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Abbreviations and Notations

P(A, ), P(Q)
Plog

»
p.p”
P Pa
O(A, ), P(Q)

sgn
N(A, 1), N(Q)
Mof

EPO)

Loc

Ly,

()
Lo

Set of variable exponents.

Variable exponents p such that é is log-Holder continuous.
Dual exponent.

Essential supremum and infimum of p.
Essential supremum and infimum of p in A.
Generalized ®-functions.

®-function

conjugate ®-function of ¢.

Left-continuous inverse.

Generalized ®-function defining L*".
Semimodular, modular.

Conjugate semimodular of p.

A cube with side length r and center at x € R".
Averaging operator over dyadic cubes.
Averaging operator.

Sobolev space with zero boundary values.
Semimodular space or modular space.

The sign of the argument.

Set of N-functions.

Averge of | f| over Q.

Set of finite elements of L®).
Musielak-Orlicz class.

The space of all locally integrable functions.

The subspace of L") consisting of function with vanishing integral.
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Abbreviations and Notations

HS,P(-)

Cl()g(p)

XE

L' M

/

Co

Coo

(Fa, o fG)dy
d(u,v)

diam(Q)

Closure of Cy-functions in W*F©),

Log-Holder constant of %

Characteristic function of the set E.

The set of all measurable functions.

Limit of an increasing sequence.

Smooth function with compact support.

The space of compactly supported smooth functions with vanishing integral.
The average integral over the set Q .

The distance between u and v.

The diameter of Q.



Introduction

In this memory we talk about Lebesgue and Sobolev spaces with variable exponent, it is like the
classical L”, WX but p here is a function not a constant, this subject "variable exponent function
spaces" has seen a big growth in recent years. For example we have 288 articles in mathematical
for "variable exponent" since before 2000 then 2010. The basic properties is existent in the article
[17] bu O.kdvacik and Rakosnik from 1991. This article is the standard reference after X -L Fan
and D. Zho [9] ten years later by the same properties and different methods. The understanding
if the basics of the field has been in 2010, reached a certain stability and maturity.

Historically, the first presence of the field of variable exponent Lebesgue spaces was in a
1931 article by W.Orlicz, here the following question is asked : let (p;) (p; = 1) and (x;)
set sequences of real numbers and )}, x/" converge. what are the necessary and sufficient
conditions on (y;) for }; x;y; to converge? the answer was >(Ay;)?i should converge for
A > 0and p; = Pp—_l this is essentially Holder’s inequality in the space P Orlicz also
proves the Holder inequality in the variable exponent function space LF" after that he con-
centrated on the theory of the function space "now it bear his name" and leaved the study
of variable exponent spaces. In the theory of Orlicz spaces, one defines the space L°
{u : Q - R measurable functions , o(Au) = [, p(Au(x)|) dx < oo}. Abstracting this is a more
general class of so-called modular function spaces, the variable exponent Lebesgue spaces is
an example of the more general spaces as Nakano said. the modular spaces were investigate
by several people, groups at Sapporo(Japan), voronzh(USSR), and Leiden(NetherLands), Polish
mathematician for instance H.Hudzik, A kaminska, and J.Musielak. Variable exponent Lebesgue
space have been independently developed by Russian researchers. The research started by this
question in a paper by I.Tsenov from 1961: the minimization of fa]’ [u(x) — v(x)|P¥ dx, u fixed
function and v varies over a finite dimensional subspace of L”([a, b]), this question solved by

[.Sharapudinov he also defined the Luxemburg norm for the space L” and proved that this space



Introduction

is reflexive if 1 < p~ < p* < oo, in the mid-80’s Zhikov started new line of research, that was
to become profoundly to the study of variable exponent spaces, considering variational integrals
with non-standard growth conditions. Another early PDE paper by O.kavacik and the paper by
O.kovacik and J.Rakodvik in the 90’s [17], this paper contained many of the basic properties of
L? and W*? in R".

There is a connection between variable exponent space and variational integrals with non-
standard growth and coercivity conditions, this non-standard variational problems are related to
modeling of so-called electrorheological fluids. Moreover, development in physics and engineer-
ing have made the study of fluid mechanical properties of these fluids an important issue, latter
on, other applications have emerged in thermorheological fluids and image processing. Finally,
this memory is contained an Introduction and two chapter, the first chapter deals with variable

exponent Lebesgue spaces, and the second one deals with Introduction to sobolev spaces.



Chapter 1

Variable exponent Lebesgue spaces

In this chapter, we present Lebesgue spaces with variable exponents, it is a semimodular space
consist of all K-valued u-measurable functions f on A with lim, o , |4 FOIP®dx = 0 or

LAfOPY dx < 400 with 2 > 0, we begin by define the appropriate ®-function and study
its properties and the second section of this chapter is the Basic properties, the latter is an Em-

bedding between spaces with different exponents.

1.1 The Lebesgue space ®-function

Definition 1.1.1 A convex, left-continuous function ¢ : [0, 00) — [0, 0] with ¢(0) =0,
lim, o+ @(¢) = 0, and lim,_,, ¢(t) = o0 is called a ®-function. It is called positive if ¢(t) > 0 for
all t > 0.

Definition 1.1.2 Let (A,Z, u) be a o-finite, complete measure space. A real function ¢ : A X
[0, 00) — [0, o0] is said to be a generalized ®-function on (A, X, ) if :

(a) o(y,.) is a O-function for every y € A.

(b) y — @(y,t) is measurable for every t > 0.

If ¢ is a generalized ®-function on (A, X, u), we write ¢ € O(A, w). If Q is an open subset of R"
and p is the n-dimensional Lebesgue measure we abbreviate this as ¢ € ®(Q) or say that ¢ is a

generalized O-function on Q.

Definition 1.1.3 A ®-function ¢ is said to be an N-function if it is continuous and positive and

satisfies lim,_ @ = 0 and lim,_,« @ = o0,

A function ¢ € ®(A, ) is said to be a generalized N-function if ¢(y,.) is for every y € Q an

3



CHAPTER 1. VARIABLE EXPONENT LEBESGUE SPACES

N-function.
If ¢ is a generalized N-function on (A, u), we write ¢ € N(A, ) for short. If Q is an open subset

of R" and u is the n-dimensional Lebesgue measure we abbreviate ¢ € N(Q).

Definition 1.1.4 A function ¢ € N(A, ) is called uniformly convex if for every € > O there exists

0 > 0 such that

‘P(y’ l/l) - QD(y, V)
2

+
lu —v| < emax{u,v} or go(y,%) <(1-9)
forallu,v > 0 and every y € A.

Remark 1.1.1 If o(x, ) = t? with g € (1, o), then ¢ is uniformly convex. To prove this, we have
to show that for u,v > 0 the estimate lu—v| > € max{u, v} implies (%)q <A —5(8))%(1/1‘1 +v?) with
o(e) > 0 for every € > 0. Without loss of generality we can assume € € ((), %) By homogeneity it
suffices to consider the case v =1 and 0 < u < 1, So we have to show that u € [0, 1 — ) implies
(%)q <{- 5(8))%(1 + u?). Define f(1) = 21“18:—%. Then f is continuous on [0, 1] and has its
maximum at 1. This proves as desired f(u) < 6(¢) for allu € [0,1 — &).

It follows by division with q that ¢(x,t) = Ll]tq with 1 < g < oo is also uniformly convex.

Lemma 1.1.1 Let ¢ € N(A, i) be uniformly convex. Then for every &, > 0 there exists 6, > 0

such that

b : b
la — b| < &, max{lal, |b|} or (p(y,'% ) <(1-6y) a8y Ial);rso(y 1D

forall a,b € K and every y € A.

lal+1b|
2

Remark 1.1.2 Ifu,v € K satisfies la — b| < &, max {|al, |b|} with &, € (0, 1), then @ <&

and by the convexity of ¢ follows

( la — bl) oy, lal) + ¢(y,1bl)
@y <&

= 5 (1.1

Therefore, we can replace the first alternative in Lemmall.1.1|by the weaker version ({I.1))

Definition 1.1.5 Let ¢ € O(A, u). Then for any y € A we denote by ¢*(y, .) the conjugate function
of ¢(y,.) which is defined by
@ (v, u) = sup(tu — ¢(y, 1))

>0
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forallu>0andy e Q.
This definition applies in particular in the case when ¢ is a (non-generalized) ®-function, in

which case

@ (u) = sup(tu — ¢(1))

>0
concurs with the Legendre transformation of ¢. By definition of ¢,

tu < (1) + " (u) (1.2)

for every t,u > 0, this inequality is called Young’s inequality. If ¢ is a O-function and

o(t) == (|t|) is its even extension to R, then o*(t) = ¢*(|t]) for all t € R.
Theorem 1.1.1 If ¢ € N(A, ), then ¢* € N(A, u) and (¢*) = (¢’)'. In particular

(1) = . @) dr

forally e Aandt > 0.

Proof. It suffices to prove the claim point-wise, and thus we may assume without loss of gener-
ality that ¢(y, t) is independent of y, i.e. an N-function.
It is easy to see that ¢’ is non-decreasing, right-continuous and satisfies (¢')~1(0) = 0, (¢")7'(f) >

0 fort > 0, and lim,_,.,(¢")~'(f) = co. Thus,

w( = () (Ddr

0
fort > 0 defines an N-function, In particular, ¢ and s are finite.

Note that o < ¢'(7) is equivalent to (¢’)"'(0) < 1. Hence, the sets
{(r,0) €[0,00) X [0,00) : 0 < ¢ (D)}

{(r.0) €[0,00) x[0,00) : (¢)'(0) 2 7]
are complementary with respect to [0, 00) X [0, c0). Therefore, we can estimate with the help of

the theorem of Fubini

t u
0<tu= dodr
0 0
= do dt + dodrt
{0<7<t, o<u : 0<o<¢'(7)} {0<7<t, 0<o<u : (¢') N o)=7)
t minfuy (1)} u  min{t,(¢") (o)}
= dodt + dro
0 0 0 0
t u
< ¢@mdr+ (@) (o)do
0 0
= @(1) + Y(u).
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Ifu=¢@®ort= ()" w. Then minfu,¢'(r)} = ¢'() and min{z, (¢")"(0)} = (¢')'(0) in
the integrals of the third line. So in this case we have equality in the penultimate step. Since

@*(u) = sup,(ut — (1)) it follows that ¢* = .

Definition 1.1.6 Let (A, Z, u) be a o-finite, complete measure space. We define P(A, u) to be the
set of all u-measurable functions p : A — [1,00]. Functions p € P(A,u) are called variable
exponents on A. We define p~ = py = essinf e p(y) and p* := p} = esssup,c, p(y). if p* < oo,
then we call p a bounded variable exponent.

If p € P(A, ), then we define p’ € P(A,u) by ! 5 = 1, where i := 0. The function p’ is

L ST
PO
called the dual variable exponent of p.

In the special case that u is the n-dimensional Lebesgue measure and € is an open subset of R",

we abbreviate P(Q) = P(Q, u).

Definition 1.1.7 Fort > 0and 1 < p < oo we define
— 1
ep(1) = ;t” ;

@p(t) = 1.

Moreover we set

_ 0 ifrel0,1],
Poo(1) 1= Poo(l) 1= 00.x(1,00)(F) =
oo ifte(l,00).

For variable exponent p € P(A, u) we define fory e A andt > 0

ap(-)()” 1= ap(y)(t) and Gp()(Vs 1) 1= @iy (D).

It is easy to see that both ¢, and p, are ®-function if g € [1, co]. So ¢, and @, are generalized
@-functions if p € P(A,u). Even more, if g € (1,00) and p € P(A,u) with 1 < p~ < p*™ < oo.
then ¢, and p, are N-functions and ¢, and p,, are generalized N-functions. If q € [1, o), then
@, and p, are continuous and positive. The function ¢ = @, is only left-continuous and it is not
positive.

Both ¢, and p, their advantages. The advantage of p,, is that the corresponding Musielak-Orlicz
space L#r agrees for constant p € [1, o0] exactly with the classical L? spaces, see [7, Example
2.1.8]. In particular, for f € LP(Q) we have ||f|l, = ||fllz,- Additionally, the generalized ®-
function @, has been used in the vast majority of papers on variable exponent function spaces.

The advantages of ¢, are its nice properties regarding conjugation, continuity, and convexity

6
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with respect to the exponent p. First, for all t > 0 the mapping p — ¢,(t) is continuous with

respect to p € [1,00]. In particular,
F‘;Eoo(t) = ;i_{?oap(l)

for all t > 0. This suggests that the expression }Uﬂ’ has for p = oo a natural interpretation,
namely @u(t) = 00.X(1.00)(t). Therefore, we sometimes will just write ¢,(t) = it” including the
case p = oo,

Second, ¢, acts nicely with respect to conjugation. For future reference we also need the corre-

sponding result for ($p)".
Lemma 1.1.2 If1 < g < oo, then (¢,)" = ¢, and

(@) (1) < @y (D) < (@g)"(20)
forallt> 0.

Proof. 1)-if1 < q < oo, then (p,)" = ¢y.
Ifg € (1,00): (p)"(w) = (19" () = sup(tu — 219, (tu— ot =u="21"" =u—17",
-t =0l suet=uru-r'>00u>" et<uru-1" <0 u<
4 &t >
So: if t € (0, uTl]) then u — t=! > 0 implies tu — }jtq is increasing.
Ift € (uq%l, 00) then u — t9=! < 0 implies tu — ét‘f is decreasing then because of the derivative
of tu — ét" null and change it sing (positive to negative) so sup,.q(tu — étq) =yt — %Im% =
(1= bt = Lus.
@) =@y, g€ (l,0).

Ifq = 1 then (@))"(u) = Sup,uo(iut — &1(1)) = SUP,q(tu — 1) = sup,((u — 1)).
If O <u < 1then supo(t(u—1)) =0, if 1 <u < oo then sup,o(#(u — 1)) = co. So :

_ 0 ifuel0,1]

(@1)" () = 00.x(1,00)(1) = = Poo(u0).

o ifue(l,0)

If g = 0o, we've got (¢1)™ = (¢1), and (¢1)" () = Ps(u) (case precedent ).
(@) = (@)’ = @1 = (¢)*. Finally

(@) =@y, forallte[l, o).

7
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2)- (@) (1) < g (1) < (@g)"(21), V1 20,4 € (1,00).

1,1 _ 111 1 _rt L -

Lol l-l-lol-opy=to)y 1p1+1=> =p' - L
@0 = @@, @O =ar” Lu=qrt == (4"

1 u

(@)) () = ( ) T = gEtut = integration over u : N g\ dr = g o 17 dr = qﬁf]o =

7u L _ — . ’
g =g T bl = g - bt = g (S = g (g - Dt
(@) (w) = g™ (g — Dut.

(1)- ¢ > gduetoq = ﬁ >1,q¢" >qg-1= q% < %1 = q;,l < 1, considering t9 < 7

implies qq;,ltq' <t = (@) (1) < @y (0).
Py (1) ' ' —1 19—q ' 4 —-17—q - = \*
(2) G%an = oGy =402 =qq7TI2 < 1= @u(0) < (@) (20).

Lemma 1.1.3 The function a — ¢.1(t) = ati is continuous and convex on [0, 1] for each t > 0.

Proof. The claim is obvious for t = 0, so assume t > 0, define f(a) = ate, a €10, 1] ?,5. (1) =
%ta = ate = = f(a), f is continuous because f(a) = ati = aealn(’) and the functions a — 1 = In(2)
and a — a and a — e° functions continuous.

we have that :if f : I — R a continuous function, then f is convex if and only if f is mid point
< [y

convex, this is x,y € I implies f (x+y )

a1+a2)_
> =

1 1
all'(l1+a2 a2ta1+a2

= +
2 2 2

foray,a; €]0,1], f(

_ flan + fa)
- 2
So f(a) = ati is convex.

Remark 1.1.3 Let gy, g, € [1,0]. For 6 € [0, 1] let gy € [qo, q1] be defined through ql—H =10, 0

q0 q1
Then

@ao(1) < (1 = O)gpy () + Opy, (1),

min {g, (1), @4, (1)} < @4,(1) < max {@,, (), @, (1)}
forall t > 0. The estimate for @,, follows by convexity (Lemma|l.1.3) and the estimate for {,,(t)

follows by direct calculation.
Lemma 1.1.4 Let 1 < g < co. Then

©,(1) < @u(t) < 9, (2t) forallt>0

8
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Proof. Since ¢, = §o, it suffices to consider the case 1 < g < oo, the case t = 0 follows from
©,(0) =0 = @,0). 1)- fort > 0 we have : t? <11 = % <t1,1<g <00, s0 @ut) < @, (1)

2)-q<2dueto: q<e™ & ln(g) < qln(2) & =2 <In(2).

7 q_
() = (G ;‘2’@) = 9 Jf1 < g < ethenl~In(g) >0, if e < g < oo then 1 ~Ing < 0, So:

SUP| oo (22) = 2¢ = L < In(2) = ™2 < In(2).

g<21=1¢< 2q_q and we have t1 < t9 so t4 < éth‘f 50 §4(t) < @ (21). Finally : @ (t) < @,(t) <

©,(20).

Remark 1.1.4 It is also possible to show that for every A > 1 there exists c; > 1 such that

©q(t) < @y(t) < cap4(A1) for every g € [1,00] and t > 0.
Definition 1.1.8 For a ®-function ¢ we define ¢~ : [0, 00) — [0, 00) by
¢ '(t) =inf {1 >0 : (1) > 1}

forallt > 0. We call ¢™" the left-continuous inverse of ¢.

For a generalized ®O-function ¢ € ®(A, u) the left-continuous inverse is defined pointwise in Yy,

ie. forally € Alet ™' (v,.) = (¢(y,.)7".
Let us collect a few properties of the left-continuous inverse, which follow from the properties of

¢. Let ¢ be a ®-function. Then ¢~ is non-decreasing and left-continuous on [0, ). Moreover,
0 1(0) = 0 and

e~ () <t (1.3)
forall t > 0. We also have

t< ¢ ' (@(0) (1.4)

forall t > 0 with ¢(t) < co.

Lemma 1.1.5 If g € [1,00), then §,'(t) = (q17), &;' (1) = 17 and G\ (1) = (1) = X0, (0) for
all t > 0.
Ifgell,c0land ; + 5 = Lthen

1<, o (1) <2,

forallt > 0.

Lemma 1.1.6 If g € [1, o], then

1 —
79 D<) (é) <@, '0<g,'1)<28,' (0

9
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forall t > 0. Moreover,
ol =1 d 1<g' 0! ! <3
‘pq (t)goq ; - an — ‘10(1 (t)gpq ; —

forallt > 0.

1

Proof. If g € [1, ), then 90;1 (%) = 2‘590;10) and the first claim follows from % <277 <1
and Lemma The case q = oo follows from ¢} (f) = X(1..)- The second claim follows from
Lemmal|l.1.5|and 1 < g*? < ¥ < 3.

For a € (0,1], ¢;,,(#) = ¢*. Thus we immediately obtain

Lemma 1.1.7 The mapping — gb]‘/la(t) is convex on (0, 1] for all t > 0.

1.2 Basic properties

Before we start, we must give precise formulations of some basic results which are frequently

used.

Definition 1.2.1 Let (A, X, i) be a o-finite, complete measure space. Then by L°(A, i) we denote
the space of all K-valued, u-measurable functions on A. Two functions are identical, if they agree
almost everywhere.

In the special case that u is the n-dimensional Lebesgue measure, € is a u-measurable subset of

R”, and X is the o-algebra of u-measurable subsets of Q we abbreviate L°(Q) = L°(Q, ).

Definition 1.2.2 Given Q, p(.) € P(Q) and a Lebesgue measurable function f, define the modu-

lar functional (or simply the modular) associated with p(.) by

2p0)0(f) = |f(x)|p(x) dx + || fllz=..)-

Q\Q.
If f is unbounded on Q. or if f()PY ¢ L'(Q\Q.,), we define 0p0).0(f) = +oo. When |Q.| =0, in
particular when p* < oo, we let || fll~@q..) = 0; when |Q\Qu| = 0, then 0,)o(f) = lIfllL~@.) In

situations where there is no ambiguity we will simply write 0,,(f) or o(f).

Definition 1.2.3 Let X be a vector space. A function o : X — [0, o] is called left-continuous if

the mapping A — o(Ax) is continuous on [0, 00) in the sense that
/llirP_ o(Ax) = o(x) forevery x € X.

10
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A convex and left-continuous function o : X — [0, 0] is called a semimodular on X if

(i) 0(0) = 0;

(ii) o(—x) = o(x) for every x € X;

(iii) if o(Ax) = 0 for every A € R, then x = (.

A semimodular is called a modular on X if o(x) = 0 if and only if x = 0.

A semimodular is called continuous if the mapping A — o(Ax) is continuous on [0, o) for every

fixed x € X.
Example 1.2.1 (a) If 1 < p < oo,then

op(f) = . f (I dx

defines a continuous modular on L°(Q).
(b) Let ¢oo(t) = 00.x(1,00)(t) for t > 0, i.e po(t) = 0 for t € [0, 1] and po(t) = oo fort € (1, ).
then

Oo(f) = Q90<>o(|f(X)|)dx

defines a semimodular on L°(Q) which is not continuous.

(c) Letw € L' (Q) withw > 0 almost everywhere and 1 < p < co. Then

loc
o(f) = |f()IPw(x)dx
Q

defines a continuous modular on L°(Q).

(d) The integral expression

o(f) = exp(lf(x)) - Ldx

Q
defines a modular on L°(Q). It is not continuous: if f € L>(Q) is such that |f| > 2 and | f| ¢ LP(Q)

for any p > 2, then o(Alog|f]) = oo for A > 2 but o(2log|f|) < oo.
(e) If 1 < p < oo, then

0p((x) = D Ix/l” dx
=0
defines a continuous modular on R".
(f) For f € L°(Q) we define the decreasing rearrangement, f*: [0,00) — [0, 00) by the formula
f(s) =sup{t: ||f]| >t > s}. For 1 < g < p < oo the expression

[Se]

o(f) = If ("l ds

0

11



CHAPTER 1. VARIABLE EXPONENT LEBESGUE SPACES

defines a continuous modular on L°(Q).
Let o0 be a semimodular on X. Then by convexity and non-negative of o0 and 0(0) = 0 it follows
that A — o(Ax) is non-decreasing on [0, o) for every x € X. Moreover,
o(Ax) = o(|Alx) < |Alo(x) forall|A| < 1, 1s)
o(Ax) = o(JA|x) > |A|o(x) forall |A] > 1.
In the definition of a semimodular or modular the set X is usually chosen to be larger than
necessary. The idea behind this is to choose the same large set X for different modulars like in
our Examples|[l.2.1{a), (b), (c), (d) and (f). Then depending on the modular we pick interesting

subsets from this set X.

Definition 1.2.4 Let X be a vector space and let o be a semimodular or a modular on X. Then
the space

X, = {x € X : limo(Ay) = 0}

is called a semimodular space or a modular space, respectively.

Lemma 1.2.1 Let ¢ : [0,00) — [0, 0o] and let o denote its even extension to R, i.e. o(t) = ¢(|t|)
forallt € R. Then ¢ is a ®-function if and only if o is a semimodular on R with X, = R.

Moreover, ¢ is a positive O-function if and only if o is a modular on R with X, = R.

Proof. “ = ”: Let ¢ be a ®-function. Since lim,_,o+ ¢(t) = 0, we have X, = R. To prove that o is
a semimodular on R it remains to prove that o(Aty) = 0 for all A > 0 implies ty = 0. So assume
that o(Aty) = 0 for all A > 0. Since lim,_,o, ¢(t) = oo, there exists t; > 0 with ¢(t,) > 0. Thus there
exists no A > 0 such that t| = Aty, which implies that ty = 0. Hence o is a semimodular. Assume
that ¢ is additionally positive. If o(s) = 0, then ¢(|s|) = 0 and therefore s = 0. This prove that o
is a modular.

“ & 7: Let o be a semimodular on R with X, = R. Since X, = R, there exists t, > 0 such that
o(ty) < oco. From ([I.3) follows that 0 < ¢(t) < t/t,¢(ty) for all t € [0,t,], which implies that
lim, o+ @(t) = 0. Since 1 # 0, there exists A > 0 such that o(A - 1) # 0. In particular there
exists t; > 0 with ¢(t3) > 0 and (kt3) > ke(t3) > 0 by (1.5)) for all k € N. Since k is arbitrary,
we get lim,_,, ¢(t) = co. We have proved that ¢ is a O-function. Assume additionally that o is

a modular. In particular o(t) = ¢(|t]) = 0 implies t = 0. Hence by negation we get that t > 0

implies ¢(t) > 0, so ¢ is positive.

12
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Theorem 1.2.1 Let o be a semimodular on X. The X, is a normed K-vector space. The norm,

called the Luxemburg norm, is defined by

1
|lx[l, = inf {/l >0 : g(/—lx) < 1}.

Lemma 1.2.2 (Norm-modular unit ball property.) Let o be a semimodular on X. Then ||x||, <
1 and o(x) < 1 are equivalent. If o is continuous, then also ||x||, < 1 and o(x) < 1 are equivalent,

as are ||x||, = 1 and o(x) = 1.

Definition 1.2.5 Let o be a semimodular on X. Then by X, we denote the dual space of (X,, ||.ll,)-

Furthermore, we define : 0" : X; — [0, oo] by

0" (x") = sup(x", )| — o(x)).

x€X,
We call o* the conjugate semimodular of o.
Note the difference between the space X, and X, : the former is the dual space of X,, whereas
the latter is the semimodular space defined by o*.

By definition of the functional o* we have
Kx™, 0l < o(x) +07(x") (1.6)

forall x € X, and x* € X,. This inequality is a generalized version of the classical Young

inequality.

Definition 1.2.6 Let o be a semimodular on X and x;,x € X,. Then we say that x; is modular
convergent (o-convergent) to x if there exists A > 0 such that o(A(x; — x)) — 0. We denote this by

[
Xy — X.

Lemma 1.2.3 Let o be a semimodular on X and x; € X,. Then x;. — 0 for k — oo if and only if

limy_,o, 0(Ax) = 0 for all 2 > 0.

Proof. Assume that x|, — 0 and A > 0. Then [|[KAx|, < 1 for all K > 1 and large k. Thus
o(KAx;) < 1 for large k, hence

1

1
o(Ax) < EQ(K/lxk) < X

for large k, by (1.3). This implies o(Ax;) — O.
Assume now that o(Axy) — 0 for all A > 0. Then o(Ax;) < 1 for large k. In particular, ||x]|, < 1/4

for large k. Since A > 0 was arbitrary, we get ||xill, — 0. In other words x; — 0.

13
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Lemma 1.2.4 Let X, be a semimodular space. Then modular convergence and norm conver-

gence are equivalent if and only if o(x;) — 0 implies 0(2x;) — 0.

Proof. “ = ”: Let modular convergence and norm convergence be equivalent and let o(x;) — 0
with x; € X,. Then x;, — 0 and by Lemma @ it follows that o(2x;) — 0.

“ &7 Let xi € X, with o(xi) — 0. We have to show that o(Ax;) — 0 for all A > 0. For fixed
A > 0 choose m € N such that 2" > A. Then by repeated application of the assumption we get
limy—0 0(2"x;) = 0. Then 0 < limy_e 0(Ax) < 227" limy,e0 02" %) = 0 by (I.5). This proves

that x; — 0.

Corollary 1.2.1 Let o be a semimodular on X and x € X,.
(a) If lxll, < 1, then o(x) < ||x]l,.
(b) If 1 < lIxllp, then ||x]l, < o(x).

(c) llxll, < o(x) + 1.

Definition 1.2.7 For a given measure space (Q, A, u) we say that ¢ is a Musielak-Orlicz (Mo if
no confusion arises) function on (Q, A, u) (or on Q if no confusion arises from such simplifica-

tion) as the collection of all functions
¢ 1 Q% [0,00) — [0, 00)

such that

(i) ¢(., 1) is measurable for each t € [0, o),

(ii) for a.e. x € Q, ¢(x,.) is non-decreasing, convex, continuous and ¢(x,0) = 0.
(iii) ¢(x, 1) > O for t > 0,

(iv) o(x,t) > co as t — oo.

For example if Q C R”, A is the Borel o-algebra of subsets of Q, u is the Lebesgue measure and
p is a measurable function.

p:Q—[l,00),
the ¢(x, t) = ¥ is a Musielak-Orlicz function on Q is this setting. In particular then function ¢

in De finition is said to be an Orlicz function if it is independent of x € Q.

Definition 1.2.8 Let ¢ be an Musielak-Orlicz function on Q. When the o-algebra A and the

measure | are clear from the context, which will be the case throughout this monograph, we set

LY(Q) = {u eM: o(x, Au(x))) dx < oo for some A > 0}

Q

14
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It is easy to see that under the prescribed hypothesis L?(Q) is a vector space.

When endowed with the Luxemburg norm (|19, Proposition 1.3.2])

||u||¢=inf{/l>0: (p( ulx )l)d <1}
Q A.

L#(Q) becomes a normed space (in fact, a Banach space if u is o-finite, as will be shown in

[L9, Theorem 2.1.6]), and will be called the Musielak-Orlicz space generated by ¢ (MO space

for short, if there is no room for confusion).

The Musielak-Orlicz space is also called generalized Orlicz space and it is a semimodular space.

Lemma 1.2.5 Let ¢ € (A, u) and u(A) < co. Then every ||.||,-Cauchy sequence is also a Cauchy

sequence with respect to convergence in measure.

Proof. Fixe > 0andletV, ={y € A : ¢O,t) =0} fort > 0. Then V, is measurable. For all
y € A the function t — ¢(y,t) is non-decreasing and lim;_,., ¢(y,t) = oo, so V, \, 0 as t — oo.
Therefore, limy_,o, (Vi) = (@) = 0, where we have used that u(A) < oo. Thus, there exists
K € N such that u(Vg) < e. Note that if ¢ is positive then V, = () for all t > 0 and we do not need
this step in the proof.

For a u-measurable set E C A define

vg(E) = 0,(Kxe) = ¢, K) du(y).
E

If E is u-measurable with vi(E) = 0, then ¢(y, K) = 0 for u-almost every y € E. Thus u(E\Vg) =
0 by the definition of V. Hence, E is a p|a\v,-null set, which means that the measure |\, is
absolutely continuous with respect to vi.

Since u(A\Vk) < pu(A) < oo and pla\v, is absolutely continuous with respect to vk, there exists
0 € (0,1) such that vg(E) < ¢ implies u(E\Vg) < € (cf. [15, Theorem 30.B]). Since f; is a
|I.ll,-Cauchy sequence, there exists kg € N such that IKe ' 67 (f — flle < 1 for all m, k > k.
Assume in the following m, k > ko, then by ([I.5) and the norm-modular unit ball property (lemma
[1.2.2)

0p(Ke™ (fur = fi)) < S0 (Ke™'6 (fun = f)) < 6.

Let us write E . = {y €A : |fu(y) — fi)| = ). Then

Vk(Eme) = 00, K) du(y) < 0(Ke™ (fn = fi)) < 6.

Em,k,a
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By the choice of 6, this implies that u(E,;\Vk) < €. With u(Vg) < & we have u(E, x.) < 2e.
Since € > 0 was arbitrary, this proves that f; is a Cauchy sequence with respect to convergence
in measure.

If lIfill, — O, then as above there exists K € N such that u({|fi| > €}) < 2¢ for all k > K. This

proves fi — 0 in measure.

Lemma 1.2.6 Let ¢ € ®(A,u). Then every ||.||,-Cauchy sequence (fi) C L? has a subsequence

which converges u-almost everywhere to a measurable function f.

Proof. Recall that u is o-finite. Let A = \J;2, A; with A; pairwise disjoint and u(A;) < oo for all
i € N. Then, by Lemma (fo) is a Cauchy sequence with respect to convergence in measure
on A,. Therefore there exists a measurable function f : Ay — K and a subsequence of f, which
converges to f u-almost everywhere. Repeating this argument for every A; and passing to the
diagonal sequence we get a subsequence (f;,) and a p-measurable function f : A — K such that

Jx; = f p-almost everywhere.

As a semimodular space, L? = (L%, ||.||,) is a normed space, which, in fact, is complete.

Theorem 1.2.2 Let ¢ € ®(A, u). Then L¥(A, u) is a Banach space.

Proof. Let (f;) be a Cauchy sequence. By Lemma there exists a subsequence f, and a
u-measurable function f : A — K such that fi, — [ for u-almost every y € A. This implies
o, 1fi, ) — fFOD — 0 p-almost everywhere. Let A > 0 and 0 < & < 1. Since (f) is a Cauchy
sequence, there exists K = K(A, €) € N such that ||A(f,, — fll, < € for allm,k > N, which implies
0,(A(fin — fi)) < & by Corollary[l.2.1] Therefore by Fatou’s lemma

A(fu =)= limp(y, Afu() = ) duy)
A
< liminf (v, Afu0) = fi,0) due)
A
= lim inf o, (A(fy, = fi,))
]

<e&.

S0 0,(A(fi — f)) = 0 for m — oo and all A > 0 and ||fi — fll, = 0 by Lemma Thus every

Cauchy sequence converges in L?, as was to be shown.

16



CHAPTER 1. VARIABLE EXPONENT LEBESGUE SPACES

Definition 1.2.9 Let ¢ € (A, u). The set
Lc = LA = (f € L : 0 (/) < o) (1.7)
is called the Musielak-Orlicz class. Let
E? = E?(A,p) ={f € L* : 0,(Af) < oo forall A > 0}. (1.8)

The elements of E¥(A, u) are called finite.

Let us start with a few examples :

(a) Let ¢(y,t) = 1" with 1 < p < co. Then E¥ = L] . = L¥ = L?.
(b) Let ¢(y,t) = 0.x(1.00)(t). Then

E¥ = {0},

L = {f ¢ IfI £ 1 almost everywhere },

LY=L,
(c) Let o(y,t) = exp(t) — 1 and Q = (0,1). Then ¢ € ®(Q) is positive and continuous but
E¢ # LY . # L¢. Indeed, if f = };2, ’5‘)((271(,24{“), then f € L}, \E¥ and 2f € L*\L}..
By definition of E®, LY ., and L? it is clear that E¥ C L . C L¢. Moreover, by convexity of ¢ the

oc’

set LY . is convex and the sets E and L? are linear subspaces of L°. There is a special relation
of E¥ and L¥ to LY .:

E¥ is the biggest vector space in L, . and L¥ is the smallest vector space in L? containing L.
In some cases the inclusions E¥ C LY, . C L are strict and in other cases equality holds. In fact,
it is easily seen that E¥ = LY . = L is equivalent to the implication f € L} . = 2f € L} .. The
A,-condition (see Definition|l.2.12) implies that 0,(2" ) < K" 0,(f), where K is the A,-constant,

from which we conclude that
E*(A,p) = Lyo(A, ) = L#(A, p).

Definition 1.2.10 A function ¢ € ®(A, ) is called locally integrable on A if o(tyg) < oo for all
t > 0 and all u-measurable E C A with u(E) < oo.

Remark 1.2.1 Let p € P(A, i) be a bounded exponent. Then ¢, is locally integrable, since

@pi(A) du(y) < u(E) max{A”, A7}
E
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for every measurable E C A with u(E) < oo and every A > 0. However, the local integrability
of ¢p() does not imply that p* < co. Indeed, let A := R and let E;, C R be pairwise disjoint with
|Ex| = exp(exp(—k)). Now, define p(x) := k for x € Ey and k € N and p(x) = 1 for x € R\ U~ Ex.
Then for every A > 0 and every E C R with |E| < oo we have

p0(AE) < AE|+ )" A exp (exp(—k)) < oo.
=1
Thus &, is locally integrable but p* = co.

Let (A, X, i) be a o-finite, complete measure space. Recall that a measure u is called separable if
there exists sequence (E;) C X with the following properties:

(a) u(Ey) < oo for all k € N.

(b) For every E € X with u(E) < oo and every € > 0 there exists an index k such that u(EAE;) < &,
where A denotes the symmetric difference defined through EAE; := (E\E}) |J(E;\E). Recall that

a Banach space is separable if it contains a dense, countable subset.

Theorem 1.2.3 Let ¢ € O(A, u) be locally integrable and let u be separable. Then E¢(A, ) is

separable.
Proof. see [[7)].

Now we are ready to define the variable exponents Lebesgue space.

Definition 1.2.11 Let p € P(A, 1) and let either ¢,y = @) OF ¢p) = @p(). Hence we obtain a

semimodular:
ovow(f) = @ f])dx
A

We define the variable exponent Lebesgue space LPY(A,u) as the Musielak-Orlicz space
L#r0(A, p) with the norm ||.||oa g = 1220 4 )-

In particular, the variable exponent Lebesgue space L' (A, u) is

PO = {f € LA : limowom(f) = 0]
or equivalently

LPY(A, ) = { FeL A 1 opow(df) < oo for some A > o}

18
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equipped with the norm

||f||Lp(-)(A,ﬂ) = inf {/l >0 : OLrO4) (%‘) < 1} .

Note that 0,04y is a modular if p is finite everywhere. We abbreviate 01,04y t0 0y and ||.||roa )
to ||l if the set and the measure are clear from the context. Moreover, if Q C R" and 1 is the
Lebesgue measure we simply write LP)(Q) and if u is the counting measure on Z", then we write
l”(')(Z”).

This definition seems ambiguous, since either ¢,, = Qp) OF @p) = @p). However, due to

Lemmall.1.4lit is clear that L = L% and

1z, < 11fllg,, < 2 flig,,- (1.9)

Thus, the two definitions agree up to equivalence of norms with constant at most 2.
Recall that we have two relevant ®-functions, ., and @,,. Usually, the exact norm of L'V is
not important, so we just work with ¢, without specifying whether ¢,y = @) OF ©p)y = @p()-

If there is a difference in the choice of ), then the specific choice for ¢, will be specified.

Remark 1.2.2 Originally, the spaces LPY have been introduced by Orlicz [24)] in 1931 with
©p) = @p) in the case 1 < p~ < p* < oo. The first definition of L' including the case

+

p* = oo was given by Sharpudinov [27] and then, in the higher dimensional case, by Kovdcik

and Rdkosnik [17)]. For measurable f they define

okr(f) = @p(.)(f/\/{paeoo}) + ||fX{p=0°}||oo-

Ifis easy to see that ogg is a modular on L°(Q), the set of measurable functions. We denote the

corresponding Luxemburg norm by
. 1
Ifllxkr = inf A >0: ogr ﬁf <lp.

If u({p = oo}) = 0, then poxr = 0p). But if u({p = oo}) > 0, then pokr # 0p(). Note that ogg is a
modular, while our o,y is a only semimodular. In particular, oxr(f) = 0 implies f = 0. For 9,
we only have that 0,)(Af) = 0 for all A > 0 implies f = 0. This is due to the fact that p., is not
a positive O-function. Since we developed most of the theory in [/, Chapter 2] for semimodular
spaces, we do not have to treat the set {p = oo} differently and we can work directly with 0,,(f).

This includes the case p* = oo in a more natural way.
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Although ogg and @, differ if p* = oo, they produce the same space up to isomorphism. Let us

prove this : let f € L°(Q) with || fllog < 1, s0 0kr(f) < 1 by the norm-modular unit ball property

(Lemma 1.2.2)). In particular, ||fx(p=cille < 1. Thus 0,)(fX(p=c0})) = 0, since ¢(t) = 0 for all
t € [0, 1]. This proves that

0p()() = 0p(y (X (preo)) + 0p()(f X 1p=c0)) = Op()y (X (preo)) < Okr(f) < 1.

So it follows that ||fll;,,, < 1. The scaling argument shows that ||fllz,, < || fllxz-
Assume now that ||fll5,., < 1, 50 0,)(f) < 1 by the unit ball property. In particular, 0c(fX (p=co)) =

0p()(fX(p=o)) < 1 and therefore |f| < 1 almost everywhere on {p = co}. This proves that

Okr(f) = 0p()y ([ X (preo) + | X (p=cojllec < 0py(f) +1 < 2.

This implies oxg (%f) < %QKR(f) <1, so |lfllxkr < 2 by the norm-modular unit ball property. The
scaling argument shows ||fllkr < 2[fllg,,-

Overall, we have shown that

1Az, < [1fllkr < 201f1la,.»

forall f € L°(Q). Thus oxr and 0gp,, define the same spaces LPO(Q), up to equivalence of norms.
For a constant exponent the relation between the modular and the norm is clear. For a variable
exponent some more work is needed. We will invoke it by mentioning the unit ball property, or,

when more clarity is needed, the norm-modular unit ball property.

Example 1.2.2 IfQ = [1,4], p(x) = % and u(x) = 2%, then show that u € LP(Q).

Solution. Since the function p(x) = % is bounded on the domain Q, we have |Q.| = 0. then

4o X4 14
— X g, — X2\ — —
om0 = uoPdx= 27| dx = ln_Z'l == <o
implies that u € LPO(Q).
Proposition 1.2.1 Given Q and p(.) € P(Q), define
13, =inf {2 >0 : A+ Ay, (f1)}.

Then for all f € LPY(Q),
1/ 1lpo < 1150 < 211 1lp0-
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Definition 1.2.12 We say that ¢ € ®(A, u) satisfies the A,-condition if there exists k > 2 such

that
0(y, 2t) < ko(y, 1).

forally € A and all t > 0. The smallest such k is called the A,-constant of .

Analogously, we say that a semimodular o on X satisfies the A,-condition if there exists k > 2
such that o(2f) < ko(f) for all f € X,. Again, the smallest such k is called the A,-constant of o.

If p € O(A, p) satisfy the A,-condition, then o, satisfies the A,-condition with the same constant.
Moreover, o, satisfies the weak A,-condition for modular, so by Lemma modular conver-
gence and norm convergence are equivalent; and E C L#(Q, u) is bounded with respect to the
norm if and only if it is bounded with respect to the modular, i.e. sup g ||f|l < oo if and only if

SUP e Op(f) < 00.

[7, Corollary 2.1.15] shows that a small norm implies a small modular.

Lemma 1.2.7 Let o be a semimodular on X that satisfies the A,-condition. Let K be the A,-

constant of o. Then for every € > 0 there exists 6 = d(g,K) > 0 such that o(f) < ¢ implies
Il < &

Proof. For & > 0 choose j € Nwith2™/ < &. Let § = K’/ and o(f) < 6. Then o2’ f) < K'o(f) <
1 and the unit ball property yields ||fll, < 27/ < e.

Lemma 1.2.8 Let o be a semimodular on X that satisfies the A,-condition with constant K. Then
o is a continuous modular and for every € > 0 there exists 6 = d(g, K) > 0 such that o(f) < 1 —¢

implies ||fll, <1 -0 for f € X,.
Theorem 1.2.4 Let ¢ € N(A, u) be uniformly convex. Then o, is uniformly convex.

Proof. Let &5, §; > 0 be as in Lemma [I.1.1| and let € = 2¢&,. There is nothing to show if

0,(f) = o or o,(g) = 0. So in the following let o,(f), 0,(g) < oo, which implies by convexity

o(5%). () <.

Assume that o, (%) > sw. We show that

f+g 528\ 0u(f) + 04(8)
Q“’( 2 )<(1_7) 2

which proves that o, is uniformly convex. Define

E={yea : /o) -g0) > Smax (70l o}
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It follows from Remark that holds for almost all y € A\E. In particular,

f- g) - 80mef) + 0ume8) _ £0,(f) +0,(8)

Qs (XA\E 2 2 2 =3 2

this and o, (%) > 8@ imply

f-8 f-8 F =8\ _ €2(f)+0,(8)
Qw(XET =00 | 5| 0 [xaeT 25%. (1.10)
on the other hand it follows by the definition of E and the choice of §, in Lemmal[l.1.1| that
+ oW ES) + 0p(XEQ)
Q<p(XEf2 g) < (1= )~ (1.11)

We estimate

0o(f) + 0,(2) fre) 0o(XES) + 0,(XEE) f+g
A S 2 I G

where we have split the domain of the involved integrals into the sets E and A\E and have used

%(go(f) +¢(g) — ¢ (%) > 0on A\E. This, (|I.11)), the convexity and (|1.10) imply

0,(f) — 0,(8) (f +g) - 0o(XES) +0,(XEQ)
2 T\t )= 2
> 020, ()(Ef;g)
S 02804(F) +0,(8)
> S

Lemma 1.2.9 If 0y, 0, are uniformly convex semimodulars on X, then o = 0| + 0, is uniformly

convex.

Proof. If & > 0, there exists 6 > 0 such that

f-z 0i(f) +0(8) f+g
0j 5 <eg 5 or Q; 5

0,(f) +0i(g
2

) <(1-9)
for j =1,2. We show that
Q(f;g) < de(f);rg(g) or Q(f;rg) < _58)90‘);@@),

f_g) > 28%.

since this proves the uniform convexity of o. Fix f and g and assume that o (T

Without loss of generality, we can assume that 0, (%) > 02 (%) for this specific choice of f and
[ o(f)+o(g) 21()+02(g)
(T) > 5 2 et

g. Therefore, 0, . So the choice of 6 implies

f+g o1(f) +01(g)
Q1( 2 )S(l—d)f.
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Taking into account the convexity of 0,, we obtain

(f+g) o(f) +og o(f)+oig
0 < -0 .
2 2 2
Since w > 01 (f—;g) > sw, this implies

Q(f;g) <(1— 682 erg(g)'

Theorem 1.2.5 Let o be a uniformly convex semimodular on X that satisfies the A,-condition.

Then the norm ||.||, on X, is uniformly convex. Hence, X, is uniformly convex.

Proof. Fix & > 0. Let x,y € X with ||x|ly, Ilyll, < 1 and ||x = yll, > . Then ||%|| > £ and by

Lemmal|l.2.7|there exists a = a(e) > 0 such that o (%) > a. By the unit ball property we have

o(x), oy) <1, 500 ()%}) > aw. Since o is uniformly convex, there exists § = B(a) > 0 such

that o (%y) < —ﬁ)w < 1-p8. Now Lemmal|l.2.8implies the existence of 6 = 6(K,3) > 0

with ||%||Q < 1 =6. This proves the uniform convexity of ||.|,.

Theorem 1.2.6 Let p € P(Q) with 1 < p~ < p* < co. Then @, is a uniformly convex N-
function, o, is a uniformly convex semimodular and ||.||,., is a uniformly convex norm. Hence,

LPO(Q) is uniformly convex.

Proof. Note that ¢, satisfies the A,-condition since p* < co. In order to apply Theorems[1.2.4)]
and [1.2.5] we have to show that ¢, is uniformly convex. In principle we have to show this

for both @, and ¢y, since the equivalence of norms does not transfer the uniform convexity.

1
)’

the uniform convexity of @, is equivalent to the uniform convexity of ¢,). Thus it suffices to

However, since @y, and @,y only differ for every y € Q by the multiplicative constant

consider the case @,).
Fix & > 0. Let u,v > 0 be such that lu — v| > £ max{u, v}. It follows from Remark[I.1.1| that the
mapping t v t* is uniformly convex, since p~ > 1. Thus there exists 6 = 6(g, p~) > 0 such that
ul” + P

2

(u+v

),, <(1-06)

()
This and the convexity of t — i fory e Qimply

8]

u-+v P() l/tp_ + Vp_ I MP()’) + VP()’)
<|{-0)—— <(1-6)——.
( 2 ) = (( )73 ) <=0

This proves that @, is uniformly convex. The semimodular o, is uniformly convex by Theorem

and the norm ||.||, is uniformly convex by Theorem|l.2.5]
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According to Theorem when ¢ = @,) € (A, u) or ¢ = @) € P(A, ), LY is a Banach
space. Andif 1 < p~ < p* < oo, LP™ is uniformly convex (Theorem [1.2.6), and according
[4, Theorem III.29] every Banach space uniformly convex is reflexive. This results implies this

theorem :

Theorem 1.2.7 LPY(Q) space is a Banach space. Moreover, if 1 < p~ < p* < oo is satisfied,

then LPY(Q) space is reflexive.

Lemma 1.2.10 (Norm-modular unit ball property) If p € P(Q), then ||f||,) < 1 and 0p)(f) <

1 are equivalent. For f € LPY(Q) we have

(@) If I fllp) < 1, then 0,5 (f) < I fllpc)-

(b) If 1 <11 fllp)» then | fllpe) < 0p0)(f):

Proof. (a) if lIfll,, < 1 = W > 1, due to oy is a semimodular in L' and L™ is a vector

space then by 1> 04 (W) = me(.)(f) =12 mé’p(.)(f) = 1fllp0) Z 0p0) (f)-

) Illpy < 1, Ifllpey = infaso {2 >0, o(£) < 1}, 3> L Ifl = 44> 1= 4 <1,

2000 (£) < 3o = 1+0,0(£) < Jepo() + 1= A(1+ 0,0 (4)) < dopr (D) + A= IIfIIA, <
00 (f)-

We've got :

£y < 1A < 2010

£l < 1A, < 0pr(f)

1 1oy < 0py(f)
Ifp € PQ) then Ifll < 1 & 0 () < 1.

=) — (@) = 0,0(f) < Ifllpy £ 1= 0,0(f) <1
&) Suppose ||fll,) > 1

(b) :>||f||p(.) < Qp(.)(f) <1
>lfll,) £ 1, contradiction with || fll,, > 1. so ||fll,) <1
0,0 () = 1T =1l < 1.

Theorem 1.2.8 Let p € P(A, u). Then the following conditions are equivalent :
(a) E"O(A, ) = LI (A, )
(b) LYY (A, ) = LPO(A, ).
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(c) EPY(A, ) = LPO(A, p).

(d) ¢y satisfies the A,-condition with constant 20",

(e) p* < co.

(f) op) satisfies the weak A,-condition for modulars, i.e modular convergence and norm conver-
gence are the same.

(8) 0p) is a continuous modular.

Lemma 1.2.11 Let p € P(A, u) be a bounded exponent and let i be separable. Then LP“)(A, u)

is separable.

Proof. Since ¢, is locally integrable by Remark we can apply Theorem to show
that EPV is separable. Since p* < oo, we further have EPY = LP") (Theorem|1.2.8).

Lemma 1.2.12 Let p € P(Q) with p~ < co. If 0,,()(f) > 0 or p* < oo, then

Hm@mﬁﬁ@mdﬁ}ﬂwwﬁmmkmqﬁ@qu}

Proof. Suppose that p* < co. If 0,,()(f) < 1, then we need to prove that

o0 (N7 < Ifllpe < B ()P

By homogeneity, the latter inequality is equivalent to ||f/§p(,)(f)r%* ll,) < 1, which by the unit ball

property is equivalent to

p(x)
(M) dx < 1.
QA0 ()P

Ju(€3)
But since @p(,)(f)_lp+ < 0,0)(f)7", this is clear. The other inequality and the case 9,.,(f) > 1 are
similar.

Consider now p* = oo and 0,,(f) > 0. In this case the upper inequality becomes ||f||,, <

max {G,, ()7, 1} If 8,0(f) < 1, then ||fllp) < 1, so the inequality holds. If 6,,(f) > 1, then

we need to show that o
p(x
(%) dx < 1.
a \Op) (VP
Since ,,(f)™" < 1, we conclude that

_ oo |0, if p(x) = oo,
Qp(.)(f) LS

o,0(N7Y i p(x) < 0.
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Hence

P(x) px)
(_ lf (X)1|/ ) dx < PACY
a \0py (NP o 0p0(f)
The proof of the lower inequality is analogous.

Theorem 1.2.9 If1 < p(.) < co and !% < 5 < 0o, then
Ml = Nl

Proof. In the definition of norm

s |p(x)
Wbl =infdaso0: [ 4 o 1},
ol 4
if we substitute A = y°, it follows that
5 1P(x)
¥l = inf {,f NS PN LGl PN 1}
ol @
sp(x)
=infqu’ >0 : ux) a’xsl}
ol U
sp(x) s
:[inf{,u>0 : ) dxsl}]
ol H

oo o (1)1l

= ||u||§p(_)

which is the desired result.

Lemma 1.2.13 Let p € P(A,u). Then the set of simple functions S(A,u) is contained in
LPY(A, u) and
min{1, u(E)} < |lyellg,, < max{l, u(E)},

for every measurable set E C A.

Proof. Let E C A be measurable with u(E) < co. Then

= X—E) — ! dx
PO\ max{Lu(E)) 5 (max{1, u(E)}r®

1
—dx <1
£ max{l, u(E)}

Hence, by the unit ball property ||xgll,) < max{l,u(E)}. Since simple functions are finite linear

combinations of characteristic functions, we get S (A, u) C LPO(A, W). Now, let 1 > 1, then

B /lXE B /117(35) d
€0\ min{L w(E)) 5 (min{l, p(E)yr®

dx>A>1.

¢ min{1, u(E)}
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Hence, ||AxEllg,, > min{l,u(E)}, for every A > 1 (by the unit ball property), which proves
I ellz,, = min{1, u(E)}.

The following lemma is especially useful if Ai_ - 3L+ is small.

Lemma 1.2.14 Let s € P(A, u). Then

| T 1 1 1
5 min (A= w(AF} < Mlpopyg < 2max {u(A), uA) )

for every measurable set A with u(A) > 0. If ¢, = ¢,, then we can omit the factors % and 2.

Proof. The case ¢, = @, follows from Lemma|1.2.12] The case ¢, = @) then follows by
(L9).

As we see in the Definition|1.2.11|they define the variable exponent Lebesgue space L”V(A, i)
as the Musielak-Orlicz space L*0(A, u), So the properties of the continuity and lower semicon-
tinuity in LPV(A, u) is a results from the properties in the space L7 (A, u). Recall that EPY(A, p)

denotes the set of finite elements of LPV(A, u), see [7, De finition 2.3.11]

Lemma 1.2.15 Every ®-function is lower semicontinuous.

From this Lemma we deduce lemma [[.2.17

Lemma 1.2.16 Let ¢ € ®(A, ) and fi, f,g € L°(A, p).
(a) If f — f u-almost everywhere, then o (f) < liminfy_,. 0,(fi).

(b) If | fil /" |f| u-almost everywhere, then o (f) = limy_,c 0,(fi).
(c) If fi = f p-almost everywhere and |fi| < |g| u-almost everywhere, and o,(1g) < oo for every

A >0, then fi, — fin L%.

Proof. By Lemma [I.2.15] the mappings ¢(y,.) are lower semicontinuous. Thus Fatou’s lemma

implies

0,(f) = 0, ]}Lm [fcO)D du(y)
4 -

IA

,}Lm inf o(y, | il du(y)
| koo

IA

lim inf ) @O, 1D dp(y)
= 131_210 inf 0, (fo).
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This proves (a).
To prove (b) let |fil / |fl. Then by the left-continuity and monotonicity of ¢(y,.), we have

0 < oG, 1fx(OD) 2 (., |f (D)) almost everywhere. So, the theorem of monotone convergence gives

0,(f) = 0, ,}Lm [fcO)D du(y)
B .

]}Lm o, 1) du(y)
| koo

lim — (y, [fe)D dp(y)
—00 4
= kh_{g 05 (fi)-
To prove (c) assume that fi, — [ almost everywhere, |fi| < |g|, and 0o(1g) < oo for every A > O.

Then |fi — f1 — 0 almost everywhere, |f| < |g| and |fi — f] < 2|g|. Since 0,(24g) < o0, we can use

the theorem of dominated convergence to conclude that
lim o,(Uf = fib = ¢ (v, fim A1) = i) du) =0.
—00 A —00
Since A > 0 was arbitrary. Lemma[l.2.3|implies that f, — f in L¥.

Lemma 1.2.17 Let p € P(A, u) and fi, f,g € LA, p).

(a) If f — f pu-almost everywhere, then 0,)(f) < liminfy_. 0,0)(fi)-

(b) If | f| /" |f| u-almost everywhere, then 0, )(f) = limy_c 0p0)(fi)-
(c) If fy — f u-almost everywhere, |fi| < |g| u-almost everywhere and g € EPV, then f, — f in

LPO.

In analogy with the properties for the integral, the claims of the previous lemma will be called
Fatou’s lemma (for the modular), monotone convergence and dominated convergence, respec-

tively.
Theorem 1.2.10 Let o be a semimodular on X. Then o" is a semimodular on X;,.

Proof. It is easily seen that 0*(0) = 0, 0*(1x*) = 0" (x*) for |A| = 1, and o*(x*) > O for every
x* € X). Let x;, x} € X} and 0 € (0,1). Then

0" ((1 = 0)xy + 6x))

sup(|{(1 — 0)x + Ox7, X)| — 0(x))

xeX
< (-0 SU)}?(KXS, 0| —o(x)
+0 SU}I(?(KX’[, x| —o(x))

= (1 -0)0"(xp) + 00" (x}).
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Finally, let 0*(Ax™) = 0 for every A > 0. For x € X, choose n > 0 such that o(nx) < co. Then by
(Z.6)

Anix", x)| < o(x) + 0" (Ax") = o(x).

Taking A — oo we obtain |(x*, x)| = 0. Hence x* = 0. It remains to show that 0" is left-continuous.

Ford — 1 and x* € XZ we have

lim "(Ax") = lim sup(K{Ax", X)] — o(x))

xeX

= sup sup(|A|Kx”, x)| — o(x))

0<A<l xeX

= sup(Kx", x)| — o(x)) = 0" ().

xeX

Thus o is left-continuous.
Theorem 1.2.11 Let o be a semimodular on X. Then 0™ = o on X,.
Proof. see [[7)].
Theorem 1.2.12 Let o be a semimodular on X, then o is lower semicontinuous on X,, i.e.
o(x) < ]}gg inf o(x;)
for all xi, x € X, with x; — x (in norm) for k — oo.

Theorem 1.2.13 Let o be a semimodular on X, then the semimodular o is weakly (sequentially)

lower semicontinuous, i.e. if fy — f weakly in X,, then o(f) < liminf;_,. o(fp).

Proof. Let fi, f € X, with fi — f. Then, by Theorem|l.2.11} o = 0™, which

o(f) =" (f) = sup (Kg". /) - 0"(g")

greX;

= sup (tim K" 01~ '(¢")

< lim inf(g§3% (Kg", fl = 0'(g")
= lim inf 0" (f0)

= 1}1_}12 inf o(fy).

From theorem we obtain:
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Theorem 1.2.14 If p € P(A, ), then the modular is weakly (sequentially) lower semicontinuous,
i.e. 00 (f) < iminfy e 0,0, () if fi = f weakly in LPO(A, o).

Since strong convergence implies weak convergence, the conclusion of the previous theorem

holds also if f, — fin LPO(A, p).

Theorem 1.2.15 Let ¢ € O(A, u). Then the following hold.

(a) Iflly = I1f11l, for all f € L*.

(b)If f € L?, g € L°(A, ), and 0 < |g| < | f| p-almost everywhere, then g € L? and ||gll, < ||f]l,-
(c) If fx = f almost everywhere, then ||fll, < liminf;_e || fille

(d) I'lfel /' |f| p-almost everywhere with fi, € L¥(A,u) and supy ||fill, < oo, then f € L*(A,u)

and || felly /7 11 fle-

Proof. The properties (a) and (b) are obvious. Let us now prove (c). So let fy — f u-almost
everywhere. There is nothing to prove for liminf;_ || fill, = o0. Let A > liminf;_ || fll,. Then
I fellp < A for large k. Thus by the unit ball property o,(fi/A) < 1 for large k. Now Fatou’s lemma
for the modular (lemmal[l.2.16)) implies 0,(f/A) < 1. So || fll, < A again by the unit ball property
which implies || f|l, < liminfi_ || fille-

It remains to prove (d). So let |fi| /' |f| u-almost everywhere with sup, || fill, < oo. From (a) and
(¢) follows ||fll, < liminfi_ o || fill, < supy lIfill, < oo, which proves f € L¢. On the other hand
\fel ./ |f1 and (b) implies that || fll, / limsupy_, [|flle < Iflle- Thus limy e [ fill, = IIfll, and
felly 7 11/l

From Lemma and lemma we deduce:

Lemma 1.2.18 Let p € P(A, u) and let f; € LPY(A, p).
(a) If fi is a Cauchy sequence, then there exists a subsequence of fi which converges u-almost
everywhere to a measurable function f.

(b) If u(A) < oo and || fill,) = O, then fi — 0 in measure.

Theorem 1.2.15|implies that LP“)(A, u) is circular, solid, satisfies Fatou’s lemma (for the norm)

and has the Fatou property, i.e.

o [Ifllpey = I11f1 Iy, for all £ € LPY(A, ).

o if fe LPY(A, ), g€ L°(A,u) and 0 < |g| < |f] u- almost everywhere, then g € LPY(A, )

and [Igllpc) < 1 llpc)-
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o if fi — f p-almost everywhere, then ||f]|,) < iminfy_ || fllp)-

e if |fil /" |f] u-almost everywhere with fi € LPY(A, u) and sup, || fill,) < co. Then f €
LPOA, ) and (| fillp) 7 I1f1lp)» respectively.

Definition 1.2.13 Let ¢ € O(A, w). Then

(LA ) =g € LA : lgllusmgy <

with norm

llgllizeawy == sup | fllgl du,
feLe s fl,<l A

will be called the associate space of L¥(A, u) or (L¥) for short.

Definition 1.2.14 A normed space (Y, ||.|ly) with Y c L°(A, p) is called a Banach function space,
if

(a) (Y, ||.lly) is circular, solid and satisfies the Fatou property.

(b) If u(E) < oo, then yg €Y.

(c) If u(E) < oo, then yp €Y', i.e. |fldu < c(E)lflly forall f €Y.

From Theorem[1.2.15|we know that L¥ satisfies (a) for every ¢ € ®(A, u) so one need only check
(b) and (c). These properties are equivalentto S C LY and S C (L¥)’, where S is the set of simple

functions. These inclusions may or may not hold, depending on the function ¢.

Lemma 1.2.19 Let ¢ € ®(A, u). Then

llgllzey = sup | fllgl du
feSALE : |Ifl,<1 A

forall g € (L¥(A,n)).

Theorem 1.2.16 If ¢ be a semimodular on X, then for every x* € X

71l < 11x7lx; < 2017 lge-

Theorem 1.2.17 Let ¢ € ®(A, u) be such that S (A, u) C L(A, u). Then L¥ (A, u) = (L¥(A, p)),
QQD*(g) = (Qcp)*(-]g) and
lIglly: < llglley = ellzey < 2llgll,-

for every g € L¥ (A, ), where J, : f 4 Jgdu. (or complex- valued functions, the constant 2
should be replaced by 4.)
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Proof. For the sake of simplicity we assume K = R. In the case K = C we can proceed analo-
gously by splitting g into its real and imaginary part.

We already know that L¥ c (LYY, llgllizey = WWellizey < 2lI8llgr, and (0,)*(J,) < 04+(8) for every
g € L¥. Fix g € (L#). We claim that g € L¥ and 0,(g) < (0,)"(Jy).

Since u is o-finite, we find measurable sets Ay C A with u(A;) < oo and Ay C A, C ... such that
A = U Ar Let {q1,q2, ...} be a countable, dense subset of [0, o) with q; # qi for j # k and
g1 =0. Fork e Nandy € A define

The special choice g, = 0 implies ry,(y) > 0 for all'y > 0. Since {q,, q2, . . .} is dense in [0, c0) and
©(y,.) is left-continuous, ri(y) /" ¢*(v,|1g(y)|) for any y € A as k — oco. For every k € N there
exists a simple function f;, with fi.(A) C {q1,...,q:} and fi(y) = 0 for all y € A\A such that

n(y) = fiM)lgOWl — oy, fi(»)

for all y € A. As a simple function, f; belongs by assumption to L¥(A,u). Define h(y) =
fi()sgn(g(y)) for y € A, where sgn(a) denotes the sign of a. Then also hy is a simple function

(here we use K = R) and therefore

00) (Jg) = Jg(hp) — 0,(h) = gW(y) — (v, [ (Y)]) dp(y).
A

By the definition of hy it follows that

(00) (Jg) > Alg(y)lﬁc(y)—f,O(y, i) du@y) = r(y) du(y).

A

Since ry, > 0 and ri(y) / ¢*(v,18(V)|), we get by the theorem of monotone convergence that

(©p)"(Jg) 2 lim sup 7 (y) dpu(y) = Asa*(y, lgOD du(y) = 04-(8).

A
Together with (0,)"(J;) < 04(8) we g et (0,)"(J;) = 04+ (8)-
Since g v J, is linear, it follows that (0,)" (1J,) = 04(Ag) for every A > 0 and therefore

llglly = el < Wgllzey: = lIgllzey using in the second step Theorem

Corollary 1.2.2 (Norm conjugate formula) Let ¢ € ®(A, n). If S(A, 1) C L¥ (A, p), then

Ifll, < sup [fllgldpe < 21 fl.

geL?” : Ilgll,+ <!
for every f € L°(A,pu). the supremum is unchanged if we replace the condition g € L¥ by
g8 €S, .
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Proof. Applying Theorem[I.2.17|to ¢* and taking into account that ¢** = ¢, we have

WAl < 1fTlzery < 2011l
for f € L?. That the supremum does not change for g € S(A, u) follows by Lemma[I.2.19, The
claim also follows in the case f € LI°\L¥" = LO\(L¥#)', since both sides of the formula are infinite.
Definition 1.2.15 A generalized ®-function ¢ € ®(A,u) is called proper if the set of simple
functions S (A, u) satisfies S (A, ) C L?(A, ) N (L?(A, w))'.
So ¢ is proper if and only if L¥ is a Banach function space. Moreover, if ¢ is proper then the
norm conjugate formula for f LY and L*" holds (Corollary|1.2.2) and L¥ = (L¥Y.
Corollary 1.2.3 Let ¢ € O(A, ). Then the following are equivalent :
(a) ¢ is proper.
(b) ¢* is proper.
(c) S(A, ) C L#(A, ) N LY (A, ).
Proof. If (a) or (c) holds, then S C L¢. Hence (L¥)' = L¥ by theorem which obviously
implies the equivalence of (a) and (c).
Applying this equivalence for the function ¢*, and taking into account that ¢** = ¢, yields the
equivalence of (b) and (c).
Theorem 1.2.18 Let p € P(A, p). Then ¢, is proper and LPY (A, p) is a Banach function space.
Its associate space satisfies (LPY(A, p))’ = L7 O(A, ) and
Igllyro) < llgllwroy < 2lgllyoy i epey = €pos
1 . -
§||g||p'(.> <llgllwroy < 2lgllye)  if €p0) = p0)
for every g € L°(A, ).
Proof. If follows from Lemmal|l.2.13|that simple functions are contained in LP" and L”'©. Thus
©p) Is proper by Corollary and therefore L is a Banach function space, see also [[7)
Section 2.7]. We can apply Theorem|1.2.17|to ¢, to get (LPY(A, p)) = LP'O(A, 1) and

l1glligyis < Ngllzroy < 218l

which is the first estimate of clain if ¢,y = @y, since (@p))" = (). From Lemma we
deduce

gl < llgllg,, < 2llgll@,.>

which in combination with the previous estimate proves the second estimate of the claim.
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Corollary 1.2.4 (Norm conjugate formula) Let p € P(A, u). Then

1
Sl < sup Ifllgl dp < 211 fll e

SELY'O) + |lgll (<1
for all f € L°(A, u). The factor % can be omitted if Q) = @p()-
The supremum is unchanged if we replace the condition g € LP' (A, u) by g € S(A,u) or even

g € S.(Q)when p € P(Q), where S .(Q) is the set of simple functions with compact support in L.

Proof. The proof of the formula is exactly the same as in Corollary if we additionally
use the estimates of Theorem [1.2.18| That the supermum does not change for g € S(A,un)
follows by Lemma[1.2.19} The case g € S .(Q) requires a simple straightforward modification of
Lemma[1.2.19

Lemma 1.2.20 (Young’s inequality) Let p,q, s € [1, oo] with

1 1 1
- = — 4 -
s P q
Then for all a,b > 0
ps(ab) < ¢,(a)+ ¢, D), (1.12)
s s
@s(ab) < ;tﬁp(d) + a%(b), (1.13)

where we use the convention 1—‘7 = 3 =1fors=p=gq = oco. Moreover, if | < s < co then for all
a>0

@p(a) = sup (Gu(ab) = §,(b). (1.14)

>

Proof. Assume first that s = oo. Then necessarily p = q = oco. There is nothing to show for
a,b € [0,1], since in this case p(ab) = 0. If a > 1 or b > 1, then ¢,(a) = o or ¢,(b) = oo,
respectively. Thus the claim holds in this case also.
Assume then that 1 < s < oo. In order to prove (1.12)) for ¢ it suffices to prove (1.14). If s = 1,
then p = ¢’ and ¢, = (p,)* by Lemma Thus,

@,(a) = @,)' (@ = sup (ab ~ (b)) = sup (¢1(ab) = &,(b)

foralla,b>0.1If1 < s < oo, then
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so by Lemma (@p/s)* = @gss. Using the case s = 1 we deduce
- 1~ N 1 S1.5 - S - -
Pp(@) = SBprs(a’) = < sup (a'D* = @) (b")) = sup (@s(ab) — B,())

foralla,b > 0.

It remains to prove (I.13), since this inequality is stronger than (1.12) for ¢ = @. If s = co, then
s = p =q = o0and (1.13) follows from (1.12)), since po, = Poo. So in the following let 1 < s < 0.

Now s < p and s < q and we obtain using the previous case that
— — _ S _ S _ - -
Pu(ab) < 5@,(ab) < s(F,(a) + G, (b)) = I;wp(a) + gsoq(b) < @p(a) + @q(b)

forall a,b > 0. It remains to prove (1.12) with ¢ = @ for 1 < s < co. Now s < p and s < q and
we obtain using the previous case that

— —~ — — s _ s _

@s(ab) < sgy(ab) < S(‘Pp(a) + ‘Pq(b)) = E‘Pp(a) + a%(b)

forall a,b > 0.

Remark 1.2.3 Note that (1.12)) holds for both ¢ and @, but it is sharp only for ¢ as is shown by
|i and this example : if s = 1 and p = q = 2, then sup,5, (¢1(ab) — p»(b)) = iaz * a® = py(a)

fora > 0.

Lemma 1.2.21 (Holder’s inequality) Let p, g, s € P(A, u) be such that

L_ 1 1
s po)  q()

for u-almost every 'y € A. Then

0s0(f8) = 0p)(f) +040)(8)s (1.15)
Ifgllsy =< 20f1,0l8llq0) (1.16)
H@Mm-«%)+e)ymmﬂdwy (1.17)

forall f € LPY(A,u) and g € L1Y(A, i), where in the case s = p = q = oo we use the convention

Z=Z=
P 4

In particular, fg € L'Y(A,u). If additionally f € EPY(A,u) or g € EY(A,u), then fg €
E*V(A, ).
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Proof. Let f € LY and g € LY. Since f and g are measurable, also fg is measurable. Then

(L.15) follows from (1.12)) by integration overy € A.
The following argument applies to both ¢,y and p,). If Ifll,) < 1 and ||glly) < 1, then 0, (f) <

1 and p,4)(g) < 1 by the unit ball property. Using (1.15)) we estimate

1 1 1
&ugﬂﬂs?mumsi@mquwwnsL
This implies || fglls.) < 2 by the unit ball property. The scaling argument proves (1.16).
Now let ||fllg,, < 1 and ||gllg,, < 1, then by the unit ball property 0,,(f) < 1 and ,,(g) < 1.
Using (L.13)) integrated over 'y € A we get

) * ) * ) * S *
0s)(ab) < =] op =] 04 <|= -1 .
Oula )<(p) Qp()(f”(q) Qq()(g)<(p) +(t1)

This implies || fgllz,, < ess sup?j + ess supfi' by the unit ball property. The scaling argument

proves (1.17).
Assume now that additionally f € EPY, i.e. 0,,(Af) < co for every A > 0. Let y > 0 be such that

040)(8/7y) < oo. Then for every A >0

0r)(Af8) < 0p()(AY[) + 040)(8]Y) < 0.

Since A > 0 was arbitrary, this proves fg € E'. The case g € E1V follows by symmetry.
The case s = 1 in Lemma[1.2.21]is of special interest:
[fllgldpe < 0py(f) + 0 (1(8),
A

|fllgldp < 201 fllpoollglly s
A

1 1
vmw$@+;—gﬁmwmm)

A

forall f € LPY(A, ) and g € L”O(A, p).

1.3 Embeddings

Definition 1.3.1 Let X and Y be two normed spaces and ¢ be a constant not depending on u.
Then

i. if all elements of X arein Y, (X C Y) and

ii. for all u € X, the inequality

llully < cllullx
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holds, then X is said to be embedded in Y and denoted by X — Y. The notation — replaces by

—<— if the embedding is compact.

Theorem 1.3.1 Let ¢, € O(A,u) and let the measure u be atom—less.E] Then L¥(A,u) —
LY(A, ) if and only if there exists ¢’ > 0 and h € L'(A, p) with ||h||; < 1 such that

w3 =) <000+ h0)

for almostally € A and all t > 0.

Moreover, ¢’ is bounded by the embedding constant, whereas the embedding constant is bounded

by 2c’.

Proof. Let us start by showing that the inequality implies the embedding. Let ||f|l, < 1, which

yields by the unit ball property that o,(f) < 1. Then

1 1 1
Oy (%) S 50 (g) < EQso(f) +3 Ah(y) dy < 1.

This and the unit ball property yield || f/(2c)l, < 1. Then the embedding follows by the scaling
argument.

Assume next that the embedding holds with embedding constant c,. Fory € A and t > 0 define

(L) - @00 ife.1) < o,
0 if p(y, 1) = 0.

Since ¢(y,.) and Y(y,.) are left-continuous for all y € A, also a(y,.) is left-continuous for all

a(y,t) =

y € A. Let (ry) be a sequence of distinct numbers with {r, : k € N} = QN[0,00)and ry = 0. Then

r,
'ﬁ()’, c_k) < Qo(y’rk) + a'(y’rk)
1
forall k € Nandy € A. Define
bi(y) = max a(y, r)).
Since r; = 0 and a(y,0) = 0, we have b, > 0. Moreover, the functions b, are measurable and

nondecreasing in k. The function b .= sup, by is measurable, non-negative, and satisfies

b(y) = sup a(y, 1),

>0

1/ (y, i) < @y, 1) + b(y)
C1

' A measure y is called atom-less if for any measurable set A with u(A) > O there exists a measurable subset A’

of A such that u(A) > u(A’).
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forally € A and all t > 0, where we have used that a(y,.) is left-continuous and the density of
{ri : ke N}in[0,c0).

We now show that b € L' (A, u) with ||bl|, < 1. We consider first the case |b| < o a.e., and assume

to the contrary that there exists € > 0 such that

b(y)du(y) > 1 + 2e.
A

Define

1
V= {y €A : aly,r) > b(y)} ,

1+e

Wik == Vi \(Vi U --- U V)

for all k € N. Note that Vi = 0 due to the special choice ry = 0. Since {r; k € N} is

dense in [0, o) and a(y,.) is left-continuous for every y € A, we have | o, Vi = Ujy Wi =
{veA : b(y) > 0}.

Let f = Y02, rixw,. For everyy € Wy we have a(y,ry) > 0 and therefore p(y,ry) < co. If'y

is outside of Uye, Wi, then ¢(y,|f(y))) = 0. This implies that ¢(y,|f(y)|) is everywhere finite.
Moreover, by the definition of Wy and a we get

w(y, v/ @)') > 00 [f O + ——b() (1.18)
C1 1+¢

forally € A.

If 0,(f) < 1, then gy (Cf—l) < 1 by the unit ball property since c, is the embedding constant.

However, this contradicts

1+ 2¢
1+

1
olL)zems i @0

where we have used and Ui, W = {y € A b(y) > 0}. So we can assume that

0,(f) > 1. Since u is atom-less and ¢(y,|f(y)|) is almost everywhere finite, there exists U C A
with 0,(fxv) = 1. Thus

> 1,

1
Oy (CilXU) > 0,(fxu) + T+e ., b(y) du(y)
(1.19)

1
=1+ T2 Ub(y)dli(y)-
Now, o,(fxv) = 1 implies that y(UN{f # 0}) > 0. Since {f # 0} = Uy, Wi ={y € A : b(y) > 0}
we get u((U N{ye A : b(y) >0}) >0and

b(y) du(y) > 0.
U
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This and ((I.19) imply that
oy(flexu) > 1.
Which contradicts o,(f/c1) < 1. Thus the case where |b| < oo a.e. is complete.
If we assume that there exists E C A with blg = oo and u(E) > 0, then a similar argument with
Vi = {y €eE : a(y,r) > ;%} vields a contradiction. Hence this case cannot occur, and the

proof is complete by what was shown previously.

Recall that the norm of the embedding LP(A) — L“(A) is the smallest constant K > 0 for
which || fllyc) < Kl fll pc)-

Theorem 1.3.2 Let p,q € P(A, ). Define the exponent r € P(A, u) by %y) = max {$ - ﬁ, O}
forally € A.

(a) If ¢ < p u-almost everywhere and 1 € L'V(A, ), then LPY(A, u) — L1V(A, u) with norm at
most 2||1|| o).

(b) If the measure u is atom-less and LPV(A, 1) — L1Y(A, u) with norm K > 0, then ¢ < p -

almost everywhere and ||1||-04) < 4K.

Proof. We begin with the proof of (a). Since g < p almost everywhere and ]; + 117 = Lll we can

apply Holder’s inequality, Lemma[l.2.21] to get

A llgey < 21Tl pe)-

Let us now prove (b). We begin with the case ¢, = ¢,). Assume that LPO(A) — L1Y(A). Then
by Theorem there exists h € LY(A, p) with h > 0 and ||h||, < 1 such that

ot/ K) < @piyy (1) + h(y) (1.20)

for almost all y € A and all t > 0. The limit t — oo implies that g < p almost everywhere. If

q(y) < oo, then (1.14) and (1.20) imply that

G (1/K) = 5up ((t/ K) = Gy (1)
< sup (@o) () = B (8) + h()) (1.21)

= h(y).
If the set E = {q = oo} has measure zero, then we can integrate this inequality over y € A and

get 0,)(1/K) < Ikl < 1, s0 1 € L'Y(Q) and |1}, < K.
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If u(E) > 0, then it fellows from (1.20) with t = 1 that p.,(1/K) < h(y) for almost all y € E. Since

his a.e. finite on E and u(E) > 0, this implies K > 1. Since r = oo on the set E, we get
0rin(1/K) = po(1/K) = 0 < h(y)

for almost every y € E. So (1.21)) also holds on the set E. Thus we can proceed exactly as in the

previous case to conclude ||1||,) < K.

The case @) = @y follows from this using (1.9).

If u(A) < oo, then by Lemma |l.2.13|and Jor Lemma1.2.14| the condition 1 € L"”(A) of the last

theorem is always satisfied. Hence,

Corollary 1.3.1 Let p,q € P(A,u) and let the measure u be atom-less with u(A) < oco. Then

LPY(A, u) = LIY(A, u) if and only if ¢ < p p-almost everywhere in A. The embedding constant
is less or equal to 2(1 + u(A)) and 2 max {ﬂ(A)(;_}))+’(;_}J)-} .

Lemma 1.3.1 Let p € P(R") and po, € [1, ). Define s € P(R") by

s(x)

p(X)  pwl’

1_‘1 1

Then 1 € L*O(R") if and only if

Lmax{p(.),pm}(Rn) PN Lp(')(R”) FEN Lmin{p(.),pm}(Rn)_

Proof. If the embeddings hold, then T heorem implies that 1 € L**,
Assume now that 1 € L’Y(R™). Let y € (0, 1) such that 94y(y) < oo. Define ri,r, € P(R") by

= min {O, i - ! } - ! - ! ’
ri(x) P P(X) max{p(x), po}  p(x)
. { 1 1 } 1 1
=min<0, — — — —
r2(x) pP(X)  Po p(x)  max{p(x), pe}

forall x € R", Then s < ry and s < r, almost everywhere. Thus it follows from the definition

that 8,,()(y) < 05)(¥) < 00 and 9,,(\(y) < 05)(y) < oo fory € (0,1). In particular, 1 € L") and
1 € LY. This and Theorem prove the embeddings.

Theorem 1.3.3 Let p.q,r € P(A,u) with p < q < r p-almost everywhere in A. Then

L"Y(A, ) N LA, 1) > LIYA, p) — LPOA, p) + LA, ).
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The embedding constants are at most 2. More precisely, for g € L1Y(A, u) the functions

go = sgn g max{|g|-1,0} and g, = sgn gmin{|gl|, 1} satisfy g = go+g1,1g0l, 1811 < 18I, lIgollp) <
1 and ||gilly) < 1.

Proof. see/7]

Lemma 1.3.2 Let p € P(R") and po, € [1,]. Assume that 1 € L*V(R"), where s € P(R") is

defined by p%,l' Then

N B |L —
s(x) T Tp(x)
LPORM N LY (R") = LP=(R") N L (R"),
LPOR") — LP=R") + L" (R").

Proof. Using Lemmal(l.3.1, Theorem twice, and then Lemma again we deduce
LPO A [P s mintp(O)pe) 1P

— L~ nL"

oy maxip(hpe} A 1P

— PN L,

This proves the first assertion. Analogously, by Lemma[[.3.Tand T heorem[1.3.3)
LPO ey pmin{p()pec} oy [P0 4 L.

This proves the second assertion.
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Chapter 2

Introduction to Sobolev spaces with

variables exponents

In this chapter we start our study of Sobolev functions. It is not possible to study this functions
before study its properties in the previous space L. We need this space in the partial differential
equations because the solutions belong naturally to Sobolev Space. In the first section we will
talk about the basic properties (functional analysis-type properties) in this space, the results are
from [8] by Diening, [9] by Fan and Zhao, and [17] by Kovacik and Rakosnik, then we will turn

to an important inequality, it’s called "Poincaré inequality".

2.1 Basic properties

Let Q c R” be an open set.

Definition 2.1.1 Given Q, a function f € L} (Q) and a multi-index a, f has a weak derivative of

loc

. . . 1
order « if there exists a function g, € L,

(Q) such that for every function ¢ € C (),

. f()D*¢(x)dx = (=) . 2a(X)p(x) dx.

It can be shown that g, is unique, and we write D*f = g,.
If a function f is smooth, then by integration by parts we have that the classical derivatives of f

are also weak derivatives.

Definition 2.1.2 Let Q C R", m be a positive integer, @« = (a1, @2, ...,a,) be multi-index and
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p: Q — [1,00) be a measurable function. Then the space defined by
WrOQ) = {u € L'(Q) : D'ue L’(Q), 0 < la| < m)

is called the variable exponent Sobolev space. This space is a Banach space with respect to the

norm

ldlynsioey = ltllnpiy = > 1Dl

0<l|a|<m
If1 < p~ < p* < oo is satisfied, then the space WP (Q) is reflexive. Moreover the closure of

C(Q) space on W™PO(Q) space is Wy"(Q).

the previous definition is one of the other definitions which is about W™-?") in another definition

[7, Definition 8.1.2] they define a semimodular on W""")(Q) by

QWm,p(.)(Q)(u) = Z QL"(J(Q)(aau)

0<|al<m

which induces a norm by

. u
”MHWm.p(.)(Q) = inf {/l >0 : Owm.p()(Q) (/—1) < 1} .

Remark 2.1.1 It is also possible to define the semimodular ow«.ro () on the larger set Wlkoc1 (Q) or

even L} (Q). Then WP )(Q) is just the corresponding semimodular space.

Sobolev functions, as Lebesgue functions, are defined only up to measure zero and thus we
identify functions that are equal almost everywhere. If the set Q is clear from the content, we

abbreviate [[ullycr0q) tO |[ullk,p) and Owero @) 1O Ok p()-

Remark 2.1.2 (i) note that in W*PO(Q)

k k
D ovo@ (V") and IV ul o
m=0 m=0

define a semimodular and a norm equivalent to the Sobolev semimodular and the Sobolev norm,
respectively. We abbreviate || [V"ul ||r0q) as [V"ullyoq), m € N.

(ii) One easily proves, using Lemma|l.2.10, that for each 1-finite partition (£;);en of  we have

[ee)
oy < ) lellweroay

i=1

for all u € WPO(Q).
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Definition 2.1.3 Let p € P(Q) and k € N. The Sobolev space Wg’p (')(Q) with zero boundary

values is the closure of the set of WP (Q)-functions with compact support, i.e.
{u e WPOWQ) 1 u= Uy, for a compact K C Q}

in WePO(Q).

In [5, lamma 2.2], for v € WS "’(')(Q), they give the equivalent norm

”V”l,q(‘) = ||VV||q(.)~

Wal"/(')(Q) sign to the dual of Wé’q(')(Q) in which ﬁ + ﬁ =L

Warning 2.1.1 The closure of C3(Q) in the space W*P)(Q) is denoted by Hg’p Q).

Remark 2.1.3 In contrast to Hé’p (‘)(Q), the space Wé’p (‘)(Q) has the following fundamental prop-
erty: ifu € WHPO(Q) and v is a Lipschitz continuous function with compact support in €, then

uv € Wé’p Q). In [7l Section 11.5] we will see that for certain exponents p the product uv need
not to be in Hé’p(')(Q) and thus it may hold that Hé’p(')(Q) c Wé’p(')(Q).

Definition 2.1.4 A function u belongs to Wlko’f Q) if u € WPO(U) for every open U cC Q. We
equip WP (Q) with the initial topology induced by the embeddings Wi)’f (')(Q) — WkPO(U) for

loc

all open U cC Q.

Proposition 2.1.1 Let X be a Banach space and let Y denote either a closed subset of X or a
Cartesian product X~. Then:

(i) Y is a Banach space.

(ii) If X is reflexive, then Y is reflexive.

(iii) If X is separable, then Y is separable.

(iv) If X is uniformly convex, then X is reflexive.

(v) If X is uniformly convex, then Y is uniformly convex.

Theorem 2.1.1 Let p € P(Q). The space W*P(Q) is a Banach space, which is separable if p is

bounded, and reflexive and uniformly convex if 1 < p~ < p* < oo.

Proof. We proof only the case k = 1, the proof for the general case is similar. We first show that

the Sobolev spaces is a Banach space; for that let (u;) be a Cauchy sequence in W'*©(Q). We
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have to show that there exists u € W'"PO(Q) such that u; — u in WHO(Q) as i — oo. Since the
Lebesgue space LP(Q) is a Banach space (Theorem|[1.2.7)), there exist u, g1, ...,g, € L’Y(Q)
such that u; — u and 0ju; — g; in LPOQ) for every j=1,...,n. Lety € Cy(Q). Since u; is in
WhPO(Q) we have

I/tiajlﬁ dx = — lﬂajl/ti dx.
Q Q

Strong convergence in LPY(Q) implies weak convergences and hence we have
uOpydx —  udpyydx and Yoju;dx —  Yg;dx
Q Q Q Q

as i — oo. Thus the right-hand sides on the previous line yield that (g, ..., g,) is the weak gra-

dient of u. It follows that u € W' and u; — u in W'0).

By Theorem|1.2.11] LPY(Q) is separable if p* < oo and by Theorem|1.2.7, LPY(Q) is reflexive
if1 < p~ < p* < co. By the mapping u — (u, Vu), the space W'"PO(Q) is a closed subspace of

LPOQ) x (LPO(Q))". Thus WP(Q) is separable if p* < oo, and reflexive if 1 < p~ < p™ < o
by Proposition[2.1.1]

For the uniform convexity we note that W'P“)(Q) satisfies the A,-condition provided that
pt < oo. The L"Y-modular is uniformly convex for p~ > 1 by Theorem and the
proof of Theorem Thus owero is uniform convex as a sum of uniform convex modulars

(Lemmal[1.2.9). Thus W'P(Q) is uniform convex with its own norm by Theorem|1.2.5]

Theorem 2.1.2 Let p € P(R"). The space Wg’p “(Q) is a Banach space, which is separable if p

is bounded, and reflexive and uniformly convex if 1 < p~ < p* < co.

Proof. Since Wg’p Q) is a closed subspace of WPO(Q), the properties follow by Proposition
2.1 1land Theorem[2.1.1]

A normed space X has the Banach-Saks property if % > u; — u whenever u; — u. By [12]
every uniformly convex space has the Banach-Saks property. This together with the previous

theorem implies the following corollary.

Corollary 2.1.1 Let p € P(Q) with 1 < p~ < p* < co. Then the Sobolev space W*P)(Q) has the

Banach-Saks property.

In the next proposition, the notation ” C ” is denote to the embedding.
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Proposition 2.1.2 Given Q, p(.) € P(Q) and k > 1, WkrO(Q) ¢ Wl]f}’f (Q). If Q] < oo, then
WEPO(Q) ¢ Whr-(Q).

Proposition 2.1.3 Let p € P(Q). If u,v € W'O(Q), then max{u,v} and min{u,v} are in
WLrO(Q) with

Vu(x), for almost every x € {u > v};
V max(u.v)(x) =

Vv(x), for almost every x € {v > u};

and

Vu(x), for almost every x € {u < v};
V min(u, v)(x) =

Vv(x), for almost every x € {v < u}.

In particular, \u| belongs to W'"?O(Q) and |V|u|| = |Vu| almost everywhere in Q.

Proof. It suffices to prove the assertions for max{u,v} since min{u,v} = —max{—u,—v}. By

Lemma we know that W'*O(Q) — W)(Q) and so the formulas for V max(u,v) and
V min(u, v) follow from [16, Theorem 1.20]. We next note that || max{u, v}|l,, < llull,c) + [VIlp
and ||V max{u, v}|l,., < [[Vullyy + IVVl,). Thus it follows that max{u, v} € WLrO(Q). Analo-
gously, we get min{u, v} € W'PO(Q). The claims for |u| follow by noting that |u| = max{u, 0} —

min{u, 0}.

The previous proposition yields that in a set where u is constant Vu = 0 almost everywhere.

Lemma 2.1.1 Let p € P(R") and u € Wg’p (')(Q). Then u extended by zero to R"\Q belongs to
WHhPORM).

Proof. Let u € W*PO(Q) with compact support, i.e. there exists a compact set K C Q such that
u = yxu almost everywhere. We define Eu to be the extension of u (as a measurable function) by
zero outside of Q. We claim that Eu € W*PORY) and 6,E(u) = E(Ouu) almost everywhere for
la| < k. Choose nn € C§(Q) such that xx < nqnxa. Then for all y € C3(R") and |a| < k we have
Eudydx = ud,(Ym)dx = (=)' (Q,u)mdx
R” Q Q

= (D" (E@am)y dx,

R
where we used that u = 0 and 0,u = 0 outside of K andn = 1 on K. This proves 0,E(u) = E(0,u).

Since E(0,u) € LPORM), it follows that Eu € WEPOR™Y). Moreover, luellweroy = ISuUllwron,

46



CHAPTER 2. INTRODUCTION TO SOBOLEV SPACES WITH VARIABLES EXPONENTS

so & is a isometry on the set of compactly supported W*PO(Q) functions. Since those functions
are by definition dense in Wg’p “(Q), the extension operator is also an isometry from Wg’p Q) 10

WEPO(R™). In particular, u € W(])(’p(')(Q) implies Eu € WSPO(R™).

2.2 Poincaré inequalities

In this section we will study the poincaré inequalities in two form "norm version and modular
version", In the constant exponent case the poincaré inequality is known to hold for more ir-
regular domains but the inequality is mostly used in John domains. Recall that /; denotes the
Riesz potential operator (cf. [7, Definition 6.1.1]); note also the convention that /; f denotes
I, (xof) if the function f is defined only in Q. By a cube we always mean a non-degenerate cube
with faces parallel to the coordinate axes. The average integral of f over the set A is defined by

S du = LA) A Jdu, u(A) > 0 and the diameter of Q by diam(2) = max,,,cy d(u,v) where V

H(
is the finite set of the vertices in Q.

Definition 2.2.1 A bounded domain Q C R" is called an a-John domain, a > 0, if there exists
Xo € Q (the John center) such that each point in ) can be joined to xy by a rectifiable path 7y (the

John path) parametrized by its arc-length such that
1
B()/(t), —t) cQ
a

for all t € [0,1(y)], where l(y) < « is the length of y. The ball B(xo, diagfl(g)) is called the John
ball.

Definition 2.2.2 A family Q of measurable sets E C R" is called locally N-finite, N € N, if
Y reaXE < N almost everywhere in R". We simply say that Q is locally finite if it is locally N-
finite for some N € N.

Note that a family Q of open, bounded sets Q C R" is locally I-finite if and only if the sets Q € Q

are pairwise disjoint.

Definition 2.2.3 Let Q C R" and let 05 > o > 1. Then we say that Q satisfies the emanating
chain condition with constants oy and o if there exists a countable covering Q of Q consisting
of open cubes (or balls) such that :

(B1) We have o1Q C Q for all Q € Q and Y peqXs Q < T2xq on R”.
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(B2) If Q is bounded :

there exists a central cube Q. € Q with Q C 0,Q.. For every Q € Q there exists a chain
O1,..., 0, emanating from Q ending in Q. : Qi,...,Q, are pairwise distinct such that Q; =
0,0y = O0«, and Q; C 0,Q; for 1 <i < j < m. Moreover, Q; N Oy contains a ball B; such that
QiUQiyCoyBifori=1,....m—1.

If Q is unbounded :

For every Q € Q then exists an unending chain Q1, Q,, ... emanating from Q : Q1, Q,... are
pairwise distinct such that Qy = Q and Q; C 0»,Q; for 1 <i < j. Moreover, Q; N Qjy contains a
ball B; such that Q; U Q11 C 0, B; fori > 1.

(B3) The set {Q € Q : QN K # 0} if finite for every compact subset K C Q.

The family Q is called the chain-covering of Q.

Definition 2.2.4 For a function f € L°(R") and an open, bounded set U C R" (usually a cube or
a ball) we define

1
Myf = |fMldy=—— |fldy 2.1
U |l v

The (norm-centered) maximal function Mf of f is defined by
Mf(x) :=supMpf =sup  |f(y)ldy
O>x O>x Q

for all x € R", where the supremum is taken over all cubes (or balls) Q C R" which contain x.
The operator M : f +— Mf is called the Hardy-Littlewood maximal operator or just maximal

operator. Furthermore, for f € L} (R"), s € [1, 00), and an open, bounded set U C R" we define

1

M,uf = (My (f1)" = ( . lfF»mr dy)s,
M,f = (M(fI")" .
Note that (u)p = ﬁ S u(y) dy.
Lemma 2.2.1 (a) For every u € Wy (Q), the inequality
lu| < cIy|Vul

holds a.e. in Q with the constant ¢ depending only on the dimension n.
(b) If Q C R" is a bounded a-John domain, then there exists a ball B C € and a constant c such
that

|u(x) = Cu)pl < cIi[Vul(x)
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holds a.e. in Q for every u € WHY(Q). The ball B satisfies |B| < |Q| < ¢’|B| and the constants ¢

and ¢’ depend only on the dimension n and «.

Proof. We prove only (b). The proof of (a) is similar, see for example [II1, Lemma 7.14, p. 154].
We consider first claim (b) when Q is a ball. Assume that u € C®(Q) N WH(Q). We have

[x=yl
u(x) —u(y) = - qu(x+r

y—X)y—x
0

) dr.
ly—xl) ly— x|

Integrating with respect to y over Q and dividing the result by |Q|. we obtain

1 =1 _ _
u(x) —{u)yqg = —— Vu(x+ry x).y al drdy.
QA o o ly—xl) Iy —x]

Using the notation

Vu(z) ifze;
D(z) =

0 ifz¢Q;

we obtain

[ee)

1
lu(x) — (u)ol < — drdy

D|x+r
1| {Ix-y|l<diam(€)} 0 [y — x|

1 00 diam(Q)

= — ID(x + rw)|o™" do dw dr
1 o a0 o

< |D(x + rw)|dw dr
0 9BO,D)
ID(y)l
2y = 1IVul(x).
o lx =)yl

This concludes the proof in the ball when u is smooth. For u € W"(Q), we take smooth ap-
proximations \; such that y; — u in W"'(Q) and almost everywhere. Then (y;)o — (u)q and
LIVl (x) = I|Vul|(x), where we also used the continuity of the Riesz potential in L'(Q) (cf. [21)
Theorem 1.1.31]). This yields the claim for u.

Suppose now that Q is a bounded a-John domain. Then Q satisfies the emanating chain con-
dition with constants depending only on a. Let Qg be the central emanating ball. If x € Q,,
then the claim follows by what was just proved. Otherwise, let Qo) be the emanating chain
connecting x and Qy. Let B; be the balls in the intersection Q; N Q.1 as in the Def inition
Then

m—1

|u(x) = (u)g,| < fu(x) = g, | + Z K)o, — (wyp,| + Ky, — (o)l

J=0

m—1
< I|Vu|(x) + 2 Z Kuyp, — (u)o,l
=0
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Let us estimate the second term:

Kuyp, = (gl < lu—<uyg,ldy
B,

J

<oy lu—A{ug,ldy
Qj

< cohdiam(Q);) |Vul|dy.
Qj

Since |x — y| < oodiam(Q;) and (Q;) has overlap less than or equal to o1, we obtain

m—1 m

\%
E diam(Q;) \Vuldy < coi™! E l dy < co 1oy | Vul(x).
=0 0,

-1
_ yln—-1
} = 9 lx =yl

The assertion follows when we combine the previous three estimates.

Remark 2.2.1 One easily checks that the assertions in Lemma (b) also holds for u €
L, () with |Vu| € L'Y(Q).

Definition 2.2.5 We say that a function a : Q — R is locally log-Hdélder continuous on € if
there exists ¢; > 0 such that

C1
log(e + 1/Ix —y)
for all x,y € Q. We say that « satisfies the log-Holder decay condition if there exist a., € R and

lar(x) — a(y)l <

a constant ¢y > 0 such that

&)
—_ oo S —_
o) — el < 4o e )

Jor all x € Q.We say that « is globally log-Holder continuous in Q if it is locally log-Holder
continuous and satisfies the log-Holder decay condition. The constants ¢, and c, are called
the local log-Holder constant and the log-Holder decay constant, respectively. The maximum

max{cy, c,} is just called the log-Holder constant of a.
Definition 2.2.6 We define the following class of variable exponents

1
Plog(Q) = {p e PQ): ; is globally log-Holder continuous}

By cio4(p) or cioq we denote the log-Holder constant of % If Q is unbounded, then we define p.,
Lo 1

by p—m = 11m|x|_m ml

Note that although E is bounded, the variable exponent p itself can be unbounded. We would

also like to remark that the definition of p., "commutes with duality”, i.e. p € P'°8(Q) if and only

if p’ € P%(Q) and (pes) = (p')e. Hence we do not have to distinguish between (po,)’ and (p')eo,

and write p’, for short.
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Remark 2.2.2 If p € P(Q) with p* < oo, then p € P4(Q) if and only if p is globally log-Hélder

continuous. This is due to the fact that p H% is a bilipschitz mapping from [p~, p*] to [%, p%].

Theorem 2.2.1 (Jensen’s inequality) Let ¢ : [0, ) — R be a convex function and f € L'(a, b).
Then

b b
QD( |f(X)|dx) < e (f(x)]) dx.

a

Definition 2.2.7 For a family Q of open, bounded sets U C R" we define Tq : L,
L°(R") and Tq:L (R")— LO(R™) with s € [1, 00) by

loc

R") —

Tof = ) xuMuf =) xv  IfG)ldy,
U

UeQ UeQ
Tiaf = ) xuMuf = ZXU( FOI dy) :
UeQ UeQ v

The operators Tq and T q are called averaging operator and s-averaging operator, respectively.
Note that Tq = T\q. The functions Tqf and T,qf are well defined in L°(R"), since Mqf > 0,
but might be infinite at many points or even everywhere. However, if Q is locally finite and
f e LIIUC(R") and g € L; (R"), then Tqf € L}OC(R”) and T,qg € L; (R"). By Jensen’s inequality

we have Tqf < Tqfor s > 1.

Definition 2.2.8 By A we denote the set of all generalized ®-functions ¢ on R" which have the
property that the averaging operators Tq are bounded from L?(R") to L¥(R") uniformly for all

locally 1-finite families Q of cubes in R". The smallest constant k for which

ITaflle < Kl flles

for all locally 1-finite families of cubes Q in R" and all f € L*(R"), will be called the A-constant
of o. If ¢ € A, then we say that ¢ is of class A. In the case ¢y, p € P(R"), we denote p,, € A
simply by p € A and call the A-constant of ¢, also the A-constant of p.

By Ay, we denote the set of all generalized ®-functions ¢ on R" which have the property that the
averaging operators Tyg, over single cubes Q are uniformly bounded from L¥(R") to L*(R"), ie
supy IT10fll, < kollflly for all f € L*(R"), where the supremum is taken over all cubes Q C R".
The smallest constant k, will be called the A,.-constant of ¢. If ¢ € Ay, then we say that ¢ is

of class Ajpe. In the case @y, p € P(R") we denote ¢,y € Ay sSimply by p € Ajpe.
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Theorem 2.2.2 Let p € P(R"). Then the following are equivalent:

(a) p € Ae.

(b) p" € Auge.

(c) xoll,ollxolly ) = |Ql uniformly for all cubes Q C R”

(d) llxollpo) = |Q|i and ||x ol () = |Q|ﬁ uniformly for all cubes Q C R".

The statement remains true if we replace cubes by balls.

Corollary 2.2.1 Let p € P2(R"). Then for every m > 0 there exists 5 € (0, 1) only depending
on m and c¢;,4(p) such that

@p(x) (,3 If(y)ldy) dx < @ (fD dy+  (e+[yD™dy,
0 o

Q Q

Qsop(x) (ﬁ . If(y)ldy) dx < Q90p(.) (fOD) dy+1lye @ : 0<|f(I <1}

for every cube (or ball) Q C R" and all f € LPO(R") + L*(R") with 1 ro@mysLo@ny < 1.

Theorem 2.2.3 If p € P8(R"), then p € A with A-constant depending only on Clog(p) and n.

Moreover,
Taflp) < eNllfllp

for every locally N-finite family Q of cubes (or balls) and all f € LPY(R™). The constant ¢ depends

only on cje(p).

Proof. Let f € LPY(R") with || fll,) < 1 and let Q be a locally N-finite family of cubes (or balls).
Then by the unit ball property 0,)(f) < 1. Let m > n be such that ,(e + [y)™ dy < 1. Choose
B €(0,1) as in Corollary2.2.1] Then

1
Op() (ﬁﬁTQf) )
Qe

1

N 2 ( , ep(FOD dy +

IA
|_

, Pp BroMof) dx

2
R

IA
)

(e+ D™ dy)
0

&)

<

or(Ndx+ (et )™ dx)
.

RVI

| — N =

< 2(9p<.>(f) +D <L

Where we have used that Q is locally N-finite. This implies ||Tqfll,) < %V A scaling argument

yields the [|[Tqf |l < ﬂ||f||«,. The case N = 1 with cubes implies p € A.
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Proposition 2.2.1 If p € P5(Q), then it has an extension q € PS(R") with Cipe(q) = Crog(p),
q = p-,and qg* = p*. If Q is unbounded, then additionally ¢ = pe.

Proof. Let ¢y > 0 and p., > 1 be such that

' 1 1 ' < C1 d | ( ) | < C1
- S an. X)— Pl S /M,
P pl~ Togle + 1/lx—y)) PR Pel= 0g(e + 1)

for all point x,y € Q. Sincet — 1/log(e + 1/t) is a modulus of continuity, we can use the
extension of McShane-type [20] to extend % to R" with the same modulus of continuity and
lower and upper bound. More precisely, we define a € C(R") by

L — su ( 1 _ Cq
ay)  en\p@)  logle+ 1/lz -y

fory € R". In particular, a is locally log-Holder continuous with local log-Holder constant less
or equal to ¢y, and a(y) = 1/p(y) for all y € Q.
In order to ensure that our extension satisfies also the log-Holder decay condition and has the

same lower and upper bound as p we define q by truncation

1 , { { 11 e 1 } L, « 1 }
——  =mmiymaxy——,——7———,—(, —— +t—————, —
q0) a(y) pe logle+|x) pg) pe  logle+Ix) pg

forall y € R". Since x — log(cez-i—lxl) is globally log-Holder continuous with constant c,, we see

the log-Holder constant of Cl[ does not exceed max{c;, c2} = cig(p). The decay condition of 119

ensures that - = a(y) = ﬁ for all y € Q. Therefore q is the variable exponent we are looking

q()
for.
Lemma 2.2.2 Let Q be a bounded a-John domain and let p € P'°5(Q). Then
Il zro @l Hlzrow) = 1€,
where the constant only depends on cj,,(p), @ and n.

Proof. Extend p by Proposition[2.2.1|to R" preserving cioe(p). Let B be the John ball of Q, then
B c Q c 2aB. By Theorem[2.2.2|we find that

IMlzro@lrog < IMHllocesliroges) < ¢l2aBl < c(2a)"€Q.

On the other hand by Holder’s inequality |Q| < 2|1 ool o)
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Lemma 2.2.3 Let Q be a bounded a-John domain and let p € P4(Q). If A C Q has positive

finite measure, then

A
c—|lu = ) allro@) < llu — wallro@) < cllu = wallrow)

12|

for u € LPY(Q), where ¢ depends on the dimension n, Clog(p) and a.

Proof. By the triangle inequality, ||u — (Wollpro) < llu — (Wallro) + IKuwa — (Wallrro). We

estimate the second term by Holder’s inequality:

IKuya — Wallro) = Kupa = Wal [1lo@)

-1
= Q" |u - <M>A||L1(Q)||1||Lp<->(9)

< ”1||LP'<~)(Q)||1||LI’(->(Q)
<c
12|

[|ze — <M>A||Lp<->(9)-

Since p € P5(Q), the fraction in the last estimate is bounded by a constant according to

Lemma[2.2.2] The lower bound is proved similarly.

By QO(x, r) we denote a cube with side length r and center at x € R".The cube is dyadic if it is of

the form Q(x, 2¥) for some x € 2¥Z" and k € Z.

Definition 2.2.9 For k € Z we define the averaging operator T by

Tif = Z XoMaof
Q dyadic
diam(Q)=2"*F

forall f €Ll (R").

loc

Remark 2.2.3 Note that Ty can be written as the sum of 2"-averaging operators Tq, with locally
1-finite families of shifted dyadic cubes, namely, each 2Q is split into 2" disjoint cubes of the
same size as Q. This property ensures the boundedness of T, on LY(R") if ¢ € A.

Lemma 224 Let xeR", § >0,0 <a <n, and f € L, (R"). Then
1fO)l ¢\ na o
WOy < s D2 g f(2) < (@) MF(x),

Bxo) X = YT P

where ky € Z is chosen such that 27%071 < § < 27%,
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Proof. We split the integration domain into annuli and use the definition of T}.:

O o
HOL_ 4y < Y5274 FOldy
B(x,6) |X - yl =1 2-k§<|x—y|<2-k+1l§
<c ) @b FO)ldy
k=1 |x—yl<27k+1§

< 00" ) 2K T, ().
k=0

This is the first inequality. Since Ty, [ < Mf, the second inequality follows by convergence of

the geometric series.

Definition 2.2.10 By G we denote the set of all generalized ®-functions ¢ on R" which have the
property that

2 ofllllvoglly- < Kilflllglly

0eQ
forall f € L*(R"), g € L¥ (R"), and all locally 1-finite families Q of cubes. The smallest constant
K, is called the G-constant of . If ¢ € G, then we say that ¢ is of class G. In the case ¢,), we
denote @,y € G simply by p € G.
The name "class G is derived from the works of Berzhnoi for ideal Banach spaces [3|]. In the

notation of Berezhnoi ¢ € G is just (L?, L?") € G(X"), where X" is the set of all cubes in R".

Corollary 2.2.2 Let p € P(R") and Q be a locally N-finite family of cubes or balls Q C R".
Then

T flo = || Y xos

0eQ 40)

forall f e Lf;(é)(R”). The implicit constants only depend on ci,z(p), n and N. The dependence on

N is linear.

Theorem 2.2.4 If p € P4(R"), then p € G and the G-constant only depends on cj,e(p) and n.

Proof. Remark implies that p’ € P°S(R"). Thus Corollary yields ||Tyyafll,) =
I 2 e xof o and 1Ty a8llror ~ | Socaxosllyo for all f € LI (R") and g € LY, (R"). More-

lo loc

over, by Theorem[2.2.3} p € A and therefore Theorem [2.2.2] implies that |Q| ~ |lx ol olly -
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Thus
o fllpe) I ogllyo)
2 oslholivesllyn D xo =R B d
QEQ R7 QGQ Ollp() 0 P’(~)
< TpoafTpoaegdx

Rn
< clITpoyaf ol T pr.e8llyr e
= ”f”p(.)”g”p’(.)-
For domain with |Q| < co we denote the subspace of L”" consisting of functions with vanishing
integral by
LY = { feLlQ): @ dx = o}

In the case that |Q| = co we set Lg(')(Q) = LPO(Q).The space of compactly supported smooth

functions with vanishing integral we denote by C7’(€2).

Theorem 2.2.5 (Decomposition on theorem) Let Q C R” be a domain satisfying the emanating
chain condition with constants o\ and o and with chain covering Q. Then there exists a family
of linear operators S o : Ly (Q) — Ly (Q) with Q € Q which also maps Cg"’o(Q) - C(Q), such
that for every p € P4(Q) with p~ > 1 the following holds :
(a) For each Q € Q, the operator norm of S o : Lg(')(Q) — Lg(')(Q) depends only on a, p~, Cig(p)
and n.
(b) For every f € Lg(')(Q), IS of| < cooxoMf ae.
(c) The family S o f is a decomposition of f, i.e.

f=) Sof andinLi, ()

0eQ

forall f € Lg(‘)(Q). If p* < oo, then the sum converges unconditionally in Lg(')(Q), i.e. every
permutation of the series converges in Lg(')(Q).

(d) Forall f € L}(Q)
Z ”S Qf”Lg(')(Q)

Xo ~ | fll 200
'Qea ||)(Q||p(.) o (@

pQ)
with constant only depending on «, p~, cj,4(p) and n.
(e) For all f € L(Q) and g € L' (Q)
fedx=) Sofgdx=) Sof(z—(g)e)dx.
Q oeQ @ ocQ ¢
(f) If Q is bounded and f € Ci(Q), then {Q € Q : Sof # O} is finite.
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Proposition 2.2.2 Let Q C R” be a domain satisfying the emanating chain condition with con-

stants o and o, and with chain covering Q. Let p € P8(R") with p* < co. Then

ILf = <ollro
3 vo

£ gl

”f - <f>Q”Lg(')(Q) ~

LPO(Q)

forall f € LPYY(Q). The constant only depends on p*, ci,,(p) and the chain condition constants.

Proof. Let f € L' (Q) and g € Lg,(')(Q) we use (e) of the decomposition theorem for the space
Lg,(')(Q). Holder’s inequality, and Theorem to conclude that
(f =(Pa)gdx= D" (f = ())Sogdx
Q 0eQ Q
<2 ) IIf = PellwoliveS o8llyo

0<Q

ILf = <follro
PR DIPTILL
0Q r() qeQ Lg “(Q)

“XQ”p(.)

Note that },pcq X 0S 0€ = & so the right-hand side simplifies. Then we take the supremum over g
] p’ (. < j 4

with ||g||Lg O < 1 and use the norm conjugate formula (Corollary

<c

If = Dallyogy ~  sup (f=(Na)gdx

<1
“g”Lg/(')(Q)_ Q

ILf = <ollroco
T o

<c
Pa) “XQ”p(.)

This proves the first direction of the claim. Since p € P¢(Q) we have p € A and therefore

If = {Hollogy < If = (Hallog) + IkeMof = (allLrog

< cllf = {Pallog
This and Theorem prove the other direction of the claim.

Theorem 2.2.6 (Poincaré inequality) . Let p € P°5(Q) or p € A.
(i) For every u € Wé’p(')(Q), the inequality

||l/l||LP(-)(Q) <c diam(Q)lqulleo(Q)

holds with a constant c depending only on the dimension n and c,(p).

(ii) If Q is a bounded a-John domain, then
llu — (w)allro@) < ¢ diam(Q)||Vullproe)
for u € W'P(Q). The constant ¢ depends only on the dimension n, @ and cjyg(p).
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Proof. We prove only the latter case. The proof for the first case is similar; the only difference
is to use in Lemma case (a) instead of case (b). We note that p € P5(Q) can be extended
to R" so that p € A (Proposition[2.2.1|and Theorem[2.2.3)).

By Lemma 2.2.1](b) and Lemma[2.2.4 we obtain

lue(x) = Cuypl < 1|[Vul(x) < ¢ diam(Q2) Z 27 T [Vl ()
k=0

for every u € W'"PO(Q) and almost every x € Q, where ky € Z is chosen such that 275! <
diam(Q) < 275, Since p € A, the averaging operator Tyy, is bounded on LPY(Q) (cf. Remark
[2.2.3). Using also the triangle inequality, we obtain
e — <) sl < ¢ diam(L2) Z 27T |Vt llo
=0
< ¢ diam(Q)|[Vullro ).

The estimate for |lu — (u)all o) follows from this and Lemma[2.2.3]

In the case that p € P°8(R") with p* < oo we give an alternative proof for Theorem b)
based on the decomposition T heorem The proof is not self-contained since it uses the
variable exponent Poincaré inequality in cubes.

Proof of Theorem[2.2.6] (b) for p € PP8(R") with p* < co. Let p € P8(R") with p* < co. Let
Q be the chain covering of Q. Let u € W'*V(Q) with ,udx = 0. Then Proposition the
Poincaré inequality in cubes, diam(Q) < diam(Q) for Q € Q, and Theorem yield

u—Au 0
||u”Lg(')(Q) <c ZXQ” < >Q||LP Q)

bea ol f
diam(Q)”VMHLP(-)(Q)
<e| ey
0eQ 2llp) LPO(Q)
: IVull o
<c dlam(Q) ZXQ“/\/—”(Q)
0eQ QlipC) LPO(Q)

< ¢ diam(Q) ||Vull o) -

Theorem[2.2.6] (a) immediately yields.

Corollary 2.2.3 Let Q be bounded and p € P(Q) or p € A. For every u € Wé’p Q) the
inequality

IVall oy < il < (1 + ¢ diam(@)[Vullro,

holds with constant c¢ depending only on the dimension n, and c;,,(p).
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Theorem[2.2.6](b) and Remark [2.2.1]yields the following corollary:

Corollary 2.2.4 Let Q be a bounded a-John domain and let p € P'8(Q) or p € A. Furthermore,
let A C Q be such that |A| ~ |Q|. Then

lu — (uallroy < ¢ diam(Q)||Vull o)

foru € L}(IC(Q) with |Vu| € LPY(Q). The constant ¢ depends only on the dimension n, a and

Clog (P)

Next we will talk about the modular versions of the poincaré inequality. The following example
shows that in the case of the variable exponent in general, the poincaré inequality can not hold in
a modular form. Although, in the constant exponent case, there is an obvious connection between

modular and norm version. For instance, A. Lerner showed that

IMfIPYdx <c  |fIP™dx

R R

if and only if p € (1, o) is constant.

Example 2.2.1 Let p : (-2,2) — [2,3] be a Lipschitz continuous exponent that equals 3 in

1 1

(=2,-1D) U (1,2), 2 in (-5, 3) and is linear elsewhere. Let u, be a Lipschitz function such that

ur(£2) =0, uy = Ain(=1,1)and |u’| = Ain (=2,-1) U (1,2). Then
1/2

_ 2 2
u o |uaPY dx pAtdx
Op0(U) 5 Tl e

ooy 2 wpwdx 2 ) dx 24

as A — 0%

If p is continuous and has a minimum or maximum then the modular poincar€ inequality o, («) <
co,()(Vu) does not hold, this is according to Fan,Zhao and Zhang in [10]. In another way, the
inequality holds if there exists a function ¢ € W'!(Q) such that Vp.Vé > 0 and V& ¢ 0, like

Allegretto shows in [1]. this holds if p is suitably monotone.

Proposition 2.2.3 Let p € P5(Q) be a bounded exponent.
(a) Let Q be bounded. For m > 0 there exist a constant ¢ depending on the dimension n, cj,4(p),

m, and p* such that

p(x)
u
(L) dx<c  |Vul"dx+c (e +[xh)™ dx
o \diam(Q2) Q B(x,diam(Q))
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for all u € Wy (Q) with ||Vull yo ) < 1 and all z € Q.
(b) Let Q be a bounded a-John domain. For m > 0 there exist a constant ¢ depending on the
dimension n, cjo(p), m, p*, a, |Q| and diam(QQ) such that
_ p(x)
(M) dx<c |VWPWdx+c (e + |x)™" dx
q \diam(Q) Q B(zdiam(Q)

for all v e WP(Q) with ||Vl o) < 1 and all z € Q. The ball B is from Lemmam

Proof. Assume that u € W(;’p (')(Q) is extended by zero outside Q) (Lemma . By Lemmam
(a) and2.2.4)we obtain

V o0
lu(x)| < c M dy < c diam(Q)) Z 2_ka+kO|Vu|(x),

a lx =y ~
where ko € Z is chosen such that 277" < diam(Q) < 27%. Exactly the same estimate holds with
u replaced by v—(v)p using Lemma (D), so it suffices to derive the estimate of the first claim
involving u.
We divide by diam(Q2) and raise both sides of this inequality to the power p(x), integrate over Q,

and use p* < oo to obtain

(_Iul )pm dx < (iz—kT v I)p(x)d
: X=scC u X
o \diam(Q) o frko

Q _
<c ) 25 (T V)™ dx,
k=0 Q

where we used convexity in the second step. Since 010y (Vu) < 1 by the unit ball property, we

may use Corollary2.2.1|for |Vul,, on the ball B(z, diam(Q)) and get

(TiarVul)’™ dx < ¢ [Vul®dx + ¢ (e +|x))™™dx,
le) Q B(z,diam(Q)

where we also used that the dyadic cubes 2Q are locally N-finite. Combining the last two in-

equality proves the claim.

Remark 2.24 If p € P(Q) with no restriction on p*, then the first estimate in
Proposition[2.2.3| reads

Jul

. P p(x) (Bm) dx < 5 ©po(|Vul) dx + (e+|x])™dx

B(z,diam(Q)
for some B € (0,1) and all u € Wé’p (')(Q) with ||Vullppo@) < 1. The constant B depends only on
Ciog(P), m and n. The second estimate in Proposition [2.2.3| has to be changed accordingly. The

proof'is the same.
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Remark 2.2.5 It is possible to replace (u)p in Lemma (b) and Proposition by (u)a

or even (uys, where A C Q is a set with |A| = |QQ|. Indeed, it follows from Jensen’s inequality and

Corollary2.24|for p = 1 that

[upa = sl < lu—<wpldy < ¢ |u—wpldy < c diam(Q)  |Vuldy
A Q Q

for all u € WHN(Q). In particular, this implies

[Vu(y)l

R W dy < CII(Vu)(x)

[{upa — (uypl < ¢

for any x € Q. This proves the modified version of Lemma [2.2.1| (b). With this new estimate we

get the modified version of Proposition [2.2.3|with no change in the proof.

Theorem 2.2.7 (Key estimate) Let p € P8(R"). Then for every m > 0 there exists § € (0, 1)
only depending on m and c,4(p) such that
oo (B oIF )1 dy)
0 Eo(FOD dy + 5y + 1™ + (e + D Yot sonen) )

0 e (If D dy + % Q((e + XD + (e + lyD ™" Wxjo<i i<ty Ay
for every cube (or ball) Q C R", all x € Q, and all f € LPO(R™) + L¥(R™) with || fllppo@ny 1@y <

I.

Note that if p* < oo then in the previous Lemmas [7, Lemma 4.2.3, Lemma 4.2.2, Lemma 4.2.1]
and theorem we can take the constant S out from ¢,,. For example, in the later case of the

previous theorem we obtain

G o lf O dY)

<c L enIfODdy +c ,((e+I1x)™ + (e + YD Wio<iromi<n 4
where the constant ¢ depends only on m, ¢;,,(p) and p*.

Lemma 2.2.5 (Jensen inequality with singular measure) Let p € PS(R"). For every m > 0

there exists 5 € (0, 1) only depending on m and c,,(p) such that

lFO)I dy) < oo (LF DD

3 —dy+M((e—1D™")(x)
B rx =yl g Hx =y

‘Pp(x) (ﬁ

for every R >0, B := B(z,r), x € Band every f € L"Y(B) (" L™(B) with || fllr0s)s 125 < 1.
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Proof. Fixr > 0 and let B be a ball with radius r. Define annuli Ay :={y € B : 27* < |x—y|R™! <
217} for k > 0. As in the proof of Lemma we split the B into the annuli A, and obtain

oo dy < ¢, Z 2k Xalfldy.

5l —yPt B(x, 215)

Let B, > 0 be the B from the Key estimate Theorem Since Y2027% < 1, it follows by

convexity that

B2 lf DI ok
I = 0|l dy| < 2 X Afldy].
0 %K{q e DI IR
So the Key estimate, Theorem[2.2.7) yields
< Y2 a1 dy
k=1 B(X, 21*")
l —m 1 —m
PSS (e b))
B(x, 215)
) (LF D m
< IRy + M(e+ L.
B Tlx =)yl

The following improvement of Proposition [2.2.3]is useful in the study of p(.)-minimizers and is

the starting point for reverse Holder estimates. The result is from Schwarzacher [28]].

Proposition 2.2.4 Let p € PSR satisfy 1 < p~ < p™ < co and let s < p~ satisfy s € [1, ).

Then for every m > 0 there exist a constant ¢ depending on n, c;,,(p), m, and s such that

|I/£| p(x) s
(E) dx < c( IVul dx) +c¢  (e+|x)™dx
Bg Bg Bg
_ px) §
(M) dx < c( V|5 dx) +c (et x)™dx
Br R Bg Br

P( )

for every ball Bg with radius R, and every u € W " (Bg), v € whE (BR) with

IVullppoiseros IVVIlpaorssps < 1.

Proof. By Jensen’s inequality the case s > 1 implies the case s = 1 and thus we may assume

that s > 1. By Lemma[2.2.1|we have, for x € By,

\%
|u—(yn)_|l dy, [v(x)— gl <c
x =l

BRl

Vvol

lu(x)| < c —_
Be |X _ yln—l
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Starting from here the proofs for u and v are the same, so we just present the estimate for u. With

the previous estimate, the help of Lemma applied to p(.)/s and p* < oo we get

(o™ . Vu(y)  \"Y
(I)— BR( R ) dXSC(p) BR( BRRL)C——yln_l ) dx

PO
co [ o
Br

dy) dx+c  (M((e+]D™)(x)" dx
Bg

B Rlx =y
= D)+ I]).
In order to estimate (II) we set J = Bx |VulPO/s dx. We can assume J > 0 in the following,

since otherwise Vu = 0 and there is nothing to estimate. We apply Jensen’s inequality for the

probability measure y1 = |VulPY' | ] and the convex function t v t*, then we use Fubini’s theorem

dx

to change the integration order and S

~ R-S(n—=1)+n : n_.
~ R fora.e.y € Bg using s < 5.
Py

Un<e o Ol
T B B, RS|x — y|s=D

dydx

<elTIRT Vu) dy < c(
Br

|Vu@nﬁﬂw).

Bg

Since s > 1, we can use the boundedness of M on L*(Bg) to conclude

(I <c (e+|x)™ dx
Bg

Combining the estimates for (I) — (I11) we obtain the result.

Remark 2.2.6 Exactly as in the Remarks [2.2.4 and 2.2.5] it is possible to modify
Proposition to include the case p* = oco: we have to replace the constant c on the right-
hand side by a constant 8 on the left-hand side. As in Proposition [2.2.3] and Remark [2.2.5| we

can replace the integration domain Bg by a bounded John domain Q and the mean value (v)g,

by (v)a for any A C Q with |A| = |QQ].

In the following Lemma, the case r < n and g = r* is due to B.Bojarski [2, (6,6)] and in the case
g < r* follows from it by Holder’s inequality. By r* we denote the Sobolev conjugate exponent

of r<n,r =nr/(n-r).

Lemma 2.2.6 Let QO C R” be a bounded a-John domain. If 1 <r <nandr <q<r*orifr>n
and q < oo, then

1,11
[|ze — <M>Q||L4(Q) < C|Q|"+q ’||VM||U(Q)

forallu € W' (Q). In the first case the constant ¢ depends only on n, r and «, while in the second

case it depends also on q.
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We can prove the Poincaré inequality in bounded John domains for variable exponents by using

the previous constant exponent Sobolev-Poincaré inequality.

Lemma 2.2.7 Let Q C R”" be bounded a-John domain. If p € P(Q) is bounded with p* < (p™)*
or p~ > n, then there exists a constant c depending on the dimension n, p~, p*, and « such that

for every u € W'O(Q) we have

20t
llu = wallrog) < c(1 + QDR 7~ |[Vullpo ).

Proof. Assume first that p* < (p™)*. Since p(x) < p* < (p7)* we deduce from Corollary
and Lemma that
llee — (wallpy < 2(1 + QDI — wall p+

1y 11
< e(n, p~a)(1 + [QDIQI 77 [Vull -

Tyl 1
< c(n, p~, @) (1 + 1QDIQ" 77| Vull .

Let p~ > n. We choose a constant g € [1,n) such that p* = q*. We obtain the result by using
similar arguments than in the previous case. The only difference is that the constant in the second

inequality in the above chain of inequalities is c¢(n, p*, @).

Lemma 2.2.8 For a constant q € (1,n), arbitrary x € R" and R > r > 0 we have
qg-nl! 1-¢

inf [Vul?dx = ¢
q-1

B(x,R)

where the infimum is taken over all u € C;(B(x, R)) with ulp., = 1. Here the constant ¢ depends

only on the dimension n.

The next proposition shows that the poincaré inequality does not hold for general non-constant

exponents,

Proposition 2.2.5 Let B be a unit ball in the plane. For every q, € [1,2) and g, € (2, 00) there

exists p € P(B) with p~ = q; and p* = q, such that the norm-version of the Poincaré inequalirty,
ot — <M>Q||Lp(-)(3) < C”VM”LI’(-)(B),
does not hold.
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Proof. Our aim is to construct a sequence of functions in B C R? for which the constant in
the Poincaré inequality goes to infty. Let ey = (1,0), B; = B(Z"'el,‘—l‘?i) C Band B, =
B(Z‘iel, %2—1'2) C Bjoreveryi € N. Let u; € Cy(B;) with ujlg;. = 1. Define p = q, in every B;

and p ‘= q, otherwise in B with positive first coordinate. Since Vu; = 0 in B, we obtain
||Vui||Ll’(4)(B,-) = ||Vui||L‘fl(B,-)~

Let B, = B (—Z‘iel, iZ‘i). We extend u; to B as an odd function of the first coordinate in B; and
by zero elsewhere. We extend p to B as an even function of the first coordinate. We denote these
extensions by ii; and %

By Lemma [2.2.8| we may choose the functions u; such that

1 ‘“71 1 @ 1-q
L\ 91 PAS N T
=27 —[(=2" .

2 2—q
For large i, the right-hand side is approximately equal to c(q1)2_1271. Since (it;)p = 0, we obtain

Vil o < c(qr)
L7 (B

;L 22
> |B)|# > 2,
(B)

lit; — @yl o =il o
LW (B) L

n

Combining the previous two inequalities, we find that

llez; — <ﬁi>B”LP*/(») . U

_ 2> (g2 R 5 o0
IVl o
L (B

. 2 _ 2 . . 2&
asz—>oozfq1 - > 0, that is, if ¢» > a > 2.

Theorem 2.2.8 Let Q C R” be a bounded John domain and p € P(Q) be bounded. Assume
that there exist John domains D;, i = 1,..., j, such that Q) = U{:lD,- and either pj, < (pp, )" or

Pp, = n for every i. Then there exists a constant ¢ such that

e — <w)allro@) < cllVullpog)
for every u € W"PO(Q). The constant ¢ depends on n, diam(Q), |D;|, p and the John constants

of Qand D;, i =1,...,].

Proof. Using the triangle inequality we obtain

J
e = allow < ) e = wallom,
i=1

J J
< Y M= wpllwowy + Y IKiwa = @, llowm,.
i=1

i=1
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We estimate the first part of the sum using Lemma This yields for everyi=1,...,]

llu — (wpllrowy < cllVullprow, < cllVullpog)

with constants depending on n, pgi, P, |D;l, a;, where a; is the John constant of D;. Therefore it
remains only to estimate the sum of the terms |{u)q — {u)p||r0p,). We use the constant exponent

Poincaré inequality (in the third inequality ):

IKu)q — <M>D,-||Lp<-)(D,-) < ||1||Lp(<>(D,-) lu(x) — (uyal dx
D.

< MlpowplDil ™ lu(x) = (w)al dx

Q
< c(n, diam(Q2), a’)lDil_l||1||U’<~)(D,-)”VM”L1(Q)
< c(n, diam(Q), &)\ Di| ™ 11l oo IV Ul o)

foreveryi =1,...,j. Here « is the John constant of Q. By Corollary 111 .r0(p,) depends

only on p and |D;|, which completes the proof.

The previous theorem shows that we can replace the condition p* < (p™)* in lemma[2.2.7py a set
of local conditions. Next, by using Lemma we prove the poincaré inequality for Sobolev

functions with zero boundary values.

Theorem 2.2.9 Let Q be bounded. Assume that p € P(Q) and there exists & > 0 such that for

every x € Q) either

NP pxs)n0 _
Pl;(x sna = (f - Or Ppiona = - (2.2)
’ n = Ppixs)nQ ’

Alternatively, assume that p is uniformly continuous in Q. Then the inequality
llullro) < cllVullrow),
holds for every u € Wé’p (')(Q). Here the constant c depends on p, Q, 6 and the dimension n.

Proof. Note that if p is continuous in Q or uniformly continuous in Q, then p satisfies the first
set of conditions of the theorem for some 6 > 0.

By the assumptions there exist xi,...,x;and 6 > 0 such that

J
Qc U B(x;, 6)
i=1

and each ball B(x;, 8) satisfies either of the two inequalities in (2.2)). We write B; := B(x;,6) and

denote by y; the characteristic function of BiN€Q. In each B; we define pi(x) = p(x)x;+ pp ~o(1 -
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Xi). Then in each B; either pf < (p;)" or p; > n. Let ii be the zero extension of u € Wé’p(')(Q) to

R"N\Q (Lemma2.1.1). By the triangle inequality we obtain

J J
(. < |lu ; < i||; pic.
iy = D, = D5 Wl
i= i=

J J
< Y i =@ lrosy + K@ lo,.
i=1

i=1

We estimate the first sum on the right-hand side of the previous inequality. By Lemma [2.2.T|we

obtain
2 i+ -t
it = <@y |l i sy < (1 + BB " " [Vl ppiog,)
2 i+ -t
<c(L+[BDIBI" " i (IVullpro .-
foreveryi = 1,...,j To estimate the second sum, Z{: Kyl piop,), in the above inequality

we use Lemma o estimate PiO(B, a constant depending only on p and 6. Further
L to estimate ||1|| 505, by tant depending only on p and 6. Furth

the constant exponent Poincaré inequality implies that

i) p,| < @ luldx < %diam(Q) |Vu|dx
& o 5 5

cn)
< P diam(@)(1 + QDIVullro,

again for everyi = 1,..., j. Combining the last three estimates yields the assertion.

Remark 2.2.7 Assume that Q is convex and p € P(Q) is uniform continuous (or p € C (ﬁ)). As
in the proof of Theorem we may cover Q by finitely many balls B(x;, ) so that (2.2)) holds.
Since Q is convex so is B(x;,0) N Q and thus it is a John domain. Hence Theorem yields

that the Poincaré inequality

lu — (wallro@) < cllVullrow)

holds for every u € WO (Q).
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Conclusion

In Conclusion, the space L") is a special case of generalized Orlicz space or (Musielak-Orlicz)
space with ¢,) = @) Or ¥, = @) , for instance, we considered some proprieties in this space
as a results from the properties in the Musielak-Orlicz space, and there are also a semimodular

space. The study of this space was very import for begin our study of Sobolev functions, as we

see in the definition [2.1.2] W™PO(Q) = {u € LPY, Dy € LPY(Q), |a| < m} One motivation of

study this functions is that solutions of partial differential equation belong to Sobolev space.
in the future, if we continue we will try to study the variational integrals with non-standard

growth and coercivity conditions(non-standard variational problems).
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