WZVZIO = f(;:

prw
U

which would be more conventional, since the ratio of the plate width w to height w/h, is

called the aspect ratio, and pVw/u is the Reynolds number.

The previous dimensional relationship is valid for both prototype and model. Then, for

the model:

D w V w
m =f(_m’pmmm)

waVip, h H,

m

The model design conditions, or similarity requirements, are therefore:

w, w C
—n = n (geometric similarity)

m

PV oW _P Vw (kenimatic ans dynamic similarity)
m, M

The size of the model is obtained from the first requirement, which indicates that:

We are free to establish the height ratio between the model and prototype, h,,/h, but then

the model plate width, w,,, is fixed in accordance with the previous equation.

The second similarity requirement indicates that the model and prototype must be
operated at the same Reynolds number. Thus, the required velocity for the model is

obtained from the relationship:
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m

y —Hu P Wy,

/1 pm Wm
With the foregoing similarity requirements satisfied, the prediction equation for the drag
is:

) D

m

w’p B wVip,

or

2 V 2
SSAGE
5. CHAPTER SUMMARY

This chapter introduces key techniques in fluid mechanics and engineering: dimensional
analysis, similitude, and modeling. These methods simplify the analysis of complex
systems by reducing them to dimensionless forms, facilitating easier experimental design

and predictions.

Dimensional Analysis: This method reduces the number of variables in fluid mechanics
problems by forming dimensionless groups (pi terms). These groups, such as those based
on mass, length, and time, allow engineers to generalize experimental results and focus
on key variables. The core principle of dimensional homogeneity states that all terms in

a valid physical equation must have consistent dimensions.

Buckingham Pi Theorem: The theorem explains how to reduce a dimensionally
homogeneous equation with variables to a relationship among independent dimensionless
products (pi terms). This is achieved by selecting repeating variables, forming

dimensionless groups, and ensuring consistency through experiments.

Common Dimensionless Groups: Key groups like Reynolds number (Re), Froude
number (F7r), Euler number (Eu), Cauchy number (Ca), Strouhal number (S7), and Weber
number (We) help characterize fluid systems by comparing different forces (inertial,

viscous, gravitational, etc.).
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Modeling and Similitude: Physical models, designed according to similarity laws, can
predict the behavior of prototypes. Similitude includes geometric, kinematic, and

dynamic similarity:
Geometric similarity: Ensures proportional dimensions between the model and prototype.
Kinematic similarity: Requires the same velocity and time scale ratios.

Dynamic similarity: Ensures the same force-scale ratio, including Reynolds and Mach

numbers, for both model and prototype.

The chapter concludes with example of applying these principles to practical engineering
problems, demonstrating how dimensional analysis and similitude can reduce
complexity, improve experimental design, and make predictions applicable to real-world

systems.
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CONCLUSION

This document has provided a thorough exploration of fluid mechanics, offering both
theoretical insights and practical tools for analyzing and understanding fluid motion.
Beginning with the study of fluid kinematics, it established the foundation for further
exploration by addressing the behavior of fluid particles in motion, using the Eulerian and
Lagrangian methods to describe fluid flow. The in-depth analysis of velocity fields,
acceleration fields, and various flow patterns provided a strong conceptual basis for

understanding the complexities of fluid behavior.

The discussion on potential flow expanded this understanding by introducing the concept
of irrotational and incompressible flow, highlighting the role of the velocity potential and
stream function in describing fluid motion. The principle of superposition allowed for the
creation of more complex flow patterns, making this theory applicable in a variety of

engineering contexts.

The section on finite control volume analysis introduced a critical methodology for
analyzing fluid systems, where the application of the Reynolds Transport Theorem
enabled the examination of mass and momentum exchanges within control volumes. This
is crucial for practical applications in systems such as pumps, turbines, and jet engines,
where understanding the forces and behavior of fluids is essential for design and

operation.

Additionally, the incorporation of dimensional analysis and similitude provided
invaluable tools for simplifying complex systems, making it easier to derive generalized
solutions and create scalable models. This is especially beneficial in fluid dynamics,
where experimental setups are often employed to complement theoretical models and

improve predictive accuracy.

In summary, this fundamental course provides a solid foundation in fluid mechanics,
preparing students for more advanced studies in the field. By mastering the core principles
and analytical techniques presented, engineers and researchers are equipped to tackle
complex fluid flow problems in various industries. This course serves as a stepping stone
toward deeper exploration and application of fluid mechanics in advanced engineering

challenges.
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