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Abstract

The Motor Vehicles Challenge, organized by the IEEE Vehicular Technology Society, is an
annual competition focused on the development of advanced energy management strategies to
enhance electric vehicle (EV) performance.

In the 2024 edition, the study focused on detailed modeling of powertrain losses, particu-
larly in high-efficiency silicon carbide-based power converters and internal permanent magnet
(IPM) motors. The system under consideration is a high-performance electric racing vehicle
equipped with a hybrid energy storage system (HESS) that integrates lithium-ion batteries and
supercapacitors.

The primary control objective is to minimize energy consumption and powertrain losses
while satisfying thermal, electrical, and operational constraints. Equivalently, this objective
can be formulated as maximizing the total energy stored at the final time in both the battery
and the supercapacitor.

To achieve this, two optimal control approaches were investigated: Pontryagin’s Minimum
Principle (PMP) and Dynamic Programming (DP). While PMP provides efficient, locally op-
timal solutions based on necessary conditions, DP offers globally optimal control policies by
exploring the entire state space at the expense of increased computational complexity. The
comparative results highlight the trade-off between real-time feasibility and global optimality,
providing valuable insights into energy-efficient control of high-performance EVs.

Index Terms: Energy management, power electronics converters, internal permanent mag-
net motor, hybrid energy storage system, electric vehicle, optimal control, energy loss minimiza-
tion, dynamic programming.
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General Introduction :

The global transportation sector is undergoing a profound transformation in response to climate
change, the depletion of fossil fuels, and the need to decarbonize mobility [8]. One of the most
promising developments in this context is the emergence of electric vehicles (EVs), which offer
high energy efficiency, reduced local emissions, and decreased reliance on finite hydrocarbon
resources [8, 10]. However, the transition from internal combustion engines to fully electric
powertrains introduces numerous technical challenges, particularly in energy storage, power
conversion efficiency, and optimal real-time energy management—challenges that become even
more critical in high-performance applications such as electric racing [6].

Electric racing vehicles place demanding requirements on the powertrain, requiring rapid
power delivery, frequent regeneration, and optimal use of limited onboard energy. A widely
adopted solution is the Hybrid Energy Storage System (HESS), which combines the high energy
density of lithium-ion batteries with the high power density and responsiveness of supercapac-
itors [14]. While this architecture improves performance and flexibility, it also increases the
complexity of system modeling and energy management.

To fully exploit the benefits of HESS-based architectures, intelligent Energy Management
Strategies (EMS) must be developed. These strategies govern the power flow between energy
sources and the electric motor while accounting for component constraints, efficiency losses,
and real-time driving conditions [5, 6]. The design of such strategies plays a critical role in
determining vehicle performance, especially in scenarios with limited energy availability such as
electric racing.

In this context, optimal control theory offers a rigorous framework for formulating and solv-
ing energy management problems. Two prominent methods are the Pontryagin Minimum Princi-
ple (PMP) and Dynamic Programming (DP). PMP provides necessary conditions for optimality
by constructing a Hamiltonian system that includes both state and costate dynamics [19, 20],
while DP solves the problem globally by recursively evaluating the cost-to-go function using
Bellman’s principle [25, 28]. Each approach offers unique strengths and trade-offs in terms of
solution quality, computational complexity, and ability to handle constraints.

This thesis is conducted in the context of the IEEE Vehicular Technology Society’s Motor
Vehicles Challenge (MVC) 2024 [6]. The challenge involves a detailed simulation framework
for an electric racing vehicle equipped with a hybrid energy system, incorporating high-fidelity
models of battery and supercapacitor dynamics, silicon carbide (SiC) converters, and core motor
losses [7, 10].

The objective of this work is to model the powertrain of the EV, formulate the energy
management problem, and apply both PMP and DP to compute optimal control strategies
under various driving scenarios. By comparing the results of the two approaches, the study
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highlights their respective strengths, limitations, and applicability to real-world EV control.
The thesis is organized as follows:

o Chapter 1 presents the modeling of the EV powertrain, including detailed representations
of the battery, supercapacitor, converters, and electric motor.

o Chapter 2 introduces the theoretical foundations of the Pontryagin Minimum Principle
and Dynamic Programming, supported by simple academic examples to illustrate their
use in optimal control.

o Chapter 3 applies both methods to the EV system, analyzes their performance under dif-
ferent driving cycles (trivial case, ARTEMIS, UDDS), and discusses the resulting control
policies and energy efficiency outcomes.

This work contributes to the field of energy-efficient electric vehicle control by demonstrating
how both local and global optimal control methods can be used to manage power in high-
performance EVs, offering insights into practical trade-offs between computational efficiency,
optimality, and system complexity.



Chapter 1

ELECTRIC VEHICLE
POWERTRAIN MODEL

1.1 Introduction :

Electric vehicles (EVs) represent a key solution for sustainable and energy-efficient transporta-
tion systems. The increasing demands on performance, range, and efficiency have led to the inte-
gration of advanced powertrain architectures and hybrid energy storage systems (HESS) [8, 25].

In the context of the IEEE VTS Motor Vehicles Challenge 2024, this chapter presents a
comprehensive modeling of the powertrain system of a high-performance electric racing vehicle,
building upon methodologies from previous editions of the challenge [1, 5, 6].

The studied architecture incorporates a lithium-ion battery pack and a supercapacitor (SC)
module, interconnected through bi-directional DC/DC converters, forming a hybrid energy stor-
age system. This combination leverages the high energy density of batteries and the high power
density of supercapacitors to enhance both efficiency and dynamic response [4, 14].

The powertrain further includes a three-phase inverter and an Interior Permanent Magnet
Synchronous Motor (IPMSM), known for its high efficiency and torque density [19, 20]. Each
component is modeled to reflect realistic operational behavior, including dynamic and static
losses [10, 12].

A detailed loss model is established for all key subsystems: battery and SC converters,
inverter, and electric machine [7, 13]. Furthermore, the system is evaluated under various
standard driving cycles—UDDS, WLTC Class 3, and ARTEMIS—to test energy management
strategies under different driving conditions [21, 22, 23, 24].
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1.2 Energy Storage Components Model :

—ot

Figure 1.1: Configuration Of The Studied EV

The configuration of the studied Electric vehicle (EV), which serves as the challenge platform
for this project [6], is illustrated in Fig. 1.1. This platform is derived from a high-performance
racing vehicle developed at the University of Nottingham. Its original architecture has been
enhanced by integrating a hybrid energy storage system (HESS) composed of a conventional
lithium-ion battery pack and an additional supercapacitor module. The two storage systems
are interconnected via two bidirectional DC/DC converters, enabling flexible energy exchange
between the battery and the supercapacitor.

This HESS configuration is designed to leverage the high energy density of the battery and
the high power density of the supercapacitor, aiming to improve dynamic performance, extend
battery lifespan, and potentially increase racing autonomy. Effective management of the HESS
is critical, particularly under aggressive driving conditions, where the supercapacitor can absorb
or deliver peak power, thereby reducing battery stress.

The electrical energy from the HESS is supplied to an internal permanent magnet syn-
chronous motor (IPMSM) via a three-phase inverter. This motor, known for its high efficiency
and power density, provides traction by driving the rear wheel through a mechanical gearbox.
During operation, the system accounts for the energy losses associated with each component, in-
cluding the bidirectional DC/DC converters, inverter, and the electric traction motor, to ensure
realistic performance analysis and energy flow estimation.

1.2.1 Modeling Of Battery System :

The battery system consists of a number of cells that are connected in series and parallel as
described in Fig. 1.1. Each cell is modeled by its equivalent circuit as follows [8, 14].

{Uceu = uocv(S0C) — icen * Rint (1.1)

_ 1 ;
SOC =1- 3600-Qrareq f Tecell dt
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Figure 1.2: Connection In Battery System

Where, ucn and ie are voltage and current of each cell, respectively. Rj, is the internal
resistance of battery cell, Qrateq denotes the cell capacity. In the model (1.2), the open circuit
voltage upcy is a function of the state-of-charge of the battery cell which is provided by an
experimental characteristic.

At the pack level, the overall electrical characteristics are determined by the configuration of
cells in series and parallel. The total output voltage uy,; of the battery pack is the cumulative
sum of the voltages of all cells connected in series, while the current iy, drawn from the pack is
shared equally among the parallel branches, assuming uniform cell behavior. This relationship
is mathematically expressed as: The relationship of the output voltage uy,; and current 4, of
the whole battery pack and those of each cell can be described by (1.2)

(1.2)

* hat

Ubat = Mbat_seri * Ucell
icell -

Nbat__par

1.2.2 Modeling Of Super Capacitor System :

The supercapacitor (SC) system consists of multiple individual cells or modules arranged in
series and parallel to meet the voltage and energy requirements of the application. In this
challenge, a simplified yet effective electrical model is employed to describe the dynamic behavior
of the SC pack, as given in Equation (1.3):

1
Use = Usc0 — Resr : isc - C— /isc dt (13>
rated

In this model, ug is the terminal voltage of the complete supercapacitor pack, and g
denotes its initial voltage. The term R, represents the equivalent series resistance, which ac-
counts for the internal resistive losses during charge and discharge. Clateq is the total equivalent
capacitance of the SC pack, and 7. is the instantaneous current flowing into or out of the sys-
tem. The last term models the voltage drop due to the accumulation or depletion of charge
over time, following the basic principle of capacitor behavior.
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Figure 1.3: Connection In Supercapacitor System

The overall electrical characteristics of the SC pack are influenced by the number of modules
connected in series and in parallel. These relationships are defined in Equation (1.4):

(1.4)

* s

Use = Mge_ seri * Umodul
Z't:ell -

Nsc__par

Here, ng. seri is the number of modules connected in series, which determines the total
voltage, while 7 par is the number of parallel branches, affecting the total current handling
capability. umoqu is the voltage across a single module, and i is the current through each cell,
assuming uniform behavior across modules. This modular arrangement ensures the scalability
of the SC system for high-power applications. [14], such as peak power support and regenerative
braking in electric vehicles.

1.3 Power Electronics Converter Model :

DC-DC bi-directional power converters are used to connect each energy storage source to the
DC bus [7, 10]. For the battery converter, the voltage and current are modeled by the following
equations (the supercapacitor converter follows the same structure):

{uch,bat = MpatUdc (1 5)

. o . —k
lch,bat = Mbatlbat?)

where:
o My 18 the duty cycle of the converter,
o 1 is the efficiency of the converter,

e k is a parameter representing the direction of the battery current ipat,
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with:

I — 1, if That < 0
=1, if g > 0

1.4 Electric Machine Model :

The model of the traction IPM (Interior Permanent Magnet) motor is developed in the d-q
reference frame [8, 9, 10] .and consists of three parts: electrical, electro-mechanical, and
mechanical models.

Electrical Model :

The electrical equations relate the input voltages Uy, U, and motor currents Iy, I,:

Us— Eq U, - E,
*T Lgs+ R, " Lygs+R, (16)

where:
e Lg, L, are the d- and g-axis inductances,
e R, is the stator winding resistance,

« E,, E, are the back electromotive forces (EMF).

Electro-Mechanical Model :

The torque generated by the motor is given by:

T, = 2 Gpudy + (L~ LTal,) (17)
The EMFs in the d- and g-axes are calculated as:
Ej=—LJwe, E;= Lqljwe~+ pmwe (1.8)
where:
o T, is the electromagnetic torque,
e ¢pm is the permanent magnet flux,

we is the electrical angular speed,

e p is the number of pole pairs,

e w, = pfl,,, where 2, is the rotor mechanical speed.
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Mechanical Model :

The mechanical dynamics of the motor are given by:

ds)
Te - Tioad = Jd_tm
where:
e Tloaq is the load torque,
o J is the moment of inertia of the motor,

e (), is the rotor mechanical speed.

1.5 Formulation Of Losses:

1.5.1 Machine Losses Model :

(1.9)

The electric machine losses are primarily attributed to the physical properties of the motor

components [8, 19]. These losses can be categorized as follows :

e Iron Loss (Pg) : This includes hysteresis losses and eddy current losses occurring in the

motor core when subjected to an alternating magnetic field.

» Copper Loss (P.,) : Losses generated due to the resistance of the stator winding during

current flow.

o Stray Loss (Py,) : These include losses caused by factors such as winding layout, slot

harmonics, and mechanical imperfections.

The total motor loss P, in this paper is written as follows.

Motor Copper Losses :

3
Pow = 5 R, (17+12)
Motor Iron (Core) Losses :

Pre = cgo - Wl (N2 + )\3)

Motor Stray Losses :

Pstray = Cgtr ° wz (IC% + I(?)

The Motor Losses Will Be Expressed By :
Pmotor = Pcu + Pfe + Pstray

8

(1.10)

(1.11)

(1.12)
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3
Protor = 535(13 + I7) 4 crew] (N] + A2) + couw?(1] + 12) (1.13)
3 2 2
Pmotor = §Rs (Id + [q)
+ e - W [(Laly + dpm) + (LoI,)?] (1.14)

+ Cotr - ws (.73 + Ig)
Where :
« R, Motor winding resistance [(2]
e 14, I, d-axis and g-axis motor currents [A]
e w.: Electrical angular speed [rads™!]
e cg: Iron loss coefficient [Ws'9]
o gy Stray loss coefficient [Ws?]
e 7: Iron loss exponent, empirically chosen as v = 1.6
o N\g = L4l + ¢pm: d-axis magnetic flux [Wh]
o A\, = LI, q-axis magnetic flux [WD]
o Ly, L,: d- and g-axis inductances [H]

e ¢pm: Permanent magnet flux linkage [Wh]

1.5.2 Powertrain Total Losses :

The total losses, denoted as P, represent the overall energy losses in the following components
of the electric powertrain [10, 20]:

« Battery DC-DC Converter (Ppay)
 Supercapacitor DC-DC Converter (Pi)
o Inverter (Pyy)

o Traction Motor (Ppotor)

In the first we will start with :
Battery Losses :

ichibat

Ry

(1.15)

Npat Npat

. 2
(2 a
Pbat = Nbpat [( b t) Ron +
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Where :
o Npa: Number of battery converter phases
e i bat: Battery charging current [A]
e R.y: On-state resistance [

« Ry4: Diode conduction resistance [(2]

Supercapacitor Losses :

, T -wm .
y o lse = U — %ch_bat (1.16)

ZSC

. 2
lsc
Psc = Ngc [(F) Ron + n
sc

Ry

SC

Where :
e ng.: Number of SC converter phases
* is: Supercapacitor current [A]
o T.: Electromagnetic torque [N m]
o Wy Mechanical angular speed [rads™!]

o U.: Supercapacitor voltage [V]

Inverter Losses :

Linv

. 2
-Pinv = Sninv [( fin ) Ron +
Ninv n

e Niny: Number of inverter phases

- Ry

y iy = /L] A+ 12 (1.17)

mv

Where :

* iyt Inverter output current (computed from Iy, 1)

So the total power loss can be written as:

Ploss = Pbat + Psc + Pinv + Pmotor (118)

1.6 The Driving Cycles :

To ensure a comprehensive evaluation of The Proposed Energy Management Strategy (EMS)
under diverse driving conditions, three (03) standard driving cycles are considered Here :

ARTEMIS, UDDS, and WLTC class 3. Each Cycle represents a specific type of Driving Envi-
ronment and Behavior, providing a robust testing framework for EMS performance [21, 22, 23].

10
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1.6.1 UDDS — Urban Dynamometer Driving Schedule :

the UDDS cycle, also known as the LA-4 cycle, is a standard procedure developed by the United
States Environmental Protection Agency (EPA). It simulates typical urban driving conditions
characterized by low-speed operations, frequent stops, and mild accelerations. This cycle is
predominantly used for measuring emissions and fuel consumption in city driving [21].

» Average speed : ~31.5 km/h.
e Duration : 1369 seconds.
e Stop duration : ~18% of the cycle.

« Application : Ideal for testing urban energy efficiency and stop-and-go behavior.

1.6.2 WLTC Class 3 — Worldwide Harmonized Light Vehicles Test
Cycle :

the WLTC cycle was developed by the UNECE to standardize global emissions and energy con-
sumption testing. class 3 targets High-Performance vehicles with powerful engines. It includes
four phases: Low, Medium, High, and Extra-High speed, thus providing a broad coverage of
realistic driving scenarios|22].

« Average speed: ~46.5 km/h.
e Duration: 1800 seconds.
o Characteristics: Mix of urban, suburban, and highway conditions.

o Application: Suitable for evaluating EMS performance across diverse conditions.

1.6.3 ARTEMIS — Assessment And Reliability Of Transport
Emission Models And Inventory System :

The ARTEMIS driving cycle is derived from real-world driving data collected across various
European road types. It comprises three Sub-Cycles : Urban, Rural, and Motorway, and reflects
realistic driving dynamics, including aggressive accelerations, frequent decelerations, and idling
periods[23].

e Origin: Based on measured on-road European driving behavior.
e Structure: Includes urban, rural, and motorway segments.
o Characteristics: Realistic acceleration profiles and transient driving effects.

o Advantage: High representativeness of actual driving patterns.

11
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Here is a comparison table that highlights the key differences between the three driving
cycles: Comparison Of The Driving Cycles [24]

Feature UDDS WLTC Class 3 | ARTEMIS
Origin U.S.  EPA(Ur- | UNECE (Global | European real-world data
ban) standard)
Purpose Urban  driving | General = mixed | Realistic simulation of urban, rural,
simulation driving (city to | and motorway driving
highway)
Average ~31.5 km/h ~46.5 km/h Varies by sub-cycle (Urban: ~20
speed km/h, Rural: ~52 km/h, Motorway:
~95 km/h)
Duration 1369 s 1800 s Urban: 994 s, Rural: 1082 s, Motor-
way: 1068 s

Speed range

Low(0-90 km/h)

Low to extra-high
(0131 km/h)

Full range (0-130+ km/h) with real-
istic transitions

Accelera- Smooth,syn- Mixed,semi- Realistic and aggressive (transient
tion profile | thetic realistic behavior included)
Applica- Emissions and | Global = harmo- | Research and simulation of real driv-
tions energy  testing | nized testing for | ing behaviors in Europe

for urban use certification

Table 1.1: Comparison Of The Driving Cycles

In electric vehicle (EV) applications, Tj,aq accounts for all resistive forces (such as aerody-
namic drag and rolling resistance) translated to the motor shaft.

1.7 EMR-Based Powertrain Control :

Overall, this section bridges the gap between theoretical modeling and its implementation in a
dynamic simulation environment, offering a practical basis for performance analysis and control
validation of EV powertrains.

The implementation of the presented power converter loss and efficiency model for both
battery and SC DC-DC converters is shown in Fig.(1.4), where the losses and efficiency can be
simulated and obtained together with the powertrain system control model.

12
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Figure 1.4: Powertrain System Representation Including Power Converter Losses

As illustrated in Fig. 1.4, we will use the approach of Energetic Macroscopic Representation
(EMR) for the control of the powertrain [12], as EMR has been widely applied for energy
management and control of complex electro-mechanical systems such as electric vehicles [13, 14],
railways [15], and subways [16].
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1.8 Conclusion :

In this chapter, a detailed and modular modeling of the electric vehicle powertrain has been
presented, reflecting the architecture of the platform used in the IEEE VTS Motor Vehicles
Challenge 2024. The model includes the hybrid energy storage system (battery and superca-
pacitor), bi-directional DC/DC converters, inverter, and an IPMSM electric traction motor,
with each component accurately described in terms of both dynamic behavior and internal
losses.

Loss formulations were developed to account for key inefficiencies in the converters and
motor, ensuring realistic energy flow simulations. These models were applied under various
standardized driving cycles (UDDS, WLTC Class 3, and ARTEMIS), enabling the analysis of
system performance under diverse driving profiles.

Moreover, the powertrain control strategy is based on the Energetic Macroscopic Representa-
tion (EMR) framework, which facilitates the organization of energy flows and ensures consistent
integration of control loops. The EMR-based model provides a solid basis for implementing and
validating advanced control strategies, such as optimal energy management algorithms.

The comprehensive modeling and loss-aware approach described in this chapter serve as
the foundation for the control optimization and simulation studies presented in the following
chapters.
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Chapter 2

Optimal Control Theory

2.1 Introduction :

Optimal control theory is a cornerstone of modern applied mathematics and engineering, offer-
ing rigorous tools to determine how to steer dynamical systems toward desired behaviors while
minimizing or maximizing a performance criterion [26]. This performance is typically captured
through a cost functional (to be minimized) or a reward functional (to be maximized), defined
over a time horizon and dependent on both the system’s state and its control inputs.

Among the most prominent and widely studied mathematical frameworks to address such
control problems are:

« Pontryagin’s Minimum Principle (PMP) : which provides a set of necessary condi-
tions for optimality derived from the calculus of variations and the Hamiltonian formula-
tion of dynamics [27, 28].

e Dynamic Programming (DP) : which offers a global, recursive strategy based on
Bellman’s Principle of Optimality and value functions [29].

Understanding both PMP and DP is essential for control system designers and optimization
practitioners. While PMP is often preferred for continuous-time systems and analytical insight
[27], DP is advantageous for real-time implementation, decision-making under uncertainty, and
high-level control strategies [25, 29].

In this chapter, we explore both Pontryagin’s Minimum Principle and Dynamic Program-

ming in detail, laying the theoretical groundwork and comparing their strengths, limitations, and
suitability in the context of optimal energy management for electric vehicle systems [25, 27, 28].
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2.2 Pontryagin Minimum Principle (PMP) :

The Pontryagin Minimum Principle (PMP) establishes a set of necessary conditions for deter-
mining optimal control strategies in dynamical systems. It is particularly powerful in solving
problems where the objective is to minimize a performance index (or cost functional) subject
to differential constraints arising from the system dynamics [25, 26, 27, 28].

A classical optimal control problem suitable for PMP involves the following components:

o A system of differential equations describing the state evolution, initialized with a known
condition;

o A cost functional to be minimized, typically composed of an integral (running cost) and
a terminal cost;

o Constraints on the admissible control inputs;
« A set of adjoint (costate) equations derived from the Hamiltonian formulation.

Consider A Dynamical System Governed By :
2(t) = f(x(t), u(t),), =(0) = xo (2.1)

where z(t) € R” is the state vector, u(t) € R™ is the control input, and ¢ € [0, %] is time.

The Objective Is To Minimize The Following Cost Functional :

€= hlalty) + [ Latt).u(t).1)d (2.2)

where h(x(t;)) represents the terminal cost and L(z,u,t) denotes the running cost.
According to PMP, if u*(t) is an optimal control and x*(t) is the corresponding optimal state
trajectory, then there exists a costate vector A(t) € R"™ such that the following conditions hold:

Hamiltonian Function :

The Hamiltonian is defined as:
H(x,u,\t) = L(x,u,t) + X' f(x,u,t) (2.3)
Optimality Condition :
The optimal control minimizes the Hamiltonian:

u*(t) = arg Ilflelzgl H(x*(t),u, A(t),1t) (2.4)

Transversality Condition :

In optimal control theory, the transversality condition provides boundary conditions for the
adjoint (costate) variables at the final time ¢;. These conditions are essential for solving the
system of state and costate differential equations [25, 27].
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In our work, we consider the case where the final time ¢ is fixed, while the final state z(ty)
is free. This corresponds to the classical setting in which the control objective depends on the
terminal state but no constraint is imposed on its value.

Under this condition, the transversality condition states that the costate vector A(t) at the
final time must satisfy:

N =5t (25

ty
where:

» A(ty) is the adjoint vector (or costate) evaluated at the final time ¢,
e h is the terminal cost function,

e x represents the state vector.

This relation expresses the fact that the marginal variation of the cost function with respect
to each state variable at the final time determines the corresponding boundary value of the
adjoint variables.

2.2.1 Example: Minimum-Energy Control Problem :

Consider a simple optimal control problem where the objective is to minimize the control effort
required to move a system from an initial state to rest.

Problem Statement :

Minimize the cost functional: .
£ = / u?(t) dt (2.6)
0

subject to the system dynamics:

with the terminal constraint:

z(l) =0
Solution Using PMP :
1. Define the Hamiltonian:
H(z,u,\t) =u®+ \u (2.7)
2. State equation:
OH
P= — = 2.8
T=or=u (2.8)
3. Costate equation:
0H
A= = 0 A(t) = const
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4. Optimality condition:

OH A
50 u+ = u*(t) 5
5. Substitute into state equation:
A A
x(t) = -5 = x(t) = —525 +C

Apply the initial condition z(0) =1 = C =1, so:

A

Apply the terminal condition z(1) = 0:
0:—%-1+1:>)\=2

6. Final result:

2.2.2 State Constraints :

In addition to control constraints, many real-world control problems impose explicit state con-
straints, which require the state vector z(t) to remain within a certain admissible set X" for all
t € [0,tf]. These constraints can take the form:

g(x(t)) <0 (2.9)

or more generally,
m((t), u(t)) <0 (2.10)

To incorporate state constraints into the Pontryagin framework, the Hamiltonian is extended
by introducing Lagrange multipliers p(t) > 0, yielding:
H(,u, 1) = L, u, ) + AT f(z,u,t) + p7g(w(t)) (2.11)

The multipliers u(t) must satisfy the complementary slackness condition:

pi(t) - gi(x(t)) = 0, pi(t) =0, Vi (2.12)

These additional terms ensure that the PMP still provides necessary conditions for optimality
even in the presence of inequality constraints on the states. When a constraint is active, the
corresponding multiplier is positive, enforcing the constraint. When inactive, the multiplier is
zero, and the constraint does not affect the Hamiltonian.

Terminal state constraints, such as z(t;) = zy, can also be handled using similar transver-
sality conditions or by fixing the terminal state directly.
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2.2.3 Shooting Method

The shooting method is a widely used numerical technique for solving two-point boundary
value problems (TPBVPs), which naturally arise in the application of Pontryagin’s Minimum
Principle (PMP). In PMP, the optimal control problem is reduced to solving a system of ordinary
differential equations (ODEs) involving both the state and costate (adjoint) variables, subject
to boundary conditions at the initial and terminal times.

The main idea behind the shooting method is to convert the boundary value problem into
an initial value problem by guessing the unknown terminal conditions (typically the initial
costate), integrating the system forward in time, and iteratively refining the guess until the
terminal boundary conditions are satisfied.

This approach is particularly effective for problems with smooth solutions and relatively low
dimensions. However, its success depends heavily on a good initial guess and the smoothness
of the Hamiltonian system. The method may fail or converge slowly when the system is highly
nonlinear, exhibits discontinuities, or is sensitive to initial conditions.

The following algorithm outlines the basic single shooting method:

Algorithm 1 Single Shooting Method for Solving PMP

1: Input: Initial state £(0), terminal constraint =(7), time horizon [0, T
2: Initialize: Guess for initial costate A(0)
3: repeat
4: Integrate the state and costate ODEs forward in time:
oH . OH
() = —, ANt)=——b
5: Evaluate mismatch at terminal time: e = 2(7T") — Ziarget

6: Update A(0) using a root-finding method (e.g., Newton—Raphson)
: until |le]| <
8: Output: Optimal state x(t), costate A(t), and control u(t)

EN|

2.3 Dynamic Programming Approach

Dynamic Programming (DP) is a powerful method in optimal control theory for solving prob-
lems that can be decomposed into smaller, overlapping subproblems. It is especially effective
for systems exhibiting optimal substructure—where optimal solutions to subproblems can be
composed into a global solution [25, 28].

Optimal Control Problem Formulation

Consider a general optimal control problem (OCP) with the goal of minimizing the cost func-
tional:

J = /OTL(x(t),u(t),t) dt + ®(z(T)) (2.13)
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subject to the system dynamics:

(t) = f(z(t),u(t),t) (2.14)

where z(t) is the system state, u(t) the control input, L the running cost, and ® the terminal
cost.

Bellman’s Principle of Optimality and the HJB Equation

DP is based on Bellman’s Principle of Optimality: “An optimal policy has the property that
whatever the initial state and initial decisions are, the remaining decisions must constitute an
optimal policy from that point onward.”

This principle leads to the Hamilton—Jacobi-Bellman (HJB) equation:

V(z) = min | L(z,u,t) + g—‘;f(x, u,t) (2.15)

u

where V' (z) is the value function representing the minimal cost-to-go from state x.

Discretization of Time and State

In practical applications, solving the optimal control problem (OCP) analytically is often in-
tractable due to nonlinearities, constraints, or the absence of closed-form solutions. Hence, a
common approach is to discretize both the **time horizon™* and the **state space**, trans-
forming the continuous-time OCP into a discrete-time, grid-based problem that can be solved
numerically using dynamic programming.

The discrete form of the value function becomes:

Vi) = min (L1, ) + V(2441)] (2.16)

where the next state is computed as:

Ti4+1 = f(ffu U, t)

This formulation enables a **backward recursion**

starting from the terminal condition
V(xr) = ®(2r), allowing us to compute the optimal value function and corresponding control

law for all possible discrete states.

The following algorithm outlines the basic backward dynamic programming recursion for a finite
time horizon:
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Algorithm 2 Dynamic Programming Backward Recursion

1: Input: Discretized time horizon t =0,1,..., N

2: Input: Discretized state space X and control space U
3: Initialize: Terminal cost Vy(z) = ®(z) for all z € X
4: for t = N — 1 down to 0 do

5: for each state x € X do

6: Vi(z) o0

7 for each control © € U do

8: Compute next state Tyexs = f(, u,t)
9: Compute cost J = L(z,u) + Vii1(@next)
10: if J < Vi(x) then

11: Vi(z) « J

12: Store optimal control u*(z,t) < u
13: end if

14: end for

15: end for

16: end for

17: Output: Optimal value function Vy(z) and control policy u*(z,t)

Illustrative Example: Minimum-Energy Control of a Double Integra-
tor

Consider the discrete-time version of a double integrator system, which is often used as a

benchmark problem in optimal control literature. The state vector is x; = Bl’t}, where x4
2.t

is the position and xs, is the velocity. The control input u; is a bounded force applied to the

system.

System Dynamics:

1 At 0
Tyi1 = Axy + Buy, where A= [O 1 ] ., B= {At]

Objective: Minimize the total control effort over a finite horizon of N steps:

=

J = U

t

N

(2.17)

Il
o

. o . 1 . o 0 .
subject to: - initial condition xg = [O] , - terminal condition zy = [0] , - control constraint

Us € [—1, 1]

Discretization: We define a uniform time grid with step size At = 0.1, and discretize the
state and control spaces uniformly.
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DP Implementation: The cost-to-go function is initialized at the final time step:

0, ife=
VN(J}):{’ I TN

oo, otherwise

Then, for each t = N — 1 down to 0, we solve:

Vi(z;) = min [u] + Viy1(Az, + Buy)] (2.18)

ut €U

This recursion yields the optimal control law that minimizes total energy while steering the
system to the origin.

Interpretation: This example demonstrates how DP solves a constrained quadratic mini-
mization problem with nonlinear cost-to-go propagation. Although the solution could be ob-
tained analytically via Riccati recursion for the unconstrained case, DP provides flexibility in
handling bounds on u; and sparse discretized domains.

2.3.1 Parallelized Backward Dynamic Programming

To improve computational performance, especially when the state space is large, the inner loop
of the dynamic programming recursion (over discrete states) can be **parallelized**, as each
state update at a given time step is independent.

The parallelization is typically applied to the loop over all possible current states at a
fixed time, distributing the workload across multiple processors or CPU cores using task-level
parallelism. This is especially effective in environments such as MATLAB (with parfor) or
Python (with multiprocessing).

The structure of the parallel implementation is shown below:

Algorithm 3 Parallelized Dynamic Programming Evaluation

1: Input: Time horizon t = 0,1, ..., N; state space X’; control space U
2: Initialize: Vy(z) = ®(z) for all z € X

3: for t = N — 1 down to 0 do

4: Parallel over each x € X do

5: Vi(z) « o0

6: for each control u € U do

7: Compute next state Tpe = f(z,u,t)

8: Compute cost J = L(x,u) + Vit1(Znext)
9: if J < Vi(z) then

10: Vi(z) < J

11: Store optimal control u*(z,t) < u
12: end if

13: end for

14: End parallel block

15: end for

—
=

: Output: Optimal value function Vy(x) and control policy u*(x,t)
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This significantly reduces computation time while preserving correctness. Further optimiza-
tions included vectorization and memory preallocation.

Advantages and Limitations

Advantages:
o Guarantees global optimality (given complete discretization).
o Applicable to nonlinear systems and constrained dynamics.
Limitations:

o Suffers from the curse of dimensionality: computational cost increases exponentially with
state/control dimensions.

o Accuracy depends on grid resolution; finer grids imply higher memory/time cost.

2.4 Conclusion

In conclusion, both Pontryagin’s Minimum Principle (PMP) and Dynamic Programming (DP)
are foundational tools in optimal control theory, each offering distinct advantages and limitations
depending on the problem structure.

In summary, Pontryagin’s Minimum Principle (PMP) is well-suited for optimal control prob-
lems with smooth dynamics and clearly defined boundary conditions. It transforms the problem
into a two-point boundary value problem and provides valuable structural insights into the op-
timal control law. PMP is computationally efficient and ideal for low-dimensional systems, but
it often yields only locally optimal solutions and can be sensitive to initial guesses, especially
in the presence of constraints or discontinuities.

Dynamic Programming (DP), on the other hand, offers a more flexible and robust approach,
capable of handling nonlinearities, hard constraints, and high control complexity. It guaran-
tees global optimality by recursively solving the Hamilton—Jacobi—Bellman equation, but at
the cost of high memory and computational demand due to the curse of dimensionality. The
choice between PMP and DP depends on the problem’s structure, dimensionality, and available
computational resources.
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Optimal Control of e-Racing Vehicle

3.1 Introduction :

Introduction

This chapter presents the application of the optimal control methods discussed in Chapter
2—Pontryagin’s Minimum Principle (PMP) and Dynamic Programming (DP)—to the energy
management of an electric racing vehicle (EV). The control objective is to minimize the total
power losses across the drivetrain components while ensuring efficient power distribution be-
tween the battery, supercapacitor, and electric motor. Alternatively, this objective is expressed
as the maximization of the final total energy stored in the battery and supercapacitor, under
the nonlinear dynamics already defined in the system model.

Based on the previously established state-space model, PMP is applied to derive the optimal
control law in continuous time by solving a boundary value problem involving the state and
costate trajectories. In parallel, DP is implemented in discrete time through backward recursion
over the discretized state and time grids, ensuring global optimality. The two approaches are
compared in terms of energy performance, computational effort, and applicability to real-time
control. This comparison highlights the strengths and trade-offs of each method when applied
to complex, nonlinear energy management systems in electric racing applications.
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3.2 Simulation Setup and System Configuration :

3.2.1 Independent Subsystem Analysis :

Figure 3.1 shows an isolated subsystem from the complete energy system model. This subsystem
receives two inputs :

* i bat: Battery charging current, which is the control variable

e P,: mechanical power, calculated as P, =T, - w,,, which is a time-varying input.
with :

o T, : Motor torque [Nm)].

e wy, : Motor angular velocity [rad/s].

The System returns two key State Variables (outputs) :

— SoC: State of charge of the battery, wich takes values between 0 and 1. (0 full
depletion and 1 for full charge)

— Us.: Voltage across the supercapacitor.

i ch bat T
- — SoC

T e Block

Pv
X > — Usc

Figure 3.1: Isolated Subsystem with Inputs and State Outputs

3.2.2 Internal Dynamics And Functional Implementation :

The internal implementation of this subsystem (Block) is shown in Figure 3.2. It consists of a
MATLAB Function block that computes the time derivatives of the system states.
These derivatives, SoC and USC, are integrated to obtain the actual values of SoC and U, the
battery is charged 100% and the initial voltage of supercapasitor is 144 (V) which are also fed
back into the function block to close the loop.

The function takes in the current SoC, supercapacitor voltage Us., battery charging current,
and mechanical power, then outputs the time derivatives SoC and Ul
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SoC !

i ch bat ——

Pv ——

Y

fen

\\\\\\\\\\\\\“\s

|

> Usc

Figure 3.2: Internal Dynamics Computation Using a MATLAB Function

3.2.3 Battery Data and System

A) Battery Data

In battery modeling, the open-circuit voltage (OCV) is typically a nonlinear function of
the state of charge (SoC). Because an analytical expression for this relationship is rarely avail-
able, the OCV—-SoC characteristic is usually obtained from experimental data or manufacturer-

provided discharge curves.

In this work, we use a look-up table approach in MATLAB, where the SoC and OCV values
are stored as vectors. These vectors form a discrete representation of the OCV-SoC relationship

and are used to interpolate the battery’s open-circuit voltage during simulation.

SoC vector = [@ 0.0251
9.3439 ©.3829
0.6893 ©.7239
0.9418 0.9612
1.8316];
OCV_vector = n_bat seri*[4.3151
3.9334
3.7411
3.6050
2.7589];

0CV_vector = flip(0CV_vector);

soe vector = [0 9.0190
0.3373 0.3634
9.7138 @.7527
9.9631 9.9738

Figure 3.3: Part of the script for computing internal battery dynamics

.0685
L4095
7584
.9798

DO ®

L2796
.8994
.7352
.5577

W

9.0532
0.4009
0.7963
9.9835

B) Defining the Data

The vectors SoC_vector and OCV_vector define discrete data points sampled from a bat-

tery’s discharge profile:

L1376
L4476
7974
.9984

o0 e o

.2263
.8757
L7278
.5059

W W s

8.1099
0.4289
8.8300
9.9914

.1686
L4759
.8399
.0082

= o e

L1435
.8447
7145
.4098

W Wb

0.1363
0.4668
0.8470
0.9960
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.2031
.514@
.8727
L0170

[l

.1@95
.8240
.6953
.3269

W W s

9.1668
0.5049
9.8649
@.9985

0.2403 0.2766
8.5521 0.6114
0.8891 0.9063
1.0241 1.0281
4.0695 4,0311
3.8018 3.7825
3.6701 3.6538
3.2204 3.1021
0.2007 9.2345
0.5645 0.6064
0.8892 0.9023
1.0000];

= oo o

NoOWoWWw

L3076 ...
.6538 ...

9294 ...

.9926
. 7618

6464
9778

0.2641
©.6430
©.9230

L0303 ...

3.9660 ...
3.7500 ...
3.6257 ...
2.8506 ...

9.2992 ...
0.6780 ...
0.9438 ...
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» SoC__vector: Contains SoC values ranging from 0 (fully discharged) to 1 (fully charged).

« OCV__vector: Contains the corresponding open-circuit voltage values (scaled if neces-
sary to the full battery voltage).

As shown in the script (Figure 3.3), the vector is reversed with:
OCV_Vector = flip (OCV__Vector );

This ensures that the SoC and OCV vectors are consistently ordered for interpolation.
C) Interpolation
To estimate the OCV at any arbitrary SoC value, linear interpolation is used:

OCV = interpl(SoC_vector, OCV_vector, x(1)) where z(1) represents the current SoC.

This approach allows accurate and efficient voltage estimation without the need for fitting
complex nonlinear functions. The same interpolation method is also used to estimate the state
of energy (SOE):

SOE = interpl(SoC_vector, soe_vector, x(1))

D) Numerical Derivation of dOCV /dSoC

In some control strategies, such as Pontryagin’s Minimum Principle, the derivative of the
OCV with respect to SoC is required. Since OCYV is only available as discrete data, its derivative
must be approximated numerically.

To do this, we compute the finite difference of the OCV vector with respect to the SoC
vector:

dOCV_vector = diff (OCV_vector) ./ diff(SoC_vector);

This gives the numerical derivative ‘ZOSOC(\J/ evaluated between each pair of consecutive SoC

points. To use this derivative in simulation or control, we interpolate it just like OCV:
dOCV = interpl (SoC_vector_mid, dOCV_vector, x(1));

Here, SoC_vector_mid is the midpoint of each interval used for differentiation. This tech-
nique allows accurate estimation of the OCV slope at any SoC value and enables the implemen-
tation of control laws that depend on the battery’s voltage sensitivity to charge.

3.3 PMP Control of E-Racing Vehicle (EV)

State Dynamics

The system is described by a nonlinear state-space model composed of two state variables: the
battery’s state of charge (SoC) and the supercapacitor voltage Us.. The control input is the
reference charging current ic, pas.

T = (%jf) , U= (icn_pat)
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Battery SoC Dynamics:

u

Udc * Tlbat

SoC = A - =— 3.1
© OCV(SEl) —-Tr: U,7 3600 - Qrated * Mbat_par ( )
Supercapacitor Voltage Dynamics:
By - B
G = L0 22 (3.2)
To i)
. N * Udc Nge * Te : Wm
th B; = By=——"—
b ! Crated ’ ? Crated

Parameters:

o 7: Equivalent series resistance (battery + switches + interconnects)

o OCV(z): Battery open-circuit voltage, function of SoC

e Ug: DC bus voltage [V]

* Mhat, Nsc: Battery and supercapacitor efficiencies

* Nbat par: Number of parallel battery cells

Final-State Objective Function

The control objective is to maximize the total stored energy in the battery and supercapacitor

at final time ¢, expressed as:

1
J = Epac(x1(ty)) + 50 - xy(ty)?

(3.3)

Here, Ep,i(71) is defined via a numerical look-up table as a function of SoC, and the super-
capacitor energy is modeled analytically.

Because the final time is fixed and the final state is free, the transversality conditions yield
the terminal values of the costates (adjoint variables):

Ai(ty) =

Ao(ty) =

dEbat
pr (3.4)
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3.3.1 Hamiltonian Function

The Hamiltonian is defined as:
H(l’, u, /\) = /\1 . jﬂ'l + )\2 . jfg (36)

Substituting the system dynamics:

u Blu + B2
A)=A-A- Ao - | ———= :
Hlz,u,A) =M OCV(xy) —ru A ( To ) (37)
Or equivalently
o >\1A )\2B1 )\QBQ
H(x,u,\) = (OCV(ml) — o ) u+ o (3.8)

3.3.2 State-Costate System

The state and costate equations are coupled and described by:

( u
P A
n OCV(zy) —r-u
Blu + BQ
Ty = ——=
o))
. dOCV(z1)

M=AA
P00V (1) = ru)?
o=y B BB

2
\ T

3.3.3 Control and State Constraints

In addition to the state and costate differential equations, the optimal control problem is subject
to bounds on both the control input and the state variables, ensuring safe and physically realistic
operation of the electric racing vehicle.

« Control constraint:
U =1 pat € [—100,100] A

This constraint ensures the charging/discharging current commanded to the battery re-
mains within its rated operational limits.

+« State constraints:
SoC € [0.1,1], U, € [50,144] V

These bounds enforce safe energy levels in both the battery and the supercapacitor. The
minimum SoC of 0.1 prevents over-discharge, while the upper limit reflects full charge.
Similarly, the supercapacitor voltage is constrained to remain within its permissible range.
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These constraints must be respected throughout the optimization process. In the PMP
framework, they are typically handled either via constraint-aware control law selection or
through numerical clipping during the simulation of the optimal trajectory. Incorporating these
bounds is essential to ensure that the resulting control policy is both optimal and implementable
in practice.

Handling the OCV Derivative

To compute ddow(iv, we use a numerical derivative of the OCV—-SoC map provided as experimental

data. Given discrete vectors SoC_vector and OCV_vector, the derivative is estimated using:

dOCV_vector = diff (OCV_vector) ./ diff(SoC_vector);
SoC_mid = (SoC_vector (l:end—1) + SoC_vector(2:end)) / 2;
dOCV = interpl (SoC_mid, dOCV_vector, x(1));

This interpolated derivative dOC'V is used in }\1, as required by the PMP formulation. This
step is critical to incorporate the nonlinearity of the battery OCV curve into the optimal control
computation.

Simulation Parameters

Symbol | Description Value
Qrated Battery capacity 2.1 Ah
Uqe DC bus voltage 330 V
Mbat Battery efficiency 0.995
Mse Supercapacitor efficiency 0.997

That par | Number of battery cells in parallel 30

Nhat seri | Number of battery cells in series 60
Clrated Supercapacitor capacitance 58 F
r Equivalent system resistance 0.05 Q

Table 3.1: Model parameters used in the PMP simulation

3.4 Simulation Results 1: Limitations of PMP in an Un-
constrained Scenario

To evaluate the behavior of Pontryagin’s Minimum Principle (PMP) in solving the energy man-
agement problem, we begin with a simplified configuration where all constraints are removed,
and the power demand is zero (i.e., both speed and torque are set to zero). This allows us to
isolate the intrinsic behavior of the optimal control structure predicted by PMP.

3.4.1 Shooting Method and Transversality Conditions

The two-point boundary value problem derived from the PMP formulation was solved using
the shooting method. The initial state is specified, while the final state is free. Therefore, the
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transversality condition requires that the final costate values satisfy:

dEbat
del ’

A root-finding algorithm was used to iteratively adjust the initial values of A;(0) and A2(0)
such that these terminal conditions are met. Despite convergence of the costate trajectory
to the correct terminal values, the resulting control policy consistently yielded the maximum
admissible charging current u = uy.x over the entire horizon.

AMity) =

Ao(ty) = Caa(ty)

3.4.2 Optimal Control Trajectory

Figure 3.4 shows the evolution of the optimal control u(t) computed using PMP. As expected in
the unconstrained and power-free scenario, the Hamiltonian minimization results in a bang-bang
strategy. In this case, the control saturates at its upper limit:

U (t) = Umax, V€ [0,7]

Control Trajectory
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Figure 3.4: Control trajectory obtained using PMP in the unconstrained scenario.

3.4.3 State Evolution

Figure 3.5 shows the evolution of the state variables under the PMP solution: the battery’s State
of Charge (SoC) and the supercapacitor voltage Us.. Due to the constant maximum control,
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Both SoC and the supercapacitor voltage follow a linear profiles, discharge for the battery, and
a charge of the Supercapacitor.
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(a) SoC trajectory (b) Supercapacitor voltage

Figure 3.5: State trajectories under PMP: SoC and Us..

3.4.4 Costate Evolution

Figure 3.6 displays the evolution of the costate variables A;(¢) and Ay(t). The plots show that
the final values match the theoretical transversality conditions, confirming the correctness of
the shooting method used to initialize the adjoint system.
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Figure 3.6: Costate trajectories under PMP with verification of transversality conditions.

3.4.5 Interpretation of Results

Although the PMP-based solution satisfies the necessary conditions for optimality, the resulting
control remains constant at u = wuna, throughout the simulation. This outcome is a direct
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consequence of the Hamiltonian being linear in the control input, leading PMP to select a bang-
bang solution. However, this result is not globally optimal in the context of this unconstrained,
no-load scenario.

In fact, the truly optimal control in this trivial case is u(t) = 0 for all ¢ € [0, T]. Applying zero
current avoids any energy transfer between the battery and supercapacitor, thereby maintaining
the total stored energy constant over time. Any nonzero control, such as full charging or
discharging, induces energy conversion through the powertrain components, which inherently
involve resistive and conversion losses. As a result, energy is irreversibly dissipated, reducing
the final stored energy—contrary to the control objective.

This highlights a key limitation of PMP: while it provides locally optimal control laws based
on necessary conditions, it may fail to identify the true global optimum, especially in degenerate
or low-gradient cases where the Hamiltonian structure promotes extreme control actions that
are energetically inefficient.

3.5 Simulation Results 2: DP Results Across Represen-
tative Scenarios

This section presents the application of Dynamic Programming (DP) to the optimal energy
management problem of the electric racing vehicle. Unlike PMP, which relies on local necessary
conditions, DP computes a globally optimal solution over the discretized state and control
spaces.

Three scenarios are studied:

o A trivial no-load case with zero torque and speed,
o The ARTEMIS standard drive cycle,
e The UDDS urban drive cycle.

For each case, the results are visualized through a figure containing three subplots: the
optimal control input, battery SoC, and supercapacitor voltage Us.. A dedicated interpretation
is provided after each scenario.
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3.5.1 Scenario 1: Trivial No-Load Case

State Trajectory
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Figure 3.7: DP results for the trivial no-load scenario: (top) control input, (middle) battery
SoC, (bottom) supercapacitor voltage.

Interpretation

As shown in Figure 3.7, DP identifies the globally optimal control strategy as keeping the con-
trol input at zero throughout the horizon. This maintains both the SoC and supercapacitor
voltage constant, preserving the total stored energy. Any nonzero control would cause power
transfer and introduce losses due to inefficiencies in the powertrain. This confirms that DP cor-
rectly avoids unnecessary energy dissipation, unlike the PMP solution which applied maximum
charging and led to suboptimal outcomes.
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3.5.2 Scenario 2: ARTEMIS Drive Cycle
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Figure 3.8: DP results under the ARTEMIS driving cycle: (top) control input, (middle) battery
SoC, (bottom) supercapacitor voltage.

Interpretation

In the ARTEMIS scenario (Figure 3.8), the DP solution shows a smooth and non-aggressive
control trajectory. The control input responds adaptively to power demand fluctuations while
maintaining SoC and supercapacitor voltage within operational bounds. The battery is used
efficiently during steady phases, while the supercapacitor handles short-term variations. This
behavior aligns with the energy-saving goal and showcases DP’s ability to manage hybrid storage
systems effectively under realistic driving conditions.
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3.5.3 Scenario 3: UDDS Cycle
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Figure 3.9: DP results under the UDDS driving cycle: (top) control input, (middle) battery
SoC, (bottom) supercapacitor voltage.

Interpretation

The UDDS cycle (Figure 3.9) represents a more aggressive urban profile with frequent stops
and sharp accelerations. The DP controller generates more dynamic control actions, relying
heavily on the supercapacitor to absorb fast changes in power demand. The battery discharge
is regulated more conservatively to extend its usable energy and reduce losses. This scenario
further illustrates DP’s flexibility in optimizing energy usage while maintaining constraints
across highly variable profiles.
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3.6 Conclusion :

Conclusion

This chapter presented the application of two optimal control strategies—Pontryagin’s Minimum
Principle (PMP) and Dynamic Programming (DP)—to the energy management of an electric
racing vehicle. The control objective was to maximize the total stored energy at the final time
by optimally managing the power flow between the battery, supercapacitor, and electric motor.

The PMP approach, though computationally efficient and analytically insightful, was shown
to be limited in practice. In the trivial no-load scenario, PMP converged to a bang-bang solution
that satisfied the necessary conditions but failed to achieve global optimality, highlighting its
sensitivity to the Hamiltonian structure and lack of constraint handling.

In contrast, the DP method demonstrated robustness and flexibility. Across all test scenar-
ios—trivial, ARTEMIS, and UDDS—it successfully generated globally optimal control policies
that respected system constraints and adapted to varying load profiles. The results validated
DP’s superiority in handling complex, nonlinear systems, albeit at the cost of increased com-
putational demand.

Overall, this comparative study confirmed that while PMP can be useful for low-dimensional
or well-structured problems, DP remains the preferred choice for achieving global optimality in
real-world, constrained energy management tasks.
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General Conclusion

This thesis addressed the problem of optimal energy management in electric racing vehicles,
focusing on the efficient use of a hybrid energy storage system composed of a battery and a
supercapacitor. The study aimed to develop, analyze, and compare two optimal control strate-
gies—Pontryagin’s Minimum Principle (PMP) and Dynamic Programming (DP)—in terms of
their ability to minimize powertrain losses and maximize final stored energy.

Chapter 1 established a detailed and realistic model of the EV powertrain, capturing the
nonlinear dynamics and energy conversion processes of key components, including the battery,
supercapacitor, inverter, and internal permanent magnet motor. The system model served as
the foundation for subsequent control analyses.

Chapter 2 introduced the theoretical foundations of PMP and DP. Through simplified ex-
amples, the essential principles of each method were illustrated, including the derivation of
the Hamiltonian, costate dynamics, transversality conditions, and recursive Bellman equations.
This chapter provided the necessary mathematical tools and conceptual clarity to apply the two
approaches effectively.

In Chapter 3, both PMP and DP were implemented on the modeled EV system under
different scenarios. The simulation results highlighted the limitations of PMP, especially in
unconstrained or degenerate cases where it failed to find the global optimum. In contrast,
DP consistently produced globally optimal control policies, effectively managing energy flow in
both simple and realistic driving cycles (ARTEMIS and UDDS). While PMP remains valuable
for low-dimensional systems with smooth solutions, DP proved more robust and reliable for
real-world energy management.

In conclusion, the work demonstrates the importance of selecting an appropriate control
strategy based on the problem structure. It also underscores the practical challenges of optimal
control in complex EV systems and provides a pathway for future research into more efficient
numerical methods and real-time implementable control architectures.
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