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INTRODUCTION 

Solidification of metal alloys is a multi-scale/multi-phase/multi-physics process. One of 

the major fundamental scientific challenges in developing a solidification model lies in the 

requirement to bridge the length scales, i.e., to incorporate and account for small scale physical 

phenomena in large scale models or vice versa [1,2]. In the last decades, numerous numerical 

models of solidification processes have been proposed [3], but no one single model has been 

able to span the entire range of the length scales from the process level of industrial interest (~ 

m) down to the atomic scale (~Å), due to the limitation of current computational resources [4]. 

Using an optimistic estimate of computational advancement, a microstructure model that 

accounts for the evolution of the dendritic grain morphology via phase field or level set methods 

would not be feasible for simulating a simple 2D casting (~ m) until the year 2055 [5]. 

Therefore, a trend for the process-modelling of the solidification problem is to incorporate the 

interfacial phenomena occurring locally below the micro-structural scale into the global 

solidification process with a so-called volume averaging approach.  

Dendrites are common solidification morphology in both pure materials and alloys. 

Complex interplay between macroscopic heat and solute transport and microscopic interfacial 

phenomena results in various dendritic solidification structures. The interaction between 

dendritic branches and tips are responsible for the features of the grain inner structure. These 

features are responsible for the macroscopic properties, such as the mush permeability, as well 

as for the development of freckles and channel segregations. 

In the present state of the art, only a few well documented experiments on liquid metal 

alloys have been performed. This is particularly true for medium-size experiments where 

natural convection is important. Various laboratory-scale solidification experiments have 

already been performed. The case of a pure metal was investigated by V.R. Voller [6]. 

Regarding the solidification of alloys, a reference experiment was carried in this work [7]. It 

consisted in solidifying a rectangular vertical Pb-Sn ingot and demonstrated the appearance of 

solute macrosegregation related to natural convection. J.R. Sarazin [8], investigated the 

solidification of a vertical cylindrical Pb-Sn rod. The cooling rate was a few degrees Kelvin per 

minute. Channel segregates were observed both on the side and inside of the ingot. Similar 

experiments with the same type of alloy and geometry have been carried out by S.N. S.N. 

Tewari and R. Shah [9], and M.I. Bergman et al.,[10]. Macrosegregation in the solidified ingot 

was observed as well as channel segregations for a sufficient cooling rate, typically 2-5 K/min. 

Another, more detailed experiment was carried out by G. Quillet et al., [11]. It consisted of a 
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preliminary benchmark solidification experiment on a Sn-10wt.%Bi alloy. However, 

considering the various experiments achieved so far various data are missing from the point of 

view of the modeller, such as the exact initial conditions, the dendrite arm spacing, the detailed 

composition maps, the detailed thermal field, the eutectic fraction, etc. 

The benchmark experiment developed in the SIMAP/EPM laboratory, named 

AFRODITE, is the key tool for the validation of the models by comparison with detailed 

measurements obtained with thoroughly controlled initial and thermal boundary conditions. In 

its principle, the experiment is similar to the well-known Hebditch and Hunt experiment (1974), 

with a special emphasis on obtaining reproducible quantitative measurements, [12]. It is 

unfortunately not possible to visualize the processes that have built up the final segregation 

maps. We postulate that results given by AFRODITE are the post-mortem signature of 

interactions that happens at the mesoscales between fluid flow and the dendrites primary and 

secondary arms. In addition to characteristic similar to other benchmark set-ups, in AFRODITE 

a linear electromagnetic motor is placed at bottom of cavity, which makes it possible to stir the 

alloy during solidification. In particular, it was found that for the case with the Lorentz force 

acting in a direction opposite to the flow caused by the gravity, the structure of the samples 

consisted mainly of the equiaxed grains. Also, AFRODITE can control cooling rate at lateral 

walls of cavity and record data of real-time temperature distribution. These features make 

AFRODITE a good reference for testing performance of macroscopic equiaxed solidification 

model under convective flow. 

Indeed, the objective of this thesis is to develop a 3D two-phase columnar solidification 

model that accounts for the growth of columnar grains, their motion and the formation of 

macrosegregation. Developed numerical model is used to simulate the AFRODITE 

solidification experiment to test the performance of model and to study the effect of 

electromagnetic stirring on the whole solidification process. Finally, numerical simulations are 

applied to predict the macrosegregation mechanism with particular emphasis on the dominant 

factors that have a direct effect on this phenomenon, namely the direction of electromagnetic 

stirring. 

The thesis consists of fourth chapters. 

The first chapter is a bibliography. It summarizes the various basic notions related to the 

phenomenon of solidification and establishes the basis on which the rest of the work will be 
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built. It also allows making a brief state of the art on the studied topic, the equation models, and 

the interest for a validation experiment in solidification. 

The second chapter provides the state of the art of numerical modelling of liquid-solid phase 

change of pure materials and metallic alloys. The different approaches most commonly used, 

are reviewed and detailed. Elementary and theoretical notions, definitions, and reminders 

necessary for the understanding of this work are also included. The last part in this chapter is 

devoted to the description of some models developed in many international laboratories 

specialized in this field. 

The third chapter presents a three-dimensional multiscale columnar solidification model in 

which some approximations regarding solute transport at microscopic scale are put together in 

a new way and incorporated into macroscopic transport equations. Through simulation for 

solidification case of Sn-10wt.% Pb alloy in a parallelepiped cavity that mimics the Hachani et 

al.,[13], experiment. Emphasis is given to the main factors that have a direct effect on the 

development and morphology of segregated channels, namely, the remelting phenomenon, 

dendrite fragmentation, and the solidification front instabilities the role of remelting in the 

model on the calculation results is investigated. 

In the fourth chapter the proposed solidification model is extended through simulation of the 

same alloy solidification (Sn-10wt.%Pb), performed with AFRODITE benchmark experiment 

with presence of both natural convection and electromagnetic stirring (forced convection) in 

the opposite direction. The influence of stirring direction on distribution of grain nature and 

number density and macrosegregation morphology, namely segregated channels, is 

investigated. 
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1. Generalities on metal alloys solidification  

This chapter is devoted to an overall study of the basic solidification concepts, in particular 

the description of the different structures (columnar or equiaxed) resulting from the 

solidification process. Indeed, this study will be focused on the two most important mechanisms 

that govern the solidification phenomenon: the germination-growth of the microstructure as 

well as the transition between the two types of structures, namely the CET (transition-columnar-

equiaxial). The appearance of specific structures is the result of interaction between different 

mechanisms: heat and mass transfer, chemistry, and thermodynamics occur at different time 

and space scales. Kinetic aspects play a dominant role in solidification kinetics. Since the 

cooling process may be faster than the actual mass and/or heat transfer, solidification is usually 

an unbalanced process. It is well known that the solute has a relatively faster diffusivity in liquid 

phases compared to that in solid, which it is significantly low, it is difficult to reach equilibrium 

in a short cooling time. In addition, the latent heat released due to the phase change takes more 

time to transfer. The system seeks to achieve a thermodynamic equilibrium, and competition 

between these factors results in significant differences in the final structure and grain size. 

1.1.Cooling curve of a pure materials 

First, let's look at the solidification of a pure metal subjected to a slow cooling in a crucible. If 

we measure the temperature of a given point as a function of time, we obtain a cooling curve 

of the metal. This curve is divided into three parts: an almost parabolic decrease, a plateau, and 

a final decrease (see Fig.I.1). This plateau is all the more marked as the mass of metal is large 

and the cooling is slow. It corresponds to the period of coexistence of the liquid and the solid 

metal. This thermal behavior allows defining the melting temperature Tm of the metal. 

Fig.I.1 shows also the typical cooling curve of metal. It is divided into three distinct parts as 

mentioned above. In the first (from the start to point A), a decrease in temperature 

corresponding to the cooling of the liquid metal. It ends at the melting temperature when the 

first solid crystal germs are formed. The second part is the isothermal stage (from A to B) in 

which the temperature remains constant and equal to the melting temperature and where both 

solid and liquid phases of the material coexist. 

In the beginning, the first solid germs are barely formed; these germs then grow until the liquid 

phase disappears completely around the measuring point; the metal is then completely 

solidified. This isothermal stage becomes significantly larger as the cooling is slow and the 
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mass to be solidified is large.  As solidification is an exothermic phenomenon, heat is rejected 

along with this level. The third part (beyond point B) is a decrease in the temperature 

corresponding to the cooling of the solid metal. The heat extracted during the two temperature 

decreases (of the liquid, then of the solid) are sensible heats, while the heat rejected during the 

isothermal stage is a latent heat corresponding to the phase change (solidification). In this first 

typical evolution, the undercooling of the liquid is absent. In reality, the cooled liquid remains 

in the liquid state even below the melting temperature Tm. The first stable and enough large 

solids germ to grow are formed only at point A’. This undercooling can be attenuated by the 

presence of impurities, the roughness of the crucible walls, or even stirring. As soon as these 

first stable nuclei are formed, the temperature stable nuclei, the temperature increase by the 

rejection of latent heat and return to the melting temperature. This is the phenomenon of 

recalescence. The solidification then follows the same path as previously. 

 

 

 

  

                                                                             

                                                                  

                                                                                                         

                                                                      

   

                                                                                                                                         

Fig.I.1 :Typical evolution of the temperature of a pure material during its solidification (in the 

absence and presence of liquid undercooling). Tm is the temperature of melting temperature. 

1.2.Solidification, binary phase diagram and segregation 

During the solidification process at a local scale, the concentration of the solid formed 𝐶𝑠
∗is 

different from the liquid 𝐶𝑙
∗at the solid-liquid interface. The solid concentration 𝐶𝑠

∗ at the 

interface is related to the liquid concentration 𝐶𝑙  
∗ through the distribution coefficient 𝑘 = 𝐶𝑠

∗ 𝐶𝑙
∗⁄  

(Kurz and Fischer [1], Flemings [2], Lesoult [3]). If the melt is completely mixed during the 

solidification process, the solid-liquid interface concentration is the equilibrium concentration 
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(𝑘 = 𝐶𝑠
𝑒𝑞 𝐶𝑙

𝑒𝑞⁄ ). In the case of thermodynamic equilibrium, the liquid concentration is given by 

the phase diagram through the liquidus line, and the solid concentration is given by the solidus 

line. 

This is only effective when the temperature in the entire system, and the liquid and solid 

concentrations are uniforms during the solidification process. In fact, under perfect mixing 

conditions on a system scale, solidification will never occur. But on a local micro-scale, a 

balance can be achieved. For a binary phase diagram under constant pressure, the solid and 

liquid concentrations only depend on the temperature 

 𝑪𝒔
𝒆𝒒
= 𝑪𝒔(𝑻)                                                                                                                            (I.1) 

  𝑪𝒍
𝒆𝒒
= 𝑪𝒍(𝑻)                                                                                                                             (I.2) 

For simplicity, the liquid and solid curves are replaced by lines. Such a binary phase diagram 

is shown in (Fig. I.2), where the partition coefficient k is defined by a value less than 1. 

 

 

                                              

 

       

       

                                                                                           

 

                                               

 

 Fig.I.2: A schema representing of linearized phase diagram for a binary alloy with k<1 

If we assumed that the solidus and liquidus curves are lines, the distribution coefficient k is 

constant. The liquidus line is defined by the following formula:                                                                                                    

𝑻𝒍 = 𝑻𝒎 +𝒎𝑪𝒍                                                                                                                                     (I.3) 
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Where  m is the liquidus slope, which is negative here. 

The solidification interval at initial concentration C0 (Fig. I .3), is defined as: 

∆𝑻 = 𝑻𝒍 − 𝑻𝒔 = 𝒎𝑪𝟎 ቀ𝟏 −
𝟏

𝒌
ቁ                                                                                                        (I.4) 

If the assumption of perfect diffusion in the liquid and the solid is kept, the initial alloy 

concentration C0 can be expressed as: 

 𝑪𝟎 = 𝒇𝒍𝑪𝒍 + (𝟏 − 𝒇𝒍)𝑪𝒔                                                                                                         (I.5) 

A relationship can be extracted from Equ. 5, which gives us the ratio of the two phases (liquid 

and solid) in equilibrium at each temperature 

𝒇𝒍 =
𝑪𝟎−𝑪𝒔

𝑪𝒍−𝑪𝒔
      ,      𝒇𝒔 =

𝑪𝒍−𝑪𝟎

𝑪𝒍−𝑪𝒔
                                                                                                (I.6) 

This relationship is called the lever rule. In the case of the real solidification process, 

the relations (1) to (4) only apply to the solid-liquid interface, where the balance between Cs 

and Cl can be achieved. The solid concentration, in reality, is not uniform (there is no perfect 

diffusion), and it is very sensitive to the positions of the successive solid-liquid interface and 

the growth state of the solid front (plane, cell or dendritic). The solid-liquid interface 

morphology is the result of optimization of solute and heat exchange at the interface. Three  

zones can be defined during the solidification of the alloy: solid zone, mushy zone and 

liquid zone. The simplified scheme of the mushy zone is considered to be a closed system 

between dendritic branches, where solid and liquid coexist. 
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If it is generally believed that the liquid far from the solid-liquid interface is well mixed 

and has the same concentration everywhere, this is not the case in the mushy region. At the 

solid-liquid interface, the equilibrium represented by the phase diagram is achieved. 

Conversely, between two dendrites, the solute concentration will change (Flemings [2], Allen 

[4]). The solute concentration between the dendrites will be higher than the concentration at the 

solid-liquid interface (in accordance with the phase diagram shown in Fig.I.2). The 

interdendritic liquid melt is supercooled (the temperature is lower than 𝑇𝑙 specified in the phase 

diagram), so it is very important to calculate this undercooling. Brody and Flemings [5] 

proposed the idea of adjusting the interdendritic space to minimize the undercooling. In this 

way, the undercooling is negligible, the liquid will be "completely mixed", and its concentration 

is given by the thermodynamic equilibrium. Under this assumption, the liquid concentration in 

the mushy zone is directly controlled by temperature. Even if the undercooling is not always as 

low as Flemings [2] confirmed, Allen's work [4] still confirms this hypothesis. Theoretically, 

solidification starts at the liquidus temperature and ends at the solidus temperature. In fact, 

solidification starts near the liquidus temperature (minus the undercooling) and usually ends at 

the eutectic temperature. This defines the temperature interval and concentration, 

corresponding to the presence of a mushy zone. 

If we consider (contrary to the diffusion assumption) that solid is formed layer by layer, each 

solid layer will have a different concentration. Considering the liquid fraction transformation 

𝑓𝑙 → 𝑓𝑙 − 𝑑𝑓𝑙 , the Gulliver–Scheil law can be written in differential form: 

 (𝑪𝒍 − 𝑪𝒔)𝒅𝒇𝒍 = (𝟏 − 𝒌)𝑪𝒍𝒅𝒇𝒍                                                                                                     (I.7) 

 

If k > 1   𝑘 the solubility of the solute in the solid is greater than that in the liquid, so the solid 

will have lower and lower solute concentrations in each layer until only the pure solvent 

solidifies. 

If k< The solute is rejected at the solid-liquid interface, so the redistribution of solute will occur 

in the liquid before the interface. The solid is enriched in each layer until equilibrium is reached. 

The solid alloy retains traces of major segregation. These segregations are arranged in the order 

of the size of the space between dendrites, which means hundreds of micrometers, the so-called 

micro-segregation. When diffusion is accelerated, these concentration variations can be 

eliminated by heat treatment. However, in some alloys, the composition may vary greatly in the 

size of the ingot, which is called macrosegregation. Gulliver-Schill's law can be used to predict 

macro segregation. In the case where the distribution coefficient is less than 1, the 
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macrosegregation is caused by the solute rejected during the solidification process.  

Macrosegregation can take different forms (Lesoult [3]): the segregated channels (also called 

freckles) are striped, with varying composition, and thermal tearing (cracks) (Fig.I.4) [6, 7]. 

The occurrence of these defects is directly related to the effect of convection on the mushy zone 

[Prescott and Incropera 8]. These channels or freckles are visible in steel ingots containing high 

carbon or other elements (S, Mg, Mo) [2], aluminum-copper alloys [2], and transparent alloys 

[9] (Fig.I.5). ) And Pb-Sn alloy [Sarazin and Hellawell 10, Bergman et al. 11]. 

                                    

(a)                                                                                               (b) 

Fig.I.4: a) X-ray photography showing segregated channel in a Sn-3wt.% Pb ingot (10×6×1 

cm) [6]. b) in Ni supper-alloy (9 mm diameter) [7]. 

      

 

                    Fig.I.5: Freckles in ammonium chloride-water mushy zone [9]. 
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1.3. Microsegregation and solid fraction 

It has been seen previously that during the solidification of a binary alloy with a nominal 

composition of C0, solutes will be rejected at the solid-liquid interface (for k <1). In the case of 

thermodynamic equilibrium, consider infinite diffusion in liquid and solid. The first solid 

crystal appears at temperature Tl, and the last solidified solid will appear at temperature Ts. The 

lever rule gives the liquid composition in equilibrium: 

𝑪𝒍 =
𝑪𝟎

𝟏−(𝟏−𝒌)𝒇𝒔
                                                                                                                          (I.8) 

Where 𝑓𝑠   represents the solid fraction. The solid fraction is communally “1” when the system 

is entirely solid and “0 “when is totally liquid. Using Eq. 3,   for 𝐶𝑙 = 𝐶0 the solid fraction can 

be expressed as function of temperature: 

 𝒇𝒔 = ቀ
𝟏

𝟏−𝒌
ቁ ቀ

𝑻𝒍−𝑻

𝑻𝒎−𝑻
ቁ                                                                                                                  (I.9) 

Where  Tm is the melting temperature of the pure solvent.  However, in reality, solidification is 

an unbalanced process, mainly due to chemical diffusion. Gulliver [12] and Scheil [13] 

proposed a model that considers the solute rejection in a simple way: assuming there is no 

diffusion in solid and infinite diffusion in liquid. The liquid concentration 𝐶𝑙 and the solid 

fraction  𝑓𝑠 become: 

 𝑪𝒍 =
𝑪𝟎

(𝟏−𝒇𝒔)(𝟏−𝒌)
                                                                                                                               (I.10) 

  𝒇𝒔 = 𝟏 − ቀ
𝑻𝒎−𝑻

𝑻𝒎−𝑻𝒍
ቁ
(
𝟏

𝒌−𝟏
)

                                                                                                               (I.11) 

Moreover, it is well known that the solute diffusion in solid metals is not zero. Brody and 

Flemings [5] in their model considered it, by introducing the Fourier number 𝛼 =
𝐷𝑠𝑡𝑠

(𝜆2,𝑓)
2
 

Where 𝐷𝑠 is the diffusion coefficient in the solid, 𝑡𝑠 the solidification time and 𝜆2,𝑓 the 

secondary dendrite arm spacing at the end of the solidification. This model was modified by 

Clyne and Kurz [14]. They used a new coefficient 𝜶′because the Brody and Flemings models 

are not effective for too large solid diffusivity. Considering this new factor, the liquid 

concentration and solid fraction can be written as follows: 
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 𝜶′ = 𝜶[𝟏 − 𝒆𝒙𝒑(−𝟏)] −
𝟏

𝟐
𝒆𝒙𝒑(−

𝟏

𝟐
)                                                                                             (I.12) 

 𝑪𝒍 = 𝑪𝟎[𝟏 − 𝒇𝒔(𝟏 − 𝟐𝒌𝜶
′)]

ቀ
𝒌−𝟏

𝟏−𝟐𝒌𝜶′
ቁ
                                                                                            (I.13) 

 𝒇𝒔 =
𝟏

𝟐𝒌𝜶′
[𝟏 − ቀ

𝑻𝒎−𝑻

𝑻𝒎−𝑻𝒍
ቁ
(
𝟏−𝟐𝒌𝜶′

𝒌−𝟏
)

]                                                                                                   (I.14) 

Using Eq. 12 – Eq. 14, for 𝛼′ equal to “0” the Scheil model can be retrieved and for 𝛼′equal to 

“0.5” the lever rule case can be described. The exact solution of the Brody- Flemings model 

was found by Kobayashi [15]. 

In the case of multicomponent alloys solidification, the models presented (lever rule, 

Scheil and Clyne-Kurz) can be adapted by taking into account the concentration of each 

element, considering 𝐶𝑙,𝑖 the liquid concentration, 𝐶0,𝑖 the initial concentration and  𝑘𝑖  the 

partition coefficient, for each alloy element  𝑖 . Eq. 8, Eq. 10 and Eq. 13 become then: 

𝑪𝒍,𝒊 =
𝑪𝟎,𝒊

𝟏−(𝟏−𝒌𝒊)𝒇𝒔
                                                                                                                                  (I.15) 

𝑪𝒍,𝒊 =
𝑪𝟎,𝒊

(𝟏−𝒇𝒔)
(𝟏−𝒌𝒊)

                                                                                                                           (I.16) 

𝑪𝒍,𝒊 = 𝑪𝟎,𝒊[𝟏 − 𝒇𝒔(𝟏 − 𝟐𝒌𝒊𝜶
′)]

(
𝒌𝒊−𝟏

𝟏−𝟐𝒌𝒊𝜶
′)

                                                                                      (I.17) 

2. Macrosegregation 

Segregation refers to non-uniformity of chemical composition. It can be classified into 

macro, meso and micro- segregation. Microsegregation results from the solute enrichment in 

the interdendritic liquid during solidification. While macrosegregation results from the local 

microsegregation and the relative movement of liquid and, possibly, solid phases. s. It ranges 

in scale from several millimeters to centimeters or even to several meters. These concentration 

variations will have a negative impact on the properties of the alloy, and even lead to total 

rejection of the solidified product. Macrosegregation occurs in all solidification processes: 

continuous casting, iron casting, aluminum and copper alloy mold casting, single crystal 

superalloys and ingot casting for semiconductor growth. Indeed, due to the low diffusion rate 

of the solute in the solid state and the large to cross, once the solidification is completed, the 

macrosegregation cannot be corrected by heat treatment. Both the experimental investigations 

and numerical simulations show that he main cause of macrosegregation is related to the relative 
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movement of the melt rich in solute and solid phase. Almost all phase diagrams, show that most 

alloying elements have a lower solubility in the solid phase than in the liquid phase. During the 

solidification process, solute elements are rejected from the solid into the liquid. Therefore, the 

solute concentration in the liquid phase continues to increase, and the solute concentration in 

the solid decreases at the same time. This segregation occurs on the microstructure scale (often 

usually caused by dendrites), and inhomogeneities happen in the concentration distribution in 

the arms of the dendrites, which is called microsegregation. 

Ludwig et al. [16] present the four mechanisms described by J.A. Dantzig and M. Rappaz 

[17], responsible for macrosegregation, considering idealised scenarios. The macrosegregation 

is measured by means of mixture concentration, 𝐶𝑚𝑖𝑥, as: 

 𝑪𝒎𝒊𝒙 =
𝒇𝒍𝝆𝒍𝑪̅𝒍+𝒇𝒄𝝆𝒄𝑪̅𝒄+𝒇𝒆𝝆𝒆𝑪̅𝒆

𝒇𝒍𝝆𝒍+𝒇𝒄𝝆𝒄+𝒇𝒆𝝆𝒆
,                                                                                                             (I.18) 

with 𝑓𝑙, 𝑓𝑐and  𝑓𝑒 being the volume fractions of the liquid, columnar and equiaxed 

phases𝜌𝑙, 𝜌𝑐 and 𝜌𝑒 the corresponding densities, and 𝐶𝑙̅, 𝐶𝑐̅ and 𝐶𝑒̅ the corresponding species 

concentrations averaged over the volume element. Note that the volume fractions, densities, 

and average concentrations are supposed to be constant in the volume element, but may change 

over time.  

                             

Fig.I.6: Schematic of the different types of macrosegregation that can be found in large ingots. 

Positive segregation is denoted by + symbols (regions enriched in solute) and negative by - 

(regions depleted). Similar figures can be found in other macrosegregation reports, [25].     
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The first examinations of macrosegregation phenomena in steel ingots were carried out 

many decades ago and although our understanding of the processes leading to segregation has 

improved considerably, the same patterns can still be observed in ingots made today. [18,19]. 

These, shown in Fig.I.6, include A-segregation, V-segregation and negative base segregation. 

Up to the mid-1960s, solute buildup at the tips of advancing solid interface was believed to be 

the predominant underlying cause of macrosegregation phenomena in ingots by a number of 

authors, [18,20-23]). However, this premise has since been demonstrated to be erroneous by 

numerous theoretical and experimental investigations. It is now well recognised that the 

majority of solute is rejected sideways from a growing dendrite, enriching the mushy zone, and 

that build up in front of dendrite tips is negligible in this regard, [24].  

 All types of macrosegregation are derived from the same basic mechanism: that of mass 

transfer during solidification. The movement of enriched liquid and depleted solid, as shown in 

Fig.I.6, can occur through a number of processes: 

▪ Convective flows due to density gradients caused by temperature and composition 

variations in the liquid, Fig.I.7(a). The thermal and solutal buoyancy contributions can 

either favourase or oppose each other depending on whether local temperature and 

concentration fields cause liquid density to increase or decrease. The convection due to 

the coupled action of temperature and solute is known as thermosolutal convection. 

▪ Movement of equiaxed grains or solid fragments which have either nucleated 

heterogeneously in the melt, become detached from dendrites due to remelting/ stress, 

or have separated from the mould wall after pouring, Fig.I.7(b). Equiaxed grains in 

steels are denser than the surrounding liquid and will hence tend to sink. This 

mechanism, along with convective fluid flow, is a dominant macrosegregation process 

in large ingots. 

▪ Flow to account for solidification shrinkage and thermal contraction of the liquid and 

solid on cooling, Fig.I.7(c). 

▪ Deformation of the solid network due to thermal stresses, shrinkage stresses and 

metallostatic head (i.e., the pressure provided by the liquid metal above), Fig.I.7(d). 

▪ Imposed flows due to pouring, applied magnetic fields, stirring, rotation etc. 

The complex interplay between these mechanisms makes accurate modelling of 

macrosegregation phenomena a formidable challenge, often involving complicated 
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mathematical treatments. Thus, before such models are discussed, some qualitative 

explanations of how these mechanisms lead to macrosegregation defects are given below [113]. 

 

 

 

 

 

 

 

 

 

 

Fig.I.7: Schematic of the processes which lead to mass transport during ingot solidification. 

(a) Convective flows in the interdendritic liquid (+ symbols denote enrichment in solute, whilst 

– denote depletion), (b) grain sedimentation (more generally solid movement), (c) liquid flow 

to feed solidification shrinkage and (d) mushy-zone deformation. Note that the columnar solid 

in (a), (c) and (d) has grown from the mould wal      

2.1. A-Segregation 

A-segregates arise due to the flow of solute-rich interdendritic fluid via thermosolutal 

convection. They are characterised in the final solidified microstructure as channels of enriched 

solid, often with near-eutectic composition. Their formation mechanism can be described as 

follows: for example in steels the enriched interdendritic liquid will often be less dense than the 

bulk liquid, and will hence tend to rise. As the liquid moves towards the bulk liquid and the top 

of the ingot, it will increase in temperature, but its composition will remain nearly constant due 

to slow mass diffusion. This hotter enriched liquid then causes delayed growth or remelting of 

the solid around it, creating persistent solute-enriched channels. A-segregates are also 

commonly referred to as ‘channel segregates’ or ‘freckles’ when they arise in directionally- 

solidified castings (when the melt is cooled from below, for instance during the casting of single 

crystal nickel- based superalloy turbine blades). 

(a) 

(b) 

(c) (d) 
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The prevalence of A-segregation has meant it is perhaps the most investigated of all 

macrosegregation phenomena, not only in steels, but also many other systems. Some of the 

earliest studies which identified the importance of mushy zone fluid flow on macrosegregation 

were made by the Japanese steel industry in the 1950s, and focused on A-segregates. Kawai 

[26], was one of the first to attribute their formation in ingots to the gravity-induced flow of 

enriched mushy-zone liquid, whilst others confirmed that liquid density changes due to 

composition were of critical importance (by reducing the Si content and increasing Mo levels, 

it was found that A-segregation could be minimised), [27,28].  Later on, Suzuki et al. found 

that A-segregates started to form in the mushy zone when the fraction solid was between 0.3 

and 0.35, and persisted until the fraction solid was as high as 0.7, [29]. 

Similar results were found by investigations of the NH4Cl-H2O system, a favourite of 

researchers because its transparent liquid allows the mushy zone to be directly observed during 

solidification. Particularly noteworthy NH4Cl-H2O studies were carried out by McDonald and 

Hunt and Copley et al., and demonstrated that increased solidification times (and alloy freezing 

ranges) increased the severity of channel segregation, [30-35]. The Pb-Sn system was also the 

subject of a considerable research effort, [36-40]. Streat and Weinberg not only examined 

compositional and liquid-density effects in Pb-Sn, but also the extent of fluid drags within the 

mushy-zone network (i.e., the permeability, discussed below) on channel formation. The 

nucleation and stability of channel segregates were like- wise investigated experimentally and 

theoretically in a number of studies, [41-43]. 

A-segregation is of particular concern to the manufacturers of pressure vessels required for 

nuclear power generation. Such vessels are created by removing the core of the ingot after 

casting to create a shell, which is then forged and machined to finish. Welds may then be made 

to attach nozzles or end sections, and there is a concern that A-segregates could impinge on 

these welds. The enriched material within A-segregates is commonly associated with increased 

hardness and decreased toughness relative to bulk, which could lead to reduced weld integrity 

[44]. Fig.I.8 (a) shows the A-segregation present in material taken from a low-alloy steel ingot 

(0.2C–1.3Mn–0.7Ni–0.5Mo) after forging. Fig.I.8(b) and 8(c) show the difference in 

microstructure following slow cooling from austenisation at 940 °C at 0.1 °C s-1; the hardness 

of the positively-segregated material was ~ 80HV2 higher than the bulk material in this 

untempered state [45]. 
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Fig.I.8: (a) Low-alloy steel plate taken from forged ingot, macroetched in 5% nitric acid. A-

segregates (in cross-section) are seen as ellipses of dark material; the remnants of primary 

dendrite arms also appear as lightly-etched bands. The plate normal is aligned with the vertical 

axis of the ingot. (b) and (c) show the effect on microstructure of slow cooling from 

austenisation at 940°C at 0.1°C s–1. The bulk material in (b) shows a Widmannstätten ferrite 

structure, whilst the enriched material in (c) is a mixture of bainite, retained austenite, and 

martensite. Both were etched in 2% nital and imaged with an optical microscope. [45]. 

2.2. Negative Base Segregation 

It has been proposed that negative base segregation can arise in ingots due to two processes: 

(i) the settling of solute depleted (negatively-segregated) equiaxed grains at the bottom of 

the ingot under the action of gravity and 

(ii)  the general rise of solute-enriched liquid upwards. There has been some dispute over 

which of these mechanisms is predominant: early investigations by Marburg and others 

suggested that the flow of enriched liquid upwards was the dominant factor, citing the 

appearance of negative segregation in ingots which apparently contained no equiaxed 

zone [20, 22]. But in reality, it is rarely the case that steel ingots undergo fully columnar 

solidification, and more recent modelling investigations have tended to lend greater 

significance to grain sedimentation [46]. 
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It has been found that the equiaxed zone in a low-alloy steel ingot may extend to well over half 

its height [46,47], and that the equiaxed grains at the very base of the ingot are more globular 

in form than those found further up the ingot (globular grains are rounder and not so branched, 

equiaxed grains typically start growing in this form before becoming dendritic) [46,48,49]. 

Disconnected grains can form through a number of mechanisms, which include heterogeneous 

nucleation in the melt and dendrite-arm detachment. The predominant mechanism is usually 

detachment due to the action of convective flows or shrinkage stresses. Note that if the density 

of enriched liquid is higher than the bulk, as is possible, then flow in the mushy zone will be 

generally downwards, and this may reduce the severity of both negative base segregation and 

any positive segregation (enrichment) at the ingot top. 

2.3. V-Segregation 

During the final stages of ingot solidification, the centre of the casting is usually occupied by a 

network of loosely-connected equiaxed grains. It is thought that V-segregates arise due to the 

fissuring of such networks under action of metallostatic head (i.e., the weight of material above) 

and solidification shrinkage, see Fig.I.9, which leads to the formation of open shear planes that 

can fill with any remaining liquid [25,50,51]. This remaining liquid will have been enriched 

throughout solidification by convective flows from the mushy zone, and also by solidification 

in the final cavity, and it solidifies to produce positively-segregated solid. Indeed, the 

solidification of enriched material at the end of solidification generally produces the often-

referred-to centreline segregation. 

Despite being regularly observed, V-segregation is generally not well understood other than 

through the mechanism given above. Theoretical treatments and models of V-segregate 

formation in ingots have yet to be produced and are likely to prove challenging as they would 

need to account for phenomena including equiaxed grain sedimentation, mushy zone 

deformation and fluid flow. Nevertheless, the total lack of literature on V-segregation in ingots 

is perhaps indicative of a further issue - the disinterest of manufacturers in the subject. It is often 

the case that the centres of ingots are removed after casting (as highlighted above) or that the 

effects of V-segregation are insignificant for end applications. Not only would modelling of V-

segregation be a great challenge, but it may not prove to be particularly useful. 
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Fig.I.9: Schematic showing formation of V-segregates through shearing on preferred planes 

during settling and compression of equiaxed grains. Adapted from Flemings, [25]. 

2.4. Modelling Macrosegregation 

In order to modelate the phenomenon of macrosegregation, the liquid flow through the 

mushy zone is considered to be the main source of the segregation at macro scale, and the 

mushy zone is the area where solid is supposed to grow in a rigid arrangement. The 

macrosegregation in this case can be explained by the   approach of Flemings et al. [52]. They 

considered the Local Solute Redistribution Equation (LSRE) based on the local solute balance 

on the small volume elements inside the mushy zone, as shown in Fig (I.11). Just like in the 

standard Scheil model, the local solute diffusion in the solid phase is ignored. Therefore, the 

liquid composition in the mushy zone inside the volume element is considered to be uniform 

and in equilibrium. The solute concentration in liquid 𝑪𝒍 is controlled by the temperature and 

the liquidus slope given by the phase diagram. Consider the solute advection caused by liquid 

flow, the inside and outside of the volume element, and the different densities of solids and 

liquids. Eq.I.19, [52]: 

𝒅𝒇𝒔

𝒅𝑪𝒍
=

(𝟏−𝒇𝒔)

𝑪𝒍

(𝟏−𝜷)

(𝟏−𝒌)
ቀ𝟏 −

𝒖𝒏

𝒗𝑻
ቁ                                                                                                 (I.19) 
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where 𝑢𝑛 is the liquid flow velocity in the direction normal to the isotherms, 𝑣𝑇 is the isotherm 

velocity and 𝛽 is the solidification shrinkage, expressed as the ration between the density 

difference (solid and liquid) and the solid density. 

𝜷 =
𝝆𝒔−𝝆𝒍

𝝆𝒔
                                                                                                                              (I.20) 

In one dimension, the mass conservation equation indicates that the liquid velocity required to 

feed the solidification shrinkage should be: 

𝒖𝒏∖𝒔𝒉𝒓𝒊𝒏𝒌 = 𝒗𝑻 ቀ𝟏 −
𝝆𝒔

𝝆𝒍
ቁ = −𝒗𝑻 ቀ

𝜷

𝟏−𝜷
ቁ                                                                               (I.21) 

It must be noted that the liquid flow caused by solid shrinkage is opposite to the isotherm 

velocity, that is, the same direction as the temperature decreases and the solid fraction increases. 

In Eq. 21, if the alloy density decreases during the solidification (𝛽 < 0), the liquid flow due to 

solid shrinkage 𝑢𝑛∖𝑠ℎ𝑟𝑖𝑛𝑘 can have the same sign as 𝑣𝑇    

                           

 

 

 

Fig.I.10: Schematic of volume element in mushy 

zone considered when developing conservation 

equations, [53]. 

 

 

 

In Fig.I.10, more details of the liquid flow inside the mushy zone are given to make the 

𝑢𝑛∖𝑠ℎ𝑟𝑖𝑛𝑘 and 𝑣𝑇 terms clearer. The solute concentration along the isotherm is constant, so the 

liquid flowing in or out of the volume element along the isotherm has the same solute 

concentration, and no macrosegregation occurs. 
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                  Fig.I.11: Schema of liquid flow inside the mushy region. 

Beckerman [54] defined a flow factor 𝜉 considering the liquid flow inside the volume element 

and the isotherms velocity, as follows: 

𝝃 = (𝟏 − 𝜷) ቀ𝟏 −
𝒖𝒏

𝒗𝑻
ቁ                                                                                                          (I.22) 

If 𝜉 and  𝑘 are assumed constant, Flemings’s equation (Eq. 19) can be integrated and a modified 

Scheil equation can be obtained: 

 
𝑪𝒍

𝑪𝟎
= (𝟏 − 𝒇𝒔)

𝒌−𝟏

𝝃                                                                                                                     (I.23) 

When 𝜉 = 1 no macrosegregation happens and Eq. 23 gives simply the Scheil classical 

equation. 

In two main cases, no macro segregation phenomenon will occur(𝜉 = 1): 

• If no shrinkage occurs (𝛽 = 0) and no liquid flow perpendicular to the isotherms exists 

(𝑢𝑛 = 0) 

• If no liquid flow occurs, except the flow needed to feed the solidification shrinkage in 

a given dimension 𝑢𝑛 = −𝑣𝑇
𝛽

1−𝛽
  or 𝑢𝑛 = 𝑢𝑛∖𝑠ℎ𝑟𝑖𝑛𝑘          

When the flow factor 𝜉 is different than 1 macrosegregation phenomena always occur, since 

the liquid concentration 𝐶𝑙 changes in a different way than in the Scheil classical model. Using 

Mushy zone 

Isotherms velocity vT 
Liquid flow 

isotherms 

Normal liquid velocity component un 
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the Scheil modified equation (Eq.23), three different macrosegregation mechanisms can be 

described for  𝑘 < 1                                                                                                                                                                                                                                                                                   

2.5. Remelting 

During the solidification process, there is a possibility of local remelting of the solid that has 

formed. There are two ways in which local remelting can occur: by increase in enthalpy of a 

cell due to local reheating, and/or by local increase in liquid concentration due to flow of solute-

rich liquid into the region. This case can happen if the liquid circulates towards the low solid 

fraction area at a velocity higher than the isotherm velocity (𝑢𝑛 > 𝑣𝑇) in the direction of 

temperature increase. This means that the flow coefficient is negative (𝜉 < 0). 

Taking into account the Flemings equation (Eq.18), this flow will cause a decrease in solid 

fraction and temperature. This means that remelting will occur and segregated channels will 

form in the mushy zone. Once the solidification in this zone is completed, a positive 

macrosegregation can be seen inside these channels. 

The direction and magnitude of the flow inside the mushy zone depend on many factors. The 

permeability of the mushy zone is the most important parameter, which can limit the flow inside 

the mush, [55]. Generally, permeability decreases with increasing solid fraction, so small 

interdendritic voids reduce permeability. 

The following examples illustrate the macro separation mechanism described earlier in more 

detail. 

3.3.Inverse segregation 

Near the cooled surfaces, positive macrosegregation is often observed, Ohnaka and 

Matsumota [56]. This type of segregation is called reverse segregation (Fig.I.12). J. S. Kirkaldy 

[57] shows that this is a direct result of the second macrosegregation mechanism previously 

discussed. In fact, besides the cooling surfaces, the liquid velocity is zero (𝑢𝑛 = 0), so 

𝑢𝑛∖𝑠ℎ𝑟𝑖𝑛𝑘 < 0. Therefore, the condition 𝑢𝑛 > 𝑢𝑛∖𝑠ℎ𝑟𝑖𝑛𝑘 is always valid at the cooling surface, 

so a positive macrosegregation is produced. 

In the case where there is a gap between the cooling mold and the ingot to solidify, the 

solute-rich interdendritic liquid is pressed into the gap due to the metallostatic pressure. This 

phenomenon usually happens when there is a positive macrosegregation at the cooled surface. 
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Fig.I.12: Comparison of simulated and measured solute distribution during the unidirectional 

solidification of a Al-4.1 wt.% Cu ingot alloy, [56].            

3.4.Macrosegregation due to the thermosolutal convection flow 

If there is convection in the mushy zone, the first two macrosegregation mechanisms can 

be observed simultaneously. The work of Ohnaka et al. proved this, [56] on the Horizontal 

solidification of Al-Cu alloy. Fig.I.13 shows a schema of the flow caused by themosolutal 

convection with counter-clockwise circulation roll, the flow in the bulk, and the liquid flow that 

penetrates into the mushy zone. 

      

 

Fig.I.13: Numerical simulation of the liquid flow (400 s after the cooling started) during the 

horizontal solidification of the Al-4.4 wt% Cu alloy, [56] 
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In the upper part of the mushy zone, the flow is in the direction of temperature 

decrease,𝑢𝑛 < 0. Considering the first macrosegregation mechanism, a negative 

macrosegregation will happen under these conditions. Compared with the experimental results 

shown in Fig.I.14, the numerical simulation clearly confirmed the occurrence of negative 

macrosegregation in this upper region. In contrast, in the lower part of the mushy zone, the 

interdendritic liquid flows toward the bulk in the direction where the temperature increase 𝑢𝑛 >

0. This situation will produce positive macrosegregation, as described in the second 

macrosegregation mechanism, which has been firmly verified by the results in Fig.I.14. 

                  

Fig.I.14: Solute distribution in the ingot Al-4.4wt% Cu, [56]: negative macrosegregation at 

the top and positive at the bottom. 

Interestingly, due to the flow parallel to the isotherm lines, there is no macrosegregation in the 

middle-high mushy zone. 

2.6. Segregated channels 

The third macrosegregation mechanism brings the appearance of channels. Fig.I.15 shows 

this segregation defect, commonly referred to as freckles. During the monocrystal directional 

solidification of Ni alloys, segregated channels or freckles are often observed on the upper part. 

In this process, a large number of elements (such as Al and Ti) are rejected in the liquid, while 

heavy elements (such as Tg) are incorporated into the solid. This situation is the origin of the 

strong upper flow in the mushy zone. Even if there is a stable temperature gradient, convection 

rolls will be generated, and considering that the liquid velocity is higher than the isotherm 

velocity, the solid fraction will decrease as the temperature decreases (as described in the third 
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mechanism). This phenomenon will create conditions for the formation of channels in the 

mushy zone, and the solute-enriched liquid will flow out of the mush. 

                                                 

      Fig.I.15: Freckle of 2 mm diameter, observed in a Ni supper alloy [M. C. Schneider 58]. 

The numerical results given in Fig.I.15 show these flow configurations are responsible 

for creating channels [58]. In this case, the size of the channel is a few millimeters thick and a 

few centimeters high. During the solidification process, these channels are filled with dendrites 

fragments, which can be seen as equiaxed crystals in the final solidified alloy. In this way, the 

positive macrosegregation in these channels can be seen in the numerical simulation results 

(Fig.I.16). 
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Fig.I.16: Numerical simulation of segregated channels during the directional solidification of 

a Ni superalloy, [58]. 

3. Solidification structure 

3.1. Solid front morphology 

When we fix the temperature gradient in the liquid “G” and the initial concentration “C0”, we 

notice that at the low speed of pulling the solid-liquid interface is flat. If velocity “V” is 

increased beyond a critical velocity “VC”, the front becomes unstable and the solid-liquid 

interface solid-liquid interface presents a spatial structuring. These microstructures, whose 

period or primary spacing “λ” is typical of the order of a few tens or hundreds of micrometers, 

are called cells or dendrites (Fig.I.17) [59]. 

 

                                     

 

 

                                

Fig.I.17: a) Schema of different interface morphologies and resulting microstructures. 

3.2. Solid-liquid interface and its stability 

The solidification mechanism of metals implies a thermo-dynamical phase change: from a 

disordered liquid to an ordered solid. This state change requires an atomic-level reorganisation, 

which initiates by forming a solid nucleus in a liquid. In order to produce a solid nucleus, a 

solid-liquid interface needs to be created, and its morphology depends on its stability during 

solidification. 

3.2.1. Nucleation 

Nucleation is a phenomenon out of equilibrium and requires additional energy to establish 

a solid-liquid interface. This energy barrier can be overcome by undercooling, and the 

temperature of the liquid is lower than the melting temperature. This temperature difference is 

called nucleation undercooling (∆𝑇𝑛). There are two types of nucleation:  

solid liquid 

planar front                        cells                     dendrites                     
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• Homogeneous nucleation: direct formation of nuclei in the liquid without solid particle 

and solid contact (no mould contact). Even in pure liquids, impurities are always present 

in a small percentage. Therefore, it is difficult to speak about homogeneous nucleation 

in reality. 

• Heterogeneous nucleation: solid particles already present in the liquid will reduce the 

energy barrier for nucleation, thereby overcoming the nucleation and making the growth 

of a nucleus easier 

During solidification a nucleation rate is defined, that follows an Arrhenius type law [60]: 

𝑰 = 𝑰𝟎(𝑵 − 𝑵𝟎)𝒆𝒙𝒑 ቀ−
∆𝑮𝒏

𝒌𝑩𝑻
ቁ                                                                                                    (I.24) 

where I0 is a constant (for metals is equal to 1020 s-1), N0 is the total number of nucleation sites 

per volume unit,  N the number of activated sites, ∆𝐺𝑛 the activation energy,  𝑘𝐵 the Boltzmann 

constant and  T the temperature. Hunt, [65] in his heterogeneous model admitted that for small 

undercoolings (
∆𝐺𝑛

𝑘𝐵𝑇
∝ 𝑎 (∆𝑇)2⁄ , where ∆𝑇 is the system-imposed undercooling and  𝑎 is a 

constant, 𝑎 = (∆𝑇)2 ln(𝑁010
20)), the nucleation rate depends on the cooling conditions 

(number of activated sites, imposed undercooling) and on material properties (number of 

nucleation sites, nucleation undercooling). 

3.2.2. Interface instability 

In the case of pure metal, the origin of the destabilization of the interface is only thermal. 

The interface will be stable if the temperature gradient in front of the solidification front is 

positive (case of directed solidification) and unstable if the gradient is negative (free growth), 

[61]. 

Let us consider the case of a binary metal alloy of initial concentration 𝐶0 of the alloy 

element, advancing with a planar front at a velocity  V in a stationary regime. During the alloy 

solidification, the low solid solubility (𝑘 < 1) induces solute rejection in front of the interface. 

This solute rejection is limited to the boundary layer  (𝛿𝑐 = 𝐷𝑙 𝑉⁄ ), characterised by the solute 

diffusion in the liquid 𝐷𝑙  and interface velocity 𝑉. The resulting concentration profile is 

schematised on Fig.I.19. The solute concentration in this boundary layer decreases 

exponentially with the distance 𝑥 from 𝐶0 𝑘 ⁄ until 𝐶0. 

𝑪(𝒙) = 𝑪𝟎 + ቀ
𝑪𝟎

𝒌
− 𝑪𝟎ቁ 𝒆𝒙𝒑ቀ−

𝑽𝒙

𝑫𝒍
ቁ                                                                                             (I.25) 
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Fig.I.18: Concentration profile at the solid-liquid interface. The solute release is located in 

the liquid zone adjacent to the interface, [1]. 

According to the phase diagram, the equilibrium temperature of the liquid is described by the 

relation: 

  𝑻𝒍(𝑪(𝒙)) = 𝑻𝒍 +𝒎(𝑪𝒙 − 𝑪𝟎)                                                                                          (I.26) 

𝑇𝑙 and  𝑚 are respectively the liquidus temperature and the liquidus slope. 

 

 

 

 

 

 

 

 

 

Fig.I.19: Schema of a binary phase diagram with 𝑘 < 1 . 
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The interface stability will then depend on the evolution on the temperature  𝑇(𝑥)imposed by 

the heat flux present during the solidification. 

𝑻(𝒙) = 𝑻𝒎 +𝒎
𝑪𝟎

𝒌
+ 𝑮(𝒙)                                                                                                               (I.27) 

Two cases can be distinguished (Fig.I.20): 

(1) if  𝑇(𝑥) is larger than 𝑇𝑙(𝐶(𝑥)) locally, the system is stable, the solidification front stays 

planar. 

      (2) if  𝑇(𝑥)  is lower than  𝑇𝑙(𝐶(𝑥))  locally, the system becomes unstable, the solid front    

destabilises. This instability condition is called constitutional undercooling because it 

depends only on the solute rejection in a given temperature gradient 

                            

Fig.I.20: Temperature profile at the solid - liquid interface. The system can remain in stable 

conditions (1) or be in constitutional undercooling (2) (hatched part) [1]. 

The criterion of constitution undercooling assumes that any disturbance arising on the plane 

interface will develop provided that the relation: 

 𝑮 −𝒎𝑮𝑪 < 𝟎                                                                                                                     (I.28) 

where GC is the concentration gradient in the liquid at the interface that can be deduced from 

equation (I.25). At a fixed gradient, a plane front will be considered as unstable for velocity 

higher than a critical velocity: 

 𝑽 > 𝑽𝑪 =
𝒌𝑮𝑫𝑳

(𝒌−𝟏)𝒎𝑪𝟎
                                                                                                             (I.29) 
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Although this analysis is based on a purely thermodynamic argument and the whole dynamic 

aspect of solidification is ignored, its agreement with the experiment can be considered 

satisfactory in the first approach. Moreover, it highlights the stabilizing effect of the 

temperature gradient and destabilizing effect of the concentration gradient. On the other hand, 

it is obvious that the constitution undercooling does not give any prediction on the size, and 

even less on the shape, of the microstructure that will be established at the solidification front. 

3.3. Dendritic microstructure development 

3.3.1. Dendritic growth models 

Dendritic structures are the most commonly encountered in metallurgy. In order to control the 

chemical segregations associated with these microstructures, it is essential to understand the 

physical processes involved during dendritic growth. In this  part, we propose to state the 

theoretical basis of the growth of a dendrite tip. 

The mathematical solution to the problem of the growth of a needle-shaped crystal (parabola) 

in a liquid at rest and in supercooling was elaborated for a zero-surface tension by Ivantsov in 

1947, [62]. The problem admits an exact solution: 

 𝛀 = 𝑰𝒗(𝑷𝒆)                                                                                                                               (I.30) 

With Ω =
𝐶𝑙
∗−𝐶0

𝐶𝐿
∗(1−𝑘)

) and 𝐼𝑣(𝑃𝑒) = 𝑃𝑒 ∗ 𝑒𝑥𝑝(𝑃𝑒) ∗ 𝐸1(𝑃𝑒) 

Ω is defined as the supersaturation, Iv(x) corresponds to the Ivantsov function, E1(x) is the 

exponential integral function and Pe the Peclet number, which corresponds to the ratio of the 

characteristic dimension of the system “R” (the radius of curvature of the dendrite) and the 

distance of diffusion of the solute “δc”: 

𝑷𝒆 =
𝑹𝑽

𝟐𝑫𝒍
 with 𝜹𝒄 = 𝟐𝑫𝒍 𝑽 ⁄                                                                                                    (I.31) 

The solid as well as the isoconcentrations in the liquid around the tip form a system of confocal 

paraboloids of revolution. Nevertheless, for a given undercooling, there is a continuum of 

solutions of pairs (R,V) and only the product RV (with R radius of curvature at the top of the 

dendrite and V growth rate) is fixed. It is therefore impossible to know independently the tip 

radius and the growth velocity. 

Experimentally, the two parameters R and V are reproducible for a given supersaturation. The 

problem of selection arises, which consists in finding the "good" solution, if it exists, among 
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the continuum of possible solutions. In order to the degeneracy of the Ivantsov solution, a 

selection criterion has been introduced by Langer and Müller-Krumbhaar in 1978 called the 

marginal stability criterion, [63]. The authors are interested in the stability of solutions in the 

presence of a non-zero surface tension. It was proposed that the operating point of the dendrite 

tip corresponds to the point of marginal stability, i.e. when the amplification rate of a 

perturbation at the tip of the dendrite is just the dendrite is just zero. The dendrite then grows 

with a radius of curvature close to the wavelength of the marginal stability, λi, of a plane front 

advancing under the same conditions as the dendrite tip either: 

𝑹 =  𝝀𝒊 = 𝟐𝝅√
𝚪

𝑮𝒄−𝑮
                                                                                                                  (I.32) 

Where 𝐺𝑐  is the solute gradient in the liquid at the dendrite tip:𝐷𝑙𝐺𝑐 = −𝑉𝐶𝑙
∗(1 − 𝑘). In this 

way it is possible to calculate 𝑅 or  𝑇∗independently of 𝑉 , using Eqs. 31 and 32. 

These results can be generalized to the case of directed growth of binary alloys to determine 

the evolution of the radius of curvature R, the temperature at the tip of the dendrite T* and the 

primary spacing λ1 as a function of the growth rate V. By example, Fig.I.22 and Fig.I.23 

correspond to the KGT (Kurz, Giovanola, Trivedi) model, [64]. 

We can see (Fig.I.21) that the temperature of the dendrite tip first tends to approach the liquidus 

temperature then moves away from it. This behavior can be explained simply by considering 

that the capillary effects are not preponderant at low velocity and the fact that the size of the 

solutal layer in front of the tip δc (which defines in first approximation the size of the 

undercooled liquid zone) decreases with velocity. For the highest velocities, capillary effects 

are important and the temperature of the tip of the dendrite decreases due to curvature 

undercooling. 
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Fig.I.21: Evolution of the dendrite tip temperature with the growth velocity for an Ag-5% Cu 

alloy, [65]. 

The microstructures likely to be encountered can be deduced from these evolution curves 

(Fig.I.22). At low growth rate, the interface remains stable. At the value corresponding to the 

constitutional undercooling, the front destabilizes and leads to the development of cells and 

then dendrites. Note that at high velocity, the interface stabilizes once again, and absolute 

stability is reached (for more details on this phenomenon see reference, [65]). 
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Fig.I.22: Microstructure types assumed from the evolution curves of the dendrite tip radius 

and of the primary arm spacing 𝜆1 versus the velocity growth of a Al-2% Cu alloy, [1]. 

The values predicted by the marginal stability assumption are generally in good agreement with 

experimental studies such as those of Huang and Glicksman, [66]. However, there is no real 

justification for the selection of the marginal stable state with respect to the other possible stable 

states. There is therefore no rigorous solution to the problem of dendritic growth problem when 

we consider the surface tension as being isotropic. 

Studies have been conducted taking into account the anisotropy of the interfacial energy “γ” 

[67-70] and the resulting theories are called "microscopic solvability theories". These theories 

allow to predict a value of the product (VR²) when the interfacial energy is not zero and show 

that there exists in this case a discrete set of couple radius of curvature, growth rate which are 

solutions to the dendritic growth problem. The growth rate corresponding to the most stable 

state is the highest and it is the one selected by the system. The selected rate corresponds to a 

"stability constant" σ* which depends only on the characteristics of the material and which 

varies as ε7/4 with ε the anisotropy parameter of interfacial energy.  

Finally, it should be noted that numerical simulations using the phase-field modelling technique 

have recently progressed rapidly and, after having been able for a long time to give only a 

qualitative description of the selection of the microstructure and of the morphological 

instability, are now able to model quantitatively more and more phenomena taking place during 

solidification. The solidification of dendrites of pure substances has been simulated for both 

high and low subcooling, [71, 72]. More recently, the solidification of alloys has been treated 

in the case of free solidification and directional solidification, [73, 74]. Models taking into 

account the fluid movements, [75] or the simultaneous diffusion of heat and solute, [76]. Have 

also been developed. 

3.3.2. Primary and secondary dendrite arms spacing 

Fig.I.23 represents the main features that define the dendritic microstructure: the radius of 

the dendritic tip R, and the primary and secondary dendrite arms spacings λ1 and λ2. The 

microstructure (changes in these parameters) affects the properties of the material (such as 

mechanical properties). 
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                                  Fig.I.23: Main characteristics of dendrites. 

The model that predicts the spacing of the main dendrite arms considers a relationship generally 

expressed as a function of the mushy zone thickness, the temperature gradient, and the velocity 

growth. Eq 34 shows an example of the model, [77]: 

𝝀𝟏 = 𝟒. 𝟑 ቀ
𝑫𝒍𝚪∆𝑻𝟎

𝒎
ቁ

𝟏

𝟒
𝑽−

𝟏

𝟒𝑮−
𝟏

𝟐                                                                                                     (I.33) 

Based on the work of Kattamis and Flemings, [78], Feurer and Wunderlin, [79] developed a 

model to calculate 𝜆2 , taking into account the maturation phenomenon: 

𝝀𝟐 = 𝟓. 𝟓(𝑴𝒕𝒇)
𝟏

𝟑                                                                                                                   (I.34) 

With 

𝑴 =
𝚪𝑫𝒍 𝐥𝐧

𝑪𝒍
𝑪𝟎

(𝟏−𝒎)(𝑪𝒍−𝑪𝟎)
 𝐚𝐧𝐝 𝒕𝒇 =

∆𝑻′

|𝑻|
=

∆𝑻′

|𝑮𝑽|
                                                                                        (I.35) 

where 𝑀 is the maturation factor, 𝑡𝑓 the solidification time, 𝐶𝑙  is the final solute concentration 

in the liquid and ∆𝑇′ is the temperature difference between the dendrite tip and the solidus 

temperature. This can be approximated with ∆𝑇0. 

𝜆1 

𝜆2 

𝑅 
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4. Influence of crystallographic stresses 

In general, crystal growth is limited by: 

• The diffusion of heat and solute in the liquid. 

• Capillarity 

• Attachment kinetics of atoms at the interface 

The relative importance of each of these factors depends on the material considered and the 

solidification parameters. For some materials, atom attachment kinetics may play an important 

role. For example, for those materials that exhibit a "no-faceted" growth morphology typical of 

metals, it can be assumed that the transfer of atoms from the liquid to the crystal is so fast that 

the attachment kinetics is not a limiting factor of the growth. When the material presents a 

faceted growth mode, typical of most no-metals or intermetallic compounds, the kinetic term 

can be important. 

The materials are classified as faceted or non-faceted type according to their growth 

morphology (Fig.I.24). Metals as well as a certain class of molecular composites (plastic 

crystals or organic alloys) do not present facets, but rather a smooth solid-liquid interface, 

despite their crystalline nature. The kinetic attachment is not very dependent on the orientation 

of the considered crystal planes and there are many sites for attaching new atoms: the solid-

liquid interface is rough. For dendritic structures, however, a tendency to grow anisotropically 

remains because of the anisotropy of the interfacial energy. This leads to the formation of 

primary trunks whose direction of growth is determined by crystallography and the directions 

of the arms correspond to low indices. On the other hand, the materials which have a complex 

crystalline structure and a directional character of attachment of the atoms will form crystals 

having plane surfaces (facets). 
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Fig.I.24: (a) Dendrites colonnaires pour un alliage transparent ayant un comportement 

analogue aux alliages métalliques et (d) cristal de benzyle présentant des facettes bien 

développées, [80]. 

By evaluating the rate of atoms attached to the interface (which depends on the diffusion of 

atoms in the liquid) and the rate of detachment (which depends on the number of neighbors 

bonding the atom to the interface), K.A. Jackson determined a factor α that predicts the 

facetedness or non-facetedness of materials as they grow, [80-81]: 

𝜶 =
𝜼

𝒁

𝑳

𝒌𝑻𝒎
=

𝚫𝑺𝒇

𝑹
                                                                                                                           (I.36) 

With η the number of first neighbors adjacent to an atom in the interface plane, Z the total 

number of first neighbors of an atom in the crystal, L the latent heat of fusion, Tm the temperature 

of fusion and k the Boltzmann constant. ΔSf is the entropy of fusion and R the perfect gas 

constant. 

A coefficient α less than ≈ 2 indicates that the material tends to grow with a non-faceted 

morphology, while for values of α > 2 faceted growth takes place. A list of different materials 

with the corresponding α coefficient value as well as their growth morphology from different 

phases are given in Table I-2. Thus, it can be seen that metals and "plastic" crystals are indeed 

in the same group. 
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Table.I-1: Growth morphologies and Jackson's factors. 

Jackson factor α Material Phase Morphology 

≈1 

≈1 

2-3 

2-3 

≈6 

≈10 

≈20 

≈100 

Metals 

Crystals (plastic)  

Semiconductors 

Semimetals 

Molecular crystals 

Metals 

Momplex molecules 

Polymers 

Molten bath 

Molten bath 

Solution 

Solution 

Solution 

Steam 

Molten bath 

Molten bath 

 

Non-faceted 

Non-faceted 

nf/faceted 

nf/faceted 

faceted 

faceted 

faceted 

faceted 

  

4.1.Anisotropy of the material 

4.2.1. Attachment kinetics: 

For materials with facets, the local equilibrium assumption cannot be applied. A larger or 

smaller deviation from the equilibrium temperature called kinetic undercooling ΔTk is always 

required to advance the facet. The kinetic undercooling depends on the crystallographic 

orientation of the facet and allows for the kinetic attachment anisotropy. The total undercooling 

at the interface is then written: 

 𝚫𝑻∗ = 𝑻𝑳 − 𝑻
∗ = 𝚫𝑻𝒄 + 𝚫𝑻𝒓 + 𝚫𝑻𝒌                                                                                  (I.37) 

with Δ𝑇𝑐 = 𝑚(𝐶0 − 𝐶𝑙
∗) the chemical undercooling and Δ𝑇𝑟 = Γ𝜅∗ the curvature undercooling. 

The kinetic undercooling term Δ𝑇𝑘 can be written from the Gibbs- Thomson equation (Eq.35): 

 𝚫𝑻𝒌 = 𝑻𝒎 +𝒎𝑪𝒍
∗ − 𝚪𝜿∗ − 𝑻∗                                                                                              (I.38) 

The kinetic attachment, characterized by the kinetic undercooling Δ𝑇𝑘 , depends on the local 

orientation θ and the local normal velocity Vn of the solid-liquid interface. The relationship 

between Δ𝑇𝑘 and Vn depends on the type of atomic attachment mechanism. 

On a facet, growth can be controlled by two-dimensional germination (Eq.39a), [82], by screw 

dislocation (Eq.39b), [83] or by ledge growth, (Eq.39c), [84]: 

 𝑽𝒏 = 𝝁𝟏𝐞𝐱𝐩 (−
𝝁𝟐

𝚫𝑻𝒌
)  with (µ1, µ2) 2 constants                                                              (I.39a) 
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𝑽𝒏 = 𝝁𝚫𝑻𝒌
𝟐     with µ the kinetic coefficient                                                              (I.39b) 

𝑽𝒏 = 𝝁𝚫𝑻𝒌     with µ the kinetic coefficient                                                                   (I.39c) 

4.2.2. Surface tension anisotropy: 

The surface tension depends on the crystallographic orientation of the interface. For a planar 

geometry, the surface tension can be expressed by a function of the type γ(θ), where θ is the 

polar angle between the normal to the interface and a crystallographic reference plane. For a 

weakly anisotropic rough cell interface, the Wulff diagram which represents γ(θ) has no 

singularity (no angular point) and γ can be written for a crystal with cubic symmetry, [85]: 

𝜸(𝜽) = 𝜸𝟎 ቀ𝟏 +
𝜺

𝟏𝟓
𝒄𝒐𝒔𝟒𝜽ቁ                                                                                                   (I.40) 

Where ε is the rough crystal anisotropy parameter (on the order of 10-2) and γ0 is the average 

value of γ(θ). 

For an anisotropic surface tension, we generalize the expression for the capillary constant Γ by 

replacing the surface tension γ(θ) by the surface stiffness σ(θ) which is written: 

𝝈(𝜽) = 𝜸(𝜽) +
𝝏𝟐𝜸(𝜽)

𝝏𝜽𝟐
= 𝜸𝟎(𝟏 − 𝜺𝒄𝒐𝒔𝟒𝜽)                                                                             (I.41) 

4.2.Influence of anisotropy in directional solidification 

4.3.1. Selection of the dendritic microstructure 

In dendritic free growth, many theoretical works have emphasized the crucial role played by 

crystal anisotropy in the microstructure selection process, [86]. It is now well established that 

it is the surface tension anisotropy that selects the radius of the dendrite apex as well as the 

velocity of the dendrite tip. This phenomenon of selection by anisotropy has been 

experimentally demonstrated by Ben-Jacob et col. In the case of viscous digitation, [87]. 

4.3.2. Orientation of dendritic microstructures: 

A well-known fact is the variation of the orientation of the stationary microstructures as a 

function of the solidification rate “V” for fairly anisotropic but not faceted materials. At low 

velocities, the cells are oriented along the direction of the heat flow, i.e. along the direction of 

pulling. For higher and higher velocities, the microstructure becomes dendritic and the dendrites 

progressively tilt towards the growth direction they would have in free growth. An experimental 

and numerical study on this subject was carried out by Akamatsu et al. in a "thin blade" 
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configuration on the transparent binary alloy CBr4-C2Cl6 [88,89] . The results definitely 

establishing that the dendrite tilt angle grows with the Peclet number = λV/DL (i.e., with the 

velocity insofar as the wavelength is constant in these experiments) up to a limiting value that 

depends only on the orientation of the crystal with respect to the pulling direction (Fig.I.25). 

This result was also established numerically by Okada and Saito, [90] who, like Akamatsu et 

al. consider only the surface tension anisotropy. 

On the other hand, the inclination of the dendrites for anisotropic materials induces two 

noticeable effects on the microstructure: (i) the dendrites are necessarily asymmetric since the 

concentration field around the dendrite is itself asymmetric, (ii) a phenomenon of lateral drift, 

at constant velocity, of the microstructure is observed, [88]. This drift due to the anisotropy (of 

surface tension or of attachment kinetics) of the material cannot be interpreted only by linear 

models such as that of Coriell and Sekerka, [91]. 

                    

Fig.I.25: Microstructures obtained from the same crystal for different Solidification rates [92]. 

(a) Symmetrical cells (V = 3.1 μm/s), (b) tilted dendrites (V = 23.9 μm/s), (c) "seaweed" 

structure (V = 31.1 μm/s), (d) co-existence of left and right tilted dendrites (V = 31 μm/s, after 

some time left tilted dendrites predominate), (e) tilted dendrites for low anisotropy (V = 31.1 

μm/s).  
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5. Columnar to equiaxed transition 

In solidification, two growth modes can be distinguished: columnar growth (directed 

solidification) and equiaxed growth (or free solidification). The transition between these two 

growth modes is a function of the evolution of thermal and solutal conditions during 

solidification. This transition, called Columnar to Equiaxed Transition (CET), has a very 

pronounced impact on the intrinsic properties of the material since the resulting microstructure 

is completely different (Fig.I.26). 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.I.26: Longitudinal section of a cylindrical bar of Al - 3.5 % wt Ni alloy refined for which 

the transition from a columnar to an equiaxed microstructure was obtained by applying an 

increase of the solidification rate. (H. Jung, L2MP) 

The existence of equiaxed grains in directional solidification is related to the fact that there is a 

zone of supercooled liquid between the peak temperature of the columnar dendrites T* and the 

liquidus temperature TL. If solid germs are present in this zone, they can grow and competition 

CET (Columnar to Equiaxed 

Transition) 
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between the growth of free equiaxed crystals and the advancement of the columnar front is 

established, which can lead to TEC. The formation of solid germs, embryos of equiaxed grains, 

can have two origins: 

▪ Fragmentation: the nuclei can be represented by the dendrite’s fragments separated 

from the mushy zone by local remelting and transported in the undercooled liquid 

zone by convection flow (Fig.I.27). Fragmentation is not very clear, but observation 

on organic alloys solidification have been made by C.J. Paradies, [93] and T. Sato, 

[94]. As Jackson, [95], Paradies, [93] and Sato, [94] related fragmentation to the 

local remelting of the finest dendrites' arms at their neck. Liu, [96] concluded that 

the fragmentation is mainly due to the dissolution of dendrites caused by solute 

variation in the mushy zone (the solute variation caused by the decrease in cooling 

rate). Gu and Beckermann, [97] as Hellawell, [98] associated fragmentation to the 

solutal dissolution of dendrites arms in segregated channels. It is worth mentioning 

that Pilling’s work, [99] pointed out that interdendritic liquid that causes mechanical 

deformation cannot cause dendrites fragmentation. 

 

 

 

 

 

 

 

 

 

Fig.I.27:  TEC mechanism described by the Maxwell and Hellawell model in horizontal 

solidification 

▪ Inoculation: The introduction of seeding particles will form the preferential growth 

sites (heterogeneous nucleation) for the further equiaxed crystals and consequently 

favours CET even with a minimum undercooling. If the degree of undercooling 

necessary for heterogeneous nucleation is lower than the maximum undercooling 

present in the liquid, and if there are enough seeding particles, CET will be 

promoted. 

T* 

GT 

V 

𝒈⃗⃗⃗ 
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5.1.CET blocking mechanism 

5.1.1. mechanical 

Considering a columnar dendritic front progress at a velocity V in a thermal gradient G (Fig. 

I.28), with the growing dendrite inducing an undercooled zone ∆𝑇∗ = 𝑇𝑙 − 𝑇
∗  ahead of the 

columnar front, two cases can be distinguished: 

▪ The undercooling ∆𝑇∗ is lower than the nucleation undercooling ∆𝑇𝑛 , the growth 

stays columnar. 

▪ The undercooling  ∆𝑇∗is higher than the nucleation undercooling ∆𝑇𝑛, the equiaxed 

crystals will grow ahead of the columnar front, in the undercooled zone (Fig.I.28) 

                                

Fig.I.28: Representation of CET, where𝑇𝑙 is the liquidus temperature, Tn the nucleation 

temperature, 𝑇∗ the dendrite tip temperature, 𝑇𝑒 the eutectic temperature and  ∆𝑇𝑛 the 

nucleation undercooling, [100]. 

In fact, CET is a complex phenomenon involving many processes: nucleation, growth 

kinetics (equiaxial and columnar), preferential growth direction, liquid convection and the 

resulting solute transport. Based on a mixed model of heterogeneous nucleation and dendritic 

growth, analytical and numerical qualitative methods have been developed [101] to predict 

CET. Hunt [60] established an analytical criterion of the transition from columnar to equiaxed 

based on the thermal gradient at the interface. He considered the number of nucleation sites per 

volume N0 and the ratio between nucleation undercooling and tissue undercooling. Define a 

growth criterion   Φ𝐸: 

 𝚽𝑬 =
𝟒𝝅𝒓𝟑𝑵𝟎

𝟑
                                                                                                                            (I.42) 
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Where r is the radius of an equiaxed crystal equal to 

𝒓 = ∫ 𝑽𝒆𝒅𝒕 =
𝑨(∆𝑻𝟑−∆𝑻𝒏

𝟑)

𝟑𝑽𝑮𝑪𝟎

𝒕

𝟎
                                                                                                            (I.43) 

When  Φ𝐸 < 0.0066 only columnar growth occurs and when  Φ𝐸 > 0.0066  only equiaxed 

growth happens. In Eq.43,  𝑉𝑒 represents the growth velocity of an equiaxed crystal given by the 

dendrite tips, estimated using a KGT type model  𝑉𝑒 = 𝐴∆𝑇
2 𝐶0⁄  (𝐴 is a growing constant 

depending on the material and ∆𝑇 the local undercooling). The cooling velocity is expressed as 

𝑑𝑇

𝑑𝑡
= −𝐺𝑉 =

𝑑(∆𝑇)

𝑑𝑡
  [1]. Combining Eq. 24 and 25 for a columnar growth (the undercooling for 

the columnar growth is equal to ∆𝑇𝑐𝑜𝑙 = (𝑉𝐶0 𝐴⁄ )1 2⁄ ), a criterion based on the thermal gradient 

is obtained. A columnar structure occurs if 

𝑮 > 𝟎. 𝟔𝟏𝟕(𝟏𝟎𝟎𝑵𝟎)
𝟏 𝟑⁄ (𝟏 −

∆𝑻𝒏
𝟑

∆𝑻𝒄𝒐𝒍
𝟑 ) ∆𝑻𝒄𝒐𝒍                                                                            (I.44) 

and in the case of an equiaxed growth 

𝑮 < 𝟎. 𝟔𝟏𝟕(𝟏𝟎𝟎𝑵𝟎)
𝟏 𝟑⁄ (𝟏 −

∆𝑻𝒏
𝟑

∆𝑻𝒄𝒐𝒍
𝟑 ) ∆𝑻𝒄𝒐𝒍                                                                            (I.45) 

These entire criterions are valid under certain hypothesis: 

▪ The solute transport is done only by diffusion (no convection); 

▪ The heterogeneous nucleation sites are randomly distributed and are active immediately, 

which makes the nucleation undercooling ∆𝑇𝑛 lower than the undercooling ahead of the 

solidification front; 

▪ The equiaxed crystal growth is considered to be spherical; 

▪ The temperature gradient is stable; therefore, it is assumed that the growth rate and 

temperature gradient of the columnar front are constant. 

Considering Eq. 45 and 46, a microstructure map can be drawn for any given system. Generally, 

the equiaxed growth is favoured if the solid growth velocity increases, the alloy concentration 

and the nucleation sites are increasing and if the nucleation undercooling or the temperature 

gradient decreases and columnar growth occurs at low velocities and high gradients (Fig. I.29). 
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Fig.I.29: Hunt diagram for Al-3wt.% Cu for a nucleation undercooling 0.75 K and  𝑁0 = 1 

mm-3. 

Later Flood, [102] used a more complex description of the heat exchange between 

growth and solidification front advancement to establish a numerical model. Based on the 

Hunter model, Goldman completed the study of Flood’s by paying more attention to nucleation, 

[103]. Wang considered a finite difference method to solve this problem, [104]. All these 

models are only valid for dendritic growth parallel to heat flux. 

In order to account the solidification of super-alloys, Gäumann, [105] adapted Hunt’s 

model, considering the growth orientation. In the same way, Gandin, [106] developed a cellular 

automata model to simulate growth competition between columnar grains by considering the 

crystallographic orientation of the grains and the temperature changes in the system. Then, the 

finite element method was used to combine this model with heat flux calculations, resulting in 

a very important numerical tool for 2D and 3D grain structure prediction, [107]. 

The CET is very important to the industry. It should be noted that the complexity of this 

phenomenon is caused by the diversity of industrial casting conditions (particle seeding, cooling 

rate, natural convection or forced convection, etc.). Understanding the different phenomena that 

occur during CET will help to fully understand the microstructure obtained in the casting. 

5.1.2. solutal 

This mechanism is based on the solution interaction caused by solute rejection during 

equiaxed growth. These equations are published from the Wang and Beckerman model, [104]. 
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Neither convection nor the movement of free equiaxed crystals are taken into account (grains 

sedimentation due to gravity is also neglected). Three phases are defined within the volume 

element by Martorano et al. [108]: 

• A solid volume fraction 𝜀𝑠, 

• A liquid interdendritic fraction  𝜀𝑑, 

• A liquid extra dendritic fraction  𝜀𝑙, 

and  𝜀𝑠 +  𝜀𝑑 +  𝜀𝑙 = 1 

The grain volume fraction is expressed by 𝜀𝑔 =  𝜀𝑠 +  𝜀𝑑. In another way the inter- and extra 

dendritic liquids are separated by an invisible envelope all around the grain (Fig. I.30). 

             

Fig.I.30: Schema of the envelope around the equiaxed grain delimitating the inter- and 

extradendritic liquids, [108]. 

Using these symbols, Hunter's criterion for the transition from columnar to equiaxed 

becomes 𝜀𝑔 = 0.49. In order to simulate equiaxed grains and their dendritic branches, a sphere 

with an equivalent surface Se is defined (as shown in Fig.I.31). The distance between the two 

grains is 2Rf, where Rf represents the final grain radius. The grain growth rate determined by 

the kinetics of free tip growth (Lipton, [60]) is added to the energy and solute conservation 

equations. 

𝑽 =
𝟒𝝈∗𝑫𝒍𝒎𝒍(𝒌−𝟏)𝑪𝒍

∗

𝜞
(𝑰𝒗−𝟏(𝛀))𝟐 = 𝟎. 𝟒𝟓𝟔𝟕 ቀ

𝛀

𝟏−𝛀
ቁ
𝟏.𝟏𝟗𝟓

                                                                   (I.46)  

where 𝜎∗ ≈ 1 (4𝜋)2⁄  is the stability constant, 𝛤 is the Gibbs-Thomson coefficient, 𝐼𝑣−1 is the 

inverse of the Ivantsov function and Ω is the supersaturation, defined as Ω =
𝐶𝑙
∗−𝐶𝑙

𝐶𝑙
∗(1−𝑘)
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Hunt's model considers Cl to be constant and equal to C0, while Martorano's model 

considers the variation of Cl during equiaxed growth (but not during columnar growth). 

Therefore, phenomena that play a role in solute interactions are considered, such as the solutal 

blocking due to solute rejection by the equiaxed grains during their solidification. The rejected 

solute enriches the inter-dendritic liquid (Fig.I.31), so the gradient concentration as the driving 

force will gradually decrease. Then, the growth of the grain will slow down until it stops (the 

grain is not in direct contact). 

                

Fig.I.31: Concentration profile between two equiaxed grains during solutal blocking, [100]. 

Martorano's model proves two limited cases of CET, as shown in Fig.I.32. In the first 

case, the density of the equiaxed grains is relatively large (as in the case when an inoculant is 

introduced), so the grains practically remain spherical. A great number of spherical grains will 

reject a major quantity of solutes in the surrounding liquid, resulting in a sharp drop in the 

solutal undercooling ahead of the columnar front. The CET takes then place for volume fraction 

values below 0.49 (Hunt’s criterion). In the second case, the grain density is relatively low, but 

the grain size is larger (𝑅𝑓 increases). Equiaxed grains become strongly dendritic, so for a large 

𝑅𝑓 value, the liquid concentration 𝐶𝑙  stays for a period of time close to the initial concentration 

𝐶0 , and then tends to  𝐶𝑙
∗ .During this period, as predicted by Hunt’s criterion., the equiaxed 

grains continue to grow and the CET takes place for volume fraction larger than 49%.                    
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Fig.I.32: Solutal interaction between columnar and equiaxed grains, [108]. Case I: solutal 

interactions in the presence of a large density grain. Case II: solutal interactions in the 

presence of a lower density grain 

The comparison between the Martorano’s model, [108] and the two models of Gandin 

gives a satisfactory consistency for CET. Recently, Badillo and Beckermann, [109] developed 

a CET model using the phase field method. They considered the elongation of equiaxed grains 

along the temperature gradient during the growth process, the existence of a mixed growing 

regime columnar–equiaxed for large velocity growth, and also the particle deactivation 

potential for nucleation via solutal interactions. 

A three phase Eulerian approach was developed by Ludwig and Wu, [110, 111] to model 

the columnar to equiaxed transition. The three phases defined during the mixed solidification 

are: the parent melt, the columnar dendrites and the equiaxed crystals. A binary “steel” (Fe–

0.34 wt.% C) ingot casting was used as benchmark for simulation, in ordered to demonstrate 

the ability of the model. This model was modified and five phase regions resulted: 

extradendritic melt, interdendritic melt and solid dendrites in equiaxed grains, interdendritic 

melt and solid dendrites in columnar arrays of dendrites, [112]. 
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All classic CET models do not consider natural convection or forced convection. These 

two factors have a great influence (fragment movement, equiaxed grain movement, particle 

movement, solute redistribution, etc...), without the effect of gravity (particles and grains 

Precipitation etc...).  

PARTIAL CONCLUSION 

In this first chapter, a bibliographical review of the fundamentals of solidification has 

been carried out, for pure metals as well as for metallic alloys. The emphasis was put on the 

segregation phenomena that interest us in this study. These fundamentals of solidification will 

help to understand the problems that will arise in the future, but also enable us to understand 

the solidification theme: equation models, analysis, and experimental research, which are 

supported by experimental benchmarks. 
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Preamble  

This chapter will be essentially dedicated to identify the numerical models most used in 

simulation of solidification phenomenon of pure metals and metal alloys involving segregation.  

In view of this review of the literature about the physical phenomena that play a 

significant role in the process of directional solidification and about the different numerical 

simulation approaches that are used by the scientific community to simulate them, we can 

conclude that this field of study is very rich and that it is still very current. Indeed, many 

physical phenomena relevant to solidification and segregation have been studied and 

highlighted. They have been studied independently or coupled way, in various configurations. 

Some of these studies are between twenty and thirty years old, while others are still very recent. 

Through all these monotonous efforts, it appears that complete 3D industrial simulations of 

solidification processes remain a real challenge today, with very high costs and computation 

times, even prohibitive, because of the multi-scale aspect of the problem and the complexity of 

the phenomena that come into play depending on the studied configuration. Moreover, even 

simulations performed on different configurations: 3D, 2D or 2D axisymmetric, require 

significant computational potential. One can legitimately think that the physical phenomena 

presented will still be studied in the future, in configurations that have not yet been treated or 

considering couplings of phenomena that have not yet been studied. We can thus envisage that 

many simulations of directed solidification will still be carried out in the years to come. 

Moreover, it also appears from this literature review that there is still no real consensus 

on the most efficient numerical approaches for modelling directed solidification. Indeed, two 

approaches are mainly used, namely the deformable mesh methods and the enthalpic methods. 

These approaches have both intrinsic advantages and disadvantages, without one of the two 

approaches having really taken precedence over the other in practice. It is therefore relevant 

and necessary to consider improving one or the other of these approaches, in order to meet the 

need for performance and optimization, necessary to reduce the computational costs of future 

simulations. On the other hand, although it has already been studied in several publications, the 

integration of impurities segregation phenomena in directed solidification models remains 

difficult and may require, in the case of enthalpic methods, to propose an implementation with 

a volume source term of rejection at the interface. 
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1. The numerical approaches 

1.1. The enthalpic approach 

Enthalpic methods are part of the uni-domain approaches in which the same unique system 

of equations is solved everywhere in the domain containing both phases: solid and liquid phases 

which are represented by a single fluid. In order to properly take into account, the phase change, 

two major ingredients are essential. First, the rejection or absorption of the latent heat of fusion, 

noted ∆𝐻𝑓 , must be taken into account in the energy conservation equation. As a reminder, 

∆𝐻𝑓 is the energy (in the form of heat) rejected (or absorbed) by a body during phase change at 

constant temperature and pressure. This can be done in several ways. Either by reformulating 

the energy equation based on the enthalpy, this is the case of the enthalpic formulation and the 

h-source method; or by keeping the energy conservation equation based on temperature but 

modifying the formulation of the heat capacity, this is the case of the of the apparent capacity. 

Then, the velocities inside the solid phase must be forced to be zero. Here again, different 

methods and formulations are available: the switch-off method, the method of variable viscosity 

and the Darcy method. 

1.1.1. Consideration of latent heat 

This section is devoted to the different techniques used to take into account the rejection (or 

absorption) of the latent heat of solid-liquid phase change. This latent heat can be included in 

different ways in the energy conservation equation. In all the following formulations of the 

energy equation, the heat dissipation due to viscous effects is considered negligible. 

1.1.1.1. Enthalpic formulation 

This formulation consists in solving the energy equation as follows, [2, 3]: 

𝝆 ቀ
𝝏𝒉

𝝏𝒕
+ 𝒖.𝛁𝒉ቁ = 𝛁. (𝝀𝛁𝑻)                                                                                                 (II.1) 

where 𝜌 , h, t, u, 𝜆 and T are, respectively, density, enthalpy, time, velocity, thermal 

conductivity and temperature. The enthalpy, which is here the sum of the sensible enthalpy and 

the latent heat, is entirely convected by the velocity field. It is expressed as follows, [4]: 

𝒉(𝑻) = ∫ (𝑪𝒑 + 𝜹𝑻𝒎∆𝑯𝒎)𝒅𝑻
𝑻

𝑻𝒓𝒆𝒇
                                                                                              (II.2) 
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𝜹𝑻𝒎(𝑻) =
𝒆
−(
𝑻−𝑻𝒎
∆𝑻/𝟒

)
𝟐

√𝝅∆𝑻/𝟒
                                                                                                              (II.3) 

where Cp is the heat capacity and 𝛿𝑇𝑚is a Dirac distribution centred on the temperature of fusion 

Tm, generally considered as distributed over a temperature interval ΔT around Tm. The pasty 

zone containing the two phases is then included between the temperature solid, Tsol, and the 

liquid temperature, Tliq, respectively defined by 𝑇𝑠𝑜𝑙 = 𝑇𝑚 − 𝛥𝑇/2 and 𝑇𝑙𝑖𝑞 = 𝑇𝑚 + 𝛥𝑇/2. 

Assuming that the liquid fraction, fl, varies linearly from 0 to 1 within the pasty zone between 

T solidus and T liquidus i.e.: 

𝒇𝒍 =
𝑻−𝑻𝒔𝒐𝒍

𝑻𝒍𝒊𝒒−𝑻𝒔𝒐𝒍
=

𝑻−𝑻𝒎+(𝜟𝑻/𝟐)

𝜟𝑻
                                                                                                    (II.4) 

and the latent heat is rejected/absorbed linearly in proportion to fl, the enthalpy is then expressed 

as: 

ℎ = { 

𝐶𝑝𝑠(𝑇 − 𝑇𝑟𝑒𝑓)                                                                          𝑖𝑓 𝑇 < 𝑇𝑠𝑜𝑙

𝐶𝑝𝑠(𝑇𝑚 − 𝑇𝑟𝑒𝑓) + 𝑓𝑙∆𝐻𝑚                                             𝑖𝑓  𝑇𝑠𝑜𝑙 < 𝑇 < 𝑇𝑙𝑖𝑞                     

𝐶𝑝𝑠(𝑇𝑚 − 𝑇𝑟𝑒𝑓) + ∆𝐻𝑚 + 𝐶𝑝𝑙(𝑇 − 𝑇𝑚)                              𝑖𝑓 𝑇𝑙 < 𝑇

 (II.5)  

where Cps and Cpl are respectively the heat capacities of the solid and liquid phases 

1.1.1.2. H-source formulation 

In this formulation, the two types of enthalpy, which are the sensible enthalpy “hsen” and the 

latent enthalpy of phase change “hm” and whose sum is the total enthalpy h, are expressed 

separately as follows: 

𝒉 = 𝒉𝒔𝒆𝒏 + 𝒉𝒍𝒂𝒕 = ∫ 𝑪𝒑𝒅𝑻 + 𝝆𝒇𝒍(𝑻)
𝑻

𝑻𝒓𝒆𝒇
∆𝑯𝒎                                                                   (II.6)   

This allows us to reformulate the energy conservation equation, so that only temperature is 

involved as an unknown, in the following form: 

𝝆𝑪𝒑 ቀ
𝝏𝑻

𝝏𝒕
+ 𝒖. 𝛁𝑻ቁ = 𝛁. (𝝀𝛁𝑻) − 𝝆∆𝑯𝒎(

𝝏𝒇𝒍

𝝏𝒕
+ 𝒖. 𝛁𝒇𝒍)                                                       (II.7) 

The 𝑢. ∇𝑓𝑙 term is negligible when the solid phase is assumed to be fixed or if the phase change 

is considered to be isothermal, [5]. Expressions of the liquid fraction fl, other than that given by 

Eq.II.4, have been proposed. They are no longer expressed in parts but with error functions (er), 

[6] or by polynomials, [7] or in power law, [8]. And are continuously derivable. Although they 
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are most often devoid of physical considerations, they facilitate the physical considerations, 

they facilitate the solution of Eq.II.6 and improve the convergence of the numerical schemes. 

1.1.1.3. Formulation of the Apparent Capacity 

This allows us to reformulate the energy conservation equation, so that only temperature is 

involved as a variable, in the following form: 

𝑪𝒑𝒂𝒑𝒑 ቀ
𝝏𝑻

𝝏𝒕
+ 𝒖. 𝛁𝑻ቁ = 𝛁. (𝝀𝛁𝑻)                                                                                                         (II.8) 

The phase change and the latent heat are taken into account by changing the definition of the 

heat capacity Cp which is formulated as an apparent capacity noted here Cpapp. It is defined 

within the mushy zone as follows [9]: 

𝑪𝒑𝒂𝒑𝒑 =
∆𝑯𝒎

𝑻𝒍𝒊𝒒−𝑻𝒔𝒐𝒍
+ 𝑪𝒑𝒔                                                                                                                        (II.9) 

A detailed comparison between these different methods of taking into account latent 

heat in enthalpic methods, accompanied by their different implementations, has been carried 

out by Franquet et al [5,10]. The influence of the spatial and temporal discretization applied 

with the different approaches on the quality of the predicted results is also detailed in this work. 

It is shown that the enthalpic formulation is, in general, the most accurate and robust. The h-

source formulation can give results at least as accurate as the previous one, provided that it is 

well parameterized with adequate choices of time step and mesh size. The Apparent Capacity 

formulation is on the other hand the least accurate, because the conservation of the total energy 

is not ensured and the calculated temperature fields are approximate. Its accuracy can be slightly 

improved and give hardly acceptable results when the mushy zone is spread over a wide enough 

temperature range (Tliq - Tsol), but this is even further away from the cases of quasi-isothermal 

phase change. 

1.1.2. Solid phase braking 

With the uni-domain approach, the phase change problem is treated within the same and unique 

domain where the two phases, solid and liquid, are assimilated to a single fluid. However, 

during the phase change, more precisely during the transition from liquid to solid at the 

interface, the velocities become zero. Different techniques have been presented and used to 

force these velocities of the solid phase to be zero. The three main techniques used in enthalpic 
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formulations for solidification models are presented here. Before detailing them, the system of 

equations modelling the hydrodynamic part in these enthalpic models is presented. We should 

recall that, since in these models the solid and liquid parts are seen as a single phase, the 

modelling of the hydrodynamics must necessarily include a treatment of the solid part. The 

considered phase thus describes the two solid and liquid states of the material.  The system of 

PDEs consists of the conservation of mass equation (Eq.II.10) and the conservation of 

momentum equations (Eq.II.11). For an incompressible Newtonian fluid, when the flow in the 

melt is created by buoyancy forces and with physical properties considered as constant between 

the two phases (this is not a general rule and a variation of these properties can be taken into 

account), these equations are: 

𝛁. 𝒖 = 𝟎                                                                                                                                      (II.10) 

𝝏𝝆𝒖𝒊

𝝏𝒕
+ 𝝆𝒖.𝛁𝒖𝒊 = −

𝝏𝑷

𝝏𝒙𝒊
+ 𝝁𝛁𝟐𝒖𝒊 + 𝑭𝒃𝒖𝒐𝒚𝒂𝒏𝒄𝒚 + 𝑭𝒃𝒓𝒂𝒌𝒊𝒏𝒈                                                      (II.11) 

where i varies from 1 to 2 in 2D modelling and from 1 to 3 in 3D modelling; and where u, t, p, 

and µ are respectively velocity, time, pressure, density and dynamic viscosity. The density is 

considered as constant, the Boussinesq approximation is used to take into account its variations 

in the buoyancy term. This term inducing convective flows is expressed as follows: 

𝑭𝒃𝒖𝒐𝒚𝒂𝒏𝒄𝒚 = 𝝆𝒈𝜷𝑻(𝑻 − 𝑻𝒎)                                                                                                               (II.12) 

where 𝑔, T, βT and Tm are respectively the force of gravity, the temperature, the coefficient of 

thermal expansion and the melting temperature. This buoyancy term occurs only along the 

vertical direction y carrying gravity. The term F braking is used to induce a strong damping 

when the liquid fraction fl tends to zero (in the solid phase) and must be zero when it is 1 (in 

the liquid phase). Several ways to express this term exist, they are detailed below. 

1.1.2.1. Darcy method 

In this formulation (also known as the porosity method), the mushy zone separating the totally 

liquid and totally solid regions is considered as a saturated porous medium. The permeability 

in this medium must change from a total permeability in the liquid to a zero permeability in the 

solid (or almost zero), in order to progressively reduce the velocities from their finite values in 

the liquid to zero in the solid. The braking term, Fbraking in Eq.II.11, corresponds to a Darcy term 

and is expressed by: 
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𝑭𝒃𝒓𝒂𝒌𝒊𝒏𝒈 = −𝑨𝒖                                                                                                                       (II.13) 

where A is a parameterizable porosity function that must be defined to force the momentum 

conservation equation to match the Carman-Kozeny law for flows in porous media. In a 

medium with porosity 𝜖0, this law allows to express the pressure gradient ∇𝑃, it is given by: 

𝛁𝑷 = −𝑩𝟎
(𝟏−𝝐𝟎)

𝟐

𝝐𝟎
𝟑 𝒖𝒂                                                                                                               (II.14) 

where 𝑢𝑎 is the apparent velocity of the liquid in the porous medium and B0 is a constant taking 

into account the properties of the porous medium. In practice, Voller et al [11] equate the liquid 

fraction fl with the porosity of the mushy zone 𝜖0, and give a definition of the function A: 

𝑨 = 𝑩𝟏
(𝟏−𝒇𝒍)

𝟐

𝒇𝒍
𝟑+𝑩𝟐

𝒖𝒂                                                                                                                   (II.15) 

where B1 and B2 are numerical constants. B2 has a small value and is used to avoid division by 

zero when the liquid fraction fl is zero. Voller et al [4] report that this definition of A corresponds 

well to cases of phase change with a mushy zone, and note that this correspondence is even 

more affirmed if the constant B1 is based on experimental observations and takes into account 

the morphology of the mushy zone. However, for cases of isothermal phase change, where this 

approach is purely numerical, any function increasing from zero to a large value when the liquid 

fraction fl decreases from 1 to 0 is sufficient. This braking term takes a zero value in the liquid 

region, so the momentum equations of a simple fluid are recovered. In the mushy zone, the 

value of A increases so that the value of the braking term begins to dominate the transient, 

convective and diffusive terms, the momentum conservation equation then approaches Darcy's 

law. Finally, when the local liquid fraction tends to 0, this term dominates all the other terms of 

Eq.II.11 and forces the calculated velocities to have values close to 0. 

1.1.2.2. The variable viscosity method 

In this method, originally proposed by Gartling et al [12], the viscosity µ is assumed to be a 

function of temperature thus during the phase change and in the solid region, µ takes a high 

value. This has the effect of slowing down the solid phase and having negligible calculated 

velocities there. The Gartling formulation (µ= µ(T)) is adapted to enthalpic methods in order 

to have the viscosity as a function of the latent heat of a control volume ∆𝐻𝑣. This amounts to 

defining the viscosity as a function of the liquid fraction fl contained in the control volume. The 

variable viscosity is therefore defined as follows [11,13]: 
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𝝁 = 𝝁𝒍 + 𝑩𝟑(∆𝑯𝒎 − ∆𝑯𝒗) ↔ 𝝁 = 𝝁𝒍 + 𝑩𝟒(𝟏 − 𝒇𝒍(𝑻))                                                       (II.16)   

where 𝜇𝑙 is the viscosity of the liquid phase and B3 and B4 are purely numerical constants of an 

order of magnitude much greater than 𝜇𝑙 (of the order of 105). With this definition, when a 

numerical element is entirely liquid, its latent heat of phase change ∆𝐻𝑣 is equal to ∆𝐻𝑚 (or the 

liquid fraction of this element is 1), the viscosity µ associated with it is equal to 𝜇𝑙. When this 

element undergoes a phase change, ∆𝐻𝑣 becomes lower than ∆𝐻𝑚 (fl also becomes lower than 

1), µ increases. Finally, at the end of the phase change of this considered phase, i.e., ∆𝐻𝑣  = 0, 

and consequently (fl = 0), the value of µ takes its maximum value 𝜇𝑙 + 𝐵3∆𝐻𝑚 (or 𝜇𝑙 + 𝐵4). 

The influence of this maximum value of viscosity, also noted  𝜇𝑠 as viscosity of the solid phase, 

has been studied by Kasibhatla et al [14]. They show that the larger  𝜇𝑠  is (of the order of 105 

Pa.s), is the better estimation corresponding with the experimental results, but this implies 

additional computational costs. 

1.1.2.3. Switch-off technique 

With this method, the calculated velocities in the solid are simply replaced by zero, [15]. The 

only difficulty is to identify the solid and liquid regions within the domain. This is done, for 

each element, by using the calculated values of ∆𝐻𝑣 (the latent heat of phase change of the 

considered element) [11]. It is then a matter of applying a condition on ∆𝐻𝑣 to know if the 

calculated velocity at this element is overwritten by a zero velocity or kept. The calculated 

velocities can be overwritten as soon as the phase change at the element starts i.e. u = 0 as soon 

as ∆𝐻𝑣 > 0, or once the element is fully solid i.e. u = 0 only if ∆𝐻𝑣 = ∆𝐻𝑚, or when partial 

solidification is reached i.e. u = 0 as soon as ∆𝐻𝑣 > H0 where H0 is a value of the latent heat of 

fusion arbitrarily set such that: 0 < H0 < ∆𝐻𝑚 . Among these three approaches, the porosity 

method is the one most used by the community for its efficiency and ease of implementation. 

It’s important to mention that this approach is also the case in the modules dealing with solid-

liquid phase change in commercial CFD codes (Comsol, Fluent, Star-CCM...). 

1.2. The multi-domain approach 

With the multi-domain approach, both solid and liquid phases are treated separately each with 

its own computational domain. These two domains are separated by a moving boundary which 

is the solid-liquid front. Unlike enthalpic methods, where the interface is diffuse and therefore 

not representative of isothermal phase changes, the multidomain approach allows the explicit 
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description of the front and its follow-up during the resolution. The front plays the role of both 

thermal and hydrodynamic boundary conditions at both domains. In this section we present the 

so-called Stefan formulation, which takes into account the case of convective exchanges within 

the liquid phase, for a solid-liquid phase change. To get an idea of the problematic presented 

here and treated throughout this work, let us consider the case of a solid-liquid phase change in 

a rectangular cavity differentially heated (heated rectangular cavity). During the phase change, 

the solid-liquid interface moves within this same cavity as illustrated in Fig. II.1. 

 

 

 

 

 

Fig.II.1 :Schematic representation of a horizontal directional solidification process in a   

differentially heated cavity. 

In the solid phase, the only conservation equation to solve is the energy conservation equation: 

𝝏𝑻

𝝏𝒕
=

𝝀𝒔

𝝆𝑪𝒑𝒔
𝛁𝟐𝑻                                                                                                                     (II.17) 

with T the temperature in the solid and where 𝜆𝑠 and 𝐶𝑝𝑠 are respectively the thermal 

conductivity and the heat capacity of the solid phase. The properties of the solid have been 

considered here as constant. 

In the liquid phase, the energy conservation equation additionally contains a convective term 

and is coupled to the conservation equations for momentum and mass. For an incompressible 

Newtonian fluid with the same density as the solid, under the Boussinesq approximation and 

neglecting thermal dissipation due to viscous effects, these equations are: 

- The momentum conservation equation: 

        
𝝏𝒖𝒊

𝝏𝒕
+ 𝒖.𝛁𝒖𝒊 = −

𝟏

𝝆

𝝏𝑷

𝝏𝒙𝒊
+ 𝝂𝛁𝟐𝒖𝒊 + 𝒈𝜷𝑻(𝑻𝒍𝒊𝒒 − 𝑻𝒎)  for 𝒊 = 𝟏𝒂𝒏𝒅 𝟐                    (II.18) 

where Tliq is the temperature of the liquid and 𝜈 the kinematic viscosity 

- The energy conservation equation 

Convection 

Liquid Solid Liquid Solid 

Φ𝑙 

Φ𝑠 
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𝝏𝑻𝒍𝒊𝒒

𝝏𝒕
+ 𝒖. 𝛁𝑻𝒍𝒊𝒒 =

𝝀𝒍

𝝆𝑪𝒑𝒍
𝛁𝟐𝑻𝒍𝒊𝒒                                                                                   (II.19) 

where 𝜆𝑙 and 𝐶𝑝𝑙 are the thermal conductivity and heat capacity of the liquid phase, 

respectively. 

- The mass conservation equation: 

         𝛁. 𝒖 = 𝟎                                                                                                                   (II.20) 

The Stefan condition [16] giving the energy balance at the solid-liquid interface is expressed 

as: 

 𝝆∆𝑯𝒎𝒗𝒇. 𝒏 = (𝝓𝒍 −𝝓𝒔). 𝒏                                                                                                     (II.21) 

where 𝑣𝑓 is the velocity of the solid-liquid front, 𝜙𝑙 and 𝜙𝑠 are the heat fluxes from the liquid 

and solid regions respectively (Fig. II.1), and n is the normal vector to the front. 

This condition allows us to estimate the displacement velocities of the solid-liquid front i.e. 

the way in which the two solid and liquid domains are deformed. One of the main advantages 

of this multi-domain approach, besides having an explicit, and non-diffuse interface, is that 

once coupled to a resolution method with a deformable (adaptive) mesh, one can constantly 

modify the proportions of the two domains as a function of the front velocity. This gives several 

advantages to the multi-domain approach with adaptive mesh compared to the enthalpic 

method. First, the separation of the two domains in the former allows the use of different meshes 

between the two domains, either in mesh type or in refinement; where the enthalpic method 

requires a unique and sufficiently refined mesh wherever the interface is likely to pass within 

the domain. Although approaches with sliding mesh, allowing a fine mesh at the interface and 

a coarse mesh elsewhere in the domain, have been domain, have been proposed with the 

enthalpic method [17]; however, this is limited to quasi-1D cases where the mesh sliding 

velocity must be well adjusted to match the geometrical and thermal with the geometrical and 

thermal configuration, but also that the rewriting of the conservation equations and thus 

additional modelling efforts are required. 

The other advantage is that there is no longer a need for a solid phase braking term in the 

multi-domain approach. A condition of adhesion to the wall is considered directly at the front 

for the liquid domain, while in the enthalpic for the liquid domain, whereas in the enthalpic 

methods the damping of the velocities to the solid zone is done in a progressive way through 
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the mushy zone whose thickness is generally not negligible. Avnaim et al [13], in a comparison 

between the enthalpic and multi-domain approaches, report that the presence and width of the 

mushy zone, which is inseparable from the enthalpic approach, had a non-negligible effect on 

the convective loop within the liquid, thus affecting the dynamics of the global heat transfer 

and consequently the evolution of the solid-liquid front. They also report that the multidomain 

approach gives results more consistent with the experimental results of validation than the 

enthalpic method. It should be noted that the adaptive mesh adds additional steps during the 

resolution (the calculation of the new node positions and the interpolation of the different fields 

between these nodes), and this represents additional computational costs compared to the 

enthalpic approach. 

2. The numerical models  

In order to simulate the directional solidification process with its multiphysics phenomena 

represented in the segregation phenomenon, fragmentation, heat and mass transfer, the focus 

will be on some of the most efficient models developed in many international laboratories 

specialized in this field. 

2.1. Numerical models based on enthalpy approach 

2.1.1. Two-phase model 

The simulation of alloy solidification in presence of convection requires the solution of 

coupled conservation equations for mass, momentum, energy, and concentration, with the 

necessity to take into account a phase transition governed by a phase diagram. The approach 

used in the present simulations is based on a two-phase volume averaging technique. The 

system at macroscopic scales, for the thermodynamic temperature equation (uniquely defined 

for the liquid and the solid phase), momentum equation for the liquid phase formulated with its 

intrinsic velocity 𝑉⃗⃗ = 𝑓𝑙𝑣𝑙⃗⃗⃗⃗  and equation for the average concentration 〈𝐶〉 = 𝑓𝑠𝐶𝑠 + 𝑓𝑙𝐶𝑙. 

Moreover, the solid phase is immovable and its description does not require any momentum 

equation. Furthermore, spatial variations in the average concentration due to mass convection 

are related to concentration in the liquid phase. Here, the subscripts “l” and “s” are related to 

the solid and liquid phase, respectively, and fl and fs are the liquid and solid volume fractions. 

The flow between the dendrites in the mushy zone is taken into account by adding a Darcy 

term in the momentum conservation equations with a permeability K given by a Kozeny-
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Carman law based on the secondary dendrite arm spacing 𝜆2 (𝐾 =
𝑓𝑙
3

(1−𝑓𝑙)
2

𝜆2
2

180
). This secondary 

arm spacing changes during the maturation or the ripening of the dendrites. In the calculations, 

however, we have used a constant value, 𝜆2 = 90µ𝑚, obtained by postmortem analyses of the 

solidified sample, [16]. The thermal conductivity 𝜆 is locally calculated as 𝜆 = 𝑓𝑠𝜆𝑠 + 𝑓𝑙𝜆𝑙,. 

Under the assumptions of thermodynamic and chemical equilibrium, along with an 

instantaneous diffusion of the solute in both phases, the concentrations in the liquid and solid 

phases within the mushy zone are related via the lever rule, i.e.,𝐶𝑠 = 𝑘𝑝𝐶𝑙, with kp denoting the 

partition coefficient. We also assume that, within the mushy zone, the solute concentration in 

the liquid and the thermodynamic temperature are related via a linearized phase diagram with 

a liquidus slope mL (𝑇 = 𝑇𝑚 +𝑚𝐿𝐶𝑙). The density of the solid phase is considered as constant 

and the Boussinesq assumption is used for the liquid density in the buoyancy term. Finally, the 

no-slip condition is assigned to all the walls. These walls are also assumed to be thermally 

insulated, except for the two-narrow vertical endwalls (at x = 0 and x = 100 mm), on which 

uniform temperatures are imposed. [18] 

                                             

 

 

 

 

 

 

 

 

 

 

 

    

                     Fig.II.2:Schematic representation of two-phases(solid-liquid) 

2.1.1.1 the gouverning equations 

 

We formulated mass, momentum, species, and enthalpy conservation equations for both liquid 

and solid phases: 

Columnar 

 

liquid 
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• the conservation equations of mass 

 
𝝏

𝝏𝒕
(𝒇𝒍𝝆𝒍) + 𝛁. (𝒇𝒍𝝆𝒍𝒖⃗⃗⃗𝒍) = 𝑴𝒔𝒍                                                                                          (II.22) 

𝝏

𝝏𝒕
(𝒇𝒔𝝆𝒔) + 𝛁. (𝒇𝒔𝝆𝒔𝒖⃗⃗⃗𝒔) = 𝑴𝒍𝒔                                                                                         (II.23) 

𝑀𝑙𝑠 is the mass transfer rate from liquid to solid, and (𝑀𝑠𝑙 = −𝑀𝑙𝑠) that from solid to liquid. 

The unit of 𝑀𝑙𝑠 is kg/m3/s. A positive 𝑀𝑙𝑠 characterizes solidification; otherwise, it characterizes 

melting. The terms 𝜌𝑙  and 𝜌𝑠 are the densities and 𝑢⃗⃗𝑙 and 𝑢⃗⃗𝑠 are the velocities of the liquid and 

solid phases. 

• the momentum conservation equations 

𝝏(𝒇𝒍𝝆𝒍𝒖⃗⃗⃗𝒍)

𝝏𝒕
+ 𝛁. (𝒇𝒍𝝆𝒍𝒖⃗⃗⃗𝒍 × 𝒖⃗⃗⃗𝒍) = −𝒇𝒍𝛁𝑷 + 𝛁. 𝝉𝒍̿ + 𝒇𝒍𝝆𝒍𝒈⃗⃗⃗ + 𝑼⃗⃗⃗𝒔𝒍                                           (II.24) 

𝝏(𝒇𝒔𝝆𝒔𝒖⃗⃗⃗𝒔)

𝝏𝒕
+ 𝛁. (𝒇𝒔𝝆𝒔𝒖⃗⃗⃗𝒔 × 𝒖⃗⃗⃗𝒔) = −𝒇𝒔𝛁𝑷 + 𝛁. 𝝉𝒔̿ + 𝒇𝒔𝝆𝒔𝒈⃗⃗⃗ + 𝑼⃗⃗⃗𝒍𝒔                                                  (II.25) 

with 

 𝝉𝒍̿ = 𝝁𝒍𝒇𝒍(𝛁. 𝒖𝒍 + (𝛁.𝒖𝒍)
𝑻)                                                                                                                  (II.26) 

 𝝉𝒔̿ = 𝝁𝒔𝒇𝒔(𝛁. 𝒖𝒔 + (𝛁.𝒖𝒔)
𝑻)                                                                                                            (II.27) 

𝑢𝑙, 𝑢𝑠 are velocity vectors of the liquid and solid phases. 𝑈⃗⃗⃗𝑙𝑠 = −𝑈⃗⃗⃗𝑠𝑙 is the momentum exchange 

rate between both phases. The unit of 𝑈⃗⃗⃗𝑙𝑠 is kg/m2/s2. The term p is the pressure, and g is the 

gravity. "𝜏𝑙̿" and "𝜏𝑠̿" are the stress–strain tensors, × is the dyadic product. 

• the Species conservation equations 

𝝏(𝒇𝒍𝝆𝒍𝑪𝒍)

𝝏𝒕
+ 𝛁. (𝒇𝒍𝝆𝒍𝒖⃗⃗⃗𝒍𝑪𝒍) = 𝛁. (𝒇𝒍𝝆𝒍𝑫𝒍𝛁𝑪𝒍) + 𝑪𝒔𝒍                                                                              (II.28) 

𝝏(𝒇𝒔𝝆𝒔𝑪𝒔)

𝝏𝒕
+ 𝛁. (𝒇𝒔𝝆𝒔𝒖⃗⃗⃗𝒔𝑪𝒔) = 𝛁. (𝒇𝒔𝝆𝒔𝑫𝒔𝛁𝑪𝒔) + 𝑪𝒍𝒔                                                                           (II.29) 

where 𝐶𝑙𝑠 = −𝐶𝑠𝑙 (5 2 Csl) is the species exchange rate between both phases. As 𝐶𝑙 and 𝐶𝑠 

represent mass fractions, they are dimensionless. Thus 𝐶𝑙𝑠 has the unit of kg/m3/s. The terms 𝐷𝑙 

and 𝐷𝑠 are the diffusion coefficients of the solute in the liquid and solid phases. 

• the enthalpy conservation equations 

𝝏(𝒇𝒍𝝆𝒍𝒉𝒍)

𝝏𝒕
+ 𝛁. (𝒇𝒍𝝆𝒍𝒖⃗⃗⃗𝒍𝒉𝒍) = 𝛁. (𝒇𝒍𝒌𝒍𝛁. 𝑻𝒍) + 𝑸𝒔𝒍                                                                                   (II.30)  

𝝏(𝒇𝒔𝝆𝒔𝒉𝒔)

𝝏𝒕
+ 𝛁. (𝒇𝒔𝝆𝒔𝒖⃗⃗⃗𝒔𝒉𝒔) = 𝛁. (𝒇𝒔𝒌𝒔𝛁. 𝑻𝒔) + 𝑸𝒍𝒔                                                                             (II.31) 
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where 𝑄𝑙𝑠 = −𝑄𝑠𝑙 is the energy exchange rate between both phases. The unit of ℎ𝑙 and ℎ𝑠 is 

J/kg. Thus, 𝑄𝑙𝑠 has the unit of J/m3/s. The terms 𝑘𝑙 and 𝑘𝑠 are the heat conductivities of the 

liquid and solid phases. The relationship between the enthalpy ℎ𝑙 (or ℎ𝑠) and the temperature 

𝑇𝑙 (or 𝑇𝑠) is determined via: 

𝒉𝒍 = ∫ 𝒄𝒑𝒍
𝑻𝒍
𝑻𝒓𝒆𝒇

𝒅𝑻 + 𝒉𝒍
𝒓𝒆𝒇
 and 𝒉𝒔 = ∫ 𝑪𝒑𝒔

𝑻𝒔
𝑻𝒓𝒆𝒇

𝒅𝑻 + 𝒉𝒔
𝒓𝒆𝒇

                                                                    (II.32) 

where 𝑐𝑝𝑙 and 𝑐𝑝𝑠are the specific heat capacities of the liquid and solid phases, and ℎ𝑙
𝑟𝑒𝑓

 and 

ℎ𝑠
𝑟𝑒𝑓

 are the enthalpies at the reference temperature 𝑇𝑟𝑒𝑓. 

In addition to the conservation equations of mass, momentum, species, and enthalpy for both 

liquid and solid, the conservation of grains is: 

𝝏

𝝏𝒕
𝒏 + 𝛁. (𝒖⃗⃗⃗𝒔𝒏) = 𝑵                                                                                                           (II.33) 

n is the grain density and N the grain production (nucleation rate). The unit of n is m2. Thus, N 

has the unit of m-2s-1. N is positive with nucleation and negative with grain dissolution (total 

remelting). [19] 

2.1.1.2 Auxiliary Quantities 

The following auxiliary quantities are used: mixed concentration 𝐶𝑚𝑖𝑥, average grain diameter 

ds and viscosity of the solid phase 𝜇𝑠. 

• The mixed concentration 

𝑪𝒎𝒊𝒙 =
𝑪𝒍𝝆𝒍𝒇𝒍+𝑪𝒔𝝆𝒔𝒇𝒔

𝝆𝒍𝒇𝒍+𝝆𝒔𝒇𝒔
                                                                                                                    (II.34) 

• average grain diameter 

To estimate the average grain diameter, we assume the  morphology of the growing grains to 

be almost spherical, allowing the volume fraction of solid to be related to the grain density and 

the average grain volume by 

𝒇𝒆 = 𝒏
𝟒𝝅

𝟑
ቀ
𝒅𝒔

𝟐
ቁ
𝟑

                                                                                                                      (II.35) 

• viscosity of the solid phase 

the momentum of the solid phase is also treated like that of a fluid. Hence, the solution of the 

corresponding conservation equation requires the definition of viscosity of the solid phase, This 
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viscosity may be caused by collisions between individual rigid grains. It should increase with 

increasing solid volume fraction and crystal size because of stronger crystal interactions. Ishii 

and Zuber [19] found for the viscosity of a solid/liquid mixture. 

 𝝁𝒎𝒊𝒙 = 𝝁𝒍 ቀ𝟏 −
𝒇𝒔

𝒇𝒔
′ቁ
−𝟐.𝟓𝒇𝒔

′

                                                                                                                     (II.36) 

with 𝑓𝑠
′ representing a critical solid volume fraction above which the equiaxed crystals merge 

to form a rigid solid structure. Assuming the validity of a mixing rule for viscosity,[20] 𝜇𝑚𝑖𝑥 =

𝜇𝑙𝑓𝑙 + 𝜇𝑠𝑓𝑠 , Eq.II.36 can be used to derive an expression for the viscosity of the solid phase 

𝝁𝒔 =
𝝁𝒍

𝒇𝒔
(ቀ𝟏 −

𝒇𝒔

𝒇𝒔
′ቁ
−𝟐.𝟓𝒇𝒔

′

− (𝟏 − 𝒇𝒍))                                                                                                      (II.37)  

we assume that 𝑓𝑠
′ is the packing limit 𝑓𝑠

′ = 0.637 . For 𝑓𝑠 > 𝑓𝑠
′, 𝜇𝑠 is infinitely large. This 

forces the macroscopic velocity gradients in the solid to vanish. For example, if the rigid solid 

structure is attached to a wall, the solid velocity will then be uniformly equal to the velocity of 

the wall due to the nonslip condition [19].  

2.1.2. Three-phase model 

 Over the last few decades, the authors created two distinguished approaches of this 

model (two-phase model), one for equiaxed solidification [21-24] and one more for 

hypermonotectic solidification [25-27]. The two models depend on an Eulerian-Eulerian 

approach. This part of the chapter will be focused on the extension of the two-phase 

solidification model to a three-phase model for a mixed columnar and equiaxed solidification 

with taking into consideration columnar-to-equiaxed transition (CET). 

For the additional (columnar) phase, another set of conservation equations for mass, 

enthalpy, and species must be solved. However, no additional momentum equation is solved 

because the columnar phase is considered stationary. The most challenging point is the proper 

definition of the closure laws of the phase exchanges and interactions: for example, the 

competitive growth of two solid phases and the mechanical interaction between them. Allows 

free growth and movement of equiaxed phases that nucleate everywhere in bulk melt. The 

stationary columnar phase is considered to start from the mold wall and therefore preferentially 

grow in the direction of heat flow. During the solidification process, the two phases grow 

competitively. When the tips of the growing columnar dendrites are blocked by equiaxed grains, 

the so-called columnar to equiaxed transition (CET). Early studies reported two main 

"blocking" mechanisms: one is when the local volume fraction of the equiaxed grain envelope 
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exceeds a certain limit through "mechanical blocking", [28], and the other is when the local 

constitutional undercooling disappears. " Chemical blocking", [29, 30], as well detailed 

previously in the first chapter. The proposed three-phase model is characterized0 by the fact 

that it clearly tracks the columnar tip front and includes the above two CET mechanisms 

(mechanical and chemical). However, we also consider the influence of melt convection and 

equiaxed grain transport on the occurrence of CET, [31]. 

The three-phase model is built on a general assumption that the three considered phases 

are the parent melt as the primary phase, as well as the solidifying columnar dendrites and 

globular equiaxed grains as two different secondary phases. Their corresponding phase 

fractions is given by fl, fc, and fe with 𝑓𝑙 + 𝑓𝑒 + 𝑓𝑐 = 1. With a Eulerian approach, the three 

phases are considered as spatially coupled and interpenetrating continua. For all three phases, 

the mass, momentum, species, and enthalpy conservation equations are solved. An extra 

conservation equation is created and solved for the number density of the equiaxed grains. 

Nucleation of the equiaxed grains, diffusion-controlled growth of both columnar and equiaxed 

phases, interphase exchanges, and interactions such as mass transfer during solidification, drag 

force, solute partitioning at the liquid/solid interface, and release of latent heat are taken into 

account. Both the primary and equiaxed phases are moving phases, for which the corresponding 

Navier-Stokes equations are solved. The columnar phase is assumed to stick to the wall and 

solidify from the wall toward the bulk melt. Thus, no momentum equation for the columnar 

phase is considered. Ideal morphologies for both solid phases are assumed: spheres for equiaxed 

(globular) grains and cylinders for columnar (cellular) dendrites. The grain size of equiaxed 

grains and the diameter of the columnar trunks are explicitly calculated, while a constant value 

for the primary arm spacing of columnar dendrites is assumed. No feeding flow is included. 

The Boussinesq approach is employed to model thermosolutal convection, grain sedimentation, 

and sedimentation induced melt convection, and Grain fragments brought, [32]. 

2.1.2.1 Nucleation of equiaxed grains and grain transport 

The density number of equiaxed grains (m−3), n, is calculated with: 

 
𝝏

𝝏𝒕
𝒏 + 𝛁. (𝒖⃗⃗⃗𝒆𝒏) = 𝑵𝒆                                                                                                        (II.38) 

where 𝑢⃗⃗𝑒 is the (volume averaged) velocity of the equiaxed phase. The nucleation rate (m−3 

s−1), Ne, is modeled with a three-parameter heterogeneous nucleation law [21,22]. 
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Fig.II. 3: Schematic representation of three phases in M. Wu and A. Ludwig model [32]. 

2.1.2.2 Mass conservation and grain growth kinetics 

Mass conservation equations (Eq.II.10) is written as follows in a three-phase model: 

 
𝝏

𝝏𝒕
(𝒇𝒍𝝆𝒍) + 𝛁. (𝒇𝒍𝝆𝒍𝒖⃗⃗⃗𝒍) = 𝑴𝒆𝒍 +𝑴𝒄𝒍                                                                               (II.39) 

 
𝝏

𝝏𝒕
(𝒇𝒆𝝆𝒆) + 𝛁. (𝒇𝒆𝝆𝒆𝒖⃗⃗⃗𝒆) = 𝑴𝒍𝒆 +𝑴𝒄𝒆                                                                            (II.40) 

 
𝝏

𝝏𝒕
(𝒇𝒄𝝆𝒄) + 𝛁. (𝒇𝒄𝝆𝒄𝒖⃗⃗⃗𝒄) = 𝑴𝒍𝒄 +𝑴𝒆𝒄                                                                            (II.41) 

where 𝜌𝑙, 𝜌𝑒, 𝜌𝑐, are the densities and 𝑢⃗⃗𝑙, 𝑢⃗⃗𝑒, 𝑢⃗⃗𝑐 the velocities of the different phases. The 

source terms Mlc (=-Mcl) is the mass transfer rate (kg/m3.s) from liquid to columnar phase, and 

Mle (=-Mce) from liquid to equiaxed phase by solidification (positive) or melting (negative), and 

Mce (=-Mec) from columnar to equiaxed phase by the mechanism of fragmentation (positive) or 

by attaching (negative). The fragmentation is ignored, so we chose Mce = 0. 

Considering the diffusion on the micro-scale to control the kinetics of grain growth. For 

equiaxed solidification, the ideal spherical shape is considered so that the grain growth velocity 

in the radius direction can be solved analytically, [33]: 

𝒗𝑹𝒆 =
𝒅𝑹𝒆

𝒅𝒕
=

𝑫𝒍

𝑹𝒆

𝑪𝒍
∗−𝑪𝒍

𝑪𝒍
∗−𝑪𝒔

∗ =
𝑫𝒍

𝑹𝒆(𝟏−𝒌)
(𝟏 −

𝑪𝒍

𝑪𝒍
∗)                                                                                 (II.42) 

liquid 

Equiaxed grains 

Columnar 
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Where, 𝐶𝑙
∗ and 𝐶𝑠

∗ are the equilibrium concentrations adjacent to the solid/liquid interface, and 

from the phase diagram 𝐶𝑙
∗ = (𝑇 − 𝑇𝑚)/𝑚 yields. Dl is the diffusion coefficient in the liquid 

and 𝑅𝑒 =
𝑑𝑒

2
 is the radius of the grain. With Eq.II.42, considering the overall surface area of the 

spherical grains and the influence of pingement by an Avrami-factor "𝐹𝑙", we can estimate the 

volume-averaged mass transfer rate for globular equiaxed solidification: 

 𝑴𝒍𝒆 = 𝒗𝑹𝒆(𝒏𝝅𝒅𝒆
𝟐)𝝆𝒆𝑭𝒍                                                                                                           (II.43) 

There are two cases that can be distinguished for columnar solidification: (i) tip areas (ii) 

growing columnar trunks behind the tip region. A diffusion-controlled growth model around 

cylindrical dendrite trunks is employed for the volume elements that have already been pasted 

by the tip front. The growth velocity in radial direction of such a cylindrical trunk is 

approximated with the similar analytical method of W. Kurz and D.J. Fisher, [33] As follows: 

 𝒗𝑹𝒄 =
𝒅𝑹𝒄

𝒅𝒕
=

𝑫𝒍

𝑹𝒄

𝑪𝒍
∗−𝑪𝒍

𝑪𝒍
∗−𝑪𝒔

∗ 𝒍𝒏
−𝟏 ቀ

𝑹𝒇

𝑹𝒄
ቁ                                                                                             (II.44) 

where now 𝑅𝑐 =
𝑑𝑐

2
 is the average radius of a cylindrical dendrite trunk and 𝑅𝑓 =

𝜆1

2
 is half of 

the primary dendrite spacing 𝜆1. Hence, we can define the volume averaged mass transfer rate 

for those volume elements by considering the total surface area of columnar dendrite trunks per 

volume 𝑆𝐴 = 𝜋𝑑𝑐/𝜆1 and an Avrami-factor "𝐹𝑙": 

 𝑴𝒍𝒄 = 𝒗𝑹𝒄 ቀ
𝝅𝒅𝒄

𝝀𝟏
𝟐 ቁ𝝆𝒄𝑭𝒍                                                                                                             (II.45) 

For the elements containing the growing columnar tips, the mass transfer rate “Mlc” for 

columnar solidification is written by considering both the tip growth velocity, 𝑣𝑡𝑖𝑝, and radial 

growth velocity, "𝑣𝑅𝑐": 

 𝑴𝒍𝒄 = 𝒗𝑹𝒄𝒏𝒄(𝝅𝒅𝒄𝒍)𝝆𝒍𝑭𝒍 + 𝒗𝒕𝒊𝒑𝒏𝒄(𝝅𝑹𝒕𝒊𝒑
𝟐 )𝑭𝒍                                                                          (II.46) 

The first term on the left-hand side of Eq. II.46 denotes the mass transfer rate due to the growth 

in radial direction and the second term that of the growth in tip direction. 𝑛𝑐 = 4𝑓𝑐/(𝜋𝑑𝑐
2𝑙) is 

the number density of the columnar trunks. The dendrite tip velocity "𝑣𝑡𝑖𝑝" and the tip radius 

“Rtip” are calculated according to [33,34]. 
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2.1.2.3  Momentum conservation 

The momentum equations for both moving equiaxed phase and the parent melt are: 

 
𝝏(𝒇𝒍𝝆𝒍𝒖⃗⃗⃗𝒍)

𝝏𝒕
+ 𝛁. (𝒇𝒍𝝆𝒍𝒖⃗⃗⃗𝒍 × 𝒖⃗⃗⃗𝒍) = −𝒇𝒍𝛁𝑷 + 𝛁. 𝝉𝒍̿ + 𝑭⃗⃗⃗𝑩𝒍 + 𝑼⃗⃗⃗𝒄𝒍 + 𝑼⃗⃗⃗𝒆𝒍                                           (II.47) 

 
𝝏(𝒇𝒆𝝆𝒆𝒖⃗⃗⃗𝒆)

𝝏𝒕
+ 𝛁. (𝒇𝒆𝝆𝒆 𝒖⃗⃗⃗𝒆 × 𝒖⃗⃗⃗𝒆) = −𝒇𝒆𝛁𝑷 + 𝛁. 𝝉𝒆̿ + 𝑭⃗⃗⃗𝑩𝒆 + 𝑼⃗⃗⃗𝒍𝒆 + 𝑼⃗⃗⃗𝒄𝒆                                      (II.48) 

where "𝜏𝑙̿̿̿̿ " and “𝜏𝑒̿" are the stress–strain tensors. With the Boussenisq approximation, the 

thermal-solutal buoyancy force 𝐹⃗𝐵𝑙 acting on the liquid and the buoyancy force 𝐹⃗𝐵𝑒 acting on 

the free moving equiaxed grains are applied, [24]. Each of the momentum exchange terms 

𝑈⃗⃗⃗𝑙𝑒, 𝑈⃗⃗⃗𝑙𝑐 and 𝑈⃗⃗⃗𝑐𝑒 includes two parts: the part due to phase transformation and the part due to 

drag force, for example, 𝑈⃗⃗⃗𝑙𝑒 = 𝑈⃗⃗⃗𝑙𝑒
𝑝 + 𝑈⃗⃗⃗𝑙𝑒

𝑑  and 𝑈⃗⃗⃗𝑙𝑐 = 𝑈⃗⃗⃗𝑙𝑐
𝑝 + 𝑈⃗⃗⃗𝑙𝑐

𝑑 . A. Ludwig and M. Wu [21,22], 

provide the details about the way of how to deal with these momentum exchange terms between 

the liquid and equiaxed phases. The same concept is employed for the momentum exchange 

between the liquid and the columnar phase. However, a mushy zone permeability as described 

in [35] to calculate the liquid-columnar drag force, it was used. A simple approach is used for 

momentum exchange between the columnar and equiaxed phases. It assumed that when the 

local volume fraction of the columnar phase is greater than a critical value of 𝑓𝑐
𝑓𝑟𝑒𝑒

= 0.2, an 

infinite drag force coefficient between both solid phases applies, capturing the equiaxed grains. 

When the volume fraction of the columnar phase is less than this critical value, there is no drag 

force between both solid phases exists and thus the movement of the equiaxed grains is 

unaffected by the columnar front. The choice of this critical value for 𝑓𝑐
𝑓𝑟𝑒𝑒

= 0.2 is taken 

arbitrary. Therefore, further parameter study on the effect of this value on the final result is 

necessary. 

2.1.2.4 Species conservations 

The volume averaged concentration 𝐶𝑙 in the liquid phase, 𝐶𝑒  in the equiaxed phase and 𝐶𝑐  in 

the columnar phase are obtained by solving the species concentration equations: 

 
𝝏(𝒇𝒍𝝆𝒍𝑪𝒍)

𝝏𝒕
+ 𝛁. (𝒇𝒍𝝆𝒍𝒖⃗⃗⃗𝒍𝑪𝒍) = 𝛁. (𝒇𝒍𝝆𝒍𝑫𝒍𝛁𝑪𝒍) + 𝑪𝒄𝒍 + 𝑪𝒆𝒍                                                          (II.49) 

 
𝝏(𝒇𝒆𝝆𝒆𝑪𝒆)

𝝏𝒕
+ 𝛁. (𝒇𝒆𝝆𝒆𝒖⃗⃗⃗𝒆𝑪𝒆) = 𝛁. (𝒇𝒆𝝆𝒆𝑫𝒆𝛁𝑪𝒆) + 𝑪𝒍𝒆 + 𝑪𝒄𝒆                                                     (II.50) 
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𝝏(𝒇𝒄𝝆𝒄𝑪𝒄)

𝝏𝒕
+ 𝛁. (𝒇𝒄𝝆𝒄𝒖⃗⃗⃗𝒄𝑪𝒄) = 𝛁. (𝒇𝒄𝝆𝒄𝑫𝒄𝛁𝑪𝒄) + 𝑪𝒍𝒄 + 𝑪𝒆𝒄                                                      (II.51) 

where Dl, De, Dc are the diffusion coefficients. The diffusive species exchange at the phase 

interface is neglected. However, during solidification (and melting), the species partitioning at 

the phase interface is taken into account, [21,22]. As we ignore any phase exchange between 

equiaxed and columnar phases, we set 𝐶𝑐𝑒 ≡ 0. 

2.1.2.5  Enthalpy conservation 

We solve the enthalpy conservation equation for each phase: 

 
𝝏(𝒇𝒍𝝆𝒍𝒉𝒍)

𝝏𝒕
+ 𝛁. (𝒇𝒍𝝆𝒍𝒖⃗⃗⃗𝒍𝒉𝒍) = 𝛁. (𝒇𝒍𝒌𝒍𝛁. 𝑻𝒍) + 𝑸𝒄𝒍 +𝑸𝒆𝒍                                                           (II.52) 

 
𝝏(𝒇𝒆𝝆𝒆𝒉𝒆)

𝝏𝒕
+ 𝛁. (𝒇𝒆𝝆𝒆 𝒖⃗⃗⃗𝒆𝒉𝒆) = 𝛁. (𝒇𝒆𝒌𝒆𝛁. 𝑻𝒆) + 𝑸𝒍𝒆 + 𝑸𝒄𝒆                                                       (II.53) 

 
𝝏(𝒇𝒄𝝆𝒄𝒉𝒄)

𝝏𝒕
+ 𝛁. (𝒇𝒄𝝆𝒄𝒖⃗⃗⃗𝒄𝒉𝒄) = 𝛁. (𝒇𝒄𝒌𝒄𝛁.𝑻𝒄) + 𝑸𝒍𝒄 + 𝑸𝒆𝒄                                                        (II.54) 

where the enthalpies are defined via ℎ𝑙 = ∫ 𝑐𝑝𝑙
𝑇𝑙
𝑇𝑟𝑒𝑓

𝑑𝑇 + ℎ𝑙
𝑟𝑒𝑓
 and ℎ𝑒 = ℎ𝑐 = ∫ 𝐶𝑝𝑠

𝑇𝑒
𝑇𝑟𝑒𝑓

𝑑𝑇 +

ℎ𝑒
𝑟𝑒𝑓

 with specific heat 𝑐𝑝𝑙 and  𝑐𝑝𝑠 of the liquid  and the solid phase respectively . 𝑇𝑟𝑒𝑓 and 

ℎ𝑒
𝑟𝑒𝑓

are defined so that the enthalpy difference between liquid and any solid, ℎ𝑙 − ℎ𝑒 and ℎ𝑙 −

ℎ𝑐, is equal to the latent heat of fusion. Further details to treat the latent heat can be found in 

several works, namely [21,22]. By solving Eqs. II. (52)-(54), three different temperatures are 

obtained, 𝑇𝑙 , 𝑇𝑒 and 𝑇𝑐. The thermal equilibrium condition (𝑇𝑙 ≈ 𝑇𝑒 ≈ 𝑇𝑐) is satisfied by 

applying a quite large volumetric heat transfer coefficient of 108 (Wm-3 K-1) between the phases. 

2.1.2.6 Auxiliary quantities 

A mixture concentration for the description of macrosegregations, Cmix, is defined by: 

 𝑪𝒎𝒊𝒙 =
𝑪𝒍𝝆𝒍𝒇𝒍+𝑪𝒆𝝆𝒆𝒇𝒆+𝑪𝒄𝝆𝒄𝒇𝒄

𝝆𝒍𝒇𝒍+𝝆𝒆𝒇𝒆+𝝆𝒄𝒇𝒄
                                                                                                    (II.55) 

The average diameter of the equiaxed grains de is calculated from the following relation 

 𝒇𝒆 = 𝒏
𝟒𝝅

𝟑
ቀ
𝒅𝒆

𝟐
ቁ
𝟑

                                                                                                                      (II.56) 
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The average diameter of the columnar dendrite trunks dc is calculated by relating the cross-

section area of a single columnar trunk 𝜋 ቀ
𝑑𝑐

2
ቁ
2

 to the maximal available area of each trunk 

when the dendrites are ranked in hexagon. Thus, we get: 

 𝒇𝒄 =
𝟑

𝟒
 
𝒅𝒄
𝟐

𝝀𝟏
𝟐                                                                                                                                (II.57) 

In the case the dendrites are ranked in square, the prefactor of Eq.II.57 would be π/4 instead of 

3/4. The average dendrite arms spacing,  𝜆1, is assumed to be constant, [31]. 

2.1.2.7 Columnar tip front tracking and tip front ‘blocking’ mechanism 

Columnar tip front tracking is based on the concept that columnar dendrite trunks extend into 

the bulk melt from the wall. However, no growth-favoured crystalline orientation is taken into 

account. 

• The columnar status marker "𝑖𝑐" is assigned to each control volume, indicating whether 

it has the columnar tip front (𝑖𝑐 = 1), columnar dendrite trunks (𝑖𝑐 = 2), or no trunks or 

tips (𝑖𝑐 = 0). Except for the boundary (wall) elements which have (𝑖𝑐 = 1), all control 

volumes are initialized with 𝑖𝑐 = 0. 

• An "equivalence" cylinder with a radius of "𝑅𝑟𝑒𝑓" and a height of "𝑙𝑟𝑒𝑓" is considered 

for each control volume. The cylinder volume is set to be equal to that of the 

corresponding control volume, i.e., 𝑙𝑟𝑒𝑓
3 = Δ𝑉. The "equivalence" cylinder is considered 

to be oriented parallel to the local heat flow direction because no preferred crystal 

growth orientation is determined. 

• With a growth velocity "𝑣𝑡𝑖𝑝" calculated from the LGT model [34], the columnar front 

grows parallel to the “equivalence” cylinder. Starting as soon as the front enters the 

control volume, the integral 𝑙 = ∫𝑣𝑡𝑖𝑝𝑑𝑡 is evaluated to track the real position of the 

front. 

• For (𝑙 > 𝑙𝑟𝑒𝑓), the columnar tip front has grown from the "equivalent" cylinder. In this 

case, all adjacent control volumes that are still "empty" (𝑖𝑐 = 0) will be "reached" by 

the. Therefore, the columnar status markers of these volumes are set to (𝑖𝑐 = 1), and 

the marker of the considered volume is set to (𝑖𝑐 = 2). 

• A mass transfer to the columnar phase from the liquid is only considered for those 

control volumes 𝑖𝑐 ≠ 0. 
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• In order to model the ‘mechanical blocking’ mechanism by Hunt [28] as soon as the 

local volume fraction of equiaxed 𝑓𝑒 increases over the critical threshold of  𝑓𝑒,𝐶𝐸𝑇 =

0.49, the tip growth velocity is set to zero, 𝑣𝑡𝑖𝑝 ≡ 0 . This event defines the CET known 

in the literature. The above CET process automatically leads to the so-called "soft 

blocking" mechanism proposed by Martorano et al. [30], because 𝑣𝑡𝑖𝑝 disappears when 

the local constitutional undercooling disappears. 

 

2.1.3. Five-phase model 

 

Wang and Beckermann [36,37] have outlined a general multiphase approach for dealing 

with the dendritic morphology in equiaxed or columnar solidification. With the idea similar to 

the Rappaz and Thevoz model, [38,39] they defined a grain envelope to separate the extra 

dendritic melt from the interdendritic melt. Because columnar dendrites and equiaxed grains 

have different morphologies, different formulations and morphological parameters must be 

considered. Their principal approach is to implement the above idea into a previously-

developed 3-phase mixed columnar-equiaxed solidification model by the authors [31,32]. Melt 

convection, grain sedimentation, columnar tip front tracking, interaction between equiaxed 

grains and columnar dendrites, columnar-to-equiaxed transition, and other elements of the 

previous 3-phase mixed columnar-equiaxed solidification model are all taken into account [40]. 

In this model, five-phase regions have been identified to address mixed columnar-

equiaxed solidification with dendritic morphology, and the volume fractions of the five phases 

are specified as follows: extradendritic melt, fl, interdendritic melt in the equiaxed grain, 𝑓𝑙
𝑒 , 

and solid dendrite in the equiaxed grain, 𝑓𝑠
𝑒, interdendritic melt in the columnar trunk, 𝑓𝑙

𝑐
 , and 

solid dendrite in the columnar trunk, 𝑓𝑠
𝑐, as shown in Fig. II.5. 

The interdendritic liquid and solid dendrite in the equiaxed grain combine to generate a 

'hydrodynamic' e-phase that moves at an average velocity, whereas the interdendritic liquid and 

solid dendrite in the columnar stem combine to form a ‘hydrodynamic’ c-phase that moves at a 

predetermined velocity. A grain boundary, also known as the grain envelope, separates the 

interdendritic and extra dendritic liquids. The extra dendritic melt is considered as a third 

'hydrodynamic' phase, “l- phase”, which has a velocity. The velocity of the corresponding 

'hydrodynamic' phase is used to determine the transport of mass, species, and energy in each 

phase region. The whole physical domain is divided by the columnar tip front into two: in front 
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of the columnar tip, the number of ‘hydrodynamic’ phases is 2, i.e., ‘l- and e-phases, thus there 

are only 3 phases existing behind the columnar tip front, all the 3 ‘hydrodynamic’ phases (l-, e- 

and c-phases) and all the 5 phase zones (fl, 𝑓𝑙
𝑒, 𝑓𝑠

𝑒, 𝑓𝑙
𝑐, 𝑓𝑠

𝑐) might be involved. The columnar tip 

front is tracked explicitly, [40]. 

 

 

                                    

 

Fig.II. 4: The shape of the equiaxed dendritic grain is simplified as a sphere with the equivalent 

volume of the fictitious grain envelope connecting the primary and secondary dendrite tips [40] 

The basic idea of the five-phase approach was mainly based on an improved model for 

equiaxed dendritic solidification published previously, [43]. As can be seen in Fig. II. 4, the 

grain envelope (dashed line) is defined as a fictitious surface connecting the primary and 

secondary dendrite tips. The averaged concentration of the interdendritic melt is 𝐶𝑙
𝑒, while the 

concentration of the extradendritic melt is 𝐶𝑙. When the grain envelope expands, both species 

transfer and species diffusive flux due to the growth of the envelope are taken into account, 

[41]. Solidification occurs only at the solid-liquid interface, i.e., the interface between the 

interdendritic melt and solid dendrites, where a thermodynamic equilibrium condition applies. 

The interdendritic melt and solid adjacent to the solid-liquid interface has the equilibrium 

concentrations 𝐶𝑙
∗ and 𝐶𝑠

∗, dictated by the local temperature according to thermodynamics. It is 

the concentration difference (𝐶𝑙
∗ − 𝐶𝑙

𝑒) that serves as driving force for the solidification of the 

interdendritic melt. Latent heat is released, and solute partitioning (𝑘 =
𝐶𝑠
∗

𝐶𝑙
∗⁄ ) occurs at the 

solid-liquid interface. 
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The local growth velocity of the fictitious grain envelope (dashed line, Fig. II.4) is 

unknown. What is known from the classical tip growth kinetics is the primary tip growth 

velocity 𝑣𝑡𝑖𝑝′
𝑒 , e.g. by the LGK model, [42]. Therefore, it further simplifies the shape of the 

equiaxed dendritic grain as an ‘equivalent sphere’, with its volume equivalent to the volume 

enclosed in the fictitious grain envelope. By defining a shape factor Φ𝑒𝑛𝑣
𝑒 ,[41] it can obtain the 

growth velocity of the equivalent sphere from the primary tip growth velocity: 

𝒗𝒆𝒏𝒗,𝑺
𝒆 = 𝚽𝒆𝒏𝒗

𝒆 . 𝒗𝒕𝒊𝒑′
𝒆                                                                                                                 (II.58) 

In order to calculate the species diffusive flux at the envelope between the interdendritic and 

extradendritic melts, however, the real surface area of the envelope 𝑆𝑒𝑛𝑣,𝐷
𝑒  is required. This area 

𝑆𝑒𝑛𝑣,𝐷
𝑒  is actually correlated to the surface area of the equivalent sphere 𝑆𝑒𝑛𝑣,𝑆

𝑒  by another factor 

Φ𝑠𝑝ℎ
𝑒 , which is called sphericity, 

𝑺𝒆𝒏𝒗,𝑫
𝒆 = 𝑺𝒆𝒏𝒗,𝑺

𝒆 /𝚽𝒔𝒑𝒉
𝒆                                                                                                               (II.59) 

Both Φ𝑒𝑛𝑣
𝑒  and Φ𝑠𝑝ℎ

𝑒 are two morphological parameters, dependent purely on the shape of the 

grain envelope. If the shape of the grain envelope is preserved and constant, then they can be 

determined previously. For example, in the RT model, [38,39] an ideal sphere envelope 

connecting the primary dendrite tips is assumed, both Φ𝑒𝑛𝑣
𝑒  and Φ𝑠𝑝ℎ

𝑒 are equal to one. For an 

octahedral envelope considered by Nielsen et al.,[43] Φ𝑒𝑛𝑣
𝑒  is 

1

√𝜋
3    and Φ𝑠𝑝ℎ

𝑒 is 
√𝜋
3

√3
 . For a general 

case (Fig.II.4), both morphological parameters might be smaller than the values mentioned 

above. By using the above two morphological parameters the nature of the arbitrary shape of 

the grain envelope with a simplified equivalent sphere can be approximated [40]. 

The dendrite trunk is wrapped in a theoretical dendrite envelope for columnar growth, 

as seen in Fig.II.5 (dash line). It encloses the primary dendrite tip and secondary dendrites near 

the primary dendrite tip, as well as the secondary and tertiary dendrites in the trunk region (away 

from the primary dendrite tip). The cross section of the dendrite trunk can be approximated by 

a quadrate or cloverleaf, while the longitudinal section of the envelope around the primary 

dendrite tip is parabolic. As a result, the region around the main dendrite tip is treated differently 

from the columnar dendrite trunk region. 

For the columnar trunks, the dendrite envelope is further simplified as a step-wise 

growing cylinder with the cross-section area equivalent to the enclosed area of the dendrite 
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envelope. The growth rate of the cylinder in the radial direction can be derived from the growth 

velocity of the secondary dendrite tip 𝑣𝑡𝑖𝑝′′
𝑐  . 

𝒗𝒆𝒏𝒗,𝑪
𝒄 = 𝚽𝒆𝒏𝒗

𝒄 . 𝒗𝒕𝒊𝒑′′
𝒄                                                                                                                     (II.60) 

where Φ𝑒𝑛𝑣
𝑐  is a shape factor. The diffusion area of the columnar envelope 𝑆𝑒𝑛𝑣,𝐷

𝑐  is calculated 

based on the surface area of the equivalent cylinder 𝑆𝑒𝑛𝑣,𝑆
𝑐  by considering a circularity Φ𝑐𝑖𝑟𝑐

𝑐 . 

 𝑺𝒆𝒏𝒗,𝑫
𝒄 = 𝑺𝒆𝒏𝒗,𝑺

𝒄 /𝚽𝒄𝒊𝒓𝒄
𝒄                                                                                                                        (II.61) 

 

 

Fig.II. 5: The shape of the columnar dendrite trunk is simplified as a step-wise cylinder with 

the cross-section area equivalent to the fictitious tree-trunk envelope connecting the 

secondary and tertiary dendrites. The parabolic shape of the columnar envelope near the 

primary dendrite tip is also simplified as an equivalent cylinder with an averaged diameter 

and explicitly-tracked length [40]. 

Both Φ𝑒𝑛𝑣
𝑐  and Φ𝑐𝑖𝑟𝑐

𝑐  are morphological parameters (≤ 1). When the envelope of 

columnar trunk (dashed line in Fig.II.5) is identical to an ideal circle (cross section of a 

cylinder), they are equal to one. If cross section of the dendrite trunk envelope is close to a 

quadrate, then Φ𝑒𝑛𝑣
𝑐 =

√2

𝜋
, Φ𝑐𝑖𝑟𝑐

𝑐 =
√𝜋

2
. For any other complicated envelopes, both 

morphological parameters are smaller than the values mentioned above. With these 
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morphological parameters, any arbitrary cross-section of the dendrite trunk envelope can be 

approximately described with an equivalent circle, [40]. The parabolic envelope is represented 

as an analogous cylinder with an averaged diameter dc and length l in the columnar dendrite tip 

area (Fig.II.5). A method previously described [44] is used to track the cylinder's length. The 

dendritic morphology of the primary dendrite tip area is modeled using the corresponding shape 

factor and circularity. 

2.1.3.1 Growth kinetics 

a. Equiaxed growth 

There are two types of growth: globular growth and dendritic growth. Solute partitioning 

happens at the solid-liquid phase boundary during globular growth (identical to the grain 

envelope). Diffusion around the spherical grain controls grain growth, and its growth velocity 

𝑣𝑔𝑙𝑜𝑏
𝑒  may be calculated analytically 

𝒗𝒈𝒍𝒐𝒃
𝒆 =

𝑫𝒍

𝑹𝒆
. 𝛀                                                                                                                          (II.62)              

where Ω is the constitutional undercooling (𝐶𝑙
∗ − 𝐶𝑙)/(𝐶𝑙

∗ − 𝐶𝑆
∗) . For the dendritic growth, the 

growth velocity of the dendrite tips 𝑣𝑡𝑖𝑝′
𝑒  can be determined by the LGK model, [42]. With 

Eq.II.58 the growth velocity of the equivalent sphere of dendritic grain is obtained 𝑣𝑒𝑛𝑣,𝑆
𝑒 . The 

globular-to-dendritic transition (GDT) is determined by comparing the two growth velocities, 

𝑣𝑔𝑙𝑜𝑏
𝑒  and 𝑣𝑒𝑛𝑣,𝑆

𝑒 .                            

𝒗𝒆𝒏𝒗
𝒆 = 𝐦𝐚𝐱 (𝒗𝒈𝒍𝒐𝒃

𝒆 , 𝒗𝒆𝒏𝒗,𝑺
𝒆 )                                                                                                               (II.63) 

 The growth surface area concentration 𝑆𝑒𝑛𝑣,𝑀
𝑒  of the equivalent spheres is calculated     

𝑺𝒆𝒏𝒗,𝑺
𝒆 = 𝚽𝒍𝒎𝒑

𝒆 . (𝟑𝟔𝝅.𝒏)
𝟏

𝟑. 𝒇𝒆

𝟐

𝟑                                                                                              (II.64) 

where n is number density of the grains, and Φ𝑙𝑚𝑝
𝑒  is an impingement factor for the growing 

grains. With the 𝑣𝑒𝑛𝑣
𝑒  and 𝑆𝑒𝑛𝑣,𝑆

𝑒 , the volume averaged mass transfer rate from the l-phase to the 

e-phase can be calculated.       

b. Columnar growth 

Again, there are two types of growth: cellular (non-dendritic) and dendritic. The diffusion 

governs cellular growth and its radial growth velocity 𝑣𝑐𝑒𝑙𝑙
𝑐 : 
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𝒗𝒄𝒆𝒍𝒍
𝒄 =

𝑫𝒍

𝑹𝒄
. 𝛀. 𝒍𝒏−𝟏 ቀ

𝝀𝟏

√𝟑𝑹𝒄
ቁ                                                                                                     (II.65) 

Here a staggered arrangement of the cellular trunks is assumed. The actual cellular diameter is 

2𝑅𝑐, and the far field reference diameter is (
2𝜆1

√3
). The radial growth velocity of the secondary 

dendrite tip 𝑣𝑡𝑖𝑝′′
𝑐  is determined by the LGK model for the dendritic growth, [42]. With Eq.II.60 

the growth velocity of the equivalent cylinder of the columnar dendrite trunk is obtained 𝑣𝑒𝑛𝑣,𝐶
𝑐 . 

Comparing the above two growth velocities, 𝑣𝑐𝑒𝑙𝑙
𝑐  and 𝑣𝑒𝑛𝑣,𝐶

𝑐 , determines the cellular-to-

dendritic transition (CDT). 

𝒗𝒆𝒏𝒗
𝒄 = 𝐦𝐚𝐱 (𝒗𝒄𝒆𝒍𝒍 

𝒄 , 𝒗𝒆𝒏𝒗,𝑪
𝒄 )                                                                                                       (II.66)   

The growth surface area concentration 𝑆𝑒𝑛𝑣,𝐶
𝑐  of the equivalent cylinder is calculated as follow: 

𝑺𝒆𝒏𝒗,𝑪
𝒄 = 𝚽𝒍𝒎𝒑

𝒄 .
𝟐𝝅𝑹𝒄

𝝀𝟏
𝟐                                                                                                               (II.67) 

where Φ𝑙𝑚𝑝
𝑐  is an impingement factor for the growing columnar trunks. With 𝑣𝑒𝑛𝑣

𝑐  and 𝑆𝑒𝑛𝑣,𝐶
𝑐 , 

the volume averaged mass transfer rate from the l-phase to the c-phase in the volume elements, 

which contain the fully over-grown columnar trunks, can be calculated. 

Some particular considerations and assumptions must be made in volume elements that 

contain columnar tips. The same technique as Eqs. II. (65) and (66) is used to produce 𝑣𝑒𝑛𝑣
𝑐  for 

the radial growth of the equivalent cylindrical envelope, but the length of the columnar trunks 

“l”, which is contained in the volume element, and the corresponding diameter, dc/2, must be 

monitored explicitly, [46]. Additionally, the contribution of the growth of the primary tips 

themselves (𝑣𝑡𝑖𝑝′
𝑐 . 𝜋𝑅𝑡𝑖𝑝′

𝑐 2) to the total volume averaged mass transfer in the considered volume 

element must also be taken into account. Kurz and Fisher [45] estimated the tip radius 𝑅𝑡𝑖𝑝′
𝑐 , 

and the primary tip growth velocity 𝑣𝑡𝑖𝑝′
𝑐  was calculated using the KGT model, [46]. The 

solidification of the interdendritic melt is treated in the same way for both equiaxed and 

columnar growth and is described elsewhere, [41]. 

2.1.4. Mushy zone instability model  

A new numerical model of mushy zone instability is proposed [47], which describes the 

relation between mush zone instability and mush permeability (see Fig. II.6). The ability of the 

new instability criterion to characterize and predict channel segregation is illustrated by 
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comparing the possible channel locations estimated from the developed standard with 

numerically simulated channel segregation in casting. In addition, the number and location of 

segregated channels estimated by the new instability model will be compared with the number 

and location estimated using the remelting criterion.  

Fig. II. 6 shows schematically a liquid-solid mushy region in a rectangular cavity 

solidifying from the left wall. Liquid near the roots of the dendrites is highly segregated, i.e., 

enriched in solute, and this is shown by the darker shading (see Fig.II.6 a). In the dendritic 

columnar mushy zone, the average distance between the side branches, i.e., the secondary 

dendritic arm spacing (𝜆2) is used as the characteristic length scale of the porous structure in 

the permeability model (Fig.II.6b). As an example, a typical width of the mushy zone is of the 

order of 10 mm. Spacing of dendrite arms in such a mushy zone would be the order of ~0.01-

0.1 mm, as shown in Fig. II. 6 (b) [48]. The scale of the REV used for the description of such a 

mushy zone is of the order of few d2 (see Fig.II.6c). The channel segregates form due to the 

perturbation in the liquid fraction field (shown by isolines of the liquid fraction field in 

Fig.II.6d) near the high- fl region of the mushy zone as the solidification progresses (see 

Fig.II.6d). The length scale of the channel type segregation is approximately 1- 10 mm. We can 

precise the length of a channel is 10 mm while the width is 1 mm. These dimensions are at least 

10 times larger than the characteristic size of the porous structure, 𝜆2 (0.1 mm). The channel 

width is of the same order of magnitude as the REV size. The analysis presented in this work 

is conducted at the scale of the REV whose size is in the order of few d2 . It is important to 

notice that the only characteristic size given as an input to the averaged model is that used for 

the permeability, i.e., 𝜆2 . What can be also said is that the channel width we obtained from the 

simulation results is of the same order of magnitude as the REV dimension. The analysis 

conducted by Mehrabian et al. [48] was exactly at the same scale as in the present work. 

Assuming dendritic columnar solidification with rigid solid dendrites, constant physical 

properties of the mixture, and Boussinesq approximation, the momentum conservation for the 

liquid phase using one-domain and volume averaging modelling approach is given as follows 

[49]: 

 𝜌
𝜕(𝑓𝑙𝑣⃗⃗𝑙)

𝜕𝑡
+ 𝜌∇. (𝑓𝑙𝑣⃗𝑙𝑣⃗𝑙)    = 𝑓𝑙∇𝑃 + 𝑓𝑙𝜇∇

2𝑣⃗𝑙 − 𝑓𝑙
2 𝜇

𝐾
𝑣⃗𝑙 + 𝜌0𝑓𝑙𝑔⃗[𝛽𝑇(𝑇 − 𝑇0) + 𝛽𝐶(𝐶𝑙 − 𝐶0)]        (II.68) 

The mushy zone is considered as a porous medium, of permeability K, saturated with liquid. 

The third term on R.H.S of the Eq.II.68 accounts for the drag force of the solid skeleton on the 

interdendritic liquid [ 50-54 ]. To assess the role of permeability on the instability in the mushy 
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zone, we consider fluid flow in this region. In the mushy zone, the inertial and viscous terms of 

Eq.II.68 can be neglected and it reduces to the Darcy equation [48] . 

  
𝝁

𝑲(𝒇𝒍)
𝒇𝒍 𝒗⃗⃗⃗𝒍 = −𝛁𝑷+ 𝝆𝟎𝒈⃗⃗⃗[𝜷𝑻(𝑻 − 𝑻𝟎) + 𝜷𝑪(𝑪𝒍 − 𝑪𝟎)]                                                                  (II.69) 

For the simplest mushy zone permeability model, K is a function of 𝑓𝑙 and the characteristic 

size in the microstructure (secondary dendritic arm spacing 𝜆2, a constant value of 𝜆2 is assumed 

in this study). If locally, we perturb the liquid fraction (porosity) field by δ𝑓𝑙, one observes a 

corresponding perturbation δ𝑣⃗𝑙 caused in the velocity field. 

 
𝝁

𝑲(𝒇𝒍+𝜹𝒇𝒍)
[ (𝒇𝒍 + 𝜹𝒇𝒍)(𝒗⃗⃗⃗𝒍 + 𝜹𝒗⃗⃗⃗𝒍)]  = −𝛁𝑷 + 𝝆𝟎𝒈⃗⃗⃗[𝜷𝑻(𝑻 − 𝑻𝟎) + 𝜷𝑪(𝑪𝒍 − 𝑪𝟎)]              (II.70) 

One can notice that a perturbation in liquid can occur for different reasons like instability in the 

fluid flow. The analysis that we present corresponds to a classical linear perturbation analysis 

in which the goal is to determine conditions corresponding to an amplification of the instability. 

If it is possible to get such conditions, this analysis will introduce a new way to understand 

phenomena like channel formation as we will illustrate later. 

The perturbations in the liquid fraction and the velocity field can of course trigger further 

perturbations in pressure, temperature and concentration fields. In the following analysis, these 

perturbations are neglected. It is based on the following assumptions: 

• We assume that the temperature field in the mushy zone is mainly controlled by 

diffusive heat transfer. Therefore, the influence of a flow perturbation on the 

temperature field is negligible. 

• We further assume that the time scale of the evolution of perturbation is large with 

respect to the time scale of solute diffusion at the scale of the secondary dendrite 

arm spacing. There- fore, we can assume that the local liquid composition in the 

mushy zone is at thermodynamic equilibrium and closely follows the temperature 

field. Similarly, the perturbation of liquid concentration can thus be considered 

negligible. 

• The strongest assumption is that of negligible perturbation of the pressure field, its 

validity is shown in the results. 
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Fig.II. 6: Schematic illustrating the physical scales and the formation of channel segregates 

phenomena during columnar solidification (a) system (macroscopic) scale (dendrites in the 

mushy zone are exaggerated, they will be seen at high magnification), (b) grain scale, (c) 

representative elementary volume (REV), (d) formation of channel segregates (isolines in 

black colour show the liquid fraction field). [47] 

In Eq.II.70, 𝐾(𝑓𝑙) will become 𝐾(𝑓𝑙 + 𝛿𝑓𝑙) after the perturbation. On subtracting Eq.II.69 from 

Eq.II.70 one gets 

 
𝝁

𝑲(𝒇𝒍+𝜹𝒇𝒍)
[ (𝒇𝒍 + 𝜹𝒇𝒍)(𝒗⃗⃗⃗𝒍 + 𝜹𝒗⃗⃗⃗𝒍)] =

𝝁

𝑲(𝒇𝒍)
𝒇𝒍 𝒗⃗⃗⃗𝒍                                                                  (II.71) 

which can be rearranged to: 

 𝒗⃗⃗⃗𝒍 + 𝜹𝒗⃗⃗⃗𝒍 = 𝒗⃗⃗⃗𝒍
𝑲(𝒇𝒍+𝜹𝒇𝒍)

𝑲

𝒇

𝒇𝒍+𝜹𝒇𝒍
                                                                                                               (II.72a) 

 𝒗⃗⃗⃗𝒍 + 𝜹𝒗⃗⃗⃗𝒍 = [𝑲(𝒇𝒍) +
𝒅𝑲

𝒅𝒇𝒍
𝜹𝒇𝒍]

𝒇𝒍𝒗⃗⃗⃗𝒍

𝑲
[
𝟏

𝒇𝒍
ቀ𝟏 +

𝜹𝒇𝒍

𝒇𝒍
ቁ
−𝟏

]                                                                           (II.72b) 

Since the perturbation 𝛿𝑓𝑙 is small, the second and higher order terms of 
𝛿𝑓𝑙

𝑓𝑙
 will be very small 

and hence can be neglected while expanding Eq.II.72b as: 
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 𝒗⃗⃗⃗𝒍 + 𝜹𝒗⃗⃗⃗𝒍 = [𝑲(𝒇𝒍) +
𝒅𝑲

𝒅𝒇𝒍
𝜹𝒇𝒍]

𝒇𝒍𝒗⃗⃗⃗𝒍

𝑲
[
𝟏

𝒇𝒍
ቀ𝟏 −

𝜹𝒇𝒍

𝒇𝒍
ቁ
−𝟏

]                                                                           (II.72c) 

Again, while expanding Eq.II.72c the terms containing the square of 𝛿𝑓𝑙 (as they will be small) 

can be neglected, which give us: 

 𝒗⃗⃗⃗𝒍 + 𝜹𝒗⃗⃗⃗𝒍 = 𝒗⃗⃗⃗𝒍 −
𝒗⃗⃗⃗𝒍

𝒇𝒍
𝜹𝒇𝒍 +

𝒗⃗⃗⃗𝒍

𝑲

𝒅𝑲

𝒅𝒇𝒍
 𝜹𝒇𝒍                                                                                                          (II.73a) 

 𝜹𝒗⃗⃗⃗𝒍 = 𝒗⃗⃗⃗𝒍 [
𝟏

𝑲

𝒅𝑲

𝒅𝒇𝒍
−

𝟏

𝒇𝒍
] 𝜹𝒇𝒍                                                                                                                                 (II.73b) 

Eq.II.73b suggests that the perturbation in velocity 𝛿𝑣⃗𝑙 is proportional to the perturbation in 

liquid fraction 𝛿𝑓𝑙 and the velocity 𝑣⃗𝑙, which suggests that the higher the interdendritic velocity, 

the higher will be the extent of perturbation. It is also interesting to note that 𝛿𝑣⃗𝑙   depends on a 

bracketed term [
1

𝐾

𝑑𝐾

𝑑𝑓𝑙
−

1

𝑓𝑙
] which consists of permeability and its derivative with respect to 𝑓𝑙. 

To understand whether the perturbation in 𝑓𝑙 (i.e., 𝛿𝑓𝑙 ) will amplify or dampen with time, one 

needs to evaluate the sign of  
𝜕(𝛿𝑓𝑙)

𝜕𝑡
 . It needs consideration of the coupling of phase change 

with the transport of heat and solute. 

We consider the averaged solute conservation equation for the solid and liquid phases and 

assume infinite diffusion in the liquid phase and zero diffusion in the solid phase (Scheil’s 

assumption) at the scale of the secondary dendrite arms (microscopic scale) [48]. The averaged 

solute conservation equation can be expressed as [48]: 

 
𝝏(𝒇𝒍𝑪𝒍)

𝝏𝒕
+ 𝑪𝒔

∗ 𝝏(𝒇𝒔)

𝝏𝒕
+ 𝒇𝒍𝒗⃗⃗⃗𝒍. 𝛁(𝑪𝒍) = 𝟎                                                                                                             (II.74) 

In Eq.II.74, 𝐶𝑙 is the volume-averaged concentration in the liquid phase and 𝐶𝑠
∗ is the 

concentration in the solid phase at the solid-liquid interface. The liquid phase is at the 

thermodynamic equilibrium composition due to infinite diffusion, thus we can express the 

temperature by 𝑇 = 𝑇𝑚 +𝑚𝐶𝑙, where 𝑇𝑚 is the melting temperature of the pure solvent and m 

is the liquidus slope. The solid-liquid interface is at thermodynamic equilibrium, and thus 𝐶𝑠
∗ =

𝑘𝑝𝐶𝑙 , where k p is the binary partition coefficient. Eq.II.74 transforms to: 

 𝒇𝒍
𝟏

𝒎

𝝏𝑻

𝝏𝒕
+ (𝟏 − 𝒌𝒑)𝑪𝒍

𝝏(𝒇𝒍)

𝝏𝒕
+

𝟏

𝒎
𝒇𝒍 𝒗⃗⃗⃗𝒍. 𝛁𝑻 = 𝟎                                                                                          (II.75) 

Expressing 
𝜕𝑇

𝜕𝑡
= 𝑣⃗𝑇∇. 𝑇  (where 𝑣⃗𝑇 is the velocity of the isotherm), Eq.II.75 becomes: 
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 (𝟏 − 𝒌𝒑)𝑪𝒍
𝝏(𝒇𝒍)

𝝏𝒕
+

𝟏

𝒎
 𝒇𝒍(𝒗⃗⃗⃗𝒍 − 𝒗⃗⃗⃗𝑻). 𝛁𝑻 = 𝟎                                                                                              (II.76) 

We again impose an infinitesimal perturbation 𝛿𝑓𝑙  in 𝑓𝑙 in Eq.II.76 which causes an 

infinitesimal perturbation 𝛿𝑣⃗𝑙 in 𝑣⃗𝑙. As considered earlier the influence of this perturbation on 

𝑣⃗𝑇, ∇𝑇 and 𝐶𝑙 is assumed to be negligible. The perturbed form of Eq.II.76 becomes: 

 
𝟏

𝒎
 (𝒇𝒍 + 𝜹𝒇𝒍)[(𝒗⃗⃗⃗𝒍 + 𝜹𝒗⃗⃗⃗𝒍) − 𝒗⃗⃗⃗𝑻] . 𝛁𝑻 + (𝟏 − 𝒌𝒑)𝑪𝒍

𝝏(𝒇𝒍+𝜹𝒇𝒍)

𝝏𝒕
= 𝟎                                               (II.77) 

Subtracting Eq.II.76 from Eq.II.77 and keeping only the first order term of 𝛿𝑓𝑙 (as 𝛿𝑓𝑙 is small), 

we obtain: 

 
𝟏

𝒎
𝒇𝒍 𝜹𝒗⃗⃗⃗𝒍 . 𝛁𝑻 +

𝟏

𝒎
𝜹𝒇𝒍 (𝒗⃗⃗⃗𝒍 − 𝒗⃗⃗⃗𝑻) . 𝛁𝑻 + (𝟏 − 𝒌𝒑)𝑪𝒍

𝝏(𝜹𝒇𝒍)

𝝏𝒕
= 𝟎                                                     (II.78) 

Using the relation for 𝛿𝑣⃗𝑙 from Eq.II.73b, we get: 

 
𝟏

𝒎
𝒇𝒍 𝒗⃗⃗⃗𝒍 [

𝟏

𝑲

𝒅𝑲

𝒅𝒇𝒍
−

𝟏

𝒇𝒍
] 𝜹𝒇𝒍 . 𝛁𝑻 +

𝟏

𝒎
𝜹𝒇𝒍 (𝒗⃗⃗⃗𝒍 − 𝒗⃗⃗⃗𝑻) . 𝛁𝑻 + (𝟏 − 𝒌𝒑)𝑪𝒍

𝝏(𝜹𝒇𝒍)

𝝏𝒕
= 𝟎                    (II.79a) 

 
𝟏

𝒎
[𝒇𝒍 𝒗⃗⃗⃗𝒍

𝟏

𝑲

𝒅𝑲

𝒅𝒇𝒍
− 𝒗⃗⃗⃗𝑻] . 𝛁𝑻𝜹𝒇𝒍 + (𝟏 − 𝒌𝒑)𝑪𝒍

𝝏(𝜹𝒇𝒍)

𝝏𝒕
= 𝟎                                                                    (II.79b) 

Rearrangement of Eq.II.79b gives: 

 
𝝏(𝜹𝒇𝒍)

𝝏𝒕
= −

𝟏

𝒎(𝟏−𝒌𝒑)𝑪𝒍
[𝒇𝒍 𝒗⃗⃗⃗𝒍

𝟏

𝑲

𝒅𝑲

𝒅𝒇𝒍
− 𝒗⃗⃗⃗𝑻] . 𝛁𝑻𝜹𝒇𝒍                                                                                   (II.79c) 

For kp value less than one and negative value of the slope m, it gives a condition for perturbation 

𝛿𝑓𝑙 to amplify with time as: 

 
𝝏(𝜹𝒇𝒍)

𝝏𝒕
> 𝟎 𝐢𝐟 𝒗⃗⃗⃗𝒍. 𝛁𝑻 >

𝑲

𝒇𝒍
ቀ
𝒅𝑲

𝒅𝒇𝒍
ቁ
−𝟏

(𝒗⃗⃗⃗𝑻. 𝛁𝑻)                                                                                               (II.80) 

It may be noted that the new criterion is derived in terms of amplification of the local 

perturbations in the mushy zone i.e., 
𝜕(𝛿𝑓𝑙)

𝜕𝑡
> 0 , which is different from a remelting criterion 

i.e., 
𝜕(𝑓𝑙)

𝜕𝑡
> 0. The derived criterion for amplification of perturbation involves a local 

permeability term (and hence the local liquid fraction) which makes it different from the 

existing remelting criterion such as, Flemings’ criterion of remelting, 𝑣⃗𝑙 . ∇𝑇 > 𝑣⃗𝑇 . ∇𝑇 [48]. 

From Eq.II.80 it can be seen that the mush instability depends on the interdendritic velocity, 

the isotherm velocity and the temperature gradient. Also, it explicitly depends on the 

dynamically changing characteristic of the mushy zone during solidification i.e., on the 
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permeability. It is evident that for a given cooling rate the two favourable conditions for 

amplification of perturbation are a higher interdendritic velocity ( 𝑣⃗𝑙  ) in the direction parallel 

to ∇𝑇 and / or a lower value of 
𝐾

𝑓𝑙
ቀ
𝑑𝐾

𝑑𝑓𝑙
ቁ
−1

. 

A widely used approach in modelling the mushy zone permeability is to use the Blake-Kozeny 

permeability model [ 55-60], which is given as: 

 𝑲 =
𝝀𝟐
𝟐𝒇𝒍
𝟑

𝟏𝟖𝟎(𝟏−𝒇𝒍)
𝟐                                                                                                                                                         (II.81) 

In the dendritic columnar mushy zone, the interdendritic characteristic arm spacing is 

used to describe the mushy zone permeability. The average distance between the side branches 

i.e., the secondary dendritic arm spacing (𝜆2) is used as the interdendritic characteristic arm 

spacing in the permeability model. The above expression is very schematic and a more realistic 

description, accounting for the microstructure of the dendrites, would be necessary. However, 

this challenging and very important point is out of the scope of the present study. Since our 

main objective is to discuss the relationship between the mushy zone instability and the mush 

permeability, a simplified expression for mushy zone permeability law (Blake-Kozeny 

permeability model) is used. It is important to notice at this stage that as we use the Scheil’s 

assumption, the characteristic size 𝜆2 introduced in Eq.II.81 is the only characteristic size 

appearing in the whole set of equations of the model. Which means in other words that the size 

of the REV used for the averaging procedure is in the order of magnitude of 𝜆2.  

This model can be summarized as the following: 

- The interdendritic velocity, the isotherm velocity, the temperature gradient, and, most 

importantly, the mush permeability are all factors in the new instability criterion devised 

for amplification of perturbations in the mushy zone. 

- The new instability criterion suggests two favourable conditions for amplification of 

perturbation, a lower value of 
𝐾

𝑓𝑙
(
𝑑𝑦

𝑑𝑥
)−1and/or a higher interdendritic velocity (vl). 

- The permeability and its derivative with respect to liquid fraction (the 
𝐾

𝑓𝑙
(
𝑑𝑦

𝑑𝑥
)−1 

function) in the outer part of mushy zone (high- fl regions, liquid fraction more than 0.9) 

plays a key role in the amplification of the mush instability. The part of the mushy region 

near the liquidus is more prone to the initiation of such instabilities. 
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- The new instability criterion very well describes and predicts the placements of 

segregated channels observed in the numerical simulations. It characterizes these 

segregated channels better than that by the previously available remelting criterion. The 

predictions of segregated channels based on remelting severely under characterize these 

defects (e.g., their number and length) in the casting. [47]     

 

2.1.5. Phase-field method 

The phase-field method has recently emerged as a powerful computational approach to 

modelling and predicting mesoscale morphological and microstructure evolution in materials. 

It describes a microstructure using a set of conserved and non-conserved field variables (or 

order parameters) that are continuous across the interfacial regions. The temporal and spatial 

evolution of the field variables is governed by the Cahn-Hilliard nonlinear diffusion equation 

and the Allen-Cahn relaxation equation. With the fundamental thermodynamic and kinetic 

information as the input, the phase-field method is able to predict the evolution of arbitrary 

morphologies and complex microstructures without explicitly tracking the positions of 

interfaces. 

2.1.5.1 Sharp interface approach 

In conventional modelling technique for phase transformations and microstructural evolution, 

i.e the sharp interface approach, the interfaces between different domains are considered to be 

infinitely sharp, and a multi-domain structure is described by the position of the interfacial 

boundaries. The kinetics of microstructure formation is then modeled by a set of partial 

differential equations that describe the release and diffusion of heat, the transport of impurities, 

and the complex boundary conditions that govern the thermodynamics at the interface for each 

domain. As a concrete example, in the solidification of a pure material the advance of the 

solidification front is limited by the diffusion of latent heat away from the solid-liquid interface, 

and the ability of the interface to maintain two specific boundary conditions; flux of heat toward 

one side of the interface is balanced by an equivalent flux away from the other side, and the 

temperature at the interface undergoes a curvature correction known as the Gibbs–Thomson 

condition. These conditions are mathematically expressed in the following sharp interface 

model, commonly known as the Stefan problem:  
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{

𝝏𝑻

𝝏𝒕
=  𝜵. (𝜶 𝜵𝑻)  𝑤𝑖𝑡ℎ 𝜶 = (𝒌/𝝆𝑪𝒑)

𝝆𝑳𝒇 𝑽𝒏  =  𝒌𝒔𝜵𝑻.  𝒏| 𝒊𝒏𝒕
𝑺 −  𝒌𝑳𝜵𝑻.𝒏|𝒊𝒏𝒕

𝑳      

𝑻𝒊𝒏𝒕  =  𝑻𝒎 − (𝜸𝑻𝑴/𝑳𝒇)𝜿 – (𝑽𝒏/𝝁) 

                                                                                        (II.82) 

 

where T =T(x, t) denotes temperature, k thermal conductivity (which assumes values ks and kL 

in the solid and liquid, respectively), ρ the density of the solid and liquid, cp the specific heat 

at constant pressure, α the thermal diffusion coefficient, Lf the latent heat of fusion for 

solidification, γ the solid-liquid surface energy, TM the melting temperature, κ the local solid 

liquid interface curvature, Vn the local normal velocity of the interface, and μ the local atomic 

interface mobility. Finally, the subscript “int” refers to interface and the superscripts “S” and 

“L” refer to evaluation at the interface on the solid and liquid side, respectively.  

Like solidification, there are other diffusion-limited phase transformations whose interface 

properties can, on large enough length scales, be described by specific sharp interface kinetics. 

Most of them can be described by sharp interface equations analogous to those in Equation 1. 

Such models often referred to as sharp interface models operate on scales much larger than the 

solid-liquid interface width, itself of atomic dimensions. As a result, they incorporate all 

information from the atomic scale through effective constants such as the capillary length, 

which depend on surface energy, the kinetic attachment coefficient, and thermal impurity 

diffusion coefficient.  

2.1.5.2 Details of phase field modelling 

Imagine the growth of a precipitate which is isolated from the matrix by an interface. There are 

three distinct entities to consider: the precipitate, matrix and interface. The interface can be 

described as an evolving surface whose motion is controlled according to the boundary 

conditions consistent with the mechanism of transformation. The interface in this mathematical 

description is simply a two-dimensional surface; it is said to be a sharp interface which is 

associated with an interfacial energy σ per unit area. In the phase field method, the state of the 

entire microstructure is represented continuously by a single variable known as the order 

parameter ϕ. For example, ϕ = 1, ϕ = 0 and 0 < ϕ < 1 represent the precipitate, matrix and 

interface respectively. The latter is therefore located by the region over which ϕ changes from 

its precipitate value to its matrix value, as shown in figure below. 
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                  Fig.II.7 : Illustrative diagram of diffusive interface and sharp interface 

The range over which it changes is the width of the interface. The set of values of the order 

parameter over the whole volume is the phase field. The total free energy “G” of the volume is 

then described in terms of the order parameter and its gradients, and the rate at which the 

structure evolves with time is set in the context of irreversible thermodynamics, and depends 

on how G varies with ϕ. It is the gradients in thermodynamic variables that drive the evolution 

of structure.  

Consider a more complex example, the growth of a grain within a binary liquid (Fig.II.8). In 

the absence of fluid flow, in the sharp interface method, this requires the solution of seven 

equations involving heat and solute diffusion in the solid, the corresponding processes in the 

liquid, energy conservation at the interface and the Gibbs-Thomson capillarity equation to allow 

for the effect of interface curvature on local equilibrium. The number of equations to be solved 

increases with the number of domains separated by interfaces and the location of each interface 

must be tracked during transformation. This may make the computational task prohibitive. The 

phase field method clearly has an advantage in this respect, with a single functional to describe 
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the evolution of the phase field, coupled with equations for mass and heat conduction, i.e., three 

equations in total, irrespective of the number of particles in the system. The interface illustrated 

in Fig.II.8b simply becomes a region over which the order parameter varies between the values 

specified for the phases on either side. The locations of the interfaces no longer need to be 

tracked but can be inferred from the field parameters during the calculation. 

 

 

 

 

 

 

 

 

 

                                  (a)                                                                              (b) 

Fig.II.8 :growth of a grain within a binary liquid: (a) sharp interface, (b) diffuse interface 

Notice that the interface in Fig.II.8b is drawn as a region with finite width, because it is 

defined by a smooth variation in ϕ between ϕ = 0 (solid) and ϕ = 1(liquid). The order parameter 

does not change discontinuously during the traverse from the solid to the liquid. The position 

of the interface is fixed by the surface where ϕ = 0.5. 

2.1.5.3 Order parameter 

The order parameter in phase field modelling is a function of space and time which may or may 

not have macroscopic physical interpretations. For two-phase materials, ϕ is typically set to 0 

and 1 for the individual phases, and the interface is the domain where 0 < ϕ < 1. For the general 

case of N phases present in a matrix, there will be a corresponding number of phase field order 

parameters ϕi with I =1 to N. ϕi=1 then represents the domain where phase i exists, ϕi = 0 where 

it is absent and 0 < ϕi <1, its bounding interfaces. Suppose that the matrix is represented by ϕo 

then it is necessary that at any location:   

∑𝝓𝒊 = 𝟏

𝑵

𝒊=𝟎

 

Sharpe Interface 
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It follows that the interface between phases 1 and 2, where 0 <ϕ1 < 1 and 0 < ϕ2 < 1 is given by 

ϕ1+ ϕ2 =1; similarly, for a triple junction between three phases where 0<ϕi<1 for i=1,2,3, the 

junction is the domain where ϕ1+ ϕ2+ ϕ3 = 1. 

 

2.1.5.4 Governing equations and mathematics of phase field modelling 

As a first requirement for any problem to be modeled by phase field modelling, a free energy 

functional (for isothermal cases and for non-isothermal cases free entropy functional) has 

to be defined as a function of order parameter. The general expression of a free energy 

functional is shown below:  

𝑭 =  ʃ𝒗 [𝒇 (𝝓, 𝒄, 𝑻) + (𝝐𝒄
𝟐/𝟐) × |𝜵𝒄|𝟐 + (𝝐𝝓

𝟐 /𝟐) × |𝜵𝝓|𝟐] 𝒅𝒗                                                  (II.83) 

The first term in the left-hand side of the equation is free energy density of the bulk phase as a 

function of concentration, order parameter and temperature. The second and the third term 

denote the energy of the interface. The second term denotes the energy due to the gradient 

present in the concentration and the third term denotes the energy due to the gradient present in 

the order parameter.  

After doing a little bit of mathematics (which is intentionally ignored here, considering the point 

that only the application of these equations shall be sufficient at undergraduate level study), one 

arrives at two kinds of equation. The first one is for conserved order parameters and the second 

one is for non-conserved order parameters.  

▪ Cahn-Hilliard Equation – Cahn-Hilliard equation gives the rate of change of 

conserved order parameter with time.  

𝝏𝝓

𝝏𝒕
 =  𝑴. 𝜵𝟐[

𝝏𝒇

𝝏𝝓
− 𝜺𝝓

𝟐  𝜵𝟐𝝓]                                                                                                             (II.84) 

The above equation is for constant (position-independent) mobility M. ϕ is order parameter, ∇ 

is divergence, f is free energy of the bulk, εϕ is gradient energy coefficient. As one can quite 

clearly notice that Cahn-Hilliard equation is nothing but modified form of Fick‟s second law 

for transient diffusion.  

Cahn-Allen Equation - Cahn-Allen equation gives the rate of change of non-conserved order 

parameter with time.  



Chapter II:                                                                             State of the Art of numerical modelling 

of Solidification Phenomenon 

 
 

89 
 

𝝏𝝓

𝝏𝒕
 =  −𝑴[

𝝏𝒇

𝝏𝝓
− 𝝐𝝓

𝟐  𝜵𝟐𝝓]                                                                                                             (II.85) 

Cahn-Allen equation is also known as time-dependent Ginsburg-Landau equation.  

While deriving the Cahn-Hilliard and Cahn-Allen equation, an important expression (∂ϕ/∂t = 

M×∂F/∂ϕ) was used, which clearly does makes sense because the change in free energy 

functional with respect to change in order parameter ϕ, must be in some relation with change in 

order parameter ϕ with respect to time. 

 

2.1.6. Lattice Boltzmann procedure 

Lattice Boltzmann (LB) methods are a class of mesoscopic particle-based approaches 

to simulate fluid flows. They are becoming a serious alternative or complementary to traditional 

methods for CFD. LB methods are especially well suited to simulate flows in complex 

geometries, and they are straightforwardly implemented on parallel machines. Historically, the 

LB approach is developed from lattice gases, although it can also be derived directly from the 

simplified Boltzmann BGK equation. In lattice gases, particles live on the nodes of a discrete 

lattice. The particles jump from one lattice node to the next, according to their (discrete) 

velocity. This is called the propagation phase. Then, the particles collide and get a new velocity, 

the collision phase. Hence the simulation proceeds, alternating between particle propagations 

and collisions. The two phases can be clearly distinguished. It can be shown that lattice gases 

lead to the Navier-Stokes equations of fluid flow [61,62]. The major disadvantage of the lattice 

gases method for common fluid dynamics applications was the exponential complexity of the 

collision rules which was overcome in previous works (see for instance [64-65]). If the main 

interest is a smooth flow field, one needs to average over a very large lattice and over a long 

time period. The LB method solves this problem by pre-averaging the lattice gas. It considers 

particle distributions that live on the lattice nodes, rather than the individual particles. In the 

setting up, the velocity and thermal field have to receive a different treatment when considering 

the lattice approach [63] 

 

2.1.6.1 LB equation for the velocity field 

The Lattice Boltzmann method employed in this study uses an hexagonal lattice (Frisch-

Hasslacher-Pomeau model) (Fig.II.9), leading to the form: 
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𝒇𝒊(𝒙 + 𝒄𝒊∆𝒕, 𝒕 + ∆𝒕) − 𝒇𝒊(𝒙, 𝒕) = 𝛀𝒊                                                                                              (II.86) 

 

 

 

 

 

 

 

 

  

                                                Fig.II.9 :Example of LB grid (D2Q9). 

 

where fi is the particle distribution defined for the finite set of the discrete particle velocity 

vectors ci. The collision term Ωi on the right-hand side of Eq. (II.86) uses the so called 

Bhatangar-Gross-Krook (BGK) approximation. The essence of this approximation for LB 

method is that the collision term Ωi will be replaced by the well-known classical single 

relaxation time 

𝛀𝒊 =
𝒇𝒊−𝒇𝒊

𝒆𝒒

𝝉
+ 𝜹𝒊𝑭𝒊                                                                                                                            (II.87) 

where τ is the relaxation time and 𝑓𝑖
𝑒𝑞

 is the local equilibrium distribution function that has an 

appropriately prescribed functional dependence on the local hydrodynamic properties. 𝛿𝑖𝐹𝑖 is 

the external force field. The equilibrium distribution can be formulated as in [62]: 

 

𝒇𝒊
𝒆𝒒
= 𝝎𝒊𝝆(𝟏 +

𝟑(𝒄𝒊.𝒖)

𝒄𝟐
+ 𝟗

(𝒄𝒊.𝒖)
𝟐

(𝟐𝒄𝟒)
− 𝟑𝒖.𝒖/(𝟐𝒄𝟐))                                                                          (II.88) 

where u and ρ are the macroscopic velocity and density, respectively, and the ωi are the weights 

that are given by the length of the velocity vector: 

𝝎𝒊 = {

𝟒/𝟗                              𝒊 = 𝟎
𝟏/𝟗                 𝒊 = 𝟏, 𝟐, 𝟑, 𝟒
𝟏/𝟑𝟔               𝒊 = 𝟓, 𝟔, 𝟕, 𝟖

                                                                                                                    (II.89) 
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The set of discrete velocities ci for the two dimensional and nine connected nodes (D2Q9) are 

defined as follows: 

 𝒄𝒊 =

{
 

 
(𝟎, 𝟎)                                                                       𝒊 = 𝟎

ቀ𝐜𝐨𝐬 [
(𝒊−𝟏)

𝟐
𝝅] , 𝒔𝒊𝒏 [

(𝒊−𝟏)

𝟐
𝝅]ቁ                  𝒊 = 𝟏, 𝟐, 𝟑, 𝟒

√𝟐 ቀ[
(𝒊−𝟏)

𝟐
𝝅 +

𝝅

𝟒
] , 𝒔𝒊𝒏 [

(𝒊−𝟏)

𝟐
𝝅 +

𝝅

𝟒
]ቁ    𝒊 = 𝟓, 𝟔, 𝟕, 𝟖

                                                           (II.90) 

where δx, δt and c = δx/δt are the lattice size, time step and the lattice constant which depend 

on the lattice sound speed, respectively. The basic hydrodynamic quantities, such as density ρ 

and velocity u, are obtained through moment summations in velocity space: 

Flow density: 𝝆(𝒙, 𝒕) = ∑ 𝒇𝒊(𝒙, 𝒕)𝒊                                                                                                       (II.91) 

Momentum: 𝝆𝒖(𝒙, 𝒕) = ∑ 𝒇𝒊(𝒙, 𝒕)𝒊 𝒆𝒊                                                                                               (II.92) 

The Chapman-Enskog expansion for the density distribution function can recover the continuity 

and Navier-Stokes equations. The detailed derivation of this procedure is given in [66,67]. The 

lattice viscosity [61] is determined by: 

𝝂 =
𝟏

𝟑
ቀ𝝉𝒗 −

𝟏

𝟐
ቁ                                                                                                                                 (II.93) 

where τv is the relaxation time. 

2.1.6.2 LB equation for temperature field 

In general, LB methods for a fluid flow involving heat transfer in a plain medium can be 

classified into two categories, the multi-speed models [61] and the double distribution function 

approach [62]. In the doubled population, the flow and the temperature fields are solved by two 

separate equations. To derive the LBGK model for Eqs. (II.86)-(II.88), two LBGK equations 

are used to solve the velocity and temperature fields, respectively. In this context, the evolution 

equation for the internal energy is given as follows: 

𝒈𝒊(𝒙 + 𝒆𝒊∆𝒕, 𝒕 + ∆𝒕) = 𝒈𝒊(𝒙, 𝒕) −
𝟏

𝝉𝑻
[𝒈𝒊(𝒙, 𝒕) − 𝒈𝒊

𝒆𝒒(𝒙, 𝒕)] − 𝝎𝒊
𝑳𝒇

𝑪𝒑
[𝒇𝒍
𝒏,𝒋
− 𝒇𝒍

𝒏−𝟏]           (II.94) 

where gi is the energy distribution function, τT is the dimensionless relaxation time for the 

temperature field, and the equilibrium temperature distribution function is given by: 

𝒈𝟎
𝒆𝒒
= −

𝟐

𝟐
𝝆𝒆

𝒖.𝒖

𝒄²
; 𝒈𝟐𝒌+𝟏

𝒆𝒒
=

𝝆𝒆

𝟗
ቀ
𝟑

𝟐
+
𝟑

𝟐

𝒄𝟐𝒌+𝟏.𝒖

𝒄²
+
𝟗

𝟒

(𝒄𝟐𝒌+𝟏.𝒖)²

𝒄𝟒
−
𝟑

𝟐

𝒖.𝒖

𝒄²
ቁ;                                                (II.95) 
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𝒈𝟐𝒌
𝒆𝒒
=

𝝆𝒆

𝟑𝟔
ቀ𝟑 + 𝟔

𝒄𝟐𝒌.𝒖

𝒄²
+
𝟗

𝟐

(𝒄𝟐𝒌.𝒖)²

𝒄𝟒
−
𝟑

𝟐

𝒖.𝒖

𝒄²
ቁ                                               for k= 1, 2, 3, 4 

the macroscopic temperature is calculated from: 

𝝆𝒆 = ∑ 𝒈𝒊𝒊                                                                                                                                           (II.96) 

The temperature and internal energy are related through the state equation, e = RT. The 

Chapman-Enskog expansion for the density distribution function recovers the macroscopic 

energy equation. This gives the thermal diffusivity α in term of the thermal single relaxation: 

𝜶 =
𝟏

𝟑
ቀ𝝉𝑻 −

𝟏

𝟐
ቁ                                                                                                                                 (II.97) 

2.1.6.3 Phase change treatment with LBM 

To solve the phase change problem, a fixed grid approach is used, similar to the principle used 

for enthalpy formulation when considering continuum media [68-70]. The melting process 

takes place over a temperature range Tm ± ε, where ε is a small quantity (typically 5% of ΔT). 

The principle of the enthalpy method is to separate the sensible and latent heat components in 

the vicinity of the solid–liquid interface (Tm −ε < T < Tm +ε). The latent heat component is 

expressed in term of the latent heat and liquid fraction, Fl, which is defined as: 

Fl = 1 for T > Tm + ε ;   

Fl = 0 for T < Tm - ε ; 

Fl = (T − Tm + ε)/2ε for Tm − ε < T < Tm + ε 

Dynamically, the phase change zone is treated like a porous medium. The flow penetration into 

the medium depends on its permeability. With the LB approach, this basic concept is introduced 

by assuming that the population densities are uniformly distributed throughout the volume of 

each node. Each particle moves a total distance of 1 or √2 lattice spacing in one time step, 

depending on its speed. If the node is totally solid, 𝑓𝛼
∗(𝑥, 𝑡) is completely reflected. 𝑓𝛼(𝑥, 𝑡)  =

 𝑓𝛼(𝑥, 𝑡 +  Δ𝑡). If the node contains a fraction of fluid 𝐹𝑙 ≠ 1, only a part of 𝑓𝑖
∗(𝑥, 𝑡)  is 

propagated, the other part is reflected and returned to the initial cell. We note 𝑓∗∗ the result of 

the collision step given by: 

𝒇𝜶
∗ (𝒙, 𝒕 + ∆𝒕) = 𝒇𝜶

∗ (𝒙, 𝒕) +
𝟏

𝝉
[𝒇𝜶
𝒆𝒒(𝒙, 𝒕) − 𝒇𝜶

∗ (𝒙, 𝒕)]                   𝟎 ≤ 𝜶 ≤ 𝟖                            (II.98) 
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The streaming process in the porous media can be written as: 

𝒇𝜶(𝒙, 𝒕 + ∆𝒕) = 𝒇𝜶
∗∗(𝒙, 𝒕) + 𝝀[𝒇𝜶̅

∗∗(𝒙 + 𝒄𝜶𝚫𝒕, 𝒕 + 𝚫𝒕) − 𝒇𝜶
∗∗(𝒙, 𝒕 + 𝚫𝒕)]      𝟎 ≤ 𝜶 ≤ 𝟖  (II.99) 

Where 𝜶̅ is the index of the direction opposite cα and λ = 1 − Fl a factor to take account of the 

permeability of the medium depending on the liquid fraction of the material in each node. If λ 

= 1, there is no effect on streaming processes. if λ = 0, the streaming processes is reduced to the 

usual free fluid LBM. 

2.2.Numerical models based on multi-domain approach 

 

2.2.1. A 2D1/2 model for natural convection and solidification in a narrow enclosure 

2D1/2 models for the simulation of natural convection and pure material solidification in a 

horizontal differentially heated slender cavity were presented by I. Hamzaoui et al. The 

configuration is based on the AFRODITE experimental setup, which is a reference 

solidification benchmark. The 2D1/2 models are obtained by averaging the equations of mass, 

momentum and heat conservation in the transverse z direction. The integration is performed on 

the assumption of a constant temperature along the z-axis, which seems realistic in such a 

confined cavity and for low values of the Prandtl number corresponding to liquid metals and 

metallic alloys. A well-defined velocity profile has also to be assumed. Two velocity profiles 

have been considered, the usual parabolic Poiseuille profile (2𝐷𝑃
1/2

 model) and the Hartmann-

type profile featuring two boundary layers of adjustable size δ on the sides of a uniform bulk ( 

2𝐷𝐻
1/2

model). The first assumption stating the uniformity of the temperature along the 

transverse z direction has been checked to be valid in a large range of the control parameters Pr 

(the Prandtl number) and Gr (the Grashof number). [71] 

In this part, we are interested in cases of solid-liquid phase equilibrium. These cases are 

obtained when the hot wall of the crucible is at a constant temperature above the melting 

temperature and the cold wall at a constant temperature below the melting temperature. We will 

then have, in steady-state, coexistence of solid and liquid phases separated by a front whose 

shape and position are fixed. The relevance and reliability of the different 2D models (2D, 

2𝐷𝑃
1/2

, and 2𝐷𝐻
1/2

) to predict well the 3D results, on the position and the shape of the solid-

liquid fronts obtained, are examined. 
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The geometry corresponds to the crucible of the experimental device 'Afrodite' and 

present in Fig.II.10. the numerical simulations, this geometry is taken in its dimensional form. 

In the 3D models, the crucible is represented by a parallelepiped cavity with length L = 0.1m, 

height H = 0.06 m and depth W = 0.01 m. The side walls are adiabatic, while the left and right 

walls are at constant but different temperatures depending on the case considered. In the 2D 

models, the cavity is reduced to a rectangular cavity of length L = 0.1 m and height H = 0.06 

m. The material chosen for the simulations is pure tin. Its melting temperature is Tm = 505 K. 

Two cases of phase equilibrium are reported. In the first one, named case (1), the temperature 

of the hot wall is Th = 512 K and that of the cold wall is Tc = 502 K. In the second, named case 

(2), Th = 507.5 K and Tc = 503.5K. 

 

Fig.II. 10: Geometrical configuration of the study: Differentially heated parallelepipedic 

cavity with left and right end walls held at constant temperatures Th
* and Tc

*, respectively. 

The other walls are adiabatic. Characteristic planes are shown: the vertical middle plane 

(green plane) and a horizontal section plane (hatched plane) [71]. 

The study of these cases with solid-liquid phase change requires the consideration of 

convective-diffusive heat exchange in the liquid phase and diffusive heat exchange in the solid 

phase. In the latter, only the heat equation is solved and it is summarized in the heat conduction 

equation: 
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𝝏𝑻∗

𝝏𝒕
=

𝝀𝒔

𝝆𝑪𝒑𝒔
𝛁∗𝟐𝑻∗                                                                                                                               (II.100) 

In the liquid phase, the energy conservation equation is coupled to the conservation 

equations for momentum and mass. Based on the results of Assael et al [72] indicating a linear 

variation of the density over a wide range of temperature variation above the melting 

temperature Tm, the Boussinesq approximation is applied in the liquid domain to describe the 

variation of the density in the buoyancy term.  The conservation equations in the liquid phase 

for the 2D1/2 models are as follows [71]: 

• The momentum equation conservation 

𝝏𝒖̅𝒊
∗

𝝏𝒕
+ 𝒖̅∗. 𝛁𝒖̅𝒊

∗ = −
𝟏

𝝆

𝝏𝑷̅∗

𝝏𝒙𝒊
∗ + 𝝂𝛁

∗𝟐𝒖̅𝒊
∗ + 𝒈𝜷𝑻(𝑻̅𝒍

∗ − 𝑻𝒎)𝜹𝒊,𝟐 + 𝑺𝒊
∗  for 𝒊 = 𝟏𝒂𝒏𝒅 𝟐               (II.101) 

for the model 2𝐷𝐻
1/2

 

 𝑺𝑯,𝒊
∗ = {𝟏 − 𝑭𝟐 [

𝟑

𝟐
−
𝟏

𝟐
𝒕𝒂𝒏𝒉𝟐 ቀ

𝑾

𝟐𝜹∗
ቁ −

𝟑𝜹∗

𝑾
𝐭𝐚𝐧𝐡ቀ

𝑾

𝟐𝜹∗
ቁ]} 𝒖̅∗. 𝛁𝒖̅𝒊

∗ −  𝑭 [
𝟐

𝜹∗𝑾
𝒕𝒂𝒏𝒉ቀ

𝑾

𝟐𝜹∗
ቁ] 𝝂𝒖̅𝒊

∗    (II.102) 

With 𝑭 = [𝟏 −
𝟐𝜹∗

𝑾
𝒕𝒂𝒏𝒉ቀ

𝑾

𝟐𝜹∗
ቁ]
−𝟏

                                                                                   (II.103) 

for the model 2𝐷𝑝
1/2

 

𝑺𝑷,𝒊
∗ = −

𝟏

𝟓
𝒖̅∗. 𝛁𝒖̅𝒊

∗ −
𝟏𝟐

𝑾𝟐  𝝂𝒖̅𝒊
∗                                                                                           (II.104) 

• The energy conservation equation 

 
𝝏𝑻̅𝒍

∗

𝝏𝒕
+ 𝒖̅∗. 𝛁𝑻̅𝒍

∗ =
𝝀𝒍

𝝆𝑪𝒑𝒍
𝛁∗𝟐𝑻̅𝒍

∗                                                                                             (II.105) 

• The mass conservation equation 

 𝛁∗. 𝒖̅∗ = 𝟎                                                                                                                       (II.106) 

The 𝑆𝑖
∗   term in Eq.II.101 refers to the source term of the 2D1/2 models but is expressed in its 

dimensional form. By removing it, we find the classical 2D conservation equations and by 

letting the index i vary from 1 to 3 and by removing the bars on the velocity, pressure and 



Chapter II:                                                                             State of the Art of numerical modelling 

of Solidification Phenomenon 

 
 

96 
 

temperature variables (these bars mean that they are values averaged over the thickness of the 

cavity), we obtain the 3D conservation equations. 

The solid and liquid regions are separated by the solid-liquid phase change front. The energy 

balance on this front is expressed by the Stefan condition [73]: 

 𝝆∆𝑯𝒎𝒗𝒎
∗ . 𝒏∗ = (𝝓𝒍

∗ −𝝓𝒔
∗). 𝒏∗                                                                                             (II.107) 

where ∆𝐻𝑚 is the latent heat of melting, 𝑣𝑚 
∗ is the velocity of the solid-liquid front, 𝜙𝑙

∗ and 𝜙𝑠
∗ 

are the heat fluxes from the liquid and solid regions, respectively, and 𝑛∗ is the normal vector 

to the phase change front. 

 This model is implemented with the COMSOL Multiphysics 5.2 software. In addition 

to the “Laminar Flow” and “Heat Transfer in Fluid” models used for the hydrodynamic and 

thermal resolutions, the “Deformed Geometry” model of the deformable mesh branch proposed 

by COMSOL is now used. This physics allows both the deformation of the mesh and the 

tracking of the solid-liquid front once the condition at the interface is well set. With this 

approach, the defined domain, corresponding to the chosen geometry, is divided into two 

regions, a liquid region and a solid region. Fig. II.11(a) shows the initial mesh used in the 2D 

models. Two domains are distinguished, the liquid domain represented in red and the solid 

domain represented in blue. The proportions occupied by each of the domains within the cavity, 

and that in the two cases of phase equilibrium studied, are determined with the temperature 

diffusive solution. This solution is used as an initial condition for the temperature field. In the 

initial state, the solid-liquid interface separating the two subdomains is thus perfectly vertical 

(Fig. II. 11(a)). For case (2), at t = 0 s, this boundary is at x1 = 0:07 m, because it corresponds 

to the isotherm T = Tm, which is the melting temperature [71]. 
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Fig.II.11: 2D mesh used for the study of phase equilibrium cases. The domain is divided into 

two regions, the liquid region (in red) and the solid region (in blue). (a): the mesh of the 2D 

models, 2𝐷𝑝
1/2

 and 2𝐷𝐻
1/2

at the initial instant for case (1). (b): the stationery mesh obtained 

for case (1) with the 2D model [75]. 

PARTIAL CONCLUSION 

This bibliographic review of the different possible approaches to model the solid-liquid 

phase change of pure metals and metal alloy shows the variety of methods and models available, 

as well as the complexity of the numerous physical phenomena involved. This field of study 

remains vast (encompassing many aspects and multi-physical phenomena), topical (recent 

studies and projects are still dealing with this problem) and with at stake not only the 

understanding but also various and very competitive industrial applications. The need for 

efficient numerical tools, facilitating the resolution and the simulation of various processes, is 

present. 

In the light of the above, it concluded that the numerical modelling can be done with 

two main approaches, different from each other, and which present, each, its own advantages 

but remain appropriate to a certain type of study. The first one is the multi-domain method, 

which allows the explicit tracking of the solid-liquid of the solid-liquid interface. It is suitable 

for the study of isothermal phase changes of pure bodies. It will therefore be used to simulate 

the solid-liquid phase change of pure tin within the benchmark 'Afrodite', [71]. The second 

method, the enthalpic method, allows the resolution of a unique system of equations over the 

whole studied domain (containing both solid and liquid phases), is better adapted to the study 

of phase changes non-isothermal phase changes with the mushy zone. It will be used to model 

the phase changes of the studied binary alloys. In this context, segregation models will be 

associated with it, with a certain number of hypotheses and assumptions that will be discussed 

on a case-by-case basis. 

An important observation that was mentioned by Hachani et al [74] concerns the reproducibility 

of the solidification experiments. Indeed, a statistical study, concerning the solidification of 8 

identical ingots of Sn-Pb alloy under the same experimental conditions, allowed us to conclude 

that, although the global results of the solidification are identical (in terms of global 

macrostructures), not lesser differences remain between the 8 ingots. Fluctuations of the 

temperature in the liquid bath at the end of the solidification as well as differences between the 

distributions of the segregated channels are observed. 
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In the following this work, chapters III and IV are devoted to the expression of two-phase model 

of the Sn-10wt.%Pb solidification under the effect of thermousolutal and forced convection 

based on enthalpy approach. These models are intended to be reliable tools, with a high 

ease/speed of resolution to lend themselves to parametric and/or statistical studies. 
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This chapter is mainly inspired from my paper [1], published in “Journal of Heat Transfer 

(ASME)”, which is based on the description of fully 3D enthalpy approach that applied on the 

solidification of binary metallic alloy under the effect of thermosolutal convection. A three-

phases columnar solidification model that takes into account the growth of columnar grains, 

their motions and the formation of macrosegregation, will be detailed. Special attention is given 

to the treatment of remelting phenomenon and consequently segregation mechanism is 

considered.  

1. Introduction  

The both experimental and numerical studies presented in this chapter are derived from  

a solidification benchmark experiment called “AFRODITE” performed at the SIMAP 

Laboratory in Grenoble, France. The main goal of this devise is to investigate the formation of 

as-cast structure and macro- and mesosegregation, as presented in the works of Hachani et al., 

[28]. The AFRODITE configuration is mainly inspired from the previous work of Hebditch and 

Hunt [2], which studied the effect of thermosolutal convection on the solidification process. In 

this work, by promoting the directional horizontal solidification of lead-tin and tin-zinc alloys 

(that is, perpendicular to the gravity vector), a significant mesoscopic and macrosegregation 

were observed. The experiment setup was designed as quasi-2D and has been considered as a 

reference for many numerical studies, including benchmark problems [3,4] and studies of the 

effect of microsegregation modelling [5], local growth kinetics [6-9], shrinkage-induced 

segregation [5, 7] and three-dimensional effects [9-12]. The prediction of segregations, 

particularly at the macro scale, has shown a strong sensitivity to several factors, the most 

relevant is the permeability modelling, through the effect of the general permeability level [11], 

anisotropy [5], fluid inertia (Forchheimer correction term) [13] and numerical discretization 

[14]. Although the Hebditch and Hunt experiment has proven to be a useful reference, true 

quantitative comparisons with numerical simulations are hampered by uncertainties in heat 

transfer modelling. In an effort to address these problems, the SIMAP/EPM laboratory 

developed AFRODITE benchmark experiment, which considered as a new experimental design 

that allows for precise control of the cooling rate and horizontal temperature gradient through 

closed-loop control  and detailed measurements, [15]. The AFRODITE setup can be also 

considered as a reference experiment that represents a key tool for the validation of numerical 

models in comparison with detailed quantitative and qualitative measurements obtained with 
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fully controlled initial and thermal boundary conditions and post-mortem analysis, [16]. The 

redesign has revealed the effects of cooling rate and horizontal temperature gradient on 

microstructure, macro, and mesosegregation, [17, 18]. 

This chapter will be focused on the study of the effect of thermosolutal convection on the 

solidification processes of Sn-10wt.%Pb alloy using a numerical model describing the coupled 

heat, mass and momentum transport phenomena based on a volume-averaged approach. In 

particular, we demonstrate that such model can predict the solute stratification in the liquid 

phase during the solidification process. This stratification is obtained by considering the 

direction of the flow with regard to the thermal gradient in the mushy zone. The numerical 

model is applied only to simulate the solidification processes, and is validated by in-situ 

measurements of thermal fields and post-mortem analysis. The second objective is to evaluate 

the main factors that have a direct effect on segregation phenomenon, namely the 

macrosegregation corresponding to the last liquid solidified and channels segregation (or 

freckles) which developed during the solidification process.  

2. AFRODITE setup 

The AFRODITE benchmark experiment, performed in the SIMAP/EPM laboratory and 

described elsewhere [19-21], is a key tool for the validation of numerical models by comparing 

with detailed measurements obtained with thoroughly controlled initial and thermal boundary 

conditions. In its principle, the experiment is similar to the well-known Hebditch and Hunt 

experiment [2], with a special emphasis on obtaining reproducible quantitative measurements.  

The Sn-Pb binary alloy pre-sample is enclosed in a parallelipedic cavity of 100 mm in length, 

60 mm in height and 10 mm in width. The sketch of the experiment is shown in Fig. III.1. All 

walls except for two narrow vertical ones are held at approximately insulating conditions during 

the whole process via a Kirchhoff box. The alloy is solidified by two temperature controllable 

heat exchangers, shown in Fig. III.1.  
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Fig.III.1 : (a) Schematic view of the experimental facility. 1. Sn-Pb sample, 2. Left “cold” heat 

exchanger, 3. Resistance, 4. Stainless steel crucible, 5. Thermocouple position matrix, 6. Right 

“hot” heat exchanger, 7. Water cooling system, 8. Linear motor. (b) Sketch of the sample 

surrounded by the two lateral heat exchangers and the location of the lateral thermocouple 

lattice (L1 to L50) welded on one of the largest surfaces of the crucible. Contact resistances 

between the two heat exchangers (left and right) and the solidifying volume indicated by dashed 

black line rectangles, is also shown. 

An array of fifty K-type thermocouples, placed on the largest surfaces of the stainless-steel 

crucible, is used to record the temperature field, and therefore the evolution of solidification. A 

linear stirrer is placed beneath the sample in order to homogenize the sample after the melting 
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process prior to the beginning of solidification. The procedure of the experiments includes 5 

separate stages, illustrated in Fig. III.2: 

 

Stage 1. Melting: The sample is melted by applying a constant heating rate (0.03 K/s) to 

the left and the right heat exchangers.  

Stage 2. First holding stage: The two heat exchangers are maintained at the same constant 

temperature (T = 260 °C), to produce a homogeneous temperature field.  

Stage 3. Setting a mean horizontal temperature difference: A mean horizontal 

temperature gradient is created by setting a temperature difference between the 

left and the right heat exchanger.  

Stage 4. Second holding stage: The two heat exchangers are maintained at constant 

temperature with applied DT (i.e., Tleft = 280 °C and Tright = 240 °C). 

Stage 5. Solidification: A constant cooling rate of -0.03 K/s is applied on the two heat 

exchangers while maintaining the horizontal temperature difference from stage 

4. 

 

Fig.III. 2 : Time evolution of measured temperature during solidification of thermocouples 

FR3 and FL3 placed in the contact interfaces between the two heat exchangers right and left, 

respectively 
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3. Model Description and Numerical Details  

3.1. Geometric configuration 

The geometrical configuration considered in this study is presented in                                                

Fig. III.3. It is a differentially heated parallelepiped cavity. The dimensions are chosen to 

correspond to the crucible of the experimental benchmark 'Afrodite'. where L is the length along 

the x direction (L = 100 mm), H is the height along the y direction (H = 60 mm) and W is the 

width along the z direction (W = 10 mm). The top, bottom, and side walls are considered as 

adiabatic faces, while the two vertical end walls at x = 0 cm and x = 10 cm are at imposed 

temperatures (Dirichlet boundary conditions) . The end wall on the left is at a hot temperature 

Th and the end wall on the right is at a cold temperature Tc, that varying over time.                    

                          

Fig.III.3: Geometrical configuration of the study: Differentially heated parallelepipedic cavity 

with left and right end walls held at variant temperatures Th(t) and Tc(t), respectively.           

3.2.Mesh 

In order to capture all the process details in terms of flow configuration, heat and mass transfer, 

namely solute transport and meso and macro segregation, it is important to choose an adequate 
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mesh that will be adapted to the problems considered. Indeed, creating a high-quality mesh is 

one of the most critical factors that must be considered to ensure simulation accuracy. While 

increasing the fineness will typically yield a higher quality mesh, the computational cost will 

significantly increase as well. A high-quality mesh also means that there is an optimal balance 

between the computational cost and the level of fineness achieved. A low-quality mesh will not 

only result in inaccurate simulation results but might even cause the solver to produce an error 

due to instability. Such instability is typically caused by poor-quality or illegal cells. Actually, 

it important to stress a specific and rigorous study on the mesh sensitivity to predict segregated 

channels, which is highly sensitive to the mesh size. Indeed, the columnar numerical model 

cannot be accurate enough to reflect the actual physics of the entire phenomenon. 

Unfortunately, due to the very long computation time required, it has not been able to 

investigate this effect in 3D computation. For the same reason, the variability of the numerical 

solution for various other computation approaches has not been tested, in particular the 

anisotropic mushy zone permeability model and grid size sensitivity. However, numerous mesh 

refinements were used to examine the accuracy of the model implemented and the minimal 

refinement to ensure the convergence of solution, was used. Moreover, the applied numerical 

approach treats hydrodynamic motion in the liquid phase and columnar grains whose growth is 

taken into account and a double time step scheme to accelerate solution, was used. Thus, in this 

study, we have chosen a uniform structured mesh at the level of the walls presented in Fig.III.4, 

with quadrilateral form contains 48×104 cells and 510741 nodes  
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                                        Fig.III.4: Schematic of the mesh used (48×104 cells, 510741 nodes) 

3.3.Simplifying assumptions 

The formulation of this problem is based on a number of simplifying assumptions. These 

assumptions are related to the geometry, the type of flow, the transfer mechanisms and the 

phase change problems. In the case considered, we have adopted the following assumptions: 

• The liquid is assumed to be Newtonian and incompressible. 

• Heat transfer by radiation is assumed to be negligible (Kirchhoff box). 

• Shrinkage or volume variations due to the phase change are negligible. 

• Columnar dendritic solidification (no equiaxed grain growth) 

• mushy zone equivalent to an isotropic porous medium of permeability defined by the 

Carman-Kozeny relation 

3.4. Equations system 

The simulation of the previously presented solidification process requires the resolution of 

a system comprising both the conservation equations of the desired quantities and the 

consideration of the segregation phenomena induced by solute transport during the phase 

change and predicted by the phase diagram.  The resolution is restricted here for the variables 



Chapter III:                                        Numerical Simulation of Metallic Alloy 

Solidification Under Thermosolutal Convection 

 
 

112 
 

sought at a macroscopic scale. This model assumes only the columnar dendritic growth, i.e., 

the appearance and growth of equiaxed grains are therefore not considered, although 

experimentally these growth structures can appear in solidified ingots. This system includes the 

conservation equations involving the modelling of the physical phenomena. The mass, heat and 

solute conservation equations are averaged over both liquid and solid phases, while the 

momentum conservation equations are averaged only in the liquid phase. For this purpose, 

conservation equations for three physical properties (mass, heat and solute) plus the Navier-

Stokes average for the momentum equation are available. However, three more scalar 

relationships are necessary, those between 〈𝐻〉 and (T, Cs), 〈𝐶〉 and (Cl, fs), and T and Cl, more 

particularly in the mushy zone (i.e., 0 ≤ fs ≤ 1).  

The principal first relationship can be written as: 

〈𝑯〉 = 𝒇𝒔𝑯𝒔 + (𝟏 − 𝒇𝒔)𝑯𝒍  𝒘𝒊𝒕𝒉 {
𝑯𝒍 = 𝑪𝒑𝒍𝑻 + 𝑳
𝑯𝒔 = 𝑪𝒑𝒔𝑻       

                                                                             (III.1) 

Where fs is the solid fraction, Cps and Cpl are the volumetric specific heat of solid and liquid 

phases, respectively and L is the volumetric latent heat. The necessary physical properties for 

the calculation are reported in Table (1).  

Assuming that the simple level rule approach applies at the microscopic scale of the Dendrite 

Arm Spacing (DAS) illustrated in the second chapter, based on the case of full local 

thermodynamic equilibrium, the second relationship can be written as: 

〈𝑪〉 = 𝒇𝒔𝑪𝒔 + (𝟏 − 𝒇𝒔)𝑪𝒍 = 𝑪𝒍[𝟏 − 𝒇𝒔(𝟏 − 𝒌)]                                                                                  (III.2) 

The concentrations in the liquid phase and the solid phase in the mushy zone are given using 

the rule of levers which assumes that there is a thermodynamic and chemical equilibrium 

between the two phases with instantaneous diffusion of the solute in them. This means that 

(𝐶𝑠 = 𝑘𝐶𝑙), where k is the partition coefficient. This parameter is given by the phase diagram 

which is assumed constant in our calculation (k = 0.0656). In addition, it is assumed that the 

concentration in the liquid is related to temperature via the linearization of the phase diagram. 

Thanks to this approach, we can define a constant slope “m”, thus given in the mushy zone, 

above the eutectic temperature 

𝑻 =  𝑻𝒇 +𝒎𝑪𝒍                                                                                                                                                        (III.3) 
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Where Tf is the melting temperature of pure solvent (Sn). 

It is assumed that the volumetric mass of the Sn-10wt.%Pb alloy is constant in the solid phase 

and the liquid phase, except for the buoyancy term of the Navier-Stokes equation with respect 

to the Boussinesq approach. Based on these appropriate assumptions, the volumetric mass of 

the liquid phase can be expressed as: 

 𝝆 = 𝝆𝟎[𝟏 − 𝜷𝑻(𝑻 − 𝑻𝟎) + 𝜷𝑪(𝑪𝒍 − 𝑪𝟎)]                                                                                               (III.4) 

Where ρ0 and C0 are the referential density and initial mass concentration of the alloy, 

respectively. 𝛽𝑇 and 𝛽𝐶 are the thermal and solutal expansion coefficients obtained by 

polynomial fitting, as follows: 

𝜷𝑻 =
𝟏

𝝆𝟎
(𝟎. 𝟕𝟒𝟐𝟖𝟒𝟏 + 𝟓. 𝟖𝟗𝟐𝟕 × 𝟏𝟎−𝟑𝑪𝒍)                                                                                            (III.5) 

𝜷𝑪 = −
𝟏

𝝆𝒐
(𝟒𝟕. 𝟔𝟓𝟓𝟒 − 𝟐 × 𝟎. 𝟏𝟎𝟎𝟔𝟑 × 𝑪𝒍 − 𝟓. 𝟖𝟗𝟐𝟕 × 𝟏𝟎

−𝟑𝑻)                                            (III.6) 

 

The liquid viscosity is taken from H. Thresh and A. Crawley, [23] and shown in Eq. III.7, where 

the constants A and B have been fitted also with a polynomial expression.  

𝝁𝒍(𝑪𝒍[𝒘𝒕.%], 𝑻[𝑲]) = 𝑨(𝑪𝒍)𝝆𝟎
𝟏/𝟑

𝒆𝒙𝒑ቀ
𝑩(𝑪𝒍)𝝆𝟎

𝑻
ቁ                                                                      (III.7) 

With: 

{
𝐴(𝐶𝑙[𝑤𝑡.%]) = 2750 × 10−4 − 2934 × 10−6𝐶𝑙 + 1.212 × 10

−7𝐶𝑙
2 − 1.56 × 10−9𝐶𝑙

3

𝐵(𝐶𝑙[𝑤𝑡.%]) = 8849 + 0.9411𝐶𝑙 − 4.193 × 10
−2𝐶𝑙

2 − 5.3 × 10−4𝐶𝑙
3                            

                                              

The thermal conductivities of the solid and liquid phases are taken from V.P. Osipenko, [24] 

and have been fitted with the polynomial expressions given in Eq. III.8 and 9 . The diffusion 

coefficient for Pb in the liquid is taken from R.A. Khairulin et al. [22] and is shown in Eq. 

III.10, while the solid diffusion coefficient is assumed constant and given in Table 1. 

𝝀𝒍(𝑪𝒍[𝒘𝒕.%]) = 𝟐𝟓 + 𝟎. 𝟎𝟐𝑻 − 𝟎. 𝟑𝟓𝑪𝒍 + 𝟎. 𝟎𝟎𝟐𝑪𝒍
𝟐                                    (III.8) 

𝝀𝒔(𝑪𝒍[𝒘𝒕.%]) = 𝟔𝟒. 𝟕𝟒 − 𝟎. 𝟎𝟏𝟔𝑻 − 𝟎. 𝟓𝟒𝟑𝑪𝒔 + 𝟎. 𝟎𝟎𝟐𝟑𝑪𝒔
𝟐                                   (III.9) 

𝑫𝒍(𝑻[𝑲]) = 𝟏. 𝟒 × 𝟏𝟎−𝟕 𝒆𝒙𝒑ቀ−
𝟐.𝟐𝟗×𝟏𝟎𝟒

𝑹𝑻
ቁ                         (III.10) 
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3.4.1. Mass and momentum conservation equations: 

 This part models the hydrodynamic aspect occurring during solidification. It includes the 

consideration of the buoyancy force terms. Indeed, the liquid part is subject to the thermo-

subjective convection induced by the variations of the density of the liquid phase 𝜌𝑙. These 

density variations can be caused by the thermal expansion of the liquid as a function of its 

temperature (ΔT) or by the change in its alloying element composition (ΔC). Since lead has a 

higher density than tin, variations in lead concentration within the liquid phase cause variations 

in density. This hydrodynamic modelling also includes a braking term from the solid phase 

which has assumed zero velocities. This braking term also exists in the mushy zone assimilated 

to an isotropic porous medium. The equations of conservation are: 

▪ Mass conservation equation: 

      𝒅𝒊𝒗 𝑽 = 𝒅𝒊𝒗 (𝒇𝒍𝑽𝒍) = 𝟎     𝒘𝒊𝒕𝒉     𝒇𝒍 = (𝟏 − 𝒇𝒔)                                                           (III.11) 

▪ Momentum conservation equation for the liquid phase  

 𝝆𝟎 [
𝝏(𝒇𝒍𝑽𝒍)

𝝏𝒕
+ (𝒇𝒍𝑽𝒍. 𝒈𝒓𝒂𝒅)𝑽𝒍] − 𝛁. (𝝁𝒍. 𝛁. 𝒇𝒍𝑽𝒍) + 𝒇𝒍

𝟐 𝝁

𝑲
𝑽𝒍 =

                                                       𝝆𝟎[𝟏 − 𝜷𝑻(𝑻 − 𝑻𝟎) + 𝜷𝑪(𝑪𝒍 − 𝑪𝟎)]𝒇𝒍𝒈 − 𝒇𝒍𝒈𝒓𝒂𝒅(𝒑) (III.12) 

Where K is the permeability of the mushy zone which is approximated by the well-known 

Carman-Kozeny relationship, based on the basic isotropic assumption that the specific surface 

of the solid is equal to that of uniform spheres whose diameters are equal to the secondary 

dendrite arm spacing (𝝀2). 

 𝑲 =
𝒇𝒍
𝟑

(𝟏−𝒇𝒍)
𝟐

𝝀𝟐
𝟐

𝟏𝟖𝟎
                                                                                                                        (III.13)                                                                                                                                                        

3.4.2. Heat conservation equation 

The modelling of convective-diffusive heat transfers occurring within the domain, as well 

as the rejection of latent heat during phase change, is done via the energy conservation equation. 

In this model, an enthalpic approach is used. It allows the resolution of a single equation 

describing the variation of the temperature variable T over the entire domain comprising the 

two liquid and solid phases. The interfaces separating the solid and liquid phases are not 

followed. The local state of the material is described by the value of the liquid fraction fl and 
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solid fraction fs. As the density is assumed to be invariant between the solid and liquid states, 

no distinction is made between the mass fractions and volume fractions. They are equal and 

noted fl for the liquid and fs for the solid. The energy conservation equation is expressed as 

follows: 

𝝏〈𝑯〉

𝝏𝒕
+ ( 𝒇𝒍𝑪𝒑𝒍) 𝒇𝒍𝑽𝒍. 𝒈𝒓𝒂𝒅(𝑻) = ( 𝒇𝒍𝝀𝒍 + 𝒇𝒔𝝀𝒔)𝒅𝒊𝒗[𝒈𝒓𝒂𝒅(𝑻)]                                             (III.14) 

3.4.3. Solute conservation equation 

The solute conservation equation is expressed in terms of the averaged concentration which 

define in   Eq.III.2, and is written as follows: 

𝝏〈𝑪〉

𝝏𝒕
+ 𝒇𝒍𝑽𝒍. 𝒈𝒓𝒂𝒅(𝑪𝒍) = 𝟎                                                                                                    (III.15) 

It is important to note that the solutal diffusion term has been omitted because it is negligible 

compared with the solutal transport. 

Table. III-1. Thermophysical data and parameters used in the calculation  

 
Unit Sn-10wt.%Pb 

Phase diagram data 

Initial concentration, C0 

Melting temperature, Tf 

Liquidus temperature, TLiq  

Eutectic temperature, TE 

Liquidus slope, m 

Distribution coefficient, k  

Eutectic mass fraction, CE 

 

wt pct 

K 

K 

K 

K.wt pct-1 

---- 

wt pc 

 

10 

505 

492 

456 

-1.286 

0.0656 

38.1 

Thermal data 

Specific heat, Cps, Cpl 

Thermal conductivity, 𝝀s (373 K), 𝝀l (513 K) 

Latent heat, L 

 

J.kg-1.K-1 

W.m-1.K-1 

J.kg-1 

 

209, 243 

63, 30 

6.1×103 

Other Characteristics 

Reference volumetric mass, ρ0 

 

Kg.m-3 

 

7×103 
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Thermal expansion coefficient, ꞵT  

Solutal expansion coefficient, ꞵC 

Dynamic viscosity, μ 

Primary dendrite arm spacing, 𝝀1 

Secondary dendrite arm spacing, 𝝀2 

K -1 

wt pct-1 

kg.m-1.s-1 

μm 

μm 

≈ 6.6×10-5 

≈ -4.2×10-4 

1×10-3 

≈ 3.75×10-4 

≈ 1×10-4 

Calculation parameters  

Physical time, t 

Time step, Δt  

Grid size, Nx× Ny× Nz 

 

s 

s 

cells 

 

3×103 

5×10-3 

48×104 

 

3.5.The implementation of the mathematical model in ANSYS/FLUENT 

The formulation of the two-phase equations proposed by Fluent is very similar to the 

formulation of the system equations. Thus, the mass conservation and momentum equations for 

the solid and fluid phase can be entered directly into Fluent. On the other hand, it is necessary 

to specify in Fluent, through the User Defined Functions (UDF), the sources and the 

corresponding transfer coefficients: the mass sources Γ, the momentum equations transfer 

coefficients at the interface and the transfer coefficients of momentum equations at the interface 

Kf and the electromagnetic (Fe.m) or gravity volume forces. As for the energy and solute 

conservation equations, these are introduced in Fluent using the scalar transport equations. 

Indeed, in Fluent we have the possibility to define, in addition to the classical transport 

equations (mass, momentum equations), additional scalar transport equations (the "User 

Defined Scalars"). The general form of a scalar equation is the following: 

𝝏(𝒎𝝍)

𝝏𝒕
+ 𝒅𝒊𝒗(𝝋𝝍) = 𝒅𝒊𝒗(𝑫∗𝛁𝝍) + 𝑺                                                                                      (III.16) 

Where 𝜓  represents the transported physical field, m the accumulation term, φ the mass flux, 

𝐷∗ the diffusivity and S the possible sources. We note that m, φ, 𝐷∗ and S are parameters to be 

defined by the user. These can be easily particularized using user defined functions. Thus, the 

energy equation, the solute conservation equations in solid and fluid can be easily implemented 

in Fluent by articulating 𝜓, m, φ, 𝐷𝑘
∗ and k S as follows: 
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 𝜓 𝑚 𝜑 𝐷∗ 𝑆 

The energy equation 𝑇 𝜌𝑠𝑓𝑠𝑐𝑝𝑠

+ 𝜌𝑙𝑓𝑙𝑐𝑝𝑙  

𝜌𝑠𝑓𝑠𝑐𝑝𝑠𝑣𝑠

+ 𝜌𝑙𝑓𝑙𝑐𝑝𝑙 𝑣𝑙 

𝑓𝑠𝜆𝑠 + 𝑓𝑙𝜆𝑙   𝐿Γ𝑠 

The solute conservation 

equation in solid 

𝐶𝑠 𝜌𝑠𝑓𝑠 0 𝑓𝑠𝜌𝑠𝐷𝑠 𝐶𝑠
∗Γ𝑠 

the solute conservation 

equation in the fluid 

𝐶𝑙 𝜌𝑙𝑓𝑙  𝜌𝑙𝑓𝑙𝑣𝑙 𝑓𝑙𝜌𝑙𝐷𝑙  −𝐶𝑠
∗Γ𝑠 

 

3.6.The resolution algorithm 

We remind that the discretization method is the finite volume method. Thus, all the partial 

differential equations of the model are solved by integrating them on the cells of the 

discretization domain. The spatial discretization method used is the 2nd order UPWIND method 

with a fully implicit treatment. The temporal discretization is the implicit first order Euler 

discretization. The system of equations is solved according to a segregated algorithm which 

means that all equations are solved in a sequential and iterative manner.  

4. Results and discussion 

In this part, we will compare the numerical simulation results with those of experiment obtained 

with the AFRODITE setup on the solidification of Sn-10wt.%Pb alloy.  

It should be underlined that in the experiment temperature distribution as well as cooling rate 

during solidification are programmed and controlled via temperature measurements at the heat 

exchangers. As discussed elsewhere [30], a contact resistance may exist between the wall and 

the sample and be dependent on the wettability of the walls by melt, on motion of liquid and on 

distribution of liquid fraction in the volume because of shrinkage during solidification. That 

means that actual temperature difference across the bulk should be smaller compared to that 

imposed on the heat exchangers and vary with transition from liquid to solid state. Furthermore, 

the lateral cooling rate in the experiment can deviate from programmed one if intense 

solidification accompanied by a large amount of heat release occurs or if the water cooling is 

not sufficient. To take these effects into account, temperature at the inner side of the lateral 

walls is recalculated using temperature measurement made by the thermocouples placed on the 
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heat exchangers and those on the frontal side of the cavity near their lateral sides. According to 

the scheme in Fig. (III.1-b), if convective heat transfer is neglected near the lateral wall, the 

heat flux should conserve along the horizontal axis x.  

Indeed, the boundary temperatures are extrapolated using in-situ measurements of each series 

of the three thermocouples at the same height; (L01, L21, L41). in left side and (L10, L30, L50) in 

the right side. Accordioning to the scheme presented in Fig. III.1, these conditions can be 

written as: 

 𝝀𝑺𝒏−𝑷𝒃. 𝑺.
ቀ𝟑𝑻𝑬𝒙𝒕−𝑳𝒆𝒇𝒕(𝒕)−(𝑳𝟎𝟏(𝒕)+𝑳𝟐𝟏(𝒕)+𝑳𝟒𝟏(𝒕)ቁ

𝟑𝒆
= ∅𝑳(𝒕)                                                              (III.17)                                                            

𝝀𝑺𝒏−𝑷𝒃. 𝑺.
(𝑳𝟏𝟎(𝒕)+𝑳𝟑𝟎(𝒕)+𝑳𝟓𝟎(𝒕)−𝟑𝑻𝑬𝒙𝒕−𝑹𝒊𝒈𝒉𝒕(𝒕))

𝟑𝒆
= ∅𝑹(𝒕)                                                                      (III.18)                                                             

With: 

𝝓𝑹(𝒕) =
𝝀𝑪𝒖.𝒔

𝒉𝝃
(−

𝑭𝑹𝟏(𝒕)

𝟐
+
𝟐

𝟑
𝑭𝑹𝟐(𝒕) − 𝟐𝑭𝑹𝟑(𝒕) +

𝟖

𝟑
𝑭𝑹𝟒(𝒕) −

𝟏

𝟐
𝑭𝑹𝟓(𝒕) +

𝟐

𝟑
𝑭𝑹𝟔(𝒕) −

                      
𝟏

𝟔
𝑭𝑹𝟕(𝒕) −

𝟐

𝟑
𝑭𝑹𝟖(𝒕) −

𝟏

𝟔
𝑭𝑹𝟗(𝒕))                                                                                  (III.19) 

𝝓𝑳(𝒕) =
𝝀𝑪𝒖. 𝒔

𝒉𝝃
(
𝑭𝑳𝟏(𝒕)

𝟐
−
𝟐

𝟑
𝑭𝑳𝟐(𝒕) + 𝟐𝑭𝑳𝟑(𝒕) −

𝟖

𝟑
𝑭𝑳𝟒(𝒕) +

𝟏

𝟐
𝑭𝑳𝟓(𝒕) −

𝟐

𝟑
𝑭𝑳𝟔(𝒕) + 

                      
𝟏

𝟔
𝑭𝑳𝟕(𝒕) +

𝟐

𝟑
𝑭𝑳𝟖(𝒕) +

𝟏

𝟔
𝑭𝑳𝟗(𝒕))                                                                                   (III.20) 

Where 𝜆𝑆𝑛−𝑃𝑏, 𝜆𝐶𝑢 are the thermal conductivities of the Sn-10wt.%Pb alloy and the copper, 

respectively. S the heat exchange surface (𝑆 = 6.10−4𝑚2) and ℎ𝜉  is the step calculation in the 

horizontal direction (ℎ𝜉 = 15𝑚𝑚). “e = 5 mm”, is the horizontal distance between the thermocouples 

L21 and TExt-Left in the left side and between the thermocouples L30 and TExt-Right in the right side. (FL1, 

FL2, ...FL9) and (FR1, FR2, ..., FR9), are the thermocouples of the left and right exchanger, respectively, 

(see Fig. III.1). 

The extrapolated boundary temperature profiles (TNum-Right, TNum-Left), are presented in Fig III.5. 

Thus, these extrapolated temperatures are used as a uniform Dirichlet boundary condition at the 

thermal boundary of our calculation domain. 
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                                   (a)                                                                     (b) 

Fig.III. 5: (a) Extrapolated boundary temperature profiles during the solidification of Sn-

10wt.%pb alloy. The figure also shows the time profile of right (FR3) and left (FL3) exchangers 

(see Fig.1). (b) Profiles of thermal contact resistances from the second thermal holding stage 

to end of solidification. 

4.1.Temperature profile comparison between experiment and simulation 

In our comparative study, the experimental time 15500 s is taken as the initial time (t = 0 s) for 

the numerical simulation, i.e., at the application of the cooling rate (solidification step). The 

initial “Pb” concentration is set as uniform and equal to 10 wt.%.  

Fig.III.6 shows the measured and numerical temperature fields at three different times during 

the solidification stage's total period. The corresponding numerical values of the instantaneous 

temperature field are given in Appendix (A). The numerical results appear on the left side, while 

the experimental measurement results appear on the right side. In both cases, the temperature 

maps are recorded at the lateral wall of the crucible (z = 0), which carries all the acquisition 

thermocouples.  

The first snapshots (Fig.III.6 (a) at t = 1820 s) correspond to a completely liquid sample. Due 

to the horizontal temperature gradient between the two vertical walls, a buoyancy force is 

generated and acts in the cavity. The melt flows upward near the hotter vertical side and 

downward near the colder vertical side, creating a convective loop (vortex) that is disseminated 

across the cavity and forms a positive temperature gradient in the upward direction. It should 

be underlined that, despite the low value of the Prandtl number (Pr = 7×10-3), The temperature 

fields obtained from numerical simulations and experimental measurements show clearly that 
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the flow strength is sufficient to distort the isotherm, with a maximum velocity obtained by 

simulation of vmax = 1.12 cm/s. 

   

(a) t = 1820 s 

 

(b) t = 2650 s 

 

(c) t = 3220 s 

Fig.III. 6: Temperature maps recorded at selected times during the solidification of a Sn-

10wt.%Pb alloy: (a) t = 1820 s, (b) t = 2650 s and (c) t = 3220 s, after the initial simulation 

time (t = 0 s) which corresponds to the time 1400 s of the experimental process. The numerical 
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calculations are presented on the left side and the experimental data on the right side. The 

experimental measurement area in which thermocouples are present is indicated by a white 

dashed rectangle on the numerical snapshots presented in the left column. Conversely, the white 

strip framing the coloured temperature map on the experimental snapshots corresponds to the 

part of the domain in which no thermocouple is present. 

In order to compare the solutal buoyancy forces with thermal ones, it is important to introduce 

relevant dimensionless parameters involve, namely the buoyancy number Nb, express as 

follows: 

𝑵𝒃𝒖𝒐𝒚 =
𝜷𝒄

𝜷𝑻
.
𝜹𝑪

𝜹𝑻
,   (δT: is the thermal variations in the melt)                                      (III.21) 

Assuming that the mushy zone is in thermodynamical equilibrium, the buoyancy number 

𝑁𝑏𝑢𝑜𝑦
𝑚𝑢𝑠ℎ takes the following adapted form: 

𝑵𝒃𝒖𝒐𝒚
𝒎𝒖𝒔𝒉 =

𝟏

𝒎
.
𝜷𝒄

𝜷𝑻
,   (m: is the liquidus slope)                                  (III.22) 

If we take δT = 20 K, which is an estimated value taken from an extrapolate calculation given 

by Eqs. (17 and 18) for the effective temperature difference between the two lateral ingot walls 

and δC = 10wt.% as estimated value for solutal gradients, the numerical values of Nbuoy and 

𝑁𝑏𝑢𝑜𝑦
𝑚𝑢𝑠ℎ are 3.18 and 4.95, respectively. This indicates clearly that solutal buoyancy effects are 

dominant during solidification, in the present case. 

Fig.III.6(b) shows the temperature field corresponding to time 16650 s, i.e. 2650 s after the 

beginning of the solidification. As the superheated melt is cooled from both sides, while 

maintaining a constant temperature difference, and the temperature of the cold wall (right side) 

gradually decreasing below the liquidus temperature (TL = 492.K), the columnar dendrites begin 

to grow, thus forming a columnar liquid mushy zone. The isotherms in the right side of the sample gradually become 

vertical compared with the previous selected time (t = 1820 s), with a mainly conductive heat 

exchange mode. The maximum melt velocity is now about 0.98 cm/s, which indicates a 

decrease of around 47% from the previous value at the beginning of the solidification (t = 1820 

s).  

The last time (t = 3220 s) is shown in Fig.III.6 (c). The solidification front continued to advance 

from the right to the left in both maps. A significant decrease of the temperature gradient occurs 

due to the ripening of the solid phase, which leads to a drop in the fluid volume in the mushy 
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zone. The numerical results predict the appearance of a second solidification front on the 

sample's left side at this time, since the temperature applied on this side is now below the 

liquidus point of the alloy. However, at this time, the temperature maps obtained from 

experimental measurements do not indicate the existence of a second front.  This difference can 

be attributed to the fact that the distribution of the thermocouples does not cover the entire 

surface of the crucible (see Fig.III.1-b). Furthermore, the last liquid phase, confined between 

the two solidification fronts, gradually disappears to be replaced by a global mushy zone. In 

this region, Low residual velocities remain, forming two counter-rotating loops because the 

velocity is relatively higher in the central part, which is hotter than the nearby sides. Heat 

transfer is mainly conductive with quasi-vertical isotherms at this time, and consequently, the 

last liquid does not solidify at the left wall (hot side), but at a distance from it. 

 

4.2.Discussion on main factors responsible for segregated channels 

In order to identify the main factors that can directly affect the segregation mechanism, 

especially at the meso- and macro-scales, the Pb concentration maps coupled with velocity 

vectors (left column) and the maps of the solid fraction evolutions (right column), are shown in 

Fig.III.7 at three selected times. As mentioned previously, the solidification is asymmetric due 

to the applied mean horizontal temperature gradient and starts from the right-side. When the 

solidification progresses, if the liquid velocity is opposite to the temperature gradient, a negative 

segregation will be formed in the upper part of the cavity (Fig.III.7(a)), and against a positive 

segregation will be occurred near the bottom of the crucible (Fig.III.7(b)). Among a several 

factors, we believe that the development of segregated channels is the result of the interaction 

of two specific mechanisms in the regions which characterised by a columnar structure. The 

first mechanism is the onset of high-potential sites for the appearance of mesosegregation zones, 

which is closely related to the instability of the solidification front caused by overall convection 

and the movement of the interdendritic liquid, that is controlled by its permeability in the mushy 

zone. At present, it is difficult to accurately predict the time and location of the initiation 

mechanism of mesosegregation, but the dimensionless Rayleigh number may be a relevant 

parameter that can provide an indication of the onset. C. Beckermann et al. [25], estimate that 

if the Rayleigh number of the mushy zone, developed specifically for freckles forming in Ni 

superalloys during upward directional solidification (with a temperature gradient opposite to 

gravity, and for small grain inclination angles), is greater than a certain critical value, which 
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ranging between 0.12 and 0.24, there is a high chance that a segregated channel would start up. 

In order to determinate the adequate value of the Rayleigh number corresponding to our 

configuration (directional horizontal solidification of Sn-10wt.%Pb alloy), the approach 

developed in M. Worster et al. [26], is used: 

 𝑹𝒂𝑳𝒄 =
(
∆𝝆

𝝆𝟎
).𝒈.𝑲𝒂𝒗𝒆𝒓.𝑳𝒄

𝜶.𝝂
                                                                                                               (III.23) 

Where Lc is the characteristic length scale related to the local temperature by 𝐿𝑐 =
𝑇𝐿−𝑇

𝐺
  with T 

corresponds to a temperature range of about 14 K below the liquidus temperature whereas G is 

temperature gradient taken identical to our average experimental temperature difference (G = 4 

K/cm),  𝛼 the thermal diffusivity, 𝜈 is the kinematic viscosity of the melt in the mush. The 

relative liquid density inversion (∆𝜌/𝜌0) over the mush of height Lc is given by ቀ
∆𝜌

𝜌0
ቁ =

ρ(𝑇)−ρ(𝑇𝐿𝑖𝑞)

ρ(𝑇)
. Kaver is the mean permeability K (Eq.13) corresponding to the average liquid 

fraction fl in the mush length Lc. Although our configuration is a solidification perpendicular to 

the gravity vector, the calculation gives an estimated value of 0.125, which is in good agreement 

with the critical interval given in [25].                                                                                                         

    

                                       vmax = 0.9 cm/s                                             

(a) t = 818 s 

     

                                     vmax = 0.1cm/s                                                    
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(b) t = 1115 s 

    

                                           vmax  0 cm/s                                                  

(c) t = 1355 s 

 

Fig.III.7: Right column: Map of average Pb concentration coupled with the velocity vectors 

(black). Left column: Solid fraction evolution. Three selected times are shown: (a) 818 s, (b) 

1115 s and (c) 1355 s. 

The second factor is the growth stability of the segregated channel resulting in the ripening 

of the solid phase in the mushy zone and the configuration of the existing interdendritic flows. 

The results show that the development of the segregated channel is always accompanied by a 

suppression solidification mechanism in the lower part of the columnar structure front region, 

as indicated in the maps of solid fraction evolution in the right column of Fig.III.7.  

An increase in local interdendritic flow induced by a flow perturbation is favoured by the 

resulting suppressed solidification. It's also worth noting that this latter mechanism only 

happens when the interdendritic flow (𝑢⃗⃗𝑙) is in the opposite direction of the liquid concentration 

gradient (∇⃗⃗⃗𝑐), as will be discussed below and shown in Fig.III.8. However, there seems to be 

a characteristic time to stability the segregated channel, because the channels do not appear in 

the case of accelerated solidification, which prevents the increase in local interdendritic flow 

driven by flow disturbances. 

We assume that the fluid-solidification interaction is a stabilizing factor on the flow 

perturbation and instability of the solidification front, so channel segregation will not occur. 

This can be confirmed by the fact that in the upper right part of the sample, although the 

dominance of the columnar structure and the critical Rayleigh number conditions are fully 
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satisfied, the experimental results obtained from the X-ray radiographic analysis shown in 

Fig.III.10 clearly shows that no channel occurred there. 

Fig.III.7(b) and (c) also show that the transport of the enriched liquid from the inside of the 

mushy zone leads to a significant positive segregation towards the bottom of the cavity and 

induces or expands the solute stratification in the bulk liquid. due to the stratification in the 

melt. Furthermore, comparing the overall macrosegregation pattern in Fig.III.7(c), shows a 

negative segregation towards the top of the sample and a ‘peak’ of positive segregation where 

the two solidification fronts meet. 

Fig.III.8 shows the suppressed solidification region in its early stages, where channels develop. 

Segregated channels appear in the zones which are characterized by a relatively high 

concentration corresponding to the lower solid fraction. As explained previously, the positive 

direction of (∇⃗⃗⃗𝑐) represented by red vectors during this stage of solidification is almost right-

downward, whereas the liquid flow (black vectors) in the channel is left-downward, as shown 

in Fig.III.7. It can be seen that the sign of 𝑢⃗⃗𝑙 and ∇⃗⃗⃗𝑐 in the channel is negative, which confirms 

that the solidification process will be slowed. In the neighbouring region (channel 

surroundings), the fluid has a tendency to orient itself towards the channel, which is 

characterized by a relatively high permeability compared with its surroundings (drainage 

effect).  

    

                 (a)                                                                     (b) 

Fig.III.8: (a) Map of solid fraction at time 600 s, coupled with the velocity vectors (black); 

(b) zoomed-in view of the area bounded by a discontinuous black line with the liquid velocity 

𝑢⃗⃗𝑙 (black) and concentration gradients 𝛻⃗⃗𝑐 (red). 
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Conversely, the sign of ∇⃗⃗⃗𝑐 and 𝑢⃗⃗𝑙 in the neighbouring zone (surrounding the channel) is actually 

positive, which provides clear indications that the solidification might be accelerated there. The 

channel can be stable with this particular situation of flow-solidification interaction. In addition, 

in the mushy zone, the flow is influenced by the intensity and direction of the convective vortex 

acting in the liquid phase. However, the fluid flow in the channel surroundings is primarily 

influenced by the concentration gradients(∇⃗⃗⃗𝑐).  

Moreover, during the solidification process, there is a potential possibility of remelting in 

mushy zone that has formed. The literature shows that there are two main mechanisms in which 

remelting can occur: local reheating due to the hot bulk transported by convection and/or 

concentration increase in liquid that surrounding the dendrites due to the flow of solute-rich 

liquid into these regions. Indeed, the remelting issue has been investigated by both numerical 

and experimental studies, A. kumar et al. [27] and M.G. Worster [28]. The theoretical details 

and numerical model related to the phenomenon are not highlighted this latter, namely its 

impact on the segregation development. It is clear that this phenomenon needs further 

examined, in order to explain its effect on the segregated channels formation, in terms of 

morphology and level of concentration, we have followed the history of the thermal and 

concentration fields as well as their corresponding liquid fraction of three different points: point 

1 (x = 95 mm, y = 20 mm, z = 0.5 mm), point 2 (x = 91 mm, y = 10 mm, z = 0.5 mm) and point 

3 (x = 88 mm, y = 0.5 mm, z = 0.5 mm), located in the same channel segregation (freckle), 

presented in Fig.III.9(a).  

Fig.III.9 shows the time-evolution of temperature and their corresponding liquid 

fraction and average concentration for each point selected. It is easy to note that due to the 

decrease of temperature in these points (Fig.III.9(b)), which becomes lower than the liquidus 

temperature (TL = 492 K), the liquid fraction has decreased from initial value fl = 1 to 0.8 and 

0.74 for point 1 and 2, respectively, which corresponding to the solidification progress. 

However, the third point which located almost at the crucible bottom, presents a little decrease 

of liquid fraction of about 7% (fl = 0.93), because of the effect of heavy solute sedimentation, 

as shown in Fig.III.9(c). Fig.III.9(c) shows also an increase in the liquid fraction of about 10%, 

20% and 7% in points 1, 2 and 3, at the instants 563 s, 623 s and 660 s, respectively after the 

start of the cooling stage. This behaviour that corresponds to a remelting phenomenon of the 

solid in the mushy zone, is accompanied by a major increase in the level of concentration due 
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to the transport of solute rejected within the mushy zone, which reaches 24wt%. These factors 

are the favourable conditions for the creation of a segregated channel. 

    

       (a) Position of the three points selected                       (b) Temperature 

   

                 (c) Liquid fraction                                         (d) Average concentration 

Fig.III.9: Time-evolution of temperature, average concentration and liquid fraction for three 

points, located in the same segregated channel (freckle): point 1 (x = 95 mm, y = 20 mm, z = 

0.5 mm), point 2 (x = 91 mm, y = 10 mm, z = 0.5 mm) and point 3 (x = 88 mm, y = 0.5 mm, z 

= 0.5 mm).                        

A fluctuating values of these concentrations and relatively less in the corresponding 

temperatures, were observed just in the time before and during remelting. Fig.III.8(d) shows 

clearly an increase in the solute concentration in the points 2 and 3 located to the identified 

remelting sites, which correspond to the zone of channels segregation formation. Thence, these 

analyses clearly show that the remelting is a direct result of the local increase in the 

concentration of a solidified sites because of the inflow of solute-rich liquid in the mushy zone. 
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Indeed, due to the relatively large liquidus slope of Sn-10wt.%Pb alloy, small gradients of 

concentration induce a significant drop in liquidus temperature and thereby remelting is 

strongly affected by solutal variations.   

  

                                    (a)                                                               (b)  

 

(c) 

Fig.III.10: (a) Photo of X-ray radiography of the solidified sample (b) Lead concentration map 

averaged over the sample thickness calculated by numerical simulation, at the end of the 

solidification process (in wt.%) and (c) Lead concentration map measured by the chemical 

method coupled with the inductively coupled plasma technique (left) and corresponding 

numerical values (right). 

In fact, when the solidification accelerates, the area around each channel reject lead, thus 

leading to enrich the solute in the channel, which induces a pumping effect by solutal buoyancy. 

Locally, the resulting flow happens from the zones with a relatively high solid fraction to the 

more liquid zones, which continues to drain the solute into the segregated channels.  

[
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Fig.III.10(a) presents the overall macrosegregation pattern obtained numerically by averaging 

the concentration field over the sample thickness “e”, as expressed by Eq. 22, compared with 

the experimental analysis obtained by X-ray radiography, shown in Fig.III.10(b). The 

concentration variations are mainly in the vertical direction, and the ‘peak’ seen in the 

simulation result is not apparent in the experiment. However, the X-ray radiograph does not 

give quantitative information for the variations of concentration, therefore, the segregation level 

is uncertain. The X-ray radiographs in Fig.III.10(b), also uncover information about the 

mesosegregation localisation. The results show several channels in the lower-right portion of 

the sample, which is very consistent with the numerical simulations.  

𝑪̄𝒂𝒗𝒆𝒓(𝒙, 𝒚) =
𝟏

𝒆
∫ 𝑪(𝒙, 𝒚, 𝒛)𝒅𝒛
𝒆

𝟎
                                                                                                                   (III.24) 

The isotropic Carman-Kozeny law adopted in our model shows a very consistent with the 

experiment, both with respect to channels location and the relative channels number between 

experiment and simulation. According to the numerical results, the lead concentration in the 

segregation channels and macrosegregation region, which corresponds to the last liquid 

solidified, can reach 18 wt.%. 

Fig.III.10(c) illustrates the results the experimental solute distribution obtained by a chemical 

method based on dissolution in an HNO3/HCl (1-2×10-3) acid mixture and coupled with the ICP 

(Inductive Coupled Plasma) technique for determining a quantitative analysis of lead 

distribution. The ingot chips analysed, weighing approximately 200 mg, are obtained by core-

drilling 50 holes correspond to the thermocouple positions, as mentioned previously [28, 29]. 

As expected, the results show clearly that the solute rejection process starts from the cold aspect 

(right) of the ingot, therefore there is a lead-enriched zone on the bottom-left at the end of 

solidification. This region corresponding to the last solidified liquid has a concentration 

exceeding 14wt.%. However, a macrosegregation region with the highest concentration of up 

to 18 wt.% was observed in the right-hand corner of the sample. This concentration peak 

provides clear indications of the segregated channels formation at this location. Conversely, 

one disadvantage of this technique is that it cannot detect all other segregated channels predicted 

by simulation. This may be due to the core size (1 mm), which may be too large to capture the 

phenomenon that is developing at mesoscopic scale. 
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4.3.Segregation morphology 

In this part, we focus on the morphology of the segregated channels as well as the plume of 

macrosegregation correspond to the last liquid solidified in the ingot. To characterise this 

morphology, both numerical results and specific post-mortem analysis will be used. Snapshots 

of averaged lead concentration maps over the sample thickness obtained by numerical 

simulation are shown in Fig.III.11. In all cases, the mesosegregation is on the right side of the 

ingot, appearing in the form of several solute-enriched channels. Fig.III.11(a) (1-3) shows a 

time/space follow-up of the segregated channels development in this zone. Their morphologies 

correspond, generally, to a tubular structure distributed over the thickness of the sample and 

more particularly along the front or back walls. These structures are initiated close to the cold 

right endwall, and in the vicinity of the side walls at a certain height, (see Fig.III.11(a1). As the 

solidification-flow interaction activates during the advance of the solidification front, the stable 

channels develop in the mushy zone with a descending quasi-arc shape, affected by the 

descending convective motion and the suppressed solidification in this zone, (Fig.III.10(a2 and 

a3). Their lead concentration varies between 11.5 and 28 wt.%. Furthermore, the dimensions of 

the tubular segregated channels vary widely. In general, their diameter varies between 0.8 and 

2.2 mm and their arc-length between 4 and 24 mm.  

  

                     

                              (a1) 550 s                           (a2) 600 s                                (a3) 650 s 
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                              (b1) 1115 s                           (b2) 1144 s                      (b3) 1355 s  

      

     

                  (c1) 818 s                                (c2) 1115 s                                (c3) 1355 s 

Isoconcentration 〈𝑪〉 = 𝟏𝟐𝒘𝒕.% 

Fig.III.11: Snapshots tracking: segregated channel development (a.x.); development of 

macrosegregation corresponding to the last liquid solidified (b.x.); 3D views of lead 

isoconcentration of 12 wt.% Pb, shown in greyscale (c.x). 

Fig.III.11(b) (1-3) represents the development of macrosegregation corresponding to the last 

liquid solidified. As predicted, it has a plume shape, indicating a zone richer in solute at the 

bottom of the column near the left side of the sample. Simultaneously to the stratification effect, 

this morphology is a direct result of the transported solute caused by the action of the two 

convective loops resulting from the advance of the two solidification fronts and which stay 
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active in the last solidified liquid. This plume has a significantly high concentration, ranging 

between 12.3% and 20 wt.%. It has a height of 53 mm and a base length of 44 mm (see 

Fig.III.11). (b3). 

Fig.III.11(c) (1-3) shows 3D views of the lead isoconcentration surfaces at 12 wt% in the 

solidified ingot obtained by numerical simulation (displayed in grey). The figure shows a focus 

on the lead rich zones, i.e. principally solute stratifications in the bottom of the ingot, the 

segregated channels (right part), and the solidification-end plume. The lateral-side walls of the 

crucible present potential privileged areas for the development of segregated channels. Some 

small discontinuous channel parts are found halfway up the right third of the sample. It is 

important to note that a dissymmetry is observed in the shape and location of the segregated 

channels, despite the symmetrical boundary conditions imposed at the back-side walls. This 

may be explained by the effect of the solidification front instabilities due to fluctuations of the 

temperature field, which create asymmetries. In real situations similar to the one studied here, 

the flow is fluctuating and the existence of the fluctuations is generally accompanied by a 

destabilization of symmetry, which will affect both the flow configuration and the temperature 

field. 

In order to evaluate these observations, a new view of macrosegregation presented as a set of 

slices perpendicular to the front/back was studied numerically and experimentally. The ingot is 

cut into nine slices parallel to the (yz) plane, corresponding to 10, 20, 30, 40, 50, 60, 70, 80, 

and 90 mm from the right (cold side) to left (hot side), which are analysed by X-ray 

radiophotography carried out in the perpendicular x-direction. The slices are between 5 and 5.6 

mm thick, and their height varies between 55 and 60 mm (effect of shrinkage in the later 

solidified part). The corresponding X-ray photographs are shown in Fig.III.12, compared with 

lead concentration maps in (yz) planes obtained from the numerical simulation at the same 

locations as the ingot slices. It is important to emphasize that the comparison can only be done 

qualitatively, because each X-radiograph of the slices in Fig.III.12(a) is obtained by integration 

of the X-ray signal over its thickness, (5-6 mm), while the numerical results in Fig.III.12(b), 

are the segregation map of the corresponding sections. Generally, the comparison illustrates 

good agreement between experiment and simulation. The bright zones observed by X-

radiography correspond to the positions predicted by simulation for lead enrichment regions. 

On the simulation plots (Fig.III.12(b)), The segregated channels can be seen clearly in the first 
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four isoconcentration maps (right part of the sample), with quasi-circular cross-section forms 

distributed over the thickness of the ingot, but with the majority near to the side walls.  

 

                                              ' 

                                                                        (a) 

                                                 

                                                                         (b) 

Fig.III. 12: (a) X-radiography photos of the slices and (b) contour maps of the iso-

concentrations obtained by numerical simulation. The positions of the slices (1-9) are 10, 20, 

30, 40, 50, 60, 70, 80, and 90 mm from the cold wall (right side). 

Apparently, tubular forms with elongated shapes, sometimes a little blurred, can also be 

detected in the X-ray radiography, in particular in the first four slices. Note that due to the 

significant thickness of the ingot slices analysed by X-ray radiography in this direction, i.e., 

perpendicular to the (yz) plane, the segregated channels will describe a path. 

It is important to note that, due to the effect of the projection of these kinds of analysis 

techniques, the X-ray photographs show elongated forms of channels with an attenuation in 

terms of intensity by averaging over the slice thickness. The X-ray photographs show clearly 

the high level of lead segregations around the zones in the left side where the end of 

solidification occurs, more particularly in the last three slices (see Fig.III.12(a)). The position 

of the solidification-end plume appears quite symmetrical in the seventh iso-concentration map 

with respect to the vertical (xy) plane in simulation (Fig.III.12(b)), but does not show such 

1 9 
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symmetry in the experiment (see the seventh and eighth slices in Fig.III.12(a)), except 

approximately in the lower part. The level of lead segregation in the lower-left corner region 

(slices 7, 8 and 9 in Fig.III.12(a)), is actually overestimated by the simulation, and the transition 

from the lower Pb-enriched regions to the high concentration is predicted more explicitly 

numerically than shown by the experimental analysis (X-radiographs). Some average sizes and 

locations of the segregation channels which are not precisely matched in the experimental 

results (effect of projection), are also overestimated by the numerical simulation. 

4.4.Macrostructure 

The macrostructure of the ingot is shown in Fig.III.13(a). Macrostructure is obtained after 

post mortem analysis, which consists of several passes of polishing and chemical attack with a 

mixture of 75% Vol HCL (37 mol%/v) and 25% Vol HNO3 (69.5%). A distinct columnar zone 

is observed, which originates at the right side of the sample, grows at an angle approximately 

45 degrees from horizontal and extends over half the length of sample. The direction of natural 

convection has direct consequence on the upwind tilting of the columnar grains. Furthermore, 

a smaller columnar region is observed in the top and bottom left corner which corresponds to 

the solidification front emerging from the left-hand side of the sample. In the lower part of the 

sample, below the two columnar regions, a more equiaxed microstructure is observed which 

roughly corresponds to the region of positive segregation seen in Figs.III.10 and 12.  

To understand the formation of the as-cast structure, another analyses than X-rays and ICP 

were conducted in order to establish grain structure and verify the effect of solute stratification 

on the final crystal structure. Fig.III.13(b) gives a graphic representation of the number of grains 

in terms of their size. The geometric forms specific characteristics of the macrostructure are 

summarized in Appendix (B). The results clearly show that the stratification in lead 

significantly favours the mechanism of columnar-to-equiaxed transition (CET), and 

consequently refining equiaxed grains. This is observed by the dominance of the number of 

grains less than 40 mm2, in particular in the region where the two solidification fronts meet. 

These results are in good coherence with the experimental parametric study on the effect of the 

average cooling rate and alloy composition on the CET in directionally solidified in Pb-Sn 

alloys in the range 2-40%Sn, performed by Ares and Schvezov, [31]. The results showed a 

correlation similar to that given by Hunt’s model.  Indeed, we believe that the predominant 

mechanism responsible for blocking progress of the columnar front, and consequently the onset 
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of CET, is solutal-driven remelting, due to flow of interdendritic enriched-solute liquid during 

columnar growth (solidification), as proposed by Zheng et al. [32]. The authors have shown 

that there is a specific angle between the two vectors (interdendritic flow in mushy zone 𝑢𝑙⃗⃗⃗⃗  and 

concentration gradient ∇⃗⃗⃗𝑐) which can give indications about the possibility of fragmentation. 

Indeed, they suggest that when it is larger than π/2, fragmentation may occur, and consequently 

no fragments can be produced when it is smaller than π/2.  

 

                           (a)                                                                        (b) 

Fig.III.13: Macrostructure of Sn-10wt. %Pb alloy (a) and its distribution of grain size (b). 

[28]                    

Otherwise, as the rejected solute enriches the interdendritic liquid, the concentration 

gradient, which is the driving growth force, will gradually decrease. Grains, which are 

transported by convection out mushy zone, will grow under certain conditions and then slowly 

stop growing without coming into direct contact with one another, Martorano et al. [33]. 

5. PARTIAL CONCLUSION 

A full 3D numerical model, implemented in ANSYS/Fluent software, is used to reproduce the 

solidification of the Sn-10wt.%Pb alloy in a benchmark solidification experiment. The model 

is based on a two-phase volume-averaged approach assuming perfect microscopic mixing (lever 

rule). The corresponding instantaneous temperature distributions and final post-mortem 

characterizations are available, allowing a detailed comparison between the numerical and 

experimental results. The agreement between experiment and simulation in terms of 

temperature evolution and macro- and meso segregation morphology and behaviour further 
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verified the numerical model used. Rigorous processing of the experimental temperature data 

has been applied to define appropriate unsteady thermal boundary conditions for the numerical 

model, which enable buoyancy convection to be taken into account correctly in this 3D 

simulation. We can deduce some findings and general conclusions about the effect of 

thermosolutal convection on the solidification process, particularly concerning the solute 

stratification, segregation morphology and CET mechanism. 

▪ Globally, three different mechanisms are responsible for the movement of fluid in the 

mushy zone, and consequently the development of segregation at different scales and 

with different morphologies: 

- convection in the mushy zone, which transports the solute within and 

outside the mush, 

- solidification front instabilities driven by the convection in the bulk and 

the motions of the interdendritic liquid and controlled by its permeability 

in the mushy zone, 

- interdendritic local flow induced by a flow perturbation resulting in the 

suppressed solidification mechanism, which occurs only when the 

interdendritic flow (𝑢⃗⃗𝑙) is in the opposite direction to the liquid 

concentration gradient (∇⃗⃗⃗𝑐). 

- remelting results to the local increase in concentration due to inflow of 

solute-rich liquid in the mushy zone and/or reheating due to the hot bulk 

transported by convection, is a favourable condition to the development 

of a segregated channels. 

▪ Both numerical simulations and experimental characterisations show that the segregated 

channels are distributed over the ingot thickness and have a tendency to exhibit a curved 

shape. Most of them have a complex 3D morphology and tend to have tubular forms.  

▪ A columnar-to-equiaxed transition (CET) was observed in the experiment, which was 

discussed in our previous work [28, 39]. This result can be attributed to convective 

motions that exert two main effects. First, the buoyancy force generates liquid 

convection that homogenizes the melt and decreases the temperature gradients, 

therefore creating favourable conditions for onset of a CET. Second, hot flow currents 

impinging the mushy zone can enhance fragmentation/remelting of the secondary arms. 

The solute-enriched melt transported by the interdendritic flow, under certain conditions 
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which depend on the flow configuration (in the columnar-growth direction or against 

the ∇⃗⃗⃗𝑐 direction), promotes remelting and consequently fragmentation, and the resulting 

fragments are a predominant factor in the formation of equiaxed grains.  

 

Appendix A  Instantaneous temperature maps recorded for three selected times 

corresponding to the experiments Sn-10wt.%Pb. Experimental 

conditions: DT = 40K, CR = - 0.03K/s. 

 
Temperature maps (K) 

 

 

 

1820s 

 

 

 

  514.27  509.96  509.46  509.16  509.06  508.96  508.56  508.27  507.96  505.84 

  515.76  511.26  510.65  510.46  510.56  510.27  510.16  509.76  509.65  507.26 

  516.76  512.56  512.06  511.76  511.86  511.65  511.36  511.26  510.84  507.96 

  519.06  514.46  513.27  512.76  512.96  512.56  512.46  512.26  511.56  508.27 

  521.96  516.56  514.65  513.96  513.84  513.56  513.16  512.56  511.46  506.65 

 

 

 

2650s 

   

  494.27  490.65  489.46  488.96  488.76  488.86  488.46  487.76  485.36  481.16 

  493.76  490.65  489.84  489.65  489.76  489.56  489.46  488.46  486.16  481.86 

  494.06  491.36  490.76  490.56  490.56  490.36  489.96  489.16  486.56  481.76 

  495.65  492.56  491.76  491.36  491.36  491.06  490.76  489.65  487.06  481.46 

  497.56  494.16  492.76  492.26  492.16  491.76  491.36  489.96  487.27  480.56 

 

 

 

3220s 

 

  491.76  490.36  489.27  488.36  487.84  486.86  484.36  481.16  477.46  472.96 

  491.46  490.16  489.26  488.76  488.65  487.56  485.27  481.56  477.96  473.26 

  490.96  489.84  489.36  489.06  488.96  488.06  485.65  482.27  478.06  472.84 

  491.36  490.26  489.76  489.27  489.16  488.36  486.06  482.56  478.27  472.46 

  491.84  490.86  490.36  489.76  489.56  488.56  486.56  483.06  478.96  471.65 

 

Appendix B. Geometric characteristics of the macrostructure of Sn-10wt.%Pb. Experimental 

conditions DT = 40K, CR = - 0.03K/s. 

Grain size 

mm² 

Area μm² Area 

percentage 

(%) 

Number 

of grains 
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2> x >5 
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Preamble  

Both the numerical and experiments results presented previously in the third chapter, clearly 

showed the need necessity to introduce an external force, allowing the control of melt during 

the solidification process in terms of thermal and solute homogenization and hydrodynamic 

morphology stabilization. In order to satisfy these conditions, electromagnetic stirring is 

proposed as a promising technical solution. The objective of this chapter is to examine the effect 

of forced convection driven by a Travelling Magnetic field on the solidification process. Two 

solidification cases for a binary Sn-10wt.%Pb alloy were examined (under natural convection 

and under forced convection). A 3D numerical simulation using a modified model which is 

previously detailed in the third chapter with an additional term containing the Lorentz force 

which represents the electromagnetic stirring contribution in the momentum equations.  The 

case of forced convection driven by electromagnetic stirring in the opposite direction to natural 

convection stirring was examined. All numerical results are compared to those of experiments, 

which are well described in the work of Hachani et al. [1]. 

1 Proposed electromagnetic inductor  

1.1 System Description 

The structure of the proposed electromagnetic inductor is shown in Fig.IV.1. It consists of 

six coils which distributed along the ferromagnetic head placed at the bottom. Such distributed 

coils make a better use of the core, copper and also improve the magnetomotive force (mmf) 

waveform, defined by a direct current of one ampere flowing in a single-turn loop. The linear 

coil distribution in fact, provides a vector of magnetic field which pointed upward and moves 

linearly over the pad.  

Since the inductor is a three-phase system with six coils, each two coils are connected to one 

phase of the power supply providing a phase winding. For instance, (a and a’) forming phase-

A, and similar to that (b and b’) and (c and c’) forming the other two phases B and C as 

illustrated in Fig.IV.2.  
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                       Fig.IV.1 : 3D Geometry of the proposed electromagnetic inductor 

 The coils distribution between the three phases is made in a way that assures a reasonable 

constant magnetic flux density as a resultant of the three phases travelling above the charging 

pad, [2].  

 

 

 

 

                                              

                                           Fig.IV.2 : The proposed coils charging pad 

1.2 Travelling magnetic field principle 

If an alternating current flows through the phase coil, it produces a pulsating mmf wave, whose 

amplitude and direction depends on the instantaneous value of the current flowing through the 

coil. Fig.IV.3 illustrates the mmf distribution in space at various instants due to an alternating 

current flow in inductor. Each phase coil produces similar sinusoidally distributed mmf waves, 

but displaced by 120 electrical degrees in space from each other (see Fig.IV.3). The balanced 

a a' b c' c b' 

≈ 

≈ 

≈ 

Phase-C Phase-B Phase-A 

Pole pitch 
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three-phase instantaneous currents flowing through the three-phase coils of the charging pad 

can be expressed as, 

 {

𝑰𝑨 = 𝑰𝟎𝐜𝐨𝐬 (𝝎𝒕)
𝑰𝑩 = 𝑰𝟎𝐜𝐨𝐬 (𝝎𝒕 + 𝟐𝝅/𝟑)
𝑰𝑪 = 𝑰𝟎𝐜𝐨𝐬 (𝝎𝒕 + 𝟒𝝅/𝟑)

                                                                                                                          (IV.1) 

                                        

                              Fig.IV.3 : Three phase current varying with time 

When the currents presented by the system of equations (IV.1) flow through the respective 

phase coil (phase-A, B and C), each produces a sinusoidally distributed mmf wave in space, 

pulsating along its magnetic axis and having a peak located along the axis. Indeed, when current 

vary with time a magnetic field will come forth as shown in Fig.IV.4. When θ = 0°, the point 

with the maximum magnetic field density is on winding A.  

                           

Fig.IV.4 : Production of travelling magnetic field with three phase currents. 

c' b' a' c b 

θ = 0° 

 

θ = 60° 

 

θ = 120° 

 

θ = 180° 

a 
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As θ increases, the point will travel on the core from A to B and to C, namely a travelling 

magnetic field is produced. The induced current in the melt interacting with the travelling 

magnetic field. Each mmf wave can be represented by a space vector along the axis of its phase 

with magnitude proportional to the instantaneous value of the current.  The resultant mmf wave 

is the net effect of the three component mmf waves at any point in the air above the pad defined 

by a distance x. The origin of x can be chosen to be the axis of phase-A. At any instant of time; 

all the three phases contribute to the air gap mmf along the path defined by x. The resultant 

magnetic flux density wave above the pad at a distance x from the chosen origin can be obtained 

as: 

 𝑩(𝒙, 𝒕) = 𝑩𝒎𝒂𝒙 𝐜𝐨𝐬 ቀ𝝎𝒕 −
𝝅𝒙

𝝉
ቁ                                                                                                               (IV.2) 

Where τ, is the pole pitch, i.e. the distance between two neighbouring poles on the axial length 

of the pad as shown in Fig.IV.2), ω is the pulsation (ω = 2πf) and f is the frequency of the 

primary power supply. It can be seen from Fig.IV.2 that if the mmf wave travels a complete 

pitch pole, the displacement x is equal to τ, at the same time θ completed a half cycle (π) of a 

period.  

 
𝒙

𝜽
=

𝝉

𝝅
 𝒐𝒓 𝒙 = 𝜽

𝝉

𝝅
                                                                                                                         (IV.3) 

As θ=2πft, the synchronous velocity of the travelling wave can be given as: 

 𝑼𝒔 =
𝒅𝒙

𝒅𝒕
=

𝒅𝒙

𝒅𝜽
×
𝒅𝜽

𝒅𝒕
=

𝝉

𝝅
×𝝎 = 𝟐𝝉𝒇                                                                                                             (IV.4) 

Note that the synchronous velocity does not depend on the number of poles and only depend 

on the pitch pole, [4]. The Fig.IV.5 gives a 3D graphical representation of the streamlines as 

well as the spatial distribution of the magnetic field in the cavity for a frequency of (f = 50Hz) 

and a current intensity of (I = 8A), obtained by numerical simulation. 



Chapter IV:                                 Numerical Simulation of Metallic Alloy Solidification 

Under Forced Convection Driven by External Travelling 

Magnetic Field 

 

 

147 
 

 

Fig.IV.5 : Spatial evolution of the travelling magnetic field intensity. The red lines 

correspond to the streamlines and volume vectors are the magnetic field for the conditions: f0 

= 50Hz and J0 = 106 A/m2. 

2 Electromagnetic body force 

In order to determine the body force responsible for the electromagnetic stirring, it is necessary 

to technically characterize the inductor used. Indeed, the wavelength λ and the pole pitch τ are 

λ = 2τ = 96 mm, so that the wave number is k = 2𝜋/λ = 65.45 m-1. The synchronized velocity of 

the moving magnetic field is US = f0.λ = ω/k = 4.8 m/s. It is worth noticing that the width and 

length of both the inductor and the cavity are rather short; it will be seen later that this strongly 

affects the strength of the effective driving force. In spite of the moderate aspect ratios (L/e = 

20 and L/H = 5/3), the fluid flow model is based on the assumption that these ratios are large 

enough to justify the existence of a central region in which the flow can be considered to be 

quasi-parallel to the x axis. 

The expression of the electromagnetic force when the fluid domain is infinite in the z direction 

is detailed in Reference [2]. The vector potential 𝐴 = 𝐴(𝑥, 𝑦, 𝑡)𝑒𝑧 has only one nonzero 

component; according to the Maxwell equations, the current density and magnetic field obey 

the relations: 

 {
𝑱 = −ቀ𝛁𝝋 +

𝝏𝑨

𝝏𝒕
ቁ

𝑩 = 𝛁 × 𝑨 = ቀ−
𝝏𝑨

𝝏𝒚
, 𝟎,

𝝏𝑨

𝝏𝒙
ቁ
                                                                                                                      (IV.5) 
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Moreover, the periodic x and t dependences yield: 

 𝑨 = 𝑨𝟎𝑴(𝒚)𝒆𝒙𝒑[𝒊(𝒌𝒙 −𝝎𝒕)]                                                                                                                  (IV.6) 

The z dependence is quite classic: 

 𝑴(𝒚) = 𝒆𝒙𝒑 [−ቀ𝒌 + 𝒊
𝝁𝝈𝝎

𝟐𝒌
ቁ𝒚]                                                                                                              (IV.7) 

In these expressions, μ and σ stand for the permeability and conductivity, respectively, of the 

melt. 

The expression of the electromagnetic force F = J × B was developed in the reference [3], for 

a confined configuration identical to that of our case, as follows: 

 𝑭𝒙 =
𝝈𝝎𝒌∗

𝟐
𝑨𝟎 𝐞𝐱𝐩(−𝟐𝒌

∗𝒚) +
𝒌∗𝑨𝟎

𝟐

𝟐
𝐞𝐱𝐩 (−𝟐𝒌∗𝒚) [ቀ

𝝅

𝟐𝒆
ቁ
𝟐 𝐬𝐢𝐧 (𝟐𝑿∗)

𝝁
− 𝝈𝝎 𝐜𝐨𝐬 (𝟐𝑿∗) ]       (IV.8) 

 𝑭𝒛 = −
𝝅𝒌∗𝜷∗𝑨𝟎

𝟐

𝟐𝝁𝒆
𝒆𝒙𝒑(−𝟐𝒌∗𝒚) 𝐜𝐨𝐬(𝟐𝑿∗) +

𝝅𝑨𝟎
𝟐

𝟒𝝁𝒆
𝜷∗𝟐𝒆𝒙𝒑(−𝟐𝒌∗𝒚) 𝐬𝐢𝐧(𝟐𝑿∗)                         (IV.9) 

 𝑭𝒚 =
𝑨𝟎
𝟐

𝟐
[𝝈𝝎𝜷∗ − ቀ

𝝅

𝟐𝒆
ቁ
𝟐 𝒌∗

𝝁
 ] 𝒆𝒙𝒑(−𝟐𝒌∗𝒚) −

𝑨𝟎
𝟐

𝟐
[𝝈𝝎𝜷∗ −

ቀ
𝝅

𝟐𝒆
ቁ
𝟐 𝒌∗

𝝁
 ] 𝒆𝒙𝒑(−𝟐𝒌∗𝒚) 𝐜𝐨𝐬(𝟐𝑿∗) −

𝑨𝟎
𝟐

𝟐
[𝝈𝝎𝜷∗ − ቀ

𝝅

𝟐𝒆
ቁ
𝟐 𝒌∗

𝝁
 ] 𝒆𝒙𝒑(−𝟐𝒌∗𝒚) 𝐬𝐢𝐧 (𝟐𝑿∗)     (IV.10) 

with 𝑘∗2 = 𝑘2 + (
𝜋

2𝑒
)2, 𝛽∗ = −

𝜇𝜎𝜔

2𝑘∗
 and 𝑋∗ = 𝑘∗𝑥 −

𝜋𝑧

2𝑒
+ 𝛽∗𝑦 − 𝜔𝑡. Throughout this article, 

the upper index ()* refers to quantities that take into account the narrowness of the fluid domain.  

The two components of the active averaged electromagnetic force in the melt can be expressed 

as follows: 

 {
〈𝑭𝒙〉 =

𝝈𝝎𝒌∗

𝟐
𝑨𝟎
𝟐𝒆𝒙𝒑(−𝟐𝒌∗𝒚)

〈𝑭𝒚〉 =
𝑨𝟎
𝟐

𝟐
[𝝈𝝎𝜷∗ − ቀ

𝝅

𝟐𝒂
ቁ
𝟐 𝒌∗

𝝁
] 𝒆𝒙𝒑(−𝟐𝒌∗𝒚)

                                                                                       (IV.11) 

As expected, the component Fz has a zero-time (or x) average. In addition, all terms are 

proportional to sin(2X*) or cos(2X*), which are periodic functions of t and x, respectively, as 

can be discerned in the Fig.IV.6. Thus, both Fx and Fy have a nonzero average that decreases 

exponentially with z and exhibits the classic skin depth of thickness 1/k*, (see Fig.IV.7). Clearly, 
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the average of Fx is the driving force; the average of Fy is a kind of z-dependent extra-gravity, 

which affects the pressure distribution.  

                                              

Fig.IV.6 : 3D spatial evolution of electromagnetic forces: the black lines correspond to the 

streamlines of magnetic field and volume vectors are the Lorentz forces. 

 

Fig.IV.7 : Spatial evolution of the electromagnetic force magnitude in the vertical direction (x 

= 5cm, z = 0.5 cm and y varies between 0 and H= 6 cm). Results obtained for the condition: 

f0 = 50Hz and I = 8 A. 

However, this inductor also has a finite length; this generates a magnetic field reduction. Indeed, 

at a given time, over the total length LIN = 24.4 cm, which is smaller than 3 times the wavelength 

λ = 2τ = 96 mm, only two full pairs of magnetic poles can be found. The corresponding 

reduction of the electromagnetic force can also be estimated as being on the order of 1/5, [3]. 

As a consequence, a reduction characterised with global factor C ≈ 0.05, such that the typical 

value of the effective force is: 
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 𝑭𝒆𝒎 = 𝑪𝑨𝟎
𝟐 𝝈𝝎𝒌

∗

𝟐
                                                                                                                                           (IV.12) 

The scaling law for the driving force, namely, the way it depends on the physical parameters of 

the inductor, remains independent of C. This is a very important point, because it means that C 

can be determined once for any given inductor. 

3 Numerical simulation of metallic alloy solidification under forced 

convection 

A 3D numerical simulation of the solidification process under the effect of forced 

convection in the opposite direction of thermosolutal convection was performed and compared 

the results obtained numerically with the experimental results for highlighting the influence of 

forced convection on the solidification process in terms of velocity, thermal, and solute 

distribution. We propose a 3D numerical model which is described in chapter 3. However, we 

add the Lorentz force term in Eq (III.12) to express the contribution of the forced convection. 

The same boundary conditions used in the case of the solidification process under thermosolutal 

convection are adopted, as shown in the following equation: 

𝝆𝟎 [
𝝏(𝒇𝒍𝑽𝒍)

𝝏𝒕
+ (𝒇𝒍𝑽𝒍. 𝒈𝒓𝒂𝒅)𝑽𝒍] − 𝛁. (𝝁𝒍. 𝛁. 𝒇𝒍𝑽𝒍) + 𝒇𝒍

𝟐 𝝁

𝑲
𝑽𝒍 = 𝝆𝟎[𝟏 − 𝜷𝑻(𝑻 − 𝑻𝟎) + 𝜷𝑪(𝑪𝒍 −

𝑪𝟎)]𝒇𝒍𝒈 − 𝒇𝒍𝒈𝒓𝒂𝒅(𝒑) + 𝒇𝒍𝑭𝑳𝑻𝒁                                                                                                  (IV.13)   

With :                                                                                  

𝜷𝑻 =
𝟏

𝝆𝟎
(𝟎. 𝟕𝟒𝟐𝟖𝟒𝟏 + 𝟓. 𝟖𝟗𝟐𝟕 × 𝟏𝟎−𝟑𝑪𝒍)                                                                                                 

𝜷𝑪 = −
𝟏

𝝆𝒐
(𝟒𝟕. 𝟔𝟓𝟓𝟒 − 𝟐 × 𝟎. 𝟏𝟎𝟎𝟔𝟑 × 𝑪𝒍 − 𝟓. 𝟖𝟗𝟐𝟕 × 𝟏𝟎

−𝟑𝑻)  

   

𝛁. (𝒇𝒍𝑽𝒍) = 𝟎      

                                                                                                                       

𝝏〈𝑯〉

𝝏𝒕
+ ( 𝒇𝒍𝑪𝒑𝒍) 𝒇𝒍𝑽𝒍. 𝒈𝒓𝒂𝒅(𝑻) = ( 𝒇𝒍𝝀𝒍 + 𝒇𝒔𝝀𝒔)𝒅𝒊𝒗[𝒈𝒓𝒂𝒅(𝑻)]            

     

𝝏〈𝑪〉

𝝏𝒕
+ 𝒇𝒍𝑽𝒍. 𝒈𝒓𝒂𝒅(𝑪𝒍) = 𝛁. (𝒇𝒍𝑫𝒍𝛁𝑪𝒍) + 𝛁. (𝒇𝒍𝑫𝒍𝛁𝑪𝒍), 〈𝑪〉 = 𝒇𝒔𝑪𝒔 + 𝒇𝒍𝑪𝒍                                    

𝑲 =
𝒇𝒍
𝟑

(𝟏−𝒇𝒍)
𝟐

𝝀𝟐
𝟐

𝟏𝟖𝟎
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Where       𝑭𝑳𝑻𝒁 {
〈𝑭𝒙〉 =

𝝈𝝎𝒌∗

𝟐
𝑨𝟎
𝟐𝒆𝒙𝒑(−𝟐𝒌∗𝒛)

〈𝑭𝒛〉 =
𝑨𝟎
𝟐

𝟐
[𝝈𝝎𝜷∗ − ቀ

𝝅

𝟐𝒂
ቁ
𝟐 𝒌∗

𝝁
] 𝒆𝒙𝒑(−𝟐𝒌∗𝒛)

 

 

3.1 Effect of electromagnetic stirring on hydrodynamic configuration 

 

In this part, we present the hydrodynamic field in the case of electromagnetic stirring in the 

opposite direction of natural convection. Noting that the natural convection is created by the 

application of an average horizontal temperature gradient equal to 20 K. However, forced 

convection is generated by the application of an external travelling magnetic field (TMF). 

 

Fig.IV.8 : 3D numerical simulation of the dynamic configuration of the stirring in the opposite 

direction  

Fig. IV.8, clearly shows the development of two vortices, one rotates inversely to the other. The 

small vortex on the left wall of the cavity, which corresponds to the effect of natural convection, 

rotates clockwise. In the left base part of the cavity, we notice the development of a second 

vortex with a counter-clockwise rotation direction. This behavior is due to the existence of 

forced convection which acts against the natural convective flow direction. A competition effect 
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between the two vortices is created in the cavity. We notice an explicit dominance of the forced 

convection with an order of magnitude of speed of 4 cm/s, compared to the thermosolutal 

convection. 

It is interesting to compare electromagnetic forces with buoyancy. We have introduced 

a non-dimensional interaction parameter N, defined as the ratio between Lorentz force 𝐹𝐿𝑇𝑍  and 

buoyancy, namely: 

𝑵 =
𝑭𝑳𝑻𝒁

𝒈𝝆𝜷𝒄∆𝑪
                                                                    (IV.14) 

In the case of electromagnetic stirring in the opposite direction of natural convection, the value 

of N is equal to 9.7. Thus, the electromagnetic forces are usually predominant compared to 

buoyancy. Finally, before solidification, the Reynolds number based on the maximum velocity 

U is: 

 𝑹𝒆 =
𝑼(

𝑯𝟐

𝑳
)

𝝂
= 𝟏𝟎𝟎𝟖𝟎                                                                                                                (IV.15)  

The value of Re indicates that the bulk flow regime is likely to be turbulent. This is consistent 

with the significant turbulent fluctuations. 

3.2  Effect of EM stirring on the temperature field evolution  

We present in this section the numerical simulation results of the studied solidification 

process under the effect of the forced convection in the opposite direction to natural convection. 

The evolution of the temperature fields over time is shown in Fig. IV.9. 

         

                                                                                          

                                                                            (a)t = 2000 s 
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                                                                                (b) t = 2950 s 

                                                                                   

                                                                  (c) t = 3500s 

Fig.IV.9 : Temperature maps recorded at selected times during the solidification of a Sn-

10wt.%Pb alloy: (a) t = 2000 s, (b) t = 2950 s and (c) t = 3500 s, after the initial simulation 

time (t = 0 s) which corresponds to the time 1400 s of the experimental process. The numerical 

calculations are presented on the left side and the experimental data on the right side. The 

experimental measurement area in which thermocouples are present is indicated by a white 

dashed rectangle on the numerical snapshots presented in the left column. Conversely, the white 

strip framing the coloured temperature map on the experimental snapshots corresponds to the 

part of the domain in which no thermocouple is present.  

Selected instantaneous colourmaps at t =2000 s, 2950 s,3500 s of the temperature field 

is given in Fig. IV. 9 to illustrate the thermal evolution during the solidification process. The 

results in the left column have been obtained numerically and those in the right column have 

been obtained experimentally. A buoyancy force occurs in the cavity due to a temperature 

difference between the side walls. In the absence of other forces, the melt on the hotter lateral 

side would flow upward, while the melt near the cooler wall would flow downward, producing 
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a vortex and a positive temperature gradient in the vertical direction (discussed previously in 

Chapter 3). The application of electromagnetic force on the cavity bottom toward the colder 

side also leads to the creation of two vortexes which makes liquid goes upward near a colder 

side and the same behaviour near the hotter side. 

The first snapshot (Fig. IV. 9(a) at t = 2000s) correspond to a completely liquid sample. we 

noticed that the stirring mode in the opposite direction of the natural convection changed the 

flow morphology. This is indicated by the deformation of the isotherms in this case with a 

negative slope which means the appearance of a vortex in the opposite direction of the 

thermosolutal convection called natural. The thermal fields obtained from numerical simulation 

and experimental measurements clearly reveal that the flow is effective enough to deform the 

isotherm lines, with a maximum magnitude of velocity of vmax = 4.27 cm/s obtained by 

simulation. 

Fig. IV. 9(b) shows the temperature field corresponding to time 2950 s, i.e. after the beginning 

of the solidification. The isotherms gradually become vertical and less distorted. due to the 

decrease of the temperature of the cold wall (right side) below the liquidus temperature (TL = 

492 K), the liquid flow becomes feeble thus the heat is transferred mainly by a dominant 

conduction mode. Although, the temperature difference between the right and the left walls 

exists, the temperature is mostly uniform in the cavity. 

Fig. IV. 9(c) corresponds to the instant t = 3500 s. We noticed the same behavior as in the 

previous selected instants. Deformation of the isotherms in the stirred cases and the low values 

of local temperature gradients clearly indicate the effect of electromagnetic stirring in the last 

liquid. However, temperature maps show clearly on the left side the existence of isotherms 

which signal a temperature level ranging from 484 to 488 K, that corresponds to a level of 

undercooling below of the liquidus temperature (TL = 492 K) of 8 and 6 K respectively. Indeed, 

an estimated calculation of the undercooling of this alloy, presented in the work Hachani et al. 

[5], gives a new range between 0.5 and 10 K. So, we attribute the progress of these isotherms 

to the advancement of a second solidification front on the left side. This conclusion is very 

consistent with the positions of the shrinkage that correspond to the last liquid solidified. 
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3.3 Macrostructure 

To evaluate the effect of forced convection generated by the chosen electromagnetic stirring 

mode on the grain size and the final metallographic structure, macrostructures of samples 

obtained from both solidification experiments described previously have been revealed. 

Macrostructures are obtained after post mortem analysis, which consists of several passes of 

polishing and chemical attack with a mixture of 75% Vol HCL (37 mol%/v) and 25% Vol 

HNO3 (69.5%).                                              

               

 

                                       (a)                                                                      (b) 

Fig.IV.10 : Macro structure on the lateral plane of Sn-10wt.%Pb ingot. The experimental 

conditions are temperature difference DT = 40 K, cooling rate CR = 0.03 K/s and the applied 

current intensity I = 8.2 A. (a)The case of stirring in the opposite direction of thermosolutal 

convection. (b) The case of thermosolutal convection.     

        Fig.IV. 10(a) presents the macrostructures of Sn-10wt.%Pb solidification under the effect 

of The stirring in the opposite direction of thermosolutal convection. A zone of predominantly 

equiaxed grains of fine size on almost 85% of the ingot, has been observed. A columnar 

structure is located in the lower right corner (cold side) of the ingot, unlike the case of 

solidification under the effect of thermosolutal convection, we observe that the dominant 

morphology of the macrostructure is columnar with an equiaxed zone corresponding to the last 

liquid at the end of solidification. This macrostructure refinement is the direct consequence of 

electromagnetic stirring, which has two main effects. First, the activated forced convection in 

the bulk driven by Lorentz force, which homogenizes the pool concentration and reduces the 

temperature gradients, thereby creating favourable conditions for the appearance of the CET. 

Second, a hot flow impinging the solid-liquid interface can promote remelting, and 

CET 
Femf 

Thermosolutal 

convection 
CET 

Thermosolutal 

convection 
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consequently dendrite fragmentations. These fragments that transported by convection can 

create equiaxed grains under specific conditions. 

 Moreover, this stirring mode has confirmed its effectiveness for homogenizing temperature in 

the liquid by reducing the gradients of temperature. We noticed that in this stirring mode, the 

area extension of the undercooling liquid in front of the solidification is almost twice that of 

solidification under the effect of thermosolutal convection. Maintaining this high degree of 

undercooling greatly promotes remelting mechanism of dendrites . It is important to note that 

the efficiency of this kind of electromagnetic stirring to refine the structure is significantly 

improved compared to that of the case of the solidification under the effect thermosolutal which 

presented Fig.IV. 10(b) and described in chapter 3. In parallel with the mechanical effect of 

fragmentation called neck effect (separation of secondary or tertiary dendrite arms from the 

main trunks in the channels during solidification), this mode of stirring allowed a significant 

penetration of the liquid in the mushy zone and could reinforce the effect of the remelting of 

the dendritic arms. These results are in good agreement with Fleming's criterion on dendrite 

arm remelting. This criterion is based on the comparison between the velocity of the 

interdendritic liquid 𝑢𝑙
𝑑, and the advancement velocity of the isotherms VT, 

𝑢𝑛

𝑉𝑇
> 1  (re-flow 

criterion). It has been shown that the remelting of dendrite arms can be attributed to two main 

factors: 

- Either the increase in the temperature or the concentration of the surrounding liquid, 

which is induced by the penetration of the hot liquid from the liquid bath into the mushy 

zone (entrance velocity). 

- Or the increase in the average concentration caused by the convection of the 

interdendritic liquid in the direction of the thermal gradient (outgoing velocity of the 

mushy zone).  

Moreover, it is important to mention that, the remelting phenomenon of the dendritic arms 

becomes predominant if the velocity of the interdendritic liquid is faster than the velocity 

of isotherms advancement in the direction of the solidification front progression. Remelting 

is effective when 𝑢𝑙
𝑑 > 𝑉𝑇, (see Fig. IV. 11). 

This phenomenon is expressed in the following equation: 
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𝝏𝒇𝑳

𝝏𝒄𝑳
= −𝟏(

𝟏−𝜷

𝟏−𝒌𝒑
) (𝟏 +

𝒖𝒍
𝒅.𝜵𝑻

𝑪𝑹
)
𝒇𝑳

𝒄𝑳
                                                                                      (IV.16) 

 

 

 

 

 

 

 

 

 

 

 

 

 Fig.IV.11 : Schematic representation of the convection velocities: U in the liquid, in the 

interdendritic regions, and un its projection on the temperature gradient, parallel to the 

direction of advancement of the isotherms. The velocity of advancement of the isotherms is 

noted.[6] 

Where β is the shrinkage coefficient (𝛽 = 𝜌𝑙/𝜌𝑠 − 1), 𝑢𝑙
𝑑 is the velocity of the interdendritic 

liquid, CR is the cooling rate, 𝑓𝐿 is the liquid fraction and 𝑐𝐿 is the liquid concentration. 𝜌𝑙 and 

𝜌𝑠 are the specific masses of the liquid and solid phases, respectively. However, the cooling 

rate can be expressed as a function of the advancement velocity of the isotherms 𝑉𝑇, according 

to the relation: 

|𝑪𝑹| = 𝑽𝑻. 𝜵𝑻 

Equation (IV.16) becomes: 

𝝏𝒇𝑳

𝝏𝒄𝑳
= −(

𝟏−𝜷

𝟏−𝒌𝒑
) (𝟏 +

𝒖𝒍
𝒅.𝜵𝑻

𝑽𝑻.𝜵𝑻
)
𝒇𝑳

𝒄𝑳
                                                                                                     (IV.17)   
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And by projection on the direction of advancement (direction parallel to isotherm lines) we 

obtain: 

𝝏𝒇𝑳

𝝏𝒄𝑳
= −(

𝟏−𝜷

𝟏−𝒌𝒑
) (𝟏 +

𝒖𝒍
𝒅

𝑽𝑻
)
𝒇𝑳

𝒄𝑳
                                                                                                                     (IV.18)          

          In the case where the specific mass considered constant (the same specific mass in both 

phases), β becomes zero. After integration of the relation (IV.18), a Scheil-Gulliver type relation 

(case for which there is no interdendritic convection, un = 0) is obtained, according to the 

isotherms advance and the interdendritic liquid velocity: 

𝒇𝑳 = ቀ
𝒄𝑳

𝒄𝟎
ቁ
−(

𝟏

𝟏−𝒌𝒑
)(𝟏−

𝒖𝒍
𝒅

𝑽𝑻
)

                                                                                                                                       (IV.19)   

A second phenomenon can probably take place, favouring in turn the process of fragmentation 

of the dendritic arms. This is the increase in the viscosity of the interdendritic liquid due to the 

high presence of these fragments, which could certainly reduce the velocity of the flow in the 

mushy zone but favoured the entrainment of the fragments transported by the movements of 

forced convection. This phenomenon has been mentioned in previous works as J. W. Gao et al 

[7], J. P. Gu et al. [8], and Q. Li et al [9]. 

Moreover, at the scale of a secondary dendrite arm, if the velocity of the outgoing interdendritic 

liquid is greater than the velocity of the isotherm-lines advancement, in the direction of the 

temperature gradient, there will be a supply of the coldest liquid and more solute (Fig. IV. 11). 

We can then consider that the lower temperature of the surrounding liquid will have no 

influence compared to the effect of the solute concentration. The diffusion of the heat becomes 

faster compared to that of the solute, i.e., quick homogenize of the temperature. On the other 

hand, the increase of the average concentration of the surrounding liquid causes the refusion of 

the dendrite arm until complete remelting of its "neck", allowing the fragment to be detached. 

Indeed, the formation of segregated channels is a direct consequence of this phenomenon in the 

case of forced convection, in which the fragments of remelted dendrites are carried away by the 

convection going to the direction of the temperature gradient (Hellawell et al. [10]). We can 

estimate the Lewis number defined by the ratio between the thermal diffusivity and chemical 

diffusion, which is equal to 6.05103 for Sn-Sn-10wt.%Pb alloy. 
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The experimental analysis conducted show that the position of the electromagnetic stirrer with 

respect to the position of the isotherm, which corresponds to the liquidus (TL = 219.46 °C), is 

an important parameter regarding the remelting of the dendrite arms, since this remelting 

depends directly on the velocity of the interdendritic liquid. In particular, we can estimate the 

necessary minimum distance to induce the remelting, by determining the order of magnitude of 

the velocity of the interdendritic liquid for a Darcy flow by neglecting the gravitational effect: 

𝒖𝒏 = −
𝑲

𝝆𝝂

𝒅𝒑

𝒅𝒛
                                                                                                                                                      (IV.20)  

Where K and p are the permeability of Sn-10wt.%Pb and pressure, respectively. We can then 

estimate the order of magnitude of the pressure gradient induced by the action of the magnetic 

field, R. Moreau [11]: (𝐵0
2/𝜇0. 𝐿). In our case, we define L as δ, the electromagnetic skin depth. 

The equation (IV.18) becomes: 

𝒖𝒏~
𝑲

𝝆𝝂

𝑩𝟎
𝟐

𝝁𝟎𝑯
                                                                                                                                              (IV.21)  

Therefore, for the reflow to take place, the condition (IV.21) must be satisfied and the following 

relation for the remelting criterion RC, is thus obtained: 

𝑹𝒄~
𝟏

𝑽𝑻

𝑲

𝝆𝝂

𝑩𝟎
𝟐

𝝁𝟎𝑯
> 𝟏                                                                                                                                    (IV.22)  

General conclusions can be deduced: 

- An increase in the induction power (i.e., a high intermittent electromagnetic field) which 

increases the rate of liquid convection in the melt and the mushy zone (interdendritic 

liquid). 

- High permeability improves remelting. A relative high permeability of the mushy zone 

favours the penetration of the liquid therein. The convection of the interdendritic liquid 

can therefore be important enough to break up the dendrites, which causes the 

refinement of the structure. 

- Increasing the cooling rate, has two distinct effects, first, the remelting of the dendrite 

arms is not favoured because the velocity of the isotherms advancement is increased. 

This does not allow the solute-rich liquid to reach the poorest regions in order to remelt 

the dendrite arms. Second, the extent of super cooling region ahead of the solidification 

front is greater, so the survival of the fragments is thus improved. To obtain the 
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fragmentation of the dendrites, the cooling rate must be large enough, so that the 

fragments are not instantaneously remelted, but it must also be lower than the 

convection velocity of the interdendritic liquid. 

- Decreasing the stirrer-crucible distance promotes remelting. In fact, intensifying the 

convection movements (EM stirring) on the solidification front enhances the liquid 

penetration into the mushy zone, which has the impact of increasing the convection 

velocity of the interdendritic liquid.[6] 

3.4 Effect of electromagnetic stirring on meso and macrosegregation  

Following the comparison of temperature maps during the solidification process between 

simulation and experiment, post-mortem analysis comparisons are shown. Two experimental 

techniques were performed on the final ingot to get the distribution of the elements of the 

solidified alloy, which is the purpose of this study. Firstly, there's X-ray imaging, which 

involves taking a snapshot in greyscale with distinct areas indicating the presence of the 

heaviest element (in our case lead). The second technique involves coring samples of 3 mm in 

diameter at the 50 positions corresponding to the thermocouples, then determining the local 

composition averaged throughout the volume of the sample using chemical analysis ICP 

(Inductively Coupled Plasma). 

Fig.IV.12 presents the X-ray photograph of the solidified Sn- 10 %pds Pb ingot and the 

corresponding distribution of the lead concentration obtained by numerical simulation, 

averaged over the thickness and presented in grey levels, in order to have a qualitative 

comparison.  

We notice that macrosegregation zone is smaller than in the case of the solidification 

under the thermosolutal convection which presented in chapter 3 and is shifted from the left 

side to the centre of the ingot. This can be attributed to the second solidification front developed 

from the left side of the ingot (see the temperature maps at time t = 3500 s). This segregation 

zone has a lower concentration level than in the case of the solidification under the 

thermosolutal convection chapter 3.  
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                              (a)                                                                     (b)   

Fig.IV.12 : (a) Photo of X-ray radiography of the solidified sample, (b) Lead concentration 

map averaged over the sample thickness calculated by numerical simulation, at the end of the 

solidification process (in wt.%).   

A significant number of segregated channels were noticed on the right side of this ingot. 

Numerically, in Fig.IV.12(b), we can find these channels in the right part of the ingot in the 

form of arcs. However, their number and position do not exactly reproduce those observed in 

the experiment. In order to have an acceptable comparison, it is necessary to carry out a series 

of reproducibility of the same experiment in order to know if these channels will certainly be 

located at the same positions. Hachani [12] conducted such a study for the same experimental 

conditions. Preliminary results tend to show that the number of segregated channels and their 

position is not obtained deterministically, and vary from one experiment to another, with 

similarities in the shape of the channels and the end of the solidification chimney. In our 

numerical results, we still manage to have segregated channels in the same part of the ingot as 

the experiment. We also obtain an end-of-solidification chimney, but it is offset from the 

experiment presented here.  

In the light of the resulted obtained, we believe that the application of electromagnetic 

stirring in the opposite direction of thermosolutal convection, has several effects on segregation: 

1- The creation of a force opposing the lead stratification mechanism, which 

significantly reduces the size and density of the segregation in the last liquid. 

2-  A competition between the downward gravitational drainage forces and the one 

from the convective flow in the opposite direction upward. Indeed, it is clear that 

there is a detachment effect of the segregation zone compared to the case of 

solidification under the effect of natural convection and the case stirred in the same 

direction of the latter. 

Freckles Macrosegregation Macrosegregation Freckles 
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3- The fragmentation of the dendritic arms due to the reflow leads to a 

microsegregation in the zone characterized by the formation of equiaxed grains. 

 

3.5 Effect of electromagnetic stirring on the morphology of segregated channels  

A 3D view of solute distribution exceeding the nominal concentration (C0 = 10 wt %) is 

presented in Fig.IV.13 in order to study the effect of this mode of electromagnetic stirring, 

which attempts to correct the defects linked to segregation. The main objective is to examine 

the efficiency of the stirring in the opposite direction of thermosolutal convection, on the 

segregation behaviour in terms of the level of concentration, size, position, and morphology, 

namely segregated channels which are difficult to track. 

As expected, the numerical results demonstrate that segregated channels are formed during the 

solidification process, which appear at the right side of the sample characterized by a columnar 

structure with a non-regular morphology (a complex geometric shape), However, there are 

segregated channels developed near the side walls with a curved tubular structure (see Fig.IV. 

13(a-c)). These channels are initiated close to the cold right side, at a certain height due to the 

effect of EM stirring in the opposite direction of thermosolutal convection where the Lorentz 

force prevents sedimentation of the solute. As the mushy zone ripens, they develop inside it 

with a descending quasi-arc shape, in connection with the descending convective flow acting 

in this solidification area, while a chimney of macrosegregation was developed in the lower left 

part of the sample corresponding to the last liquid solidified. It is very noticeable that this 

stirring method significantly favours the development of segregated channels in terms of 

number, However, it reduces its dimensions. On the other hand, we discover that it plays a 

positive role in reducing macrosegregation by lowering the level of concentration inside it, as 

well as in reducing the sedimentation rate at the bottom of the cavity (Cmax ≤ 12%). 

As mentioned earlier in chapter three, there is a potential possibility of remelting in the 

mushy zone during the solidification process, which is mainly related to two main mechanisms: 

local remelting due to a hot flow transported by convection and/or concentration increase in the 

liquid surrounding the dendrites due to the transported flow of solute-rich liquid into these 

regions (inter-dendritic region). In this part, we focus on studying the effect of forced 
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convection in the opposite direction to thermosolutal convection, on the formation of the 

segregated channels at morphology and concentration level. 

                           

                                (a)                                                                                     (b) 

 

                                                                              (c) 

    Fig.IV.13 :view of the lead concentration in the solidified ingot (numerical simulation) that 

exceeding the nominal concentration (C0 =10wt%), in order to highlight the size, number and 

shape of the segregated channels. (a) and (b) represent a side view and c) represents a top view 

of the ingot in order to see the local position of the different channels.  

 In order to analyze this phenomenon, the evolution of the thermal and concentration fields was 

tracked as well as their corresponding liquid fraction of three different points: point 1 (x = 81.1 

mm, y = 39 mm, z = 9.2 mm), point 2 (x = 80.5 mm, y = 36 mm, z = 9.2 mm), and point 3 (x = 

80 mm, y = 33 mm, z = 9.2 mm) in the same segregated channel (see zoom view in Fig.IV.13(b). 

Fig.IV.14 presents the time evolution of liquid fraction, as well as the temperature and 

average concentration for each selected point. The liquid fraction has dropped from initial value 

fl = 1 to 0.91, 0.82 and 0.8 for point 1, 2 and 3, respectively, this is due to the temperature 

Point 1 

Point 3 

Point 2 
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decrease in these points Fig.IV.14(b), which becomes lower than the liquidus level (Tl = 492 

K), and referring to the solidification progress. Then, we notice an increase in the liquid fraction 

of about 4%, 3% and 4% in points 1, 2 and 3, at the instants 750 s, 830 s and 860 s, respectively 

after the beginning of the cooling stage. This behaviour which corresponds to a remelting 

phenomenon of the solid in the mushy zone, is accompanied by a significant increase in the 

level of concentration due the transport of solute rejected within the mushy zone, which reaches 

12.8wt%. These factors are the favourable conditions to the development of a segregated 

channels. Moreover, due to the effect of EM stirring in the opposite direction of thermosolutal 

convection, a fluctuating value of these concentrations and relatively less in the corresponding 

temperatures were observed just in the time before and during remelting. 

          

(a)                                             (b)                                              (c) 

Fig.IV.14:Time evolution of (a) Liquid fraction, (b) Temperature and (c) average 

concentration of the three selected points within the segregated channel during the 

solidification process of Sn-10wt.%Pb alloy under the effect of EM stirring in the opposite 

direction of thermosolutal convection 

 Fig.IV.14(c) shows a clear increase in solute concentration in the identified remelting locations 

at points 1, 2, and 3, which corresponds to the freckle formation zone. This high lead 

concentration areas results in a decrease in the liquidus temperature leads to a local remelting. 

As a result, these analyses demonstrate that remelting is a direct consequence of a local increase 

in concentration of solidified locations due to the inflow of solute-rich liquid in to mushy zone. 

Small concentration gradients cause a significant decrease in liquidus temperature and hence 

remelting is strongly influenced by solutal variations, due to the relatively large liquidus slope 

of Sn-10wt. % Pb alloy. 
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X-ray photographs of the cross-sections of the ingot allowed the characterization of the effect 

of the electromagnetic stirring on the general morphology of the segregation and in particular 

that of the segregated channels in the transverse direction of the ingots.      

                                                        

                           (a)                                                                        (b)                   

Fig.IV.15 :   (a) X-ray of cross sections on the left and, (b) contour maps of iso-concentrations 

on the right for the solidification of the Sn-10wt% Pb alloy under the effect of forced 

convection.  

The cross-sections of the solidified ingot under the effect of forced convection in the opposite 

direction of convection are shown in Fig.IV.15. Generally, the comparison illustrates good 

agreement between experiment and simulation. Especially, if the comparison is qualitative in 

the first place. This case presents a peculiarity with respect to the morphology, as well as the 

size of the segregated channels along the transverse direction. The channels are explicitly 

localized in the first four slices, with a non-regular morphology (complex geometrical shape), 

and present large size channels in the lower part that can reach about 4mm. The Height of 

segregated channels in the lower-right corner region (slices 1, 2,3, and 4 in Fig.III.15(b)), is 

actually overestimated by the simulation. A macrosegregation detachment mechanism is well 

spotted from the fifth slice to the first slice due to the effect of the reversal of the mixing 

direction with respect to the natural convection. Microsegregation corresponding to the 

formation of equiaxed grains in all the last five slices was observed. We noticed a very 

significant decrease of the lead stratification effect in the base of the ingot, except in the seventh 

and ninth slice. A macrosegregation chimney is quite clear in the last slice, probably created by 

the formation of a double vortex in the last liquid due to the advancement of the two 

solidification fronts. 

1 9 
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PARTIAL CONCLUSION 

3D numerical simulation of Sn-10wt.%Pb alloy solidification under the effect of the 

electromagnetic stirring in the opposite direction to natural convection was performed. In the 

light of the experimental and numerical study presented in this chapter, we can deduce some 

general findings and conclusions concerning the morphology of the segregation, as well as the 

effect of electromagnetic stirring applied on the solidification process. 

We have analyzed the effect of electromagnetic stirring on solidification process of Sn-

10wt.%Pb alloy, namely the final grain structure as well as the elimination of defects related to 

segregation at different scales. The analyzes carried out on the experimental measurements and 

the numerical simulation have provided quantitative and qualitative data on the thermal 

behavior and dynamic configuration, as well as the solidification front dynamics. Based on the 

post-mortem analysis, various types of macrostructures were obtained, i.e., columnar and 

equiaxed. The columnar-to-equiaxed transition was observed for experiment carried out. The 

results have clearly shown the existence of two types of segregation: the first takes the form of 

segregated channels located in the first layers of solids formed, while the second, known as a 

normal segregation zone, corresponds to the last liquid at the end of solidification, which has 

assumed, in most cases, a panache form due to macrosegregation. The analysis has shown a 

strong influence of the EM stirring, compared to the solidification under the effect of the 

thermosolutal convection (Chapter 3), in particular on the development of the columnar-

equiaxed transition mechanism (CET). A significant reduction of the solutal sedimentation and 

consequently on macrosegregation, was observed in this case. Indeed, it has shown that the 

electromagnetic stirring leads to a considerable increase of velocity in the melt, in their turn 

changing heat transfer conditions in terms of large undercooling zone, which is considered as 

an optimal environment for the development of homogenously distributed metallic grains with 

a decreased size. Stirring in the opposite direction to natural convection has shown its 

effectiveness in achieving the finest equiaxed structures. This stirring mode combines both the 

remelting and the mechanical fragmentation mechanisms. The numerical model used proven its 

effectiveness in terms of examining the dynamic and thermal fields, as well as studying the 

segregation phenomenon since it produced results that were qualitatively and quantitatively 

extremely similar to those obtained experimentally. 
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General Conclusions 

In recent years, numerical methods are considered as an effective tool to identify the 

important phenomena related to the solidification process, more particular the segregation 

defects which occur at different scales and specifical times. Both numerical analysis and 

experimental investigations have been interested on the exact description of this 

multidisciplinary process from dendrite growth at microscopic scale to grain motions and their 

ripening at macroscopic scale. The present work is mainly focused on the numerical simulation 

for columnar solidification of binary alloy under the effect of convective flow, using a volume 

average approach. For this purpose, solidification experiments were conducted using a 

benchmark experimental setup developed in the SIMAP/EPM laboratory, named AFRODITE. 

The principle of these experiments was the solidification of a rectangular ingot of dimensions 

100×60×10 mm3 inside a parallelepiped crucible heated on both end vertical walls.  

After comprehensive literature review of different numerical approaches and solutions 

proposed for some crucial issues, a three-dimensional (3D) model was developed and 

implemented in ANSYS/Fluent software to simulate the solidification of a binary alloy by a 

two-phase columnar numerical model, based on the resolution of momentum, energy and solute 

equations, considering the mushy zone as a porous medium taken into account by a Darcy term. 

This later term contains a permeability factor “K” expressed from the liquid fraction and the 

secondary inter dendritic spacing λ2. In additional, an enthalpy method based on fixed-grid 

techniques which allows the resolution of a unique system of equations on the same studied 

domain (containing both the solid and liquid phases), was adopted in the algorithm of solution. 

This model was tested in simulations of two benchmark solidification experiments in order to 

study of solidification process and macrosegregtaion formation at laboratory scales.  

First, a rigorous treatment of the experimental temperature data was applied to define 

the appropriate unsteady thermal boundary conditions for the numerical model, which allow 

buoyancy convection to be properly taken into account in this 3D simulation. The agreement 

between simulation and experiment in terms of temperature evolution and segregation 

morphology and behavior whether the chimney of macrosegregation corresponding to the last 

liquid solidified or even the segregated channels characterizing the columnar regions, further 

verified the numerical approach used. 

The main conclusions are summarized below. 
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1. For the case of solidification under the effect of thermosolutal convection we can conclude 

that among the several factors which are responsible for the movement of fluid in the mushy 

zone, and consequently the development of segregation at different scales and with different 

morphologies, there are four dominant mechanisms: 

▪ convection in the mushy zone, which transports the solute within and outside the 

mush, 

▪ instabilities of solidification front driven by the convection in the bulk and the 

movement of the interdendritic liquid controlled by its permeability in the mushy 

zone, 

▪ interdendritic local flow created by a flow perturbation resulting in the 

suppressed solidification mechanism, that happens only when the interdendritic 

flow (𝑢⃗⃗𝑙) is in the opposite direction to the liquid concentration gradient (∇⃗⃗⃗𝑐). 

▪ remelting results to the local increase in concentration due to inflow of solute-

rich liquid in the mushy zone and/or reheating due to the hot bulk transported by 

convection, is a favourable condition to the development of a segregated 

channels. 

 

2. For the case of solidification under forced convection driven by an external travelling 

magnetic field (electromagnetic stirring in the opposite direction in regards to natural 

convection), both experimental and numerical results showed that: 

▪ The electromagnetic stirring in the liquid phase created by the coupling between 

the induced currents and the presence of the inductive magnetic field, has shown 

its effectiveness in homogenizing the temperature by significantly reducing the 

thermal gradient and also the concentration by preventing the sedimentation 

effect, 

▪ The columnar-equiaxial transition is observed in the ingot solidified under 

electromagnetic stirring. It is important to note that in general, electromagnetic 

stirring not only promotes equiaxial columnar transition but can also very 

significantly refine the equiaxed grains. 

▪ We believe that the predominant phenomenon responsible for the CET 

mechanism was the dendritic arms fragmentation by remelting effect. It was 

shown that the forced convection induced by the Lorentz force was about ten 

times more important than the natural convection created by the thermal and 
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solute gradients. Indeed, the penetration of hot liquid with high level of 

concentration in the mushy zone is more important, which subsequently create a 

favourable environment for remelting and consequently fragmentation.  

▪ The refusion of the dendrite arms strongly depends on the velocity of the 

interdendritic liquid, which itself is a function of the permeability of the mushy 

zone. This remelting leading to the formation of fragments, favours the growth 

of equiaxed grains if the fragments survive. 

 

3. Although, 3D numerical simulations are the most reliable to the real physics of the 

solidification phenomenon, but it remains expensive (in terms of computational time) for 

such processes of solidification, with so many coupled physical phenomena.  

The envisaged extension of this work would be, in terms of numerical modelling (more 

particular 3D models), to introduce the three-phase solidification model or even five-phase 

model (in the case where the equiaxed structure exist), in order to predict the equiaxed-columnar 

transition.  On other hand, it is interesting to study the effects of forced convection driven by 

another different magnetic field configurations (in the direction of natural convection to 

promote it, in the opposite direction, an alternating field with a variable frequency) as it has 

shown its effectiveness to control the solidification process of binary alloys. This offers the 

opportunity to avert defects due to segregation (concentration heterogeneity). These new 

calculations could allow a comparison with the solidification experiments under magnetic field 

that have already performed with AFRODITE. Another perspective would be to change the 

nominal concentration in order to see its influence on the formation of segregated channels and 

on the sedimentation of lead. 

An application of this model on another geometrical configuration (for example a Bridgman 

experiment with a vertical temperature gradient) would also be interesting to validate it. There 

is a multitude of experiments done at the industrial or laboratory scale with variable geometries 

and different alloys that could be simulated. 
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Abstract 

This work aims to contribute to the development of a numerical model that predicts the effect 

of natural and forced convection on the phase change of metallic alloys. The geometrical 

configuration considered throughout this study was chosen to correspond to the crucible of an 

experimental benchmark called 'AFRODITE', developed at the SIMAP-EPM laboratory in 

Grenoble/France. A 3D numerical model was proposed based on the enthalpy approach (to treat 

cases of solidification of metal alloys with the segregation phenomenon) under the influence of 

natural convection and forced convection caused by electromagnetic stirring. This model has 

been applied in order to better understand, master and control the solidification process of 

metallic alloys, in terms of defects that occur during the solidification, particularly segregation 

at the meso and macroscopic scale. The developed numerical model was validated by in-situ 

and real-time measurements of temperatures at any point of the solidification system, which 

allows quantitative and qualitative validation. 

Résumé 

Ce travail vise à contribuer au développement d'un modèle numérique qui prédit l'effet de la 

convection naturelle et forcée sur le changement de phase des alliages métalliques. La 

configuration géométrique considérée tout au long de cette étude a été choisie pour 

correspondre au creuset d'un banc d'essai expérimental appelé 'AFRODITE', développé au 

laboratoire SIMAP-EPM à Grenoble/France. Un modèle numérique 3D a été proposé basé sur 

l'approche enthalpique (pour traiter les cas de solidification d'alliages métalliques avec le 

phénomène de ségrégation) sous l'influence de la convection naturelle et de la convection forcée 

provoquée par le brassage électromagnétique. Ce modèle a été appliqué afin de mieux 

comprendre, maîtriser et contrôler le processus de solidification des alliages métalliques, en 

termes de défauts qui se produisent lors de la solidification, en particulier la ségrégation à 

l'échelle méso et macroscopique. Le modèle numérique développé a été validé par des mesures 

in situ et en temps réel des températures en tout point du système de solidification, ce qui permet 

une validation quantitative et qualitative. 

 ملخص 

  بتأثير الحمل الحراري الطبيعي والقسري على تغيير الطور   نموذج عددي يتنبأيهدف هذا العمل إلى المساهمة في تطوير  

للسبائك المعدنية. تم اختيار الشكل الهندسي الذي تم تبنيه خلال هذه الدراسة بحيث يتوافق مع بوتقة معيار تجريبي يسمى  

"افروديت" الذي تم تطويره في مختبر العلوم وهندسة المواد والعمليات/المعالجة الكهرومغناطيسية للمواد في غرونوبل  

حالات تصلب السبائك المعدنية مع    لمعالجة)   الأبعاد القائم على مقاربة الاونثالبي  عددي ثلاثيفرنسا. تم اقتراح نموذج    /

الطبيعي   الحراري  الحمل  تأثير  تحت  الجسيمي(  الانعزال  التحريك    والحملظاهرة  عن  الناجم  القسري  الحراري 

من حيث  المعدنية،لسبائك أجل فهم أفضل وإتقان والتحكم في عملية تصلب ا هذا النموذج منالكهرومغناطيسي. تم تطبيق 

ذج  وولا سيما الانعزال الجسيمي على النطاق المتوسط والعياني. تم التحقق من صحة النم  التصلب،العيوب التي تحدث أثناء  

  التصلب، من خلال قياسات مباشرة في الموقع وفي الوقت الحقيقي لدرجات الحرارة في أي نقطة من نظام  الرقمي المطور

 .ق الكمي والنوعيمما يسمح بالتحق

 

 


