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Abbreviations and Notations

P(A, µ),P(Ω) Set of variable exponents.

Plog Variable exponents p such that 1
p is log-Hölder continuous.

p′ Dual exponent.

p+, p− Essential supremum and infimum of p.

p+A, p−A Essential supremum and infimum of p in A.

Φ(A, µ),Φ(Ω) Generalized Φ-functions.

φ Φ-function

φ∗ conjugate Φ-function of φ.

φ−1 Left-continuous inverse.

φ̃p(.), φ̄p(.) Generalized Φ-function defining Lp(.).

ϱ Semimodular, modular.

ϱ∗ Conjugate semimodular of ϱ.

Q(x, r) A cube with side length r and center at x ∈ Rn.

Tk Averaging operator over dyadic cubes.

TQ Averaging operator.

Wk,p(.)
0 Sobolev space with zero boundary values.

Xϱ Semimodular space or modular space.

sgn The sign of the argument.

N(A, µ),N(Ω) Set of N-functions.

MQ f Averge of | f | over Q.

Ep(.) Set of finite elements of Lp(.).

LφOC Musielak-Orlicz class.

L1
loc The space of all locally integrable functions.

Lp(.)
0 The subspace of Lp(.) consisting of function with vanishing integral.
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Abbreviations and Notations

Hk,p(.)
0 Closure of C∞0 -functions in Wk,p(.).

clog(p) Log-Hölder constant of 1
p .

χE Characteristic function of the set E.

L0, M The set of all measurable functions.

↗ Limit of an increasing sequence.

C∞0 Smooth function with compact support.

C∞0,0 The space of compactly supported smooth functions with vanishing integral.

⟨ f ⟩Ω,
�
Ω

f (y) dy The average integral over the set Ω .

d(u, v) The distance between u and v.

diam(Ω) The diameter of Ω.
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Introduction

In this memory we talk about Lebesgue and Sobolev spaces with variable exponent, it is like the

classical Lp,Wk,p but p here is a function not a constant, this subject "variable exponent function

spaces" has seen a big growth in recent years. For example we have 288 articles in mathematical

for "variable exponent" since before 2000 then 2010. The basic properties is existent in the article

[17] bu O.käváčik and Rákosnik from 1991. This article is the standard reference after X -L Fan

and D. Zho [9] ten years later by the same properties and different methods. The understanding

if the basics of the field has been in 2010, reached a certain stability and maturity.

Historically, the first presence of the field of variable exponent Lebesgue spaces was in a

1931 article by W.Orlicz, here the following question is asked : let (pi) (pi ≥ 1) and (xi)

set sequences of real numbers and
∑

i xpi
i converge. what are the necessary and sufficient

conditions on (yi) for
∑

i xiyi to converge? the answer was
∑

(λyi)p′i should converge for

λ > 0 and p′i =
pi

pi−1 this is essentially Hölder’s inequality in the space lp(.) Orlicz also

proves the Hölder inequality in the variable exponent function space Lp(.) after that he con-

centrated on the theory of the function space "now it bear his name" and leaved the study

of variable exponent spaces. In the theory of Orlicz spaces, one defines the space Lϱ :{
u : Ω→ R measurable functions , ϱ(λu) = ∫Ω φ(λ|u(x)|) dx < ∞

}
. Abstracting this is a more

general class of so-called modular function spaces, the variable exponent Lebesgue spaces is

an example of the more general spaces as Nakano said. the modular spaces were investigate

by several people, groups at Sapporo(Japan), voronzh(USSR), and Leiden(NetherLands), Polish

mathematician for instance H.Hudzik, A,kaminska, and J.Musielak. Variable exponent Lebesgue

space have been independently developed by Russian researchers. The research started by this

question in a paper by I.Tsenov from 1961: the minimization of ∫
b

a |u(x) − v(x)|p(x) dx, u fixed

function and v varies over a finite dimensional subspace of Lp(.)([a, b]), this question solved by

I.Sharapudinov he also defined the Luxemburg norm for the space Lp and proved that this space

1



Introduction

is reflexive if 1 < p− ≤ p+ < ∞, in the mid-80’s Zhikov started new line of research, that was

to become profoundly to the study of variable exponent spaces, considering variational integrals

with non-standard growth conditions. Another early PDE paper by O.kaváčik and the paper by

O.kováčik and J.Rákodvik in the 90’s [17], this paper contained many of the basic properties of

Lp and Wk,p in Rn.

There is a connection between variable exponent space and variational integrals with non-

standard growth and coercivity conditions, this non-standard variational problems are related to

modeling of so-called electrorheological fluids. Moreover, development in physics and engineer-

ing have made the study of fluid mechanical properties of these fluids an important issue, latter

on, other applications have emerged in thermorheological fluids and image processing. Finally,

this memory is contained an Introduction and two chapter, the first chapter deals with variable

exponent Lebesgue spaces, and the second one deals with Introduction to sobolev spaces.

2



Chapter 1

Variable exponent Lebesgue spaces

In this chapter, we present Lebesgue spaces with variable exponents, it is a semimodular space

consist of all K-valued µ-measurable functions f on A with limλ→0
�

A |λ f (x)|p(x) dx = 0 or
�

A |λ f (x)|p(x) dx < +∞ with λ > 0, we begin by define the appropriate Φ-function and study

its properties and the second section of this chapter is the Basic properties, the latter is an Em-

bedding between spaces with different exponents.

1.1 The Lebesgue space Φ-function

Definition 1.1.1 A convex, left-continuous function φ : [0,∞)→ [0,∞] with φ(0) = 0,

limt→0+ φ(t) = 0, and limt→∞ φ(t) = ∞ is called a Φ-function. It is called positive if φ(t) > 0 for

all t > 0.

Definition 1.1.2 Let (A,Σ, µ) be a σ-finite, complete measure space. A real function φ : A ×

[0,∞)→ [0,∞] is said to be a generalized Φ-function on (A,Σ, µ) if :

(a) φ(y, .) is a Φ-function for every y ∈ A.

(b) y 7→ φ(y, t) is measurable for every t ≥ 0.

If φ is a generalized Φ-function on (A,Σ, µ), we write φ ∈ Φ(A, µ). If Ω is an open subset of Rn

and µ is the n-dimensional Lebesgue measure we abbreviate this as φ ∈ Φ(Ω) or say that φ is a

generalized Φ-function on Ω.

Definition 1.1.3 A Φ-function φ is said to be an N-function if it is continuous and positive and

satisfies limt→0
φ(t)

t = 0 and limt→∞
φ(t)

t = ∞.

A function φ ∈ Φ(A, µ) is said to be a generalized N-function if φ(y, .) is for every y ∈ Ω an

3



CHAPTER 1. VARIABLE EXPONENT LEBESGUE SPACES

N-function.

If φ is a generalized N-function on (A, µ), we write φ ∈ N(A, µ) for short. If Ω is an open subset

of Rn and µ is the n-dimensional Lebesgue measure we abbreviate φ ∈ N(Ω).

Definition 1.1.4 A function φ ∈ N(A, µ) is called uniformly convex if for every ε > 0 there exists

δ > 0 such that

|u − v| ≤ εmax{u, v} or φ
(
y,

u + v
2

)
≤ (1 − δ)

φ(y, u) − φ(y, v)
2

for all u, v ≥ 0 and every y ∈ A.

Remark 1.1.1 If φ(x, t) = tq with q ∈ (1,∞), then φ is uniformly convex. To prove this, we have

to show that for u, v ≥ 0 the estimate |u−v| > εmax{u, v} implies
(

u+v
2

)q
≤ (1−δ(ε)) 1

2 (uq+vq) with

δ(ε) > 0 for every ε > 0. Without loss of generality we can assume ε ∈
(
0, 1

2

)
. By homogeneity it

suffices to consider the case v = 1 and 0 ≤ u ≤ 1, So we have to show that u ∈ [0, 1 − ε) implies(
1+u

2

)q
≤ (1 − δ(ε))1

2 (1 + uq). Define f (τ) B 21−q (1+u)q

(1+uq) . Then f is continuous on [0, 1] and has its

maximum at 1. This proves as desired f (u) ≤ δ(ε) for all u ∈ [0, 1 − ε).

It follows by division with q that φ(x, t) = 1
q tq with 1 < q < ∞ is also uniformly convex.

Lemma 1.1.1 Let φ ∈ N(A, µ) be uniformly convex. Then for every ε2 > 0 there exists δ2 > 0

such that

|a − b| ≤ ε2 max{|a|, |b|} or φ

(
y,

∣∣∣∣∣a + b
2

∣∣∣∣∣) ≤ (1 − δ2)
φ(y, |a|) + φ(y, |b|)

2
.

for all a, b ∈ K and every y ∈ A.

Remark 1.1.2 If u, v ∈ K satisfies |a − b| ≤ ε2 max {|a|, |b|} with ε2 ∈ (0, 1), then |a−b|
2 ≤ ε2

|a|+|b|
2

and by the convexity of φ follows

φ

(
y,
|a − b|

2

)
≤ ε2

φ(y, |a|) + φ(y, |b|)
2

(1.1)

Therefore, we can replace the first alternative in Lemma 1.1.1 by the weaker version (1.1)

Definition 1.1.5 Let φ ∈ Φ(A, µ). Then for any y ∈ A we denote by φ∗(y, .) the conjugate function

of φ(y, .) which is defined by

φ∗(y, u) = sup
t≥0

(tu − φ(y, t))

4



CHAPTER 1. VARIABLE EXPONENT LEBESGUE SPACES

for all u ≥ 0 and y ∈ Ω.

This definition applies in particular in the case when φ is a (non-generalized) Φ-function, in

which case

φ∗(u) = sup
t≥0

(tu − φ(t))

concurs with the Legendre transformation of φ. By definition of φ∗,

tu ≤ φ(t) + φ∗(u) (1.2)

for every t, u ≥ 0, this inequality is called Young’s inequality. If φ is a Φ-function and

ϱ(t) B φ(|t|) is its even extension to R, then ϱ∗(t) = φ∗(|t|) for all t ∈ R.

Theorem 1.1.1 If φ ∈ N(A, µ), then φ∗ ∈ N(A, µ) and (φ∗)′ = (φ′)−1. In particular,

φ∗(y, t) =
� t

0
(φ′)−1(y, τ) dτ

for all y ∈ A and t ≥ 0.

Proof. It suffices to prove the claim point-wise, and thus we may assume without loss of gener-

ality that φ(y, t) is independent of y, i.e. an N-function.

It is easy to see that φ′ is non-decreasing, right-continuous and satisfies (φ′)−1(0) = 0, (φ′)−1(t) >

0 for t > 0, and limt→∞(φ′)−1(t) = ∞. Thus,

ψ(t) B
� t

0
(φ′)−1(τ) dτ

for t ≥ 0 defines an N-function, In particular, φ and ψ are finite.

Note that σ < φ′(τ) is equivalent to (φ′)−1(σ) < τ. Hence, the sets

{(τ, σ) ∈ [0,∞) × [0,∞) : σ < φ′ (τ)}{
(τ, σ) ∈ [0,∞) × [0,∞) : (φ′)−1(σ) ≥ τ

}
are complementary with respect to [0,∞) × [0,∞). Therefore, we can estimate with the help of

the theorem of Fubini

0 ≤ tu =
� t

0

� u

0
dσ dτ

=

�

{0≤τ≤t, σ≤u : 0≤σ<φ′(τ)}

dσ dτ +
�

{0≤τ≤t, 0≤σ≤u : (φ′)−1(σ)≥τ}

dσ dτ

=

� t

0

� min{u,φ′(τ)}

0
dσ dτ +

� u

0

� min{t,(φ′)−1(σ)}

0
dτσ

≤

� t

0
φ′(τ) dτ +

� u

0
(φ′)−1(σ) dσ

= φ(t) + ψ(u).

5



CHAPTER 1. VARIABLE EXPONENT LEBESGUE SPACES

If u = φ′(t) or t = (φ′)−1(u). Then min{u, φ′(τ)} = φ′(τ) and min{t, (φ′)−1(σ)} = (φ′)−1(σ) in

the integrals of the third line. So in this case we have equality in the penultimate step. Since

φ∗(u) = supt(ut − φ(t)) it follows that φ∗ = ψ.

Definition 1.1.6 Let (A,Σ, µ) be a σ-finite, complete measure space. We define P(A, µ) to be the

set of all µ-measurable functions p : A → [1,∞]. Functions p ∈ P(A, µ) are called variable

exponents on A. We define p− B p−A B ess infy∈A p(y) and p+ B p+A B ess supy∈A p(y). if p+ < ∞,

then we call p a bounded variable exponent.

If p ∈ P(A, µ), then we define p′ ∈ P(A, µ) by 1
p(y) +

1
p′(y) = 1, where 1

∞
B 0. The function p′ is

called the dual variable exponent of p.

In the special case that µ is the n-dimensional Lebesgue measure and Ω is an open subset of Rn,

we abbreviate P(Ω) B P(Ω, µ).

Definition 1.1.7 For t ≥ 0 and 1 ≤ p < ∞ we define

φ̃p(t) B
1
p

tp,

φ̄p(t) B tp.

Moreover we set

φ̄∞(t) B φ̃∞(t) B ∞.χ(1,∞)(t) =


0 if t ∈ [0, 1],

∞ if t ∈ (1,∞).

For variable exponent p ∈ P(A, µ) we define for y ∈ A and t ≥ 0

φ̃p(.)(y, t) B φ̃p(y)(t) and φ̄p(.)(y, t) B φ̄p(y)(t).

It is easy to see that both φ̃q and φ̄q are Φ-function if q ∈ [1,∞]. So φ̃p(.) and φ̄p(.) are generalized

Φ-functions if p ∈ P(A, µ). Even more, if q ∈ (1,∞) and p ∈ P(A, µ) with 1 < p− ≤ p+ < ∞.

then φ̃q and φ̄q are N-functions and φ̃p(.) and φ̄p(.) are generalized N-functions. If q ∈ [1,∞), then

φ̃q and φ̄q are continuous and positive. The function φ̃∞ = φ̄∞ is only left-continuous and it is not

positive.

Both φ̃p and φ̄p their advantages. The advantage of φ̄p is that the corresponding Musielak-Orlicz

space Lφ̄p agrees for constant p ∈ [1,∞] exactly with the classical Lp spaces, see [7, Example

2.1.8]. In particular, for f ∈ Lp(Ω) we have ∥ f ∥p = ∥ f ∥φ̄p . Additionally, the generalized Φ-

function φ̄p(.) has been used in the vast majority of papers on variable exponent function spaces.

The advantages of φ̃p are its nice properties regarding conjugation, continuity, and convexity

6



CHAPTER 1. VARIABLE EXPONENT LEBESGUE SPACES

with respect to the exponent p. First, for all t ≥ 0 the mapping p 7→ φ̃p(t) is continuous with

respect to p ∈ [1,∞]. In particular,

φ̃∞(t) = lim
p→∞

φ̃p(t)

for all t ≥ 0. This suggests that the expression 1
p tp has for p = ∞ a natural interpretation,

namely φ̃∞(t) = ∞.χ(1,∞)(t). Therefore, we sometimes will just write φ̃p(t) = 1
p tp including the

case p = ∞.

Second, φ̃p acts nicely with respect to conjugation. For future reference we also need the corre-

sponding result for (φ̄p(.))∗.

Lemma 1.1.2 If 1 ≤ q ≤ ∞, then (φ̃q)∗ = φ̃q′ and

(φ̄q)∗(t) ≤ φ̄q′(t) ≤ (φ̄q)∗(2t)

for all t ≥ 0.

Proof. 1)- if 1 ≤ q ≤ ∞, then (φ̃q)∗ = φ̃q′ .

If q ∈ (1,∞) : (φq)∗(u) = ( 1
q tq)∗(u) = sup(tu − 1

q tq), (tu − 1
q tq)′ = u = q

q tq−1 = u − tq−1.

u − tq−1 = 0 ⇔ tq−1 = u ⇔ t = u
1

q−1 , u − tq−1 > 0 ⇔ u > tq−1 ⇔ t < u
1

q−1 , u − tq−1 < 0 ⇔ u <

tq−1 ⇔ t > u
1

q−1 .

So: if t ∈ (0, u
1

q−1 ) then u − tq−1 > 0 implies tu − 1
q tq is increasing.

If t ∈ (u
1

q−1 ,∞) then u − tq−1 < 0 implies tu − 1
q tq is decreasing then because of the derivative

of tu − 1
q tq null and change it sing (positive to negative) so supt≥0(tu − 1

q tq) = u
q

q−1 − 1
qu

q
q−1 =

(1 − 1
q )u

q
q−1 = 1

q′u
q′ .

(φ̃q)∗ = φ̃q′ , q ∈ (1,∞).

If q = 1 then (φ̃1)∗(u) = supt≥0(tu − φ̃1(t)) = supt≥0(tu − t) = supt≥0(t(u − 1)).

If 0 < u ≤ 1 then supt≥0(t(u − 1)) = 0, if 1 < u < ∞ then supt≥0(t(u − 1)) = ∞. So :

(φ̃1)∗(u) = ∞.χ(1,∞)(u) =


0 if u ∈ [0, 1]

∞ if u ∈ (1,∞)
= φ̃∞(u).

If q = ∞, we’ve got (φ̃1)∗∗ = (φ̃1), and (φ̃1)∗(u) = φ̃∞(u) (case precedent ).

(φ̃1)∗∗ = (φ̃∞)∗ ⇒ φ̃1 = (φ̃∞)∗. Finally

(φ̃q)∗ = φ̃q′ , for all t ∈ [1,∞].

7
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2)- (φ̄q)∗(t) ≤ φ̄q′(t) ≤ (φ̄q)∗(2t), ∀t ≥ 0, q ∈ (1,∞).
1
p′ +

1
p = 1⇒ 1

p′ = 1 − 1
p ⇒

1
p′ =

p−1
p ⇒ p′ = p

p−1 ⇒ p′ = 1
p−1 + 1⇒ 1

p−1 = p′ − 1.

(φ̄q)∗(u) = (tq)∗(u), (φ̄q)′(t) = qtq−1, u = qtq−1 ⇒ t =
(

u
q

) 1
q−1
.

((φ̄q)′)−1(u) =
(

u
q

) 1
q−1
= q

1
q−1 uq′−1, integration over u :

� u
0 q

1
q−1 tq−1 dt = q

1
q−1

� u
0 tq′−1 dt = q

1
1−q tq

q

]u

0
=

q
1

1−q uq′

q′ = q−
1

q−1 1
q′u

q′ = q−q′q(1 − 1
q )uq′ = q−q′q(q−1

q )uq′ = q−q′(q − 1)uq′ .

(φ̄q)∗(u) = q−q′(q − 1)uq.

(1)- qq′ ≥ q due to q′ = q
q−1 > 1, qq′ ≥ q − 1 ⇒ 1

qq′ ≤
1

q−1 ⇒
q−1
q′ ≤ 1, considering tq′ ≤ tq′

implies q−1
q′ tq′ ≤ tq′ ⇒ (φ̄q)∗(t) ≤ φ̄q′(t).

(2)- φ̄q′ (t)
(φ̄q)∗(2t) =

tq
′

q−q′qq′−1(2t)q′ = qq′q−1q′2−q′ = q′qq′−12−q′ ≤ 1⇒ φ̄q′(t) ≤ (φ̄q)∗(2t).

Lemma 1.1.3 The function a 7→ φ̃ 1
a
(t) = at

1
a is continuous and convex on [0, 1] for each t ≥ 0.

Proof. The claim is obvious for t = 0, so assume t > 0, define f (a) B at
1
a , a ∈]0, 1] φ̃ 1

a
(t) =

1
1
a
t

1
a = at

1
a = f (a), f is continuous because f (a) = at

1
a = ae

1
a ln(t), and the functions a 7→ 1

a ln(t)

and a 7→ a and a 7→ ea functions continuous.

we have that :if f : I → R a continuous function, then f is convex if and only if f is mid point

convex, this is x, y ∈ I implies f
(

x+y
2

)
≤

f (x)+ f (y)
2

for a1, a2 ∈]0, 1], f
(a1 + a2

2

)
=

a1 + a2

2
t

1
a1+a2 =

a1t
1

a1+a2

2
+

a2t
1

a1+a2

2

≤
a1t

1
a1

2
+

a2t
1

a2

2

≤
f (a1)

2
+

f (a2)
2

≤
f (a1) + f (a2)

2
So f (a) = at

1
a is convex.

Remark 1.1.3 Let q0, q1 ∈ [1,∞]. For θ ∈ [0, 1] let qθ ∈ [q0, q1] be defined through 1
qθ
B 1−θ

q0
+ θ

q1
.

Then
φ̃q0(t) ≤ (1 − θ)φ̃q0(t) + θφ̃q1(t),

min
{
φ̄q0(t), φ̄q1(t)

}
≤ φ̄qθ(t) ≤ max

{
φ̄q0(t), φ̄q1(t)

}
for all t ≥ 0. The estimate for φ̃qθ follows by convexity (Lemma 1.1.3) and the estimate for φ̄qθ(t)

follows by direct calculation.

Lemma 1.1.4 Let 1 ≤ q ≤ ∞. Then

φ̃q(t) ≤ φ̄q(t) ≤ φ̃q(2t) for all t ≥ 0

8
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Proof. Since φ̃∞ = φ̄∞, it suffices to consider the case 1 ≤ q < ∞, the case t = 0 follows from

φ̃q(0) = 0 = φ̄q(0). 1)- for t > 0 we have : tq ≤ tq ⇒ tq
q ≤ tq , 1 ≤ q < ∞, so φ̃q(t) ≤ φ̄q(t).

2)- q ≤ 2q due to : q ≤ eq ln(2) ⇔ ln(q) ≤ q ln(2)⇔ ln(q)
q ≤ ln(2).(

ln(q)
q

)′
=

( q
q−ln(q)

)
q2 =

1−ln(q)
q2 . If 1 ≤ q < e then 1 − ln(q) > 0, if e < q < ∞ then 1 − ln q < 0, So:

sup1≤q<∞

(
ln q
q

)
= ln e

e =
1
e < ln(2)⇒ ln(q)

q ≤ ln(2).

q ≤ 2q ⇒ 1 ≤ 2q

q and we have tq ≤ tq so tq ≤ 1
q2qtq so φ̄q(t) ≤ φ̃q(2t). Finally : φ̃q(t) ≤ φ̄q(t) ≤

φ̃q(2t).

Remark 1.1.4 It is also possible to show that for every λ > 1 there exists cλ ≥ 1 such that

φ̃q(t) ≤ φ̄q(t) ≤ cλφ̃q(λt) for every q ∈ [1,∞] and t ≥ 0.

Definition 1.1.8 For a Φ-function φ we define φ−1 : [0,∞)→ [0,∞) by

φ−1(t) B inf {τ ≥ 0 : φ(τ) ≥ t}

for all t ≥ 0. We call φ−1 the left-continuous inverse of φ.

For a generalized Φ-function φ ∈ Φ(A, µ) the left-continuous inverse is defined pointwise in y,

i.e. for all y ∈ A let φ−1(y, .) = (φ(y, .))−1.

Let us collect a few properties of the left-continuous inverse, which follow from the properties of

φ. Let φ be a Φ-function. Then φ−1 is non-decreasing and left-continuous on [0,∞). Moreover,

φ−1(0) = 0 and

φ(φ−1(t)) ≤ t (1.3)

for all t ≥ 0. We also have

t ≤ φ−1(φ(t)) (1.4)

for all t ≥ 0 with φ(t) < ∞.

Lemma 1.1.5 If q ∈ [1,∞), then φ̃−1
q (t) = (qt

1
q ), φ̄−1

q (t) = t
1
q and φ̃−1

∞ (t) = φ̄−1
∞ (t) = χ(0,∞)(t) for

all t ≥ 0.

If q ∈ [1,∞] and 1
q +

1
q′ = 1,then

t ≤ φ−1
q φ

−1
q′ (t) ≤ 2t,

for all t ≥ 0.

Lemma 1.1.6 If q ∈ [1,∞], then

1
2
φ−1

q (t) ≤ φ−1
q

( t
2

)
≤ φ̄−1

q (t) ≤ φ̃−1
q (t) ≤ 2φ̄−1

q (t)

9
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for all t ≥ 0. Moreover,

φ̄−1
q (t)φ̄−1

q

(
1
t

)
= 1 and 1 ≤ φ̃−1

q (t)φ̃−1
q

(
1
t

)
≤ 3

for all t > 0.

Proof. If q ∈ [1,∞), then φ−1
q

(
t
2

)
= 2−

1
qφ−1

p (t) and the first claim follows from 1
2 ≤ 2−

1
q ≤ 1

and Lemma 1.1.4. The case q = ∞ follows from φ−1
∞ (t) = χ(1,∞). The second claim follows from

Lemma 1.1.5 and 1 ≤ q2/q ≤ e2/e < 3.

For a ∈ (0, 1], φ̄−1
1/a(t) = ta. Thus we immediately obtain

Lemma 1.1.7 The mapping 7→ φ̄−1
1/a(t) is convex on (0, 1] for all t ≥ 0.

1.2 Basic properties

Before we start, we must give precise formulations of some basic results which are frequently

used.

Definition 1.2.1 Let (A,Σ, µ) be a σ-finite, complete measure space. Then by L0(A, µ) we denote

the space of all K-valued, µ-measurable functions on A. Two functions are identical, if they agree

almost everywhere.

In the special case that µ is the n-dimensional Lebesgue measure, Ω is a µ-measurable subset of

Rn, and Σ is the σ-algebra of µ-measurable subsets of Ω we abbreviate L0(Ω) B L0(Ω, µ).

Definition 1.2.2 Given Ω, p(.) ∈ P(Ω) and a Lebesgue measurable function f , define the modu-

lar functional (or simply the modular) associated with p(.) by

ϱp(.),Ω( f ) =
�

Ω\Ω∞

| f (x)|p(x) dx + ∥ f ∥L∞(Ω∞).

If f is unbounded on Ω∞ or if f (.)p(.) < L1(Ω\Ω∞), we define ϱp(.),Ω( f ) = +∞. When |Ω∞| = 0, in

particular when p+ < ∞, we let ∥ f ∥L∞(Ω∞) = 0; when |Ω\Ω∞| = 0, then ϱp(.),Ω( f ) = ∥ f ∥L∞(Ω∞). In

situations where there is no ambiguity we will simply write ϱp(.)( f ) or ϱ( f ).

Definition 1.2.3 Let X be a vector space. A function ϱ : X → [0,∞] is called left-continuous if

the mapping λ 7→ ϱ(λx) is continuous on [0,∞) in the sense that

lim
λ→1−

ϱ(λx) = ϱ(x) for every x ∈ X.

10
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A convex and left-continuous function ϱ : X → [0,∞] is called a semimodular on X if

(i) ϱ(0) = 0;

(ii) ϱ(−x) = ϱ(x) for every x ∈ X;

(iii) if ϱ(λx) = 0 for every λ ∈ R, then x = 0.

A semimodular is called a modular on X if ϱ(x) = 0 if and only if x = 0.

A semimodular is called continuous if the mapping λ 7→ ϱ(λx) is continuous on [0,∞) for every

fixed x ∈ X.

Example 1.2.1 (a) If 1 ≤ p < ∞,then

ϱp( f ) B
�

Ω

| f (x)|p dx

defines a continuous modular on L0(Ω).

(b) Let φ∞(t) B ∞.χ(1,∞)(t) for t ≥ 0, i.e φ∞(t) = 0 for t ∈ [0, 1] and φ∞(t) = ∞ for t ∈ (1,∞).

then

ϱ∞( f ) B
�

Ω

φ∞(| f (x)|) dx

defines a semimodular on L0(Ω) which is not continuous.

(c) Let w ∈ L1
loc(Ω) with w > 0 almost everywhere and 1 ≤ p < ∞. Then

ϱ( f ) B
�

Ω

| f (x)|pw(x) dx

defines a continuous modular on L0(Ω).

(d) The integral expression

ϱ( f ) B
�

Ω

exp(| f (x)|) − 1 dx

defines a modular on L0(Ω). It is not continuous: if f ∈ L2(Ω) is such that | f | > 2 and | f | < Lp(Ω)

for any p > 2, then ϱ(λ log | f |) = ∞ for λ > 2 but ϱ(2 log | f |) < ∞.

(e) If 1 ≤ p < ∞, then

ϱp((x j)) B
∞∑
j=0

|x j|
p dx

defines a continuous modular on Rn.

(f) For f ∈ L0(Ω) we define the decreasing rearrangement, f ∗ : [0,∞) → [0,∞) by the formula

f ∗(s) B sup{t : | | f | > t| > s}. For 1 ≤ q ≤ p < ∞ the expression

ϱ( f ) B
� ∞

0
| f ∗(sp/q)|q ds

11
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defines a continuous modular on L0(Ω).

Let ϱ be a semimodular on X. Then by convexity and non-negative of ϱ and ϱ(0) = 0 it follows

that λ 7→ ϱ(λx) is non-decreasing on [0,∞) for every x ∈ X. Moreover,

ϱ(λx) = ϱ(|λ|x) ≤ |λ|ϱ(x) for all |λ| ≤ 1,

ϱ(λx) = ϱ(|λ|x) ≥ |λ|ϱ(x) for all |λ| ≥ 1.
(1.5)

In the definition of a semimodular or modular the set X is usually chosen to be larger than

necessary. The idea behind this is to choose the same large set X for different modulars like in

our Examples 1.2.1(a), (b), (c), (d) and (f). Then depending on the modular we pick interesting

subsets from this set X.

Definition 1.2.4 Let X be a vector space and let ϱ be a semimodular or a modular on X. Then

the space

Xϱ B
{
x ∈ X : lim

λ→0
ϱ(λx) = 0

}
is called a semimodular space or a modular space, respectively.

Lemma 1.2.1 Let φ : [0,∞) → [0,∞] and let ϱ denote its even extension to R, i.e. ϱ(t) B φ(|t|)

for all t ∈ R. Then φ is a Φ-function if and only if ϱ is a semimodular on R with Xϱ = R.

Moreover, φ is a positive Φ-function if and only if ϱ is a modular on R with Xϱ = R.

Proof. “⇒ ”: Let φ be a Φ-function. Since limt→0+ φ(t) = 0, we have Xϱ = R. To prove that ϱ is

a semimodular on R it remains to prove that ϱ(λt0) = 0 for all λ > 0 implies t0 = 0. So assume

that ϱ(λt0) = 0 for all λ > 0. Since limt→∞ φ(t) = ∞, there exists t1 > 0 with φ(t1) > 0. Thus there

exists no λ > 0 such that t1 = λt0, which implies that t0 = 0. Hence ϱ is a semimodular. Assume

that φ is additionally positive. If ϱ(s) = 0, then φ(|s|) = 0 and therefore s = 0. This prove that ϱ

is a modular.

“ ⇐ ”: Let ϱ be a semimodular on R with Xϱ = R. Since Xϱ = R, there exists t2 > 0 such that

ϱ(t2) < ∞. From (1.5) follows that 0 ≤ φ(t) ≤ t/t2φ(t2) for all t ∈ [0, t2], which implies that

limt→0+ φ(t) = 0. Since 1 , 0, there exists λ > 0 such that ϱ(λ · 1) , 0. In particular there

exists t3 > 0 with φ(t3) > 0 and φ(kt3) ≥ kφ(t3) > 0 by (1.5) for all k ∈ N. Since k is arbitrary,

we get limt→∞ φ(t) = ∞. We have proved that φ is a Φ-function. Assume additionally that ϱ is

a modular. In particular ϱ(t) = φ(|t|) = 0 implies t = 0. Hence by negation we get that t > 0

implies φ(t) > 0, so φ is positive.

12
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Theorem 1.2.1 Let ϱ be a semimodular on X. The Xϱ is a normed K-vector space. The norm,

called the Luxemburg norm, is defined by

∥x∥ϱ B inf
{
λ > 0 : ϱ

(
1
λ

x
)
≤ 1

}
.

Lemma 1.2.2 (Norm-modular unit ball property.) Let ϱ be a semimodular on X. Then ∥x∥ϱ ≤

1 and ϱ(x) ≤ 1 are equivalent. If ϱ is continuous, then also ∥x∥ϱ < 1 and ϱ(x) < 1 are equivalent,

as are ∥x∥ϱ = 1 and ϱ(x) = 1.

Definition 1.2.5 Let ϱ be a semimodular on X. Then by X∗ϱ we denote the dual space of (Xϱ, ∥.∥ϱ).

Furthermore, we define : ϱ∗ : X∗ϱ → [0,∞] by

ϱ∗(x∗) B sup
x∈Xϱ

(|⟨x∗, x⟩| − ϱ(x)).

We call ϱ∗ the conjugate semimodular of ϱ.

Note the difference between the space X∗ϱ and Xϱ∗ : the former is the dual space of Xϱ, whereas

the latter is the semimodular space defined by ϱ∗.

By definition of the functional ϱ∗ we have

|⟨x∗, x⟩| ≤ ϱ(x) + ϱ∗(x∗) (1.6)

for all x ∈ Xϱ and x∗ ∈ X∗ϱ. This inequality is a generalized version of the classical Young

inequality.

Definition 1.2.6 Let ϱ be a semimodular on X and xk, x ∈ Xϱ. Then we say that xk is modular

convergent (ϱ-convergent) to x if there exists λ > 0 such that ϱ(λ(xk − x))→ 0. We denote this by

xk
ϱ
→ x.

Lemma 1.2.3 Let ϱ be a semimodular on X and xk ∈ Xϱ. Then xk → 0 for k → ∞ if and only if

limk→∞ ϱ(λxk) = 0 for all λ > 0.

Proof. Assume that ∥xk∥ϱ → 0 and λ > 0. Then ∥Kλxk∥ϱ < 1 for all K > 1 and large k. Thus

ϱ(Kλxk) ≤ 1 for large k, hence

ϱ(λxk) ≤
1
K
ϱ(Kλxk) ≤

1
K

for large k, by (1.5). This implies ϱ(λxk)→ 0.

Assume now that ϱ(λxk)→ 0 for all λ > 0. Then ϱ(λxk) ≤ 1 for large k. In particular, ∥xk∥ϱ ≤ 1/λ

for large k. Since λ > 0 was arbitrary, we get ∥xk∥ϱ → 0. In other words xk → 0.

13
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Lemma 1.2.4 Let Xϱ be a semimodular space. Then modular convergence and norm conver-

gence are equivalent if and only if ϱ(xk)→ 0 implies ϱ(2xk)→ 0.

Proof. “⇒ ”: Let modular convergence and norm convergence be equivalent and let ϱ(xk)→ 0

with xk ∈ Xϱ. Then xk → 0 and by Lemma 1.2.3 it follows that ϱ(2xk)→ 0.

“ ⇐ ” : Let xk ∈ Xϱ with ϱ(xk) → 0. We have to show that ϱ(λxk) → 0 for all λ > 0. For fixed

λ > 0 choose m ∈ N such that 2m ≥ λ. Then by repeated application of the assumption we get

limk→0 ϱ(2mxk) = 0. Then 0 ≤ limk→∞ ϱ(λxk) ≤ λ2−m limk→∞ ϱ(2mxk) = 0 by (1.5). This proves

that xk → 0.

Corollary 1.2.1 Let ϱ be a semimodular on X and x ∈ Xϱ.

(a) If ∥x∥ϱ ≤ 1, then ϱ(x) ≤ ∥x∥ϱ.

(b) If 1 < ∥x∥ϱ, then ∥x∥ϱ ≤ ϱ(x).

(c) ∥x∥ϱ ≤ ϱ(x) + 1.

Definition 1.2.7 For a given measure space (Ω,A, µ) we say that φ is a Musielak-Orlicz (Mo if

no confusion arises) function on (Ω,A, µ) (or on Ω if no confusion arises from such simplifica-

tion) as the collection of all functions

φ : Ω × [0,∞)→ [0,∞)

such that

(i) φ(., t) is measurable for each t ∈ [0,∞),

(ii) for a.e. x ∈ Ω, φ(x, .) is non-decreasing, convex, continuous and φ(x, 0) = 0.

(iii) φ(x, t) > 0 for t > 0,

(iv) φ(x, t) 7→ ∞ as t → ∞.

For example if Ω ⊆ Rn, A is the Borel σ-algebra of subsets of Ω, µ is the Lebesgue measure and

p is a measurable function.

p : Ω→ [1,∞),

the φ(x, t) = tp(x) is a Musielak-Orlicz function on Ω is this setting. In particular then function φ

in De f inition 1.2.7 is said to be an Orlicz function if it is independent of x ∈ Ω.

Definition 1.2.8 Let φ be an Musielak-Orlicz function on Ω. When the σ-algebra A and the

measure µ are clear from the context, which will be the case throughout this monograph, we set

Lφ(Ω) =
{

u ∈ M :
�

Ω

φ(x, λ|u(x)|) dx < ∞ for some λ > 0
}

14



CHAPTER 1. VARIABLE EXPONENT LEBESGUE SPACES

It is easy to see that under the prescribed hypothesis Lφ(Ω) is a vector space.

When endowed with the Luxemburg norm ([19, Proposition 1.3.2])

∥u∥φ = inf
{
λ > 0 :

�

Ω

φ

(
x,
|u(x)|
λ

)
dx ≤ 1

}
.

Lφ(Ω) becomes a normed space (in fact, a Banach space if µ is σ-finite, as will be shown in

[19,Theorem 2.1.6]), and will be called the Musielak-Orlicz space generated by φ (MO space

for short, if there is no room for confusion).

The Musielak-Orlicz space is also called generalized Orlicz space and it is a semimodular space.

Lemma 1.2.5 Let φ ∈ Φ(A, µ) and µ(A) < ∞. Then every ∥.∥φ-Cauchy sequence is also a Cauchy

sequence with respect to convergence in measure.

Proof. Fix ε > 0 and let Vt B {y ∈ A : φ(y, t) = 0} for t > 0. Then Vt is measurable. For all

y ∈ A the function t 7→ φ(y, t) is non-decreasing and limt→∞ φ(y, t) = ∞, so Vt ↘ ∅ as t → ∞.

Therefore, limk→∞ µ(Vk) = µ(∅) = 0, where we have used that µ(A) < ∞. Thus, there exists

K ∈ N such that µ(VK) < ε. Note that if φ is positive then Vt = ∅ for all t > 0 and we do not need

this step in the proof.

For a µ-measurable set E ⊂ A define

vK(E) B ϱφ(KχE) =
�

E
φ(y,K) dµ(y).

If E is µ-measurable with vK(E) = 0, then φ(y,K) = 0 for µ-almost every y ∈ E. Thus µ(E\VK) =

0 by the definition of VK . Hence, E is a µ|A\VK -null set, which means that the measure µ|A\VK is

absolutely continuous with respect to vK .

Since µ(A\VK) ≤ µ(A) < ∞ and µ|A\VK is absolutely continuous with respect to vK , there exists

δ ∈ (0, 1) such that vK(E) ≤ δ implies µ(E\VK) ≤ ε (cf. [15, Theorem 30.B]). Since fk is a

∥.∥φ-Cauchy sequence, there exists k0 ∈ N such that ∥Kε−1δ−1( fm − fk)∥φ ≤ 1 for all m, k ≥ k0.

Assume in the following m, k ≥ k0, then by (1.5) and the norm-modular unit ball property (lemma

1.2.2)

ϱφ(Kε−1( fm − fk)) ≤ δϱφ(Kε−1δ−1( fm − fk)) ≤ δ.

Let us write Em,k,ε B {y ∈ A : | fm(y) − fk(y)| ≥ ε}. Then

vK(Em,k,ε) =
�

Em,k,ε

φ(y,K) dµ(y) ≤ ϱφ(Kε−1( fm − fk)) ≤ δ.
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By the choice of δ, this implies that µ(Em,k,ε\VK) ≤ ε. With µ(VK) < ε we have µ(Em,k,ε) ≤ 2ε.

Since ε > 0 was arbitrary, this proves that fk is a Cauchy sequence with respect to convergence

in measure.

If ∥ fk∥φ → 0, then as above there exists K ∈ N such that µ({| fk| ≥ ε}) ≤ 2ε for all k ≥ K. This

proves fk → 0 in measure.

Lemma 1.2.6 Let φ ∈ Φ(A, µ). Then every ∥.∥φ-Cauchy sequence ( fk) ⊂ Lφ has a subsequence

which converges µ-almost everywhere to a measurable function f.

Proof. Recall that µ is σ-finite. Let A =
⋃∞

i=1 Ai with Ai pairwise disjoint and µ(Ai) < ∞ for all

i ∈ N. Then, by Lemma 1.2.5, ( fk) is a Cauchy sequence with respect to convergence in measure

on A1. Therefore there exists a measurable function f : A1 → K and a subsequence of fk which

converges to f µ-almost everywhere. Repeating this argument for every Ai and passing to the

diagonal sequence we get a subsequence ( fk j) and a µ-measurable function f : A→ K such that

fk j → f µ-almost everywhere.

As a semimodular space, Lφ = (Lφ, ∥.∥φ) is a normed space, which, in fact, is complete.

Theorem 1.2.2 Let φ ∈ Φ(A, µ). Then Lφ(A, µ) is a Banach space.

Proof. Let ( fk) be a Cauchy sequence. By Lemma 1.2.6 there exists a subsequence fk j and a

µ-measurable function f : A → K such that fk j → f for µ-almost every y ∈ A. This implies

φ(y, | fk j(y) − f (y)|) → 0 µ-almost everywhere. Let λ > 0 and 0 < ε < 1. Since ( fk) is a Cauchy

sequence, there exists K = K(λ, ε) ∈ N such that ∥λ( fm− fk)∥φ < ε for all m, k ≥ N, which implies

ϱφ(λ( fm − fk)) ≤ ε by Corollary 1.2.1. Therefore by Fatou’s lemma

ϱφ(λ( fm − f )) =
�

A
lim
j→∞

φ
(
y, λ| fm(y) − fk j(y)

)
dµ(y)

≤ lim
j→∞

inf
�

A
φ
(
y, λ| fm(y) − fk j(y)|

)
dµ(y)

= lim
j→∞

inf ϱφ
(
λ( fm − fk j)

)
≤ ε.

So ϱφ(λ( fm − f )) → 0 for m → ∞ and all λ > 0 and ∥ fk − f ∥φ → 0 by Lemma 1.2.3. Thus every

Cauchy sequence converges in Lφ, as was to be shown.
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Definition 1.2.9 Let φ ∈ Φ(A, µ). The set

LφOC B LφOC(A, µ) B { f ∈ Lφ : ϱφ( f ) < ∞} (1.7)

is called the Musielak-Orlicz class. Let

Eφ B Eφ(A, µ) B { f ∈ Lφ : ϱφ(λ f ) < ∞ for all λ > 0}. (1.8)

The elements of Eφ(A, µ) are called finite.

Let us start with a few examples :

(a) Let φ(y, t) = tp with 1 ≤ p < ∞. Then Eφ = LφOC = Lφ = Lp.

(b) Let φ(y, t) = ∞.χ(1,∞)(t). Then

Eφ = {0},

LφOC = { f : | f | ≤ 1 almost everywhere },

Lφ = L∞.

(c) Let φ(y, t) = exp(t) − 1 and Ω = (0, 1). Then φ ∈ Φ(Ω) is positive and continuous but

Eφ , LφOC , Lφ. Indeed, if f B
∑∞

k=1
k
2χ(2−k ,2−k+1), then f ∈ LφOC\E

φ and 2 f ∈ Lφ\LφOC.

By definition of Eφ, LφOC, and Lφ it is clear that Eφ ⊂ LφOC ⊂ Lφ. Moreover, by convexity of φ the

set LφOC is convex and the sets Eφ and Lφ are linear subspaces of L0. There is a special relation

of Eφ and Lφ to LφOC:

Eφ is the biggest vector space in LφOC and Lφ is the smallest vector space in L0 containing LφOC.

In some cases the inclusions Eφ ⊂ LφOC ⊂ Lφ are strict and in other cases equality holds. In fact,

it is easily seen that Eφ = LφOC = Lφ is equivalent to the implication f ∈ LφOC ⇒ 2 f ∈ LφOC. The

∆2-condition (see Definition 1.2.12) implies that ϱφ(2m f ) ≤ Kmϱφ( f ), where K is the ∆2-constant,

from which we conclude that

Eφ(A, µ) = LφOC(A, µ) = Lφ(A, µ).

Definition 1.2.10 A function φ ∈ Φ(A, µ) is called locally integrable on A if ϱ(tχE) < ∞ for all

t ≥ 0 and all µ-measurable E ⊂ A with µ(E) < ∞.

Remark 1.2.1 Let p ∈ P(A, µ) be a bounded exponent. Then φp(.) is locally integrable, since
�

E
φp(y)(λ) dµ(y) ≤ µ(E) max{λp− , λp+}
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for every measurable E ⊂ A with µ(E) < ∞ and every λ > 0. However, the local integrability

of φp(.) does not imply that p+ < ∞. Indeed, let A B R and let Ek ⊂ R be pairwise disjoint with

|Ek| = exp(exp(−k)). Now, define p(x) B k for x ∈ Ek and k ∈ N and p(x) = 1 for x ∈ R\
⋃∞

k=1 Ek.

Then for every λ > 0 and every E ⊂ R with |E| < ∞ we have

φ̄p(.)(λE) ≤ λ|E| +
∞∑

k=1

λk exp
(
exp(−k)

)
< ∞.

Thus φ̄p(.) is locally integrable but p+ = ∞.

Let (A,Σ, µ) be a σ-finite, complete measure space. Recall that a measure µ is called separable if

there exists sequence (Ek) ⊂ Σ with the following properties:

(a) µ(Ek) < ∞ for all k ∈ N.

(b) For every E ∈ Σwith µ(E) < ∞ and every ε > 0 there exists an index k such that µ(E∆Ek) < ε,

where ∆ denotes the symmetric difference defined through E∆Ek B (E\Ek)
⋃

(Ek\E). Recall that

a Banach space is separable if it contains a dense, countable subset.

Theorem 1.2.3 Let φ ∈ Φ(A, µ) be locally integrable and let µ be separable. Then Eφ(A, µ) is

separable.

Proof. see [7].

Now we are ready to define the variable exponents Lebesgue space.

Definition 1.2.11 Let p ∈ P(A, µ) and let either φp(.) B φ̃p(.) or φp(.) B φ̄p(.). Hence we obtain a

semimodular:

ϱLp(.)(A)( f ) =
�

A
φp(x)(| f (x)|) dx

We define the variable exponent Lebesgue space Lp(.)(A, µ) as the Musielak-Orlicz space

Lφp(.)(A, µ) with the norm ∥.∥Lp(.)(A,µ) B ∥.∥Lφp(.) (A,µ).

In particular, the variable exponent Lebesgue space Lp(.)(A, µ) is

Lp(.)(A, µ) =
{

f ∈ L0(A, µ) : lim
λ→0

ϱLp(.)(A)(λ f ) = 0
}

or equivalently

Lp(.)(A, µ) =
{
f ∈ L0(A, µ) : ϱLp(.)(A)(λ f ) < ∞ for some λ > 0

}

18
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equipped with the norm

∥ f ∥Lp(.)(A,µ) = inf
{
λ > 0 : ϱLp(.)(A)

(
f
λ

)
≤ 1

}
.

Note that ϱLp(.)(A) is a modular if p is finite everywhere. We abbreviate ϱLp(.)(A) to ϱp(.) and ∥.∥Lp(.)(A,µ)

to ∥.∥p(.) if the set and the measure are clear from the context. Moreover, if Ω ⊂ Rn and µ is the

Lebesgue measure we simply write Lp(.)(Ω) and if µ is the counting measure on Zn, then we write

lp(.)(Zn).

This definition seems ambiguous, since either φp(.) = φ̃p(.) or φp(.) = φ̄p(.). However, due to

Lemma 1.1.4 it is clear that Lφ̃p(.) = Lφ̄p(.) and

∥ f ∥φ̃p(.) ≤ ∥ f ∥φ̄p(.) ≤ 2∥ f ∥φ̃p(.) . (1.9)

Thus, the two definitions agree up to equivalence of norms with constant at most 2.

Recall that we have two relevant Φ-functions, φ̃p(.) and φ̄p(.). Usually, the exact norm of Lp(.) is

not important, so we just work with φp(.) without specifying whether φp(.) = φ̃p(.) or φp(.) = φ̄p(.).

If there is a difference in the choice of φp(.), then the specific choice for φp(.) will be specified.

Remark 1.2.2 Originally, the spaces Lp(.) have been introduced by Orlicz [24] in 1931 with

φp(.) = φ̄p(.) in the case 1 ≤ p− ≤ p+ < ∞. The first definition of Lp(.) including the case

p+ = ∞ was given by Sharpudinov [27] and then, in the higher dimensional case, by Kováčik

and Rákosník [17]. For measurable f they define

ϱKR( f ) B ϱ̄p(.)( fχ{p,∞}) + ∥ fχ{p=∞}∥∞.

If is easy to see that ϱKR is a modular on L0(Ω), the set of measurable functions. We denote the

corresponding Luxemburg norm by

∥ f ∥KR = inf
{
λ > 0 : ϱKR

(
1
λ

f
)
≤ 1

}
.

If µ({p = ∞}) = 0, then ϱKR = ϱ̄p(.). But if µ({p = ∞}) > 0, then ϱKR , ϱ̄p(.). Note that ϱKR is a

modular, while our ϱp(.) is a only semimodular. In particular, ϱKR( f ) = 0 implies f = 0. For ϱ̄p(.)

we only have that ϱ̄p(.)(λ f ) = 0 for all λ > 0 implies f = 0. This is due to the fact that φ̄∞ is not

a positive Φ-function. Since we developed most of the theory in [7, Chapter 2] for semimodular

spaces, we do not have to treat the set {p = ∞} differently and we can work directly with ϱp(.)( f ).

This includes the case p+ = ∞ in a more natural way.
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Although ϱKR and ϱ̄p(.) differ if p+ = ∞, they produce the same space up to isomorphism. Let us

prove this : let f ∈ L0(Ω) with ∥ f ∥ϱKR ≤ 1, so ϱKR( f ) ≤ 1 by the norm-modular unit ball property

(Lemma 1.2.2). In particular, ∥ fχ{p=∞}∥∞ ≤ 1. Thus ϱ̄p(.)( fχ{p=∞}) = 0, since φ̄∞(t) = 0 for all

t ∈ [0, 1]. This proves that

ϱ̄p(.)( f ) = ϱ̄p(.)( fχ{p,∞}) + ϱ̄p(.)( fχ{p=∞}) = ϱ̄p(.)( fχ{p,∞}) ≤ ϱ̄KR( f ) ≤ 1.

So it follows that ∥ f ∥ϱ̄p(.) ≤ 1. The scaling argument shows that ∥ f ∥ϱ̄p(.) ≤ ∥ f ∥KR.

Assume now that ∥ f ∥ϱ̄p(.) ≤ 1, so ϱ̄p(.)( f ) ≤ 1 by the unit ball property. In particular, ϱ∞( fχ{p=∞}) =

ϱ̄p(.)( fχ{p=∞}) ≤ 1 and therefore | f | ≤ 1 almost everywhere on {p = ∞}. This proves that

ϱKR( f ) = ϱ̄p(.)( fχ{p,∞}) + ∥ fχ{p=∞}∥∞ ≤ ϱ̄p(.)( f ) + 1 ≤ 2.

This implies ϱKR

(
1
2 f

)
≤ 1

2ϱKR( f ) ≤ 1, so ∥ f ∥KR ≤ 2 by the norm-modular unit ball property. The

scaling argument shows ∥ f ∥KR ≤ 2∥ f ∥ϱ̄p(.) .

Overall, we have shown that

∥ f ∥ϱ̄p(.) ≤ ∥ f ∥KR ≤ 2∥ f ∥ϱ̄p(.) ,

for all f ∈ L0(Ω). Thus ϱKR and ϱφ̄p(.) define the same spaces Lp(.)(Ω), up to equivalence of norms.

For a constant exponent the relation between the modular and the norm is clear. For a variable

exponent some more work is needed. We will invoke it by mentioning the unit ball property, or,

when more clarity is needed, the norm-modular unit ball property.

Example 1.2.2 If Ω = [1, 4], p(x) = 1
x and u(x) = 2x2

, then show that u ∈ Lp(.)(Ω).

Solution. Since the function p(x) = 1
x is bounded on the domain Ω, we have |Ω∞| = 0. then

ϱp(.)(u) =
�

Ω

|u(x)|p(x) dx =
� 4

1

∣∣∣2x2 ∣∣∣ 1
x dx =

2x

ln2

∣∣∣∣4
1
=

14
ln 2

< ∞

implies that u ∈ Lp(.)(Ω).

Proposition 1.2.1 Given Ω and p(.) ∈ P(Ω), define

∥ f ∥Ap(.) = inf
{
λ > 0 : λ + λϱp(.) ( f /λ)

}
.

Then for all f ∈ Lp(.)(Ω),

∥ f ∥p(.) ≤ ∥ f ∥Ap(.) ≤ 2∥ f ∥p(.).
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Definition 1.2.12 We say that φ ∈ Φ(A, µ) satisfies the ∆2-condition if there exists k ≥ 2 such

that

φ(y, 2t) ≤ kφ(y, t).

for all y ∈ A and all t ≥ 0. The smallest such k is called the ∆2-constant of φ.

Analogously, we say that a semimodular ϱ on X satisfies the ∆2-condition if there exists k ≥ 2

such that ϱ(2 f ) ≤ kϱ( f ) for all f ∈ Xϱ. Again, the smallest such k is called the ∆2-constant of ϱ.

If φ ∈ Φ(A, µ) satisfy the ∆2-condition, then ϱφ satisfies the ∆2-condition with the same constant.

Moreover, ϱφ satisfies the weak ∆2-condition for modular, so by Lemma 1.2.4. modular conver-

gence and norm convergence are equivalent; and E ⊂ Lφ(Ω, µ) is bounded with respect to the

norm if and only if it is bounded with respect to the modular, i.e. sup f∈E ∥ f ∥ < ∞ if and only if

sup f∈E ϱφ( f ) < ∞.

[7, Corollary 2.1.15] shows that a small norm implies a small modular.

Lemma 1.2.7 Let ϱ be a semimodular on X that satisfies the ∆2-condition. Let K be the ∆2-

constant of ϱ. Then for every ε > 0 there exists δ = δ(ε,K) > 0 such that ϱ( f ) ≤ δ implies

∥ f ∥ϱ ≤ ε.

Proof. For ε > 0 choose j ∈ N with 2− j ≤ ε. Let δ B K j and ϱ( f ) ≤ δ. Then ϱ(2 j f ) ≤ K jϱ( f ) ≤

1 and the unit ball property yields ∥ f ∥ϱ ≤ 2− j ≤ ε.

Lemma 1.2.8 Let ϱ be a semimodular on X that satisfies the ∆2-condition with constant K. Then

ϱ is a continuous modular and for every ε > 0 there exists δ = δ(ε,K) > 0 such that ϱ( f ) ≤ 1− ε

implies ∥ f ∥ϱ ≤ 1 − δ for f ∈ Xϱ.

Theorem 1.2.4 Let φ ∈ N(A, µ) be uniformly convex. Then ϱφ is uniformly convex.

Proof. Let ε2, δ2 > 0 be as in Lemma 1.1.1 and let ε B 2ε2. There is nothing to show if

ϱφ( f ) = ∞ or ϱφ(g) = ∞. So in the following let ϱφ( f ), ϱφ(g) < ∞, which implies by convexity

ϱ
(

f+g
2

)
, ϱ

(
f−g
2

)
< ∞.

Assume that ϱφ
(

f−g
2

)
> ε

ϱφ( f )+ϱφ(g)
2 . We show that

ϱφ

(
f + g

2

)
≤

(
1 −

δ2ε

2

) ϱφ( f ) + ϱφ(g)
2

,

which proves that ϱφ is uniformly convex. Define

E B
{
y ∈ A : | f (y) − g(y)| >

ε

2
max {| f (y)|, |g(y)|}

}
.
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It follows from Remark 1.1.2 that (1.1) holds for almost all y ∈ A\E. In particular,

ϱφ

(
χA\E

f − g
2

)
≤
ε

2
ϱφ(χA\E f ) + ϱφ(χA\Eg)

2
≤
ε

2
ϱφ( f ) + ϱφ(g)

2

this and ϱφ
(

f−g
2

)
> ε

ϱφ( f )+ϱφ(g)
2 imply

ϱφ

(
χE

f − g
2

)
= ϱφ

(
f − g

2

)
− ϱφ

(
χA\E

f − g
2

)
≥
ε

2
ϱφ( f ) + ϱφ(g)

2
. (1.10)

on the other hand it follows by the definition of E and the choice of δ2 in Lemma 1.1.1 that

ϱφ

(
χE

f + g
2

)
≤ (1 − δ2)

ϱφ(χE f ) + ϱφ(χEg)
2

(1.11)

We estimate

ϱφ( f ) + ϱφ(g)
2

− ϱφ

(
f + g

2

)
≥
ϱφ(χE f ) + ϱφ(χEg)

2
− ϱφ

(
χE

f + g
2

)
,

where we have split the domain of the involved integrals into the sets E and A\E and have used
1
2 (φ( f ) + φ(g)) − φ

(
f+g
2

)
≥ 0 on A\E. This, (1.11), the convexity and (1.10) imply

ϱφ( f ) − ϱφ(g)
2

− ϱφ

(
f + g

2

)
≥ δ2

ϱφ(χE f ) + ϱφ(χEg)
2

≥ δ2ϱφ

(
χE

f − g
2

)
≥
δ2ε

2
ϱφ( f ) + ϱφ(g)

2
.

Lemma 1.2.9 If ϱ1, ϱ2 are uniformly convex semimodulars on X, then ϱ B ϱ1 + ϱ2 is uniformly

convex.

Proof. If ε > 0, there exists δ > 0 such that

ϱ j

(
f − g

2

)
≤ ε

ϱ j( f ) + ϱ j(g)
2

or ϱ j

(
f + g

2

)
≤ (1 − δ)

ϱ j( f ) + ϱ j(g)
2

for j = 1, 2. We show that

ϱ

(
f − g

2

)
≤ 2ε

ϱ( f ) + ϱ(g)
2

or ϱ

(
f + g

2

)
≤ (1 − δε)

ϱ( f ) + ϱ(y)
2

,

since this proves the uniform convexity of ϱ. Fix f and g and assume that ϱ
(

f−g
2

)
> 2ε ϱ( f )+ϱ(g)

2 .

Without loss of generality, we can assume that ϱ1

(
f−g
2

)
≥ ϱ2

(
f−g
2

)
for this specific choice of f and

g. Therefore, ϱ1

(
f−g
2

)
> εϱ( f )+ϱ(g)

2 ≥ ε ϱ1( f )+ϱ2(g)
2 . So the choice of δ implies

ϱ1

(
f + g

2

)
≤ (1 − δ)

ϱ1( f ) + ϱ1(g)
2

.
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Taking into account the convexity of ϱ2, we obtain

ϱ

(
f + g

2

)
≤
ϱ( f ) + ϱ(g)

2
− δ

ϱ1( f ) + ϱ1(g)
2

.

Since ϱ1( f )+ϱ1(g)
2 ≥ ϱ1

(
f−g
2

)
> εϱ( f )+ϱ(g)

2 , this implies

ϱ

(
f + g

2

)
≤ (1 − δε)

ϱ( f ) + ϱ(g)
2

.

Theorem 1.2.5 Let ϱ be a uniformly convex semimodular on X that satisfies the ∆2-condition.

Then the norm ∥.∥ϱ on Xϱ is uniformly convex. Hence, Xϱ is uniformly convex.

Proof. Fix ε > 0. Let x, y ∈ X with ∥x∥ϱ, ∥y∥ϱ ≤ 1 and ∥x − y∥ϱ > ε. Then
∥∥∥ x−y

2

∥∥∥ > ε
2 and by

Lemma 1.2.7 there exists α = α(ε) > 0 such that ϱ
(

x−y
2

)
> α. By the unit ball property we have

ϱ(x), ϱ(y) ≤ 1, so ϱ
(

x−y
2

)
> αϱ(x)+ϱ(y)

2 . Since ϱ is uniformly convex, there exists β = β(α) > 0 such

that ϱ
(

x+y
2

)
≤ (1 − β) ϱ(x)+ϱ(y)

2 ≤ 1 − β. Now Lemma 1.2.8 implies the existence of δ = δ(K, β) > 0

with
∥∥∥ x+y

2

∥∥∥
ϱ
≤ 1 − δ. This proves the uniform convexity of ∥.∥ϱ.

Theorem 1.2.6 Let p ∈ P(Ω) with 1 < p− ≤ p+ < ∞. Then φp(.) is a uniformly convex N-

function, ϱp(.) is a uniformly convex semimodular and ∥.∥p(.) is a uniformly convex norm. Hence,

Lp(.)(Ω) is uniformly convex.

Proof. Note that φp(.) satisfies the ∆2-condition since p+ < ∞. In order to apply Theorems 1.2.4

and 1.2.5, we have to show that φp(.) is uniformly convex. In principle we have to show this

for both φ̄p(.) and φ̃p(.), since the equivalence of norms does not transfer the uniform convexity.

However, since φ̄p(y) and φ̃p(y) only differ for every y ∈ Ω by the multiplicative constant 1
p(y) ,

the uniform convexity of φ̄p(.) is equivalent to the uniform convexity of φ̃p(.). Thus it suffices to

consider the case φ̄p(.).

Fix ε > 0. Let u, v ≥ 0 be such that |u − v| > εmax{u, v}. It follows from Remark 1.1.1 that the

mapping t 7→ tp− is uniformly convex, since p− > 1. Thus there exists δ = δ(ε, p−) > 0 such that(u + v
2

)p−

≤ (1 − δ)
up− + vp−

2
.

This and the convexity of t 7→ t
p(y)
p− for y ∈ Ω imply(u + v

2

)p(y)
≤

(
(1 − δ)

up− + vp−

2

) p(y)
p−

≤ (1 − δ)
up(y) + vp(y)

2
.

This proves that φ̄p(.) is uniformly convex. The semimodular ϱp(.) is uniformly convex by Theorem

1.2.4, and the norm ∥.∥p(.) is uniformly convex by Theorem 1.2.5
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According to Theorem 1.2.2 when φ = φ̃p(.) ∈ Φ(A, µ) or φ = φ̄p(.) ∈ Φ(A, µ), Lp(x) is a Banach

space. And if 1 < p− ≤ p+ < ∞, Lp(x) is uniformly convex (Theorem 1.2.6), and according

[4, Theorem III.29] every Banach space uniformly convex is reflexive. This results implies this

theorem :

Theorem 1.2.7 Lp(x)(Ω) space is a Banach space. Moreover, if 1 < p− ≤ p+ < ∞ is satisfied,

then Lp(x)(Ω) space is reflexive.

Lemma 1.2.10 (Norm-modular unit ball property) If p ∈ P(Ω), then ∥ f ∥p(.) ≤ 1 and ϱp(.)( f ) ≤

1 are equivalent. For f ∈ Lp(.)(Ω) we have

(a) If ∥ f ∥p(.) ≤ 1, then ϱp(.)( f ) ≤ ∥ f ∥p(.).

(b) If 1 < ∥ f ∥p(.), then ∥ f ∥p(.) ≤ ϱp(.)( f ).

Proof. (a) if ∥ f ∥p(.) ≤ 1 ⇒ 1
∥ f ∥p(.)

> 1, due to ϱp(.) is a semimodular in Lp(.) and Lp(x) is a vector

space then by (1.5) 1 ≥ ϱp(.)

(
f

∥ f ∥p(.)

)
≥ 1
∥ f ∥p(.)

ϱp(.)( f )⇒ 1 ≥ 1
∥ f ∥p(.)

ϱp(.)( f )⇒ ∥ f ∥p(.) ≥ ϱp(.)( f ).

(b) ∥ f ∥p(.) < 1, ∥ f ∥p(.) = infλ>0

{
λ > 0, ϱ

(
f
λ

)
≤ 1

}
, ∃λ > 1, ∥ f ∥p(.) = λ, λ > 1⇒ 1

λ
< 1,

ϱp(.)

(
f
λ

)
≤ 1

λ
ϱp(.)( f ) ⇒ 1 + ϱp(.)

(
f
λ

)
≤ 1

λ
ϱp(.)( f ) + 1 ⇒ λ

(
1 + ϱp(.)

(
f
λ

))
≤ 1

λ
ϱp(.)( f ) + λ ⇒ ∥ f ∥Ap(.) ≤

ϱp(.)( f ).

We’ve got :

∥ f ∥p(.) ≤ ∥ f ∥Ap(.) ≤ 2∥ f ∥p(.)

∥ f ∥p(.) ≤ ∥ f ∥Ap(.) ≤ ϱp(.)( f )

∥ f ∥p(.) ≤ ϱp(.)( f )
If p ∈ P(Ω) then ∥ f ∥ ≤ 1⇔ ϱp(.)( f ) ≤ 1.

⇒) − (a)⇒ ϱp(.)( f ) ≤ ∥ f ∥p(.) ≤ 1⇒ ϱp(.)( f ) ≤ 1

⇐)− Suppose ∥ f ∥p(.) > 1

(b)⇒∥ f ∥p(.) ≤ ϱp(.)( f ) ≤ 1

⇒∥ f ∥p(.) ≤ 1, contradiction with ∥ f ∥p(.) > 1. so ∥ f ∥p(.) ≤ 1

ϱp(.)( f ) ≤ 1⇒∥ f ∥p(.) ≤ 1.

Theorem 1.2.8 Let p ∈ P(A, µ). Then the following conditions are equivalent :

(a) Ep(.)(A, µ) = Lφp(.)

OC (A, µ).

(b) Lφp(.)

OC (A, µ) = Lp(.)(A, µ).
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(c) Ep(.)(A, µ) = Lp(.)(A, µ).

(d) φp(.) satisfies the ∆2-condition with constant 2p+ .

(e) p+ < ∞.

(f) ϱp(.) satisfies the weak ∆2-condition for modulars, i.e modular convergence and norm conver-

gence are the same.

(g) ϱp(.) is a continuous modular.

Lemma 1.2.11 Let p ∈ P(A, µ) be a bounded exponent and let µ be separable. Then Lp(.)(A, µ)

is separable.

Proof. Since φp(.) is locally integrable by Remark 1.2.1, we can apply Theorem 1.2.3 to show

that Ep(.) is separable. Since p+ < ∞, we further have Ep(.) = Lp(.) (Theorem 1.2.8).

Lemma 1.2.12 Let p ∈ P(Ω) with p− < ∞. If ϱ̄p(.)( f ) > 0 or p+ < ∞, then

min
{
ϱ̄p(.)( f )

1
p− , ϱ̄p(.)( f )

1
p+

}
≤ ∥ f ∥φ̄p(.) ≤ max

{
ϱ̄p(.)( f )

1
p− , ϱ̄p(.)( f )

1
p+

}
.

Proof. Suppose that p+ < ∞. If ϱ̄p(.)( f ) ≤ 1, then we need to prove that

ϱ̄p(.)( f )
1

p− ≤ ∥ f ∥p(.) ≤ ϱ̄p(.)( f )
1

p+ .

By homogeneity, the latter inequality is equivalent to ∥ f /ϱ̄p(.)( f )
1

p+ ∥p(.) ≤ 1, which by the unit ball

property is equivalent to
�

Ω

(
| f (x)|

ϱ̄p(.)( f )
1

p+

)p(x)

dx ≤ 1.

But since ϱ̄p(.)( f )−
p(x)
p+ ≤ ϱ̄p(.)( f )−1, this is clear. The other inequality and the case ϱ̄p(.)( f ) ≥ 1 are

similar.

Consider now p+ = ∞ and ϱ̄p(.)( f ) > 0. In this case the upper inequality becomes ∥ f ∥p(.) ≤

max
{
ϱ̄p(.)( f )1/p− , 1

}
. If ϱ̄p(.)( f ) ≤ 1, then ∥ f ∥p(.) ≤ 1, so the inequality holds. If ϱ̄p(.)( f ) > 1, then

we need to show that �

Ω

(
| f (x)|

ϱ̄p(.)( f )1/p−

)p(x)

dx ≤ 1.

Since ϱ̄p(.)( f )−1 < 1, we conclude that

ϱ̄p(.)( f )
−p(x)

p− ≤


0, if p(x) = ∞,

ϱ̄p(.)( f )−1, if p(x) < ∞.
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Hence �

Ω

(
| f (x)|

ϱ̄p(.)( f )1/p−

)p(x)

dx ≤
�

Ω

| f (x)|p(x)

ϱp(.)( f )
dx = 1.

The proof of the lower inequality is analogous.

Theorem 1.2.9 If 1 ≤ p(.) < ∞ and 1
p− ≤ s < ∞, then

∥|u|s∥p(.) = ∥u∥ssp(.)

Proof. In the definition of norm

∥|u|s∥p(.) = inf
{
λ > 0 :

�

Ω

∣∣∣∣∣ |u(x)|s

λ

∣∣∣∣∣p(x)

dx ≤ 1
}
,

if we substitute λ = µs, it follows that

∥|u|s∥p(.) = inf
{
µs > 0 :

�

Ω

∣∣∣∣∣ |u(x)|s

µs

∣∣∣∣∣p(x)

dx ≤ 1
}

= inf
{
µs > 0 :

�

Ω

∣∣∣∣∣u(x)
µ

∣∣∣∣∣sp(x)

dx ≤ 1
}

=

[
inf

{
µ > 0 :

�

Ω

∣∣∣∣∣u(x)
µ

∣∣∣∣∣sp(x)

dx ≤ 1
}]s

=

[
inf

{
µ > 0 : ϱsp(.)

(
u
µ

)
≤ 1

}]s

= ∥u∥ssp(.)

which is the desired result.

Lemma 1.2.13 Let p ∈ P(A, µ). Then the set of simple functions S (A, µ) is contained in

Lp(.)(A, µ) and

min{1, µ(E)} ≤ ∥χE∥φ̄p(.) ≤ max{1, µ(E)},

for every measurable set E ⊂ A.

Proof. Let E ⊂ A be measurable with µ(E) < ∞. Then

ϱ̄p(.)

(
χE

max{1, µ(E)}

)
=

�

E

1
(max{1, µ(E)})p(x) dx

≤

�

E

1
max{1, µ(E)}

dx ≤ 1.

Hence, by the unit ball property ∥χE∥p(.) ≤ max{1, µ(E)}. Since simple functions are finite linear

combinations of characteristic functions, we get S (A, µ) ⊂ Lp(.)(A, µ). Now, let λ > 1, then

ϱ̄p(.)

(
λχE

min{1, µ(E)}

)
=

�

E

λp(x)

(min{1, µ(E)})p(x) dx

≥

�

E

λ

min{1, µ(E)}
dx ≥ λ > 1.
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Hence, ∥λχE∥φ̄p(.) > min{1, µ(E)}, for every λ > 1 (by the unit ball property), which proves

∥χE∥φ̄p(.) ≥ min{1, µ(E)}.

The following lemma is especially useful if 1
s− −

1
s+ is small.

Lemma 1.2.14 Let s ∈ P(A, µ). Then

1
2

min
{
µ(A)

1
s+ , µ(A)

1
s−
}
≤ ∥1∥Ls(.)(A,µ) ≤ 2 max

{
µ(A)

1
s+ , µ(A)

1
s−
}

for every measurable set A with µ(A) > 0. If φp = φ̄p, then we can omit the factors 1
2 and 2.

Proof. The case φp(.) = φ̄p(.) follows from Lemma 1.2.12. The case φp(.) = φ̃p(.) then follows by

(1.9).

As we see in the De f inition 1.2.11 they define the variable exponent Lebesgue space Lp(.)(A, µ)

as the Musielak-Orlicz space Lφp(.)(A, µ), So the properties of the continuity and lower semicon-

tinuity in Lp(.)(A, µ) is a results from the properties in the space Lφp(.)(A, µ). Recall that Ep(.)(A, µ)

denotes the set of finite elements of Lp(.)(A, µ), see [7,De f inition 2.3.11]

Lemma 1.2.15 Every Φ-function is lower semicontinuous.

From this Lemma we deduce lemma 1.2.17:

Lemma 1.2.16 Let φ ∈ Φ(A, µ) and fk, f , g ∈ L0(A, µ).

(a) If fk → f µ-almost everywhere, then ϱφ( f ) ≤ lim infk→∞ ϱφ( fk).

(b) If | fk| ↗ | f | µ-almost everywhere, then ϱφ( f ) = limk→∞ ϱφ( fk).

(c) If fk → f µ-almost everywhere and | fk| ≤ |g| µ-almost everywhere, and ϱφ(λg) < ∞ for every

λ > 0, then fk → f in Lφ.

Proof. By Lemma 1.2.15 the mappings φ(y, .) are lower semicontinuous. Thus Fatou’s lemma

implies

ϱφ( f ) =
�

A
φ(y, lim

k→∞
| fk(y)|) dµ(y)

≤

�

A
lim
k→∞

inf φ(y, | fk(y)|) dµ(y)

≤ lim
k→∞

inf
�

A
φ(y, | fk(y)|) dµ(y)

= lim
k→∞

inf ϱφ( fk).
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This proves (a).

To prove (b) let | fk| ↗ | f |. Then by the left-continuity and monotonicity of φ(y, .), we have

0 ≤ φ(., | fk(.)|)↗ φ(., | f (.)|) almost everywhere. So, the theorem of monotone convergence gives

ϱφ( f ) =
�

A
φ(y, lim

k→∞
| fk(y)|) dµ(y)

=

�

A
lim
k→∞

φ(y, | fk(y)|) dµ(y)

= lim
k→∞

�

A
φ(y, | fk(y)|) dµ(y)

= lim
k→∞

ϱφ( fk).

To prove (c) assume that fk → f almost everywhere, | fk| ≤ |g|, and ϱ(λg) < ∞ for every λ > 0.

Then | fk − f | → 0 almost everywhere, | f | ≤ |g| and | fk − f | ≤ 2|g|. Since ϱφ(2λg) < ∞, we can use

the theorem of dominated convergence to conclude that

lim
k→∞

ϱφ(λ| f − fk|) =
�

A
φ
(
y, lim

k→∞
λ| f (y) − fk(y)|

)
dµ(y) = 0.

Since λ > 0 was arbitrary. Lemma 1.2.3 implies that fk → f in Lφ.

Lemma 1.2.17 Let p ∈ P(A, µ) and fk, f , g ∈ L0(A, µ).

(a) If fk → f µ-almost everywhere, then ϱp(.)( f ) ≤ lim infk→∞ ϱp(.)( fk).

(b) If | f | ↗ | f | µ-almost everywhere, then ϱp(.)( f ) = limk→∞ ϱp(.)( fk).

(c) If fk → f µ-almost everywhere, | fk| ≤ |g| µ-almost everywhere and g ∈ Ep(.), then fk → f in

Lp(.).

In analogy with the properties for the integral, the claims of the previous lemma will be called

Fatou’s lemma (for the modular), monotone convergence and dominated convergence, respec-

tively.

Theorem 1.2.10 Let ϱ be a semimodular on X. Then ϱ∗ is a semimodular on X∗ϱ.

Proof. It is easily seen that ϱ∗(0) = 0, ϱ∗(λx∗) = ϱ∗(x∗) for |λ| = 1, and ϱ∗(x∗) ≥ 0 for every

x∗ ∈ X∗ϱ. Let x∗0, x∗1 ∈ X∗ϱ and θ ∈ (0, 1). Then

ϱ∗((1 − θ)x∗0 + θx∗1) = sup
x∈X

(|⟨(1 − θ)x∗0 + θx∗1, x⟩| − ϱ(x))

≤ (1 − θ) sup
x∈X

(|⟨x∗0, x⟩| − ϱ(x))

+θ sup
x∈X

(|⟨x∗1, x⟩| − ϱ(x))

= (1 − θ)ϱ∗(x∗0) + θϱ∗(x∗1).
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Finally, let ϱ∗(λx∗) = 0 for every λ > 0. For x ∈ Xϱ choose η > 0 such that ϱ(ηx) < ∞. Then by

(1.6)

λη|⟨x∗, x⟩| ≤ ϱ(ηx) + ϱ∗(λx∗) = ϱ(ηx).

Taking λ→ ∞ we obtain |⟨x∗, x⟩| = 0. Hence x∗ = 0. It remains to show that ϱ∗ is left-continuous.

For λ→ 1− and x∗ ∈ X∗ϱ we have

lim
λ→1−

ϱ∗(λx∗) = lim
λ→1−

sup
x∈X

(|⟨λx∗, x⟩| − ϱ(x))

= sup
0<λ<1

sup
x∈X

(|λ||⟨x∗, x⟩| − ϱ(x))

= sup
x∈X

(|⟨x∗, x⟩| − ϱ(x)) = ϱ∗(x).

Thus ϱ∗ is left-continuous.

Theorem 1.2.11 Let ϱ be a semimodular on X. Then ϱ∗∗ = ϱ on Xϱ.

Proof. see [7].

Theorem 1.2.12 Let ϱ be a semimodular on X, then ϱ is lower semicontinuous on Xϱ, i.e.

ϱ(x) ≤ lim
k→∞

inf ϱ(xk)

for all xk, x ∈ Xϱ with xk → x (in norm) for k → ∞.

Theorem 1.2.13 Let ϱ be a semimodular on X, then the semimodular ϱ is weakly (sequentially)

lower semicontinuous, i.e. if fk → f weakly in Xϱ, then ϱ( f ) ≤ lim infk→∞ ϱ( fk).

Proof. Let fk, f ∈ Xϱ with fk → f . Then, by Theorem 1.2.11, ϱ = ϱ∗∗, which

ϱ( f ) = ϱ∗∗( f ) = sup
g∗∈X∗ϱ

(
|⟨g∗, f ⟩| − ϱ∗(g∗)

)
= sup

g∗∈X∗ϱ

(
lim
k→∞
|⟨g∗, fk⟩| − ϱ

∗(g∗)
)

≤ lim
k→∞

inf
(

sup
g∗∈X∗ϱ

(|⟨g∗, fk⟩| − ϱ
∗(g∗))

)
= lim

k→∞
inf ϱ∗∗( fk)

= lim
k→∞

inf ϱ( fk).

From theorem 1.2.13 we obtain:
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Theorem 1.2.14 If p ∈ P(A, µ), then the modular is weakly (sequentially) lower semicontinuous,

i.e. ϱp(.)( f ) ≤ lim infk→∞ ϱp(.)( fk) if fk → f weakly in Lp(.)(A, µ).

Since strong convergence implies weak convergence, the conclusion of the previous theorem

holds also if fk → f in Lp(.)(A, µ).

Theorem 1.2.15 Let φ ∈ Φ(A, µ). Then the following hold.

(a) ∥ f ∥φ = ∥ | f | ∥φ for all f ∈ Lφ.

(b) If f ∈ Lφ, g ∈ L0(A, µ), and 0 ≤ |g| ≤ | f | µ-almost everywhere, then g ∈ Lφ and ∥g∥φ ≤ ∥ f ∥φ.

(c) If fk → f almost everywhere, then ∥ f ∥φ ≤ lim infk→∞ ∥ fk∥φ.

(d) I | fk| ↗ | f | µ-almost everywhere with fk ∈ Lφ(A, µ) and supk ∥ fk∥φ < ∞, then f ∈ Lφ(A, µ)

and ∥ fk∥φ ↗ ∥ f ∥φ.

Proof. The properties (a) and (b) are obvious. Let us now prove (c). So let fk → f µ-almost

everywhere. There is nothing to prove for lim infk→∞ ∥ fk∥φ = ∞. Let λ > lim infk→∞ ∥ fk∥φ. Then

∥ fk∥φ < λ for large k. Thus by the unit ball property ϱφ( fk/λ) ≤ 1 for large k. Now Fatou’s lemma

for the modular (lemma 1.2.16) implies ϱφ( f /λ) ≤ 1. So ∥ f ∥φ ≤ λ again by the unit ball property

which implies ∥ f ∥φ ≤ lim infk→∞ ∥ fk∥φ.

It remains to prove (d). So let | fk| ↗ | f | µ-almost everywhere with supk ∥ fk∥φ < ∞. From (a) and

(c) follows ∥ f ∥φ ≤ lim infk→∞ ∥ fk∥φ ≤ supk ∥ fk∥φ < ∞, which proves f ∈ Lφ. On the other hand

| fk| ↗ | f | and (b) implies that ∥ fk∥φ ↗ lim supk→∞ ∥ fk∥φ ≤ ∥ f ∥φ. Thus limk→∞ ∥ fk∥φ = ∥ f ∥φ and

∥ fk∥φ ↗ ∥ f ∥φ.

From Lemma 1.2.5 and lemma 1.2.6 we deduce:

Lemma 1.2.18 Let p ∈ P(A, µ) and let fk ∈ Lp(.)(A, µ).

(a) If fk is a Cauchy sequence, then there exists a subsequence of fk which converges µ-almost

everywhere to a measurable function f.

(b) If µ(A) < ∞ and ∥ fk∥p(.) → 0, then fk → 0 in measure.

Theorem 1.2.15 implies that Lp(.)(A, µ) is circular, solid, satisfies Fatou’s lemma (for the norm)

and has the Fatou property, i.e.

• ∥ f ∥p(.) = ∥ | f | ∥p(.) for all f ∈ Lp(.)(A, µ).

• if f ∈ Lp(.)(A, µ), g ∈ L0(A, µ) and 0 ≤ |g| ≤ | f | µ- almost everywhere, then g ∈ Lp(.)(A, µ)

and ∥g∥p(.) ≤ ∥ f ∥p(.).
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• if fk → f µ-almost everywhere, then ∥ f ∥p(.) ≤ lim infk→∞ ∥ fk∥p(.).

• if | fk| ↗ | f | µ-almost everywhere with fk ∈ Lp(.)(A, µ) and supk ∥ fk∥p(.) < ∞. Then f ∈

Lp(.)(A, µ) and ∥ fk∥p(.) ↗ ∥ f ∥p(.), respectively.

Definition 1.2.13 Let φ ∈ Φ(A, µ). Then

(Lφ(A, µ))′ B
{
g ∈ L0(A, µ) : ∥g∥(Lφ(A,µ))′ < ∞

}
with norm

∥g∥(Lφ(A,µ))′ B sup
f∈Lφ : ∥ f ∥φ≤1

�

A
| f ||g| dµ,

will be called the associate space of Lφ(A, µ) or (Lφ)′ for short.

Definition 1.2.14 A normed space (Y, ∥.∥Y) with Y ⊂ L0(A, µ) is called a Banach function space,

if

(a) (Y, ∥.∥Y) is circular, solid and satisfies the Fatou property.

(b) If µ(E) < ∞, then χE ∈ Y.

(c) If µ(E) < ∞, then χE ∈ Y ′, i.e.
�

E | f | dµ ≤ c(E)∥ f ∥Y for all f ∈ Y.

From Theorem 1.2.15 we know that Lφ satisfies (a) for every φ ∈ Φ(A, µ) so one need only check

(b) and (c). These properties are equivalent to S ⊂ Lφ and S ⊂ (Lφ)′, where S is the set of simple

functions. These inclusions may or may not hold, depending on the function φ.

Lemma 1.2.19 Let φ ∈ Φ(A, µ). Then

∥g∥(Lφ)′ = sup
f∈S∩Lφ : ∥ f ∥φ≤1

�

A
| f ||g| dµ

for all g ∈ (Lφ(A, µ))′.

Theorem 1.2.16 If ϱ be a semimodular on X, then for every x∗ ∈ X∗ϱ

∥x∗∥ϱ∗ ≤ ∥x∗∥X∗ϱ ≤ 2∥x∗∥ϱ∗ .

Theorem 1.2.17 Let φ ∈ Φ(A, µ) be such that S (A, µ) ⊂ Lφ(A, µ). Then Lφ
∗

(A, µ) = (Lφ(A, µ))′,

ϱφ∗(g) = (ϱφ)∗(Jg) and

∥g∥φ∗ ≤ ∥g∥(Lφ)′ = ∥Jg∥(Lφ)∗ ≤ 2∥g∥φ∗

for every g ∈ Lφ
∗

(A, µ), where Jg : f 7→
�

A f g dµ. (or complex- valued functions, the constant 2

should be replaced by 4.)
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Proof. For the sake of simplicity we assume K = R. In the case K = C we can proceed analo-

gously by splitting g into its real and imaginary part.

We already know that Lφ
∗

⊂ (Lφ)′, ∥g∥(Lφ)′ = ∥Jg∥(Lφ)∗ ≤ 2∥g∥φ∗ , and (ϱφ)∗(Jg) ≤ ϱφ∗(g) for every

g ∈ Lφ
∗

. Fix g ∈ (Lφ)′. We claim that g ∈ Lφ
∗

and ϱφ∗(g) ≤ (ϱφ)∗(Jg).

Since µ is σ-finite, we find measurable sets Ak ⊂ A with µ(Ak) < ∞ and A1 ⊂ A2 ⊂ . . . such that

A =
⋃∞

k=1 Ak. Let {q1, q2, . . .} be a countable, dense subset of [0,∞) with q j , qk for j , k and

q1 = 0. For k ∈ N and y ∈ A define

rk(y) B χAk(y) max
j=1,...,k

(
q j|g(y)| − φ(y, q j)

)
.

The special choice q1 = 0 implies ry(y) ≥ 0 for all y ≥ 0. Since {q1, q2, . . .} is dense in [0,∞) and

φ(y, .) is left-continuous, rk(y) ↗ φ∗(y, |g(y)|) for any y ∈ A as k → ∞. For every k ∈ N there

exists a simple function fk with fk(A) ⊂ {q1, . . . , qk} and fk(y) = 0 for all y ∈ A\Ak such that

rk(y) = fk(y)|g(y)| − φ(y, fk(y))

for all y ∈ A. As a simple function, fk belongs by assumption to Lφ(A, µ). Define hk(y) B

fk(y)sgn(g(y)) for y ∈ A, where sgn(a) denotes the sign of a. Then also hk is a simple function

(here we use K = R) and therefore

(ϱφ)∗(Jg) ≥ Jg(hk) − ϱφ(hk) =
�

A
g(y)hk(y) − φ(y, |hk(y)|) dµ(y).

By the definition of hk it follows that

(ϱφ)∗(Jg) ≥
�

A
|g(y)| fk(y) − φ(y, | fk(y)|) dµ(y) =

�

A
rk(y) dµ(y).

Since rk ≥ 0 and rk(y)↗ φ∗(y, |g(y)|), we get by the theorem of monotone convergence that

(ϱφ)∗(Jg) ≥ lim
k→∞

sup
�

A
rk(y) dµ(y) =

�

A
φ∗(y, |g(y)|) dµ(y) = ϱφ∗(g).

Together with (ϱφ)∗(Jg) ≤ ϱφ∗(g) we g et (ϱφ)∗(Jg) = ϱφ∗(g).

Since g 7→ Jg is linear, it follows that (ϱφ)∗(λJg) = ϱφ∗(λg) for every λ > 0 and therefore

∥g∥φ∗ = ∥Jg∥(ϱφ)∗ ≤ ∥Jg∥(Lφ)∗ = ∥g∥(Lφ)′ using in the second step Theorem 1.2.16.

Corollary 1.2.2 (Norm conjugate formula) Let φ ∈ Φ(A, µ). If S (A, µ) ⊂ Lφ
∗

(A, µ), then

∥ f ∥φ ≤ sup
g∈Lφ∗ : ∥g∥φ∗≤1

�
| f ||g| dµ ≤ 2∥ f ∥φ.

for every f ∈ L0(A, µ). the supremum is unchanged if we replace the condition g ∈ Lφ
∗

by

g ∈ S (A, µ).
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Proof. Applying Theorem 1.2.17 to φ∗ and taking into account that φ∗∗ = φ, we have

∥ f ∥φ ≤ ∥ f ∥(Lφ∗ )′ ≤ 2∥ f ∥φ

for f ∈ Lφ. That the supremum does not change for g ∈ S (A, µ) follows by Lemma 1.2.19. The

claim also follows in the case f ∈ L0\Lφ
∗

= L0\(Lφ)′, since both sides of the formula are infinite.

Definition 1.2.15 A generalized Φ-function φ ∈ Φ(A, µ) is called proper if the set of simple

functions S (A, µ) satisfies S (A, µ) ⊂ Lφ(A, µ) ∩ (Lφ(A, µ))′.

So φ is proper if and only if Lφ is a Banach function space. Moreover, if φ is proper then the

norm conjugate formula for f Lφ and Lφ
∗

holds (Corollary 1.2.2) and Lφ
∗

= (Lφ)′.

Corollary 1.2.3 Let φ ∈ Φ(A, µ). Then the following are equivalent :

(a) φ is proper.

(b) φ∗ is proper.

(c) S (A, µ) ⊂ Lφ(A, µ) ∩ Lφ
∗

(A, µ).

Proof. If (a) or (c) holds, then S ⊂ Lφ. Hence (Lφ)′ = Lφ
∗

by theorem 1.2.17, which obviously

implies the equivalence of (a) and (c).

Applying this equivalence for the function φ∗, and taking into account that φ∗∗ = φ, yields the

equivalence of (b) and (c).

Theorem 1.2.18 Let p ∈ P(A, µ). Then φp(.) is proper and Lp(.)(A, µ) is a Banach function space.

Its associate space satisfies (Lp(.)(A, µ))′ = Lp′(.)(A, µ) and

∥g∥p′(.) ≤ ∥g∥(Lp(.))′ ≤ 2∥g∥p′(.) if φp(.) = φ̃p(.),

1
2
∥g∥p′(.) ≤ ∥g∥(Lp(.))′ ≤ 2∥g∥p′(.) if φp(.) = φ̄p(.)

for every g ∈ L0(A, µ).

Proof. If follows from Lemma 1.2.13 that simple functions are contained in Lp(.) and Lp′(.). Thus

φp(.) is proper by Corollary 1.2.3 and therefore Lp(.) is a Banach function space, see also [7,

Section 2.7]. We can apply Theorem 1.2.17 to φp(.) to get (Lp(.)(A, µ))′ = Lp′(.)(A, µ) and

∥g∥(φp(.))∗ ≤ ∥g∥(Lp(.))′ ≤ 2∥g∥(φp(.))∗ ,

which is the first estimate of clain if φp(.) = φ̃p(.), since (φ̃p(.))∗ = φ̃p′(.). From Lemma 1.1.2 we

deduce

∥g∥(φ̄p(.))∗ ≤ ∥g∥φ̄p′(.) ≤ 2∥g∥(φ̄p(.))∗ ,

which in combination with the previous estimate proves the second estimate of the claim.
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Corollary 1.2.4 (Norm conjugate formula) Let p ∈ P(A, µ). Then

1
2
∥ f ∥p(.) ≤ sup

g∈Lp′(.) : ∥g∥p′(.)≤1

�
| f ||g| dµ ≤ 2∥ f ∥p(.)

for all f ∈ L0(A, µ). The factor 1
2 can be omitted if φp(.) = φ̃p(.).

The supremum is unchanged if we replace the condition g ∈ Lp′(.)(A, µ) by g ∈ S (A, µ) or even

g ∈ S c(Ω) when p ∈ P(Ω), where S c(Ω) is the set of simple functions with compact support in Ω.

Proof. The proof of the formula is exactly the same as in Corollary 1.2.2 if we additionally

use the estimates of Theorem 1.2.18. That the supermum does not change for g ∈ S (A, µ)

follows by Lemma 1.2.19. The case g ∈ S c(Ω) requires a simple straightforward modification of

Lemma 1.2.19

Lemma 1.2.20 (Young’s inequality) Let p, q, s ∈ [1,∞] with

1
s
=

1
p
+

1
q
.

Then for all a, b ≥ 0

φs(ab) ≤ φp(a) + φq(b), (1.12)

φ̄s(ab) ≤
s
p
φ̄p(a) +

s
q
φ̄q(b), (1.13)

where we use the convention s
p =

s
q = 1 for s = p = q = ∞. Moreover, if 1 ≤ s < ∞ then for all

a ≥ 0

φ̃p(a) = sup
b≥0

(
φ̃s(ab) − φ̃q(b)

)
. (1.14)

Proof. Assume first that s = ∞. Then necessarily p = q = ∞. There is nothing to show for

a, b ∈ [0, 1], since in this case φ∞(ab) = 0. If a > 1 or b > 1, then φp(a) = ∞ or φq(b) = ∞,

respectively. Thus the claim holds in this case also.

Assume then that 1 ≤ s < ∞. In order to prove (1.12) for φ̃ it suffices to prove (1.14). If s = 1,

then p = q′ and φ̃p = (φ̃q)∗ by Lemma 1.1.2. Thus,

φ̃p(a) = (φ̃q)∗(a) = sup
b≥0

(
ab − φ̃q(b)

)
= sup

b≥0

(
φ̃1(ab) − φ̃q(b)

)
for all a, b ≥ 0. If 1 < s < ∞, then

1 =
1

p/s
+

1
q/s

,
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so by Lemma 1.1.2 (φ̃p/s)∗ = φ̃q/s. Using the case s = 1 we deduce

φ̃p(a) =
1
s
φ̃p/s(as) =

1
s

sup
b≥0

(
asbs − φ̃q/s(bs)

)
= sup

b≥0

(
φ̃s(ab) − φ̃q(b)

)
for all a, b ≥ 0.

It remains to prove (1.13), since this inequality is stronger than (1.12) for φ = φ̄. If s = ∞ , then

s = p = q = ∞ and (1.13) follows from (1.12), since φ̄∞ = φ̃∞. So in the following let 1 ≤ s < ∞.

Now s ≤ p and s ≤ q and we obtain using the previous case that

φ̄s(ab) ≤ sφ̃s(ab) ≤ s
(
φ̃p(a) + φ̃q(b)

)
=

s
p
φ̄p(a) +

s
q
φ̄q(b) ≤ φ̄p(a) + φ̄q(b)

for all a, b ≥ 0. It remains to prove (1.12) with φ = φ̄ for 1 ≤ s < ∞. Now s ≤ p and s ≤ q and

we obtain using the previous case that

φ̄s(ab) ≤ sφ̃s(ab) ≤ s
(
φ̃p(a) + φ̃q(b)

)
=

s
p
φ̄p(a) +

s
q
φ̄q(b)

for all a, b ≥ 0.

Remark 1.2.3 Note that (1.12) holds for both φ̃ and φ̄, but it is sharp only for φ̃ as is shown by

(1.14) and this example : if s = 1 and p = q = 2, then supb≥0 (φ̄1(ab) − φ̄2(b)) = 1
4a2 , a2 = φ̄2(a)

for a > 0.

Lemma 1.2.21 (Hölder’s inequality) Let p, q, s ∈ P(A, µ) be such that

1
s(y)
=

1
p(y)
+

1
q(y)

for µ-almost every y ∈ A. Then

ϱs(.)( f g) ≤ ϱp(.)( f ) + ϱq(.)(g), (1.15)

∥ f g∥s(.) ≤ 2∥ f ∥p(.)∥g∥q(.), (1.16)

∥ f g∥φ̄s(.) ≤

((
s
p

)+
+

(
s
q

)+)
∥ f ∥φ̄p(.)∥g∥φ̄q(.) , (1.17)

for all f ∈ Lp(.)(A, µ) and g ∈ Lq(.)(A, µ), where in the case s = p = q = ∞ we use the convention
s
p
=

s
q
= 1.

In particular, f g ∈ Ls(.)(A, µ). If additionally f ∈ Ep(.)(A, µ) or g ∈ Eq(.)(A, µ), then f g ∈

E s(.)(A, µ).
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Proof. Let f ∈ Lp(.) and g ∈ Lq(.). Since f and g are measurable, also f g is measurable. Then

(1.15) follows from (1.12) by integration over y ∈ A.

The following argument applies to both φ̃p(.) and φ̄p(.). If ∥ f ∥p(.) ≤ 1 and ∥g∥q(.) ≤ 1, then ϱp(.)( f ) ≤

1 and ϱq(.)(g) ≤ 1 by the unit ball property. Using (1.15) we estimate

ϱs(.)

(
1
2

f g
)
≤

1
2
ϱs(.)( f g) ≤

1
2

(
ϱp(.)( f ) + ϱq(.)(g)

)
≤ 1.

This implies ∥ f g∥s(.) ≤ 2 by the unit ball property. The scaling argument proves (1.16).

Now let ∥ f ∥φ̄p(.) ≤ 1 and ∥g∥φ̄q(.) ≤ 1, then by the unit ball property ϱ̄p(.)( f ) ≤ 1 and ϱ̄q(.)(g) ≤ 1.

Using (1.13) integrated over y ∈ A we get

ϱ̄s(.)(ab) ≤
(

s
p

)+
ϱ̄p(.)( f ) +

(
s
q

)+
ϱ̄q(.)(g) ≤

(
s
p

)+
+

(
s
q

)+
.

This implies ∥ f g∥φ̄s(.) ≤ ess sup s
p + ess sup s

q by the unit ball property. The scaling argument

proves (1.17).

Assume now that additionally f ∈ Ep(.), i.e. ϱp(.)(λ f ) < ∞ for every λ > 0. Let γ > 0 be such that

ϱq(.)(g/γ) < ∞. Then for every λ > 0

ϱr(.)(λ f g) ≤ ϱp(.)(λγ f ) + ϱq(.)(g/γ) < ∞.

Since λ > 0 was arbitrary, this proves f g ∈ Er(.). The case g ∈ Eq(.) follows by symmetry.

The case s = 1 in Lemma 1.2.21 is of special interest:
�

A
| f ||g| dµ ≤ ϱp(.)( f ) + ϱp′(.)(g),

�

A
| f ||g| dµ ≤ 2∥ f ∥p(.)∥g∥p′(.),

�

A
| f ||g| dµ ≤

(
1 +

1
p−
−

1
p+

)
∥ f ∥φ̄p(.)∥g∥φ̄p′(.)

for all f ∈ Lp(.)(A, µ) and g ∈ Lp′(.)(A, µ).

1.3 Embeddings

Definition 1.3.1 Let X and Y be two normed spaces and c be a constant not depending on u.

Then

i. if all elements of X are in Y, (X ⊂ Y) and

ii. for all u ∈ X, the inequality

∥u∥Y ≤ c∥u∥X
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holds, then X is said to be embedded in Y and denoted by X ↪→ Y. The notation ↪→ replaces by

↪→↪→ if the embedding is compact.

Theorem 1.3.1 Let φ, ψ ∈ Φ(A, µ) and let the measure µ be atom-less.1 Then Lφ(A, µ) ↪→

Lψ(A, µ) if and only if there exists c′ > 0 and h ∈ L1(A, µ) with ∥h∥1 ≤ 1 such that

ψ
(
y,

t
c′

)
≤ φ (y, t) + h(y)

for almost all y ∈ A and all t ≥ 0.

Moreover, c′ is bounded by the embedding constant, whereas the embedding constant is bounded

by 2c′.

Proof. Let us start by showing that the inequality implies the embedding. Let ∥ f ∥φ ≤ 1, which

yields by the unit ball property that ϱφ( f ) ≤ 1. Then

ϱψ

(
f

2c′

)
≤

1
2
ϱψ

(
f
c′

)
≤

1
2
ϱφ( f ) +

1
2

�

A
h(y) dy ≤ 1.

This and the unit ball property yield ∥ f /(2c′)∥ψ ≤ 1. Then the embedding follows by the scaling

argument.

Assume next that the embedding holds with embedding constant c1. For y ∈ A and t ≥ 0 define

α(y, t) B


ψ

(
y, t

c1

)
− φ(y, t) if φ(y, t) < ∞,

0 if φ(y, t) = ∞.

Since φ(y, .) and ψ(y, .) are left-continuous for all y ∈ A, also α(y, .) is left-continuous for all

y ∈ A. Let (rk) be a sequence of distinct numbers with {rk : k ∈ N} = Q∩ [0,∞) and r1 = 0. Then

ψ

(
y,

rk

c1

)
≤ φ(y, rk) + α(y, rk)

for all k ∈ N and y ∈ A. Define

bk(y) B max
1≤ j≤k

α(y, r j).

Since r1 = 0 and α(y, 0) = 0, we have bk ≥ 0. Moreover, the functions bk are measurable and

nondecreasing in k. The function b B supk bk is measurable, non-negative, and satisfies

b(y) = sup
t≥0

α(y, t),

ψ

(
y,

t
c1

)
≤ φ(y, t) + b(y)

1A measure µ is called atom-less if for any measurable set A with µ(A) > 0 there exists a measurable subset A’

of A such that µ(A) > µ(A′).
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for all y ∈ A and all t ≥ 0, where we have used that α(y, .) is left-continuous and the density of

{rk : k ∈ N} in [0,∞).

We now show that b ∈ L1(A, µ) with ∥b∥1 ≤ 1. We consider first the case |b| < ∞ a.e., and assume

to the contrary that there exists ε > 0 such that
�

A
b(y) dµ(y) ≥ 1 + 2ε.

Define

Vk B

{
y ∈ A : α(y, rk) >

1
1 + ε

b(y)
}
,

Wk+1 B Vk+1\(V1 ∪ · · · ∪ Vk)

for all k ∈ N. Note that V1 = ∅ due to the special choice r1 = 0. Since {rk : k ∈ N} is

dense in [0,∞) and α(y, .) is left-continuous for every y ∈ A, we have
⋃∞

k=1 Vk =
⋃∞

k=2 Wk =

{y ∈ A : b(y) > 0} .

Let f B
∑∞

k=2 rkχWk . For every y ∈ Wk we have α(y, rk) > 0 and therefore φ(y, rk) < ∞. If y

is outside of
⋃∞

k=2 Wk, then φ(y, | f (y)|) = 0. This implies that φ(y, | f (y)|) is everywhere finite.

Moreover, by the definition of Wk and α we get

ψ

(
y,
| f (y)|

c1

)
≥ φ(y, | f (y)|) +

1
1 + ε

b(y) (1.18)

for all y ∈ A.

If ϱφ( f ) ≤ 1, then ϱψ
(

f
c1

)
≤ 1 by the unit ball property since c1 is the embedding constant.

However, this contradicts

ϱψ

(
f

c1

)
≥ ϱφ( f ) +

1
1 + ε

�

A
b(y) dµ(y) ≥

1 + 2ε
1 + ε

> 1,

where we have used (1.18) and
⋃∞

k=2 Wk = {y ∈ A : b(y) > 0}. So we can assume that

ϱφ( f ) > 1. Since µ is atom-less and φ(y, | f (y)|) is almost everywhere finite, there exists U ⊂ A

with ϱφ( fχU) = 1. Thus

ϱψ

(
f

c1
χU

)
≥ ϱφ( fχU) +

1
1 + ε

�

U
b(y) dµ(y)

= 1 +
1

1 + ε

�

U
b(y) dµ(y).

(1.19)

Now, ϱφ( fχU) = 1 implies that µ(U∩{ f , 0}) > 0. Since { f , 0} =
⋃∞

k=2 Wk = {y ∈ A : b(y) > 0}

we get µ(U ∩ {y ∈ A : b(y) > 0}) > 0 and
�

U
b(y) dµ(y) > 0.
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This and (1.19) imply that

ϱψ( f /c1χU) > 1.

Which contradicts ϱψ( f /c1) ≤ 1. Thus the case where |b| < ∞ a.e. is complete.

If we assume that there exists E ⊂ A with b|E = ∞ and µ(E) > 0, then a similar argument with

Vk B
{
y ∈ E : α(y, rk) ≥ 2

µ(E)

}
yields a contradiction. Hence this case cannot occur, and the

proof is complete by what was shown previously.

Recall that the norm of the embedding Lp(.)(A) ↪→ Lq(.)(A) is the smallest constant K > 0 for

which ∥ f ∥q(.) ≤ K∥ f ∥p(.).

Theorem 1.3.2 Let p, q ∈ P(A, µ). Define the exponent r ∈ P(A, µ) by 1
r(y) B max

{
1

q(y) −
1

p(y) , 0
}

for all y ∈ A.

(a) If q ≤ p µ-almost everywhere and 1 ∈ Lr(.)(A, µ), then Lp(.)(A, µ) ↪→ Lq(.)(A, µ) with norm at

most 2∥1∥Lr(.)(A).

(b) If the measure µ is atom-less and Lp(.)(A, µ) ↪→ Lq(.)(A, µ) with norm K > 0, then q ≤ p µ-

almost everywhere and ∥1∥Lr(.)(A) ≤ 4K.

Proof. We begin with the proof of (a). Since q ≤ p almost everywhere and 1
r +

1
p =

1
q , we can

apply Hölder’s inequality, Lemma 1.2.21, to get

∥ f ∥q(.) ≤ 2∥1∥r(.)∥ f ∥p(.).

Let us now prove (b). We begin with the case φp(.) = φ̃p(.). Assume that Lp(.)(A) ↪→ Lq(.)(A). Then

by Theorem 1.3.1 there exists h ∈ L1(A, µ) with h ≥ 0 and ∥h∥1 ≤ 1 such that

φ̃q(y)(t/K) ≤ φ̃p(y)(t) + h(y) (1.20)

for almost all y ∈ A and all t ≥ 0. The limit t → ∞ implies that q ≤ p almost everywhere. If

q(y) < ∞, then (1.14) and (1.20) imply that

φ̃r(y)(1/K) = sup
t≥0

(
φ̃q(y)(t/K) − φ̃p(y)(t)

)
≤ sup

t≥0

(
φ̃p(y)(t) − φ̃p(y)(t) + h(y)

)
= h(y).

(1.21)

If the set E B {q = ∞} has measure zero, then we can integrate this inequality over y ∈ A and

get ϱ̃r(.)(1/K) ≤ ∥h∥1 ≤ 1, so 1 ∈ Lr(.)(Ω) and ∥1∥r(.) ≤ K.
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If µ(E) > 0, then it fellows from (1.20) with t = 1 that φ̃∞(1/K) ≤ h(y) for almost all y ∈ E. Since

h is a.e. finite on E and µ(E) > 0, this implies K ≥ 1. Since r = ∞ on the set E, we get

φ̃r(y)(1/K) = φ∞(1/K) = 0 ≤ h(y)

for almost every y ∈ E. So (1.21) also holds on the set E. Thus we can proceed exactly as in the

previous case to conclude ∥1∥r(.) ≤ K.

The case φp(.) = φ̄p(.) follows from this using (1.9).

If µ(A) < ∞, then by Lemma 1.2.13 and /or Lemma 1.2.14 the condition 1 ∈ Lr(.)(A) of the last

theorem is always satisfied. Hence,

Corollary 1.3.1 Let p, q ∈ P(A, µ) and let the measure µ be atom-less with µ(A) < ∞. Then

Lp(.)(A, µ) ↪→ Lq(.)(A, µ) if and only if q ≤ p µ-almost everywhere in A. The embedding constant

is less or equal to 2(1 + µ(A)) and 2 max
{
µ(A)

(
1
q−

1
p

)+
,
(

1
q−

1
P

)−}
.

Lemma 1.3.1 Let p ∈ P(Rn) and p∞ ∈ [1,∞]. Define s ∈ P(Rn) by

1
s(x)
B

∣∣∣∣∣ 1
p(x)
−

1
p∞

∣∣∣∣∣ .
Then 1 ∈ Ls(.)(Rn) if and only if

Lmax{p(.),p∞}(Rn) ↪→ Lp(.)(Rn) ↪→ Lmin{p(.),p∞}(Rn).

Proof. If the embeddings hold, then Theorem 1.3.2 implies that 1 ∈ Ls(.).

Assume now that 1 ∈ Ls(.)(Rn). Let γ ∈ (0, 1) such that ϱ̄s(.)(γ) < ∞. Define r1, r2 ∈ P(Rn) by

1
r1(x)

B min
{

0,
1

p∞
−

1
p(x)

}
=

1
max{p(x), p∞}

−
1

p(x)
,

1
r2(x)

B min
{

0,
1

p(x)
−

1
p∞

}
=

1
p(x)
−

1
max{p(x), p∞}

for all x ∈ Rn, Then s ≤ r1 and s ≤ r2 almost everywhere. Thus it follows from the definition

that ϱ̄r1(.)(γ) ≤ ϱ̄s(.)(γ) < ∞ and ϱ̄r2(.)(γ) ≤ ϱ̄s(.)(γ) < ∞ for γ ∈ (0, 1). In particular, 1 ∈ Lr1(.) and

1 ∈ Lr2(.). This and Theorem 1.3.2 prove the embeddings.

Theorem 1.3.3 Let p.q, r ∈ P(A, µ) with p ≤ q ≤ r µ-almost everywhere in A. Then

Lp(.)(A, µ) ∩ Lr(.)(A, µ) ↪→ Lq(.)(A, µ) ↪→ Lp(.)(A, µ) + Lr(.)(A, µ).
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The embedding constants are at most 2. More precisely, for g ∈ Lq(.)(A, µ) the functions

g0 B sgn g max{|g|−1, 0} and g1 B sgn g min{|g|, 1} satisfy g = g0+g1, |g0|, |g1| ≤ |g|, ∥g0∥p(.) ≤

1 and ∥g1∥r(.) ≤ 1.

Proof. see[7]

Lemma 1.3.2 Let p ∈ P(Rn) and p∞ ∈ [1,∞]. Assume that 1 ∈ Ls(.)(Rn), where s ∈ P(Rn) is

defined by 1
s(x) B |

1
p(x) −

1
p∞
|. Then

Lp(.)(Rn) ∩ Lp+(Rn) � Lp∞(Rn) ∩ Lp+(Rn),

Lp(.)(Rn) ↪→ Lp∞(Rn) + Lp−(Rn).

Proof. Using Lemma 1.3.1, Theorem 1.3.3 twice, and then Lemma 1.3.1 again we deduce

Lp(.) ∩ Lp+ ↪→ Lmin{p(.),p∞} ∩ Lp+

↪→ Lp∞ ∩ Lp+

↪→ Lmax{p(.),p∞} ∩ Lp+

↪→ Lp(.) ∩ Lp+ .

This proves the first assertion. Analogously, by Lemma 1.3.1 and Theorem 1.3.3

Lp(.) ↪→ Lmin{p(.),p∞} ↪→ Lp∞ + Lp− .

This proves the second assertion.
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Chapter 2

Introduction to Sobolev spaces with

variables exponents

In this chapter we start our study of Sobolev functions. It is not possible to study this functions

before study its properties in the previous space Lp(.). We need this space in the partial differential

equations because the solutions belong naturally to Sobolev Space. In the first section we will

talk about the basic properties (functional analysis-type properties) in this space, the results are

from [8] by Diening, [9] by Fan and Zhao, and [17] by Kováčik and Rákosník, then we will turn

to an important inequality, it’s called "Poincaré inequality".

2.1 Basic properties

Let Ω ⊂ Rn be an open set.

Definition 2.1.1 Given Ω, a function f ∈ L1
loc(Ω) and a multi-index α, f has a weak derivative of

order α if there exists α function gα ∈ L1
loc(Ω) such that for every function ϕ ∈ C∞c (Ω),

�

Ω

f (x)Dαϕ(x) dx = (−1)|α|
�

Ω

gα(x)ϕ(x) dx.

It can be shown that gα is unique, and we write Dα f = gα.

If a function f is smooth, then by integration by parts we have that the classical derivatives of f

are also weak derivatives.

Definition 2.1.2 Let Ω ⊂ Rn, m be a positive integer, α = (α1, α2, . . . , αn) be multi-index and
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p : Ω→ [1,∞) be a measurable function. Then the space defined by

Wm,p(.)(Ω) =
{
u ∈ Lp(.)(Ω) : Dαu ∈ Lp(.)(Ω), 0 ≤ |α| ≤ m

}
is called the variable exponent Sobolev space. This space is a Banach space with respect to the

norm

∥u∥Wm,p(.)(Ω) = ∥u∥m,p(.) =
∑

0≤|α|≤m

∥Dαu∥p(.).

If 1 < p− ≤ p+ < ∞ is satisfied, then the space Wm,p(.)(Ω) is reflexive. Moreover the closure of

C∞0 (Ω) space on Wm,p(.)(Ω) space is Wm,p(.)
0 (Ω).

the previous definition is one of the other definitions which is about Wm,p(.) in another definition

[7,De f inition 8.1.2] they define a semimodular on Wm,p(.)(Ω) by

ϱWm,p(.)(Ω)(u) B
∑

0≤|α|≤m

ϱLp(.)(Ω)(∂αu)

which induces a norm by

∥u∥Wm,p(.)(Ω) B inf
{
λ > 0 : ϱWm,p(.)(Ω)

(u
λ

)
≤ 1

}
.

Remark 2.1.1 It is also possible to define the semimodular ϱWk,p(.)(Ω) on the larger set Wk,1
loc (Ω) or

even L1
loc(Ω). Then Wk,p(.)(Ω) is just the corresponding semimodular space.

Sobolev functions, as Lebesgue functions, are defined only up to measure zero and thus we

identify functions that are equal almost everywhere. If the set Ω is clear from the content, we

abbreviate ∥u∥Wk,p(.)(Ω) to ∥u∥k,p(.) and ϱWk,p(.)(Ω) to ϱk,p(.).

Remark 2.1.2 (i) note that in Wk,p(.)(Ω)

k∑
m=0

ϱLp(.)(Ω)(|∇mu|) and
k∑

m=0

∥ |∇mu| ∥Lp(.)(Ω)

define a semimodular and a norm equivalent to the Sobolev semimodular and the Sobolev norm,

respectively. We abbreviate ∥ |∇mu| ∥Lp(.)(Ω) as ∥∇mu∥Lp(.)(Ω), m ∈ N.

(ii) One easily proves, using Lemma 1.2.10, that for each 1-finite partition (Ωi)i∈N of Ω we have

∥u∥Wk,p(.)(Ω) ≤

∞∑
i=1

∥u∥Wk,p(.)(Ωi)

for all u ∈ Wk,p(.)(Ω).
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Definition 2.1.3 Let p ∈ P(Ω) and k ∈ N. The Sobolev space Wk,p(.)
0 (Ω) with zero boundary

values is the closure of the set of Wk,p(.)(Ω)-functions with compact support, i.e.

{
u ∈ Wk,p(.)(Ω) : u = uχK for a compact K ⊂ Ω

}
in Wk,p(.)(Ω).

In [5, lamma 2.2], for v ∈ W1,q(.)
0 (Ω), they give the equivalent norm

∥v∥1,q(.) = ∥∇v∥q(.).

W−1,q′(.)
0 (Ω) sign to the dual of W1,q(.)

0 (Ω) in which 1
q(.) +

1
q′(.) = 1.

Warning 2.1.1 The closure of C∞0 (Ω) in the space Wk,p(.)(Ω) is denoted by Hk,p(.)
0 (Ω).

Remark 2.1.3 In contrast to H1,p(.)
0 (Ω), the space W1,p(.)

0 (Ω) has the following fundamental prop-

erty: if u ∈ W1,p(.)(Ω) and v is a Lipschitz continuous function with compact support in Ω, then

uv ∈ W1,p(.)
0 (Ω). In [7, Section 11.5] we will see that for certain exponents p the product uv need

not to be in H1,p(.)
0 (Ω) and thus it may hold that H1,p(.)

0 (Ω) ⫋ W1,p(.)
0 (Ω).

Definition 2.1.4 A function u belongs to Wk,p(.)
loc (Ω) if u ∈ Wk,p(.)(U) for every open U ⊂⊂ Ω. We

equip Wk,p(.)
loc (Ω) with the initial topology induced by the embeddings Wk,p(.)

loc (Ω) ↪→ Wk,p(.)(U) for

all open U ⊂⊂ Ω.

Proposition 2.1.1 Let X be a Banach space and let Y denote either a closed subset of X or a

Cartesian product XN . Then:

(i) Y is a Banach space.

(ii) If X is reflexive, then Y is reflexive.

(iii) If X is separable, then Y is separable.

(iv) If X is uniformly convex, then X is reflexive.

(v) If X is uniformly convex, then Y is uniformly convex.

Theorem 2.1.1 Let p ∈ P(Ω). The space Wk,p(.)(Ω) is a Banach space, which is separable if p is

bounded, and reflexive and uniformly convex if 1 < p− ≤ p+ < ∞.

Proof. We proof only the case k = 1, the proof for the general case is similar. We first show that

the Sobolev spaces is a Banach space; for that let (ui) be a Cauchy sequence in W1,p(.)(Ω). We
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have to show that there exists u ∈ W1,p(.)(Ω) such that ui → u in W1,p(.)(Ω) as i → ∞. Since the

Lebesgue space Lp(.)(Ω) is a Banach space (Theorem 1.2.7), there exist u, g1, . . . , gn ∈ Lp(.)(Ω)

such that ui → u and ∂ jui → gi in Lp(.)(Ω) for every j = 1, . . . , n. Let ψ ∈ C∞0 (Ω). Since ui is in

W1,p(.)(Ω) we have �

Ω

ui∂ jψ dx = −
�

Ω

ψ∂ jui dx.

Strong convergence in Lp(.)(Ω) implies weak convergences and hence we have
�

Ω

ui∂ jψ dx→
�

Ω

u∂ jψ dx and
�

Ω

ψ∂ jui dx→
�

Ω

ψg j dx

as i → ∞. Thus the right-hand sides on the previous line yield that (g1, . . . , gn) is the weak gra-

dient of u. It follows that u ∈ W1,p(.) and u j → u in W1,p(.).

By Theorem 1.2.11, Lp(.)(Ω) is separable if p+ < ∞ and by Theorem 1.2.7, Lp(.)(Ω) is reflexive

if 1 < p− ≤ p+ < ∞. By the mapping u 7→ (u,∇u), the space W1,p(.)(Ω) is a closed subspace of

Lp(.)(Ω) × (Lp(.)(Ω))n. Thus W1,p(.)(Ω) is separable if p+ < ∞, and reflexive if 1 < p− ≤ p+ < ∞

by Proposition 2.1.1.

For the uniform convexity we note that W1,p(.)(Ω) satisfies the ∆2-condition provided that

p+ < ∞. The Lp(.)-modular is uniformly convex for p− > 1 by Theorem 1.2.4 and the

proof of Theorem 1.2.6. Thus ϱWk,p(.) is uniform convex as a sum of uniform convex modulars

(Lemma 1.2.9). Thus W1,p(.)(Ω) is uniform convex with its own norm by Theorem 1.2.5.

Theorem 2.1.2 Let p ∈ P(Rn). The space Wk,p(.)
0 (Ω) is a Banach space, which is separable if p

is bounded, and reflexive and uniformly convex if 1 < p− ≤ p+ < ∞.

Proof. Since Wk,p(.)
0 (Ω) is a closed subspace of Wk,p(.)(Ω), the properties follow by Proposition

2.1.1 and Theorem 2.1.1.

A normed space X has the Banach-Saks property if 1
m

∑m
i=1 ui → u whenever ui → u. By [12]

every uniformly convex space has the Banach-Saks property. This together with the previous

theorem implies the following corollary.

Corollary 2.1.1 Let p ∈ P(Ω) with 1 < p− ≤ p+ < ∞. Then the Sobolev space Wk,p(.)(Ω) has the

Banach-Saks property.

In the next proposition, the notation ” ⊂ ” is denote to the embedding.
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Proposition 2.1.2 Given Ω, p(.) ∈ P(Ω) and k ≥ 1, Wk,p(.)(Ω) ⊂ Wk,p−
loc (Ω). If |Ω| < ∞, then

Wk,p(.)(Ω) ⊂ Wk,p−(Ω).

Proposition 2.1.3 Let p ∈ P(Ω). If u, v ∈ W1,p(.)(Ω), then max{u, v} and min{u, v} are in

W1,p(.)(Ω) with

∇max(u.v)(x) =


∇u(x), for almost every x ∈ {u ≥ v};

∇v(x), for almost every x ∈ {v ≥ u};

and

∇min(u, v)(x) =


∇u(x), for almost every x ∈ {u ≤ v};

∇v(x), for almost every x ∈ {v ≤ u}.

In particular, |u| belongs to W1,p(.)(Ω) and |∇|u|| = |∇u| almost everywhere in Ω.

Proof. It suffices to prove the assertions for max{u, v} since min{u, v} = −max{−u,−v}. By

Lemma 2.1.2 we know that W1,p(.)(Ω) ↪→ W1,1
loc (Ω) and so the formulas for ∇max(u, v) and

∇min(u, v) follow from [16, Theorem 1.20]. We next note that ∥max{u, v}∥p(.) ≤ ∥u∥p(.) + ∥v∥p(.)

and ∥∇max{u, v}∥p(.) ≤ ∥∇u∥p(.) + ∥∇v∥p(.). Thus it follows that max{u, v} ∈ W1,p(.)(Ω). Analo-

gously, we get min{u, v} ∈ W1,p(.)(Ω). The claims for |u| follow by noting that |u| = max{u, 0} −

min{u, 0}.

The previous proposition yields that in a set where u is constant ∇u = 0 almost everywhere.

Lemma 2.1.1 Let p ∈ P(Rn) and u ∈ Wk,p(.)
0 (Ω). Then u extended by zero to Rn\Ω belongs to

Wk,p(.)(Rn).

Proof. Let u ∈ Wk,p(.)(Ω) with compact support, i.e. there exists a compact set K ⊂ Ω such that

u = χKu almost everywhere. We define Eu to be the extension of u (as a measurable function) by

zero outside of Ω. We claim that Eu ∈ Wk,p(.)(Rn) and ∂αE(u) = E(∂αu) almost everywhere for

|α| ≤ k. Choose η ∈ C∞0 (Ω) such that χK ≤ ηηχΩ. Then for all ψ ∈ C∞0 (Rn) and |α| ≤ k we have
�

Rn
Eu∂αψ dx =

�

Ω

u∂α(ψη) dx = (−1)|α|
�

Ω

(∂αu)ψη dx

= (−1)|α|
�

Rn
(E(∂αu))ψ dx,

where we used that u = 0 and ∂αu = 0 outside of K and η = 1 on K. This proves ∂αE(u) = E(∂αu).

Since E(∂αu) ∈ Lp(.)(Rn), it follows that Eu ∈ Wk,p(.)(Rn). Moreover, ∥u∥Wk,p(.)(Ω) = ∥Eu∥Wk,p(.)(Rn),
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so E is a isometry on the set of compactly supported Wk,p(.)(Ω) functions. Since those functions

are by definition dense in Wk,p(.)
0 (Ω), the extension operator is also an isometry from Wk,p(.)

0 (Ω) to

Wk,p(.)(Rn). In particular, u ∈ Wk,p(.)
0 (Ω) implies Eu ∈ Wk,p(.)(Rn).

2.2 Poincaré inequalities

In this section we will study the poincaré inequalities in two form "norm version and modular

version", In the constant exponent case the poincaré inequality is known to hold for more ir-

regular domains but the inequality is mostly used in John domains. Recall that I1 denotes the

Riesz potential operator (cf. [7, Definition 6.1.1]); note also the convention that I1 f denotes

I1(χΩ f ) if the function f is defined only in Ω. By a cube we always mean a non-degenerate cube

with faces parallel to the coordinate axes. The average integral of f over the set A is defined by
�

A f dµ B 1
µ(A)

�
A f dµ, µ(A) > 0 and the diameter of Ω by diam(Ω) = maxu,v∈V d(u, v) where V

is the finite set of the vertices in Ω.

Definition 2.2.1 A bounded domain Ω ⊂ Rn is called an α-John domain, α > 0, if there exists

x0 ∈ Ω (the John center) such that each point in Ω can be joined to x0 by a rectifiable path γ (the

John path) parametrized by its arc-length such that

B
(
γ(t),

1
α

t
)
⊂ Ω

for all t ∈ [0, l(γ)], where l(γ) ≤ α is the length of γ. The ball B
(
x0,

diam(Ω)
2α

)
is called the John

ball.

Definition 2.2.2 A family Q of measurable sets E ⊂ Rn is called locally N-finite, N ∈ N, if∑
E∈Q χE ≤ N almost everywhere in Rn. We simply say that Q is locally finite if it is locally N-

finite for some N ∈ N.

Note that a family Q of open, bounded sets Q ⊂ Rn is locally 1-finite if and only if the sets Q ∈ Q

are pairwise disjoint.

Definition 2.2.3 Let Ω ⊂ Rn and let σ2 > σ1 > 1. Then we say that Ω satisfies the emanating

chain condition with constants σ1 and σ2 if there exists a countable covering Q of Ω consisting

of open cubes (or balls) such that :

(B1) We have σ1Q ⊂ Ω for all Q ∈ Q and
∑

Q∈Q χσ1 Q ≤ σ2χΩ on Rn.
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(B2) If Ω is bounded :

there exists a central cube Q∞ ∈ Q with Ω ⊂ σ2Q∞. For every Q ∈ Q there exists a chain

Q1, . . . ,Qm emanating from Q ending in Q∞ : Q1, . . . ,Qm are pairwise distinct such that Q1 =

Q,Qm = Q∞, and Qi ⊂ σ2Q j for 1 ≤ i ≤ j ≤ m. Moreover, Qi ∩ Qi+1 contains a ball Bi such that

Qi ∪ Qi+1 ⊂ σ2Bi for i = 1, . . . ,m − 1.

If Ω is unbounded :

For every Q ∈ Q then exists an unending chain Q1,Q2, . . . emanating from Q : Q1,Q2, . . . are

pairwise distinct such that Q1 = Q and Qi ⊂ σ2Q j for 1 ≤ i ≤ j. Moreover, Qi ∩ Qi+1 contains a

ball Bi such that Qi ∪ Qi+1 ⊂ σ2Bi for i ≥ 1.

(B3) The set {Q ∈ Q : Q ∩ K , ∅} if finite for every compact subset K ⊂ Ω.

The family Q is called the chain-covering of Ω.

Definition 2.2.4 For a function f ∈ L0(Rn) and an open, bounded set U ⊂ Rn (usually a cube or

a ball) we define

MU f B
 

U
| f (y)| dy =

1
|U |

�

U
| f (y)| dy (2.1)

The (norm-centered) maximal function Mf of f is defined by

M f (x) B sup
Q∋x

MQ f = sup
Q∋x

 

Q
| f (y)| dy

for all x ∈ Rn, where the supremum is taken over all cubes (or balls) Q ⊂ Rn which contain x.

The operator M : f 7→ M f is called the Hardy-Littlewood maximal operator or just maximal

operator. Furthermore, for f ∈ Ls
loc(R

n), s ∈ [1,∞), and an open, bounded set U ⊂ Rn we define

Ms,U f B (MU (| f |s))
1
s =

( 
U
| f (y)|s dy

) 1
s

,

Ms f B (M(| f |s))
1
s .

Note that ⟨u⟩B = 1
|B|

�
B u(y) dy.

Lemma 2.2.1 (a) For every u ∈ W1,1
0 (Ω), the inequality

|u| ≤ cI1|∇u|

holds a.e. in Ω with the constant c depending only on the dimension n.

(b) If Ω ⊂ Rn is a bounded α-John domain, then there exists a ball B ⊂ Ω and a constant c such

that

|u(x) − ⟨u⟩B| ≤ cI1|∇u|(x)
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holds a.e. in Ω for every u ∈ W1,1(Ω). The ball B satisfies |B| ≤ |Ω| ≤ c′|B| and the constants c

and c’ depend only on the dimension n and α.

Proof. We prove only (b). The proof of (a) is similar, see for example [11, Lemma 7.14, p. 154].

We consider first claim (b) when Ω is a ball. Assume that u ∈ C∞(Ω) ∩W1,1(Ω). We have

u(x) − u(y) = −
� |x−y|

0
∇u

(
x + r

y − x
|y − x|

)
.

y − x
|y − x|

dr.

Integrating with respect to y over Ω and dividing the result by |Ω|. we obtain

u(x) − ⟨u⟩Ω = −
1
|Ω|

�

Ω

� |x−y|

0
∇u

(
x + r

y − x
|y − x|

)
.

y − x
|y − x|

dr dy.

Using the notation

D(z) =


∇u(z) if z ∈ Ω;

0 if z < Ω;

we obtain

|u(x) − ⟨u⟩Ω| ≤
1
|Ω|

�

{|x−y|≤diam(Ω)}

� ∞

0

∣∣∣∣∣∣D
(
x + r

y − x
|y − x|

)∣∣∣∣∣∣ dr dy

=
1
|Ω|

� ∞

0

�

∂B(0,1)

� diam(Ω)

0
|D(x + rw)|ϱn−1 dϱ dw dr

≤

� ∞

0

�

∂B(0,1)
|D(x + rw)| dw dr

=

�

Ω

|D(y)|
|x − y|n−1 dy = I1|∇u|(x).

This concludes the proof in the ball when u is smooth. For u ∈ W1,1(Ω), we take smooth ap-

proximations ψi such that ψi → u in W1,1(Ω) and almost everywhere. Then ⟨ψi⟩Ω → ⟨u⟩Ω and

I1|∇ψi|(x)→ I1|∇u|(x), where we also used the continuity of the Riesz potential in L1(Ω) (cf. [21,

Theorem 1.1.31]). This yields the claim for u.

Suppose now that Ω is a bounded α-John domain. Then Ω satisfies the emanating chain con-

dition with constants depending only on α. Let Q0 be the central emanating ball. If x ∈ Q0,

then the claim follows by what was just proved. Otherwise, let (Q0)m
j=0 be the emanating chain

connecting x and Q0. Let B j be the balls in the intersection Q j ∩Q j+1 as in the De f inition 2.2.1.

Then

|u(x) − ⟨u⟩Q0 | ≤ |u(x) − ⟨u⟩Qm | +

m−1∑
j=0

|⟨u⟩Q j+1 − ⟨u⟩B j | + |⟨u⟩B j − ⟨u⟩Q j |

≤ I|∇u|(x) + 2
m−1∑
j=0

|⟨u⟩B j − ⟨u⟩Q j |
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Let us estimate the second term:

|⟨u⟩B j − ⟨u⟩Q j | ≤

 

B j

|u − ⟨u⟩Q j | dy

≤ σn
2

 

Q j

|u − ⟨u⟩Q j | dy

≤ cσn
2diam(Q j)

 

Q j

|∇u| dy.

Since |x − y| ≤ σ2diam(Q j) and (Q j) has overlap less than or equal to σ1, we obtain
m−1∑
j=0

diam(Q j)
 

Q j

|∇u| dy ≤ cσn−1
2

m−1∑
j=0

�

Q j

|∇u|
|x − y|n−1 dy ≤ cσ1σ

n−1
2 I|∇u|(x).

The assertion follows when we combine the previous three estimates.

Remark 2.2.1 One easily checks that the assertions in Lemma 2.2.1 (b) also holds for u ∈

L1
loc(Ω) with |∇u| ∈ Lp(.)(Ω).

Definition 2.2.5 We say that a function α : Ω → R is locally log-Hölder continuous on Ω if

there exists c1 > 0 such that

|α(x) − α(y)| ≤
c1

log(e + 1/|x − y|)

for all x, y ∈ Ω. We say that α satisfies the log-Hölder decay condition if there exist α∞ ∈ R and

a constant c2 > 0 such that

|α(x) − α∞| ≤
c2

log(e + |x|)
for all x ∈ Ω.We say that α is globally log-Hölder continuous in Ω if it is locally log-Hölder

continuous and satisfies the log-Hölder decay condition. The constants c1 and c2 are called

the local log-Hölder constant and the log-Hölder decay constant, respectively. The maximum

max{c1, c2} is just called the log-Hölder constant of α.

Definition 2.2.6 We define the following class of variable exponents

Plog(Ω) B
{

p ∈ P(Ω) :
1
p

is globally log-Hölder continuous
}

By clog(p) or clog we denote the log-Hölder constant of 1
p. If Ω is unbounded, then we define p∞

by 1
p∞
B lim|x|→∞ 1

p(x) .

Note that although 1
p is bounded, the variable exponent p itself can be unbounded. We would

also like to remark that the definition of p∞ "commutes with duality", i.e. p ∈ Plog(Ω) if and only

if p′ ∈ Plog(Ω) and (p∞)′ = (p′)∞. Hence we do not have to distinguish between (p∞)′ and (p′)∞,

and write p′∞ for short.
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Remark 2.2.2 If p ∈ P(Ω) with p+ < ∞, then p ∈ Plog(Ω) if and only if p is globally log-Hölder

continuous. This is due to the fact that p 7→1
p is a bilipschitz mapping from [p−, p+] to [ 1

P+ ,
1
p− ].

Theorem 2.2.1 (Jensen’s inequality) Let φ : [0,∞)→ R be a convex function and f ∈ L1(a, b).

Then

φ

( b

a
| f (x)| dx

)
≤

 b

a
φ (| f (x)|) dx.

Definition 2.2.7 For a family Q of open, bounded sets U ⊂ Rn we define TQ : L1
loc(R

n) →

L0(Rn) and Ts,Q : Ls
loc(R

n)→ L0(Rn) with s ∈ [1,∞) by

TQ f B
∑
U∈Q

χU MU f =
∑
U∈Q

χU

 

U
| f (y)| dy,

Ts,Q f B
∑
U∈Q

χU Ms,U f =
∑
U∈Q

χU

( 
U
| f (y)|s dy

) 1
s

.

The operators TQ and Ts,Q are called averaging operator and s-averaging operator, respectively.

Note that TQ = T1,Q. The functions TQ f and Ts,Q f are well defined in L0(Rn), since MQ f ≥ 0,

but might be infinite at many points or even everywhere. However, if Q is locally finite and

f ∈ L1
loc(R

n) and g ∈ Ls
loc(R

n), then TQ f ∈ L1
loc(R

n) and Ts,Qg ∈ Ls
loc(R

n). By Jensen’s inequality

we have TQ f ≤ Ts,Q for s ≥ 1.

Definition 2.2.8 By A we denote the set of all generalized Φ-functions φ on Rn which have the

property that the averaging operators TQ are bounded from Lφ(Rn) to Lφ(Rn) uniformly for all

locally 1-finite families Q of cubes in Rn. The smallest constant k for which

∥TQ f ∥φ ≤ k∥ f ∥φ,

for all locally 1-finite families of cubes Q in Rn and all f ∈ Lφ(Rn), will be called theA-constant

of φ. If φ ∈ A, then we say that φ is of classA. In the case φp(.), p ∈ P(Rn), we denote φp(.) ∈ A

simply by p ∈ A and call theA-constant of φp(.) also theA-constant of p.

ByAloc, we denote the set of all generalizedΦ-functions φ on Rn which have the property that the

averaging operators T{Q} over single cubes Q are uniformly bounded from Lφ(Rn) to Lφ(Rn), ie

supQ ∥T{Q} f ∥φ ≤ k2∥ f ∥φ for all f ∈ Lφ(Rn), where the supremum is taken over all cubes Q ⊂ Rn.

The smallest constant k2 will be called the Aloc-constant of φ. If φ ∈ Aloc, then we say that φ is

of classAloc. In the case φp(.), p ∈ P(Rn) we denote φp(.) ∈ Aloc simply by p ∈ Aloc.
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Theorem 2.2.2 Let p ∈ P(Rn). Then the following are equivalent:

(a) p ∈ Aloc.

(b) p′ ∈ Aloc.

(c) ∥χQ∥p(.)∥χQ∥p′(.) ≈ |Q| uniformly for all cubes Q ⊂ Rn

(d) ∥χQ∥p(.) ≈ |Q|
1

pQ and ∥χQ∥p′(.) ≈ |Q|
1

p′Q uniformly for all cubes Q ⊂ Rn.

The statement remains true if we replace cubes by balls.

Corollary 2.2.1 Let p ∈ Plog(Rn). Then for every m > 0 there exists β ∈ (0, 1) only depending

on m and clog(p) such that
�

Q
φp(x)

(
β

 

Q
| f (y)| dy

)
dx ≤

�

Q
φp(y) (| f (y)|) dy +

�

Q
(e + |y|)−m dy,

�

Q
φp(x)

(
β

 

Q
| f (y)| dy

)
dx ≤

�

Q
φp(.) (| f (y)|) dy + |{y ∈ Q : 0 < | f (y)| ≤ 1}|

for every cube (or ball) Q ⊂ Rn and all f ∈ Lp(.)(Rn) + L∞(Rn) with ∥ f ∥Lp(.)(Rn)+L∞(Rn) ≤ 1.

Theorem 2.2.3 If p ∈ Plog(Rn), then p ∈ A with A-constant depending only on clog(p) and n.

Moreover,

∥TQ f ∥p(.) ≤ cN∥ f ∥p(.)

for every locally N-finite familyQ of cubes (or balls) and all f ∈ Lp(.)(Rn). The constant c depends

only on clog(p).

Proof. Let f ∈ Lp(.)(Rn) with ∥ f ∥p(.) ≤ 1 and let Q be a locally N-finite family of cubes (or balls).

Then by the unit ball property ϱp(.)( f ) ≤ 1. Let m > n be such that
�
Rn(e + |y|)−m dy ≤ 1. Choose

β ∈ (0, 1) as in Corollary 2.2.1. Then

ϱp(.)

(
1

2N
βTQ f

)
≤

1
2N

∑
Q∈Q

�

Q
φp(x)

(
βχQMQ f

)
dx

≤
1

2N

∑
Q∈Q

(�
Q
φp(y)(| f (y)|) dy +

�

Q
(e + |y|)−m dy

)
≤

1
2

(�
Rn
φp(x)( f ) dx +

�

Rn
(e + |x|)−m dx

)
≤

1
2

(ϱp(.)( f ) + 1) ≤ 1.

Where we have used that Q is locally N-finite. This implies ∥TQ f ∥p(.) ≤
2N
β

. A scaling argument

yields the ∥TQ f ∥p(.) ≤
2N
β
∥ f ∥φ. The case N = 1 with cubes implies p ∈ A.
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Proposition 2.2.1 If p ∈ Plog(Ω), then it has an extension q ∈ Plog(Rn) with clog(q) = clog(p),

q− = p−, and q+ = p+. If Ω is unbounded, then additionally q∞ = p∞.

Proof. Let c1 > 0 and p∞ ≥ 1 be such that∣∣∣∣∣ 1
p(x)
−

1
p(y)

∣∣∣∣∣ ≤ c1

log(e + 1/|x − y|)
and |p(x) − p∞| ≤

c1

log(e + |x|)
,

for all point x, y ∈ Ω. Since t 7→ 1/ log(e + 1/t) is a modulus of continuity, we can use the

extension of McShane-type [20] to extend 1
p to Rn with the same modulus of continuity and

lower and upper bound. More precisely, we define a ∈ C(Rn) by

1
a(y)
B sup

x∈Ω

(
1

p(z)
−

c1

log(e + 1/|z − y|)

)
for y ∈ Rn. In particular, a is locally log-Hölder continuous with local log-Hölder constant less

or equal to c1, and a(y) = 1/p(y) for all y ∈ Ω.

In order to ensure that our extension satisfies also the log-Hölder decay condition and has the

same lower and upper bound as p we define q by truncation

1
q(y)
B min

{
max

{
1

a(y)
,

1
p∞
−

c2

log(e + |x|)
,

1
p+
Ω

}
,

1
p∞
+

c1

log(e + |x|)
,

1
p−
Ω

}
for all y ∈ Rn. Since x 7→ c2

log(e+|x|) is globally log-Hölder continuous with constant c2, we see

the log-Hölder constant of 1
q does not exceed max{c1, c2} = clog(p). The decay condition of 1

p
ensures that 1

q(y) = a(y) = 1
p(y) for all y ∈ Ω. Therefore q is the variable exponent we are looking

for.

Lemma 2.2.2 Let Ω be a bounded α-John domain and let p ∈ Plog(Ω). Then

∥1∥Lp(.)(Ω)∥1∥Lp′(.)(Ω) ≈ |Ω|,

where the constant only depends on clog(p), α and n.

Proof. Extend p by Proposition 2.2.1 to Rn preserving clog(p). Let B be the John ball of Ω, then

B ⊂ Ω ⊂ 2αB. By Theorem 2.2.2 we find that

∥1∥Lp(.)(Ω)∥1∥Lp′(.)(Ω) ≤ ∥1∥Lp(.)(2αB)∥1∥Lp′(.)(2αB) ≤ c|2αB| ≤ c(2α)n|Ω|.

On the other hand by Hölder’s inequality |Ω| ≤ 2∥1∥Lp(.)(Ω)∥1∥Lp′(.)(Ω).
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Lemma 2.2.3 Let Ω be a bounded α-John domain and let p ∈ Plog(Ω). If A ⊂ Ω has positive

finite measure, then

c
|A|
|Ω|
∥u − ⟨u⟩A∥Lp(.)(Ω) ≤ ∥u − ⟨u⟩Ω∥Lp(.)(Ω) ≤ c∥u − ⟨u⟩A∥Lp(.)(Ω)

for u ∈ Lp(.)(Ω), where c depends on the dimension n, clog(p) and α.

Proof. By the triangle inequality, ∥u − ⟨u⟩Ω∥Lp(.)(Ω) ≤ ∥u − ⟨u⟩A∥Lp(.)(Ω) + ∥⟨u⟩A − ⟨u⟩Ω∥Lp(.)(Ω). We

estimate the second term by Hölder’s inequality:

∥⟨u⟩A − ⟨u⟩Ω∥Lp(.)(Ω) = |⟨u⟩A − ⟨u⟩Ω| ∥1∥Lp(.)(Ω)

= |Ω|−1∥u − ⟨u⟩A∥L1(Ω)∥1∥Lp(.)(Ω)

≤ c
∥1∥Lp′(.)(Ω)∥1∥Lp(.)(Ω)

|Ω|
∥u − ⟨u⟩A∥Lp(.)(Ω).

Since p ∈ Plog(Ω), the fraction in the last estimate is bounded by a constant according to

Lemma 2.2.2. The lower bound is proved similarly.

By Q(x, r) we denote a cube with side length r and center at x ∈ Rn.The cube is dyadic if it is of

the form Q(x, 2k) for some x ∈ 2kZn and k ∈ Z.

Definition 2.2.9 For k ∈ Z we define the averaging operator Tk by

Tk f B
∑

Q dyadic
diam(Q)=2−k

χQM2Q f

for all f ∈ L1
loc(R

n).

Remark 2.2.3 Note that Tk can be written as the sum of 2n-averaging operators TQ j with locally

1-finite families of shifted dyadic cubes, namely, each 2Q is split into 2n disjoint cubes of the

same size as Q. This property ensures the boundedness of Tk on Lφ(Rn) if φ ∈ A.

Lemma 2.2.4 Let x ∈ Rn, δ > 0, 0 < α < n, and f ∈ L1
loc(R

n). Then

�

B(x,δ)

| f (y)|
|x − y|n−α

dy ≤ c(α)δα
∞∑

k=0

2−αkTk+k0 f (x) ≤ c(α)δαM f (x),

where k0 ∈ Z is chosen such that 2−k0−1 ≤ δ ≤ 2−k0 .
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Proof. We split the integration domain into annuli and use the definition of Tk:

�

B(x,δ)

| f (y)|
|x − y|n−α

dy ≤
∞∑

k=1

(δ2−k)α−n
�

2−kδ≤|x−y|≤2−k+1δ

| f (y)| dy

≤ c
∞∑

k=1

(δ2−k)α
 

|x−y|<2−k+1δ

| f (y)| dy

≤ cδα
∞∑

k=0

2−αkTk+k0 f (x).

This is the first inequality. Since Tk+k0 f ≤ M f , the second inequality follows by convergence of

the geometric series.

Definition 2.2.10 By G we denote the set of all generalized Φ-functions φ on Rn which have the

property that ∑
Q∈Q

∥χQ f ∥φ∥χQg∥φ∗ ≤ K∥ f ∥φ∥g∥φ∗

for all f ∈ Lφ(Rn), g ∈ Lφ
∗

(Rn), and all locally 1-finite families Q of cubes. The smallest constant

K, is called the G-constant of φ. If φ ∈ G, then we say that φ is of class G. In the case φp(.), we

denote φp(.) ∈ G simply by p ∈ G.

The name "class G is derived from the works of Berzhnoi for ideal Banach spaces [3]. In the

notation of Berezhnoi φ ∈ G is just (Lφ, Lφ
∗

) ∈ G(Xn), where Xn is the set of all cubes in Rn.

Corollary 2.2.2 Let p ∈ Plog(Rn) and Q be a locally N-finite family of cubes or balls Q ⊂ Rn.

Then

∥Tp(.),Q f ∥p(.) ≈

∥∥∥∥∥∑
Q∈Q

χQg
∥∥∥∥∥

p(.)

for all f ∈ Lp(.)
loc (Rn). The implicit constants only depend on clog(p), n and N. The dependence on

N is linear.

Theorem 2.2.4 If p ∈ Plog(Rn), then p ∈ G and the G-constant only depends on clog(p) and n.

Proof. Remark 2.2.2 implies that p′ ∈ Plog(Rn). Thus Corollary 2.2.2 yields ∥Tp(.),Q f ∥p(.) ≈

∥
∑

Q∈Q χQ f ∥p(.) and ∥Tp′(.),Qg∥p′(.) ≈ ∥
∑

Q∈Q χQg∥p′(.) for all f ∈ Lp(.)
loc (Rn) and g ∈ Lp′(.)

loc (Rn). More-

over, by Theorem 2.2.3, p ∈ A and therefore Theorem 2.2.2 implies that |Q| ≈ ∥χQ∥p(.)∥χQ∥p′(.).
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Thus ∑
Q∈Q

∥χQ f ∥p(.)∥χQg∥p′(.) ≈
�

Rn

∑
Q∈Q

χQ
∥χQ f ∥p(.)

∥χQ∥p(.)

∥χQg∥p′(.)
∥χQ∥p′(.)

dx

≤

�

Rn
Tp(.),Q f Tp′(.),Qg dx

≤ c∥Tp(.),Q f ∥p(.)∥Tp(.),Qg∥p′(.)

≈ ∥ f ∥p(.)∥g∥p′(.).

For domain with |Ω| < ∞ we denote the subspace of Lp(.) consisting of functions with vanishing

integral by

Lp(.)
0 B

{
f ∈ Lp(.)(Ω) :

�

Ω

f (x) dx = 0
}

In the case that |Ω| = ∞ we set Lp(.)
0 (Ω) B Lp(.)(Ω).The space of compactly supported smooth

functions with vanishing integral we denote by C∞0,0(Ω).

Theorem 2.2.5 (Decomposition on theorem) LetΩ ⊂ Rn be a domain satisfying the emanating

chain condition with constants σ1 and σ2 and with chain covering Q. Then there exists a family

of linear operators S Q : L∞0 (Ω) → L∞0 (Q) with Q ∈ Q which also maps C∞0,0(Ω) → C∞0,0(Q), such

that for every p ∈ Plog(Ω) with p− > 1 the following holds :

(a) For each Q ∈ Q, the operator norm of S Q : Lp(.)
0 (Ω) ↪→ Lp(.)

0 (Q) depends only on α, p−, clog(p)

and n.

(b) For every f ∈ Lp(.)
0 (Ω), |S Q f | ≤ cσ2χQM f a.e.

(c) The family S Q f is a decomposition of f, i.e.

f =
∑
Q∈Q

S Q f and in L1
loc(Ω)

for all f ∈ Lp(.)
0 (Ω). If p+ < ∞, then the sum converges unconditionally in Lp(.)

0 (Ω), i.e. every

permutation of the series converges in Lp(.)
0 (Ω).

(d) For all f ∈ Lp(.)
0 (Ω) ∥∥∥∥∥∑

Q∈Q

χQ

∥S Q f ∥Lp(.)
0 (Q)

∥χQ∥p(.)

∥∥∥∥∥
p(.)
≈ ∥ f ∥Lp(.)

0 (Ω)

with constant only depending on α, p−, clog(p) and n.

(e) For all f ∈ Lp(.)
0 (Ω) and g ∈ Lp′(.)(Ω)

�

Ω

f g dx =
∑
Q∈Q

�

Q
S Q f g dx =

∑
Q∈Q

�

Q
S Q f (g − ⟨g⟩Q) dx.

(f) If Ω is bounded and f ∈ C∞0,0(Ω), then {Q ∈ Q : S Q f , 0} is finite.
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Proposition 2.2.2 Let Ω ⊂ Rn be a domain satisfying the emanating chain condition with con-

stants σ1 and σ2 and with chain covering Q. Let p ∈ Plog(Rn) with p+ < ∞. Then

∥ f − ⟨ f ⟩Ω∥Lp(.)
0 (Ω) ≈

∥∥∥∥∥∥∥∑Q∈Q χQ
∥ f − ⟨ f ⟩Q∥Lp(.)(Q)

∥χQ∥p(.)

∥∥∥∥∥∥∥
Lp(.)(Ω)

for all f ∈ Lp(.)(Ω). The constant only depends on p+, clog(p) and the chain condition constants.

Proof. Let f ∈ Lp(.)(Ω) and g ∈ Lp′(.)
0 (Ω) we use (e) of the decomposition theorem for the space

Lp′(.)
0 (Ω). Hölder’s inequality, and Theorem 2.2.4 to conclude that

�

Ω

( f − ⟨ f ⟩Ω)g dx =
∑
Q∈Q

�

Q
( f − ⟨ f ⟩Q)S Qg dx

≤ 2
∑
Q∈Q

∥ f − ⟨ f ⟩Q∥Lp(.)(Q)∥χQS Qg∥Lp′(.)
0 (Ω)

≤ c
∥∥∥∥∥∑

QQ

χQ
∥ f − ⟨ f ⟩Q∥Lp(.)(Q)

∥χQ∥p(.)

∥∥∥∥∥
p(.)

∥∥∥∥∥∑
q∈Q

χQS Qg
∥∥∥∥∥

Lp′(.)
0 (Ω)

Note that
∑

Q∈Q χQS Qg = g, so the right-hand side simplifies. Then we take the supremum over g

with ∥g∥Lp′(.)
0 (Ω) ≤ 1 and use the norm conjugate formula (Corollary 1.2.4)

∥ f − ⟨ f ⟩Ω∥Lp(.)
0 (Ω) ≈ sup

∥g∥
Lp′(.)

0 (Ω)
≤1

�

Ω

( f − ⟨ f ⟩Ω)g dx

≤ c

∥∥∥∥∥∥∥∑Q∈Q χQ
∥ f − ⟨ f ⟩Q∥Lp(.)(Q)

∥χQ∥p(.)

∥∥∥∥∥∥∥
p(.)

.

This proves the first direction of the claim. Since p ∈ Plog(Ω) we have p ∈ A and therefore

∥ f − ⟨ f ⟩Q∥Lp(.)(Q) ≤ ∥ f − ⟨ f ⟩Ω∥Lp(.)(Q) + ∥χQMQ f − ⟨ f ⟩Ω∥Lp(.)(Q)

≤ c∥ f − ⟨ f ⟩Ω∥Lp(.)(Q)

This and Theorem 2.2.4 prove the other direction of the claim.

Theorem 2.2.6 (Poincaré inequality) . Let p ∈ Plog(Ω) or p ∈ A.

(i) For every u ∈ W1,p(.)
0 (Ω), the inequality

∥u∥Lp(.)(Ω) ≤ c diam(Ω)∥∇u∥Lp(.)(Ω)

holds with a constant c depending only on the dimension n and clog(p).

(ii) If Ω is a bounded α-John domain, then

∥u − ⟨u⟩Ω∥Lp(.)(Ω) ≤ c diam(Ω)∥∇u∥Lp(.)(Ω)

for u ∈ W1,p(.)(Ω). The constant c depends only on the dimension n, α and clog(p).
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Proof. We prove only the latter case. The proof for the first case is similar; the only difference

is to use in Lemma 2.2.1 case (a) instead of case (b). We note that p ∈ Plog(Ω) can be extended

to Rn so that p ∈ A (Proposition 2.2.1 and Theorem 2.2.3).

By Lemma 2.2.1 (b) and Lemma 2.2.4 we obtain

|u(x) − ⟨u⟩B| ≤ I1|∇u|(x) ≤ c diam(Ω)
∞∑

k=0

2−kTk+k0 |∇u|(x)

for every u ∈ W1,p(.)(Ω) and almost every x ∈ Ω, where k0 ∈ Z is chosen such that 2−k0−1 ≤

diam(Ω) ≤ 2−k0 . Since p ∈ A, the averaging operator Tk+k0 is bounded on Lp(.)(Ω) (cf. Remark

2.2.3). Using also the triangle inequality, we obtain

∥u − ⟨u⟩B∥Lp(.)(Ω) ≤ c diam(Ω)
∞∑

k=0

2−k∥Tk+k0 |∇u| ∥Lp(.)

≤ c diam(Ω)∥∇u∥Lp(.)(Ω).

The estimate for ∥u − ⟨u⟩Ω∥Lp(.)(Ω) follows from this and Lemma 2.2.3.

In the case that p ∈ Plog(Rn) with p+ < ∞ we give an alternative proof for Theorem 2.2.6 (b)

based on the decomposition Theorem 2.2.5. The proof is not self-contained since it uses the

variable exponent Poincaré inequality in cubes.

Proof of Theorem 2.2.6 (b) for p ∈ Plog(Rn) with p+ < ∞. Let p ∈ Plog(Rn) with p+ < ∞. Let

Q be the chain covering of Ω. Let u ∈ W1,p(.)(Ω) with
�
Ω

u dx = 0. Then Proposition 2.2.2, the

Poincaré inequality in cubes, diam(Q) ≤ diam(Ω) for Q ∈ Q, and Theorem 2.2.4 yield

∥u∥Lp(.)
0 (Ω) ≤ c

∥∥∥∥∥∥∥∑Q∈Q χQ
∥u − ⟨u⟩Q∥Lp(.)(Q)

∥χQ∥p(.)

∥∥∥∥∥∥∥
Lp(.)(Ω)

≤ c

∥∥∥∥∥∥∥∑Q∈Q χQ
diam(Q)∥∇u∥Lp(.)(Q)

∥χQ∥p(.)

∥∥∥∥∥∥∥
Lp(.)(Ω)

≤ c diam(Ω)

∥∥∥∥∥∥∥∑Q∈Q χQ
∥∇u∥Lp(.)(Q)

∥χQ∥p(.)

∥∥∥∥∥∥∥
Lp(.)(Ω)

≤ c diam(Ω) ∥∇u∥Lp(.)(Ω) .

Theorem 2.2.6 (a) immediately yields.

Corollary 2.2.3 Let Ω be bounded and p ∈ Plog(Ω) or p ∈ A. For every u ∈ W1,p(.)
0 (Ω) the

inequality

∥∇u∥Lp(.)(Ω) ≤ ∥u∥W1,p(.)(Ω) ≤ (1 + c diam(Ω))∥∇u∥Lp(.)(Ω)

holds with constant c depending only on the dimension n, and clog(p).
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Theorem 2.2.6 (b) and Remark 2.2.1 yields the following corollary:

Corollary 2.2.4 LetΩ be a bounded α-John domain and let p ∈ Plog(Ω) or p ∈ A. Furthermore,

let A ⊂ Ω be such that |A| ≈ |Ω|. Then

∥u − ⟨u⟩A∥Lp(.)(Ω) ≤ c diam(Ω)∥∇u∥Lp(.)(Ω)

for u ∈ L1
loc(Ω) with |∇u| ∈ Lp(.)(Ω). The constant c depends only on the dimension n, α and

clog(p).

Next we will talk about the modular versions of the poincaré inequality. The following example

shows that in the case of the variable exponent in general, the poincaré inequality can not hold in

a modular form. Although, in the constant exponent case, there is an obvious connection between

modular and norm version. For instance, A. Lerner showed that
�

Rn
|M f |p(x) dx ≤ c

�

Rn
| f |p(x) dx

if and only if p ∈ (1,∞) is constant.

Example 2.2.1 Let p : (−2, 2) → [2, 3] be a Lipschitz continuous exponent that equals 3 in

(−2,−1) ∪ (1, 2), 2 in (−1
2 ,

1
2 ) and is linear elsewhere. Let uλ be a Lipschitz function such that

uλ(±2) = 0, uλ = λ in (−1, 1) and |u′λ| = λ in (−2,−1) ∪ (1, 2). Then

ϱ̄p(.)(uλ)
ϱ̄p(.)(u′λ)

=

� 2
−2 |uλ|

p(x) dx
� 2
−2 |u

′
λ|

p(x) dx
≥

� 1/2
−1/2 λ

2 dx

2
� −1
−2 λ

3 dx
=

1
2λ
→ ∞

as λ→ 0+.

If p is continuous and has a minimum or maximum then the modular poincaré inequality ϱp(.)(u) ≤

cϱp(.)(∇u) does not hold, this is according to Fan,Zhao and Zhang in [10]. In another way, the

inequality holds if there exists a function ξ ∈ W1,1(Ω) such that ∇p.∇ξ ≥ 0 and ∇ξ < 0, like

Allegretto shows in [1]. this holds if p is suitably monotone.

Proposition 2.2.3 Let p ∈ Plog(Ω) be a bounded exponent.

(a) Let Ω be bounded. For m > 0 there exist a constant c depending on the dimension n, clog(p),

m, and p+ such that

�

Ω

(
|u|

diam(Ω)

)p(x)

dx ≤ c
�

Ω

|∇u|p(x) dx + c
�

B(x,diam(Ω))
(e + |x|)−m dx
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for all u ∈ W1,p(.)
0 (Ω) with ∥∇u∥Lp(.)(Ω) ≤ 1 and all z ∈ Ω.

(b) Let Ω be a bounded α-John domain. For m > 0 there exist a constant c depending on the

dimension n, clog(p), m, p+, α, |Ω| and diam(Ω) such that
�

Ω

(
|v − ⟨v⟩B|
diam(Ω)

)p(x)

dx ≤ c
�

Ω

|∇v|p(x) dx + c
�

B(z,diam(Ω)
(e + |x|)−m dx

for all v ∈ W1,p(.)(Ω) with ∥∇v∥Lp(.)(Ω) ≤ 1 and all z ∈ Ω. The ball B is from Lemma 2.2.1.

Proof. Assume that u ∈ W1,p(.)
0 (Ω) is extended by zero outsideΩ (Lemma 2.1.1). By Lemma 2.2.1

(a) and 2.2.4 we obtain

|u(x)| ≤ c
�

Ω

|∇u(y)|
|x − y|n−1 dy ≤ c diam(Ω)

∞∑
k=0

2−kTk+k0 |∇u|(x),

where k0 ∈ Z is chosen such that 2−k0−1 ≤ diam(Ω) ≤ 2−k0 . Exactly the same estimate holds with

u replaced by v−⟨v⟩B using Lemma 2.2.1 (b), so it suffices to derive the estimate of the first claim

involving u.

We divide by diam(Ω) and raise both sides of this inequality to the power p(x), integrate over Ω,

and use p+ < ∞ to obtain
�

Ω

(
|u|

diam(Ω)

)p(x)

dx ≤ c
�

Ω

( ∞∑
k=0

2−kTk+k0 |∇u|
)p(x)

dx

≤ c
∞∑

k=0

2−k
�

Ω

(
Tk+k0 |∇u|

)p(x) dx,

where we used convexity in the second step. Since ϱLp(.)(Ω)(∇u) ≤ 1 by the unit ball property, we

may use Corollary 2.2.1 for |∇u|χΩ on the ball B(z, diam(Ω)) and get
�

Ω

(
Tk+k0 |∇u|

)p(x) dx ≤ c
�

Ω

|∇u|p(x) dx + c
�

B(z,diam(Ω)
(e + |x|)−m dx,

where we also used that the dyadic cubes 2Q are locally N-finite. Combining the last two in-

equality proves the claim.

Remark 2.2.4 If p ∈ Plog(Ω) with no restriction on p+, then the first estimate in

Proposition 2.2.3 reads
�

Ω

φp(x)

(
β
|u|

diam(Ω)

)
dx ≤

�

Ω

φp(x)(|∇u|) dx +
�

B(z,diam(Ω)
(e + |x|)−m dx

for some β ∈ (0, 1) and all u ∈ W1,p(.)
0 (Ω) with ∥∇u∥Lp(.)(Ω) ≤ 1. The constant β depends only on

clog(p), m and n. The second estimate in Proposition 2.2.3 has to be changed accordingly. The

proof is the same.
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Remark 2.2.5 It is possible to replace ⟨u⟩B in Lemma 2.2.1 (b) and Proposition 2.2.3 by ⟨u⟩Ω

or even ⟨u⟩A, where A ⊂ Ω is a set with |A| ≈ |Ω|. Indeed, it follows from Jensen’s inequality and

Corollary 2.2.4 for p = 1 that

|⟨u⟩A − ⟨u⟩B| ≤
 

A
|u − ⟨u⟩B| dy ≤ c

 

Ω

|u − ⟨u⟩B| dy ≤ c diam(Ω)
 

Ω

|∇u| dy

for all u ∈ W1,1(Ω). In particular, this implies

|⟨u⟩A − ⟨u⟩B| ≤ c
�

Ω

|∇u(y)|
(diam(Ω))n−1 dy ≤ cI1(∇u)(x).

for any x ∈ Ω. This proves the modified version of Lemma 2.2.1 (b). With this new estimate we

get the modified version of Proposition 2.2.3 with no change in the proof.

Theorem 2.2.7 (Key estimate) Let p ∈ Plog(Rn). Then for every m > 0 there exists β ∈ (0, 1)

only depending on m and clog(p) such that

φp(x)

(
β

�
Q | f (y)| dy

)
≤


�

Q φp(y)(| f (y)|) dy + 1
2 (

�
Q((e + |x|)−m + (e + |y|)−mχ{0<| f (y)|≤1} dy)p−

�
Q φp(y)(| f (y)|) dy + 1

2

�
Q((e + |x|)−m + (e + |y|)−m)χ{0<| f (y)|≤1} dy

for every cube (or ball) Q ⊂ Rn, all x ∈ Q, and all f ∈ Lp(.)(Rn)+ L∞(Rn) with ∥ f ∥Lp(.)(Rn)+L∞(Rn) ≤

1.

Note that if p+ < ∞ then in the previous Lemmas [7, Lemma 4.2.3, Lemma 4.2.2, Lemma 4.2.1]

and theorem we can take the constant β out from φp(.). For example, in the later case of the

previous theorem we obtain

φp(x)(
�

Q | f (y)| dy)

≤ c
�

Q φp(y)(| f (y)|) dy + c
�

Q((e + |x|)−m + (e + |y|)−m)χ{0<| f (y)|≤1} dy,

where the constant c depends only on m, clog(p) and p+.

Lemma 2.2.5 (Jensen inequality with singular measure) Let p ∈ Plog(Rn). For every m > 0

there exists β ∈ (0, 1) only depending on m and clog(p) such that

φp(x)

(
β

�

B

| f (y)|
r|x − y|n−1 dy

)
≤

�

B

φp(y)(| f (y)|)
r|x − y|n−1 dy + M

(
(e − |.|)−m)

(x)

for every R > 0, B B B(z, r), x ∈ B and every f ∈ Lp(.)(B)
⋂

L∞(B) with ∥ f ∥Lp(.)(B)+L∞(B) ≤ 1.
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Proof. Fix r > 0 and let B be a ball with radius r. Define annuli Ak B {y ∈ B : 2−k ≤ |x−y|R−1 ≤

21−k} for k ≥ 0. As in the proof of Lemma 2.2.4, we split the B into the annuli Ak and obtain

�

B

| f (y)|
r|x − y|n−1 dy ≤ c1

∞∑
k=0

2−k
 

B(x, 21−k)
χAk | f | dy.

Let β2 > 0 be the β from the Key estimate Theorem 2.2.7. Since
∑∞

k=0 2−k ≤ 1, it follows by

convexity that

(I) B φp(x)

(
β2

c1

�

B

| f (y)|
r|x − y|n−1 dy

)
≤

∞∑
k=1

2−kφp(x)

(
β2

 

B(x, 21−k)
χAk | f | dy

)
.

So the Key estimate, Theorem 2.2.7, yields

(I) ≤
∞∑

k=1

2−k
( 

B(x, 21−k)
χAkφp(y)(| f |) dy

+
1
2

(e + |x|)−m +
1
2

 

B(x, 21−k)
(e + |y|)−m dy

)
≤

 

B

φp(.)(| f (y)|)
r|x − y|n−1 dy + M((e + |.|)−m)(x).

The following improvement of Proposition 2.2.3 is useful in the study of p(.)-minimizers and is

the starting point for reverse Hölder estimates. The result is from Schwarzacher [28].

Proposition 2.2.4 Let p ∈ Plog(Rn) satisfy 1 < p− ≤ p+ < ∞ and let s ≤ p− satisfy s ∈ [1, n
n−1 ).

Then for every m > 0 there exist a constant c depending on n, clog(p), m, and s such that

 

BR

(
|u|
R

)p(x)

dx ≤ c
( 

BR

|∇u|
p(.)

s dx
)s

+ c
 

BR

(e + |x|)−ms dx

�

BR

(
|v − ⟨v⟩BR |

R

)p(x)

dx ≤ c
( 

BR

|∇v|
p(.)

s dx
)s

+ c
 

BR

(e + |x|)−ms dx

for every ball BR with radius R, and every u ∈ W1, p(.)
s

0 (BR), v ∈ W1, p(.)
s (BR) with

∥∇u∥Lp(.)/s+L∞ , ∥∇v∥Lq(.)/s+L∞ ≤ 1.

Proof. By Jensen’s inequality the case s > 1 implies the case s = 1 and thus we may assume

that s > 1. By Lemma 2.2.1 we have, for x ∈ BR,

|u(x)| ≤ c
�

BR

|∇u(y)|
|x − y|n−1 dy, |v(x) − ⟨v⟩BR | ≤ c

�

BR

|∇v(y)|
|x − y|n−1 dy.
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Starting from here the proofs for u and v are the same, so we just present the estimate for u. With

the previous estimate, the help of Lemma 2.2.5 applied to p(.)/s and p+ < ∞ we get

(I) B
 

BR

(
|u(x)|

R

)p(x)

dx ≤ c(p+)
 

BR

(�
BR

|∇u(y)|
R|x − y|n−1 dy

)p(x)

dx

≤ c
 

BR

( �

BR

|∇u(y)|
p(y)

s

R|x − y|n−1 dy
)s

dx + c
 

BR

(
M

(
(e + |.|)−m)

(x)
)s dx

C (II) + (III).

In order to estimate (II) we set J B
�

BR
|∇u|p(.)/s dx. We can assume J > 0 in the following,

since otherwise ∇u = 0 and there is nothing to estimate. We apply Jensen’s inequality for the

probability measure µ B |∇u|p(.)/s/J and the convex function t 7→ ts, then we use Fubini’s theorem

to change the integration order and
�

BR

dx
|x−y|s(n−1) ≈ R−s(n−1)+n for a.e. y ∈ BR using s < n

n−1 :

(II) ≤ c
 

BR

J s−1
�

BR

|∇u(y)|
p(y)

s

Rs|x − y|s(n−1) dy dx

≤ cJ s−1Rn−sn
 

BR

|∇u(y)|
p(y)

s dy ≤ c
( 

BR

|∇u(y)|
p(y)

s dy
)s

.

Since s > 1, we can use the boundedness of M on Ls(BR) to conclude

(III) ≤ c
 

BR

(e + |x|)−ms dx

Combining the estimates for (I) − (III) we obtain the result.

Remark 2.2.6 Exactly as in the Remarks 2.2.4 and 2.2.5 it is possible to modify

Proposition 2.2.4 to include the case p+ = ∞: we have to replace the constant c on the right-

hand side by a constant β on the left-hand side. As in Proposition 2.2.3 and Remark 2.2.5 we

can replace the integration domain BR by a bounded John domain Ω and the mean value ⟨v⟩BR

by ⟨v⟩A for any A ⊂ Ω with |A| ≈ |Ω|.

In the following Lemma, the case r < n and q = r∗ is due to B.Bojarski [2, (6,6)] and in the case

q < r∗ follows from it by Hölder’s inequality. By r∗ we denote the Sobolev conjugate exponent

of r < n, r∗ B nr/(n − r).

Lemma 2.2.6 Let Ω ⊂ Rn be a bounded α-John domain. If 1 ≤ r < n and r ≤ q ≤ r∗ or if r ≥ n

and q < ∞, then

∥u − ⟨u⟩Ω∥Lq(Ω) ≤ c|Ω|
1
n+

1
q−

1
r ∥∇u∥Lr(Ω)

for all u ∈ W1,r(Ω). In the first case the constant c depends only on n, r and α, while in the second

case it depends also on q.
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We can prove the Poincaré inequality in bounded John domains for variable exponents by using

the previous constant exponent Sobolev-Poincaré inequality.

Lemma 2.2.7 Let Ω ⊂ Rn be bounded α-John domain. If p ∈ P(Ω) is bounded with p+ ≤ (p−)∗

or p− ≥ n, then there exists a constant c depending on the dimension n, p−, p+, and α such that

for every u ∈ W1,p(.)(Ω) we have

∥u − ⟨u⟩Ω∥Lp(.)(Ω) ≤ c(1 + |Ω|)2|Ω|
1
n+

1
p+ −

1
p− ∥∇u∥Lp(.)(Ω).

Proof. Assume first that p+ ≤ (p−)∗. Since p(x) ≤ p+ ≤ (p−)∗ we deduce from Corollary 1.3.1

and Lemma 2.2.6 that

∥u − ⟨u⟩Ω∥p(.) ≤ 2(1 + |Ω|)∥u − ⟨u⟩Ω∥p+

≤ c(n, p−, α)(1 + |Ω|)|Ω|
1
n+

1
p+ −

1
p− ∥∇u∥p−

≤ c(n, p−, α)(1 + |Ω|)2|Ω|
1
n+

1
p+ −

1
p− ∥∇u∥p(.).

Let p− ≥ n. We choose a constant q ∈ [1, n) such that p+ = q∗. We obtain the result by using

similar arguments than in the previous case. The only difference is that the constant in the second

inequality in the above chain of inequalities is c(n, p+, α).

Lemma 2.2.8 For a constant q ∈ (1, n), arbitrary x ∈ Rn and R > r > 0 we have

inf
�

B(x,R)
|∇u|q dx = c

∣∣∣∣∣q − n
q − 1

∣∣∣∣∣q−1 ∣∣∣∣R q−n
q−1 − r

q−n
q−1

∣∣∣∣1−q
,

where the infimum is taken over all u ∈ C∞0 (B(x,R)) with u|B(x,r) = 1. Here the constant c depends

only on the dimension n.

The next proposition shows that the poincaré inequality does not hold for general non-constant

exponents,

Proposition 2.2.5 Let B be a unit ball in the plane. For every q1 ∈ [1, 2) and q2 ∈ (2,∞) there

exists p ∈ P(B) with p− = q1 and p+ = q2 such that the norm-version of the Poincaré inequality,

∥u − ⟨u⟩Ω∥Lp(.)(B) ≤ c∥∇u∥Lp(.)(B),

does not hold.
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Proof. Our aim is to construct a sequence of functions in B ⊂ R2 for which the constant in

the Poincaré inequality goes to infty. Let e1 = (1, 0), Bi B B
(
2−ie1,

1
42−i

)
⊂ B and B′i B

B
(
2−ie1,

1
82−i2

)
⊂ B for every i ∈ N. Let ui ∈ C∞0 (Bi) with ui|B′i = 1. Define p B q2 in every B′i

and p B q1 otherwise in B with positive first coordinate. Since ∇ui = 0 in B′i we obtain

∥∇ui∥Lp(.)(Bi) = ∥∇ui∥Lq1 (Bi).

Let B̃i B B
(
−2−ie1,

1
42−i

)
. We extend ui to B as an odd function of the first coordinate in B̃i and

by zero elsewhere. We extend p to B as an even function of the first coordinate. We denote these

extensions by ũi and p∗

n′ .

By Lemma 2.2.8 we may choose the functions ui such that

∥∇ũi∥
L

p∗(.)
n′ (B)

≤ c(q1)
∣∣∣∣∣(1

4
2−i

) q1−2
q1−1

−

(
1
8

2−i2
) q1−2

q1−1
∣∣∣∣∣ 1−q1

q1
.

For large i, the right-hand side is approximately equal to c(q1)2−i2 2−q1
q1 . Since ⟨ũi⟩B = 0, we obtain

∥ũi − ⟨ũi⟩B∥
L

p∗(.)
n′ (B)

= ∥ũi∥
L

p∗(.)
n′ (B)

≥ |B′i |
1

q2 ≥ c2−i2 2
q2 .

Combining the previous two inequalities, we find that

∥ũi − ⟨ũi⟩B∥
L

p∗(.)
n′ (B)

∥∇ũi∥
L

p∗(.)
n′ (B)

≥ c(q1)2i2( 2
q1
−1− 2

q2
)
→ ∞

as i→ ∞ if 2
q1
− 1 − 2

q2
> 0, that is, if q2 >

2q1
2−q1

> 2.

Theorem 2.2.8 Let Ω ⊂ Rn be a bounded John domain and p ∈ P(Ω) be bounded. Assume

that there exist John domains Di, i = 1, . . . , j, such that Ω = ∪ j
i=1Di and either p+Di

≤ (p−Di
)∗ or

p−Di
≥ n for every i. Then there exists a constant c such that

∥u − ⟨u⟩Ω∥Lp(.)(Ω) ≤ c∥∇u∥Lp(.)(Ω)

for every u ∈ W1,p(.)(Ω). The constant c depends on n, diam(Ω), |Di|, p and the John constants

of Ω and Di, i = 1, . . . , j.

Proof. Using the triangle inequality we obtain

∥u − ⟨u⟩Ω∥Lp(.)(Ω) ≤

j∑
i=1

∥u − ⟨u⟩Ω∥Lp(.)(Di)

≤

j∑
i=1

∥u − ⟨u⟩Di∥Lp(.)(Di) +

j∑
i=1

∥⟨u⟩Ω − ⟨u⟩Di∥Lp(.)(Di).
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We estimate the first part of the sum using Lemma 2.2.7. This yields for every i = 1, . . . , j

∥u − ⟨u⟩Di∥Lp(.)(Di) ≤ c∥∇u∥Lp(.)(Di) ≤ c∥∇u∥Lp(.)(Ω)

with constants depending on n, p+Di
, p−Di

, |Di|, αi, where αi is the John constant of Di. Therefore it

remains only to estimate the sum of the terms ∥⟨u⟩Ω − ⟨u⟩Di∥Lp(.)(Di). We use the constant exponent

Poincaré inequality (in the third inequality ):

∥⟨u⟩Ω − ⟨u⟩Di∥Lp(.)(Di) ≤ ∥1∥Lp(.)(Di)

 

Di

|u(x) − ⟨u⟩Ω| dx

≤ ∥1∥Lp(.)(Di)|Di|
−1

�

Ω

|u(x) − ⟨u⟩Ω| dx

≤ c(n, diam(Ω), α)|Di|
−1∥1∥Lp(.)(Di)∥∇u∥L1(Ω)

≤ c(n, diam(Ω), α)|Di|
−1∥1∥Lp(.)(Di)∥∇u∥Lp(.)(Ω)

for every i = 1, . . . , j. Here α is the John constant of Ω. By Corollary 1.3.1 ∥1∥Lp(.)(Di) depends

only on p and |Di|, which completes the proof.

The previous theorem shows that we can replace the condition p+ ≤ (p−)∗ in lemma 2.2.7by a set

of local conditions. Next, by using Lemma 2.2.7 we prove the poincaré inequality for Sobolev

functions with zero boundary values.

Theorem 2.2.9 Let Ω be bounded. Assume that p ∈ P(Ω) and there exists δ > 0 such that for

every x ∈ Ω either

P+B(x,δ)∩Ω ≤
np−B(x,δ)∩Ω

n − p−B(x,δ)∩Ω

or p−B(x,δ)∩Ω ≥ n. (2.2)

Alternatively, assume that p is uniformly continuous in Ω. Then the inequality

∥u∥Lp(.)(Ω) ≤ c∥∇u∥Lp(.)(Ω),

holds for every u ∈ W1,p(.)
0 (Ω). Here the constant c depends on p, Ω, δ and the dimension n.

Proof. Note that if p is continuous in Ω or uniformly continuous in Ω, then p satisfies the first

set of conditions of the theorem for some δ > 0.

By the assumptions there exist x1, . . . , x j and δ > 0 such that

Ω ⊂

j⋃
i=1

B(xi, δ)

and each ball B(xi, δ) satisfies either of the two inequalities in (2.2). We write Bi B B(xi, δ) and

denote by χi the characteristic function of Bi∩Ω. In each Bi we define pi(x) B p(x)χi+ p−Bi∩Ω
(1−
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χi). Then in each Bi either p+i ≤ (p−i )∗ or p−i ≥ n. Let ũ be the zero extension of u ∈ W1,p(.)
0 (Ω) to

Rn\Ω (Lemma 2.1.1). By the triangle inequality we obtain

∥u∥Lp(.)(Ω) ≤

∥∥∥∥ũ
j∑

i=1

χi

∥∥∥∥
Lp(.)(Ω)

≤

j∑
i=1

∥ũ∥Lpi(.)(Bi)

≤

j∑
i=1

∥ũ − ⟨ũ⟩Bi∥Lpi(.)(Bi) +

j∑
i=1

|⟨ũ⟩Bi | ∥1∥Lpi(.)(Bi).

We estimate the first sum on the right-hand side of the previous inequality. By Lemma 2.2.7 we

obtain

∥ũ − ⟨ũ⟩Bi∥Lpi(.)(Bi) ≤ c(1 + |Bi|)2|Bi|
1
n+

1
p+i
− 1

p−i ∥∇ũ∥Lpi(.)(Bi)

≤ c(1 + |Bi|)2|Bi|
1
n+

1
p+i
− 1

p−i ∥∇u∥Lp(.)(Ω).

for every i = 1, . . . , j To estimate the second sum,
∑ j

i=1 |⟨ũ⟩Bi |∥1∥Lpi(.)(Bi), in the above inequality

we use Lemma 1.2.14 to estimate ∥1∥Lpi(.)(Bi) by a constant depending only on p and δ. Further,

the constant exponent Poincaré inequality implies that

|⟨ũ⟩Bi | ≤
c(n)
δn

�

Ω

|u| dx ≤
c
δn diam(Ω)

�

Ω

|∇u| dx

≤
c(n)
δn diam(Ω)(1 + |Ω|)∥∇u∥Lp(.)(Ω),

again for every i = 1, . . . , j. Combining the last three estimates yields the assertion.

Remark 2.2.7 Assume that Ω is convex and p ∈ P(Ω) is uniform continuous (or p ∈ C(Ω)). As

in the proof of Theorem 2.2.9 we may cover Ω by finitely many balls B(xi, δ) so that (2.2) holds.

Since Ω is convex so is B(xi, δ) ∩ Ω and thus it is a John domain. Hence Theorem 2.2.8 yields

that the Poincaré inequality

∥u − ⟨u⟩Ω∥Lp(.)(Ω) ≤ c∥∇u∥Lp(.)(Ω)

holds for every u ∈ W1,p(.)(Ω).
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Conclusion

In Conclusion, the space Lp(.) is a special case of generalized Orlicz space or (Musielak-Orlicz)

space with φp(.) = φ̃p(.) or φp(.) = φ̄p(.) , for instance, we considered some proprieties in this space

as a results from the properties in the Musielak-Orlicz space, and there are also a semimodular

space. The study of this space was very import for begin our study of Sobolev functions, as we

see in the definition 2.1.2 Wm,p(.)(Ω) =
{
u ∈ Lp(.), Dαu ∈ Lp(.)(Ω), |α| ≤ m

}
. One motivation of

study this functions is that solutions of partial differential equation belong to Sobolev space.

in the future, if we continue we will try to study the variational integrals with non-standard

growth and coercivity conditions(non-standard variational problems).
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