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Résumé

Dans ce travail nous étudions I’existence, 1’unicité et la stabilité de la solution de
quelques systemes hyperboliques. Nous commengons par rappeler quelques
notions de base, ensuite nous introduirons une équation non-linéaire
unidimensionnelle de thermoélasticité avec deuxiéme son, nous étudions
I’existence, la régularité et la stabilité de la solution. Ensuite nous allons voir le
systeme de Timoshenko ou nous distinguerons deux cas : Celui ou la
propagation est égale et celui ou elle ne I’est pas, nous construirons une
fonctionnelle de Lyapunov pour étudier les différentes formes de stabilité.

Mots clés : Systeme hyperbolique, systeme de Timoshenko, stabilité, régularité,
fonctionnelle de Lyapunov, thermoélasticité, deuxieme son.
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Abstract

In this work we study the existence, the unicity and the stability of the solution
of some hyperbolic systems. We start by recalling some basic notions, then we
will introduce a one-dimensional nonlinear equation of thermoelasticity with
second sound we study the existence, the regularity and the stability of the
solution. Then we will see the Timoshenko system where we will distinguish
two cases: The one where the propagation is equal and the one where it is not,
we will build a Lyapunov functional to study the different forms of stability.

Keywords: Hyperbolic system, Timoshenko system, stability, regularity,
Lyapunov functional, thermoelasticity, second sound.
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(zeneral Introduction

As we all know Mathematic is one of the richest sciences. Among its different field of
research we find PDEs (Partial Differential Equations) where most of physics, biologic,
civil engineering and other science problems are modeled into a system of PDEs. Then
the researcher will look for a solution and investigate for the stability of this one.

In our work we will study two famous types of this equation.

The first one is the equation of one-dimensional non-linear thermoelasticity with ther-
mal memory and second sound. Thermoelastic model is based on the continuum physics
and thermodynamics, considering the distribution of the thermoelastic body deforma-
tion and temperature.

The classical model for the heat propagation turns into the well-known Fourier law

g+ kVe =0, (1)

where 6 is temperature (difference to a fixed constant reference temperature), ¢ is the
heat conduction vector and k is the coefficient of thermal conductivity. The model using
classic Fourier law exhibits the physical paradox of infinite propagation speed of signals.
To eliminate this paradox a generalized thermoelasticity theory has been developed
subsequently. The development of this theory was accelerated by the advent of the
second sound effects observed experimentally in materials at a very low temperature.
In heat transfer problems involving very short time intervals and/or very high heat
fluxes, it has been revealed that the inclusion of the second sound effects to the original
theory yields results which are realistic and very much different from those obtained
with the classical Fourier’s law.
The first theory, developed by Lord and Shulman [15], replaces the equation (1) with
the Cattaneo—Maxwell law

Toq: + q + k0, = 0. (2)

The heat equation associated with equation (2) becomes hyperbolic and, hence, auto-
matically eliminates the paradox of infinite speeds. The positive parameter 7, is the
relaxation time describing the time lag in the response of the heat flux to a gradient
in the temperature. In this work, we shall prove the global existence and exponential
stability of solutions to nonlinear thermoelastic equations with second sound provided
that the initial data are close to the equilibrium and the relaxation kernel is strongly
positive definite and decays exponentially. In [2] Z.KHALILI,D.OUCHENANE and
A. ELHAMIDI studied Stability results for laminated beam with thermo-visco-elastic
effects and localized nonlinear damping

il
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The other considered model is the Timoshenko-type system with a past history. The
first one who introduced this model is Stephen TIMOSHENKO in [27], he modelled
the transverse vibrations of a beam by the conservative system of hyperbolic coupled
equation:

puy = (k(uy — @), in (0,L) x (0,4+00),
(3)
Ly = (Elpg)y + k(uy — @), in (0,L) x (0,400).
where t denotes the time variable and x is the space variable along the beam of length
L; in its equilibrium conguration, u is the transverse displacement of the beam and ¢ is
the rotation angle of the lament of the beam. The coeffcients p, I,, I/, I an k Young’s
modulus of elasticity, the moment of inertia of a cross section, and the shear modulus.
The model considered here is a modified Timoshenko system, that is, a Timoshenko
system in classical thermoelasticity of type I. In the last three decades, the system
(3) has been intensively studied for possible damping mechanisms. Munoz Rivera and
Racke [25] introduced a thermal damping by coupling system (3) with the classical
heat equation. They proved that the system

P1p1e = k(0 + V).,

CQt = /{sz - ’W)xta

(of course with some boundary and initial conditions), is exponentially stable if and
only if ) )
1 2
i (5)
if (5) does not hold Guesmia et al. [3] established a polynomial decay result provided
that the initial data are regular enough. Almeida Junior et al. [4] considered the
thermal coupling of the system (3) in shear force

prow — k(s + ¥)z + 06, =0, in (0, L) x (0,400),
pzwtt — waz + k(@x + w)x — U@m = O, mn (0, L) X (O, +OO), (6)
p30r — V0w — 0 (0r + 1) =0, in (0,L) x (0,+00).
subjected to either the boundary conditions
o(t,0) = p(t, L) = (t,0) = (t, L) = 0(t,0) = 6(¢t, L) = 0, (7)
or
@(t,0) = @(t, L) =1y (t,0) = by (t, L) = 0,(¢,0) = 0,(¢, L) = 0. (8)
and proved that the solution is exponentially stable if and only if
k b
———=0. (9)

X: =
P1 P2
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The model considered in our work is a modified Timoshenko system, that is, a Timo-
shenko system in classical thermoelasticity of type I.

We shall use multiplier techniques to prove the stability property for the system with a
past history. For a kernel of polynomial decay, we prove the polynomial stability results
for the equal wave-speed propagation, and establish a decay result for the nonequal
wave-speed case under the assumption that g decays exponentially.

Moreover, the existence of the global attractor is achieved.

This memory is devided into three major chapters as follows:

Chapter 1: In this chapter we remind of some basic knowledge in modern analysis,
some basic definitions and theorems, some useful inequalities and basic theory of semi-
groups.

Chapter 2: We investigate on global existence and exponential stability of one-
dimensional nonlinear thermoelasticity with thermal memory and second sound, using
the semigroups theory, the regularity theorem and the fundamental theorem of Hille-
Yoshida.

Chapter 3: We introduce a Timoshenko-type system with a past history. We study
the stability of the solution of this system for both equal and non-equal wave speed
cases using the estimation of a Lyaponov functional equivalent to the energy function.
We will see that it’s exponentially stable for the first one and decays in the rate of
(1/t) (Polynomial Stability) for the other one.



Chapter 1

Preliminary

1.1 Some definitions and theorems in modern analysis

In this memory we denote by R™ the Euclid space, 2 C R” is a bounded smooth
domain, C*(R") (or C*(Q)) is the kth differentiable continuous function space in R"
(or Q)), C*(R"™) (or C*°(Q2)) is the ooth differentiable continuous functions space in
R” (or ), C*(R™) (or C(Q2)) is the ooth differentiable continuous functions space
with compact support in R™ (or 2)). The norm for the space C*°(R") is definded as

CHR") = {f!f € C*®Y, | f llosn= 3 sup|0°f(x)] < +oo}, (1.1.1)

kﬂgkmeRn
olel f
ol ?
Ox*...0xon

The notation S(R™) denote the Schwartz space defined as:

where 0% f =

a=(ag,a9,....,a) Ja] =a1 + ag + ... + .

S(R™) = {qﬁw € C*(R"),||9|| (a8 = sup |20 ()| < 400, for all a, B € N”}.
reR?

(1.1.2)

The space S(R") endowds the quasi norm ||.||(ag) in (1.2) is a Frechet space and
C>*(R™) Cc S(R™) € C*(R") , the space §'(R") is the dual space of S(R"). S(R") is
the Schwartz class of rapidly decreasing functions.
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Let (X, M, 1) be a non-atomic measurable space, for a complex or real-valued mea-
surable function f(x) defined on X, its distributional function is defined by:

f«(o) :u{:BGX : f(z) > o, for alla>0} (1.1.3)

which is non-increasing and continuous from the right. Furthermore, its non-increasing
rearrangement fx is defined by;

f (1) :inf{s>0:f*(s) St}, for all t > 0, (1.1.4)

which is also non increasing and continuous from the right and has the same distribu-
tional function as f(z). &(R3) is the space of all tempred distributions on R3, D(R?)
is the set of all scalar polynomials defined on R3.

LP(R?) (1 < p < +00) denotes the lebesgue space of all LP(R?) integrable functions
associated with the norms

SR

£l = (/\f(x)V’dx) 1<p<too. (1.1.5)

[ f]loe = esssup|f(z)|,p = +o0. (1.1.6)
z€R3

Definition 1.1.1 Let 2 € R™ be an open set, D(?) of all ¢ in C5°(2) endowed with
a topology so that ¢; converges to an element ¢ in D(QY) if and only if

1. there exists a compact set K € Q such that ¢; € K for every i;

2. lim, 1 oo DYp; = D¢ uniformely on K for each multi-index o.

Definition 1.1.2 Let dg ,,(§2) = sup Z |D*¢(z)|, where K is compact in Q2. D'(Q)
zeK

|al=m
is the dual space of D(Q2), and
(D°T, ¢) = (~1)*(T, D°6), for all ¢ € D(). (1.1.7)
where T is a linear functional.
.0 T
pop = 20T (1.1.8)

0x121...0x,n’

n
with |af = Zai.
i=1
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Definition 1.1.3 f € L, .(Q) defines a distribution f € D'(Q) by
(T, ¢) = Re (/f(@@@) Jor all ¢ € D(R). (1.1.9)
Q

Definition 1.1.4 The Sobolev space W™P(Q2) is defined as

Wme(Q) = {u € LP(Q)

D% e LP(Q2), |a] < m} (1.1.10)

where 0 < m,p < 400, p,m € N. If u € W™P(Q), then the norm of u is defined as

1/p
HuHWm,p(Q) = ( Z |’Dau||LP(Q> (1.1.11)

0<|a|<m

Specially, when m = 0, WO = LP:when p = 2, W™%(Q) is denoted as H™(RY), the
norm of u € H™(Y) is defined as

1/2
lall sy = ( >/ |Dau<x>12dw> (1.1.12)

0<|al<m’q

and the inner product is expressed as

(U, v) gm0 Z Re | D*u(z)Dov(z)dx (1.1.13)

0<\o¢|<m Q

We have
HE(9) = Wy

Theorem 1.1.1 (Adams/1]) The continuous embeddingd in Sobolev space ar as:

1
1. When1<p<mn,—— USSR 0, we have W™P(Q) — L1(Q)) where q € | ,ﬂ].
p n n—p
2. If p=n>1, then W™P(Q) — L9(Q) for all q € [p, +0].
3. When p =n =1, there holds Wh! — L>(Q).

4. When p =1 or p = +oo, the Sobolev spaces W5(Q) and W** do not have the
reflexible proproprety.

1
5. If — — m o 0, then W™P(Q)) — CH%(Q), here k = [m — n
p n n [
m———k.
p



1.1. SOME DEFINITIONS AND THEOREMS IN MODERN ANALYSIS 4

Here [.] and (.) denote the integral part and fractional part of numbers respectively.

Definition 1.1.5 The Sobolev-Slobodeckii space W*PP(Q)(Q is a domain in RE,
1<p<+400,0<pf<1,k=0,1,2,... ) is defined as

1

0°0(y) — ()PP \p
[ (mmww +§;[/ Wy

lal=k"g

vwww@z{uemm>

(1.1.14)

Remark 1.1.1 Here we introduce some examples of special Sobolev-Slobodechii spaces. The
topology of homogeneous space W(Q) is equipped as

ZH@;‘UH%Z(Q) ifl ez,
la|=1
[[ul[3(2) = |a u(z ( )|2 (1.1.15)
Yo y|m+2 dedy ifl € R*/Z*
o= €
The topology of non-homogeneous space Wk(Q) is equipped as
1
lo" 2 2 2
lullwsgey = { S N02u 22y + 1l (1.1.16)
|a|<l
Denoting as Qr = 2 x (0,7T), we can define the space VV2 (QT)
Wy2(Qr) = LX0,T; W(Q)) N LX(Q; W (0, T)) (1.1.17)
with the norm
%
2 _ 2 2
lell s (@r) = (HuHWé*O@T) - HUHW;%(QT))
(1.1.18)

T 3
_ 2 2
- </0 HUHWQI(Q)dtJF/HUHWQ%(O,T)dx>
Q

where the topology equipped for the space Wi(0,T) is defined as
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[NIE

( i
(Z ||Dzu||iz.<o,m) iflez
full? )y = ‘

W27 01) |DI — tu — DU — tu(7)[? ,
(Z ||DJUHL2 0,T) / / 7_|l+2(l i dtdr ,ifleRY/ZT.
(1.1.19)

SIS

1.2 Some useful inequalities

In this section, we shall recall some inequalities which will be used in the subsequent
chapters.

Theorem 1.2.1 (Young [28]) (Young’s Inequality) the following inequalities hold

a? bl P
ab< —+4+ —, g=——,1 < p < —+o0, foralla,b,e >0, (1.2.1)
P q p—1
€ 1 P
ab < —af + 1bq,q:—1<p<—|—oo for all a,b,e > 0. (1.2.2)
b qepj I

Theorem 1.2.2 (Adams [1]) (The Cauchy-Schwartz Inequality) There holds that

le.y| < |z||y|, for all x,y € R™ (1.2.3)
here |x| = (x,2)/? = (30 22)Y2 for all x € R”

zlz

Theorem 1.2.3 (Holder [13])(Holder’s Inequality) Let Q C R™ be a domain, assume

1 1
that u € LP(Q),v € LY(Q) with 1 < p,q < 400 and —+ — = 1. Then
p g

/|uv|dx < lull oyl 0]l oy (1.2.4)
Q
In 1986, Minkowski established the following Inequality.
Theorem 1.2.4 (Hélder [153])(Minkowski’s Inequality) Assume 1 < p < +oco then for
any u,v € LP(2)

[l + vl

o) < |ullze) + [[v]|zr) (1.2.5)
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Theorem 1.2.5 (Cazenave [9])(Poincaré’s Inequality) Assume that Q@ C R™ is a bounded
smooth domain, then there holds

[lull < Xy [[ulh, for all u € Hy(Q) (1.2.6)

where A1 is the first eigenvalue of A under the homegeneous Dirichlet boundary con-
dition, ||ul|y is the norm of u in H}, A= —A

Theorem 1.2.6 (Gronwall [11])(Gronwall’s Inequality) Let a(t) € L*(0,T),a > 0,
B(t) € L*0,T),bo € R,b(7) = by + [, B(t)dt.
Assume y(t) € L>(0,T) satisfies

(1) < b(T) + /OT a(t)y(t)dt for almost all (a.a.) T € [0,T]. (1.2.7)

Then for a.a. T € [0,T], we have

(1) < boe$p</0T a(s)ds) + /OTﬁ(t)exp(/tT a(s)ds) dt. (1.2.8)

Under assumptions of Theorem 1.2.6, the following theorem inequalities hold for di-
mendion n = 3.

Theorem 1.2.7 (Martinez [16]) Let ¢(t) : RT — RT be a non-increasing function
and o : R™ — RY be a strictly increasing C function, with o(t) — +o0o as t — +o0.
Assume that there ezist p,q > 0 and ¢ > 0 such that

c(s)
04(s)

Then there exist positive constants k and § such that

, 1< s <400

+oo
/ o (B)61 + p(t)dt < c6" 7 (s) +

o(t) < ke=7®), forallt>1, ifp=q=0,

1.3 Basic theory of semigroups

In this section, we recall some basic knowledge in semigroups, most of which will be
used in the subsequent chapters. For the detailed proofs the reader can refer to the
related documents, e.g., Batty and Duyckaerts [6], Belleni-Morante and McBriden [7],
Borichev and Tomilov [8], Liu and Zheng [14], Priis [20], Qin [21], Pazy [19].
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Definition 1.3.1 (Pazy [19], Zheng [29]) (Semigroups) Let X be a Banach space or
a closed subset of a Banach space, the parameter family S(t),
0<t<+o0 from X to X is called a semigroup if

1. S(0) = Id(Identity operator on X ),
2. S(t+s) = S5(t)S(s).

Definition 1.3.2 (Pazy [19], Zheng [29]) (Cy-Semigroups) A semigroup S(t),0 <t <
400 from X to X is called a strong continuous semigroup of bounded linear operators

if
lim S(t)x =z or lilgl+ |S(t)x —z|| =0, for all x € X, (1.3.1)
t—

t—0t

i.e., S(t) is a Cy-semigroup.

Definition 1.3.3 (Pazy [19], Zheng [29]) (Contraction Semigroups) The semigroup
S(t) is a contraction semigroup if there exists a constant o > 0 (0 < o < 1) such that
for allt >0,

|1S(t)x — Syl < ||z —yl|, for all z,y € X. (1.3.2)

Definition 1.3.4 (Pazy [19], Zheng [29]) (Analytic Semigroups) Let
A = {z[@ < argz < ¢o,01 < 0 < ¢o p and for all z € A, S(z) be a bounded linear
operator. The family S(2)(z € A) is an analytic semigroup in A if

1. z— S(z) is analytic in A,

2. 5(0) = Id,i.e., lim, 0 S(2)x = x for every x € X,

3. S(z1 + 22) = S(21)S(22) for all z1,20 € A. A semigroup S(t) is called analytic if
it 18 analytic in some sector containing the nonnegative real axis.

Definition 1.3.5 (Pazy [19], Zheng [29]) The linear operator A defined by

D(A)={zr e X: tl_i}r(g(S(t)x —x)/t exists } (1.3.3)
and
Ax = tl_i}réi(S(t)x —x)/t = %h:o for all x € D(A), (1.3.4)

is called the infinitesimal generator of the semigroup S(t), D(A) is called the domain
of A.
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In the following, for the sake of convenience, we introduce maximal accretive operator
(see,e.g. Pazy [19] and Zheng [29])

Definition 1.3.6 (Pazy [19] and Zheng [29]) Let A be a linear operator defined in a
Banach space X, A: D(A) C X — X. If for any x,y € D(A) and any A > 0,
|z —yll < [lz —y + MAz — Ay, (1.3.5)

then A is said to be an accretive operator. Moreover, if A is densely defined accretive

operator, and I + A is surjective, i.e., R(I + A) = X, then A is said to be a mazimal
accretive operator.

Theorem 1.3.1 (Pazy [19] and Zheng [29]), Let S(t),0 < t < 400 be a Cysemigroup
on a Banach space X.Then there exist constants M > 0 and w > 0 such that

[|S(#)]| < Me** for all t > 0. (1.3.6)

Obuviously, if M = 1 and w = 0 in (1.3.6), then we obtain a Cy-semigroup of nonex-
pansions or contractions.

Definition 1.3.7 For real numbers M > 0 and w > 0, let G(M,w; X) denote the set
of generators of Cy-semigroups S(t),0 < t < +o0o on a Banach space X satisfying
(1.5.5).

Theorem 1.3.2 (Pazy [19] , Zheng [29]), for any x € D, S(t)x € C([0,+00), X).
Moreover, for allt >0,

v — S(t)r = /0 " AS(r)udr = /0 ' S(r) Awdr. (1.3.7)
and
% +A(S(H)) = 0. (13.8)

Theorem 1.3.3 (Pazy [19], Zheng [29]) (Hille-Yoshida Theorem) A € G(M,w; X) if
and only if

1. Ais a closed linear operator whose domain D(A) is dense in X; and

2. for all real numbers X > w, X € p(A)(the resolvent set of A),and

| [R(X, A < ~ for n=1,2,... (1.3.9)

G—w)
where R(\, A) = (A — \)™*
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Theorem 1.3.4 (Batty [5]) Let S(t),t > 0 be a bounded Cy-semigroup on Banach
space X with generator A. Suppose that iR is contained in the resolvent set p(A) of
A.

Then

I[SHAT| =0, t — +o0. (1.3.10)

Lemma 1.3.1 (Pazy [19] and Zheng [29]) Let A be a linear operator defined in a
Hilbert space H, A : D(A) C H — H. Then the necessary and sufficient conditions for
A being mazimal accretive are:

1. R(Ax,x) >0, for all x € D(A),
2. RU+A)=H.

Proof We first proof the necessity. By (1.3.5),

(z,7) = ||z]|* < ||z + MAz||* = (2, 2) + 2ARe(A, z) + \?||Az||>. (1.3.11)

Thus, for all A > 0,

A
Re(Ax,z) > —§||A:1:||2. (1.3.12)
Letting A\ — 0, we get 1. Furthermore, 2. immediately follows from the fact that A is

m-accretive.

We now prove the suffiency. It follows from 1. that for all A > 0,

lz —ylI* < Re(z —y, 2 —y + Az —y)) < llz —ylllle — y + MAz — Ay)]|, (1.3.13)
i.e.,(1.3.5) holds. Now it remains to prove that A is densly defined.We use a contra-

diction argument. Suppose that it is not true. Then there is a nontrivial element xg

belonging to the supplement of D(A) such that for all z € D(A),
(x,x0) = 0. (1.3.14)

It follows from 2. that there is an z* € D(A) such that

o+ Azt = 1. (1.3.15)

Taking the inner product of (1.3.15) with z*, we deduce that
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(x* 4+ Az*, 2*) = 0. (1.3.16)
Taking the real part of (1.3.15) we deduce that z* = 0, and by (1.3.16), g = 0, a

contradiction. Thus the proof is complete.

Definition 1.3.8 the opperator A is called dissipative if
Re(Az,z) <0

Lemma 1.3.2 Let A be a linear operator with dense domain D(A) in a Hilbert space
H. IfA is dissipative and 0 € p(A) (the resolvent set of A), then A is the infinitesimal
generator of a Cy-semigroup of contractions on H.

Proof See,e.g., Liu and Zheng [14] or Pazy [19].

O
For the abstract initial value problem
d
=4 Au=K,
dt (1.3.17)
u(0) = up.

Where A is a maximal accretive operator defined in a dense subset D(A) of a Banach

space H.

Lemma 1.3.3 (Pazy [19], Zheng [29]) Suppose that A is m-accretive in a Banach
space H,K = 0 and uy € D(A). Then the problem (1.5.17) has a unique classical
solution u such that

u € CY[0,+00), H) N C([0,+00), D(A)),

Note that K =0 in (1.5.17) corresponds to the Lumer-Philips theorem.

Proof By Theorem 1.3.2 and Hillie-Yoshida Theorem, u(t) = S(t)ug is a classical
solution in the required class.

To prove the uniqueness, we use a contradiction argument. Suppose that there ar two
solutions u; and us. Then

u=u; —uy € CY[0,+00), H) N C([0,+0), D(A)),
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and it satisfies

— 4+ Au =0,
dt (1.3.18)
u(0) =0,
For any T" > 0, let
o(t) = SH)u(T —t), vVt € [0,T]. (1.3.19)

Then by Theorem 1.3.2, we have

% _ —S(t)W—S(t)Au(T—t) — S(t)Au(T —t) — S(8) Au(T — 1) = 0. (1.3.20)
Thus,

u(T) = $(0) = ¢(T) = S(T)u(0) = 0. (1.3.21)

Hence, the uniqueness follows.

O
Lemma 1.3.4 (Pazy [19], Zheng [29]) Suppose that K = K (t), and
K(t) € CY([0,400),H) , ug € D(A).
Then problem (1.3.17) admits a unique global classical solution u such that
u € CH([0,+00), H) N C([0, +00) , D(A)), (1.3.22)
which can be described as
¢
u(t) = S(t)ug + / S(t— 1)K (7)drt. (1.3.23)
0

Proof Since S(t)ug satisfies the homogeneous equation and nonhomogeneous initial
condition, it suffices to verify that w(t) given by

w(t) = /O " S(t— 7 f(r)dr, (1.3.24)

belongs to
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CH([0,4+00) , H) N C([0, +00) , D(A))

and satisfies the nonhomogeneous equation.Consider the following quotient of difference

ult 1) —uld :%< [ sean- s | S(t—T)f(T)dr)

t+h 1
= (/t S(t+h_7)f(7)d7+ﬁ/o(5(t+h—7)—S(t—T))f(T)d7->

t+h 1 t
/ S(z)f(t—i—h—z)dz%—E/ SE)(ft+h—=z2)— f(t—2)dz,
t ’ (1.3.25)

> =

when h — 0, the terms in the last line of (1.3.25)have limits

S(t)£(0) + /0 tS(z) Fi(t — 2)dz € C([0, +o0) , H). (1.3.26)
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It turns out that w € C*(]0,+o00), H) and the terms in the third line of (1.3.25)
have limits too, which should be

S(0)f(t) — Aw(t) = f(t) — Aw(?). (1.3.27)

Thus the proof is complete.

From (1.3.24) we immediately have the following result.

Lemma 1.3.5 (Pazy [19], Zheng [29]) Suppose that K = K(t), and
K(t) € C([0,400),D(A)) up € D(A).
Then problem (1.5.17) admits a unique global classical solution u(t).
Lemma 1.3.6 (Pazy [19], Zheng [29]) Suppose that K = K(t), and
K(t) € C([0,400),H) ug € D(A)
and for any T > 0,
K, € LN[0,T), H).

Then problem (1.3.17) admits a unique global classical solution u(t).

Proof We first prove that any g € L'([0,T], H), the function w given by the following
integral

w(t) = /0 S(t—T)g(r)dr, (1.3.28)

belongs to C([0,7T], H).Nothing that

t+h t
w(t+h) —w(t) = /0 S(t—l—h—T)g(T)dT—/o S(t—T1)g(r)dr

o (1.3.29)
= (S(h) — Dw(t) + /t S(t+h—T1)g(r)dr,

we get as h — 0.

t+h
lw(t 4+ h) —w(®)]| < [[(S(h) = Dw(?)]] +/t lg(P)Il =0, (1.3.30)
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where we have used the strong continuity of S(¢) and the absolute continuity of integral
for [|g]| € L0, T].

d
Now it can be seen from the last line of (1.325) that for almost every t € [0, 7], d—lf
exists and it equals
t
S(t)f(0) + / S(z)f'(t —z)dz= St —7)f'(r)dr € C([0,T], H). (1.3.31)
0
Thus, for almost every t,
dw
— =— : 1.3.32
o Aw + f ( )

Since w and f both belongs to C([0,7], H), it follows from (1.3.32) that for almost

every t, Aw belongs to C([0,T], H). Since A is a closed operator, we conclude that
w € C([0,T], D(A)) N CH([0, T, H)
and (1.3.32) holdfs for every ¢. Thus the proof is complete.

O

Lemma 1.3.7 (Pazy [19], Zheng [29]) When K = K (u) satisfies the global Lipschitz
condition, i.e., there is a positive constant L such that for all u,v € H,

1K (u) = K(0)l|a < |[u—0l|a (1.3.33)
Furthermore, suppose that uq € H. Then problem (1.3.18) admits a global mild

solution u(t) such that u(t) belongs to C([0,400), H) and satisfies the following integral
equation :

u(t) = S(t)ug + /0 S(t — 1)K (u(s))ds. (1.3.34)

Moreover, let u(t),u(t) be the global mild solutions corresponding to ug and tg. Then

for all t > 0, the following estimates holds:

u(t) — a(t)]|u < e"||ug — dol|a- (1.3.35)
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Proof We use the contraction mapping theorem to prove the present theorem. Two
key steps for using the contraction mapping theorem are to figure out a closed set
of considered Banach space, and an auxiliary problem so that the nonlinear operator
defined by the auxilary problem maps from this closed set into itself, and turns out to
be a contraction. In the following we proceed alog this line.

Let
o(v) = S(t)up + /Ot S(t—7)K(v(t))dr (1.3.36)
and

X =veC(0,+0),H)

supl||v(t)||e™ < +o0, (1.3.37)
>0

where k is a positive constant such thatk > L. In X, we introduce the following
norm:

ullx = sup e[ [u(t)]]. (1.3.38)
t>0

Clearly, X is a Banach space. We now show that the nonlinear operator ¢ defined
by (1.3.36) maps X into itself, and the mapping is a contraction. In deed, for v € X,
by (1.3.33),we have

oI < [[S(t)uo +/0 1St — 7)|||| K (v(t))]|dr
< |uol| + Cot + L sup e~ *||v(t)]]. /t e*dr (1.3.39)
t>0 0

L
< [fuoll + Cot + —e[[o(®)]|x-

where Cy = K(0). Thus,
L
l6(0)lx < sgg;(muuo T cowe-‘“) FE(Dllx < +oo. (1.3.40)
t>

i.e., ¢(v) € X.
For vy,v9 € X, we have

6(en) ol sup e ] [ (=) (7)) = Kluatr))ir]

. . (1.3.41)
sup e_ktL/ [log — vol|dr < EHUl — ol x.
0

t>0
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Therefore, by the contraction mapping theorem, (1.3.34) has a unique solution in X.
To show that uniqueness also holds in C([0,4+00), H), let uy,us € C(]0,+00), H) be
two solutions of (1.3.34) and let u = u; — us. Then

t
) = [ (= 1)K ) - Kua)dr (1.3.42)
0
t
luoll < L [ lhutr)liar (1.3.43)
0
By the Gronwall inequality, we immediately conclude that u(t) = 0, i.e., the uniqueness

in C([0,400), H) follows.
It remains to prove the stability result (1.3.35). In the same way as above we have

u(t) — a(t) = S(t)(ug — o) + /0 S(t — 7)(K () — K(a))dr. (1.3.44)

Therefore,
t
ut) — a@®)]| < [luo —af| + L/O |lu(T) —a(7)]|dT. (1.3.45)

By the Gronwall inequality, (1.3.35) follows. Thus proof is complete.

For the abstract initial value problem

du
% == Au,
u(0) = uy,

where A was defined as in Theorem 1.3.10, we define a continuous non-decreasing
function

M(n) = max ||R(it, A)||, n >0, (1.3.46)

te[_nﬂ?]

where R(\, A) = (M — A)~', I is a unit operator on the Banach space H. then the
associated function

Miog(n) := M (n)(log(1 + M(n)) + log(1 +n)), n > 0. (1.3.47)

Let M_! be the inverse of M, defined on [M,,(0), +00). Then, we have the followin
log g g g

lemmas.
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Lemma 1.3.8 (Batty and Duyckaerts/6]) Let S(t),t > 0 be a bounded Cy-semigroup
on a Banach space X with generator A, such that iR C p(A). Let the functions M
and M,y be defined by (1.3.46) and (1.3.47). Then there exist constants C, B > 0 such

that for all t > B,
C

SHA| € ———— 1.3.48
[S()AT] < M (1/C) ( )

If a >0,M(n) <C(1+n%),n>0, then for allt > B,
A= o) (1349

Proof Let t > 0 and R > 0, and let 7 be the contour consisting of the right-hand of
the circle |z| = R and any path 7/ in z € p(—A) : Rez < 0 from iR to iR.By Cauchy’s
Theorem,

2
eAAT = 271m (1+ﬁ>(z—|—/l) ! “‘d;

We first show that

d
|| A~ 1H_—+—||/<1+—> (z+A) e ZZH. (1.3.50)
If 2= Re? —7/2 < Or/2, we have
1,—tA e [T eray ¢
- - — z —(z2 S < .
e+ Ayt = fles [ e < o
Noticing that |1 + 22/R? = 2|cosf, we got the bound
2 dz onC
1+—> 2+ A)e M| < 1.3.51
1 (g ) are i< 2 (1351
Next we define the analytic function of z
t
hi(z) = / =323 40s = (2 4 A)e!® — (2 + A) e ™. (1.3.52)
0

The Cauchy’s Theorem and similar estimate as for (1.3.51) yield

[ (e mmeZi-1 ] (g mefi<iE s

which together with (1.3.52) and (1.3.53), yield the estimate (1.3.50).
By means of standard Neumann series, we may take 7' to be the union of g, v, and ~v_,
where
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70(7—) = _Ml(T)

+iT (~R>7>R), 7+(s) =s+iR (-(2M(R))™' < s <0).

Although ~y may not be piecewise smooth, it can be approximated by smooth paths
and (1.3.50) remains valid. Moreover,

1(v(7) + AT < 2M(J7]), [[(y2(s) + A7 < 2M(R).

Now assume that R > 1. On v, |1 + 22/R?| < C/R, so we can estimate the norls of
the integral in (1.3.50) over vy by

@ME)™ 1 et CM(R)
C ~M(R)S—ds <
/0 M) —pds < ==

where C' > 0 is a constant depending only on M. On vy, 1+ 2?/R? and 1/z are bounded
independently of R, and e'* < ¢ /2M(E),

The length of v, is at most 2(M (0)+ R).Hence, we can estimate the norm of the integral
over 7o by

CM(R)(1+ R)e~t/2ME),

where again C' > 0 depends only on M.
Thus we have the estimate

He—tAA—lu < C(% + M(R) + (1+ M(R))2(1 + R)Qe_t/zM(R))

R?t R

Here, C' depends on C as well as M. Given t > 4M,,(1), choose R = Mlog(t/él)
Then

M(R) 1 _C
R’ 4R%og((1+M(R)(1+R)) — R’

(1+M(R))*(1+ R)*=
Hence, the required result is proved.

O

Lemma 1.3.9 (Borichev and Tomilov [8]) Given @@ > 0 and € > 0, there exist an
integer k > @ and a complexr measure p with compact support in C\Q such that for
some B = B(a, ), we have

’/\ . ‘ < B(1+|(Im2)])’ xie g0y (2) + &, € €9, (1.3.54)
o\Q ?

‘ / et<du(()‘ < BX{r:|r|>Q}(t) +e, >0, (1.3.55)
c\Q
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1/B < ’/ eté“du(g)‘ < B, (1.3.56)
Cc\Q
du(Q)|* _ logt £
S < B—=. t t>0 1.3.57
A\Qe c < b X(Q,2k)<>+t+1> >0, ( )
and 3O logh
ek ’ > 199% 1.3.58
‘/(C\Q ¢ ~ Bk ( )

Proof Choose H > () large enough, and for integer k, k > 2, such that
H® < k< H3/2,
define
A =2klogK, 7 = A" /\E, q = e*/F w=iH — 1.
We define also a finite measure

p=1 Y (14 ¢ /(A0))duiq/a;

1<s<k
where 9, is the unit mass at z.

Observe that

q° k q kx
T D (1359

1<s<k

Indeed to prove the fist identity we use that

Z q° _ P(x)
x—q k-1’

for some polynomial P with degP < k such that P(x) = P(qz) so that P(z)=const.,
and then P(x) = P(0) = k. The second equality can be prouved by using that if

Z q° _ P(l’)
r—q ak-1

1<s<k

then P(qx) = qP(x) which yields P(z) = kz.
Now using (1.3.59), we get
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_ aplQ) _ ¢+ Y/ (Aw))
Couz) —/C\Q =

¢ 2 Emw) —g/A

B Aqs qQS/w
_TZ[A(z—w) 5+A(z—w)—qs

Ak LT kA(z — w)
Ab(z —w)k =1 w AR (z —w)k — 1

If 2z€ Q,H > 1, then

1
—w|>1—-—.
21—

H
Now if B} <Imz < |z| <2H,z € Q, then we use that Alz —w| > 2,
|AR(z — w)k — 1] > Ake=*/H" /2 t0 obtain that

z TAk
w ARz —w)k —1

< erk AYReF/HY — o\/kek/HY

From now on, we assume that k satisfies the condition
Ve < HP.

Then

|CM(Z)| < CHB,

H
5§]mz§|z|§2]—[, z € Q.

20

(1.3.60)

(1.3.61)

H
If z€ Qand |Imz— H|+||z| — H| > 5 then |z — w| > ¢ max(|z|, H), and under

condition (1.3.360), we have for large H,

C1|Z|\/E B
H(e max(|=], H)erT =

Cu)| <

This together with (1.3.61), proves (1.3.54).
Next, define
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ﬁuu):/\ du(Q) =7 Y ¢°(1+¢°/(Aw))elt e/,
C\Q2

1<s<k

and
—t

> (L4 ¢/ (Aw))el D], (1.3.62)

1<s<k

|Luw| = Te

Furthmore, we have

Y a1+ ¢/ (Aw))ele

1<s<k

= 3 @A) A

1<s<kn>0
tknr—l 1 tknv—Q 1 1
=k . + . —
Abm=1"(km — 1)1~ APm=2"(km — 2)!" Aw
m>1

e > i " k- 1) L
Tk - D2\ A ) (e 1) tw )’

and

m—1
3/ k1ot tk (k—1)! km —1
e — - - 7 1
ol k! ;(A’f) (km — 1)! L—

Thus, for some constants c, ¢y, o, c3, we have

k(m—1)
E3/2h—1 et tk (k—1)! km
< = _ N ) T
Lol = = ;<HA> (km — 1)l H

< cre K22 )(KIH), 0 <t < k/H,

and
coe KPR (R) < | Louy| < cse kA2 /(RY) k/H <t < A
If t > A, then by (1.3.62),

L] < 2rethet/A = 2k AR-1e—t0-1/4),
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The function ¢ — e~ ‘t*~2 attains its maximum on [0,k/H] at t = k/H;
The function ¢ — e '*~1 attains its maximum on [k/H, k| at t = k — 1;

t(1—1/A)

The function ¢ — e~ attains its maximum on [A, 4+00) at t = A.

Using that A = 2k log k, by Stirling’s formula, we obtain that

0 < < |Luwyl < ol Lpe—1)| < 35 [k%ak%\ﬁ | =o0(1), H— 400,

e MHES2(k/H) 2 /(K1 H) = 0, VEA*e=4 = 0, H — +o0.

Hence,

0<c <Lyl < C2%§$’£u‘ < 3, [Ojk/gﬁc{%ﬁo)lﬁu\ =o0(1), H — 400,

and (1.3.55) and (1.3.56) follow for large H.
Finally, define

du(¢ e tHiHt e
Ny = [ =T S e

1<s<k

Here we use the formula

> g = 3 Yy

1<s<k 1<s<kn>0
m—1
ktk 1 Z (k — 1)
Ak — 1)l (km — 1)
ktkz—l
= (1 1)) ———r <t<A, H .

Therefore, by Stirling’s formula, we have for large H:

Te Kk Ca
> : > = 1.3.63
Nuto| 2 1= AN — 1) = H ( )
Moreover,
N ] < e+ (kY H) X ry2.2n), 0 <t < A, (1.3.64)

and



1.3. BASIC THEORY OF SEMIGROUPS 23

Ab—1+1/a, [lo—A
H

cre”t

YN < Kt eetA < ¢,

<e t> A (1.3.65)

Nowﬁx0<¢<ﬁ—%andkzde"logHinsuchawaythatkGN.

Then (1.3.60) is satisfied for large H, (1.3.63) implies (1.3.58), and (1.3.64)-(1.3.65)
imply (1.3.75).
U

Lemma 1.3.10 (Borichev and Tomilev [8]) Given o > 0, there exist a Bnach space
X, and a bounded Cy-semigroup S(t) on X, with generator A such that

1 [|R(is, A)l| = O([s|%), |s| = 400
t—+00 logt

2. lim sup(L) a||5’(t)./471|| > 0.

Proof Let T(t);>o be the left shift semigroup on BUC(R*, H) and BUC(R*, H) is
the space of bounded uniformly continuous H-valued functions .

Let Q:={A € C: ReA > —1(1 + [ImA])*}, and let Qg := Q[ {\ € C: |Re)| < 1}.

Furthemore, let H, be the space of functions f € B U C(R™) such that the Laplace
transform f ewtends to an analytic function in 2y, and

|F OV + [ ITmA]) ™™ = 0, A = 00, A € Q.
Then H, equipped with the norm

e = [ flloo + [[flla = Il +f£|f@)!(1 + [ImA)

is Banach space. Moreover, T'(t)H, C H,,t > 0, and the restriction S(t) of T'(t) to H,
is also a C-semigroup. To prove this assertion, it suffices to observe that

F=SWI = [ e s — [ e sy
= (1—eM)f(N\) +eM /0+00 e f(s)ds, Rel > 0,

and the same equality holds on €2y. By the definition of H,,
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NSt f — flla = 0, t— 07,
and then

1S®)f — fllu, — 0, t — 0F.

Let A stand for the generator of semigroup S(t). Next we prove that for every f € H,,
the local resolvent R(A,.A)f satisfies the estimate

IR A) i, < C(L+ [ImAD||f|lm., 0 < Rex < 1. (1.3.66)

We will estimate the quantities ||R(\, A) f||« and ||R(A,.A)f]|. separately.

Observe first that for every t € R™ and every A € C,, one has

(RN A) () = /O+OO e f(t+s)ds = e f(N) — / A9 £(s)ds.

0

It follows that for every fixed ¢t € R, the function A — (R(\,A)f)(t) extends to an
analytic function on 2y and moreover

(RO A < =, iter > o,

(RN, A) ) ()] < % + |f(N)], ifReX < 0.

Applying Levinson’s log-log theorem, we conclude that
1R, A)lloe < CA+ [ITmAN([[f]loo + I[f]la), 0 < ReA <1. (1.3.67)

Fix A € (0,1). To estimate ||R(\,.A)f||o, note that

o +oo +oo
(BNA (1) = /0 et /0 e F(t + s)dsdt
+o0 +

:/ e()‘“)t/ e f(s)dsdt
0 0

-t +OO e M f(s)ds + . o e M f(t)dt
A= Jo A= Jo

IO

A

f(,u)’ Re p > 1.
i
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Therefore, Rm) f extends analytically to €2y, and

R0 = AT e g,

RO A) f(p) = —f'(1), A= p

Now, if |A — u| > 1, u € Qq, then

—

IR A F()] < [FOV]+1F ()] < @+ [Tmp)*(1 + [TmA)*]| f]]a-
Furthermore, if

1
< -—u<lpueQ
2(1+\Im)\])a_| M= € o,

then we have

L —

[ROSA)F()] < 201+ [ImA) | f ()] + |f (1))
< c(1 A+ [ImA)* (1 + [ImA)*[[ f]a-

Finally, if

1

Aep < ——
A=Kl S S e

then applying Cauchy’s formula on the circle
2 _
Cy = {z €eC:|z— )\|§(1 + [ImA|) “},

we obtain that

—

[ROA A ()] < (14 [ImAN* (14 [ImA)*[|fl]a-

Thus,
IR, A) flla < COA+ MDY fllas 0 < ReX < 1. (1.3.68)

the estimate (1.3.67) and (1.3.68) together give us (1.3.66).
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Since

1
RN, A) fllm, > m;

the estimate (1.3.66) implies iR C C\o(A), and that
IR\, A) flla, < C(1+ M) XeiR. (1.3.69)

Since 0((A)) NiR = @, by Theorem(1.3.4), we obtain, for every f € H,,

“+o00

Alf = limoo(A_lf— S(t)A—1f> = S(t)fdt.

t—+ 0

By lemma (1.3.9), there exist f, € H,, f, = L,,, and k, — +00 as n — +o00, such
that

log k) /®
[ foll o < 15 N, (Rn)] = Cla) p cn> 1.
Therefore,
+oo

[S(kn)A g, > 1S (k) A ful i, > i fu(r)dr
N o log k,\ '/®
>R = [ fu(s)ds| = N (k)] > O(a)( %8 ) |

0 n

O

Lemma 1.3.11 A semigroup of contractions {e'*};>o in a Hilbert space with norm
||I.|| is exponentialy stable if and only if

1. the resolvant set p(A) of A contains the imaginary axis and

2. sup ||(iN[d — A)7H| < 400

A—400

hold.

Proof The only if part is obvious. We shall prove the if part. Let w = 7 + i),
7€ [-1/2,0], M = sup{||(iA] — A)7||}, My = sup{||(wI — A)~!|[}. Then, we have
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1
I oy -1 > s Gy —1
I+ 72— ATl 2 llzll = 5 116A = A) ]
1 [El
> — et
> |fal] - rllall = 20,

then we have ||[I + 7(iA — A)7!|z|| < 2. Thus, for 7 € (=1/2M,0], —00 < A < +00,
we have w € p(A) and

Wl = Al =1IA = AT +7(A = AT
< NGA = AT +76A = AT < 20

Hence, we have

{w:=1<2My; <Rew <1/2My} C p(A) (1.3.70)

and

sup{||(wl — A)7|| : =1/2My < Re w < 1/2M,} < 2M,. (1.3.71)

On the other hand, from ||| < M,{w : Rew C p(A)} and sup{||(wl — A)7Y|| :
Re w > 1/2My} < 2MyM, we have

sup{||(wl — A)7Y|: Re w > 1/2My} < 2My(1 + M),

1
then, set A; = A+ MI’ we have there exists a positive constant number M such that
0

||6tA1H < M, thus HetAH < Me_f%fot. The theorem is proved.

Lemma 1.3.12 If a bounded Cy-semigroup e* on a Hilbert space H satisfies

iR C p(A), sup —||(iBI — A)ln < +00, (1.3.72)
18>157

from some j > 0, then for any positive integer m there exists a constant C,, > 0 such
that

Int 5
HWMMS%<7>(MWMMM> (1.8.73)

for all zo € D(A™).

For more detailled proof, we thus refer to Huang [12]



Chapter 2

Exponential stability for nonlinear
thermoelastic equation with second
sound

2.1 Introduction

This chapter is concerned with the global existence and asymptotic behavior of so-
lutions to the equations of one-dimensional nonlinear thermoelasticity with thermal
memory and second sound. We adopt the results in this chapter from [22].

The reference configuration under consideration is the unit interval = (0,1).The
equations under consideration read as follows

Ut — S(Ux, 9)5[ = 0, (211)
et + VG + ke * q: + Bumt = O, (212)
G+ q + k0, =0, (2.1.3)

subject to the boundary conditions
u(0,t) = u(l,t) = q(0,t) = q(1,t) =0 (2.1.4)

and initial conditions

u((a:, 0) = up(x), us(x,0) = uy (), ug(x,0) = ug(z), 0(x,0) = by(x), 0:(x,0) = 01 (z),

q(x,0) = qo(x), @u(x,0) = q1 ().
(2.1.5)

28
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Here by u = u(z,t), 6 = 0(x,t) and ¢ = ¢(x,t), we denote the displacement, absolute
temparature and heat flux respectively, S(u,,0) is the Piola-Kirchnoff stress tensor,
ki1 = ki(t) is the relaxation kernel. the sign * denotes the convolution product,

ie, ki xy(,t) = [o ki(t —1)y(., 7)dr.

Finally, o, 3, v are postive constants.

When the problem (2.1.1)-(2.1.3) has no the relaxation kernel &y (i.e., k1 = 0), Mes-
saoudi and Said-Houari [17] considered a one-dimensional homogeneous body occupy-
ing, in its reference configuration, an interval 7, the laws of balance of momentum,
balance of energy, and growth of entropy with the forms

( puy = 0, + b,

e +qy =0+,

r q
\ N = a9 (5)17

where the displacement u, the strain € = u,, the stress o the ‘absolute’ temperature 6,
the heat flux ¢, the internal energy e, the body force b, and the external heat supply r
are all functions of (z,t)(t > 0,z € I = (0,1)).

Moreover, the strain and the temperature are required to satisfy ¢ > —1 and 6 > 0, in
the absence of the body force b and the external heat supply r,

Ut — AUy + bex = 144y,
0 + 9q. + dug, = azqqy,

TQt+qx+k9m = 07

where

a = a(ug,0,q), b=b(us,0,q), g = (uz,0,q), d = d(ua,0,q)
T =7(ug, 0), 1 = a1(ug, 0), k = k(uy, 0), as = as(uy, 6),

the authors established an exponential decay result for solutions with sufficiently small
initial data and proved that the dissipation given by the heat conduction is strong
enough to stabilize the system exponentially.

This work has extended the result of Racke [24] to a more general situation.

We assume that S are C3-functions satisfying

08 oS



2.1. INTRODUCTION 30

Concerning the kernel, we assume that k;(t) € C'(RT) and that k,(t) is a strongly
positive definite kernel. Additionally, we assume that there exist positive constants
co < ¢1, such that for all £ > 0,

S
To simplify notations, we shall introduce —%(O, 0) = «a satisfying the product af > 0.

For the initial data, we assume that

(UO7U1,U2) € H3<O, ].) X HQ(O, 1) X Hl<0, ].),
(60, 61) € H2(0,1) x H'(0,1), (2.1.8)

(QO7Q1> € H2(07 1) X H1<07 1)7

with
! d
/ Aol =0, > = waleco = ~-S(uio(r), Bo(x). (2.1.9)
0
We put |[.|| = |[.|[z2(0,1), and we use C' (sometimes Cy, C5,...) to denote the generic

positive constant independent of time ¢ > 0.

Our main result in this chapter reads as follows

Theorem 2.1.1 Under assumptions (2.1.6)-(2.1.9), there ezists a small constant
0 < eg < 1 such that for any € € (0,€y) and for any initial data (ug, us, 6o, qo) satisfying

[luollZs + Hunll72 + (160l 72 + llgol 72 < e, (2.1.10)

problem (2.1.1)-(2.1.5) admits a unique global solution (u(t),0(t),q(t)) satisfying

( u(t) € ﬁ C™([0, +00) , H*7™(0,1) N Hy), (9u)(t) € C(([0, +00) , L*(0, 1)),

m=0
1

(k1 0)(1),0(t) € N C™(([0,+00), H*™(0,1))

(k1 % 0)(t),0(t) € C*(([0, +00) , L*(0,1)),
q(t) € C'(([0, +00), L2(0,1)) N C(([0, +00) , H'(0, 1)),

(ki * 0360.)(t), (kv * 0] 0,.)(t) € L*(([0,+00), L*(0,1)), ,i=0,1,2; j=0,1,

L iq(t), & qu(t) € L2((]0, +00), L2(0,1)), ,i=0,1,2; j=0,1,
(2.1.11)
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Moreover, the solution (u(t),0(t),q(t)) decays exponentially as t — +oo, i.e., there
exists a large time ty > 0 such that as t > 1,

a7 + @[ + 0@ + a7 < Ce™ ", (2.1.12)

where C' and C" are positive constants.

2.2 Global existence and stability

In this section, we shall prove Theorem 2.1.1. The main idea of the proof is that we first
shall prove the local solutions, by a standard contraction mapping argument, we then
can show that problem (2.1.1)-(2.1.5) admits a unique local solution (u(t),6(t),q(t))
such that

u(t) € (2] C™([0,T), H>™(0,1) N Hy), (9u)(t) € C([0,T), L*(0,1)),

(ky # 0)(1), 0(t) € mcmqo,T) H>™(0,1)),
(k1 6)(1).6(t) € C2([0, >,L2< 1)), (22.1)
(ky # 000,)(1), (b % 010,,) (1) € L2(([0,T), L*(0, 1)), i =0,1,2; j =0,1,

t (
0ia(t), 9] q(t) € L2(([ 1), L2(0,1), ,i=0,1,2 j=0,1,
[ at) € C1((10,7), L2(0, 1)) N C((0.T) . H'(0, 1))

where the constant 7" > 0 is the maximal existence interval of solutions, and second
we shall use the contradiction argument to continue the local solutions in time. The
next lemma concerns the property of a strongly positive definite kernel.

Lemma 2.2.1 Assume that k(t) € LY (R") is a strongly positive definite kernel satis-
fying K'(t) € L*(RY), thenn for any y(e) € L},.(RT), it follows that

/

where ky = ( [7 ’l%(t)‘dt)z +A( S ’l%’(t)!dt)Q and By > 0, is a constant such that
the function /%(t) — Boe™t is a positively definite kernel.

2

kxy(r)| dr < 50162/0 y(7) ko« y(r)dr (2.2.2)

Proof Define

_Jy(n), 0<7 <,
w(r) = { 0, otherwise.
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By the Plancherel identity and the fact that convolution is mapped into pointwise
multiplication by the Fourier transform,

/Ot ke s y(7) de g/;w /OTé(T—s)yt(s)ds QdT
2 (2.2.3)
o [ | it
e l?;(w)) = /;Oo e—iwtl%(t)dt‘ < /;Oo ‘I%(t)‘dt, (2.2.4)
whiu)| = ‘/Om(eiwt— 1)/%’(t)dt‘ < 2[00 #(0)ar (2.2.5)

and f denotes the Fourrier transform of f.
Square these two inequatilites (2.2.4)-(2.2.5), and add (2.2.5) to (2.2.4) to get

X 2 ko
k(w)‘ 5 1+ w?’
which, combined with (2.2.3), yields
t T 2 400 ~ 12
. k
/ / k(t — s)y(s)ds| dr < —= 9 dw
o IJo

T2 ) 14 w?

k2 +oo +o0
= 5/ yt(T)/ e~ Im=sly, (s)dsdr

t T
:kQ/ y(T)/ e_(T_S)y(s)dsdT
0 0

= /fQ/O y(r)(e” " *y)(7)dr < k250k2/0 ?J(T)(]% *y)(T)dr.

Thus (2.2.2) follows.

From (2.1.3), we can deduce that

t
q=qoe " — / e*'0,ds. (2.2.6)
0

By inserting (2.2.6) and (2.1.6) into (2.1.1)-(2.1.3), system (2.1.1)-(2.1.3) reduces to
the system
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Ut _Nuxm + aem = f7

et - kl * sza; + Buzvt =49, (227)
G+ q+ kb, =0,
where 95 95
and
g = —Vqozka — k1 * kaqog, ko =e7", ];?1 = vkky + kky * k. (2.2.9)
For simplicity, we put
oS oS
— -1 = — ) 2.2.1
771 a (U’Cta 0) ) 772 86 (uﬂf? 9) + & ( O)

x

From (2.2.10), we can derive that, if 7 > k1(0), then there exists positive constants
co < c3, such that for all ¢t > 0,

ky(t) > 0, k(1) + coky(t) < 0 < K (1) + eskq(2). (2.2.11)

If v > k1(0), from (2.2.10), there exists some time to > 0, as t > to, we have v > ki (o),
so we can define t =t — ¢y, then we have for all ¢ > 0

ki(f) >0, K (1) 4 coky(f) <0 < K (D) 4 esky(£).

Thus without loss of generality, we may assume v > k1(0).
It follows from (2.2.11) that kernel k;(¢) decays exponentially as time goes to infinity
and satisfies

];31 (0)670315 < ];?1(75) < ];71 (0)6762t.

Thus we can choose § € dg = (0, min(1,c3/2,c2/2)) so small that fo any ¢ > 0,

ke (0)e™ (/D < J(t) := e¥ky () < ky (0)e 2/ (2.2.12)

and for all ¢ > 0,

k(t) >0, k(1) + %/%(t) <0< K(t) + csk(t). (2.2.13)

Let us denote

v(z,t) = tu(z,t), ¢(x,t) = e0(x,t), pz,t) = q(x,t). (2.2.14)
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Then the system (2.2.7) can be rewritten as

Utt_vxx+a¢x:F7
¢t_]%*¢xx+5vxt:G7

pe+ (1 =0)p+ko. =0,

v(0,t) =v(1,t) = p(0,t) = p(1,t) =0,
v(z,0) = v, v(x,0) =vy, ,0(x,0) =

where

F(t) = fe' 4 20u — 6%v, G(t) = ge®' + 6¢ + 65v,,

¢07p($70) = Do,

/01 do(x)dz = /01 Oo(x)dz = 0.

We easily derive from 2.1.2, 2.1.10 and (2.2.17) that

/01 o(z, t)dx — /Olﬁ(x,t

)dz = 0.

To facilitate our analysis, let us introduce the linear problem

Vit = Vo + 0@y = F,
O, — k*x Py + Vi =G,
P+ (1—=6)P+kd, =0,

V(0,t) =V (1,t) = P(0,t) = P(1,t) =0,

V(z,0) = vy, Vi(z,0) =V, ,®(x,0) = $g, P(z,0) = B,

with

/01 Bo(x)dz = 0,

34

(2.2.15)

(2.2.16)

(2.2.17)

(2.2.18)

(2.2.19)

(2.2.20)

It follows from (2.2.18) and (2.2.20), that when (V,®) = (v,¢),(F,G) = (F,G) or

(V, @) = (v, ¢4), (F,G) = (F1, Gy + ]%(t)gbOacac);

1
/ O(x,t)dr = 0, for allt > 0.
0

(2.2.21)

In the sequel, we shall study the linearized system (2.2.19). To this end, we define the

following energy fuctions

/

[y

1
E(t,V,®) = —/
2 0,
1
@mu®=§/
0
1 1
E3(t7 V) (D) = _/ (‘/;‘,:25 +V;32$
\ 2 0

(V2 + V2 +aBf '®%)da,

(Vii + Vi + o™ ) da,

+af 1 ®2)dx.

(2.2.22)
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Multiplying the first and the second equation in(2.2.19) by V; and a3~'®, respectively,
and suming the results, we have

d 1 . 1
%El(t, V,®) = —af! / O, + kx Ppdr + / (FVi+ aB7'GP)dx. (2.2.23)
0 0

Assuming regular initial data and noting that V; and &, satisfy the same boundary
conditions, we get

d 1 R R 1
%Ez(t’ V,®) =—af™! / Ok * Oppdr — a7k (t) / D, D, dx
0 0

1
+ / (FiVi + aff~'Gid1)da
’ (2.2.24)

1 R d /[ 1
= —af! / Dk % Pppdr — aff 7 — (k(t) / q)o$<1>t$dx)
0 dt 0

d . 1 1
+@5_1£/€/(1€) / Do, Oy pdx + / (FiVi + Oéﬂflgtq)t)dl’-
0 0

Similarly, multiplying the first and the second equation of (2.2.19) by V,; and a3~ ®,,,
respectively, and summing the results, we have

1 1
GEV.®) = —ap? [ @k bodo+ [ (FVit 05100,
0 0

1 R d 1
= —046‘1/ Pouk * Popdr — %/ FVypda (2.2.25)
0 0

1
+ / (FiViu + aB G, ) dx.
0

Now we introduce the following funtions:

( E4(t7 ‘/7 (I)) = fol fox (Dtdy‘/ttdx7
Es(t,V,®) = [ Viu®dz,
Eg(t,V,®) = [ Vi, Vadz,

Eq(t,V,®) = — [} &,k®,dx,

By(t,V,®) = — [ &, k®,dz,
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Thus integrating the second equation in(2.2.19) over (0, x), using the boundary condi-
tions and the third equation in(2.2.19), we derive

/ Oy — kx D, + BV, = / Gdy. (2.2.26)
0 0
By (2.2.19) and (2.2.26), we easily get

6 6 5 1 7/
Ey(t,V, ) §—§\|th|2+§|!§m\l2+3 E(0)] ||| + [[K * ]|
2 1 T T
ot Do+ [ [ Gdwir [ eayr)as
0 0 0

1
n(t,V,®) = / (Vi + VA VA + O+ @i) (t)dx
0

(2.2.27)
Now we define

and

1
L(t,V,®) = N <E1 (t,V,®) + Eo(t,V,®) + E5(t, V, ®) + aﬁ—lk/ <I>0$<I>xdx)
0

—|—E4(t, V, (I)) + E5<t, V, qD) + §E6(t, ‘/, (I)) =+ G1E7(t, ‘/, (I)) + CLQEg(t, V, (I)),

When N > 0 is a parameter sufficiently large and

a; = 4 (a—l—z) a —i(a+4+k~21(0)+a25+a)
0 B) T ky(0) 3 s )

Under the above notations, we can derive the following lemma.

Lemma 2.2.2 There exist positive constant 31, Ba, B3, Cs, Cy and sufficiently large con-
stant N such that L(t,V, ®) satisfies the following inequalities:

d . . .
GLOV.0) < —Cun(e, Vi) 4 I 0+ [ 0l 4 [ )
1 ~ ~ A~
—OzNﬂ_l/ (Puk * Dy + Pk Dy + Pk x Dy )dx
0

2.2.28
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L(t,V,®) < B, (n(t, V,®) + ||k % By > + ||k * By||* + /2;2(75)||q>0z||2), (2.2.29)

L(t,V,®) > Bin(t, Vnd) — 53(|y/% € |2+ ||k % By |* + /%2@)|yq>0xu2), (2.2.30)

where

1
R(t,V,®) = N/ («7:‘/;5 +afB'GP + FiViy + a7 Gi®; + FiViw — aﬁ_lgcbm) dx
0

1 1 1
—N% / FViedr + aNB K (t) / Dy, ®dr — a / Gk * ®idx
0 0 0

1 x x x
+ / ( / GudyVin + / q)tdy}})da?+az / Gii + @, dz
0 0 0 0

1
n / (mg _Fo, g}"vm) i
0

(2.2.31)
Proof By (2.2.19)and integration by parts, we get
d 2 2 '
S BV, @) = =BlVisl® + of [P = | (Viu + F)Dud
0
1 A
—i—/ Vie(k % ®pp + G)dx
0
(2.2.32)
B 2, P 2 4 2
< L =z 2) @
< 5 IVaalP + SglIVasl P + (@ 5 ]
1 . 1
|k * | |” + / (ViaG — FO,)dz.
2 0
and
d 1 1
EEG(t,V,CD) = |Vizl|* = || Vael|* + a/ o, V,, + Fdx —/ FV, . dx
0 0
(2.2.33)

1 20‘2 2 2 !
< S WVeell + S IP + Virll? = [ FVud
0
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Thus it follows from (2.2.27) and (2.2.32)-(2.2.33) that

% <E4(ta ‘/a (I)) + ES(t7 V7 (D) + §E6<t7 V7 CI)))

2
< ~SVP = SVeall = SNVl + (a5 el

8 B

1 T x
—l—/ (/ QtdthtJr/ (I)tdy]:t) dzx
0 0 0

1
+/ (‘/;‘,xg —Fo, — g]'—vm) dx.
0

4, 0) L L
+la+- O |2 + < ||K B2 + [ B2 (2:2:34)
(a5 Il S < @]+ 5l 2

On the other hand, differentiating the second equation in (2.2.19) with respect to
t, multiplying the resulting equation by k x ®, and integrating it by parts, we deduce

d ~ ! ~ ~ - - -
0

1
— / (5‘/;15]{ * ®tx — gtk * (Dt)dx
0

[

k 1
< -kl )H@PH2 \IWtHQ+H<I>x\I2+ -
al k‘l(O)

k()

. 1/ . .
s 4 5 (1 @ 4 [ 02

1
+ﬁal||k*®tu’c||2 —/ gtk*q)tdl'
0
(2.2.35)
Similary, differentiating the second equation in(2.2.19) with respect to x, multiplying
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the resulting equation by k% ®, and integrating it by parts, we infer

d N . v
%Eg(t,V,(I)): —k1(0)||<1>$||2+||k:*<1>m||2+/ Gk x &, dx
0

1
_ / (BViah * @y + B, % B, )
0

(2.2.36)

1.
H%HHﬁ\\VtzHM ||k % @ |?
4@2 2]@’1(0)

_ ki
=2

1
(14 )l Bl — [ Gox @
0
Combining (2.2.35) and (2.2.36) with (2.2.34) gives

d
E (E4(t7 v7 (I)) + E5(t7 M (I)) + gEﬁ(t7 ‘/7 CI)) + Q1E7(t, V7 (I)) + a2E8(t7 v7 @))

1 .
< —Cn(t.V.2)+ (545 + —2;?0)) [ @, |
1

1 7 2 ar g 2
+[g+ @ Baas] I Bl + = ]

+ 5 Bl )l P+ RV, @)

ai

+<1521(0) +

(2.2.37)
where C'3 = min (5/16, k1(0)ay /4, 151(0)@/4). In view of (2.2.13), (2.2.21) and Poincare’s
inequality, we have

K 5 @y|| < ||k 5 By|| < Ok 5 Dz (2.2.38)

Thus it follows from (2.2.23)-(2.2.25) and (2.2.37)-(2.2.38) that (2.2.28) holds.

From the definition of L(¢, V, ®), we easily know that there exist constants (1, Bz, 53 > 0
and sufficiently large constant N such that (2.2.29) and (2.2.30) hold. The proof is
complete.

U

Now we define

M(t,V, @) = n(t,v,¢) + n(t, ve, 1) + ¢z (D)]|*.
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Differentiating the second equation in(2.2.15) with respect to t, we arrive at

¢tt - ]%1(0>¢:m: - l; * ¢zz + ﬂvttx = Gt7

which, combined with (2.2.13),the second equation in(2.2.15) and (2.2.16), yields
|¢aal * < C<||¢tt||2 + vl ? + [166]* + [Jvwl]* + IG]* + ||Gt||2>

< Cu(nlt,v,0) + n(t v, 60) ) + Cs ((Ra(0)* + ((ky k) (1)?) llpos]
(2.2.39)
Thus,

n(t,v, @) +n(t,v, o) < M(t,v,¢0) < Cg (n(t, v, ®) + n(t, vy, qbt))
(2.2.40)

O (kal®))? + ((ky # k) (0)?) lpos

By smallness condition the last formula of (2.1.11) of initial data, there is a constant
a1 > 1, independent of §, such that

M(0,u,0,q) < ar€? (2.2.41)

Using equations (2.2.11)-(2.2.14), there exixts a constant as > 1, independent of 6,
such that

n(t,v, ) +n(t, v, ¢r) < M(0,0,0) < aaM(0,u,0) < ajoge’. (2.2.42)

We derive from (2.1.7), (2.2.9), (2.2.12)-(2.2.13) and (2.2.42) that there exists a con-
stant 7y > 0, independent of §, such that

/O—i-oo{)\g(iﬁl(t))Q(HCbOxH? + ||CI)1x||2> + [Al(%/(t)y + )\20%@))2] ||¢0m||2

(2.2.43)
(R0 4 (b ko)) (8 ko (0 e <
where
206 4N2a206 206 2N2CY206 2N2O./206
A =1 Ay = = A=A NCs.
1 + c, + o3 2 c, + N 3 N 4 2+ 5

(2.2.44)
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Using the continuity of the solutions, it follows that there exist constants oy > 0 and
to € [0,T) such that

M(t,v,0) < ape?, for all t € [0,1). (2.2.45)
Now we define

t = sup{ﬁ > 0; M(t,v,¢) < ape? in [O,Tl)}. (2.2.46)

By Soblev’s embedding theorem and (2.2.46), we obtain that for any
(x,t) € 0,1] x [0,¢),

ve (2, )| + [@(, )] + [da(, )] + |@u(2, )| < Cre, (2.2.47)
which implies that for any (z,t) € [0,1] x [0,¢y),
lug (2, 8)] + |0(z, )] + |0 (x, )] + 0, (2, )] < Cgee ™. (2.2.48)
Thus, if € is small enough, we have that for any (z,t) € [0,1] x [0, 1),
|uz(z,t)| < po. (2.2.49)
Define

v=sup {|0"n];1=1,2;0<|p|] <3},
lz|+|y|<po

where 0” denotes the partial derivatives of order |p|. Recalling the definitions of 7;(i =
1,2) and using the above inequalities, we deduce

|77@| < CgE, 1= 1, 2, (2250)

with Cy = Cy(v) > 0, being a constant. By (2.2.46)-(2.2.50), we easily derive that for
any (x,t) € [0,1] x [0,11),

‘Ut(l',t)’ + ”Um(m,t)’ + ]vtt(m,t)] < 0106,
which, together with (2.2.12),(2.2.14), implies that for any (z,t) € [0, 1] x [0, ¢;),
lug (2, 8)] + uge (2, )] 4 [ug(z, )] < Crie%%, (2.2.51)

By (2.2.15), (2.2.47), and (2.2.50)-(2.2.51), we get
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[Vze (2, 1) [+ < Ce+ Celvg,(x,t)],
which gives
Vg (2, 1)| < Cla€, |uge(z,t)] < Crpee™, for all (z,t) € [0,1] x [0,%;) (2.2.52)
Similarly, differentiating (2.2.15) with respect to x, we conclude
[Vawa ()[]* < CIM(E,0,0) + | Fal[?| < CM(E, v, 6) + Ce|[vaas (B,

which gives that for any ¢ € [0, 1),

Ve ()| < CM(t,v,0) < Ci3€%, ||taee(t)|]? < OM(t,v,¢) < Cra?e™  (2.2.53)

provided that € is small enough.

Lemma 2.2.3 Under the same assumptions as in Theorem 2.1.1, the following in-
equalities holds for any t € [0,t1):

1 1
/ FiViudzr < C(6 4 ) M(t, v, $) — 1i/ mVz2dr, (2.2.54)
0 2dt J,
1 1 d 1
/ FiVidr < C(6+ €)M(t, v, ) + ——/ m V2 dr, (2.2.55)
0 2dt J,
1
/ Flide < C(5+ O M(t, v, 0), (2.2.56)
0
1
/ FVipwdr < C(6+ e)M(t, v, ¢), (2.2.57)
0
1
/ Fidx < C(5+e)M(t, v, ¢). (2.2.58)
0

Proof We only consider the case of (V,®) = (v, ¢;) and F = F; to prove (2.2.54).
The case of (V,®) = (v, ¢) and F = F is simple. By (2.2.8) and noting that

Ftt = ftteét + 25ft66t + 52f€6t + 25Uttt — (SQUt,
fit = Mt + 2010800 + M Uszprr + N20t0p + 2126050 + 12054,

Tt = (Uxt, et)Hm (Uxt, et)T + VTIL(Uztt, ett)a e = Vﬁl-(um et)u
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equalities hold for any t € [0,t1):
R(t,v,¢) < Cle+0)M(t,v,¢)+ (C6 + %)Ili% 5 a2 + OO * Braal|?

G

450t (osell + loraell + 1161 + 1011
(M () + Xk ) o> + Aa (F ()11

e (ka8 + (k5 k) (£)? + (k5 k) (8))2 ) [poa

d '[N .
tJo L2
(2.2.59)
1 R 1
N [ R < Clet 9M0.6) = Nag~ k) [ nabuads
0
' (2.2.60)

N2Oé204
20152

S %<n<tvv7¢) +n(tvvt7¢t>) + ]%2<t>’|¢01x’|2

Let us introduce the following functions

1
Tl(t) = L(t7 v, ¢) + L(t,’Ut, ¢t) + N/ (va:r + Evtxm)dx
0

N 1 . 1
+§ / nl(vfm — vfm)dx + Nozﬂ_lk‘(t) / O0ze Prpd.
0 0

Then it follows from (2.2.40),(2.2.48)-(2.2.53) and lemmas 2.2.2-2.2.5. that if € + 0 is
small enough

Tu(t) < (52 + %) (n(t, v, 6) +n(t, v, @)) 4 Ce+ OM(t,v, )

N2a2C)y - . . )
) gl + ([ 1l + 118 5 el + [ 6] P (2261
20313,

1k % duall” + K2(8) | Gou I + /%Q(t)HQSuH?)
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)< (B + 5 ) Inlt,0) + (e, )
+CCle+0) ((al0))? + ((hr * k) (1)) el
(2.2.62)
N2a204
20152

+(Bolldoal? + Ballral P + 60wl 2) 1201

+ﬁ2<HI% # Ol + 11 x Gl [* + 1k * 6] + [k * dual|* Big)

T (t) > %[N(t, v, @) + n(t, v, )] — Cle+0)M(t,v, p)

_ N2a204
26155

B (O Goasl2 = B (115 5 60l 2 + 11 % Gul|? + 11+ 6]

1 % fral |” 4+ B2 (8o + /%Z(t)H%Hz)

in(t,,9) +n(t, v, 00) (2:2:63)

v

~C5Cle+0)((ka(®))? + (ky * k2) (1)) Ipos |

N2Oé204

2.2
355, 160l ()

— (Bell0a > + Bel 112 +

+63(Hl% Ol [2 + ||k * dul|> + ||k * ¢ul|? + ||k * bra| |2 Big)

()= Ya(ICCle+8)((alt)? + (ko) (1)) o P

N2Oé2C4

257 !Iaﬁoxx!\?) k2 (1) (2.2.64)

o+ ( Bal 0212 + Bol [ I +

85 (11 61l 2 + 1] Gl + 1% @2 + |1k * 6] Big).

Then it follows from (2.2.63),(2.2.13) and (2.2.40) that if e+ is small enough, we have

ﬂl(n(tavvd)) +n<t7vt7¢t)) ﬁl
T(t) > . > 406/\/1@,@, 9), (2.2.65)
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%T(t) < %Tl(t) + %(n(t, v, ) + n(t, v, 1))
(2.2.66)

a8 (|1 % Bial P + 11 5 a2+ |1 = 6,12
Proof of Theorem 2.1.1 We shall assume that the initial data belong to H*(0,1).

Our result will follow the standard density. By virtue of Lemmas 2.2.4 and 2.2.5, we
easily obtain

d Ly . -
ETl(t) < —Naﬁfl / <¢xk * Oz + 200k * Gz + Priak * Dy
0

Cs

_03(n<t7 v, ¢)7 n(t7 U, th)) + 8_C«6M(t7 v, ¢)

+Cis(e + O)M(t, 0, 0) + Ca(|[F % 6u2 + |1+ G
) 2 ) 2 7 2 ai» 2
11 Guaal |2+ 11+ el P+ 11 Gl ) + 11 5 G
+Co0 (11 Gl + 1k 5 Gl 2 4 1 5 1)
[ 02 + 2o (6(2))2] [ 9oael I + As (B (6)2 (01l + 1 60el )

| (Ra(1)) + (U = R2) (D) + (kKo )' (8))2 e
(2.2.67)

which, together with (2.2.65)-(2.2.66), yields that if € 4 ¢ is small enough
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d

1
STt < ~Nap™ / (60h # 6+ 261 5 s+ Gk * 1
0

+¢xxl% * ¢xa: + ¢txz];3 * gbtxm)dx

=St v.0).n(t.v.00)

#(200+ 5 (1 % .l + U o0l
e Gl + 1 G2+ [ % il ) +
+ P00+ Do) el + AalF )1l + 1ne 2

[ (o (8))2 + (k5 o) (D)? + (kK ) () poal
(2.2.68)
Integrating (2.2.67) with respect to t, using Lemma 2.2.2, (2.2.62)-(2.2.65) and (2.2.42),
taking € and ¢ small enough, we deduce

T(t) +%/ ( (T,U,¢)+H(T,Ut,¢t))d7

2 Jo

t 2 1
i [ [Z|!/€*8Z¢z||2+ZHk*8Z¢zH2 dr
0 |i=0 i=0

N2&204
BrBa

(2.2.69)

0[104262

< (B Bo)

/;?1(0) [2(51 + B2) +

] a1a262 + ?7062
2

= (Q3€”.

Thus it follows from (2.2.40), (2.2.43), (2.2.65) and (2.2.69) that for any ¢ € [0, ),

M(t, v, 9) +—/MTU¢

—1—402017/ <Z||k*a;¢z||2+Z||k*8§¢m||2> (2.2.70)

S 406(1/362
b
Letting t — ¢, in (2.2.70), we have

= (ap — aya0) €2
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M(tl, v, ¢) S (Oéo — 061CK2>€2 S CY0€2,

which contradicts the definition of t;, By repeating the same procedure, taking e
even smaller if necessary, and using the continuity of M(t,v, ¢), (2.2.70) is established
for all £ > 0. On the other hand, it is easy to verify that for all £ > 0,

CM(t,0,0)e® < M(t,v,¢) < M(t,0,v)e*", (2.2.71)

By (2.2.11), we deduce

%(Z 10k % 6. ) (1)1 + (i » aqum><t>||2>

| /\

(Z 10k % 00 )O)I1° + [1070.) (0)]%) + H(’%*@Z%x)(?ﬁ)|12+I\qﬁxx(t)\\z)

< C( [k % 8} a) (0)]12 + || (k% 0} b)) +M(t7v,¢>)>'

i=0
(2.2.72)
Integrating (2.2.72) with respect to ¢, and exploiting (2.2.70), we finally obtain
1 ~
> <|| (k % 0}0) (0)]* + 11k 5§¢m)(t)|l2> <C. (2.2.73)
=0

Then by (2.2.6), (2.2.14), (2.2.70), (2.2.71) and (2.2.73), the proof of Theorem 2.1.1 is
now complete

U



Chapter 3

Energy decay for Timoshenko-type
system with a past history

3.1 Introduction
In this chapter, we shall consider the following Timoshenko-type system

P1Pu — k(gpx + ¢)x =0,
Pt — Dby + [o7 g(8)0ua(t — 8)ds + k(o + ) + 60, = 0, (3.1.1)

P?ﬁt - Beacx + 51/}:1::5 - 07

with positive constants pq, ps, p3, k, b, 5, 0 together with initial conditions

©(.,0) = w0, i(-,0) =1, ¥(.,0) = o, ¥u(.,0) =1, 0(.,0) =0 (3.1.2)

and boundary conditions

0(0,t) = p(1,t) = (0,t) =¥(1,t) = 0(0,t) = 0(1,t) =0, (3.1.3)

where the functions ¢,¢ and 6 depend on (z,t) € [0,1] x [0,+00) and model the
transverse displacement of a beam with reference configuration (0,1) C R, the rotation
angle of a filament and the temperature difference respectively.

In this chapter, we have extended and improved those results in [26] with weaker
conditions on g, that is, we shall use a different method (the multiplier techniques,
which was also used in [18]) from that in [26] to prove the exponential stability result
which was also obtained in [26] only for the case of equal wave speeds. Furthermore,
we also prove a polynomial stability result which has been never studied before.We
adopt the results in this chapter from [23].

49
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3.2 Preliminaries

In order to state our main result, we make the following hypotheses:
(H1). g : R™ — R™" is differentiable function such that

+o00
g(0) >0,b— / g(s)ds =b> 0.
0
(H2). There exist constants v > 0 and 1 < p < 3/2 such that
g'(s) < =79"(s), Vs 2 0.
Following the idea of [10], we introduce

n'(z,s) = Y(x,t) —Y(x,t —8), s >0

and obtain the following initial and boundary conditions

n'(x,0) =0, n'(0,s) =n'(1,s) =0, n°(x,8) =no(x,s), forall s,t>0.

Clearly, (3.2.1) gives
Uf(ma 8) + Uﬁ(ma 8) = wt(x7 t)

Remark 3.2.1 Under the hypothesis (H1)-(H2), it is easy to verify that

+o0 +o0
Go = / g"*(s)ds < +oo, G, = / g°(s)ds < +oo, 1 << 3/2
0 0

50

(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)

From semigroup theory (see, e.g., [14, 29]) we have the following existence and regu-

larity result, for the explicit proofs, we refer the reader to [26].

Lemma 3.2.1 Let (po, ¢1), (to,%1) € H3(0,1) x L?(0,1),6, € L*(0,1). Assume that
(H1) is satisfied, then problem (3.1.1) has a unique global weak solution (¢(t),1(t),0(t))

verifying

o(t),v(t) € C(RT, H}(0,1)) N C(RT, L*(0,1)), # € C(RT, L*(0,1)

Moreover, if

(0, 1), (tho, ¥1) € (H5(0,1) x Hp(0,1)) x Hy(0,1), 65 € Hy(0,1)

then the solution ((t),1¥(t),0(t)) satisfies

o(t),¥(t) € C(RT, HZ(0,1) x HL(0,1)) nCHRY, HL(0,1)) N C*R*, L?(0,1)),

O(t) € C(R*, H2(0,1) x HE(0,1)) N CY(R*, H(0,1)).
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3.3 Case of equal wave-speeds

In this section, we shall state and prove a decay result in the case of equal wave
speeds propagation. First, combining (3.1.1)—(3.1.3) and (3.2.1)—(3.2.2), we give a
reformulation system as

[ p1pee — k(pz + ) =0,

/)21/% o Z_)wzm - 0+OO g(s)ngsx(t - 5>d5 + k(@m + w) + 693: = O>
(3.3.1)

pSQt - ﬂea:ac + 5¢:vt = 07

\ 775(9573) + 772(9573) - %(%3) =0,

in (0,1) x (0,400) together with initial conditions and boundary conditions

©(-,0) = w0, @i(.,0) =1, ¥(.,0) = o, ¥u(.,0) =1, 0(.,0) = by, nt(a:,O) =0

(3.3.2)
p(0,1) = p(L,t) = ¥(0,t) = ¥(1,t) = 0(0,¢) = 0(1,1) = 1'(0,5) = 'L, 5) = 0.
(3.3.3)
The associated energy of system (3.3.1) is given by
I _
B() = 5 | (0rcd + put? o+ put? + Hliw + 0 + B
(3.3.4)

0
1 1 —+o0 ' 9
+5 9(3)|77z<$73)| dsdz.
2 0 JO

Let L2(R*, Hj) be the Hilbert space Hg-valued functions on R*, endowed with the

norm
1 400 1/2
||w||L3<R+7H5>=<// g(s)|nj;(x,s)|2dsdx> ,
0 0

We are now ready to state our main stability result.

Theorem 3.3.1 Let (@, 1), (Yo, 1) € Hy(0,1)x L*(0,1),n4 € L] (]R*, H{(0, 1)) and
_ P2

0y € L*(0,1). Assume that (H1)-(H2) and % = are satisfied, then there exist two

positive constants C' and w, such that

Et)<Ce™, p=1, forallt>0, (3.3.5)
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E(t) <

S Gy P> L Joralt 20, (3.3.6)

The proof of our result will be established through the following several lemmas.

Lemma 3.3.1 Let (¢,1,0,n") be the solution of problem (3.3.1), then we have

1 1 1 +o0
‘() = —5/ 02dx + 5/ / g (8)nt(z,s)|*dsdx < 0. (3.3.7)
0 o Jo

Proof of the lemma and the enegy function
Multiplying the first equation of (3.3.1) by ¢, and integrating their sum over (0,1), we
can obtain the following formulation

1

1 1d B 1
| oreu = kg + vt = [5Gt ke + 04k [ (o + ) puds =0
0 v~ 0

0

=0
(3.3.8)
Multiplying the second equation of (3.3.1) by 14, and integrating their sum over (0,1),

we can obtain the following formulation

1 +o0
/ (P21 — by — /0 g(8)nt (t — 8)ds + k(pp + 1) + 00, )¢dr =
1 _rl 400 . 1 +o0 t
/0 2 dtwt M b / (Vatur)d — — /0 (9(8)nx>|x:éd€: + /0 /0 9(s)ntebydsdz

v~

=0

1

_ /0 SOy + b /0 ——w2dx+ / / " g ndsda + b / (0 )z / Oy
(3.3.9)

Now using the value of ¢, in the fourth equation of the system (3.3.1) we get the
following result

1 +o0 1 +00
/ / 9($)muedsdr = / / 9()nS (1 + 10 ) dsda
0 0 0 0
oo g - L B
- d = (a2
= [ [ smeorasis [ [ g5 otasds

//mli s+ lim (o(5)0))i5%
thg o T—%Toog S\ )ls=0

+oo
/ / dsdaz

(3.3.10)
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Substituting the result of (3.3.10) in (3.3.9) results

1 1d 1d +oo 1
/ Svtde 5 [ 3oyt [ / (Obudsiz + 1 / (e )it - / s =
0 0

2dt
1 d 1 d ) +oo
0 thwtd r+b O ——w dr +k (sox+w Yyda — 9¢xtdx+ 5%g nt)*dsdx
1
+rl_Z>TOO(§g( / / )2dsdzx
(3.3.11)

Multiplying the third equation of (3.3.1) by ¢y, and integrating their sum over (0,1),
we can obtain the following formulation

! 1d
/ [030; — B0,s + Otbu)0d = / 5 0%dr = (59 0)|7=} +3 / 02dz + 6 / bz = 0
(3.3.12)
From (3.3.8)7 (3.3.11) and (3.3.12) the following results
Ld [ + 7 + b2z + k(o + ¥)( +¢d+ ” )?dsd
th t €z Qpac ¢90:Et t)Ax th Sar =
1 o= e )2 2
_TLZToo(ég (nt)?) 5= 0—|—/ / )(nt) dsc&—ﬂ/ 0.dx
(3.3.13)
we conclude that
1d 1[ 27+ by2)d +k:/11d( +1)*d +——/ /+OO )dsdx =
odt J, T ”x102dt% Yo =
1
~tim Gz [ g s g [ o
r—too2 0o Jo 0
(3.3.14)
U

Lemma 3.3.2 Let (p,v,0,n") be the solution of problem (3.3.1), then we have for
1 <p<3/2,

+o00 _ +o0
/ / )0k (z, s)|? dsdx < C/ / s)|n¥ (x, s)|Pdsdx (3.3.15)

for a constant C > 0.

Proof Using Holder’s inequality, it is straightforward to see that, for any r > 1, we

have
1 “+00 ) 1 “+00 L _—
/ / o(8) e (z, 5)Pdsdz = / / g3 (g (2, 8) 7 dsde
0 0 0 0

+o0 +0o0 2r—1 T71
/ / g2 (8)|nF (z, s)|? dsdm / / g2 =2 (s)|nf (x, s)| dsdm) :

=
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Then from (3.2.1), (3.2.4), (3.3.4) and (3.3.7) it follows

+00 +oo
/ / g2 (s)|nf(x s)\ dsdx < 2E(O)/
0

Taking r = (2p — 1)(2p — 2), we can derive (3.3.15).

-
to\»—A

g2(s)ds = 2GoE(0).

Lemma 3.3.3 Let (p,1,0,n") be the solution of problem (3.3.1)-(3.3.3), then we have
for 1 <p<3/2,

/O (/;OO ()1 (, 5)ds) <G, / /m (e, s)Pdsdz.  (3.3.16)

Proof Using the Cauchy-Schwartz’s inequality, we get

[ sas = [ et < ([ g )

([ i sras) "

Therefore (3.3.16) follows from (3.2.4).

1/2

O

Now we are going to construct a Lyapunov functional F(t) equivalent to E(t). To this
end, we define several functionals which allow us to obtain the needed estimates.
Let

1
I ::/ (prprw + patyth)de, (3.3.17)
0
where w is the solution of
Wy = ¢x7 Wy = w1 = 0.

Lemma 3.3.4 Let (p,1,60,n") be the solution of problem (3.3.1)-(3.3.3), then we have
for any e1,¢1 >0,

dI, ()
dt

1
< (—5—1—2@1)/ 1/)dx—|—61p1/ gpfdx+ ,02—1—— %dw

1 +oo
— dsd
po [ s 2 [ [ g pasie

Proof Taking the derivative in ¢ of (3.3.17) and using (3.3.1), we obtain

(3.3.18)
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dI
1(t) _ —b/¢dx+p2/ Y2de —k /1/12dx
“+oo
—i—k:/ wmdx—l—pl/ twtdx—/ mﬁ/ s)nf (x, s)dsdx.
0

Using Young’s inequality and the following inequalities

/ 2dx<C/ ¢2das<C’/ Yidx
0

1
/ dx<C’/ wmdx<0/ Vidw
0 0

we find that

dl(?) - b by
7 < (—b+01)/ %dﬂﬁJrf‘flpl/ @tdl‘+ ,02+— /%Utdx
0 0

+oo
92dw—/ w:c/ s)nd(x, s)dsdx.
461

By using (3.3.16), the last term on right-hand side of (3.3.19) can be estimated as

follows
1 “+o00 1 +oo
'— [ [ st sasia| < o [ ozaes 22 / | s pasas
0 0 0 dey
(3.3.20)

Inserting (3.3.20) into (3.3.19), we can obtain the desired result.

(3.3.19)

O

Lemma 3.3.5 Let (p,1,0,n") be the solution of problem (3.3.1)-(3.3.3), then the func-
tional I5(t) defined by

1 “+00
L= —ps / bz, ) / o8y, s)dsde

satsifies the estimate

dI(t ! o [ '
dhy(t) < _ P29 / Vi + b / Vida + eok? / (¢ + 1) ?dx
dt 2 0 0 0
) 1 ) 1 * +o0
+e20 / Ordr +G,(1+ — / / ! (x,s)dsdx
A p( dey Az, e 5)

* 1 +00
SCHO [ e sydsds
2p2 Jo Jo

(3.3.21)
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for any e9 > 0, where gy = 0+°°g(s)ds.

Proof Using (3.3.1) and Young’s inequality, similarly to (3.3.18), we can easily obtain
the result.

U

Next we introduce the functional

+oo
Is( _[)2/ ¢t¢x+¢diﬂ+ /@stﬁtdfﬁ+—/ <pt/ (s)nf (z, s)dsdz.
(3.3.22)

Lemma 3.3.6 Let (p,v,0,n") be the solution of problem (3.3.1)-(3.3.3), then for any
g9 > 0, we conclude

dI5(t _ oo =1 !
0 < (outbnt [ oot n))[) <k [ et et [ v
0 =0
1 52 +oo
+253/ daH—E Qde— Cles / / s)|nt(z, s)Pdsdz.
3

(3.3.23)
Proof Differentiating I3(t) and using (3.3.1), we obtain

d 1 _ +0c0
I;Et) = /0 (0o +)dx <b¢m + /0 g(s)n*(x,t — s)ds — k(p, + 1) — 5696) dx

/ wtdIer/ Va(Pa + ¥)ods + (——m)/ Vtoprda
& 1 +o0o . 1 +oo ]
Ao [ amttesasdat [ (et [ oo s)dsds

k b
Using — = — and Young’s inequality, we conclude (3.3.23),
P11 P2

O

We now define the following function to handle the boundary terms appearing in
(3.3.23)

q(z) =2 —4z, z € [0,1].

Consequently, we have the following result.
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Lemma 3.3.7 Let (p,1,60,1") be the solution of problem (3.3.1)-(3.3.3), then we have

(% (1_)1/195 + /0+oo g(s)n(x, s)ds))

1

€s d ! 2p€ !
< _=8 p1q(T)prpdr + 353/ goidx + s / gp?dm
k dt |, 0 E o Jo

1 d 1 _ +oo 1
S p2q(x) e | bip, +/ g(s)nt(x, s)ds +45203/ Hidx
des dt ) 0 0

1 (= oo
—l——< —|—53)/ Yidx + —(4—|— )/ / (8)|nt(x, 8)|*dsdx
€3 4€3 C3

2
L (o + )2

0

1 +00
~pag(0)eles) / / §(8)ln(z, ) Pdsdz,

for any c3, €3 > 0.

r=1

=0

(26 + £3) / e + 2
43

(3.3.24)

Proof Using Young’s inequality, we easily see that for e3 > 0

<sox (ot [ atomito s)))

+ S (51/195(0, t)+ /+00 g(s)nt(0, s)ds)2 (3.3.25)

€3

r=1

=0

<eot (42004 ¢20.0)

+L<b¢x(1 t)+ /0+°° g(s)né(l,s)ds)z.

483

Exploiting

+

= /01 p2q()hy (wa /;OO g(s)n.(z, s)ds) da
= /01 p2q(x) 1y <l_)¢z + /0%0 g(s)n (=, s)ds> dx

! _ +oo .
+/0 p2q () (b¢tx+/0 g(s)n;.(z, S)dS)da:
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and (3.3.1), we get

1

d - oo
i), pgq(x)wt(b%nL/O g(s)n;(x,s)ds)dx

— /01 q(z) <5¢m + /0+00 g(s)nt (x,8)ds — k(p, + 1) — 5@)
(3.3.26)
X <5¢x + /0+00 g(s)n(x, s)ds) dx

+ /01 p2q(2) (Z_ﬂ/}x + /;OO g(s)nt(z, S)ds) de.

A direct calculation shows

/01 q(x) (5%1; + /0+Oo g(s)n,(z, s)ds) (5% + /OJFOOg(s)n;(x’ S)d5> d

= —%/01 ¢ (x) (5% +/O+OO g(S)ni(an)dS)zdif (3.3.27)

(1 (bows [ mttansyas) )

By using (3.3.1), the las term in (3.3.26) can be treated as follows
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1 _ “+00
[ oty (mm / g(s)n;u,s)ds)dx
0 0
_ 1 1 +oo
— oo / o) rtbndz + po / (@), / g(s)nts (2, 8)dsdz
0 0 0

P2l_7 ! / 2 ! e t
=5 | a (z)ide +po | q(x)y g(s)n;,(z, s)dsdx
0 0 0

b ! 1 +o00
= —%b i q/(x)¢§dx+P2/0 q(x)@bt/o 9(3) (o (t) — 0t (2, 5))dsda

/02(_7 ! / 2 ' ' e t
= —— td t%Wte — t sT\" dsd
2 [ d@wide oo [ at@has = [ @ [ atshita(es)dsds

T 1 1 +o0
- _M/O q’(x)¢fdx+p2/o q(x)q/;t/o g (s)nt(z, s)dsdz.

2
(3.3.28)
Inserting (3.3.27) and (3.3.28) into (3.3.26), we arrive at
_ +oo 2 _ +oo 2
b, (0, t(0,s)d b, (1,t t(1,8)d
(boc0.0+ [ a(s1t0.9)5) + (B + [ gloir.sas)
d 1 _ +o0
=% ). p2q(z)1y (wa+/0 g(s)n;(x,s)ds)dx
1/ +00 , 2
+2/0 (wa—ir/o g(s)n,(z, 3)(15) dx
(3.3.29)

o @)+ ) = e o)is ) s
-5 [ o, (b | e o)is)do

1 1 +oo
+2p2(5+go)/0 @/)fdaerpz/O Q(x)wt/o g'(s)ns(x, s)dsdx.

We now estimate each term on the right-hand side of (3.3.29), by exploiting Young’s
inequality and (3.3.16) as follows: The second, third and fourth terms can be estimated
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as

1 +o0 2 1
2/ (l_)wl,—i-/ g(s)ni(x,s)ds) dr < 41_)2/ Vide
0 0 0
+o0
+4G), / / s)nt (z, s)|*dsdz,

(3.3.30)
e [ a0 (Bt [ glominsiis )i
< 2/@’ / ) (0w + ) (b% + /OJroog(s)ni(x, S)ds) dm‘

1 1 _ +oo
< 4k, / (et 0P+ o | <b¢x+ / g(s)nﬂx,s)ds)das

1 [_72 1 +o0
< 4k:203/ (¢s +0)dx + —/ Yidx + —/ / (8)|nk(z, s)|*dsdz,
0 2¢c3 Jo

2C3
(3.3.31)
and
1 _ +o0o
o [ o (boc+ [ atontesias ) e
0 0
< 25‘/ (bwz / g(s)n(x, 5)ds>dm‘
(3.3.32)
1 1 _ —+o0
< 46%c3 / 02 + — (b@/}x + / g(s)nt(x, s)ds) dx
463 0
+oo
34520/92+—/wd+ // s)|nt(x, s)*dsdz,
The last term can be handled similarly
1 +oo
o2 [ @i [ gt sydsds
0 0
(3.3.33)

1 1 “+o00
< poe / Y2 — pag(0)C(es) / / §($)n’ (x, 5)Pdsda.
0 0 0
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Combining (3.3.29)-(3.3.33), we obtain

(0,004 [ alsint01as) + (Brat0+ [ ottt 9)is)’

1

< —
= dt

+oo
+b (4+03>/ Yidx +—+G <4+03>/ / (8)|nt(x, ) Pdsdz  (3.3.34)

1 1 —+o00
a5 [ 62— pugl0)Cle) [ / J ()i (z, )dsda.
0 0 0

Similary, using (3.3.1), we arrive at

[ty (5o [ lomitos)is ) s

1 1
plqgotgpxd:v < k:(gpx( )+ g%(O)) + 3k/ 2dw + k/ Vidr + 2,01/ ldz.
0
(3.3.35)

dt

Hence the assertion of lemma follows from (3.3.25), (3.3.34) and (3.3.35).

Lemma 3.3.8 Let (p,¢,0,n") be the solution of problem (3.3.1)-(3.3.3), the functional
14 defined by

1 1
Iy = —m/ sotwdfv—pz/ Ypdx
0 0

satisfies the estimate

T 1
ES /gotd:p—pg/ Vidr + ( b+253/1/1d:17—|—6 02dx
dt 453
(3.3.36)
+o00o
+k/ (o + 1) dw+ / / (8)|nt(z, 8)|*dsdz,
for any €3 > 0.
Proof Tt is easy to check that
dl, L L o 1
— = —p [ widx—po | Yidr+0b [ Yidr+0 | O.0dx
dt 0 0 0 0
(3.3.37)

1 1 400
Tk /0 (o + Yo + /0 " /O g(s)r(z, s)dsd,



3.3. CASE OF EQUAL WAVE-SPEEDS 62

and for Lemma 3.3.3 and Young’s inequality, (3.3.36) follows.
Now for N, Ni, No, A > 0, we define a Lyapunov functional F(t) as follows

1
e
0

1 “+00
+4%3/0 P2Q($)¢t(5%+/o g(S)ni(JJ,S)dS)dx-

Using (3.3.7), (3.3.18), (3.3.21), (3.3.23), (3.3.24) and (3.3.36), we get

(3.3.38)

1

1 1 1
—F(t) < Tl/ V2da + TQ/ ©2dr + s [ Yidr + T4/ (02 + 1) 2da
0 0 0 0

+oo
+75 / szx—i-CQ/ / ()| (z, s)|*dsdx (3.3.39)

1 “+00
LN -0 / / ¢ () (z, 5)Pdsde,
0 0

where (', Cy are positive constants independent of N and

( Tl = —Nl(l_)— 201) + N2€2(_)+ 0(037 )\’83)7

d
dt

2p1€
Ty = Nig1pr + 3+ pllc S Ap1,
1

T35 = Ni(p2 + &) — No—— Jopz + po+ — — Apa,

4eq 2 4e4

k‘203
T = —k +— + N252k + 2(353 + /\k‘)
€3

1
Ts5 = —NB+ — + e36%cs.

\ 401

Now we choose our constants very carefully and properly so that there exists a constant
w1 > 0, such that the following form holds

if()_ —u</1 (¢2+¢f+¢?+9§+(%+¢)2>

[ e ).

On the other hand, we know that F(t) is equivalent to E(t), i.e.

(3.3.40)
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F(t) ~ Et) (3.3.41)

We are now ready to prove Theorem 3.3.1.
Proof of Theorem 3.3.1 We distinguish two cases.
Case 1 p = 1. From (3.3.40) and (3.3.41), it follows

d

ZF(t) < —wF(t). (3.3.42)

Integrating (3.3.42) over (0,t), and using (3.3.41), (3.3.5) follows immediately.
Case 2 p > 1. Firstly, from (3.3.4) and (3.3.7), we derive

1
0

+c/ (/ s\t (z, 5)| ds)Qp_ldx

(3.3.43)
1
< CmE) / (424072 + G+ 02 4 (o +0)?)d
+oo
+C/ / s)|nt(z, s)|Pdsdz.
Combining (3.3.40), (3.3.41) and (3.3.43), we have
F'(t) < —CE*7(t) < —CF*(t),
which, integrated over (0,%), leads to
C

Fit) < ——— (3.3.44)

— (t+ 1)1/(21?—2)‘

We observe that

[ sttt opasas
S </01 /O+OO |77§:(9078)|2dsdx> (/ /+OO s)|1z (2, )] dsdx)

1/p

(3.3.45)
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and use (3.3.4) and (3.3.44) to conclude, for p < 3/2,

1 +00 1 400
// Int (z, 5)|*dsdr = 2// W, (7, 8)|*dsdx
o Jo o Jo
1 +o00
—|—2/ / |V, (z,t — 5)|*dsdx
o Jo

1 4 t
Qt/ |¢I(x,t)|2dx+z/ E(t — s)ds
0 0

IN

< Ct o t ds
S Grovem e Y G sy U@

< A

where A > 0 is a constant independent of ¢. Hence, we get
1 +o0
/ / |, (, 5)[Pdsdz < A. (3.3.46)
0o Jo

Consequently, a combination of (3.3.45) and (3.3.46) gives

+oo ) +oo 1/p
/ / s\t (x, s)|2dsdr < AP~ /p / / s)|nk(x, s)| dsdx)
+oo +oo
// nxa:s]dsdx <C’/ / s)|nt(x, s)|*dsdz.

Similarly to (3.3.43), we obtain

or

1
Bt < C / (2 402 4 @2 4 02 1 (9 + 0)P)da

+o0o
+C’// s)|nk(s)|*dsdx,

which, together with (3.3.40), (3.3.41) and (3.3.47), yields

(3.3.47)

F'(t) < —CFP(t). (3.3.48)
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Integrating (3.3.48) gives

F(t) <

< m, (3.3.49)

which, along with (3.3.41), yields (3.3.6). This complete the proof of Theorem 3.3.1.

3.4 Case of nonequal wave-speeds
In this section, we treat the case of different wave speeds propagation (% =+ %) , wWe

shall show that if the initial data are regular enough, the solution energy F(t)decays
in the rate of 1/t when the relaxation function g decays exponentially.
Define the second-order energy as

El(t) = E(‘pb ¢t; gta 771%)7

where F is given in (3.3.4).

Theorem 3.4.1 Let (pg, ¢1), (Yo, 1) € (H*(0,1)NHL(0,1)) x H}(0,1), 6y € H}(0,1)
and ng € L;(R*, H*(0,1) N Hy(0,1)).
Then there exists a constant C' > 0 such that for allt > 0,

Et) <ot V=1 p>1, (3.4.1)

In order to prove the above theorem, we need the following two lemmas.

Lemma 3.4.1 Let (p, v, 60,n") be the solution of problem (3.3.1)-(3.3.3), then we have

1 1 1 +o0
E'(t) = —B/ 02 dx + 5/ / g (s8)nt (x,8)Pdsdx < 0. (3.4.2)
0 o Jo

Proof: Similary to Lemma 3.3.1 we can prove the lemma.

Lemma 3.4.2 Let (¢,1,0,n") be the solution of problem (3.3.1)-(3.3.3), then for any
g3 > 0, we conclude
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=1
dI;(t - oo !
o) %(b%ﬂL [ st s>) k[ ot 0
dt 0 o 0
1 1 1
¢tdx+53/ Y2dx + — 9idx
483

(3.4.3)

1 —+o00

Ce [ [ gl s dsda
o Jo
+oo

Cles // (8)|nt (2, s)|*dsda.

Proof Similarly to the proof of Lemma 3.3.6, we obtain

dl 1 _ 400
DO ot i) (Bt [ alsihalo.t = o) = bl +0) + 00, o

/wtcmb/ Ul + 0hade+ (22—, /wmsotd:c

! oo 1 +o0o
_%/ sot/ g<5)77§x<l’78)d8d$+/ (sox+z/;)z/ g(s)1t (, s)dsdx.
0 0 0 0

Since 2L #* @, we have to handle the term fol Vizppdx on the right-hand side of the

k b
above equation. To this end, we use the idea of [26] to obtain

/Olwmsotdx =i 01 (/O+oog( )11 (2, S)ds)sotdx—glo 1 (/;00 g'(s)m, (x, S)dS)(;ole

Therefore, using Young’s inequality and (3.3.16), we obtain the following two estimates

i(%b ) [ ([ otoriato. )t

+oo
2dx + C(e3) / / (8)|nk, (z, s)|*dsdw

i(%b o) [ ([ demtto.oyis)s

E- 1 1 +oo ,
<= | ppda - 9(0)0(53)/ / J(s)nt,(z,s)*dsdz.
0 Jo

(3.4.5)

and

(3.4.6)
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Inserting (3.4.5) and (3.4.6) into (3.4.4), using the estimates of Lemma 3.3.7, we obtain
the desired result (3.4.3) .

O
Proof of the Theorem 3.4.1 We define a Lyapunov functional F as follows
1
Ft)y= N(E(t)+Bi() + Nl + Naly + Iy + Ay + 7 / P11
0
(3.4.7)
1 1 _ +o0
bt [ty (B [ et s )
€3 Jo 0
Consequetly, we get
d 1 ot 1 1
dt]:< ) < T1/ Vidr + Tg/ Ol + s [ p2dr + T4/ (¢ + 1) ?dx
0 0 0 0
+oo
+T5/ 0 d:v—i-Cg/ / s)|nt(x, s)|Pdsdx
N 1 “+o00
sy =) [ [ g s)Pdsds
2 o Jo
N 1 “+o00
TR / | g6t Pdsis
o Jo
+00
C(es / / s)nt, (z, s)|*dsdu,
where
ng = Tg + €3.
Similarly to the proof of (3.3.40), there is a constant p; > 0 such that
d 1
GFO< ([t 024 (ot 0
+00 +o0
/ / s)|nt(x, s 2dsdm—l—/ / (8)|nt,(x, 5)] dsdx)
(3.4.8)
Case 1 p=1: For p=1, it is not hard to see
d
—F(t) < —cE(t). (3.4.9)

dt
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Integrating (3.4.9) and noticing (3.4.7), we get

68

/ t E(s)ds < C’(]—“(O) - ]—"(t)) < OF(0) < C(E(O) + El(t)>, for all £ > 0. (3.4.10)

Noting that

we have
t
LE() = / B(s)ds < C(B(0) + Bi(1), for all ¢ >
0

Consequently, we get
C
E(t) < T for all t > 0.
Case 2 p > 1: We saw previously that

ﬂ: < (O E?%-1
dt —

which implies

/ LBl (5)ds < C(F(0) ~ F(1)) < CF(0), for all £ > 0.

On other hand we have

%(thp_l(t)> = E7(t) + (2p — 1)tE2P—2%E2p—1(t) < B> (1),

Similar calculations, using (3.4.12) and (3.4.13), yield

E(t) < Ct™V@®=D forall t > 0.

(3.4.11)

(3.4.12)

(3.4.13)

(3.4.14)



Conclusion

In this memory we studied a one-dimensional nonlinear thermoelasticity with thermal
memory and second sound we proved the global existence using a regularity theorem
and that this solution exponentialy decays. Then we considered a Timoshenko-type
system with a past history we mentionned that the existence of the solution was already
studied using the same method as in Chapter 2 and we focused on the energy decays
using Lyaponov functional where we find that the solution decays exponentially in the
case of equal wave speeds but it decays in the rate of (1/¢) (Polynomial Stability) for
the case of the non-equal one.
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