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FOREWORD

PDEs play an important role in modern mathematics, particularly in geometry and analy-
sis. This course handout on equations in mathematical physics is intended for undergraduate
students. It provides an introduction to the basic concepts of partial differential equations
(PDEs) and effective techniques for analyzing and solving them. It is also intended to provide
students with tools for obtaining existence (and often uniqueness) results for some examples
of linear PDE problems of a physical nature (elliptic, parabolic, or hyperbolic). This course
handout is divided into seven chapters. Among other topics, it covers the classification of
second-order linear partial differential equations, the method of separation of variables, and
Fourier series. Classic problems such as the wave equation, the heat equation, and the po-
tential equation for bounded spatial domains are studied. We conclude with a few exercises
included at the end of each chapter, and the handout ends with an appendix containing as-
sessment tests and exams with solutions. This document was presented to students at Amar
Telidji University in Laghouat, Algeria, from 2017 to 2025. We invite our kind readers to
send us their comments and critiques so that we can enrich this work: n.abdesselam@lagh-

univ.dz
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SYMBOLS AND NOTATIONS 5
Symbols and Notations

Number sets:
N : Set of natural numbers.
Z : Set of integers.
R : Set of real numbers.
R? : Set of pairs of real numbers.

Greek letters:

« : alpha L : iota T pi : var phi
B: beta | e : var epsilon p : tho X : chi

v : gamma | ¢ : var theta | p: var rho 1 @ psi
0 : delta k : kappa o : sigma w : omega

€ : epsilon | A:lambda |¢: varsigma | ' : Gamma

¢ : zeta [ mu T : tau A : Delta
n : eta v:nu v : upsilon | © : Theta
0 : theta & xi ¢: phi V : nabla

Functional spaces:
LP(Q),1 < p < co: Lebesgue space of functions whose p-th power is integrable on (.
L£°(€): Lebesgue space of essentially bounded functions on .
C%(Q): space of continuous functions on Q.
Co(2),n € [0, 00[: space of functions of class C(€2) with compact support.
C>(Q): space of infinitely differentiable functions on (.
Operations on functions.

Operations on functions:

Af : The Laplacian of f.
Vf(ai,...,an): Gradient of f at the point a.
%(al’ <oy @) @ i—th partial derivative of f.
For a real function of a real variable: f’ first derivative of f, f” second derivative, f@) j-th

derivative.



6 CONTENTS
General introduction

There are an infinite number of partial differential equations (PDEs). In this module, we
will list some of the classic partial differential equations. Many fields are heavily dependent
on the theory of partial differential equations . Acoustics, aerodynamics, fluid dynamics,
elasticity, electrodynamics, geophysics, quantum mechanics, meteorology, oceanography, and
plasma physics are just a few of these fields.

Subject: Mathematical physics equations Credits: 5

Coefficient: 2

Course objectives:

This course is intended to provide the mathematical tools used in technical sciences (me-
chanics, electrical engineering, geophysics) Recommended prior knowledge: Real analysis and
linear algebra, topology Course content:

Chapter 1: First-order PDEs—Characteristic methods.

Linear case.

Quasi-linear case

Nonlinear case

Chapter 2: Second-order linear PDEs, characteristics, classification, standard forms.
Chapter 3: Separation of variables method (Fourier).

Chapter 4: Laplace’s equation, harmonic functions, Poisson’s kernel.

Chapter 5: Wave equation (Kirchhoff’s formula).

Chapter 6: Heat equation (Poisson’s integral).

Assessment method: Exam (60%) , continuous assessment (40%)



CHAPTER 1

First steps in theory

General information and ratings

Many natural phenomena are modeled by partial differential equations. Examples in-
clude weather forecasting (which involves a large number of parameters), seismic tremors,
ocean movements, and scientific disciplines such as economics, finance, and medical sciences.
Partial differential equations also arise in physical problems: in electromagnetism (Maxwell’s

equations), fluid mechanics (Navier-Stokes equation), and quantum mechanics.

1. Ordinary differential equations

The simplest example is when the function u depends on only one variable. Then this
relationship is simply described by what is called an ordinary differential equation (ODE).
What are ODE and PDE?

To clarify the concepts, let’s first review some notions about ordinary differential equations

(ODEs).

Definition 1.1:

An ordinary differential equation (ODE) is defined as a relation between a real indepen-

dent variable ¢, an unknown function ¢ — y(t), and its derivatives /', 3", ...,y™ n €
N*.
The order of an (ODE) is defined as the order of the highest derivative appearing in

the equation. Thus, an n'-order differential equation can be written in the form

(1) F(z,9,9,9", ., y™) =0

The function F is a function of n + 2 variables.

The unknown function ¢ — y(t) of the real variable ¢ takes its values in R or R*; k =
2,3, ...

We take ¢ in an interval I of R (I may be the entire set R).

Here are a few examples

ExaMPLE 1.1. a) ¢ + ty = exp’ is a first-order differential equation.
b) y" + 4ty = 0 is a second-order differential equation.
¢) Y —ty" =12 is a differential equation of order 9.

7



8 1. FIRST STEPS IN THEORY

d) The simplest example is that of the motion of a body (considered as a point) on a line.

2. Partial Differential Equations

A vpartial differential equation is a relationship linking an unknown function of several
variables u to its partial derivatives. Partial differential equations are found in applications
in physics, engineering, biology, economics, etc. Indeed, in these fields, phenomena are of-
ten modeled by mathematical systems involving partial differential equations. The different
processes of the phenomenon are described by determining a relationship between u and its
partial derivatives.

Definition 2.1:

An equation in which a function f of several independent variables x1, ..., x, and the

partial derivatives of f with respect to these variables appear, i.e., an equation of the

form:
or o oy oy
"0z’ 022 021030’ T O’

is called a partial differential equation.

(2) F(zi,...;@n, f

Note: We will use PDE as an abbreviation for partial differential equation throughout

this work.

Now, we give the definition of a first-order Partial Differential Equation (PDE). .

Definition 2.2:

A first-order partial differential equation with unknown u and n independent variables

1, ..., Ty 1S an equation of the form

L
"0z Oy,

where (21, ..., 2,,) € £, an open subset of R".

(3) F(x1,...,@n,u )=0

We now move on to the definition of a second-order Partial Differential Equation (PDE).

Definition 2.3:

A second-order partial differential equation with unknown u and n independent vari-

ables x1, ..., x, is an equation of the form

"0x’ Oy’ Oxdy’ Ox? Oy

where (z,y) € Q, an open subset of R2.
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A solution of equation (2) is a function u = u(z,y, ...) of the independent variables z, vy, ...
whose partial derivatives appearing in the equation exist at the points of the interval, and
such that after substituting this function and its partial derivatives into equation (2), the
equation is satisfied.

ExaMpPLE 2.1. Consider the equation % — ‘32712‘ = 0, which is a PDE in the domain R?,
and u(z,y) = (z +y)?, u(z,y) = sin(z — y) are two solutions of this equation. We have, if
u(z,y) = (x+y)3, then 3% = 3(z+y)?, % = 6(z+y), and also % = 3(z+y)?, 2% = 6(x+y),

7871!2 -
we obtain
*u  0*u
And if u(z,y) = sin(z — y), then we have % = cos(x — y), 2277; = —sin(x — y), hence
*u  d*u _ )
pri i —sin(z — y) + sin(z —y) = 0.

3. Dimension and order, homogeneity, and linearity of a PDE

In this section, we will define a few concepts: order, dimension, and homogeneity, linearity.

Definition 3.1:

The dimension of a partial differential equation is the number of independent variables

on which the unknown function v depends.

Definition 3.2:

The order of a partial differential equation is the highest order of differentiation ap-

pearing in the equation.

The concept of linearity for PDEs involves differential operators. A differential operator
is an operator constructed from the partial derivatives of differentiable functions. A linear

differential operator is one that has the following properties:

Definition 3.3:

A PDE with unknown w is said to be linear if it can be written in the form

Lu=f

where L is a linear differential operator, and f is a function of n independent variables

defined on a domain of R”. If f = 0, the equation is said to be homogeneous linear;

otherwise, it is non-homogeneous.

To clarify ideas, we need these remarks.
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Remark 3.1:

The dimension of a partial differential equation is the number of independent variables
on which the unknown function v depends. Before introducing the first notions of partial
differential equations, we will recall the essential basic concepts that must be known and
well understood for the continuation of the program.

Thus, in what follows, an operator L will denote a transformation that associates with
every well-behaved function v = u(z,y,...) of several variables z,y, ... on a given do-
main, a function Lu = Lu(z,y,...) on that same domain.

The term well-behaved here means that Lu is well-defined. Sometimes it will be neces-
sary to require that the partial derivatives of u exist up to a certain order. If u = u(z,y),
then Lu = % is an example of an operator.

However, for Lu to be well-defined, it is necessary that the partial derivative of u with
respect to x exists on the domain; this is what the term well-behaved means in this case.
The equation [E] can therefore be written in the form L(u) = f(z,y,...), where f(z,y,...)
is a function of the independent variables, L is an operator, and v is the function to be
determined.

An operator L is linear if and only if:
L(au+ bv) = aL(u) + bL(v)

for all real numbers a, b and all well-behaved functions u,v.

Implicitly, we assume that the function au + bv is also a well-behaved function.

For example,

ExaMPLE 3.1.

ou @

2
—)° - = 0.
(G —ulz)
The equation is of 1% order.
EXAMPLE 3.2.
(2? +u?) <gZ+gZ) =z+y+u.

The equation is of 1% order, linear and non-homogeneous.

ExaMPLE 3.3. The Laplace equation
Pu
ox?  0y? 022

The equation is of 2™ order, linear and homogeneous.

Poisson’s equation
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EXAMPLE 3.4.
0%u n 9%u n 9%u ( )
——t+ —+ — =gz, vy, 2).
0x?  Oy? 022 9E Y,

The equation is of 2™ order, linear and non-homogeneous.

ExXAMPLE 3.5.
Pu 0%

a2y T "o

)2 =e".
1s an EDP of order 3.

ExXAaMPLE 3.6.
2 2

n 0°u ) 0°u 1
u — + 2xy—— ==
Yorz y82y
is a non-homogeneous linear PDE in R, where uw = u(xz,y). In this example,
0%u 0%u

Lu= u+y% + QxyaTy.
is a linear operator and f(x,y) = 1. Indeed, L is linear, because if a and b are two arbitrary real
numbers and u and v two functions; u and v must be good functions whose partial derivatives

appearing in the definition of Lu exist on R, then we will verify that:

L(au + bv) = aL(u) + bL(v).

L(au + bv) = a(u + yg% + 2:@%) +b(v + yg% + 2953/%-
= aL(u) + bL(v).

EXAMPLE 3.7. Another PDE in R2 is

ou @ ou

(5 () + gy = sin(y),

where u = u(z,y). However, this equation is not linear. In this case,

ou. 0*u ou

Lu=(—)(— s
u= (g Gzg) T oug,

is not a linear operator and f(x,y) = sin(y).
To verify that Lu is not linear, it follows by considering for example the two real numbers
a=0b=1 and the two functions u(z,y) = v(z,y) = 2. With these choices, we obtain that

L(u+v) = 16z, Lu = Lv = 4z and clearly L(u + v)6 = Lu + Lv.
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Remark 3.2:

(Interpretation of semi-linearity and quasi-linearity.)

* A PDE is linear if its dependence on the unknown function and its partial derivatives is
linear.

* A semi-linear PDE is a non-linear PDE but it is linear with respect to its derivatives,
and the coefficients do not depend on u and its derivatives.

* A quasi-linear PDE is a non-linear PDE but it is linear with respect to the highest-order
derivatives.

* A PDE is of the trivially non-linear type in the opposite case.

4. Existence of solutions

The aim is then to find a solution that satisfies certain conditions around a neighborhood
of a point or in a given domain. The search for this solution can be constructed manually if
necessary.

The problem of the uniqueness of the solution then arises from the choice of the type of
boundary conditions. The Cauchy problem or initial value problem can be considered as a
special case of this problem.

Behavior of solutions: properties of solutions, in particular that of differentiability (regularity).

Definition 4.1:

Well-posed problem (problem in the sense of Hadamard): a problem is said to be well-

posed for a PDE if:

(x) The problem has a solution.
(%) The solution is unique.

(x) The solution depends continuously on the data.

5. Some equations from mathematical physics

Now, we present some examples concerning PDEs, these represent physical problems.
Transport equation: is used to model air pollution, the dispersion of dyes or even traffic

flow.

@—c%zo ot u=u(z,t).

ot ox

Burgers equation: is used for the study of gas dynamics.
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%—l-u@zo ot u = u(x,t).

ot ox

Heat equation: is used in the study of thermal conduction.

o P Fu o
ot 0x2  0y? 022

=0 ou u=u(z,t).

Wave equation: is used to model small oscillations; it plays an important role in fluid

dynamics and electromagnetism.

Pu 5, 0%u  Pu  Ou
2 “Grtar o)

=0 ot u=u(x,t).

Laplace or potential equation: appears notably in astronomy, electrostatics, fluid

mechanics, and quantum mechanics.

@—i—@—i-@—o ot u = u(z,t)
oz Oy? 022 o

Euler-Bernoulli equation: is used in beam theory.

82u+ 10%u
Sl NI

52 903 — 0 o u=u(z,t).

6. Construction of a partial differential equation

6.1. First-order EDP (Transport equation). This equation is used to model air
pollution, the dispersion of dyes or even traffic flow, with w representing the density of the
pollutant (or dye or traffic) at the position z and at time ¢. For a discussion of the physical

model, we consider the example proposed in [8|.

ExampLE 6.1. Consider a very narrow tube of length l carrying water at a constant speed
c. Suppose there is a chemical substance that pollutes the water. Let u(t,z) be the concentra-

tion of the chemical substance at time t and at position x.
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y=u(t,x)

y 4 y=u(0x) YA

y ya 1

T —
N———

FI1GURE 1. Transport of a pollutant in water

T
P

We denote by Q(t) the quantity of the chemical substance at time t. The expression of Q

between the points of abscissa 0 and x is given by

Q) = /0 “ult,y)dy.

During a period h, a particle of the substance travels a distance ch. The quantity Q) between the
points of abscissa ch and x 4 ch is the same quantity between O and x at time t. We therefore

have

x+ch x+ch
a0 = [ utwtidy= [ uly.t+ by,

h h

By differentiating with respect to x, we find
u(z,t) = u(z + ch,t + h).

By differentiating this time with respect to h and setting h = 0, we find

EXAMPLE 6.2. By considering a cylindrical tube of length L and radius a, through which
a liguid flows at a constant velocity v. This tube is immersed in o tank of water at a constant
temperature 7. We aim to study the evolution of the temperature of the liquid in the tube over
time. The tube is considered sufficiently thin (a << L) (to work with a one-dimensional
model). This example can be found in a slightly different form in [5].

Let T(xz,t) be the temperature (expressed, for example, in degrees) at the point x in the
tube and at time t. Let us ezamine what happens in a small (infinitesimal) slice of the tube of

volume ma?Ax.
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FIGURE 2. Schematic view of the tube

Now, we will present a heuristic argument to justify the wave equation in the case of a

membrane:

P (P, o
ot? ox2  0y? )’

We will assume that the following five conditions are satisfied.

* The membrane is flexible and elastic.

* The tension has a constant magnitude Tp.

* The membrane has a constant density p.

* The weight of the membrane is negligible compared to the tension.

* The displacement of the membrane is small compared to its minimum diameter.

The first condition implies that the tension acts in the direction of the profile of the
membrane. The last condition means that the horizontal displacement of the membrane is
approximately zero, and we will assume it to be zero in what follows. Let u = u(z,y,t) be
the vertical displacement of the membrane above the point (z,y) at time t.

Consider the portion of the membrane above the rectangle with vertices: (x,y), (z+Ax,y), (z, y+
Ay), (x+ Az, y+Ay). We assume that Az and Ay are small. In Figure [1], we have illustrated
the tension forces acting on this portion of the membrane. The angles «a, 3,7, and § are the

angles formed
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1 TiAry

Figure 1]

FIGURE 3. Wave equation in the case of a membrane.

by these forces with the horizontal, and the points (x1,y), (z2,y + Ay), (x,y1) and (x +
Az, ys) are those where the tension forces act on the edges of this portion of the membrane.

The vertical force is
Foert = To(Ax) sin(f) — To(Ax) sin(a) + To(Ay) sin(y) — To(Ay) sin(6).

It should be noted that the angles «, 3,7, and § are almost zero. We can therefore use the
following approximations: sin(a) = tan(a),sin(8) ~ tan(f),sin(y) ~ tan(vy) and sin(d) =
tan(d). After substitution, we obtain
0%u
Fyert = To(Az)(tan(B) — tan(a)) + To(Ay) (tan() — tan(y)) = p(AA)W
where AA ~ (Az)(Ay) is the area of the portion of the membrane. By definition of the partial
derivative and since the stress acts in the direction of the membrane profile, we have that
tan(a) = 2%(z1,y), tan(B) = 2(va,y + Ay), tan(y) = L(w,y) et tan(y) = 2(a + A, yo).

Substituting this into the above expression for F..; that

9%u ou ou ou ou
F’UeT == A A a0 a_ 9 - Y a_ b —a_ bl .
t = p(Az)(Ay) 55 = To(Az)( a9 (22, y+Ay) 9y (21, 9))+To(Ay) (5 (2+ Az, y2) =2 (2, 41))
Consequently
Pu Ty 1 0Ou ou To 1 Ou ou
ge_0 - Ay) — =2 U - ,

Passing the limit (Ax), (Ay) — 0, we then have

T1,22 =7 T3Y1,Y2 = Y
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and
1 0u ou 0%u
e Avy) — — bl
and
1 ,0u 0 0%u
—(z= A - i
Ay(ﬁaj(x_i_ x>y2>8 (xvyl)) 81‘2
From all of the above, we can therefore conclude that u = u(x, y, t) satisfies the wave equation
0?u 5 0%u  0%u .o TIp

ouc = —.

o2 = (g2 T g2)
7. Resolution of simple EDPs

We're going to solve the equation.

82
gu_o.
0x?
Right now, we put
o(e.y) = 2
) y ax Y
which implies for everything (x,y) that
ou
o
ox

This means that v(x,y) is constant for all y fixed. So

v(z,y) = Cly)
where C' is an arbitrary function of y. We are then reduced to finding v such that

ou
or C(y).

A similar reagoning leads to
u(z,y) = C(y)z + D(y)
where D is an arbitrary function.

We are interested in finding the general solution of the equation

9%u
ﬁ-l-u:().

We note that for fixed y, the equation, using a change of variable

v(x) = ufz,y),

can be written as
v 4+0v=0.

This is a second-order linear ODE whose general solution is given by

v(z,y) = Acosx + Bsinz,
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where A, B are arbitrary constants. Returning to u, we obtain
u(z,y) = A(y) cosz + B(y) sinz,

from which the solution of the proposed equation follows, where A and B are this time

arbitrary functions.

8. Method of variable substitution

We will first state the chain rule for a function u(&, p) of two variables ¢, p themselves

functions of two other variables z, y.

Theorem 8.1:

(Chain Rule): Let w = u(&, p), £ = &£(z,y) and p = p(x,y) be functions, that is, w
can then be considered as a function u(£(z,y), p(z,y)) of = and y. When the following

terms are well defined, we can write

ow _0udk  0udp
oxr  0¢0x Opox

and

ow_oudg | udp
dy 00y  Opdy

ExamMPLE 8.1. Let’s determine all the functions u € R’f and satisfying the partial differ-

ential equation
(5) 20— —y—=0

We can consider the new coordinates: &€ = x and p = xy?.

§&p >0, x=¢, y:\/g

since x,y > 0. By the chain rule, we obtain

It is easy to verify that

Ow _0udE  0udp _u pou
or 060x  Opdx 06  €0p
et
Ow OudE  Oudp Ou
oy ~ocoy T opoy Vo
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Here it should be noted that the partial derivatives g—g and %Z are continuous. By substituting
x,y, % and g—; by their corresponding expressions in terms of & and p in (5), we obtain
ou
26— =0.

Since & is strictly positive, we obtain g—g =0— u=h(n),h: (0,00) = R arbitrary and

differentiable. Thus, u = h(xy?) is the solution of (5).
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9. Exercise series N°= 01

EXERCICE 1. For each of the partial differential equations below, indicate its order, whether
it 1s linear or not, and whether it is linearly homogeneous or not.
) 3;,;2 + xay =Y
b) (54)% +u(Ge) = 1;
au+28x8y+gyu =0;
)54 + 204 + 54 = sin(x);
e %—F(%) + sin(u) = €Y.

SOLUTION. a) This PDE is linear, non-homogeneous, and of order 2. To show that the

PDFE is linear, let us consider the operator

0? 0
u s L(u) = a—;—i—xa—z

This operator is linear. Indeed, let a,b € R and u,v be two functions. Then we need to verify

that L(au + bv) = aL(u) + bL(v). But by the properties of partial derivatives, we obtain

~ 9*(au+ b) O au+bv)  0*u 0% 3 ou
L(au + bv) = 92 +x ay =053 + b@ +a 8 + bxa—y aL(u) + bL(v).

This completes the proof that L is a linear operator. Since our equation is of the form
L(u) = y, we can conclude that the PDE is linear. Also, because of this form, the PDE
is non-homogeneous. As the highest-order partial derivative is of order 2, the PDE is there-

fore of order 2.
b) This PDE is not linear. It is of order 1. This PDE is of the form T'(u) =1 where T is

s T(u) = @;)2 U(ZZ).

To verify that this PDE is not linear, it suffices to show that T is not a linear operator. We

the operator

therefore need to find two real numbers a and b, as well as two functions u and v such that
T(au + bv) # aT'(u) 4+ 0T (v).
Let us take a =b=1, u= (2x +y), and v = y*. We obtain

02z +y +y?)
ox

02z +y +y?) _

2+ 20+ y 4+ y?) (R )

T(u+v) =Tz +y+y%) = (

24+ Qe +y+y>)A+2y) =4+ 2z +y+ 20° + 3% + 4y,

0(2x + y) 02z +y)

o o )=22 4+ 2z +y)=4+2z+y

T(u) = T2z +y) = ( )2 + (22 + y)(
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and

700) = 76 = (92 1 (2 2WD) — 044202y = 22
We clearly see in this case that T(u + v) # T(u) + T(v). This shows that the PDE is not
linear. Since the highest-order partial derivative is of order 1, the PDE is therefore of order

1.

¢) This PDE is linear, homogeneous, and of order 4.
d) This PDE is linear, non-homogeneous, and of order 2.

e) This PDE is not linear. It is of order 2.

2

EXERCICE 9.1. Verify that the functions u(zx,y) = 2* — y? and u(z,y) = e“sin(y) are

indeed solutions of the equation

o ot
oz oy
SorLuTioN. If u(z,y) = 2% — y?, then
ou 0%u ou 0%u Pu  0%u
Ox © 922 " Oy ¥ oy? Ox2 + Oy

shows that u is indeed a solution.
If u(z,y) = expsin(y), then

@—ex sin(y) 82—u—ex sin(y) @—ex cos(y) aQ—U——ex sin( ):>@+@_0

shows that u 1s indeed a solution.

EXERCICE 2. Determine the general solution of
0%u
— tu=0
Oy?

or u=u(x,y).
SOLUTION. Recall that the ordinary differential equation
Y'(y) +Y(y) =0

for which Y =Y (y) is a function of the variable y and Y"(y) denotes the second derivative
with respect to y has as general solution Y (y) = acos(y) +bsin(y) where a and b are arbitrary
real numbers. We can now adapt this result. Thus the PDE

0%u

oz T u =0 with u=u(x,y),

has as general solution u(x,y) = a(z)cos(y) + b(z)sin(y) where a(z) and b(x) are arbitrary

functions of x.
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EXERCICE 9.2. Determine the general solution of
u  O%u _0

oz?2  oy2

Using the new coordinates: £ =x +y and p =z —y, or u=u(z,y).

SOLUTION. Determine the general solution of
u  0%u _0
ox2  0yz

where u = u(x,y) using the new coordinates: ¢ = x +y and n =1z —y.

If¢ =x+y and n =z — y, then by using the chain rule, we obtain

ou_duoe  uim _ou__ou
Oor 060x Onox 0 On
Pu 0 O0u Ou, 0 0 .0u Ou.0 Pu 0%u u  0%u
2 875[875 + %]&i + 877[875 + 8777]872 = [8752 + 87&7](1) + [87577 + 87;2](1)
0%u 0’u  0%u
9e 2oen "o
du_0udk  dudy _ou o
gy 0oy Ondy 9  On
Pu 0 Ou Ou. 0 0 Ou Ou.d 0’u  0%u u  0%u
3~ 52lok ~ onlo * onlo + only Lo * gV~ logy *
0%u 0*u  0%u
S0 Coan ' op

Consequently
Pu % d%u
———=0&4—=0
or?  Oy? oEn
So, all you need to do is solve the PDE.
62
Pu_ o
&n

So, we have

aag[g:;] =0= g:; = f(n) etu(&,n) = /f(n)dn+g(§) = h(n) + g(§),

where f,g and h are arbitrary differentiable functions, and the general solution is u(x,y) =

g(x +y)+ h(z —y).

EXERCICE 9.3. Let an (ideal) string of length I(I > 0) be fized at its two endpoints and
whose initial displacement f(x) and initial velocity g(x) are known. We want to determine
the vertical displacement u(x,t) of this string at the point z, (0 < x < ) at time t,(t > 0).
Mathematically we have the equation

O*u 2@

o2~ o2 0,
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f(z) and %(:ﬂ, 0) = g(z) for all z,(0 < z < 1) and boundary
conditions: u(0,t) =0 and u(l,t) =0 for all t,t > 0.

Determine the solution u(z,t)

with initial conditions: u(x,0) =

EXERCICE 9.4. Show, using the chain rule, that the heat equation

ou u  0%u
Tk +
ot or? Oy
expressed in polar coordinates: v = /x> +y?, 0 = arctan (¥) is

ot or2 = r 002 r or

where u = u(z,y,t) = u(r,0,t).

SOLUTION. Let us recall that we have r = \/x? + y2,0 = arctan(2) Using the chain rule,
we have

du  Qudr  9uol

x ou z  Ou

9z Ordx 0001  JaZirgor 114200
Pu_ 0, w 0w,

[ 1 9u x qu 87" 0u @]
0x?  Ox\ /22 4+ 2 Gr Nz Y2 37“2 oz orod oz
0 Y ou

_9 1%u _ (‘3 u Or 82u @]
oz \/x2 —+ y2 00 A /1'2 —+ y 8987’ 8.’1) 602 Oz
we have
@ B y? @ n 2zy @ n z? @ B 2zy 0%u y? 0%u
0x2 (22 + yQ)% ar (224?200 (22 +y?) Or?

(22 + y2)3 Ordf + (22 +y2)2 062
On the other hand, we have

du  Oudr  dude

z  Ou
8y_8r87y+%87y_ /x2+y25+x2+y2%’
Fu_0, y v

9u Ly 82u 87“ 0%u %]
o2 Oy \/r2 1 Y2 87’ NZZE 87"2 Ay Br@ﬁ oy

_2[ x ]8 8u8r 82u89]
8y Q/gj2-|-y2 89 ﬁ/x2+y 8987“83/ (928y

then, we obtain

@ B z? @ B 2zy @ n z? @ n 2zy 0%u x? 0%u
oy? (22 + yQ)% ar (a2 4y?)200 (2 +y?) Or?

(22 + y2)2 Ordf + (2 4+ y?)2 002"
ou Pu  d%u
ot k(6x2 * 3y2)

18 equivalent to *

R ST
ot A /332 +y 87' ($2 + y2) 062

Asr = /22 + y2, The heat equation in polar coordinates is
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ou 10u  9%*u 1 9%u

a Mot e T e



CHAPTER 2

Linear equations of order 1

In this chapter, we will begin our study by considering linear PDEs of order 1. We
will restrict our discussion to linear equations with only two independent variables, that is,
equations of the form

ou ou

for which A, B,C, and D are functions of x and y continuously differentiable on the domain
D. The method presented to solve these equations will be the method of characteristic curves.
The latter can also be adapted to the case of first-order linear PDEs with more than two
independent variables. These equations naturally arise in certain models. But they can also
come from approximations of higher-order equations. For example, the one-dimensional wave

equation

ou ou
n + ‘o 0
is an approximation of the diffusion equation
ou ou 1 _0%u
o~ Cor 2702
when the diffusion coefficient D is almost zero. In some cases, it is also possible to replace a
higher-order PDE with a system of first-order equations. This is another situation in which
first-order equations appear naturally. We will illustrate this with two examples. First,
consider the wave equation
2 2
(7) ?)tg - 022;; =0.
We can rewrite it in the following form
0*u  ,0%u 0 0., 0 0

— =(=—c—)(=+c—)=0.
# o~ o o)\ T
Note that, in the above, we assume that the partial derivatives of u of order m < 2 are

continuous on D, and this implies that

0%u B 0%
oxdt  Otdx

Equation (7) is therefore equivalent to the following system of first-order linear PDEs:

25
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ou ou __

ot ~ Cox =Y
9 ov _
5 tcge =0
We can determine v from the second equation and then solve the first equation in y by

substituting v. As a second example, we can consider Laplace’s equation.

0*u 0%

and try to proceed as above. We can rewrite this equation in the following form
?u  0%*u o Ody.,0 .0
a2 T ap G T
Assuming, as above, that the partial derivatives of u of order m < 2 are continuous on D. The
drawback of this approach is that we obtain a system of PDEs in which the complex number
1 appears, whereas in general we prefer to obtain real solutions u to equation 8. There is

another way to reduce equation 8 above. Let us set

ou ou
= — et — =w.

v = =
oxr Oy
So, because of our assumption about the continuity of second-order partial derivatives, we

have the equality of mixed partial derivatives and we obtain

ow 0%u 0%u ov ow  0%u 0%u ov
22 = = P ey Yy
Ox  Oxdy Oydr Oy oy  0y? Ox? Ox

as well as v and w satisfy the following PDE system

ow _ Ov
ox — Oy’
ow _ _ Ov
dy — Oz

These two equations are well known in the theory of complex variables. These are the Cauchy-
Riemann equations. One must solve these two equations simultaneously to determine v and

w. Then we must consider the system

Remark 0.1:

It should be noted that it is not always possible to associate a system of first-order linear

PDEs with a higher-order PDE.
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1. Parametric curves and surfaces

1.1. Parametric curves in R?. Before describing the method of characteristic curves,
we will first recall the concepts of a parametric curve in the open domain D C R? and of the
directional derivative of a function of two variables in a direction d. These two notions will

be essential for the remainder of this chapter.

Definition 1.1:

A parameterized curve C' is the image of a function v : I — D from an open interval

I of R to the open domain D of R? defined by s — v = (z(s),y(s)) for all s € I, and

we then say that v is a parameterization of C. In what follows, we assume that the
functions s — z(s) and s — y(s) are continuously differentiable on I. In this situation,

the vector 7/(so) = (2/(s0),4'(s0)) is a tangent vector to the curve C' at the point

(x(s0), y(s0))-

Let f(z,y) be a function defined on the domain D, (zq,y0) € D, and let d = (dy, d2) be a
direction, i.e., d is a nonzero vector in R2. Then, the directional derivative of f at the point

(z0,yo) in the direction d is

. fzo + tdi, yo + tda) — f (o,
fé(xo,yo)zllt%f(o 1, Yo t 2) — f(x0,%0)

(if this limit exists).

If the partial derivatives of f are continuous on D, then

(9) fidzo,y0) = g;(xmyo)dl + g';(mo, yo)da = Af (o, y0)d.

Here V f(xo,y0) denotes the gradient of f at the point (z, o), that is

V f(zo,y0) = ((;;($07y0)7 g!;;(l‘()uy()))'

In equation (9), V f(zo, yo).(fdenotes the dot product V f(xoyp) and d

EXAMPLE 1.1. A curve is plotted in the following figure. It is part of an ellipse and
7 :]0,w[— R? is defined by s — (cos(s),2sin(s)) as a parametrization. The vector v(%) =

3
(=3, V/3) is tangent to this curve at the point (%) = (\/;, 1). This vector is also plotted.
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Ay

-1 0 1 x

Figure [1]

EXAMPLE 1.2. The circle with center (xo,yo) and radius v is a curve parameterized by the

function

t— y(t) = (xo+rcoss,yo +rsins),0 < s < 2m,

Cercle de centre {xq. ) et de rayon r

1.2. Parametrized surfaces in R3. |

u(s, 7) = F(r). = Thedesiredsolutiontotheproblemisu = F(r) =
T=x—csS=x—ct.
F(z — ct) We have illustrated this in Figure [2].

In this solution u(z,t) = F(z — ct), we see that the initial information u(z,0) = F(z) is

transmitted along the characteristic curves, that is, u(z, t) is constant for all points (x,t) such
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that z — ¢t is a constant. Here the characteristic curves are of the form x — ¢t = k where k is

a constant. We have illustrated this in Figure [3].

i

00
Q“

A,
.
shag,

Figure [2]
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Now, the general method of characteristic curves for solving the following initial value
problem:
ou ou

Aa— + Ba— + Cu =D avecu(X(1),Y (1)) = F(1),VT €I,

where A, B,C, D are continuously differentiable functions of z and y;u = wu(z,y) is to be
determined, I is an interval and X (7),Y(7) and F(7) are continuously differentiable func-
tions of 7 € I data. We will initially assume that (A(z,y), B(z,y)) # (0,0) for any point
(z,y) € D. Consider all parameterized curves with a parameterization : R — R? defined
by s = ((z(s),y(s)) for everything s € R and whose tangent vector '(s) = (2/(s),y/(s)) is
(A(x(s),y(s)), B(z(s),y(s)) at the point (s) = (z(s),y(s)) for everything s € R. This gives

us a system of two ordinary differential equations;

E=Alzy
(10) @ =Awy)
@ = B(z,y).

If we fix 2(0) = g and y(0) = yo, then there is one and only one solution to this system
of ordinary differential equations, because of the assumption that (A(z,y), B(z,y)) # (0,0)
for every point (z,y) € D. Note that it is generally difficult to solve such a system explicitly.
If now we consider the values u(s) = u(x(s),y(s)) of a solution u on these curves, then we
obtain by the chain rule that According to Schwarz’s Theorem: Let A € , where (2 is an
open subset of R? and f a function defined on Q with values in R. If the successive derivatives
>’f

02 f . . o2 f _ 9%f
oy and 7., exist and are continuous, then we have 575-(A) = 7752 (A).

A

I

i(x, 0) = F(x)

/
J
e

-

[ Figure [3]



3. CAUCHY PROBLEM 31
2. Remark
Construction of solutions
In geometry, a surface S of R? has the equation ¢(z,y, z) = Constant. When there exists a

neighborhood where ¢(z,y, z) = 0 can be solved for z, we are led to the Cartesian equation

z = f(x,y). We interpret the solution u of (E) as a surface of R3.

Analytically, we seek the solutions of (E) in implicit form; that is, we look for a function

¢ of class C! defined on an open set V of R? such that

((x,y,2) €V, ¢(x,y,2) = Const) & ((z,y) € Q, z = u(z,y)).

By applying the implicit function theorem, we can write it in the form

(1) dx B dy dz
a(z,y,z)  b(z,y,2) clz,y,z2)

The function ¢ is therefore a first integral of system 11. This system is called the "characteristic

system" of the partial differential equation.

Theorem 2.1:

The set of solutions of equation (E) consists of the first integrals of system (11). More-

over, if ¢1 and ¢, are a pair of independent first integrals, then the general solution of

(E) can be written explicitly as

F(o1(x,y,u(z,y)), p2(z,y,u(x,y))) = const

Constant, where F' denotes an arbitrary regular function of two variables.

3. Cauchy Problem

Let f be a function of a single variable and (C') the curve defined by the equation y = f(z).
Let F(x,y) = f(x) —y. Then, the vector @ = VF(xq, f(x0)) = (f'(x0), —1) is perpendicular
to (C') at (xo, f(x0))-
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Definition 3.1:

The Cauchy problem related to a regular curve (C') consists in finding (if it exists) the
solution of equation (16)

0%u 9%u 0%u ou Ou
g il Z _F hadidid
902 T b(w,y)away + ¢z, y) 52 (@, y,u, 5, 9

which satisfies u(z,y) = g(z,y) on (C) and g—x(az,y) = h(z,y) on (C),

a(z,y) );

where g—g denotes the normal derivative and f, g are functions of class C' and C? on

(C) respectively.

Theorem 3.1:

If the curve (C) is not characteristic, the Cauchy problem admits a unique solution.

_I Proof !

First of all, we show that providing the function v and its normal derivative makes it
possible to determine all the first-order partial derivatives. We assume that the curve (C')

is defined by the parametric representation (z,y) = (zo(s), yo(s)) = m(s). We then have

H(s) = 20 (5)T + B2(s) 7,
n(s) = — Lo ()7 + L0(5) 7,

with @ = 1. Given that the following functions are known

du

in (w0(s),y0(s)) = h(zo(s),yo(s)) = H(s),

dG  Oudxy Oudyy
ds ~ Os ds + ds ds dum(s)t(‘s;

We can derive partial derivatives of order 1

ou _dxo dyo 0G
a*y(xo(s)yyo(s)) = EH(S) t s Bs

gZ(UCo(S)yyO(S)) T ds Os  ds (s)-
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4 Proof !

A necessary condition for there to be a unique solution is that equation (16) allows the

first-order partial derivatives of u to be uniquely defined on (C). We have

u(o(s), yo(s)) = g(zo(s), yo(s)) = G(s),

O (wo(s), 9o(5)) = (o), wols)) = Ha(s)

‘;;%xo(s),yo(s)) — Pl = Fof)

From the last two equations, we obtain

0%u 0%u
If)(S)@(%(S)a yo(s)) + yé(S)aTay(M(S)a yo(s)) = Hi(s),

2(8) 2 (0(5), 10(8)) + 5 (8) 2 (wo(5), vo(s)) = Hi(s)
0 910y 0{S), Yo Yo 92 o{s); Yo = aig\&))-
Equation (16) allows us to deduce

0%u 0%u 0%u ou Ou
a('rﬁy)@ + b(xay)aTay + c(xay)aiyg - F(‘Taya u, 87%’ ({Ty)

9 0 g o 2 2 2
For this linear system of three equations with three unknowns 2-%, 2% 9% ¢4 have a
0z? 0xdy’ Ay

unique solution, it is necessary and sufficient that the determinant be nonzero, hence

zo(s) yo(s) 0
0 h(s) wh(s)| = alyn(s))? — 26z (s)yo(s) + clyio(s))® # 0.
a b c
Since z{(s) = dc%o and y,(s) = %0, we recognize the condition defining a curve that is not

characteristic. The construction of the solution is carried out as in the one-dimensional

case, by a Taylor expansion of the solution in the neighborhood of the curve.

4. d’Alembert’s Formula'

The Cauchy problem for the one-dimensional homogeneous wave equation is given by

2 2
(12) 5711 — 2@

B c axQZO;—oo<x§+oo;t>0

du

(13) u(z30) = (@), 5

(,0) = g(x),—o00 < z < 400

A classical solution of the Cauchy problem (39)-(40) is a function u that is twice continuously
differentiable for all ¢ > 0, such that v and % are continuous for ¢ > 0, and such that (39)—(40)

are satisfied.

Lq’Alembert: French philosopher, writer, and mathematician, Paris 1717 — ibid., 1783.
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Theorem 4.1:

The solution of the Cauchy problem (39)-(40) is given by the following formula (called

d’Alembert’s formula)

1 1 x+ct
u(a:,t):[f(a:+ct)+f(x—ct)]+/ g(s) ds.
2 2c xT—ct
Moreover, if f € C?(R) and g € C!(R), this solution is classical such that u €

C?(Rx]0, +00[) N CH(R x [0, +o0[) given by d’Alembert’s formula.

To conclude this chapter, we will now describe d’Alembert’s solution to the wave equation

in the case of a vibrating string.

EXAMPLE 4.1. The problem is as follows. We need to determine the function u(x,t) such

as
2 2
U(CL',O) = f(l‘),

G (2,0) = g().
Here c is a given positive real number (¢ > 0), and f(z) and g(z) are given functions.
Physically, u(z,t) is the vertical displacement of a vibraling string at point x of this string at
time t. We assume that the string is sufficiently long so that the ends do not interfere during
the time interval for which we consider u. f(x) is the initial displacement of the string and
g(x) is the (vertical) initial velocity. As we have seen, we can rewrite the PDE

Pu  ,0%

oz C gz 0

in the form of the system (17)

ou ou

(14) o Cor =
% + c% =0

Thus, we will first determine v taking into account the initial conditions. Fort = 0, we obtain

from the first equation of system (??) that

o(@,0) = 24(2,0) ~ 222, 0) = gla) — e/ (2),
because %(w,O) = g(x) and u(x,0) = f(z) = g—z(w,O) = f'(x).

Thus, the function v(x,t) will be a solution of the following initial value problem

v v __
E—FC%—O

v(z,0) = g(x) — cf'(x)
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Previously, as we have seen, the solution to this problem is
v(z,t) = g(x —ct) — cf'(x — ct).

Now we need to consider the first equation of the system (77) with the solution v(x,t) above.

We obtain the following new initial value problem

G —cht =gl —ct)—cf'(w—et)
u(z,0) = f(x)

First, we must determine the characteristic curves. We therefore need to consider the ordinary

differential equations

d dt d
= = —e, 2= Lo = gla(s) — ct(s) — of (a(s) — ct(s)).
Moreover, the curve of initial values is 7 — (X (1), T(7),u(X (1), T(7)) = (7,0, f(7)). From
this, we obtain x(s,7) = —cs + 1,t(s,7) = s, as well as
d S
d—z = g(—cs+7—cs)—cf'(cs+T—cs) = u(s,T) = (/ 9(—2cw+7)—cf' (—2cw+T7)dw)+ f(7).
0
Considering substitution A\ = —2cw +w in this complete collection and because d\ = 2cdw, we
obtain
1

T—2cs
u(s) = (o [ g )N + £(r).
It is easy to verify that s =t and = x© + cs = x + ct. Substituting this into the expression for

u above, we obtain that

T—2cs x+ct
uet) = (5 [ SN NN + ket =G [ g0 = ef NN + Fla+ et

—2c —ct

We can integrate f'(\) in relation to \. Consequently

w(w,t) = (2 /HC 9NN) — & (F(o+ et) — [la— et)) + f(a +ct).

2¢ J et

Finally, we obtain the following solution:

T+ct
u(et) = (5 [ 90NN = (S +et) + o - ).

% ct
This is the solution obtained by d’Alembert.

For example, if the initial displacement and initial velocity are respectively

sin(z), si0 <z <mw
fz) =

0, sinon;

and g(xz) = 0 VY, then the vertical displacement w will be

u(a,t) = 5(F(a +ct) + flx — ct)
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0, sisi(z,t) € A;

—Sin(w;d), si (x,t) € B;

sin(x—f—ct);Sin(x_Ct)’ si (x,t) € O

0, si(z,t) € D;

sin(x—ct)

5, si(z,1) € E;

\0, si (x,t) € F,

where A, B,C, D, E and I are the regions shown in the following figure. There are thus two

waves: one moving to the right and the other to the left.

b -

Courbe des valeurs
initiales (X(t). Y(x). F(1)) (x(s, )., ¥(s, ), u(s, 7))

Courbes caractéristiques

A

Figure [4]

5. Exercise series N° = 02
EXERCICE 3. Show that the PDE

*u  ,0%u 0
T TR T

can be written in the form

0 d.,0 0 ou
(& + C&)(& — C% + 2)\)u — 20)\8_56 =0
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where u = u(x,t). Conclude from this that this PDE is equivalent to the system.

%@‘—c%zv—%\u

Pt edr —2eAqt =0.
SOLUTION. a) We can write the PDE in the form
0 0.,0 0

—4ec—)N=—-—c—)u=F
(5t T <o) —cgp)v = Fl@t)
Indeed, we obtain
(ﬁ _,_Cg)(g _ cé)u — (ﬁ +C£)(@ _ C@) _Pu c Ou T O'u 02@
ot oz’ *ot T ox’ Ot Ox’ Ot ox’ Ot otdr ~  Oxot Ox?
0?u  ,0%
B A
assuming that the partial derivatives of order 2 of w are continuous and consequently that
0%u B 0%u
otox Ozt
we do get the system
Ou _ 0u _ v

cou
ORI

5 +cge = F(x,t)
b) To determine the solution u, we must first determine v such that

ov ov

DL = F(a,t).
o teg —F@)
The initial conditions u(x,0) = f(x) and %(m,()) = g(x) mean, using the first equation of

(%), that
v Ov y
o(@,0) = 2,0~ 2% 2,0) = gla) — ef ()
Thus, we have as the problem to solve % + c% = F(x,t). with the initial condition v(z,0) =

g(x) —cf'(z).

We therefore need to consider the system of ordinary differential equations

These equations can be solved by separation of variables:

dt
d:1:>dt:d5:>/dt:/ds+ctet:s+t6
S

and
dx p
$:1:>d:n:ds:> dr = [ ds+ ctex = cs + x

If we consider v as a function of s i.e.,v(s) = v(x(s),t(s)), we obtain

dv _Ovdx  Ovdt  Ov  Ov _ _ , ,
ds Ot ds * atds oz + ot F(xz(s),t(s)) = F(cs + g, s +tp).
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By the fundamental theorem of calculus, we obtain that there is only one solution such that

v(0) = v and this one is
v(s) = (/ F(ew + zj, w + tgdw) + vp.
0

If we consider the initial values x, = T,t, = 0 and vo = g(7) — cf'(7), we obtain for each T

the characteristic curve
s = (z(s,7,t(s,7),v(s,7)) = (cs + T, s, (/ F(ew + 1,w)dw) + g(7) — cf'(1))
0

Now we can consider the problem. % - c%“x = v with the condition u(x,0) = f(x)
We must therefore consider the system of ordinary differential equations. We must therefore

consider the system of ordinary differential equations.

These equations can be solved by separation of variables:

;lt:1:>dt:ds:>/dt:/ds+ctetzs—|—t6

s

and
dx ,
d—:fc:d:v:dsi dr = —c [ ds + ctex = —cs + x

s

If we consider v as a function of s i.e.,v(s) = v(x(s),t(s)), we obtain

du  Oudx Oudt  du Ou

ds _ otds  otds _ or "ot t ty).
ds 0Ot ds + ot ds Cax + ot v(x(s),t(s)),s +tp)
EXERCICE 4. Solve the following initial value problem

ou ou
a%—c%%—AU—O

with u(x,0) = f(z),where X > 0, f(x) is a given function and u = u(x,t).

SOLUTION. Consider the system of ordinary differential equations

We can solve these equations by separating variables:

dt
d:1:dt:dsﬁ/dt:/ds+constante:>t:s+to
S

and
do _
ds

If we consider the function u sought as a function of s, i.e. u(s) = u(x(s),t(s)), so using the

c:>dx:ds:>/dx:/cds+constante:>x:cs+xo.

chain rule and the fact that u is an PDE solution

ou  Ou
E—i—c%—i—/\u—O,
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we obtain

du_ Oude  Oudl it ——x
ds Oz ds 8tds_cux ur= Y

We can solve this last ordinary differential equation by separation of variables.

d d d
u:—)\u:>u:—)\ds:>/u:—/\/ds+cte:>ln(u):—)\s—i—cte.
ds U U

If we fiz u(0) = ug, then we have u(s) = uge ™. Thus, the characteristic curves are
s (z(s),t(s),u(s)) = (cs + xo, s + to, upe ).

If we consider the initial conditions: xy = T,tg = 0 and ug = f(7),, then we obtain the

characteristic curves:

s (x(s,7),t(s,7),u(s, 7)) = (cs + 7, s, f(T)e_)‘s).

It is possible to determine the inverse function of (s,7) — (x(s,7),t(s,7)). Indeed

cs+1==x s=t
=

s=1t T=x—cs=x—ct

Thus, if we express u as a function of x and t rather than s and 7, we obtain

u(z,t) = f(x — ct)e .

EXERCICE 5. Consider the d’Alembert solution of the wave equation for the following
ingtial displacement f(x) and initial velocity g(x):
W) f(z) =z and g(z) = 0
b) fx) = 0 and g(x) = =
¢) f(x) =sin(x) and g(x) = —ccos(z);
d) f(z) =sin(z) and g(z) = ccos(x).

SOLUTION. a) If f(z) =z and g(x) = 0, then d’Alembert’s solution is

z+ct r+ct
w(z, ) :;C/Ht g()\)dA+%(f(x+ct)+f(:p—ct)) _ %/Ht Od)\+%((:c—|—ct)+(x—ct)) .

b) If f(x) =0 and g(x) = x, then d’Alembert’s solution is

x+ct x+ct
(o, 1) = l/x g()\)d)\+;(f(x+ct)+f(x—ct)):1/1 NA+ 2(0+0)

2c —ct c —ct

_ L X - L (e o) = o
2c" 2 =T e '
¢) If f(z) = sin(x) and g(z) = —ccos(x), then d’Alembert’s solution is

x+ct
uet) =50 [ gAF 5(f @t ct) + flo—et)
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1 x+ct 1
=— —ccos(N)dA + = (sin(z + ct) + sin(x — ct))
2c T—ct 2
1

1
= ?C(—C Sin(A]ifgi + §(sin(x + ct) + sin(x — ct))

= %(sin(m +ct) —sin(z —ct)) + %(sin(z + ct) +sin(z — ct)) = sin(z — ct).

d) If f(z) =sin(x) and g(x) = ccos(z), then d’Alembert’s solution is

x+ct
(o, 1) = 216/_ o+ é(f(m bet) 4+ flz— b))

z+ct 1
u(z,t) = % / ccos(N)d\ + §(Sin(x + ct) + sin(z — ct))

r—ct

1 1
= 5 (esin(AZTG + 5 (sin(@ + cf) + sin(z — ct))

= %(sin(m + ct) —sin(z — ct)) + %(sin(z + ct) + sin(x — ct)) = sin(x — ct).

EXERCICE 6. Solve the following initial value problem

ou  ,O0u

E"‘e %—O

with u(x,0) = z where u = u(zx,t).

SOLUTION. Consider the system of ordinary differential equations

We can solve these equations by separation of variables:

dt
d—1édt—ds:>/dt—/ds+cte:>t—s+t0
s
and
dm:e$:>d$:dsée_wdx:/ds—l—cteée_z:s+cte
ds ex
1
I(S) = —ln(—S =+ Cte) = $(S) = —ln(—S + 6_1‘0) = ln(m)

In the latter case, the initial condition was set as x(0) = xo. If we now consider u as

a function of s, i.eu(s) = u(x(s),t(s)), then by the rule of chains and the fact that u is a
solution of the PDE, we obtain

du Oudr Oudt L0u  Ou

—=——F——=€e"—+_—=0.

ds Oxds Otds Ox Ot
This ordinary differential equation can be easily solved. We obtain u(s) = ug. If we now take
as the initial condition: xog = 7,19 = 0 and ug = 7, we obtain for each T , the characteristic

curve

5 s (2(s,7), (s, 7), uls, 7)) = (zn(e_f_ ),5,7)
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.The function (s,7)— (x(s,7),t(s,7)) has an inverse function. Indeed, s =t and

T = ln(e_T — 8) = ln(e_T — t) =et=(e"—t)=e"+t=€eT=Inle *+t)=—7
allows us to conclude that
1
- ln(e_gC + t)'
The solution to the problem is
(@ ) = In(———) = In(—E—) = & — In(1 + te?)
e T 4+1 1+ te®

EXERCICE 7. Consider the non-homogeneous linear PDE

where ¢ is a positive real number, F(x,t) is a given function and u = u(x,t).
a) Show that this PDE is equivalent to the system

ou ou __ ..
ot Cor T Y
9u 1 U = F(a,t)

b) Determine the solution to the initial value problem

0?2 o
o — gk = F(x,1),

u(z,0) = f(z),
G (,0) = g(x),
proceeding as we did when describing d’Alembert’s solution for the wave equation. Here f(x)

and g(x) are given.



CHAPTER 3

Second-Order Partial Differential Equations

In this chapter, several physical phenomena related to fluid dynamics, heat transfer, me-
chanics, and electromagnetism are described by second-order PDEs. The study of their solu-

tion methods is very important for solving real-world problems.

1. A bit of order now.

After taking our first steps into the theory, we will describe in this chapter how to classify
all linear second-order PDEs. We will have three types of PDEs: hyperbolic, parabolic, and
elliptic. Next, we will describe the canonical form obtained after a change of coordinates for
each of these. types of PDEs. Equation (??) from the first chapter describes the general form
of these equations with n independent variables. At first, we will restrict ourselves to the case

where n = 2. Thus, the PDEs we will initially consider will be of the following form:

0%u 0%u 0%u ou ou

(15) A
and A, B,C, D, E, F, and G are functions of x and y that do not vanish simultaneously. We
will also assume that u, A, B,C, D, E, F, and G all have at least continuous partial derivatives
of order m < 2 on a domain D of the z,y plane.

In the following remark, we will give the definition of a second-order semi-linear partial dif-

ferential equation.

Remark 1.1:

A second-order semi-linear partial differential equation with unknown u on an open set 2

of R? is called an equation of the form

9%u d%u 9%u ou Ou
1 _— _— _— :F _—
(16) a(z,y) 55 +b(z,y) 900y c(,y) 5 (@94, 5, ay)

where a, b, ¢ are given functions, and F is a function defined on an open subset of R®.

The equation (15) is said to be hyperbolic (respectively parabolic, elliptic) at the point
(z0,y0) € D if and only if (B(xo,%0))% — 4A(x, yo)C (0, y0) is positive (respectively zero,
negative). If a PDE

is hyperbolic (respectively parabolic, elliptic) for all points (g, y0) in the domain D, it is
then said to be hyperbolic (respectively parabolic, elliptic) on D.

42
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Remark 1.2:

The classification of second-order PDEs originates from the classification of the quadratic

equation of conic sections in analytic geometry. The equation
ax? +bry +cy’ +dr+ey+ f=0

represents a hyperbola, a parabola, or an ellipse depending on the sign of b —4ac (positive,

zero, or negative).

It is important to observe that this classification is preserved by any change of coordinates.
This indicates that our criterion is valid. It is clear that the form of a PDE is modified by
a change of coordinates, but we can relate the solutions of the equation before the change of
coordinates with the solutions after it. Thus, we do not really obtain a new equation. Let us
explain why our classification is preserved by any change of coordinates.

More precisely, let £ = £(z,y),n = n(x,y), two new variables which are functions of = and y
having at least their partial derivatives of order m < 2 continuous on the domain D and such

that the determinant

Determinant

o, o, 0. 0¢

= ()G~ (G50

is never zero on the domain D. Then we obtain a new equation [2]| using these new
variables (£,7), and it is hyperbolic (respectively parabolic, elliptic) at the point (£o,n0) =
(&(x0,90),n(z0,y0)) if and only if the equation (15) is hyperbolic (respectively parabolic,
elliptic) at the point (zg, yo).

2. Classification of Equations

The classification of second-order PDEs comes from the classification of the quadratic

equation of conic sections in analytic geometry. The equation
ar? +bxy+ ey’ +dr+ey+ f=0

represents the hyperbola, the parabola, or the ellipse depending on the sign of v — 4ac
(positive, zero, or negative).
Thus, the classification of equation (16) depends on the coefficients a(z,y),b(z,y) and

c(z,y) at a given point (x,y). Consequently, we give the following definition
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Definition 2.1:

Let A(x,y) = b*(z,y) — 4a(z, y)c(z,y), we have the following cases:

1. If A(z,y) > 0, the equation is said to be hyperbolic.
2. If A =0, the equation is said to be parabolic.
3. If A <0, the equation is said to be elliptic.

ExaMPLE 2.1. The wave equation

is a hyperbolic equation on the domain D = RT x R because
A(t,x) = b2(t,z) — da(t, z)c(t, x) = 4¢® > 0.

EXAMPLE 2.2. Let’s consider the equation

Ox2 y@xay 4 Oy?

a7) — sin(z + ),
A(x,y) = 3z%y%. So if x = 0 where y = 0, A is canceled. So on the domain
D ={(z,y) € R*/z =0 ouy = 0}.

This PDE is parabolic and elliptic on R? D.

ExaMPLE 2.3. For the equation

@ 0u 5 0%u

2
x —x
0z2

we then A(z,y) = 2%, B(z,y) = —2y,C(z,y) = 3> and
B? — 4AC = (—2y)* — 4(2*)(y*) = —32%°.

So if xg = 0 where yo = 0, this PDE is parabolic at the point (xo,yo); otherwise it is elliptical
to the point (9, yo).

To transform equation (E) into a canonical form, we need to make a change of independent

variables.

3. Change of Variables

To transform equation (15) into a canonical form, we need to make a change of independent

variables.
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Theorem 3.1:

We consider the change of variables (£(z,y),n(x,y)) assumed to be twice continuously
differentiable and such that the Jacobian J does not vanish, then there exist functions

a' b, and F’ such that

2, 2 2u
18 ' v ! =— =F' 0¢,0
(18) a(z, )a£2+ @) 3¢5, + ¢ @ V)53 (&,m,u, 08, On).
Equation (18) is called the standard or canonical form of the equation. Moreover, we
have
A'(€,m) = b2(€,m) — 4d'(€,m)¢' (€, m) = T* Az, y).
Proof

We set u(x,y) = v(&(x,y),n(x,y)). We will now write the different derivatives in the
equation in terms of the partial derivatives of the function v. For this, we use the chain
rule to express the first derivatives

du_0voc  dvoy

oxr  0¢0x  Onox’

du_ovoe  ovon

dy 96y  Indy’
Based on the two previous equations and once again on the chain rule, we express the

second derivatives as follows

0%u ¢ 0% o0&, . On on .o 0%v 0%¢ 0w 9%n Ov
5 = (58 G D+ G5+ G5+ G
P 0¢, 9 0% | 0E I
ooy~ 325, 78 + 55

(gj)(an)]aa;n " (877)(22)2727 * (ai‘)fy)gg " (88952(‘;13/)2:;’
= Zr TSI + &L
a St
Substituting these expressions into (16), the following equation is obtained
19) )i ) s + )5t = FEm, 50, )
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4 Proof !

where
¢ =GP UG + (5,
b = 2a(%)(%) + b[(%)(%) + (gj)(gZ)] 4 26(2@6)(22)’
¢ = a(GLy7 + oGS + oGl

0%n Ov 0%¢ v 0’1 v

— —=)— —)— + F” 0&,0m).
Equation (16) is a second-order PDE whose type is determined using the following formula
b2(&m) — 4d'(§,n)c' (&,n) = J2(0*(z,y) — da(z,y)c(z,y)), as J # 0, the two equations

(16) and (19) are of the same type. O

+b(

4. Forme Canonique

Writing a second-order PDE in canonical (or standard) form allows it to be expressed in
a simpler form. It consists of eliminating certain second derivatives. This procedure helps
in finding solutions for certain equations (the wave equation, ...). The canonical form of a
second-order PDE depends on the type of the equation. For this, we need to introduce the

notion of a characteristic curve associated with equation (16).

Definition 4.1:

A characteristic of equation (16) is the curve satisfying the differential equation

(20) o(Hy2 _ 2b(%) Fe—o.

We will deal with each case separately, and give the corresponding form for each case.
Hyperbolic Case
Let (Ex) be an equation of hyperbolic type. We know that in this case b? — 4ac > 0 and by
consequently, equation (?7) admits two distinct solutions. Thus, there exist two real

characteristic curves of the equations 91 (z,y) = ¢1 and s (z,y) = co for equation (77).
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Theorem 4.1:

The equations of the characteristic curves are given by

dy  bE Vb —dac
de 2a '
By posing £ = 91 (z,y) and n = ¥o(x,y) where 1,7 = 1, 2., the canonical form of (Ej)

1S written

9% G(e, ov 811)
acon Y B oy

Proof

We are looking for contact details (£,7n) such as @’ = 0 where ¢ = 0. Expressions of o/

and ¢ are the same shape

2292 1509y 0%y L L 9¥
By factoring, we obtain
0
2lalGo) + (b= VB = dad)(Gla(Gh) + 0+ VIR~ da0)

Therefore, we must solve the following linear equations

&ZJ) + (b— Vb2 4@0)(8@0) 0

2a (ax oy

and
)+ 0+ VI~ L) () -

Both equations are linear homogeneous, 9 is constant for each characteristic. The char-

acteristics are solutions to the equation.

dy b+ Vb —dac

dx 2a ’
These are called the characteristic equations. By finding the solutions to these two
equations, we have the two characteristic curvess ¥;(z,y) = C;,i = 1,2. By posing
&(x,y) = Y1(x,y) and n(x,y) = ¥o(x,y), we will have a good change of coordinates
that will simplify equation (16) to equation (19) with o’ = b’ = 0. By dividing by V', we

obtain the first standard form

0% ov Ov
(5 na Y e O
ocon o0& on

)

ExaMPLE 4.1. Consider the following equation
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Az, y) = b(z,y) — 4a(z, y)c(z, y) = 422y, Thus, if v = 0 or y = 0, this PDE is parabolic at
the point (x,y), otherwise it is hyperbolic at the point (x,y). Let us consider a domain D for

which the PDE is hyperbolic at all its points. At these points, the characteristic equations are

dy  0£+Vb*—dac 0+ /da?y? _ .7
de a? N 292 Ty

Using the method of separation of variables, we obtain: (22 +y?) = Cy et (2% —y?) = C.C1

and C2 are constants. The characteristic curves are

o1(z,y) = 2% + 97,
pa(z,y) = 2 — y?

We put down
£=a%+y%
n =22 — 4?2
and u(z,y) = v(§,n). Using this change of coordinates, we obtain
2® =1 -
=4

By the chain rule, we have

B o oy

ou_ ov_  Ov

oy Yoae Vo
2

—w—+2$282v +x28—20—@+@
T 9g2 IEDN on? 0§ On

Pu 9, O ov 5, 0% 5 0% 20?0 v Ov
ayWae TVa,) TV e T S e ey

oy~ oy o o¢2 " dgan Y an? T 0g T o
and finally
0%u 0%u 0%v ov ov
207U p0°U 2.2 OV o 20V 2 2\9V _
Vo T g Y Seon (z +y)8£+(y x)ar] 0
which implies, after simplification
0% n v 19 ov

ocon 22 -2 9 22 —n?)an
This is the canonical form of the PDE at points where it is hyperbolic.

Parabolic Case
Let (E,) be an equation of parabolic type. We know that in this case b> — 4ac = 0 and
consequently equation (?7?) admits two coincident solutions. Thus, there exists a single real
characteristic curve of the equation ¥ (x,y) = ¢ for equation (7?).

The equations of the characteristic curves are given by

dy _ b
dr  2a’
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By posing
£ = ¢i(zy)
n = ¢2(z,y)
where 9 satisfied J(&,n) # 0, the canonical form of (E,) is written
0% v Ov
= G(§> 7,0, 57 7)
9Ean 9¢ I
Proof

In this case, two functions must be found ¢ (x, y) and ¥ (x, y) such as b/ (£, n) = (&,n) =
0 for everything (z,y) € D. Just return C' = 0, this implies that

92 SN OIS Olisgl Bl On BB 0
As a result, 7 is a solution to the first-order linear equation
on b,on,
a(%) + 5(@) =

Therefore, the solution 7 is constant on each characteristic, that is, on a curve that is a

> =0

solution to the equation
dy b
dz  2a
By finding the solution to this equation, we obtain the first characteristic curve. po(z,y) =
C. To choose ¢, it is sufficient to consider the constraint on the second independent

variable, is that the J(&,n) # 0 in D. O

ExaMpLE 4.2. Let the equation Consider the following equation

9%u 9%u 982u @ zf)u

+ 6 =0

0x2 Oxdy oy?  Ox oy
is parabolic on R%. The characteristic equation is given by
dy
7 _3
dx

whose solution is 3x —y = C. The first characteristic curve is ¢1(x,y) = 3z —y. We therefore
set & = 3x —y. To obtain a second characteristic coordinate n, we have many possible choices.
For this example, we will take n(z,y) = x. This function indeed has partial derivatives of

order m < 2 that are continuous, and

3
J = =14£0.
1 0

for every point in R%. Using this change of coordinates

é:gx_yv
n==x
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and we pose u(x,y) = v(&,n), we obtain

Using the chain rule, we obtain

ou ov Ov

or ~ "o "oy

ou ov

ox 0

Pu_ 0 o0 o P o
0x2  dxo9¢ on’ o T Toatn | an?’

Pu _ 2(_@) — _3@ O
oxdy Oy o0& 02 9&on’
ou_ o
ox? 02

and finally

0%u 0%u Pu Ou _Ou 0% _Ov Ov
AL ALY S LI L
Ox? Oxdy oy?:  Ox oy  On? o0& On

which implies

0% ov  Ov

o o oy’
Elliptic Case
Let (E.) be an elliptic equation. We know that in this case b> — 4ac < 0 and consequently
equation (?7) admits two complex solutions. Thus, the characteristic curves are defined from
the real and imaginary parts of the solutions.
Let’s ¢ consider a solution to the equation

dy b+ ivb? — dac

dz 2a
The canonical form of (Ee) is written

v 0% ov Ov

6762—1_87"72 :G(é.”,%v’aig’ai?’])

where i = v/—1 and (&, n) are given by £ = Rep,n = Imep.



4. FORME CANONIQUE

51

4 Proof !

It is assumed that a(z,y) # 0 for everything (x,y) € Q. We are looking for two functions
o1(x,y) and po(x,y) such as b/'(&,n) = (§,n) and b/'(£,n) = 0 for everything (z,y) € Q.

system of two nonlinear first-order equations

oG+ U5 )+l = oG+ UGG + ()
;o o9&, On o0&, On o0& . 0On a¢ o B
b =2a(5.)(5,) H0l(5.)(5,) + (5 (g1 +2¢(5,)(5,) =

The system can be written in the form

t %y - E1 40 &) - Eh v ey - & =0

o T 0y L ani P8¢9y 4 (96391 4 95089y
2ia(55) () + (G (G0) + (5 (G0 + 2ie(G) (G =0
Let’s define the complex function ¢(z,y) = {+in.This system is equivalent to the complex

equation

b5, 09, 09 0¢
a(%) b(%)({Ty (ny

We have arrived at the same equation as in the hyperbolic case. But in the elliptic

) +e(==)2 =0.

case, the equation admits no real solution or, in other words, elliptic equations have no
characteristics. As in the hyperbolic case, we factorize the quadratic PDE above and
obtain two linear equations, but they are now complex differential equations (where z

and y are complex variables). Thus, we need to solve the equations

a% + (b+ivdac— bQ)% =0.

Oz y

As before, the characteristic system associated with this equation is given by

dy _ b+ivdac—b?

dx 2a ’
By finding the solutions to these two equations ¢i(x,y) and ¢a(z,y). Now, if we ask
&(x,y) = ¢1(x,y) and n(x,y) = ¢2(x,y), Equation (16) takes the form

9% ov Ov

8587’] = G(ﬁﬂ?a v, 8757 (9777)

This form is not the canonical form of an elliptic equation with real coefficients. To obtain

it, we set £(x,y) = Red1,n(x,y) = Imepe, where ¢ is one of the functions ¢; where ¢s.
d
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Let’s illustrate this with an example.

EXAMPLE 4.3. Let us consider the Tricomi equation'

0%u 0%u

We have b?(x,y) — 4a(z,y)c(z,y) = —4x = 4i’x. As x > 0, this PDE is elliptic on the

domain D. At these points, the characteristic equations are

dy

Using the method of separation of variables, we obtain %y +iz>

We set

= C where C 1is a constant.

£=3y,
n=—-x2,

and u(z,y) = v(&,n). Using the chain rule, we obtain

ou 3 10v
—_— = ——2 —
Ox 27 On’
ou_300
oy  20¢’
0 _ 0 3100 902 300
ox2 Oz 27 On’ 4 om? 47 ony’

o _ 0 3ou, 90
oy Oy 206" 40¢€2
and finally

10v 9 0v?

ou? ou? 902
— 27_‘_77’
on  40€2

3
02 o " dop 4"
T 492 T 3"y T a2
The canonical form of Tricomi’s equation is

o o 1 oOv

o "o T 39,

IFrancesco Giacomo Tricomi (Naples,5 May 1897 — Turin, 21 November 1978) was an Italian mathematician, known

for his studies on second-order partial differential equations of mixed type, special functions, and orthogonal series.
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5. Exercise series N° =03

EXERCICE 8. Determine for which points (x,y) of the plane each of the following linear
second-order PDEs is hyperbolic, parabolic and elliptic.

. 2 2 2

Vot — wydgy + v 5 g = 0,
.. 2 2 2
i1) x% —f—xyaaxgy —{—yng — (w+3)g—;‘ = u,

2 2 2
m}emM + 373 +5y% =ev,

Ox2 ozdy
; 20%u o%u 2u
Z’U)IL’ W+2(x_y)8mdy+87y2_o7
92u 92u 824 81_1,7 ou -
v) 5F — Ogmy — (@ +y) gz +45; Teg, = sin(x).

SOLUTION. i) For the equation

R
Ox? y@x@y ’

4 oy: Oz

then B? — 4AC = (zy)? — 4(2)(y?) = 2%y? — 4oy? = xy?*(24). To determine the sign
of B?> — 4AC, First, we need to determine the points. (x,y) € R? such as B?> — 4AC =
xy?(x —4) = 0. We let us obtain so that x = 0, either y =0 or x = 4

For each of the regions of
R\ ({(z,y) € R*[x = 0} U {(z,y) € R*ly = 0} U {(z,y) € R?|z = 4}),

we can determine the signs of B2 — 4AC,. We have listed these signs below.

The equation is hyperbolic on the shaded region below.
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e

&

x=4

x=0

The equation is elliptic on the shaded region below.
The equation is parabolic on the two vertical lines: z = 0 and =z =

horizontal line y = 0.

4, as well as on the
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ii) For the equation

Ox? y&vf)y y8y2

then B? — 4AC = (zy)? — 4(7)(y) = xy(zy — 4). To determine the sign of B? — 4AC, First,
we need to determine the points (x,7y) € R? such asB? — 4AC = xy(zy — 4) = 0. We thus
obtain whether z = 0, either y = 0 or 2y = 4. The points (z,y) € R? such as zy = 4 is a
hyperbola whose asymptotes are the axes of the z and y.

For each of the regions of
R*\({(z,y) € R?|z = 0} U {(z,y) € R?|ly = 0} U{(z,y) € R?|zy = 4}),

we can determine the signs of B? — 4AC. We have listed these signs below

xy=4 —
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The equation is hyperbolic on the shaded region below.

/

N\

The equation is elliptic on the shaded region below.

xy=4 ’#L
\ |7

A~ /[
7 rd // f_‘\_
y=0
/|
/7

N
x=0

The equation is parabolic on the vertical line.: z = 0, the horizontal line y = 0, as well as on
hyperbole zy = 4.

iii) For the equation
0%u Pu  9%u ou
T _ By— = e%
© 922 +x8x8y Oy? + Yor —

then B? — 4AC = 22 — 4expx(—1) = 22 + dexpx > 0 for everything (z,7) € R? because
2?2 > 0 and expz > 0 for everything € R . So the equation is hyperbolic over the entire
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plane R2.
iv) For the equation
0u Pu  O%u
2
Z 249 e Wit
T T Y g T 5
then B2 — 4AC = (2(x — y))2 — 4(2?)(1) = —8xy + 4y* = 4y(—2x + y). To determine the

sign of B2 — 4AC, First, we need to determine the points. (z,y) € R? such as B? — 4AC =

=0,

4y(—2x + y) = 0. We thus obtain that either y = 0, or (—2z + y) = 0. For each of the
regions of R2\({(z,y) € R%|y = 0} U (z,y) € R?| — 2z +y = 0), we can determine the signs
of B2 — 4AC. We have listed these signs below.

-—2x
+

_ _|_ B

The equation is hyperbolic on the shaded region below.

NP
7

ZA

ANANNAN
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The equation is elliptic on the shaded region below.

= 2x

Z

0%u 0u 0?u ou, Ou

gu_gou _ TU L 4% %% _ in(a).

52 58x8y (x+y) 92 + o l‘ay sin(x)

then B? —4AC = (-5)?2—4(1)(—(z+y)) = 25+4(z +y). To determine the sign of B> —4AC,

First, we need to determine the points. (z,y) € R? such as B? — 4AC = 4z + 4y + 25 = 0.

/

v) For the equation

This gives us the equation of the line y = —z — 6.25. For each of the regions of R?\{(z,y) €
R%|4x + 4y + 25 = 0}, we can determine the signs of B2 — 4AC. We have listed these signs

below.

y=-x-6.25
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The equation is hyperbolic on the shaded region below.

7

,,/////

y=-x-6.25

The equation is elliptic on the shaded region below.

The equation is parabolic on the line. y = —x — % —x — 6.25.

EXERCICE 9. For each of the following linear second-order PDEs a) determine the points
of the plane x,y where these equations are hyperbolic;
b) determine the characteristic coordinates of these equations on the domain where they are
hyperbolic;
¢) perform the change of coordinates for those found in b) so as to obtain the corresponding

canonical equation.

i) 2y28 4 :L‘yamay —:L‘ngg +4y% —3u=0,

28 20?2 ou __
)1 55 asyaxay 6y~ 5,z + 5z = 0.
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SOLUTION. i) For the equation

2 2 2
22 Ou _ 20 g0 gy,
or

Y o2~ oxdy ~ Oy?

we have B? — 4AC = (—xy)? — 4(2y%)(—2?) = 92%y?. Thus B? — 4AC = 0 if and only if
x =0 ory = 0. Moreover, since 92%y?> > 0, then B2 — 4AC > 0 if and only if x # 0 and
y # 0. Therefore the equation is hyperbolic at the points (x,y) where  # 0 and y # 0. In
other words, the equation is hyperbolic for all points that are not on the - and y-azes. The

characteristic equations are

dy B+ vVB*—4AC (—ay+92%?) =
doe 24 N (2y2) 2y

and

dy B—vB?-4AC (—zy—+/92%y?) T

da 24 B (24?) oy

We can solve these two ordinary differential equations using the method of separation of vari-

ables.

d 2
—y:£:>2ydy:xdx:> 2ydy:/xd:)::>y2:m+c.
de 2y 2

Let us consider the characteristic coordinate &(x,y) = y* — %

2 2
d—yz—ijdy:—xdaz: ydy:—/xdx:>:—$—l—c.
dx Y

We can therefore consider the characteristic coordinate n(x,y) = % + % The characteristic
coordinates are £(x,7y) = y* — % and n(x,y) = ‘%2 + % Now we perform the variable change.

By the chain rule, we have

@—%%—i—@@ 8u+ 8u au_@%_i_@u@n 28 +8u
0r 0£0x  Onox o€ n’ oy 00y  Ondy 3{ ya
0%u ou 0%u O 0%u On ou 0%u 06 0%uon
o2~ e T G@an T agamon) T oy T " ogan o T onp on’
0%u 0%u %u  Ou  Ou
_ 20U 207U ou
$8€2—|—(2 )(% +z a2 6€+677
and we have
0%u B 0%u o0& 0%u On B 0%u 0%u 0%u

_x(

g rYs TN 9py i
D20y o2y T onocoy) ~ Moz T Woacan T Vo

a2~ “oc T Vogzay T oaconay’ " on Y oconay T o2 oy

s0, we have

)

+y 5 0%u +28u ou

0%*u 5 0% 5 0%u
o = Waa W g, TV e T2 T oy
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It should be noted that y> = @ and > = %. Substituting this into the equation, we
obtain
2 ou ou
—0r22 Y L (Coy? 20 4ay) DY 4 (29 — 2+ day) DL — Bu=0=
xy8§8n+( y x xy)ag—i-(y x—i—acy)an u
0%u n 2(x + y)? Ou (2y — 22 + 4xy) Ou n 1 0
u =
OE0n 9z2y2 ¢ 922 an | 3x2y2

Now, we will write the canonical equation for the first quadrant of the plane, namely the points

(x,y) such as x>0 and y > 0. So

For the other quadrants, simply adjust the signs in front of the radicals. Finally

PPu  (ZEH (£+77)) ou 26+4 M&L 3

9en T €+ m(—26+4n) 06 2€+m)(—2%+dn) Oy A2+ A)E+n)

If we had used the coordinates o = £ +n = %31;2/2 and f =& —n = (%) — 22, then we

obtain the second form of the canonical equation. In this case, we would have

@_@+18u+(\/a—35+\/%@+ 3 "
0a?  0B2 200« 6o/ —38 0B  2a(a—33)

i1) For the equation

282 0%u 282 ou

Ty — 6y +

022 7 0zdy oy Ox

we have B? — 4AC = (—xy)? — 4(2%)(—6y?) = 252%y%. Thus B?> — 4AC = 0 if and only if
x =0 ory = 0. Moreover, since 252%y> > 0, then B> — 4AC > 0 if and only if + # 0 and

=0

y # 0. Therefore, the equation is hyperbolic at the points (z,y) where x # 0 and y # 0. On
the other hand, the equation is hyperbolic for all points that are not on the x- and y-azes. The

characteristic equations are

dy B+ VB*-4AC (—wy)+/252%? 2y dy B-VB*-4AC (—ay)— /252%y%

de 2A 22 oz dr 24 - 22

So, we can solve these characteristic equations using the method of separation of variables.

dy 2y B
i 2da: /de / ln = In(z) + cte.

Yy = = x72y = c ot c est une constante.

We consider the characteristic coordinate &(x,y) = 7 2y.

dy 3y dy y dy _/y 1
dr  z :>—3d$_l‘:>/—3dﬂj_ $:>_3ln() In(x) + cte.

Y= r3c= x3y = ou c est une constante.

X
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So, we consider the characteristic coordinate n(x,y) = x3y. The characteristic coordinates are
&(x,y) = 27 %y. and n(z,y) = 23y. By the chain rule, we obtain

Ou _Oudg oudn ., 5 0w oo Ou Ou_ Ouds Oudy . _,0u  0u
dr  0cor  onodr Y oe Yo' oy ocay " anoy  © ac T an



CHAPTER 4

Method of Separation of Variables

The method of separation of variables, or the Fourier method, is widely used to solve
boundary value problems related to PDEs. It consists of seeking particular solutions of the
separable form u(x,y) = X (2)Y (y), where X and Y are functions of 2 and y, respectively. In
many cases, the PDE is reduced to two ordinary differential equations for X and Y. Thus, we
obtain boundary value problems involving ODEs. However, the question of whether a PDE
can be separated into two or more ordinary differential equations is not always possible. In

this chapter, we will apply this method to boundary value problems related to linear PDEs.

1. Problem Situation

We now describe the method of separation of variables and examine the conditions of
applicability of the method to problems that involve second-order PDEs with two independent
variables.

Definition 1.1:

We therefore consider the boundary value problem whose unknown is u(z,t), defined

on a domain of the form I x J, where I and J are intervals of R such that I = [a, b],
—00 <a<b< +oo.
a1 (z) 5% + b1 () T% + az(2) 3 + ba(t) 3% + (as(x) + (b)) u(x,t) = h(z,t), (2,t) €1

u(z,0) = f(x), x € I: Initial condition,

Boundary condition

where ay, b1, as, b, as, bs, h(z,t), f(z) are given functions.

. J

1.1. Boundary condition: We distinguish different types of boundary conditions (B.C)

* Dirichlet conditions: u is fixed on the boundary of I, we have
u(a,t) = u(b,t) = 0.
* Neumann conditions: The normal derivative of u is fixed on [
ug(a,t) = ug(b,t) = 0.
* Robin or mixed conditions

c1(z)u(a,t) + ca(x)ug (b, t) = 0.

63
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* Periodic conditions
u(a,t) = u(b,t) and uy(a,t) = uz(b,t).

Let us now outline the main steps of this method.

Remark 1.1:

1. We look for separated solutions of (E). These solutions have the special form
u(z,t) = X(x)T(t)

and satisfy the boundary conditions and the initial condition. It turns out that X and 7'
must be solutions of the linear boundary value problems (P1) and (P2) related to X and
T, respectively.

2. We solve the problems (P;) and (P,). The solutions of (Py;) allow us to construct a
Hilbert basis (X;);en. We denote by (7;);en the solutions of (Ps).
3. We use the principle of general superposition to generate, from (X;);en and (7;);en, a

more general solution of the problem in the form of an infinite series of separated solutions.

4. In the final step, we calculate the coefficients of this series and study its convergence.
Principle of Superposition
If u; and wy satisfy a homogeneous linear PDE, then an arbitrary linear combination

c1uq + cous, c1, co € R also satisfies the same equation.

Next, we will review some essential concepts about Fourier series that will be used in the

rest of this chapter.

2. Rappel sur les séries de Fourier

In this section, we will present the most important results concerning the convergence of
these series. To continue, it is necessary to study the convergence of Fourier series in order to
solve certain PDE problems. We want to answer the following questions:

(1) Does the Fourier series of f(x) converge?
If so, to what value does it converge?
(2) Can we differentiate the Fourier series of f(z) term by term?

If s0, is the resulting Fourier series the series of f’(x), the derivative of f(z)? (assuming f(x)
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is differentiable.) The theory began with the works of Joseph Fourier' on heat. Lejeune-
Dirichlet? studied the convergence of Fourier series rigorously in order to justify Fourier’s
results.

Definition 2.1:

A sequence of functions {¢n(z)}n,n > 0 defined on an interval [a,b], describes an

orthonormal system with respect to the weight function ¢(z) if and only if

b 1 s
Vi > 0,Ym > 0, / on(@bm(@la@dz =4 "

Ossm=n

ExamMpLE 2.1. We will see that the cos and sin functions can form an orthonormal basis.

cos(xz) sin(z) cos(2z) sin2(x) cos(nz) sin(nx)
N RV Y Y B Y. ..} est un

systéme orthogonal functions on the interval [—m, 71| with respect to the weight function q = 1.

To do this, the set of functionss {\/%,

This is confirmed by the following calculations

Ifm,n>1, 0na

/” /7r cos((m —n)z) — cos((m + n)x) Lstm#n

sin(ma) sin(nx)dx =

- - 2 0sim=n
If m,n >0, we have
0stm#mn
s U _
/ cos(mx) cos(nz)dx = / cos((m = n)z) —;—cos((m n)z) =ymsim=mn
—r —7

2rsim=n=20

Ifm>0andn > 1, we have

/7r cos(mzx) cos(nz)dx = /7r cos((m = n)z) = cos((m + n)z) =0.

—T

Definition 2.2:

A function f(z) is said to be piecewise smooth on the interval [a,b] if and only if the

—Tr

interval can be subdivided into m subintervals [z;, x;11], where i = 0,1,2,...,(m —1),
with a = 29 < x1 < 29 < -+ < &, = b such that the function f(x) and its derivative
f'(x) are continuous on each open subinterval |z;, z;1+1[ and the left-hand (respectively
right-hand) limits of f(z) and f’(z) at the points z; for i = 1,2,...,m (respectively
fori=0,1,2,...,(m — 1)) exist.

IFrench mathematician and physicist, Auxerre, 1768 - Paris, 1830

2German mathematician, Duren, Prussian Rhine, 1805 - Gottingen, 1850
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ExampLE 2.2. Consider the function f(x) = /x on the interval [—1,1]. Then f'(x) =
(%)z_% if x 75 0 and does not exist at x = 0. Since the left-hand and right-hand limits of
(@)= (3)z" 3 do not eist at z = 0, f(z) is not piecewise smooth on [—1,1].

Definition 2.3:

Let f(z) be a function defined on the interval [—m, 7r]. Its periodic extension f : R — R

with period 27 is the function defined by

. flx), si —m<x<metkelZ

(z) =
W’ r=—-m,7etk€eZ.

EXAMPLE 2.3. We will plot in Figure [1] the graph of f(x) in the case of the function

0, st —m<x<0;

z, st0 <z <.

Figure [1]

Definition 2.4: .

Let f be a function and Dy its domain. The function f is said to be periodic if

there exists a nonzero real number p satisfying the following property: If o € Dy then
x+p € Dy and f(x + p) = f(z). The number p is called the period of the function f.

Fourier series and Fourier coefficients.

3. Fourier Series and Fourier Coefficients

The purpose of this section is to express a piecewise continuous and 27-periodic function
f(z) in the following form. Let f(x) be a function defined and integrable on the interval

[—7, ] and its Fourier series

oo
?O + Z:l ay, cos(nx) + by sin(nx)),
n=

where ay, b, for n > 0 are called the Fourier coefficients associated with the function f.
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Definition 3.1:

The Fourier coefficients associated with the function f are given by

ap =1 [T f(z)dz, an =21 [T f(z)cos(nz)dz, b, =1 [T f(z)sin(nz)dz sin > 1.

o

EXAMPLE 3.1. Either f(z) =z + 2° over the interval [—m, 7| , then

ap = % _7; f(z)dx = 237T2
Ifn > 1, then
an = 71r/7r f(x) cos(nz)dr = 71r /7r (z+x?) cos(nz)dx = %(x—i—:f) sin(nx)]iﬂ—% " (1+2x) sin(nx)dz
1 4 n 4(—1)"
= —%{(—(1 + 2z) cos(nx)|™. + 5(2 sin(nz))™ .} = C(:Q( ) _ (n2)
If
by, = 717 i f(z) sin(nz)dx = i/ﬂ (z + 2?) sin(nx)dz = 2(_12)n+l

So the Fourier series of f(x) is

7.[.2 > _1\n _1\n+1
2? + 2(4(7121) ) cos(nx) + (2(12)) sin(nz)).
n=1

An important note to facilitate calculations.

Remark 3.1:

1. If f is an even function, then its Fourier series is

(o]
2 s
S0 Z(an cos(nz) avec a, = — | f(x)cos(nz)dx pour n > 0.
2 T )

n=1

2. If f(z) is an odd function, then its Fourier series is

[e.9]

2 ™
Z(b" sin(nz) avec by, = — f(z) sin(nz)dz pour n > 0.
m —T

n=1

4. Applications

4.1. Heat Equation. We consider the problem on the interval [0, L] with L > 0, con-

sisting of the heat equation

ou 0%u
21 — —k~—==0,0 L, t>0,
( ) 8t 8$2 Y <$< b

Dirichlet boundary conditions

(22) w(0,8) = u(L,t) =0, t >0,
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and the initial condition
(23) u(z,0) = f(z),0 <z <L,

where f is a given function and k is a positive constant. This problem models heat conduction
in a rod of length L. The temperature is assumed to be zero at both ends of the rod and equal

to f(z) at time ¢ = 0. The boundary conditions imply that

£(0) = u(0,0) = w(L,t) = 0 et f(L) = u(L,0) = u(L,0) = 0.

These two conditions are called the compatibility conditions.

Step 1: We begin by looking for solutions of (21) in the form

(24) u(z,t) = X(2)T(0),

which satisfy the conditions (22) where X and T are functions of z and t, respectively. In this
step, we do not take into account the initial condition (23) and we are not interested in the zero
solution u(xz,t) = 0. We therefore look for functions X and 7' that do not vanish identically.
By differentiating (24) with respect to ¢ and twice with respect to = and substituting into
(21), we obtain

XT'(t) = kX" (x)T(t), 0<x <L, t>0.
We can rewrite

T() _ X'(@)

(25) () " X()

,0<z <L, t>0,

Since z and t are independent variables, this relation implies that there exists a constant A

(called the separation constant) such that

T() _ X'(@)

(26) T X

==\ 0<zxz<L, t>0,

Since we are looking for solutions that do not vanish identically, there exists tg € R such that

T(t) # 0. Consequently, we obtain

u(0,t0) = X (0)T'(to) =0

u(L,to) = X(L)T(to) = 0
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Equation (?7?) leads to the following system of ODEs

d?X
dx?

+=0,0<z<L,

and

dT
(27) — FAT =0, >0,

where A is a constant.
Step 2: We first begin by solving the system (4.1). A nontrivial solution of (4.1) is called an
eigenfunction with eigenvalue A\. We distinguish 3 cases:
Case 1: A = —pu <0, then
X(z) = ae " + pel®

where a, 8 are arbitrary real numbers. The boundary conditions give

a+8=0,
ae M 4 Betl =,
From the first equation, we have a = —3. The second equation then implies ae * = qetl,

so if a # 0 we get ek

a = =0. Thus, in this case X =0 and u(x,t) =0 for all 0 < 2 < L and ¢t > 0. Therefore,

= 1. This is not possible since @ and L are nonzero, and consequently

we must exclude the case A < 0.

Case 2: If A =0, we obtain
X(x) = a+ Bz,

where «, 8 are arbitrary real numbers. The boundary conditions imply

a+ B =0,

a+ BL=0.
Since L # 0, it is clear that « = 8 = 0. Thus, in this case X = 0 and u(x,t) = 0 for all
0 <z <L and t > 0. Therefore, we must exclude the case A = 0.
Case 3: If A\ = 2 > 0, we obtain

X (z) = acos(pzx) + fsin(px)

where «, 8 are arbitrary real numbers. The boundary conditions imply that

a =0,

Bsin(pl) = 0.
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To avoid the trivial solution X = 0, we assume that 8 # 0. This implies that sin(uL) = 0.

Consequently,
2
ul=nm, A= (E> , n € Z.
L
It follows that
nmH 2
= (7)

are the eigenvalues and the functions X, (z) = [, sin (%) are the eigenfunctions of the

problem (4.1). Since sin(—z) = —sin(z) for all z € R, it suffices to consider

An = (%)2 Xo(2) = By sin (?) . ne N~

Now, it remains to solve the problem (27), whose solution is given by

T(t) = ype P2 p e N*.
At the end of this step, we can consider that we have successfully constructed a Hilbert basis
(Xi)z‘eN*-
Step 3: We use the general superposition principle to generate, from (X;);en and (75)ienx,
a more general solution of the problem, in the form of an infinite series of separated solutions.

We thus obtain the following sequence of separated solutions
nwx )2
Up(x,t) = vy sin (%) e+ (L) t neN*

By the superposition principle, any linear combination

N
(e, 1) = 3y sin( Ty HCE
n=1

of separated solutions is also a solution of the heat equation that satisfies the Dirichlet bound-

ary conditions. Now consider the initial condition. Suppose it has the form

N
. (nTx
f@) =3 yusin (7).
n=1
that is, it is a linear combination of the eigenfunctions. Then, a solution to the heat problem

(21) - (23) is given by
N
. nmwx _.(nm)?
u(x,t) = Z’yn sin (T) e k()
n=1
Fourier’s brilliant idea was that it is possible to represent an arbitrary function f satisfying

the boundary conditions (22) as a unique infinite linear combination of

eigenfunctions sin (m) . In other words, it is possible to find constants -, such that

L
flx) = i% sin (?) .
n=1
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Such a series is called a (generalized) Fourier series (or extension) of the function f with
respect to the eigenfunctions of the problem, and ~,,n = 1,2, ... are called the (generalized)
Fourier coefficients of the series. In this case, the generalized superposition principle implies

that the formal expression

N
u(, 1) = 3 o sin( T e HUEN
n=1

is a natural candidate for a generalized solution of the problem (21) - (23). We now explain
how to represent an arbitrary function f in the form of a Fourier series. In other words, how

to calculate the coefficients ~,,. Notice

L L
/0 sin(ﬂT)f(z)dx:/o sin("7%) sin ("7 = 0 m#n

%, m=nmn
Therefore, the Fourier coefficients are given by
fL sin(“22) f(x)dr 2 L nmx
= 22 — Qme :L/ sln(—L ) f(x)dx
Jo sin?(2FE)dx 0

We obtain the explicit formula for the formal solution, which is given by

N
u(, 1) = D sin( T e KUE N
n=1

where
nwT

L
Tn = 12_//0 sin(T)f(m)dw.

4.2. Heat equation with Neumann boundary conditions. Consider the following

heat conduction problem in a finite interval:

ou 9%u
28 — —k~—==0,0 L t>0
( ) at axz ) <CL'< ) > b

Dirichlet boundary conditions

(29) Uz (0,t) = uy(L,t) =0, t >0,
and the initial condition

(30) u(z,0) = f(x),0 <z <L,

where f is a given initial condition and k is a positive constant. To make (29) consistent with
(30), we assume the compatibility condition: f,(0) = f,(L) = 0. This problem corresponds
to the evolution of the temperature u(z,t) in a homogeneous one-dimensional conducting rod

of length L, whose initial temperature (at time ¢ = 0) is known, and such that there is no
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heat flux through the boundaries (heat neither enters nor leaves the system).

We start by looking for solutions of the special form

(31) u(z,t) = X (2)T(t)

where X and T are functions of the variables x and ¢, respectively. Differentiating the sepa-

rated solution (31) and substituting into the PDE, we obtain
XT, = kX, T

We can rewrite it using A (called the separation constant) such that

T, Xus

(32) T X

= -

A is a real constant. Since we are looking for solutions that do not vanish identically, there

exists tg € R such that T'(¢) # 0. Consequently, we obtain

X"+2MX =0,0<z<L,

and
(33) T +XkT =0, t >0,

where X is a constant. We start by first solving the system (4.2).

Case 1: A = —u? < 0, then X (2) = ae ™ + Bet* and X'(z) = pu[—ae " + Bet®] where
«, B are arbitrary real numbers. But the conditions
X/(O):07 M(_a+6):07 Oé:6>,
= =
X'(L)=0 p(—ae b+ Berk) =0 —ae b 4 perl = 0
=pF=a=0= X =0 ctu(zx;t) =0.foreverythingd < x < L and ¢t > 0. We must therefore
exclude the case A < 0.
Case 2: If A =0, X(z) = a+ Sz and X'(x) = 3, where «, 8 are arbitrary real numbers. But
X'(0) =0,
= B =0,
X'(L)=0

So A =0 is an eigenvalue with the eigenfunction X (z) = « (constant).

Case 3: If A\ = p? > 0, then X(z) = acos() + Bsin() and X'(z) = p[—asin(uz) +

Beos(ux)] where «, 5 are arbitrary real numbers. But
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X'(0) =0, B cos(0) =0, 8=0,
= =

X'(L)=0 —ae M 4 fett =0 —ae M 4 gert =0
= =0 et asinuxr = 0.Assin(ul) = 0, then sin(uL) = 0. Consequently uL = nm and A =
(n/L)? with n € Z*. We obtain A, = (n/L)? and X,,(z) = oy, cos(“F£). Because cos(—z) =
cos(z) for everything z € R, and we take into account the value A = 0, 1The values and

functions are defined by: A\, = (n/L)? and X,(z) = oy, cos(“F£), n € N. We now move on to

equation (27) whose general solution is given by

T(t) = ’yne*k(nzm)%, n € N.
This yielded the following sequence of separate solutions
up(z,t) = op cos(?),n eN.

The principle of superposition implies that any linear combination

N
u(x,t) = ;&LCOS( 7 ),n €N
Suppose we have
)= 2 1 3 0 con(PT)
) =5 2 ncos(—

In this case, the generalized superposition principle implies the formal solution
= % + i 4] cos(—mm)e_k(%)%
2 " L ’
We know that if m,n > 0, we have
0sim#n

L [ cos((m — n)z) + cos((m +n)x) .
/0 cos(mz) cos(nx)dr = /0 > =qLsim=n

Lsim=n=0

We will now explain how to calculate the coefficients. &,,,m = 0,1,2,... For m = 0, let’s

Omx

multiply f by cos(*7*) and we integrate on (0, L), we obtain

L Omx 0o 07T:L' nmwx
/0 COS(T)f( x)dr = — cos( dm + 25 / cos( )COS(T)dQZ‘

2 Jo
_ OnL
=5 +0
Because fo cos(%E) cos(™IL)dx = 0 since n # (m = 0). then

L - L
do = 12_//0 COS(OTx)f(x)dJJ = 12_//0 f(z)dx



74 4. METHOD OF SEPARATION OF VARIABLES

For m # 0, let’s multiply f by cos(™/*), m # 0 and we integrate on (0, L), we obtain

L L 0 L
/0 cos(%Tx)f(x)dx:(s—O Cos(mgx)dfc+;5n/0 cos(mm)cos(nLﬂ)dx

2 Jo L
ool . . L mmx mmx
= o [sin(0) — sin(m)] + 5m/0 cos( T ) cos( 7 )dx

L
—5,,=
2

which gives

and
1 [F 2 — nrx. [
f(z) = L/o f(x)dx + 7 ngl cos(L)/O COS(T)f(.%')dI'

Therefore, the formal solution is now given by

1 [k 2 — na L
u(z,t) = L/o f(z)dzxx + 7 ;COS(T)e_k(L)Qt)/O cos(?))f(x)dx
Finally, we consider the solution to the following problem:

ExamMPLE 4.1.

2
%:% ot u=u(x,t), z€[0,x],t>0

with w(0,t) = 0,u(m,t) = 0 for everything t > 0 and u(x,0) = x(w — x) for everything
x € [0,m]. So, the solution will be

u(z,t) = Z an sin(nz)exp(—n’t)
n=1
with
4((-1)n+1+41)
™3

s

ap = = /OW 2(r — ) sin(nz)dz =

by integrating in parts. So the solution is

u(x,t) =4 Z 4((_1):7; 1+1) sin(nx)exp(—n’t).
n=1

We will plot the graph of u(z,t) for x € [0,7] and t € [0,1] in Figure 1
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CHAPTER 5

Laplace Equation

We will now consider an elliptic PDE. Thus, in this chapter, we will present the Laplace
equation. We introduce two of its important properties, the maximum principle and rotational

invariance. We start with these remarks

Remark 0.1:

1-The Laplace equation in R" is

Pu Pu
or?  Ox3 T 012
2-The equation in R3 is the equation
Pu_ u
0x?2  Oy? 922

3-The quantity A is called the Laplacian of u, and in two dimensions

Pu  0%*u
V.V:AUZW-F@:O
4-In one dimension
0%u B
922

5-A solution of the Laplace equation is called a harmonic function. In one dimension,
harmonic functions are u(x) = A+ Bz. The non-homogeneous Laplace equation is Au = f,

with f a given function, which is called the Poisson equation.

1. Principe de maximum

Let Q be a bounded open set in R? or R3. Let u(x,y) or u(z,y, 2) be a harmonic function
in Q continuous on Q = QU N (boundary of ). Then the maximum and minimum values
of u are attained on 02 and nowhere inside (unless u is constant). We use the shorthand
notation X = (z,y) in two dimensions or X = (z,y, z) in three dimensions. Furthermore, the
radial coordinate is written as: |X| = (22 + yz)% or | X|= (2?2 +vy*+ ZQ)%

The maximum principle states that there exist points Xj; and X, on 02 such that

Vz € ), we have



2. INVARIANCE IN TWO DIMENSIONS

4 Proof !

Let € > 0. We set

v(z) = u(x) + elz|?
Since u is harmonic, we have Av(z) = Au(x) + eA(z +y)?> = 0+ 4e > 0 in Q On €, the
continuous function v attains a maximum, reached at a point My(xg, yo) which necessarily
belongs to €. Otherwise, (2o, yo) belongs to the open set  and:
a. The function = — u(z,yo) attains its maximum at z¢ on an open interval centered at
xo.
b. The function y — u(zg,y) attains its maximum at yp on an open interval centered at

9o, so that we have the relations

2

% (20,50) =0 , 55 (x0,50) <O
2

%Z(x(]vyo) =0 a%ﬁ(anyO) <0

We deduce that Av(z) = 4e < 0, which is contradictory and therefore proves that the
function v attains its maximum at a point My(zg,yo) which, as stated, belongs to the

boundary 0f2. Thus, for any point M belonging to
u(z) < v(z) < v(Mp) = u(M,) + €|Mp|* < u(Mp) + €l

where [ is the maximal distance between 0f) and the origin. Letting € tend to 0, we obtain:
u(z) < u(Mp), which establishes that u attains its maximum on 9. The existence of a

minimum point X,, is demonstrated in the same way.

O

2. Invariance in two dimensions

A translation by the vector (a,b) is given by

r = x+a

A rotation by an angle « is given by

8
I

rcosa + ysino

Yy = xsina+ ycosa

The Laplace operator is invariant under translation or rotation
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4 Proof !

Invariance means that

0%u n 0%u B 0%u n 0%u
oxr2 8y2 T Ox'2 ay/2
For translation, the proof is simple using the chain rule. For rotation, we have

ou ou ou

— cosa — — sina
oy’

ox  ox'
gu _ %s' aly 2 cos
9y~ o ino oy a
0%u 0 ,0u ou 0 , o0u ou .
32 = %(% cos o — a—ylsma) cos a — @(% sin o + 8—y,cosa) sin av
0%*u 0  Ou . ou . 0 ,0u u
a7 %(% sin o + oy pha) sina + a—y/(% cos o + a—y/sma) COoS o
We obtain
@ + 027“ = (82u + aQu)(COSZa—I—Sin2 a)+0 A
0x2 oy 0z'2  Oy? "0x0y
Pu
Ty

3. Invariance in polar coordinates

When looking for special harmonic functions that are themselves invariant under rotation.
In two dimensions, this means using polar coordinates (r,#) and seeking solutions depending

only on 7. Let the transformation

x = rcost,r>0,0¢€]l0,2n|
y = rsind,
has the Jacobian matrix
s cos sin 6

—rsinf rcos6

with the inverse matrix

g1 cos %ﬂe
sin 6 @
So, by the chain rule, we have
G = fcont - gyt
Gu— Zsing+ Gsn
% — cos? 953722 B QSinﬂrcosﬁa(?;g i sirg@% _ 22sinf2cosﬁ% I co:jeg
227121. — sin2 9{%22 + 2sin6Tcos96(2(299 . c05220(%22 + 22sin52c059% + siﬁG%
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We add the last two quantities together, and we get

0?2 92 9*u 190 1 92

4 A= — 4+ — - 4 22 4 =~
(34) 2 8x2+8y2 8r2+7’8r+r2602

If u does not depend on 6, we obtain

0? 0  u 10

R Fe R N T

This ordinary differential equation is easy to solve

u = ¢y logr + ca.

where ¢y and ¢y are arbitrary constants.

4. The Laplace equation on a rectangle

We consider the PDE, the following Laplace equation:

Pu
(35) a7 77 =0

and the boundary conditions u(z,0) = f1(z), u(z, N) = fa(z), u(0,y) = 91(y), and u(M,y) =
g2(y) for 0 <z < M, 0 <y < N. We want to determine the functions u(z,y) for 0 <x < M
and 0 < y < N that are satisfied. The function u = wu(x,y) is defined on the rectangle
consisting of points (z,y) € R? such that 0 <2 < M and 0 < y < N.

It is necessary to point out these important remarks:
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Remark 4.1:

We have:

(1) This problem is different from the previous ones (wave, heat) because both variables
belong to bounded intervals, whereas the variable ¢ is not bounded for the wave and heat
equations.

(2) There are no initial conditions.

(3) The boundary conditions are not homogeneous. The latter

This difference presents a difficulty that will need to be overcome.

(4) It is possible to give a physical meaning to a solution u(x,y) of the previous problem.
We can consider u(z,y) as the equilibrium temperature (i.e., when ¢ — oo) for the heat

problem

ou  5,0%u

a5 ~ € (72 + 72)’

ot Ox oy
for which conditions at the border are

ot u = u(x,y,t)

u('T?O?t) = fl(m)’ u(x, N, t) = f2($)7 U(Ovyvt) = gl(y)v U(Mayat) = QQ(y)

for0<z<MO0<y<Nandt>0.

(5) There are also initial conditions at ¢ = 0, but we will not specify them. At equilibrium

ou

E—O.

After these remarks, we obtain the initial problem to solve 35, with

u(z,0) = fi(z) et u(x, N) = fa(x) pour z € [0, M],

u(0,y) = g1(y) et u(M,y) = g2(y) pour y € [0, N,

can be decomposed into four problems, each having a single non-homogeneous condition rather
than four.

Problem [1]:

82u1 82’&1
+
Ox? Oy?
u1(z,0) = fi(z) et uy(z, N) = 0 pour x € [0, M],

=0 avec

u1(0,y) =0 et us(M,y) = 0 pour y € [0, N,

Problem |[2]:
ok 0?
up | 0%us
Ox2 oy?

=0 avec
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ui(x,0) =0 et uy(z, N) = fo(x) pour z € [0, M],
u1(0,y) =0 et u1(M,y) = 0 pour y € [0, N],

Problem [3]:
0? 0?
us + us
Ox? Oy?
u1(z,0) =0 et ui(x, N) =0 pour x € [0, M],

=0 avec

u1(0,y) = g1(x) et ui(M,y) = 0 poury € [0, N],
Problem [4]:
82164 + 82U4
Ox? Oy?
ui(x,0) =0 et ui(z, N) = 0 pour x € [0, M],

=0 avec

Ul(o,y) =0et Ul(M, y) = gg(l') poury &€ [O7N}7

So, to continue solving this problem, we need these comments:

Remark 4.2:

We have :

(1) If u; is a solution of problem [i] for ¢ = 1,2,3,4, then it is easy to show that
U = u1 + uo + us + uy is a solution of the initial problem.

(2) We can seek to solve problems [1] to [4].

(3) We illustrate the method of separation of variables to solve problem [1]. The same

type of analysis can be done for the other three problems.

We use the method of separation of variables to determine the solution u;(x,y) of

problem [1], so the first step is to consider the intermediate problem:

Pu
36 — 4+ —=0
(36) Ox? + Oy?
under these conditions
(37) ui(z, N) =0, u1(0,y) =0 u1(M,y) =0 pour x € [0, M], y € [0, N]

For now, we have dropped the non-homogeneous condition uy(z,0) = fi(x) .
Thus, we need to determine non-trivial solutions us(z,y) of this problem (36)37) which are

of the form
ui(z,y) = X(2)Y(y).

Then, by substituting this solution into the PDE and separating the variables, we obtain

Xl/ Y//
XY +XY'"=0= "= ——
+ X Y
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where X" is the second derivative of X with respect to x and Y” is the second derivative of
Y with respect to y. In the last equation, the left-hand side is a function of x only, whereas
the right-hand side is a function of y only. Therefore, these two expressions must be constant,

and we can write

X// Y/l
X Y

Thus, we have the system of two ordinary differential equations:

A

X" XX =0andY"+ )Y =0

If now, we consider the boundary conditions of the problem (36 — 37) and because we are
seeking non-trivial solutions, i.e., the functions X and Y are not identically zero, then we

obtain

ui(z,N) = X(z)Y(N) =0, Vz € [0, M] = Y(N) = 0;
u1(0,y) = X(0)Y(y) =0, Vy € [0, N] = X(0) = 0;
u(M,y) = X(M)Y(y) =0, Yy € [0, N] = X (M) =0.
In principle, the following problem must be studied:
X" — XX =0 avec X(0) =0, X(M) =0, et

Y+ XY =0 avec Y(N) = 0.

The first equation X” — AX = 0 with X (0) = 0 and X (M) = 0 has already appeared for the
wave and heat equations. If A > 0, we obtain that X = 0 and we can exclude these values for
A because we want non-trivial solutions.

If A\ = -2 < 0, then the general solution of X” — AX = 0 is X (x) = Acos(vz) + Bsin(vx).
Since X(0) = A =0 and

X(M) = Acos(vM) + Bsin(vM) =0, = Bsin(vM) = 0.

Since we are seeking non-trivial solutions and A = 0, we can assume that B # 0. Therefore,

we can deduce that

. nm nm . nTT,
sin(wM)=0=v = i An = _(M)2) etX,(x) = By, sm(ﬁ) ot n €7Z, n#0.
Since sin(—x) = —sin(z) and A_,, = \,, we can restrict ourselves to the case where n €

nmwx

N, n # 0 in the above. For each integer n > 1, we have a solution X,, = B, sin("{) of the

equation X” — AX = 0 with X(0) =0, X (M) =0 for the value A\ = \,, = —("F%)?).



4. THE LAPLACE EQUATION ON A RECTANGLE 83

If we now consider the second equation Y” + AY = 0 with Y(N) = 0 in the case where

A=), = —(%)?) where n € N, n > 1, then the general solution is of the form
Yn(y) = Cexp(%) + Demp(—%).

But we also have

Y, (N)=0= Cea:p(%) + Dea:p(—n—) =0= D = —Cexp(

By substituting this into the solution Y,,, we obtain

_ nmy, _2nmy —nmN
Y,, = Cexp( i ) — Dexp( 7 )Cexp( )
N mly = N)nnly = N)
Y = Ceap(— )lexp(—5 ) — ean( )
_ ntN. . . nma(y—N)
Y, = 2Ceap( i ) sinh( i )

To continue, we need this remark:

Remark 4.3:

(1) Recall that the function sinh(#) denotes the hyperbolic sine, i.e.,

69 _ 6—6’
sinh(0) = —5 — pour tout 0 € R.

From the above, we have

Qn, €XP (%) sinh (mr(g;w— N)>

is a solution of the problem (3637)_ Note that we have replaced

N
Bp2C exp (%)

by a,. Using the principle of superposition, we obtain that
oo
- N
ui(z,y) = Z ap sin (ﬂ]\;) sinh (mr(gjw))

n=1
is also a solution of the problem (36 — 37).
If we return to Problem [1], then

ui(z,y) = Z an sin(n]&w) sinh(nﬂ(y]w_ N))
n=1

is a solution if and only if

nwN)
M

ui(z,0) = Z an sin(%) sinh(—

n=1

) = fi(z) Vo € [0, M];
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that is to say > 7 a, sin(™F) sinh(— m]r\j[\f)) is the odd Fourier series of fi(x), and we have:

(—
M sinh(=75}

an =

/ filz sm(ﬁdm pour tout n € Nyn > 1.

Thus, we obtain a formal solution of Problem [1]. By proceeding in a similar way, we obtain
formal solutions for problems [2], [3], and Problem [4]. These solutions are

For problem [2], we have

- . nmx, . nr(y—N) ) nmc
T = by, sin(——) sinh(—=——=) avec b,, = ) sin(
9= D busin("T ) simb (T ) e ")y
For problem [3], we have
- nmw(xz — M) 2 M ., nmx
E n h(——= n=(——+ sin(———)dx.
2 ep, sin( ) sinh( I ) avec ¢ (Nsmh( —— )/0 g1(z) sin( N )dx

For problem [4], we have

y) = z_:dn Sln(%) Slnh(%) avec dn (]Vsmh(mv)/o gl( )Sln(n;;x)dx'

Thus, the formal solution to the initial problem

Pu  O%u —0
a2 "o T
with
U(;L‘,O) = fl(l') et U(LL‘,N) = fg(l'), pour T € [07 M]a
u(0,y) = g1(y), et u(M,y) = g2(y), pour y € [0, N]
18
z,y) = Z sin(n—]\?) [an sin(imr(yzw_ ) )+bn, sin(n—z\y)}—kz sin(n—;;y)[cn sin(imr(x]w_ M) )+dn Sin(%)]

n=1

with a,, b,, ¢, and d,, as before.
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Theorem 4.1:

If the functions fi(z) and fa(x) are continuous and piecewise smooth on the interval
[0, M], the functions g1 (y) and g2(y) are continuous and piecewise smooth on the inter-
val [0, N], f1(0) = f2(0) = fi(M) = fo(M) =0, g1(0) = 92(0) = g1(V) = g2(N) = 0,

then the formal solution above is a true solution of the initial problem

o o
ox? = 0y?
with
u(z,0) = fi(z) et u(x, N) = fa(x), pour x € [0, M];

u(0,y) = g1(y), et w(M,y) = ga(y), pour y € [0, N],

Now, we will determine the solution u(x,y) for the following problem.

ExamMpPLE 4.1.
giz—i-gzz—()etu—u(x,y), 0<z<met0O<y<m
with
u(z,0) = z(r — z) et u(z, N) =0, pour z € [0, M];
uw(0,y) = x(7 —y), et w(M,y) =0, pour y € [0, N],
Thus, it is easy to evaluate the coefficients an, by, ¢y and d,, by integrating by parts. We obtain

that

_1\n+1
an:cn:w etb, =d,=0sin>1.
7n3 sinh(—nm)

So the solution to the problem is

o _1\n+1
u(z,y) = Z(i(;g—is'u(lh(lznﬁ)))[sm(nx) sinh(n(y — 7)) + sin(ny)sinh(n(x — ).

The graph of u(x,y) for x € [0, 7] and y € [0, 7] is shown in Figure 1
5. Exercise series N° = (05

EXERCICE 10. Determine the formal solution to Laplace’s equation.
0%u n 0%u
0x?  Oy?

when the initial conditions for 0 <z < M and 0 <y < N are

=000 u=u(z,y), 0<x <M, 0<z<N

a)u(:lc,()) = O’U(I’N) =0, %(Ovy) =0, %(M7y) = f(y>a

b)Gu(w,0) = g(x), Gu(z,N) =0, u(0,y) = G4(0,y), u(M,y) = F4(M,y);
C)%(l‘,@) =0, %(SE,N) =0, u(0,y) =0, u(M,y) = h(y).



86

5. LAPLACE EQUATION




CHAPTER 6

Wave Equation

In this chapter, we present the wave equation.

Pu
(38) 52 ¢ Au=0
where c is a constant. In the one-dimensional case, the canonical form of the equation will be
used to show that the Cauchy problem is well-posed. Moreover, we will derive simple explicit
formulas for the solutions. We also discuss some important properties of the solutions of the

wave equation, which are also typical for more general hyperbolic problems.

1. Modeling and Physical Derivation

In mechanics and physics, the wave equation serves as a simplified model for oscillations
on a vibrating string (n = 1), a membrane (n = 2), or an elastic solid (n = 3). In these
models, u(x,t) is the displacement of the mass at a point in certain directions from the point
x at time ¢ > 0. In (38), f models the external force.

For example, suppose an elastic solid occupies a region 2 in R without external force. For
any subregion G C Q, F(z,t) is the contact force density acting on G through the boundary
0G. The mass density is normalized to one. Let v be the outward unit normal vector of 0G.

The acceleration in G is

pTo) / udr = / 7 —5u
such that the net contact force is
—/ FuvdS
G
According to Newton’s law, we obtain
/ dt2 / FrdS = / V- Fdx

where we applied the divergence theorem!, we conclude

Lrhe integral of the divergence of a vector field F' over a volume V in R3 is equal to the flux of this field through

the boundary of the volume
/ v.Fav = [ Fas
v av
where § is the normal vector to the surface, pointing outward.

87
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If the elastic body, F = F(Vu), then

&2 4

In the case of small oscillations, |[Vu] is very small, so F(Vu) ~ —c2Vu, therefore,
d2
qu; — ?Au=0.

2. Cauchy Problem and d’Alembert’s Formula

Without going into all the details, it should be noted that we have already seen this in
the chapter; but to fix the ideas, we will present the Cauchy problem for the one-dimensional

homogeneous wave equation, which is given by

*u  ,0%u
(39) w—0@207_00<$2+00,t>0,

(40) u(z,0) = f(z), w(x,0) =g(z), —oo <z > 400

A classical solution of the Cauchy problem (39)- (40) is a function u that is twice continuously
differentiable for all £ > 0, such that « and % are continuous for ¢ > 0, and such that (39)-
(40) are satisfied, according to theorem (?7).

The following example illustrates the use of d’Alembert’s formula.

ExamMprLE 2.1. Consider the Cauchy problem

u  0%u
w—@:(), —OO<-ZUZ+OO,t>O,
(
0, —oco<a<—1,
z+1, -1 <20,
u(z,0) = f(z) =
l—2, 0521,
\ 0, 1<z < oo,
0,—oc0 << —1,
w(z,0)=g(z)=q¢ 1, —1<z<1,

0, 1<z <o0,

Give u(1, ) and discuss the regularity of the solution u. d’Alembert’s formula implies

l1og) = UG+ I+ [, ol
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11 1 frac32
Y / o(s)ds +/ o(s)ds
2°2 1 1
11 !
:2(2+/1 1.d8):*
2
Since g and f’ are not continuous at the points = —1,0, 1, then v may not be of class C'.

The problem is posed when x +¢ = Const. The solution is regular in the neighborhood of the

point (1, %), which allows us to compute (1, %)

3. The Non-Homogeneous Cauchy Problem

Consider the following Cauchy problem

2 2
(41) Ou_ 200

52~ o2 = F(z,t), —oo < x > +o0,t > 0,

(42) u(z,0) = f(z), w(x,0) =g(x), —co <z > 400

This problem models, for example, the vibration of a very long chain in the presence of an

external force F.

Theorem 3.1:

Let f € C?(R),g € C}(R) and F, F,, € C(R?), so the problem (41)- (42) admits a single
solution u € C%(R x (0,00)) NCY(mathbbR x [0,00)) given by the formula
(43)

x+-ct xi=xc(t+T1)
w(z, t) = %[f(x Fet) + flact)] + 216/ 5)ds + / / rVdedr.

—ct i=xc(t—T)

ExampLE 3.1. Consider Cauchy’s problem

0%u Pu .
ﬁ—nge — € ,—OO<£UZ+OO,t>0,
u(z,0) =z, —00 < z < 400,

u(z,0) =sinz, —oo < x < 400,

Using d’Alembert’s formula (}3), we have

1 1 x+3t =t zi=x3(t+7)
u(z,t) :2[x+3t+x—3t}+6/ s)ds + — / / et — eSdedr.

i=x3(t—T)

1 2 2
=+ gsinxsinf%t— §sinhm—|— §sinhxcosh3t.
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4. Kirchhoff’s Formula®? (Cauchy Problem in R?)

We consider the following problem

2
(44) _((?9751; — AAu = 0,u(z,0) = f(z),z € R® u(x,0) = g(x),z € R

where Au(z,t) = >0, g%(l’,t). We introduce S, and B, as the sphere and the ball of

S, ={xcR?:||lz|| =r}and B, = {x € R3 : ||z|| < 7} For u: R3 — R, the average of u is

given by
N 1 1
0.0 = 55 /S Ty, S0) = 5 /S uly, 1dS(0)

where dS(y) denotes the surface measure of B,

LEMME 6.1. If u solves (44), then 1 solves
0’ 0%u  (n—1)ou
(45) e o ¢ or

with @(r,0) = f(r), et i;(r,0) = §(r),

=0, 0<r<1,t>0,

To obtain the equation satisfied by @, we apply Green’s formula on B,

Au = @
B, Sy 81/

where v is the unit normal vector on S,., pointing outward from B,. Using the main equation,

we find
Pu ou
5 =c el
B, 6t Sy aV

x =rcosfcosp,

Using spherical coordinates y = rsinfsin ¢, where 6 €]0, [ and ¢ €]0, 27[. We therefore

z =1rcosb,

r o2 pm 92
/ / / @7“2 sin dO0dpdr = 02r2/ @dﬁdcp
2
oJo Jo t s, or

27 pm
a(r,t) = /0 /0 usin 0dfdy

ot ot
0
By differentiating with respect to r, we obtain the equation in (45). For the initial conditions

obtain

On the other hand

As a result,

2Gustav Kirchhoff (pronounced in German [k¢.hf]) (born March 12, 1824 in Konigsberg, in the province of East
Prussia and died in Berlin on October 17, 1887))
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10,0 = s [ u.080) = 5 [ s =7

and

500 = 5 [ ww0isw) = 5 [ ais) =

Theorem 4.1:

Let f € C?(R3?) and g € C3(R3), then the problem (44) admits a unique solution

1 /
+— g(s)dS(s)
ATt J |- =ct

0 1
u(z,t) = g [4770215 /Hxxo||=ct f(s)dS(s)

_I Proof !

In (45), we set v := ra, and we obtain the following system:

2y _ 0% _
otz or2 T

U(’I", 0) = Tfa
%(T70) =rg.

According to D’Alembert’s formula, the solution to this problem is given by:

~ ~ r+ct
v(r,t) = %(r +ct)f(r+ct)+ (r—ct)f(r—ct)+ 210/ g(s)ds.

—ct

This expression can be rewritten as follows:

o 1 r+ct 1 r+ct
v(r,t) = o [20/ sf(s) ds] + 20/ sg(s) ds.

—ct —ct
By differentiating with respect to r, we obtain u(0,t) = a(0,t) since u(0,t) = %(O,t).

Moreover,

(8‘1 [216 / i+0tsg(s> dsD =t = / 9(s) dS(s),
r—ct r=0 Set

and the same formula applies for f. Thus, we deduce:

i [ 1080 + g [ ato)asto

u(0,t) = = |—%=
(0.9 ot [47rc2t Sy
This formula is valid even when performing a translation from 0 to xg. Finally, we obtain

the general formula, called Kirchhoff’s formula:

0 1 1
u(z,t) = ot [47T02t /|z—acoct f(s)dS(s)| + P /|x—acoctg(8) dsS(s).
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ExampLE 4.1. We will conclude this chapter by presenting an example. Let us determine
the vertical displacement u(x,t) of an ideal string of length 7w as a solution of the wave equation
’u  0%u B
ot?2 0z

with ¢ = 1, if the initial vertical displacement is
7T2
u(z,0) = f(x) = 2® — 3n%2? + 5
for x € [0, 7| and the initial velocity is zero, i.e., %(m, 0) = g(z) =0 for x € [0, 7]. Note that
the function f(x) satisfies conditions (C.1) and (C.2), but not (C.3). Indeed, f"(x) = 6x—3n

and f"(0) = —3m # 37 = f"(r). Nevertheless, we can still present the solution in a generalized

sense. The solution is

t
u(z,t) = Z sin(?)[an cos(%) + by, Sin(cn;rt)

n>1

where

- t - t
;ansin(cn;r) et ;(CTr)bnsin(cnlﬁ )

are the odd Fourier series of f(x) and g(x), i.e., we have:

2 [ 2 [
0 2 / F(@)sin("" iz et (M, = 2 / g(z) sin(*o" ) da.
I Jo l l L Jo !

Since g(x) = 0 for all x € [0, 7], we obtain b, =0 for all n > 1. By also integrating by parts,

we get

To ql 2 6((—1)" + 1
o= "2 [ s+ Taysintunte = XL pour sous 021
0 0

So, we obtain that the solution is

o0

u(x,t) = Z(W) sin(nx) cos(nt),
n=1

for all x € [0,7] and t > 0. We will plot the graph of u(x,t) for x € [0,7] and t € [0,1] in
Figure [1]. For each value of t, we have the vertical displacement of the string at that instant.
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Figure [1]

5. Exercise series N° = 06

EXERCICE 5.1. Determine the vertical displacement u(x,t) of a vibrating (ideal) string
fized at both ends, with length | = m, initial velocity zero (i.e., g(x) =0 for all x € ]0,1]), and

initial displacement f(x) represented by the graph:

a)

A fix)
w40 T

/4

-m/40 T

b)

/4 w2 3n/4 b 4
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SOLUTION. a) We have

10° si0<x < %a
f(z) _(Q;O_W), siy<z< %Tﬁ;
m) g <p<m

and g(x) = 0 for everything x € [0, 7], because of the general solution to the problem and that
the rope is of length | = m, we have

u(z,t) = Z sin(nz)[ay cos(cnt) + by, sin(ent)].

n=1

In addition, we have

o0

o0
Z an sin(nx) Z cnby, sin(nx)

n=1 n=1

are respectively the odd Fourier series of f(x) and g(x). Since g(x) =0 for all x € [0, 7]
obtain by, = 0 for all n > 1. It is therefore sufficient to calculate the ay,

_ % /0 " (o) sin(na)dz

3m 3
T —2 4T —2
{/ —sm n da?+/4 i 50 $sin(nx)dw+/ I 50 xsin(nw)d:c}
T ™

W

. N . 3nm
= Tomnz () = sin(==))

So the solution to the problem is

[e.e]
3
Z (sin( ) — sm(%)) sin(nx) cos(cnt).
n:l
b) We have
0, si0<x< Z;
len, siz<e<y
L v 3
T—4T .
L -
0, st %r <x <

and g(x) = 0 for everything x € [0, 7], because of the general solution to the problem and that
the rope is of length l =7, on a

u(z,t) = Z sin(nz)[ay cos(cnt) + by, sin(ent)].

n=1

In addition, we have

(0.9) o
Z an sin(nx) si Z cnby, sin(nx)
n=1 n=1
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are respectively the odd Fourier series of f(x) and g(z). Since g(x) =0 for all x € [0, 7], we

obtain by, = 0 for all n > 1. It is therefore enough to calculate the ay,.

2 ™
= / f(x)sin(nz)dzx
T Jo
. o T 4
{/4 T sin(nx)dx + /2 Msin(nm)dx
z ™
nmw . 3nm
n27r2( sin(— 1 )+251n( 5 ) — sm(T))
So the solution to the problem is
— 8h
u(z,t) = nz—:l %(— sin(%) + QSiD(%) - sin(SClTﬂ)) sin(nzx) cos(cnt).

EXERCICE 11. Determine the vertical displacement u(xz,t) of a vibrating (ideal) string
fized at both ends, with length | = 7, initial displacement zero (f(z) =0 for all z € [0,1]), and
wnatial velocity represented by the graph:

A glx)
i+

SOLUTION. We have f(x) =0 for everything x € [0, 7| and

(hTz, s10 <z < a;
flz) = .
M) s <ao<m

Due to the general solution of the problem and the fact that the string has length | = m, we

have

Z n(nx)[a, cos(ent) + by, sin(ent)].

n=1

o0 o
Z an sin(nx) si Z cnby, sin(nx)
n=1 n=1

are respectively the odd Fourier series of f(x) and g(z). Since g(x) =0 for all x € [0, 7], we

In addition, we have

obtain an, = 0 for all n > 1. It is therefore enough to calculate the by,.

cnby, = 2 /U7r g(x) sin(nz)dx = 2{/0a ha sin(nx)dx+/aﬂ hm — )

2h si
sin(nz)dx} = sin(na)
T T a

T—a n?a(m — a)

then
_ 2hsin(na)
~ cnda(m —a)
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and the general solution is

u(z,t) = Z m sin(nz) sin(cnt).
n=1

EXERCICE 12. Using the method of separation of variables, find solutions of each of the

following equations:

Ou ou __
a) vgy —yg, =0,

b) 5t + ¢ =2z +y)u.

SOLUTION. a) We assume that u(x,y) = X(x)Y (y), then by substituting into the PDE,
we have
2 X'Y —yXY' =0
where X' is the derivative of X with respect to x and Y’ is the derivative of Y with respect to
y. By dividing both sides of this equation by XY, we obtain
X' Y’
"X Uy
The right-hand side of this last equation is a function of y and the left-hand side is a function
of x. Therefore, each of these terms must be constant. Consequently
X' Y’

T— = y— ou k st une constante.
x Yy

This gives us a system of two ordinary differential equations as follows:

ax _
ay _
Yay = kY

These ordinary differential equations can be solved by separation of variables.

dX dX  do dX  [de B o
x%—k’XﬁX—k:ﬁé X—k/x:>ln(X)—k:ln(x)—|—C’0:>X(x)—C;E
and

qy v dy  [dy dy .
N A Py Y(y) =
v -Gkl [T /y:>n() n(Y)+Cr = Y(y) = C'y

where Cy,C1,C" and C" are constants. So u(z,y) = X (2)Y (y) = C(zy)* is a solution for
xg—z —yfracoudy = 0, where k and C' are constants.
b) We assume that u(z,y) = X (x)Y (y), then by substituting into the PDE, we have X'Y +
XY’ =2(x+y)XY where X' is the derivative of X with respect to x and Y’ is the derivative
of Y with respect to y. By dividing both sides of this equation by XY, we obtain

XY X' Y’

— 4+ —==2 2 — —2r = —— + 2.
X+Y a:+y<:>X T Y—l—y
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The right-hand side of this last equation is a function of y and the left-hand side is a function

of x. Therefore, each of these terms must be constant. Consequently

X' Y’
— —2x = —— +2y =k where k is a constanl.

X Y

Thus, we obtain o system of two ordinary differential equations:

X — (22 + k)X
Y — (2y — k)X

dy
These ordinary differential equations can be solved by separation of variables.

dX dX dX
—(2x+k)X¢X—(2x+k)da::>/X—/(2az+k)da:

dx
= In(X) =22+ kx4 Cy = X(x) = C'exp(z? + kx)

and
dY dY dY
@y Ry = = ey mdy= [ = [ by

dy
=InY)= v —ky+Cy = Y(y) = C’"e:vp(y2 — ky)

where Cy, C1,C" and C" are constants. So u(z,y) = X(2)Y (y) = Cexp(z? + 3> + k(z — y))

2(z + y)u, where k and C are constants.

; ; ou ou
is a solution for 3 + =



CHAPTER 7

The Heat Equation

In this chapter, we will study an equation that models certain evolutionary phenomena
such as heat diffusion, the distribution of chemical substances, etc. We will then present the

heat equation

ou
4 — —kAu =
(46) ot u=0

where u is a function defined on R" x R.

With a change of variable, T = kt, the equation (46) takes the following form:

(47) 5~ Au=0.

Thus, it is enough to study the case k = 1. But the question that can be asked is How to

model a reaction-diffusion equation?

1. Modeling the Reaction-Diffusion Equation

In this section, we assume the existence of a source of particles (birth, resp. death, of
insects). We will model the diffusion behavior of a population (cells, insects) or particles
(chemical substances).

Let (z,t) € Q x R", with ©Q a bounded open set in R™ and 92 regular. We denote

* u(z,t) the particle density function (the concentration),
* q(z,t,:::) the net particle creation rate (births minus deaths),
* F(z;t;...) the particle flux density, i.e., F'(z;t)-n is the particle flux (per unit time) through
a planar surface element, perpendicular to n at z and of area 1.
Throughout this chapter, we assume that v and F' are regular and we consider O C €2 with
regular boundary. The mass variation in O is due to the creation/destruction of particles in
O and the flux

of particles through 0.

gt/ou(x,t)dx:/Oq(ac,t)dx—/BOF(x,t).n(x)dSw,

98
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we obtain, for all O C €,
d ,
—u(z,t)de = | —div(F(z,t)) + q(z,t))dz,
o 0t 0

0
we apply the population balance law au div F + ¢ in Q. According to Fourier’s law', heat
flows from hot regions to cold regions at a speed proportional to the temperature gradient
F = —kVu where k is the thermal conductivity constant. We assume that heat can only be

lost through W and ¢ = 0. Then, we have the heat equation:

%u = divF = —div(kVu) = kEAu.

2. Computation of a Solution

We consider the problem

(?,;; — Ou =0, surR"™ x R*
u(z,0) = g(z), surR™

We will give the formal solution using the Fourier transform of v with respect to the spatial

variables z :
v(E,t) = g(&)e 16

which gives

) = o= [ st de = [ K@ - awdy
where
1 O S
K = (e [, contite —u)€ —€P0as = e

where 22 = Sy xf is the inner product of x with itself. The function K is called the heat

kernel

LeMME 7.1. K has the following properties ;

1. KeC®R"xR) and forx e R™ and t >0 : (% — A)K(z,t) =0.
2. [pa K(x,t)dz =1 for everything t > 0.

1(1807), he described the phenomenon of thermal conductivity, Heat flux (flux) = thermal conductivity x contact

surface X temperature gradient or flux
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1.

Then

4 Proof !
The proof of the first property is simple.
2. For the proof of the second property, it should be noted that
/ e dy = N
R

1 z
K(z,t)dx = = / e 4dx
(4mt)2 Jgrn
1 2
= — e adx
2 Rn
1 D
= =0 (& 1...e "dl‘n dxl
m™2 JR R
1 2 n
e Tdx)" =1
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3. Exercise Series N° =07

EXERCICE 3.1. Solve the following problem

% &:O,xeRett>0.

T Ox?
u(zx,0) = e*.



CHAPTER 8

Appendix: Tests and Exams

Assessment Test N° = 01 for Module: Mathematical Physics Equations
Duration 30 min
Exercise 1 (6 pts) :

Solve the following initial value problem:

0@4-@—
oxr Oy

where ¢ > 0, is a given function and u = u(z;y).

u?, u(;0) = p(2);

Exercise 2 (9 pts.) :
Let a € R\{1} and consider the following second-order linear PDE:

&4_(14_ ) 82u +a@_
0x? “ 0x0y oy

0 (E)

a) Determine whether the equation (F) is hyperbolic, parabolic, or elliptic.
b) Determine the characteristic equations of this equation.
¢) Transform this equation into its first canonical form.
d) Deduce the general solution of (E).
e) Find the solution of (E) if u(0;y) = y and %(o,y) =y?
Model Solution of Test N° = 01 for Module: Mathematical Physics Equations
Exercise 1 (6 pts) :

Consider the system of ordinary differential equations

dz
4 — e
(18) = a(0) =5
dy
49 —1: 4(0) = 0:
(49) 15 (0) =0,

The solution of this system is x(t) = ¢t + s and y(t) =t : If we now consider u as a function
of t, i.e. u(t) = u(x(t);y(t)), then by the chain rule and the fact that u is a solution of the
PDE, we obtain

du_dx@u dyc?u_ 2 . . _ .0) — .
(50) G aa T aey s e u(0) = u(z(0);y(0)) = u(s;0) = p(s) :

102
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This differential equation is equivalent to Z—g = dt. By taking an antiderivative of each side,

1

we obtain —w + ﬁ =t. ':[‘hus7 U(t) — u(0) + i w(s)

1-t(0) —tp(s)”
Then, for each s, the characteristic curve is

©(s)
1 —ty(s)

The function (¢, s) — (z(t, s),y(t,s)) = (t + s, ct) has an inverse function. Indeed, ¢t = y and

t— (z(t,s),y(t,s),u(t,s)) = (ct + s,t,

).

s=x
By substituting the expressions for s and t in u(t, s) with their values in terms of z and y, we
obtain the solution of Problem:

ez — cy)
un ) =12 yp(r — cy)

Exercise 2 (9 pts.):

a) We have B2 —4AC = (1 +a)®> —4a =1+ 4a +a®> —4a = 1+ a® + 2a = (1 + a)?. Since
a # 1, then B2 — 4AC > 0. Thus, the equation is hyperbolic on R2.

b) The characteristic equations are

dy B++vVB?2—4AC 1+4+a+1-a dy B-+vVB?2—-4AC 1+4+a—-1+a
_—= = :1and—: =
dx A2 2 dx A2 2

= Q.

The solutions of these ordinary differential equations are respectively y = x + ¢; and y =

axr + co. We can therefore consider the characteristic coordinates

§(z,y) =y — =z and n(z,y) =y — ax.
By the chain rule, we have

Ou _Oudf Oudn  Ou Ou Ou  OJud§  Oudn Ou  Ou

g OEor omor  0¢ “ondy 9oy  omdy 0 oy

9%u 0 ,0u 0  ou

o2 —8?(3*5) - @87:(877)
Exam N° =01 of Module: Mathematical Physics Equations
Duration 01h 30 min

Exercise 01 (10 pts):

Consider the non-homogeneous linear PDE

Pu a0

oz~ C 912 Fla,1)

where ¢ is a positive real number, F'(z,t) is a given function, and u = u(x,t).

a) Show that this PDE is equivalent to the system
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ou ou __ ..
E—C%—U,

0 0
o o = Fl(x,)
b) Determine the solution to the initial value problem
2 2
% - 02% = F(l’,t),
u(z,0) = f(z),

G (2,0) = g(),

proceeding as we did when describing D’Alembert’s solution for the wave equation. Here f(x)
and g(z) are given.
Exercise 02 (10 pts):
Consider the following second-order linear PDE

2 2 2

glz + 451(;; + 22;; + gz =0

a) Determine whether the equation is hyperbolic, parabolic, or elliptic.

b) Determine the characteristic equations of this equation.

¢) Transform this equation into its canonical form.
Sample exam solution for the Module: Mathematical Physics Equations

Exercise 01 (10 pts):

a) We can write the PDE in the form

0 a., 0
(5 + C%)(a - C*x)u = F(x,1)
Indeed, we obtain

0 0.,0 0 0 0 ., 0u ou 0u 0u 0?u 5 0%u

(Bi T2t ~ 02" = (Gr T8 % ~ ) = 3~ “oton T Cowar € 9a2

Ou a0t

=52 ~ ¢ a2 = F(z,1t)
assuming that the second-order partial derivatives of u are continuous and consequently that
0%u B 0%u
otdxr  0x0t
we indeed obtain the system
ou ou __

gt = v;
(*) ot ox ’

%o+ cG = F(x,1)
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b) To determine the solution w, we first need to determine v such that

ov ov

D4 el = Pla,t).
ot + “ox (1)
The initial conditions u(x,0) = f(x) and %(w,O) = g(z) mean, using the first equation of

(%), that
0 0
v(@,0) = 5(2,0) — ¢ (,0) = g(x) - cf (2).
We thus have the problem to solve % + c% = F(x,t) with the initial condition v(z,0) =

g(x) —cf'(z).

We therefore need to consider the system of ordinary differential equations

These equations can be solved by separation of variables:

dt

ds:1:>dt:ds=>/dt:/ds+ctet:s+t6
and

dx ,

%:1:>d$:ds:> dr = [ ds+ ctex = cs + x

If we consider v as a function of s, i.e., v(s) = v(z(s),t(s)), we obtain

dv Oovdx Ovdt ov  Ov

=gt =t o = F t —F ! 0.
ds Ot ds + ot ds Cax + ot (x(s),t(s)) (cs + g, s+ tg)
By the fundamental theorem of calculus, we obtain that there is a unique solution such that
v(0) = vg and it is
S
v(s) = (/ F(ew + :c(),w + t{))dw> + vp.
0

If we consider the initial values xf, = 7,t; = 0 and vy = g(7) — c¢f’(7), — (00,50) we obtain

for each 7 the characteristic curve
s = (ol )85, 7). 0(5,7) = (e -+ 7o, (| Flew + mw) dw) + 9(r) = ef (1)
0

We can now consider the problem
%—1; - c%“:v = v with the condition u(z,0) = f(z)
We therefore need to consider the system of ordinary differential equations

dt dx
%—13111(1%—0.

These equations can be solved by separation of variables:

dt
ds:1:>dt:ds=>/dt:/ds+ctet:s+t6
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and
dzx

ds

If we consider v as a function of s, i.e., v(s) = v(x(s),t(s)), we obtain

:—c:>dm:d5:>/dm:—c/d8+cte:n:—cs+:z:6

du Oudx Oudt B ou Ou

e T a4 Jo -, 4 — —C= —_— = !
s otds T ords— Son T o = vla(s)tls), s + o).
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Exercise 02 (10 pts):
Consider the following second-order linear PDE

2 2 2
8u+48u+28u Biu

o2 " azay T2 T o 0

a) Determine whether the equation is hyperbolic, parabolic, or elliptic.

b) Determine the characteristic equations of this equation.

c¢) Transform this equation into its canonical form.

107
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Exam N° =01 of Module: Mathematical Physics Equations
Duration 01h

Exercise 1. (4 pts) Answer true or false to the following questions. No justification is
required. Grading: 41 for a correct answer, -1 for an incorrect answer.

1. The heat equation is a second-order PDE.

2. Laplace’s equation is hyperbolic.

3. The vibrating string equation is parabolic.

4. Laplace’s equation is linear.

Exercise 2. (6 pts) Solve the following Cauchy problem:

{ut + zuy, =0, u=u(z,t),u(l,t) = 2sinh(t).

Exercise 3. (10 pts) 1. Determine the eigenvalues and the associated eigenfunctions of the

following eigenvalue problem:

X'"+XX =0, 0<z<m,

X(0) =0, X(r) =0.

2. Determine the odd Fourier series of the function h(z) = z(m — x) on the interval [0, 7].

3. (a) By applying the method of separation of variables, solve the following mixed problem:

Ut —Uge —u =0, 0< <7, t>0,
u(0,t) = u(m,t) =0, t>0,

u(z,0) =h(x), 0<z<m,

(b) Calculate the limit lim; 4o u(x,t).
Sample exam solution for the Module: Mathematical Physics Equations

Exercise 1. (04 pts)
1. True. — (01,00)
2. False.— (01,00)
3. False.— (01,00)
4. True.— (01,00)
Exercise 2. (06 pts)

By integrating the characteristic system,
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4t — gz, 2(0) = 1,— (01, 00)
a9 =1, t(0)=r,— (01,00)

@ — () (0) = 2sinh(r), — (01,00)

we obtain
x =e*, — (00,50)
t=s+r, — (00,50)
u = 2sinh(r)., — (00,50)
Hence, e! = e®e” = xe”, and thus " = em—t.% (00,50) The solution is therefore

t
u(m,t):er—et:e Et

— — (01,00
- (01,00)

Q

Exercise 3. (10 pts) 1. By studying the problem (P), we find
(a) A<0:X =0;)\<0is not an eigenvalue.— (00,25) (b) A=0:X =0;\ =0is not an
eigenvalue.— (00,25) (¢) A>0:forn>0

An = n?, — (00,50)
Xp(x) = sin(nz), — (00,50)

2. The odd Fourier series of the function h is given by

+oo
h(z) ~ Y bysin(nz), = € [0,7],— (00,50)

n=1
where
2 s
by, = / h(z) sin(nx)dzx, n > 0,— (00,50)
™ Jo
= - 1M (01,00
3 ’ ’

3. (a) We look for the solution in the form u(x,t) = X (x)T'(t).— (00,50) By substituting

this form into the PDE, we find XT' — X"T — XT =0 & TZL = X2 = X\ — (00,50)

X"+ AX =0, — (00,50)
=
T+ (A=1)T =0, — (00,50)
In addition, we have:

w(0,t) =0 = X(0) =0, — (00,25)

u(m,t) =0 = X(r) =0, — (00,25)
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This gives us an eigenvalue problem:

X'"+)MX =0 0<z<m.

This is the problem (P) from question 1, so the eigenfunctions are X, (z) = sin(v/\,z), where
A =n2, n>1.

The function T'(t) is determined by solving the second equation, for n > 1,
T+ (n®> = 1)T, =0, t > 0.

We find: T,,(t) = bpe= (=Dt > 1 (00,50) Hence, by the superposition principle, we

obtain

u(z,t) = Zun(a:,t) = ZXn(x)Tn(t) = Z bpe—(n* =11 sin(nz).— (00, 50)

n>1 n>1 n>1

We have
u(x,0) = h(z) =Y by sin(nz), - (00,50)

n>1

this is the odd Fourier series of the function h(z) on [0, 7]. The b, are calculated in question
2. Consequently, the formal solution of the mixed problem is:

(%) u(z,t) = i; H_fgl)n] sin(nz). — (00, 50)
(b) First, establish the uniform convergence of the series (x). We have for all (z,t) € [0, 7] X
[0, +o0 — (01, 00)

8
[un(z,t)] < —5 = wvp, n>0.
™

The numerical series ) v, is convergent; it follows that the series (x) is normally, and thus

uniformly, convergent on [0, 7] x [0, +oo[. Then — (01, 00)

tl}inoou(ﬂ«"a t) = bysin’ ) + tlg—noo bpe "Vl gin(nz) = bysin(z)
n>2

: 8 .
tilgrnoou(:c, t) = = sin(z) — (01,00)
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Exam N° =01 of Module: Mathematical Physics Equations
Duration 01h 30 min
Exercise 01 (07 pts): Let A be a real parameter. We consider the second-order PDE, with
unknown v : R x R* — R, as follows
0u 0%u 5 0%u ou

@_2y8x8y+>\y 873,/2+y67y:0 (En)

1. Discuss the type of the equation (E}) according to the values of the parameter \.

2. For A = 1, determine the characteristic curves of (E1).

3. Reduce the equation (E7) to its standard form and solve the resulting equation.

4. Deduce the solutions of the equation (Fj7).

Exercise 02 (08 pts): We consider the following partial differential equation with unknown

u:Rx[0,400 = R:

ou  Pu  0u,
T2 (=0 (D
ot 0x? (837) (D)
1. Show that by setting v = €%, i.e., v(z,t) = exp(u(z,t)), the equation (D) reduces to the
following:
ov 0%
o = oz )

2. What type is the equation (H)?
3. Determine, using the method of separation of variables, the bounded solutions of the
equation (H).
4. Deduce a class of solutions of (H).
Exercise 03 (05 pts): In polar coordinates (r,6), Laplace’s equation is given by

0%u ou 0271; B

"oz T or T =Y

and its solution, for a circular region, is defined by

u(r,0) = Ao+ alnr + > [(Apr™ + anr™") cos(nd) + (Bur™ + Bar ") sin(nd)].

n>1

Determine the expression of u for the unit disk in the plane such that
u(1,0) =1 —cos(20), 0 <6 < 2.

Sample exam solution for the Module: Mathematical Physics Equations
Exercise 01 (07 pts):
Let A be a real parameter. We consider the second-order PDE, with unknown u : RxR* — R,

as follows
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1. Type of the equation (Ep); — (4 x 00,25)
Discriminant of the equation: A = b% —ac = y% — \y? = (1 — \)y2.
Since 32 > 0, the sign of A depends on that of 1 — \.

If A <1 then A > 0 and the equation is hyperbolic.

If A =1 then A =0 and the equation is parabolic.

If A > 1 then A < 0 and the equation is elliptic.
2. Characteristic curves of (Ep).

The characteristic curves of (Ep,) are the solutions of the differential equation:

dy o dy 2 _ =
(52)* +2y(5-) + 2y% = 0. (00, 50)
dy o dy 2 dy o dy
) +2y(=)+ 2" = 0= (— “iy=o.
dy dy

d—+y:0:> — =—dr=linly|=—z+A=y=Ce *— (00,50)
x y
where A and C are real constants.

The equation (FE7) admits a single family of characteristic curves
ye® = C.— (00,50)

3. Reduction of the equation (E;) to the standard form
Let X = ye® and Y =y, — (00,50)

note that the Jacobian is not identically zero:

x T

e
— Y :yex#oa V(:L‘,y)GRXR*-
0 1

We have
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