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Chapter 1

Introduction and mathematical tools

1.1 Introduction

This memoir divides its objective into two parts.

The first part: To prepare the student to conduct future research, as well as to refine and
consolidate the scientific knowledge acquired in the previous two phases and to reinforce it
with mathematical concepts, thus qualifying him to obtain this degree and allowing him to
continue in the future.

This memoir follows the following structure :

Chapter 1: In the first chapter we introduce some necessary notation and set out some
basic definitions and functional analysis theorems that will be needed in the body of the
work.

Chapter 2: In this chapter, we use the Faedo-Galerkin method to prove the local
existence of the weak solution , and the global existence of the solution is established for
the problem (2.1).

Chapter 3: In the third chaptre we study general decay results for a broad class of relax-
ation functions and some special conditions for the variable exponent function. Our results
supplement and generalize many previous results, and we support them with examples.

Finally : we present a summary and conclusion of the results obtained in this memoir.



1.2 Preliminary

In this section, we introduce some fundamental definitions, theorems and properties in

functional analysis to be used throughout this work.

1.2.1 Fondamental spaces

Definition 1. Hilbert space H is a vector space H equipped with a scalar product such that
H is complete for the norm ||.

In what follows, H will always denote a Hilbert space.

Banach Space

Definition 2. A sequence (a,) in a metric space (X,d) is called a Cauchy sequence if for
every £ > 0, there exists a positive integer N such that for all m,n > N, the distance

between the terms of the sequence is less than = :
Ve >0, AN € N,Vm,n > N, d(a,,an) < .

In other words, the terms of a Cauchy sequence become arbitrarily close to each other

as the sequence progresses.

Definition 3. (Complete Space) A metric space X (or normed space) is called complete if

for every Cauchy sequence {z,} in X, there exists an element x € X such that:

lime &, — i

T—00
This means that the space is "closed under limits" for sequences that get arbitrarily

close to each other as they progress.

Definition 4. A Banach Space is a complete normed vector space, which means that every
Cauchy sequence in this space converges to an element of the space. It is a fundamental

structure in functional analysis. A normed vector space (X. ||.||) is called a Banach space if:

V(Zw)nen C X, || Zn — Zm ||— O(asn,m — 00) = Iz € X :|| 2, — z |— 0.



Lebesgue Spaces

Definition 5. For 1 < p < oo, the space L? (Q2) of measurable functions f : Q@ — R or C is

a Banach space with the norm:

For 1 <p < o0,

I D= ( [ 1@ an (x)) (1 <p<oo),

And for p = o0,

| f lloc= esssup|f(z)|.
e}

Definition 6. Let 1 < p < +o00, we set

PQ)={f:Q >R is measurable and |f|" € L'(Q)} with

Il = 171y = | [ 1F @Pa]".
We shall check later on that ||| is a norm. We set
{ is measurable and there is aconstant C

P =Lf:0—H
such that |f(z)] < C a.e.on Q
with
[fllzee = I flloe = inf {C; [f(2)] < C' a.e.on O}

Definition 7. L*(Q) equipped with the scalar product  (u,v) = [, u(z)v(z)du is a Hilbert

space. In particular, L? is o Hilbert space.

Reflexive Spaces

Definition 8. Let F be a Banach space and let J : E — E** be the canonical injection

from E into E** . The space E is said to be reflexive if J is surjective,i.e., J (E) = E** .

When E is reflexive, £** is usually identified with F.



1.2.2 The Sobolev space

Sobolev spaces were introduced by the Russian mathematician Sergei Lvovich Sobolev
(1908-1989) during the 1930s. These spaces, denoted as W™P?(Q)) consist of functions for
which all m — th order generalized derivatives belong to LP(2) space, and the partial deriv-
atives within these spaces adhere to specific integrability criteria. It is important to note
that the term "generalized derivative" pertains to the weak derivative, as defined in the

preceding chapter. In this section, we will discuss the essential properties of Sobolev spaces

Definition 9. The Sobolev space WP(Q) is defined by

dg1, g2, ..., gy € LP(Q2) such that

W(Q) =S u e LP(Q)
Jou2e = — [ gu¥p € C2 (), Vi=1,2,..,N

We set

HI(Q) =TW"(0)
For u € W'2(Q2)we define 2 % = ¢;, and we write
Vu = gradu = (%‘1, f%‘;, " %)

Definition 10. The space W12(Q) is equipped with the norm

du
8.1'?;

N
[ullyprragq) = llull, + Z
i=1 p

i 7
% ) (if 1 <p< o0).
“lip

N
or sometimes with the equivalent norm (|u|§ +>° ‘
i=1

The examination of specific partial differential equations, especially those involving the
bi-Laplacian, may necessitate the application of Sobolev spaces of order s exceeding 1.

Therefore, we extend the definition of the Sobolev space H'():

Definition 11. Let 2 C R" be an open domain. The Sobolev space of order s on ) the

space
H(Q) = {ue L*(Q): D*u € L*(Q),Va € N*.|a| < s}



Hj(Q) consists of functions u that satisty the following conditions:

Belonging to H'(2) : The function u must belong to the Sobolev space H'(£) : , which
means:

u € L2(Q), i.e., u is square-integrable over ().

Vu € L*(Q) meaning the weak derivatives of u are also square-integrable.
Boundary condition : The function u must satisty the condition u = 0 on the bound-
ary 0f) in the weak sense. This means that u vanishes on average (in the sense of distribution)
on the boundary of the domain, although it may not be strictly zero at every point on the

boundary.

1.2.3 The Sobolev space with variable exponents
Let 3:Q — [1,00]| be a measurable function, where 2 is a bounded domain of R™,then
we have the following definitions:

Definition 12. The Lebesgue space with a variable exponent 3(-) is defined by

LPO(Q) = {u:Q — R; measurable in Q : gg()(ku) < oo, for some k > 0, }

equipped with the norm Qﬁ(,)(k’u) = fﬂ ﬁb(m)fﬁm)da: )

Definition 13. The variable-exponent Sobolev space W) (Q) is:

WAO(Q) := {u € LPY(Q) such that Vv exists and |Vo| € LPV(Q)}
Remark 14. W, ?Y(Q) is the closure of C°(Q) in LA0(0).

Remark 15. L?)(Q) is a Banach space equipped with the following Luzembourg-type norm

B(-)
\U\S(_) :inf{)\>0:f da:ﬁl}
‘ Q

v (x)
A




Remark 16. W'?0)(Q) is a Banach space with respect to the norm

[vllwrscrmy = vl gy + 1AV] 4,

Lemma 17. If B : Q — [1,00) is a measurable function with Bs < 0o, then C§°(Q2) is dense

in L50)(Q).[[8]

1.2.4 Log-Hoélder continuity condition

The exponent p(-) : © — [1, 00| is said to be satistying the log-Hélder continuity condi-
tion; if there exists a constant ¢ > 0 such that, for all 6 with 0 < d < 1,

&

< il
log |z — g (1-1)

for all z,y € Q, with |z — y| < 4.

1.2.5 Embedding Property

Lemma 18 (07). Let Q be a bounded domain in R™ with a smooth boundary 0Q. Assume
that p,k € C (Q) such that, 1 < p; < p(z) < pa < oo, 1<k <k(z) <k < +o0,Vz €N
and k(z) < p*(z) in Q with

np(x)
n—p(z)’

+o0,if pp>n

" if p2 <m;
p(z) =

then we have continuous and compact embedding W1P()(Q) < L*)(Q). So, there exists
ce > 0 such that

lully < cellullirso , Yu € WH(Q).

1.2.6 Some inequalities

Inequalities play a crucial role across various fields of mathematics. For example, they
are instrumental in assessing whether a particular space qualifies as a metric or normed
space, as well as in demonstrating the existence and uniqueness of solutions to differential

equations.

10



Young’s Inequality

Theorem 19. [[7]]Let 1 < p < +o0, then a,b > 0, Then for any = > 0, we have

ab < ea? + C.b”, (L:2)
where 1+ L =1and C. = —L—.
p P P
p'(ep) ®
1) Forp=:>1
p K
e e (1.3)
p P
2) Forp=p' =2
bQ
ab < ca® + TP (1.4)

Poincare’s Inequality

Poincare’s inequality, named after the French mathematician Henri Poincare, provides
a means to constrain a function by utilizing estimates of its derivatives along with the
geometric properties of its domain. These estimates play a crucial role in the field of calculus

of variations.
Lemma 20. Let Q) be a bounded domain of R™ and p(-) satisfies (1.1),the

Jully < e [Vl for all we Wa™(@) (15)
Remark 21. In particular, the space VI"'O} i (')(Q) has an equivalent norm given by

el 03y = 12l

Holder’s Inequality

Theorem 22. Let 1 < p < +oo,if v € LP(Q) and w € L¥ (Q), then vw € L' (Q) and
lowl| g < o]l o llwll g (1.6)

1,1
where = + 5 = 1.
5 A -

Ju



For n=9p" =12,
Theorem 23. Let v,w € L? () and w € L*(Q), then vw € L' (Q) and

lowl[gx < vl 2 w2 - (L.7)

General inequality

Theorem 24. Given p,q.r > 0 with %Jré — %, if v e LP(Q) and w € LI(Q) then
vw € L™ () and the inequality

lowl| g < [Jvll e lJwll o » (1.8)

holds.

Minkowski’s Inequality

Theorem 25. Let 1 < p < +0o0 be given. If v,w € LP () , thenv+w € LP (Q) and

lo+wllze < llvlls + lwlizs - (1.9)

Komornik’s Inequality I

Theorem 26. Let h:RT™ — RT be a non-increasing function and assume that there exists

a constant ¢ > 0 such that
“+00
/ h{s)ds < ch (§) (1.10)
t

holds for allt > 0. Then, we have

h(t) < h(0)el <Vt >c. ihiay

Komornik’s Inequality II

Theorem 27. Let h: R"™ — R' be a non-increasing function and assume that there are

two positive constants a, 3 such that the inequality

12



fm h*(s)ds < BR* (0) A (t) (1.12)

holds for all ¢ > 0. Then, we have

h(t) < h(0) (g:;‘;)"

Definition 28. Let K be a convex function on |0,r] , then the convex conjugate of K, in

the sense of Young (see [[27]]), is defined as follows:

(1.13)

!

K*(s) = s(K ) '(s) - K [(K’)—l(s)] . if se (0K (r)] (1.14)

and K *satisfies the following generalized Young’s inequality

s < K * (a1) + K(as), ifas € (0, K (r)],a2 € (0,7]. (1.15)

Let

By :=essin foeqB(x), B2 = esssup,eaf(x)

Lemma 29. (see[[22]) Let € € ]0,1[. Then there exists 3. > 0 such that

s|ins| < §* + B.s' ™, Vs > 0. (1.16)

Lemma 30. Let u be any function in H(Q) and d be any positive real number. Then

1 d?
[ mlulde < 5 Jul (n |l - 21+ 1ad) + 5 |Vl (1.17)
Q2

13



Logarithmic Sobolev inequality

Lemma 31 (10). Let w > 0, there exists a unique 1y > 0 such that

2 i T s (O, (1.18)
S

Proof. Let g(s) = 4/ QWTT’ — 67%7%, then ¢ is a continuous and decreasing function on (0, 00),

€

b=

1
where d =¢e 2 =,

with lim g(s) = +oo0 and lim g(z) = —e =.
5—07F z—+00

Then, there exists a unique 7 > 0 such that g(n) = 0 and (1.18) hold m

Remark 32. Lemma (10) shows that the selection of 1 in (HS3) is possible

14



Chapter 2

Existence

2.1 Presentation of the problem

In this chapter we are concerned with the following problem

ug — pAu + f; h(t — s)Au(s)ds + |ue|O 2, = wln [u["™ in Q x ]0,400[ ,
y—38._0p on 00 x |0, +o0] (2.1)

Bu —
ulx,0) =tg(2), w{x0)=uu(e) m Q

where () is a bounded domain of R™ with a smooth boundary 9€2, 3bd is the unit outer
normal to 9, ug,and u; are the given data, b is a relaxation function and o (.),7(.) is a
variable exponent.

Problem (2.1) contains three types of problems:

1) Viscoelasticitic problems

The importance of viscoelastic characteristics in materials is increasingly recognised due
to rapid improvements in the rubber and plastics sectors. In the recent two decades, ex-
tensive advancements in the examination of constitutive relations, failure theories, and life
expectancy forecasts for viscoelastic materials and structures have been recorded and as-
sessed (see [7]). A significant corpus of work pertains to the stabilisation of viscoelastic wave
equations, with numerous findings documented in this domain. Multiple contributions have

sought to generalise decay rates by integrating a wider array of relaxation functions, thus

15



offering complete decay rates. Indeed, the evolution of relaxation function generalisation
has undergone several phases, which we outline as follows:

A) As in (see [1]), the relaxation function h satisfies , for two positive constants a; and
az,

—a1h (t) < h'(t) < —agh(t), t >0

B) As in (see [2],[3]), the relaxation function h satisfies
h(t) < —a(t)h(t),t >0,

where a : R™ — RTis a nonincreasing differentiable function.

C) As in (see [4]), the relaxation function h satisfies

h(t) < —x(h(t)),

where Y is a positive function, x(0) = x'(0) = 0, and x is strictly increasing and strictly
convex near the origin.
D) As in (see [5]), the relaxation function h satisfies

: 3
W () < —a(t)bP(t), Ve > 0,1 < p< 3

E) As in (see [6]), the relaxation function h satisfies

h(t) < —a(t)H (h(t)), (2.2)

where H € C*'(R) , with H (0) = 0 and H is linear or strictly increasing and strictly
convex function C? near the origin.

2) Variable-exponent nonlinearity problems .

The advancement of science and technology has necessitated the development of more
sophisticated mathematical functional spaces to properly analyse and understand the intric-
ate physical and engineering models. Consider fluid dynamics: the behaviour of electrorhe-
ological fluids, or smart fluids, demonstrates a marked alteration in viscosity when exposed

to an electric field.

16



Lebesgue and Sobolev spaces with variable exponents have demonstrated efficacy in
addressing a range of intricate issues, such as those related to fluids with temperature-
dependent viscosity, nonlinear viscoelasticity, filtration through porous media, and image
processing. For additional insights on these subjects, please consult references (see [7] — [8]).
For hyperbolic issues involving variable-exponent nonlinearities, we suggest consulting refer-
ences (see [19] — [10]). If you need additional results concerning issues related to power-type
nonlinearity, the references (see [11] — [13]) will offer pertinent information.

3) Logarithmic source term.

The logarithmic nonlinearity intrinsically arises in inflationary cosmology and within
the frameworks of supersymmetric field theories, quantum mechanics, and nuclear physics
(see [14] — [15]). Logarithmic nonlinearity issues have widespread applications in multiple

domains of physics, such as nuclear physics, optics, and geophysics (see [16] — [18]).

2.2 Processing and tarming the problem

In this part, we examine problem (2.1) and demonstrate the global existence of solutions
through the Faedo-Galerkin technique. We subsequently derive explicit and general decay
results of the solution under appropriate conditions on the variable exponent ¢ (.) ,7(.)and a
very broad assumption regarding the relaxation function (2.2). To the best of our knowledge,
this particular issue has not been previously explored in the realm of nonlinearity with

variable exponents, we need to consider the following three hypotheses :

(H1) The relaxation function h : Rt — R* is a C* nonincreasing function satisfying

R'(0) > 0, py — f h'(s)ds = w > 0, (2.3)
0

and there exists a C'function H : (0,00) — (0,00) which is strictly increasing and

strictly convex C? function on ]0,7] , r < h(0), with H(0) = 0, such that

B (1) < —a(t)H(h(1)),Vt >0, (2.4)

1



where a is a positive nonincreasing differentiable function.

(H2) Let 0 : Q — [1,00) is a continuous function satisfies the log-Holder continuity
condition such that o7 := essinf,cqo(z), 02 := esssup,cqo(z) and 1 < 01 < o(z) < 09,

where

o9 <oo,n=1,2;

o9 < ;?%2, n>3
(H3) Letn:Q — [0,00) is a continuous function satisfies the log-Holder continuity
condition. such that n := essinf.cqn(z), M2 = esssupyeaqn(z) and 0 < n; < n(z) < N,

where

T _ b (2.5)
T2

Remark 33. Using the facts that H(0) = 0 and H is strictly convex on (0,r], then

H(0s) <0H(s),0<0<1 and s e (0,r]. (2.6)

Remark 34. If H is a strictly increasing and strictly convex C?function on (0,r], with
HO)=H ' (0) = 0, then there is a strictly convex and strictly increasing C?function H :
[0,400)— — [0,400) which is an extension of H. For simplicity, in the rest of this paper,

we use H instead of H

2.3 Existence

This section presents the local existence theorem, the proof of which can be derived by
integrating the arguments from references ([19], [26]). Furthermore, we assert and demon-

strate a global existence theorem contingent upon smallness conditions of the initial data

(U[), ul).

18



Definition 35. We define the following functionals which are needed for establishing the

global existence
1 e n(z)+2
BO ~ 3 [ludd+ (1 [ no)ds) k- (o du) )+ 202
1 211 1y 1)
—5/9 (u In |ul )dx (2.T)

where (ho o) ( e fo (t —s) |6 (t) — & (t)|2ds, for v e L2 (R"; L2(Q)),
E(t) represents the modified energy functional associated to problem (2.1).

The energy tunctional associated to problem (2.1) satisfies, for any ¢ > 0,
7 o 1 ' 1 2 a(x)
E'(t) = 5(h o Vu)(t) = 5h () [[Vul; - i | e (2.8)

Lemma 36. (see [[6]]) Assume (H1) holds. Then, for anyt > ty,, we have

E'(t) < —ca(t) /o ) h(s)||Vu(t) — Vu (t — s)||>ds < 0.
We can use,

Lemma 37. Assume that h satisfies (H1). Then, for u € HL(Q),

Jo (Jo 1t =) (u((®) —u(s)ds)?) d) <e(hodu) (1),

] (2.9)
Jo (S5 (¢ = 9) (u((t) = u(s) ds)?) da) < (W' 0 Au) (¢)

Multiplying (2.1) by u;, integrating over € and using the boundary conditions, imply
(2:8).
Since FE'(t) <0, imply E(t) is decreasing on [0, 7], then

E(t) < E(0),Vt € [0,T].

2.4 Local existence

Our main result in this section is to show the existence and the uniqueness of the solution
of problem(2.1). Our proof methodology integrates the Faedo—Galerkin approximation, the
compactness technique, and the fixed point theorem. The proof technique closely follows

the arguments of (see[[?], [5]]). We consider the following theorem :

19



Theorem 38. Suppose conditions (H1)-(H3) hold and (ug,u;) € Hy(Q)x L*(Q)Then,

there exists T > 0, such that problem (2.1) has a weak solution

u € L*((0,T), Hy()),
By, = L0, B L2005 mEPE x 0,77
ug € L% ([0,7],L*(Q)NL>([0,T] x L*(%))) .

will be established through several lemmas. Our method of the proof is based on the
combination of the Faedo—Galerkin approximation, the compactness method and the fixed
point theorem. We use Faedo—Galerkin’s method to construct approximate solution. Let
T > 0 be fixed and denote byV,, the space generated by the set {w,,n € IN} is a basis
of H*(Q2) N H?(9Q(R)), we define also for 1 < j < n, the sequence ¢;(z,n) as follows
¢;(7,0) = w;(x). Then we may extend ¢;(z,0) by ¢;(x,n) over L*(9 x [0, 1]) and denote
Un to be the space generated by {¢;,...0,}, (n = 1,2,3,...). We construct approximate

solutions (u,(t) n =1,2,3,...) in the form
ut () =y u (1) w; (2.10)
=1

where u"(t) is the solution of the following approximate problem corresponding to (2.1). By
using Green'’s formula,

we deduce that u"(t) verifies the following system of ODEs:

t

g, wm)y + (Ve Vagle 1 <]g (t — s) Vo™ (s) ds, V'wj> —{|VuZ|"=2Vul, V),
0 Q

_ <u” (t) In [u" ") ,wj>9 (2.11)

for j =1, ...,n. More specifically

u" (0) = zn:u”’j (0) w; (2.12)

20



where u™ (0) = (u®, w;),u (0) = (u',w;),j = 1,....,n. Obviously, u™ (0) — u° strongly in

Hio(92), u? (0) — u® strongly in L*(Q) as n — oc.

By virtue of the theory of ordinary differential equations, the system (2.11)—(2.12) has a
unique local solution which is extended to a maximal interval [0, T,,[ (with 0 < T,, < +00).
In the next step, we obtain a priori estimates for the solution of the system (2.11)-(2.12),
so that it can be extended beyond [0, T,,[ to obtain a solution defined for all ¢ > 0.

First estimate. By the same procedure as in (2.10) , for u fixed in C ([0, T], Hjq (Q)),
putting w; = uyinto (2.11),

we obtain

(i (1) i+ V0", Vo 4 (V fsf (97204 (1), Vg +< / h(t—s)w”(s>ds,w?>

- <u (#)In [u” (£)["® ut>

Q

by using Lemma and (2.10), we get easily

d F o 12+ 2t O o+ 2 1907 O + (o Tu) 0

9

q. /ﬂ (Vul)? (z,t) dz + % (R o Vu™) (t)

(0 90 ()13 (219
- <lr1 lu™ ()] 2 um () ,u?>ﬂ

Integrating (2.14) over (0,t), we get to

n 1 n
Il ()2 + 5 ||ut (t)||§,aﬂ+ = [[Vu® (#)|5 — }-J 15 + g (8)]13.00
B o Vu™) (t)

f/ (Vg ) (=t da:ds—/— (s) |Vu™ (s)||3 ds

= Sl O3+ 5 107 Ol + 5 190 O — — " Q)1 (215)

2 p+1
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E™ (t) — E™(0)

— (R o Vu") // (Vul) :ctd:cafs

+ [ 3h(s) [7ur (93 ds— (216)

0
After deriving(2.16), inserting (2.15) in (2.14) and taking = sufficiently small, we get

E O + (11— 3 ) 148 Ol o0 < L 2.17)

where L, is a positive constant depending on (E" (0))’, T arbitrary positive .

Second estimate. First, we estimate (u},(0)) in (2.11) and taking ¢ = 0, we obtain

|me+wﬂw&ﬂsHwﬁw%+mﬂwﬁm+wmmwwﬁ
< |[Ve )5 + 2u [|ut |5 o0 + [[u™ In (u*)]];
< C (2.18)

where C' is a positive constant. Now, differentiating (2.11) with respect to ¢

(U ¢, Wi + (Uig 4 Widgq + <ANUt wj>g + (Vug, widg (2.19)

e
_ <% (u (t) In |u" (t)\”“”’) ,wj>

Also as in(see[[17], [18]]) , we have

Q

Q

TACRACIY (N At 0 220

an
Multiplying (2.19) by T (1),
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t

(utt, utt“">9 + <utt, utt"">aﬂ + <Aut ,utt'j>ﬂ + <Vutt, uttj>Q < / (t —s) Vu" (s) ds, Vu?t'j>

0 Q
7.7 d n n T 1.J
T <u?t’utf.3>an - <£ (u (t)In[u (t)‘n( )) :uttj>

summing over j from 1 to n, and inserting (2.15)—(2.18) in (2.16), we obtain

Q

8 [ O3+ et O 0+ 197 G)IB + V22 OIE] +.(0) % (V" (1), Vit ()
R(O) Vg O — 2 1~ 5) (V" (1), Vi () ds + K (0) (Vu™ (8), Vi ()

0
t

+/h" (t —5) (Vu" (t), Ve (£)) g ds + ol ()15 00 + Uik (8)]13. 00
0

— <% (u” (¢)1n [ (t)\”@)) ,ug>ﬂ (2.21)

Taking the sum of (2.21) , we obtain

1d :
577 LI @1z + Vg @) + Ve (©)113]

n 1 n
+h (0) ||V (t)Hg 3 9 | Vi (t)Hg

t

d /h’ (t—s){(Vu" (1), Vui (t))g ds

= h(0) 2 (VU (), Vi (D) +

£

—h(0) (Vu™ (t), Vi (£)q — fh” (t —5) (Vu" (), Vui () qds + 5 - 5 lut: (¢ )iz

U <% (u” () In | (t)\”(w)) ut>n (2.22)

Using Cauchy—Schwarz and Young’s inequalities, we conclude the following estimates:

C’ (hi (0))2 ||vun (t) 2

46 t HQ (2'23)

| 1 (0) (Vu™ (£), Vi (£))g] < |V (8)]l5 +

and
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t t

J# =9 (00 0,96 @)ads| < IV Ol [H (€= 3) Ve (5) 13 ds

el / K (5 — 5) [V ()2 ds

0

IA

C’ . 2
+c IVus (9l (2.24)

Replacing (2.23)—(2.24) in (2.22), we get

1d n 2 n 2 n 2
5 2 LIk I3+ 192 ()13 190 ()12
+h(0) IV ()13 + 5 IV, O3

¢ (1 (0))

2 2
< el @I+ IVer @I + S

t
d ’ o n d n n
2V @1 + e [ (= ) IV Ol ds — 1(0) 5 (V" (0.9 ()
0

IVu? @)

t t

d c _ i
+£ W (t— s) (Vu™ (t), Vul (t))g ds + " |Vu™ (t)Hg + e ||h”|| .1 /h (t—s)||[Vu" (S)||§ ds
0 0
1 ||d 2 c
o n n 2 n 2 n 2
|5 f @ @) +Allug @5+ = Nl (7, LI + 2 l|lug (0)[l2r, (2.25)
4\ || dt 3 1]

integrating the last inequality over (0,t) and using Gronwall’s lemma, we obtain
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IA

1
2

+ t
1 C'r n 2 1 n 2
+(3-5) [R5 19 @
0 0

[l (115 + 1Vug ()]13]

1 n n
5 [ I3 + Ve )]
t d t
+/h (0) e (Vu™ (8),Vu (s))qds + fh’ (t —s)(Vu" (s), Vuy (s))g ds
0 0
(h(0) | ¢ t : t
: : / n 2 ’ " £ / n 2
+ ( Oy chm)) [Ivu s (el + 5+ ¢c) [ 19 @B
0 0
t t
o [ @) Bads + e [z (5) s (2.26)
0 0

As in [[22]], using again Cauchy—Schwarz and Young’s inequalities, we conclude the

following estimates:

t

hﬂ h” ¢
[ e=s) v (). vuz (gas| < ellva @) + Lo fioun ) s
0

4
0

(2.27)
fd (Vu' (s). Vi (s))gds = (Vu" (1), Vi (t))q — (VU (0), Vi (0))g (2.28)

ds
0

[(Va" (2), Vg ()l < [IVu® @), [IVug ()]l
% i IVu™ @) + e[V @)l (2.29)
(V™ (), Vi (£))ql < iIIVU” O + ellVui (0)]l; (2.30)

Then from (2.27)—(2.30), after choosing €, y, A small enough and using Gronwall’s lemma,

25



we obtain

e ()12 + 11 ()12 — [ 2]
£ t
1 ¢ - 2 1 -
+(3-5) IV @B -3 17 @ ds
0 0

< [l @2 + [V (0)[2] +c [ 2, (5)]2 ds

B! R, o ' (h (0))?
IR g e & RO (€|h”||L1+ +e) / [Vu" (5)]3ds
0

de 4e

1 (@ﬂf ) ds+ (et ) [ It (@)3ads
+EEOT o )2 + (et o 1w @012 (2:31)

For € sufficiently small and by taking all constants above positive. Finally, using Gronwall’s

lemma, we deduce that

l n
i, ()13 + 19 (13 ~ IV O 5 [ 192 (9)l ds < € (232

where C' 1s a positive constant.
Third estimate. As in(see[[20],[21]]). Replacing w; by —Aw; in (2.11), multiplying
the result by u; 7 (t), summing over j from 1 to n,implies

t
ld n m n
30 IV O+ (o ) 0 + 18u7 @I [ 1~ [n(s)ds

0

+]|aNa @) +

_ <u” (¢) In [u" ()" ,wy)ﬂ (2.33)

Replacing ¢; by —Ag; in (2.11), Let us define

t

@) = A @2 [ 1- fh(sms IV @I + (o Aum) (1)]  (2.34)

0
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Combining (2.33) together, yields

1d n n 2 n n n(x) n

L2 1r (o) + 1897 O = (w O o O, V) (235
1 n N._n 2 L ’ n

+5 1V @2 — |AYug @) ||, + 5 (10 Au™) (1) (2.36)

Using (HO), (H1) and integrating (2.35) over (0,t), we obtain

t
L (8) + ] |Aw? (5|12 ds
0

< [IVe™ (0)[I3 + [|Aug (0)[]3]

t

+ [ <u (s)1n [u" (s)|"® vug> ds (2.37)
)
0
Let us consider " (¢)In |u" (t)|”(x). Obviously, by using Young’s inequality, the last terms
in (2.37) can be estimated as follows

t

L
/ <un (3) In |u” (5)‘7?(55) , Vu?> ds < %] Hvun (S) I |un (S)|n(x)
Q !
0

0

i

2

ds+ 8 [ 180 (s) 3 ds
0

(2.38)
Inserting (2.38) into (2.37), for € and (3 small enough and every n > 1, we get

E™(E) +/|Aug (s)|ads < C (2.39)

where C' > 0 is positive constant independent of n and T'.

We observe that estimates (2.17), (2.32) and (2.39) hold that for all ¢ > 0. Therefore,

we conclude that

(u") is bounded in L™ ((0,7); Hz, (2)) (2.40)
(u}) is bounded in L™ ((0,7); Hzq (2)) (2.41)
(up) is bounded in L* ((0,T); L () (2.42)

We can pass to the limit when n — 0o, we deduce from (2.40)-(2.42),
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u" — u weakly star in L™ ((0,7); H* (Q) N Hjq (2)) (2.43)
up, — uy weakly star in L™ ((0,7); L* (Q)) (2.44)

For suitable functions v € L™ ((0,T) ; H3, (€2)). We have to
show that (u is a solution of (2.1). Using the embedding

L ((0,T); Hbq (@) < L2 ((0,T) s Hlo ()

H'((0,T) x Q) < L*((0,T) x Q)
From (2.41) we have that (u') is bounded in
L= ((O, T) §H§Q (Q)) — L* ((0, T); Hén (Q))

since (ull) is bounded in

Consequently, (u™) is bounded in H' (Q x (0, 7))

using Aubin—Lions theorem , we can extract a subsequence (ue) of (u") such that

ul — u, strongly in L? (Q x (0,7)) (2.45)

therefore

uy — u; strongly a.e in Q x (0,7 (2.46)

Now, we will pass to the limit in (2.11) . By the same techniques as in(see[[17], [18]]) , taking
n=~¢&,Vw; € u,, Y¢; € u and fixed 7 < £ , to get

futt (1) wjd:c+/\7u ijd$+/Vut ) .Vuw;dz

// (t — s) Vut (s) .Vw;dsdx

- /ﬂué(s)m\uf(sn” wjdx (2.47)
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by using the property of continuous of the operator in the distributions space

] ul w;de —* / ugw;dz in D' (0,T) (2.48)
Q Q

f Vit w;de —* f Vug.w;dz in L (0,T) (2.49)
Q Q

t ¢
[ /h (t — 8) Vut (s) .Vw;dsdz —* f /h (t —s) Vu(s) . Vw,;dsdz in L (0,T) (2.50)
0 B
Vi € H), () N H? (Q), the convergence (2.48)—(2.50) permits us to deduce that

/ ub, (t) bdx + / Vut (t) .Vipdr + f Vu§ (t) Vidr
Q Q

t
+//h (t — 5) Vus (s) .Vepdsda
Q
0

= f u® (s) In |ut (s)‘nm Adx
Q

— /utt wda:—F/Vu()dequ/Vut()dex
o

Q
// (t —s)Vu(s).Vidsdx

= /uln|u|’7x Adx (2.51)
Q

Hence, this completes our proof of existence result of problem (2.11)

2.4.1 Global existence

Now we shall prove that the solution obtained above is global and bounded in time, for

this purpose we define

Tal) = i) = (1-[) h(s)ds) 1Aw2 + [lull? + (R o Aw) (t)—fﬂu%numx (2.52)

J() = ) = S16u(®) + T jul, (2.53)
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then
B(t) = g lhue ()1 + Tu(t), (254

Lemma 39. Let (ug,uy) € Hy(Q2) x L2(Q),suppose that (H1) holds. Let u be the solution of
the problem (2.1). Assume further that [(0) > 0 and 0 < E(t) < E(0) < C and ||luo| < po

Then
I(t)>0 for all tel0,T7. (2.55)

Proof. we show by use contradiction principe .Suppose that
|lu(z,t)|l, < po, 0< E(t) < E(0) <C isnot truein [0.T] (2.56)
Since I(0) > 0, then there exists (by continuity of u(t)) T* < T such that
I(t) >0
for all ¢t € [0,7*]. From (2.52) and (2.53) we have

B(0) = 5 lus O + J(w(t),
By (1.17), (1.18)and (2.54), we obtain

1
B(e) = 5 @I+ I((0) > Iu() (2.57)
> I8+ I+ 5o Ve =5 | winlulde + 7 ful
w 1 1 1 d?
> Zaul+ 5l + 2 (ho Vu)(e) — [l n ull2 — - [1Au]?

(1+1Ind) || Aull; + 5 Hu||§

+1
2

1 N +2 n

3 (- 22) tauig + —(—2 (U Ind) = Dia ul}) ful}

vV
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0 2 .
So, for @ — % > 0, this means that d < %Tw

1 nd? L {742 i
E(1) S\ @ lAulls + 5 ( 5= +n (1 +1nd) — S Injlul; ) [lull;
2 2 2 2
1

IV

T 2

n+2 J 2 ) 2
% ; (T +n(l+Ind) — 5 In |u||2) leell

1 n 2 2
> 5 (Do— 2 nlul) llul}

where Dy = £2 + (1 +Ind) = .

Should we choose d < %Tw’ then (2.57) becomes

1 d
E(t) > €(p) = 5Dop* — 7p*Inp? (2.58)

Let the function & (p) = 1Dop? — 1p?In p?, where p = ||u], .

Using (2.58), we have

¢ (p) = Dop— g (2pInp® + p)

n+2 1
= “5ptup+npnd —nplnp* —Ip

= p(1+7n(1+Ind—Inp?)

so, there existe pg > 0 such that

& (po) =0
we can deduce that : £ is increasing on |0.pg[and decreasing on |pg, +0oc| and lil’il £(p) =
p—+o0
—o0.
Moreover,

1
max £ (p) = & (po) = 505 (Do —nlnpo) = C

0<p<+oo
Therefore, using the continuity of u(t) and (2.56), it follows that there exists 0 < to < T

such that ||u(x,?p)||, = po. From Equation (2.58), we can see that.

E(to) = Z(|lu(z,t0)lly) = Z(po) = C

, which is a contradiction with E(t) < F(0) < C ¥Vt > 0.
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By recalling the concept of I(u(t)) and employing (2.58) with d < %Tw for any t €
[0,T), it leads to

I(u(t)) > w||Vu||§/u2.ln|u|”da:
Q

nd? n
> (-5 ) 1ulf+ (1404 1ad) — Fia ol
nd’
> (= 12 aul} + Jul > 0 (2.50)

This completes the proof.

Theorem 40. Let 2 < p < § and max (1, (F‘ip) <m < q.Let (up,u;) € Hy(Q) x L2(Q).

satisfying (2.59). Suppose that (2.52), (2.54) and I(0) > 0 hold. Then the solution of
(2.1) is global and boundedin time.

Proof. To prove Theorem , using the definition of T, we have to verify that

IA

¢E(0),

el
IVull, < cE(0)
is uniformly bounded in time. To do this, we use (2.53), (2.54) and
[V (@)l < || Vul,
to get

BO) > E@0)=g @+ @)

= DI + 1)
R

L n (x)
2 e )13+ 12

I

[ (2.60)

So,

I\

2E(t) < 2E(0), (2.61)
I(t) < E(t) <

2
el

2
IVl

A

AT S — __T R0
~ 27w — nd? 2o — nd? 2w — nd? (0)
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Therefore
2 2
[Vull; + |lwll; < CE(0)

then where C' is positive constant, which depends only on p. Thus, we obtain the global

existence result. =
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Chapter 3

Decay results

In this section, we establish our main decay results. To achieve exponential decay. it is
necessary to construct a suitable Lyapunov functional, ensuring that all energy terms are
negative. However, due to the quadratic nature of the energy, its direct application is chal-
lenging; thus, we partition the energy to derive the Lyapunov functional L (t). Subsequently,

we establish the equivalence between them L and E, we mean
Where, a; and ay are two positive constants.

Lemma 41. Given to > 0. Assume that (H1)—-(H3) and (2.9) hold. Then,

L(t) := ME®) + NoL (t) + Lo(t)

satisfies, for a suitable choice of Nj, Ny > 0 and certain positive constants Ag and ¢, the

estimates for any t > ty, for oy > 2, are applicable.

L'(t) < —MoE(t) + c(h o Vu)(t) . (3.1)

And, for 1 <oy <2.

L'(t) < —cE(t) + c(h o Vu)(t) + c(—E'(t)" ", (3.2)

Since h is positive and h(0) > 0 then, for any ¢y > 0, we have
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t to
f h(s)ds > / h(s)ds = by > 0,Vt > t.
0 0

where

L) « :/uutdas,and
Q

—/Qut/[;th(t~s)(u(t)u(s))dsd;t.

Lemma 42. Assume that (H1)-(H3) and (2.9) hold, then the functional

L(t) :juutd:c,
Q

satisfies, along with the solution of (2.1), the estimates:

For oy > 2,

) w
L) < lwelly = lully — 5 [ Ve ()ll3 + c (Ao Au) ()
+c/ | |7 d;t:+/u21n |u|" dx, for oy > 2
o o

and , for 1 < g < 2.

w ag\x
O < el =l = IVa @+ cho d) 0 +e [ juf de

0'1—1
i (f Iut|g(x)) +fu2£n|u|'7d:c,
0 Q

Proof. Differentiate I; and use the differential equation in (2.1), to get m

Ef] = [uutd:c—/ d$+/uuttd$
o

(3.3)

(3.4)

i
= / urdax —I—/ (mAu - / h(t — 8)Au(s)ds — |ug]"2us + uln |u”(1)) udz
Q ! 0

AN

< luli -1t (1- [ n@as) IVuo

+ /ﬂ A (t) /ﬂ B(t — 5)(Vu(s) — Vu(t))dsdz
/u|ut|o(”‘")2u¢d$+/u2ln|u|” dz
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d
L{t) = /—uutd:c/ufdx—l-/uuﬁdx
o dt o 0

w
< uelly — ull — 7 Vu ()2 + ¢ (ko Aw) (t)

—f—c/ g |7 dx—l—fuZIn |u|" dz, for oy > 2 (3.6)
o 0

Young’s inequality and (3.3) give

fﬂ Au. fo h(t — 5)(Vu(s) — Vu(t))dsdz < G fﬂ Vul? dz + 4—; (hoAu)(t)  (3.7)

Estimation of the term — [, u|u;|"® 2uda :

We use Young’s inequality with p(z) = g?;f;r_) rand p'(z) = o(x) so, for all z € Q, we have

) ol
|us| @ 2w < 8wl + 5 () g7

where

Cs (ﬁf) — gl-o(=) (o.(m))—o(a:) (O’(CE) - 1)0(:5)71

Hence,

fuut"(z)zutdm< (5/ |u|”® d$+f65 (z) |ue|”® dax. (3.8)
0 Q o

Now, using (2.7), (2.8), (2.61) and Lemma (Embedding Property), we obtain

furmdx < f |u|°(w)d$+/ u”®@ da
Q Q-+ -

% / |u|”? d;nJrf |u|”* dz
Q+ o-
= f |u|”? d;nJr/ |u|™* dx
< f|u02dx+/ugl dx
< (e AU+ e (| Au|™7?) [[Vull;
o1—2
7 (5227 (0))
% " 4:: aa—2 ”VUH;
+CeQ (mE(O))
< ||Vl
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where Qy ={z€Q: |u(z,t)|>1}and Q_={zrc Q: |u(z,t)| <1}
o1—2 o9—2
and = (c‘” ( g (0)) + o ( in E(o)) )

e 2w —nd? 2nww—nd?

Then, (3.8) and (?7) yield

—/uuf”(x)utd:r < dc ||Vl Jrng (2) |ue|°™ da (3.9)
Q 0

Combining the above results with fixing § and § = . completes the proof of (3.3).
For the proof of (3.4), we re-estimate the fifth term in (3.5) as follows:
First, we define

Q= {z€Q: o(x) < 2}

and

% ={z Qo (z) > 2}

Then, we get

fuut|”(r)_2utd$< / uut|o($)2utd9:—/ ulug| "™ 2wy di. (3.10)
Q 193]

Q9
Using the definition of ;. we have
20(x) —2 < o(x), and 20(z) —2 > 20y — 2. (3.41)
Therefore, using Young’s and Poincare’s inequalities and (3.11), we obtain
1
/ u|u |2y dr < 9/ lu|’ dz + — || 22 de
o o) 40 Jq,

02 | Vull; + f+ Jug [ der/
L Ql i

Ql
02 [Vull? + ¢ f |ut“<f>da:+/
| QF Q

1 1

IA

‘ut|20'(r)—2 dm]

VAN

‘ut‘201 —2 d.’L‘]

oc1—1
02 |Vl + ¢ futg(x)da:—l-(/ uﬁdx)
Q g

VAN
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o1—1
< O [|Vu||§+ c / |ut\a(m) dx + (/ |ut|g(x) dm)
Q Q-

1

o1—1
< 02 |Vul2 +c /lut|a($)d$+ (/ |u¢|a(x)dx) ] (3.12)
0 Q

where
Qf ={zeW: |u(z,t)) >1} and Q] = {z € Q: |us (z,t)| < 1} (3.13)

After setting 368 = %, (3.12) becomes

8¢c2?

0'1—1
/ wlue " 2udz < Z |Vl + ¢ /mﬁ“ﬂ iz + (/ e d:,;) (3.14)
1951 8 Q Q

Next, for any § we have, by the case o (z) > 2,

—/ g |*® 2ugdz < e || Vul)3 +f cs (@) [ug|™ da. (3.15)
Qs

Q
Therefore, by combining (3.10)—(3.15), we get to

Jo (L4 5 (2)) [ue|”* da

@\
+ (Jo )

1) <l - (32 - ) IVu I +eho Vu) () +

—I—f u?1n |u|" dz.
Q

By fixing 6 = g2, ¢s (x) remains bounded and, consequently, we obtain (3.4).
Lemma 43. Assume that (H1)-(H3) and (2.9) hold, then for any 6 > 0, the functional

Ly(t) = — Lut/{} h(t—s)(u(t)—u(s))dsdz. (3.16)
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satisfies, along the solution of (2.1), the estimates:

t
L < 6||Vu||§( / b(s)dsé)nm% / o) [l e
0 Q

+§ (—h! o Au) (&) 4 g (h o Au) () + cos (h o Au) ™ (¢) (3.17)

for oy > 2 and for 1 < g; < 2, we have the following estimate

LW < &|Vaf? - (fobmd 5)|u|2+ (h o Au) (8) + ces (ho Au)= (£)

—h' o Au) ( U |ue|” dm+(/ A “dx) ] (3.18)

Proof. When I, is directly differentiated using (3.16

);
/Au/ h(t— — Au(s))dsdzx
()

AL
- [ e suts)a >(Oh(t 5) (Au t) — Au(s)ds ) da
f/ — u(s)) dsdz — Uotb(s)ds)lutlli

+ [ / (u (t) — u(s)) dsde
—nfulnu/ )) dsdx
( / )/Au/ () dsdz (3.19)
e e

; /(/h( ) (Au (1) - Au())ds)2dr

- Jn / 0@~ u s [ nGs)as)
/|u - / —5) (u(t) — u(s)) dsdz
nfulnm/ )) dsdz
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Using Young’s inequality and (2.9) , we get

(1—f0th(s)ds)fﬂm.f:h(t—s) (B (t) — D (5)) dsda < e [Vl + & (ho Aw) (1),

(3.20)
Using Young’s, Poincare’s, and (2.9) inequalities results in
t .
u | h(t—s)(u(t) —u(s))dsdr <cd|Vul;+ 5 (hoAu)(t). (3.21)
a Jo
By using Young’s inequality and (2.9), we get
; i
— / Uy f B (t—s) (u(t) —u(s))dsdz < & ||ul3 + 5 (—h' o Au) (t). (3.22)
Q 0

Next, for almost every x € () fixed, we have

a(z)—1

/Dth(ts) i) — )| g < (foth(s)d%_mr (/Oth(t—sﬂu(t)—-u(s)la(x)ds(}g(lg)

a(z)

< -2 7 ([ re- 9o -u6re)

Consequently, for nearly all x € (2, we have

o(=)

foh(ts) lu (t) — u(s)|ds <(1w)"1—1/0 h(t—s)|u(t) —u(s) @ds. (3.24)

Using (2.9) and the Young, Holder, and Poincare inequalities, we obtain

fg |ug |72 /0 th(t—s) (u(t) — u(s))dsdz.

a(z)

< 5/9 /Oth(t—s)(u(t)—u(s))ds. d:r:—l—/ﬂc(g () |ut|a(x) dx
< 5(1m)“11// Bt —s)|u(t) —u(s)"® dsdm+f65 (x) lue|” dz, (3.25)
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where ¢ (x) = 6170 (0 (2)) " (o (a) — 1)7@

In a similar vein, we have

[ [ e - wier asi
- /n fo (= 8)u@) ~u (o dodot fo Rt —s) [u(t) — u(s)|" dsd

< foh(r—snu(t)—u(snii ds+/0 Bt — s Ju(t) — u(s)|2 ds

< “ (%;fndgE(O)) 21_ [h(t—S) lu (2) — (sl ds

+c‘:( 4n E(o)) .

2nw—nd?
< e(hoAu)(t) (3.26)
a2 oq—2
e — {cgﬂ (éﬁimﬁE (0)) P pen (QW;EMQE(O)) : ]

Therefore,

/ [ |72 tf (t—s)(u(t) —u(s))dsdz
e (1—w) ! (hoAu) () + fn cs (z) |ug|  dz, (3.27)

For the last term in (3.19), the use of (1.16), Young’s, Cauchy-Schwarz’s and Poincare’s
inequalities, the embedding theorem and (2.9) leads to, for any ¢ > 0,

[uanlu® [ b6 =) @0 u(s)dsde

n(a:)/ﬂ(u2+6e|ull‘€) Dt

i fﬂ (o + Be [ul*~) Ot

e[| [ 56— 5) @)~ uopas
/th(t—suu(t)—u(s))ds

+5/u2dx+cg,5/
Q alto

e8| Vul)? + (hoAu)() ces(h o V)T (t).

I

h(t—s)(u(t)— u(s))dsde

(
h(t—s)(u(t) —u(s))dsdz

IA

IA

dx

2
14«

dx

IA
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Combining the above estimates with (3.19), we obtain (3.17).
For the proof of (3.18), we re-estimate the fifth term in (3.19) as follows:

[ -2 f Bt — 5)(u (1) — u(s))dsda

o),

< 6(1—m)(hoAu)(t)+ fn |ue |22®) 2

IN

2
C
dz + — f |ue |22l
0 Ja

/0 h(t — s)(u(t) —u(s))ds
< oS (hoAu)(H) + / )2 4 & / e [275)=2 (3.28)

< e (honu) O + ([ ulde + ([ Jul@day).
Q Q

Then (3.18) is established

Lemma 44. By using (2.8), (3.3) and (3.17), then, fort > ty and any Ay > 0, we have

M < —Sallh) —(Nah— % " >\o(12—bo)
~(Vaftn )~ 1= D)l

)IVull3

+e(h o Vu)(t) + (§N1 - ?‘Nz (H'oVu)(t)

A A 2
+(1_30>/u21n|u”dx+(1 0(77+ ))|| 13
Q

Using the Logarithmic Sobolev inequality, for 0 < Ag < %, we get

L) < B - [hs— T+ 202018 oy
BNI - 4—CN2])(H’ovu)(t)
- |:11V2(b[) —0)—1-— %} |[we| |2 + e(h o Vu)(2)
-2 2l 0+ a1 - 50— 2Ly

At this point, we choose :
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1) N; large enough

/\U nd? )\0 i
N. fio B 128
2>ma‘x{( 2)62300‘(+2)(bo—5)}

w )\0 (]_ — b[}) AO T‘idz
Nob = o+ — ) 23¢0 ~

Then,

2

and,

A
J?VQ(E)U*(S)*I*?O>O,

2) Ao and 7 so small that

. Moy Ao(n+2
1— g(l — ?O)lnuﬂg + (1 + Ind)(1 — ?0) _ %

and then N; large enough that

=10.

4
Ny > —CN22
w

Therefore, we get to the desired result (3.1). On the other hand, we can choose Ny even

larger so that
L~F.

Using (2.57) and (2.8) , we get

1+e

o Valll] = @roVa) (@)= (he V)™ [&)ifo V)o@

b

< c(ho Vu)™ (1)

Remark 45. In the case of H is linear and since a is nonincreasing, we have

(ho Vu)™ (1) < o(~ /()=

Lemma 46. If (H1)-(H2) are satisfied, then we have the following estimate
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(3.29)

(3.30)
(3.31)

(3.32)



t _, {eo((—h o Vu)(t))
(hoVu)(t) < E—OH ( a(d) ) ,Vt > 0,

where 2 1s small enough and |,
(—h' o Vu)(t) < —cE'(t),

Proof. To establish (3.33), let us define the following functional

¢
B0 o= i—o / ||Vu(t) — Vu(t — s)||3ds, vt > 0.
0

Then, using (2.7), (2.8) and the dentition of I' (¢), we have

L@ < 2 IVuOIE+[IVu(t—)Bds
g o /0 (E(t) + E(t — 5))ds)

wt

8 t
< ﬂ/ E(s)ds
wt Jo

5 d 8
2 5 0/ E(0)ds = 22 E(0) < +00
wt Jo w

Thus, g can be chosen so small so that, for all t > 0,

I'fz) < 1.

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

Without loss of the generality, for all ¢ > 0, we assume that I' (£) > 0, otherwise we get

a exponential decay from (3.1). The use of Jensen’s inequality and using (3.34), (2.6) and

(3.37) gives
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t

'oVu = - —H'(s 0| Vu(t) — Vu(t — s)|*dxds
(Hove) = —ze [ TOHE) [ 2lVu(®) - Vu(t — o) dad

> Eogt f F(t)a(s)H(h(s))/ﬂeUVu(t)—Vu(t—s)|2d:cds

> ESI(‘t(t /H /_0|Vu() Vu(t — s)|*dzds

> ti(t)H f ] \Vu(t) — Vu(t — s)[dzds), (3.38)

hence (3.33) is established.

3.0.2 The case 0 > 2.

Theorem 47. Assume that (H1)-(H3) and (2.9) hold. Let (ug,u;) € Hi (Q) x L2 (Q).

Then, there exist positive constants ¢, tp and t; such that the solution of (2.1) satisfies:

1) if H is linear,

t
E(t) <c(1 +f +e(s)ds) =, Vit > to, (3.39)
to
2) If H is nonlinear,
E(t) < ct™ 5y 1;) N>t (3.40)
¢t Jug (s)ds

where H(s) = sH'(e15) and H(t) = ([H ™) (t)

Case [ is linear

We multiply (3.1) by a(t) and use (3.30) and (3.32) to get

a(t)L'(t) < —doa(t)E(t) + o(—E'(t)) TVt > to. (3.41)

Multiply (3.41) by a®(t)E*(t), and recall that a/ < 0, to obtain

P OE ()L (1) < —doa™ (O (8) + c(aB) (O)(—E' (1) P2Vt > to
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Use of Young’s inequality, with £ + 1 and %, gives, for any £ > 0,

FHOEQ)L'E) € —2a'OE™ ([t) +c(ea (O ET — co E' (1))
= —(Ng—£e)af T Ht)ETT — eB'(1), Yt > .

so,

We then choose 0 < ¢; = Ag — £’c and use that o’ <0 and E' <0, to get,

e+1

(@HEL)(E) < 0 OB LY () < —ed™ O (1) — (), ¥t > to
which implies

e+1 e+1

o (R)EF() L, () + cE'(t) = (@ ETL+ cE) (t) < —cia ()E  (2),Vt > to,
where
Ly =a"'E°'L+cE.

by (3.29) we have L ~ E, Then
L,~FE

So,

!

Li(8) < —ca™ ()L (8), VE > to.

S0,

TR0y € —m™ WM Sl

Integrating over (fp,t) and using the fact that L; ~ FE, we get

t
! —e— 1 — —
[ norrwa = 2[5 - L o),
to
B t
e+1
< —cf a’ (t)dt,Vt > to.
to
t
EE(t) < c(1+ f al™(s)ds), Vt > to, (3.42)
to

we obtain (3.39).
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Case H is non-linear.

Using (3.1), (3.30) and (3.33), we obtain, V¢ > tg,

L'(t) < —XE(t) + ctT [H_l (EO(};O(X u)(t))] - (3.43)

Combining the strictly increasing property of H and the fact that % < 1 whenever

t > 1, we obtain

4 [eo(—h o Vu)(t) 4 [ go(—h o Vu)(t)
" ( ta (t) ) = ( tT=a (t) ) (49
then, (3.43) becomes, for YVt > t; = max{to, 1},
L(t) < —AoE(t) + ctir [H—l (EO(_h: ° Vu)(t))] - (3.45)
tTq (1)

Set

go(—h o Vu)(t)

1L
H(t) = ([H™)7 (),x() = — (3.46)
tTea (t)
Using the facts that H' > 0 and H” > 0on ]0,7] ,  (3.45) reduces to
L'(t) € —XE(t) + et H 1 (3¢7(t)), ¥t > t; (3.47)

Now, for £; < r and using (3.47) and the fact that E' < 0,H’ > 0,H > 0, on ]0,7], we
find that the functional L5, defined by

Lo(t) = H' (ti%) L),

satisfies, for some ¢y, co > 0.

and, for all ¢t > ¢,
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j 5 E(t)) e £1 E(t) _
Lolt) € —dgBOYH | —— ——2 | 4 etv= I — — V(3672 3.49
(0 < -XEOH (20 (CEmo i Gaw) (349
So, using (1.14) and (1.15) with n; = H' ( <L %) and 3bl, = H *(3c7(t)), we get to
t1+e
, £ E(t)) - g1 E(t) ¥
Ly(t) € —XE@QH | 1. =L ) + ™o H* (K (—.—=-2)) + ct T+ 3c7(t
0 < —NBOH (g ) + o™ H (W (S o) + etmeaen(y
[ & E(t)) ;( £1 E(t)) =

< “MNEGOH' | —.—= | +c=1H —— | + et1T=03cT(t 3.50
) (tm E(0) "\ E(0) a0

Then, multiplying (3.50) by a(t) and using (3.34), (3.46), we get

a(t)Ly(t) < —Moa(t)E(t)H' (t%o%) +esra(t) g((é)) o (;}0 g((é))) +cE'(t),Vt > t.

Using the non-increasing property of a, we obtain, for all ¢t > ¢4,

(aLs +cE)(t) < —Xoa(t)E(t)H' (ig((é)))

Therefore, by setting
L3 = G.'.Lg + cE ~ E,

we conclude that

(1) < -XaEOH (50 ) +esia) gt (50 ).

This gives, for a suitable choice of =1,

Ly(t) < —calt) (g((a) H' (t; %) N>ty

¢ (%} H’ (t;l %) a(t) < —Ly(t),Vt > (3.51)

An integration of (3.51) yields

or
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/ﬂtc (ggg;) o (Tiggg;) a(s)ds < — /t: Ly(s)ds < Ls(ty). (3.52)

Utilising the conditions H', H"” > 0 and the non-increasing nature of F, we infer that

the function t — E(t)H’ (t% -%

(50)# (k- 2w) [ oo
< fﬂtc (gg) 7 (S+ EE‘S;) a(s)ds < Ls(t1). Vt>t (3.53)

Multiplying each side of (3.53) by ——, we have

) is non-increasing; hence, we conclude that

t1d+e
1 E(t g1 E(t !
( : L) i (—fﬁ) f a(s)ds < —— vt >t (3.54)
= E(0) tme E(0)) Ju tTH
Next, we set Hy(s) = sH'(£15)which is strictly increasing, and consequently we obtain,
1| E(t)) ft c
Hy| — —=% a(s)ds < NE>T 3.56
: (tHs E(0)/) J, ) ¢ ' (3.55)

Finally, we infer

(3.56)

This finishes the proof.

3.0.3 Example

The following examples illustrate the results of Theorem 5.4,

Example 48. Let h(t) = cie™2 ) where ¢, > 0 and ¢, > 0is small enough so that (H1)
holds. Then H'(t) = —a(t)H(h(t)) where H(t) = t and a(t) = c. Therefore, we can use
(3.39) to deduce

E(t) < (3.57)

1
£

(14+1)
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Example 49. Let h(t) = @, where ¢ > 1+ = and ¢, is chosen so that hypothesis

(H1) is satisfied. Then H'(t) = —aH(h(t)), with H(s) = 5%,whevf‘e a is a fized constant.
Then, (3.40) gives
E(t) < <

e
1 (422 (a+1)

(3.58)

3.04 Thecase: 1 <o <2
To establish the stability result in the case 1 < g, < 2, we need the following lemma:

Lemma 50. The energy functional E(t) satisfies the following estimate:

1

[~E' @)™ + [-E'@)]" T < c[-E't)]" (3.59)

— i IR
where 0. = min{o; — 1, i)

Proof. Using (2.3), (2.7), (2.53), (2.57) and Lemma 3.3, we have

B() = J0) + 5 @I 2 J0) 2 2 | Au(t)]3

then, using (2.8),

I8u®) < 2E() < 2 E(0)

So, from (2.8), (??) and using Young’s inequality, we get

BOl = ShO 186} - 50 8a)(®) = [ [ul o
< Sh@IauOR— [ Bt =IO + IAu)E)ds +c [ Aul?
< %(%h(t)+2h(0)+2h(t)+c) E(0) < cE(0) (3.60)

Setting 0. = min{o; — 1, ﬁ} and using (5.30), we obtain

1

- RO + B @) )T
< ((BO) 77 + (cE(0)" ) [-E' (1) (361)

IA

O + B
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which completes the proof of Lemma 5.5.
Theorem 51. Assume that (H1)-(H3) and (2.9) hold. Let (ug,u;) € HE(2) x L? ().

Then, there exist positive constants C, ks, k3 such that the energy functional associated

to problem (2.1) satisfies

t Ce
E(t)<C (f ai(s)ds) vt > to, (3.62)
to
it H 1s linear.
If H is nonlinear, we have

ko

tﬁ f:l a(s)ds

E(t) < kst H3! ( ) M (3.63)

14+

where o, = min{o; — 1, ==},Hs(s) = sH'(¢3s) and H(s) = ([Hl]ﬁ)_l (s)-

Case [ is linear:

Multiplying (3.2) by a(t) and combining (2.4), (2.7), (3.32) and (3.59), we obtain, for

?

some m; > 0,

a(t)L/(?) —mya(t) B(t) + ¢ [ E'(8)] 7 + ca(t) [ B'(£))

1A

< —ma(t)E@t)c+ c[—E'(t)]7Vt > 1o (3.64)

Let L :=al + cE ~ E, multiply both sides of the above estimate by a?E?, with

q = ai — 1 and applyYoung's inequality, to get,

a?EI)L(t) < —(mq — £2)a? () EYH(t) — cE (1), Yt > to

Set
Ly =a'FL+cE ~ F

Select £ sufficiently small and, utilising the non-increasing feature of I, we derive, for some

mao, mg > 0,
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L) < —maa® () E™ () < —maa® (1) LT (), VE > &

Using the equivalence L ~~ F and a straightforward integration over (g, t), we get,

Body Math

Fe—1

i =
E(t) < C ( / avs(s)ds) V> 4
to

Case H is nonlinear :

Using (3.1), (3.30) and (3.33), we obtain, Vt > tg,

L'(t) € —2E(t) + ct {H—l (i‘;ﬁ?)] 1_+E te[-E'@®) (3.65)
Using (3.44 — 3.46), (3.65) reduces to
L'(t) < —XNE() + ctlie HY(3c7(t)) 4+ c[-E' ()], vt > 1 (3.66)

Now, for £3 < r and using (3.66) and the fact that £/ <0, H’ > 0, H” > 0 on |0,r] , we
find that the functional F' ., defined by

F(t):= H' ( =8 E(t)) L) (3.67)

satisfies Fe~E
and, for all Vi>t,

F(t) < )\OE(t)H’( = E(t)) e (SE“)) H'(3¢7(1))

o E(0) ;7 E(0)
+cH! (t: %) —E'®)" (3.68)

Upon employing the generalised Young inequality, we obtain
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—AOE(t)H’( z %) e (H ( :i %))
t

Flt) <
t
teH' (t“i %)[ B0 et 3ci(t) (3.69)
y £ E(t) E(t t
s —hBOH (tlig'm) YE(0) ( 0)

Tte

rettaen(t) — e, B+ o B
= B(0)

Using the facts that ﬁ 1 and H' ( 2 fjgé))) is bounded, we have

’2—1.:1 o it) cH' =9 &
[H'] (tiﬁ-E(O il (tlﬁE(O)) (3.70)

Then, multiplying (3.69) by a(t), using (3.46), (3.70) and the fact that E({) > 0, we get

+cza(t)E(t)H' (?W) —cE'(t) , VYt >y,

where F} = F + c.E’. Using the non-increasing property of a, we obtain, for all t > ¢,

(aFs +cBY() < —Mal®)B(@H (t_%%(”g?f[ (tg((a)

" Et))

/ (
ca(t)E(t)H —
+cea(t)E(t) (t = B0
Therefore, by setting F, := aF) + cE ~ E, we conclude that

0

-
[

—r

I ! €3 E(t) E(t) / €3 E(t)
F(t) < —Xa(t)E(t)H ( . —) + ceza(t). H ( - )
ST E(0) E(0) e E(0)
! €3 E(t)
+esa(t)E()H ( . )
ST E(0)



This gives, for a suitable choice of 3 and =

Fy(t) < —Kaft) (%) o ( ; %) V>t

or

An integration of (3.71) yields

tE(S)’E:}@ass—t’s
/th(E(O))H (Sﬁ.E(O)) (il /t Fi(t)ds < Fy(t1) (3.72)

Using the facts that H’, H” > 0 and the non-increasing property of E, we deduce that

the map t — E(t)H’ ( . Em) is non-increasing and consequently, we have
T+=0
t

(0)
K (B9 (5 E9) [ o

(S) ! €3 E(t)
< / K( (0)) H ( 2 TE@) a(s)ds < Fy(t:),Vt > t (3.73)

Multiplying each side of (3.73) by —— , we have

\,_/\__/

tl+€
t
I—f.iﬂ |2 A f a(s)ds < K2 NS 8 (3.74)
= FE(0) s E(0) ) Jy, e
t s t
Using the fact that Bs (s) = H'(23) is strictly increasing, we obtain
t -
kBs 1 2 f a(s)ds < f‘f V>t (3.75)
t1+£ E(O) t1 tm
Finally, we infer
: K
ot < ¥a B | ——= (3.76)
t " [ a(s)ds

This finishes the prootf.
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3.0.5 Example

The following examples illustrate the results of Theorem 5.6

Example 52. Let h (t) = c;e 2"+ where ¢; > 0 and ¢; > 0 is small enough so that (H1)
holds. Then h'(t) = —a(t)H (h(t)) where H(t) =t and a(t) = t. Therefore, (3.62) gives for
t > to and € € (0,1),

-1 Te

t e 2. o
E@f)<C (f a%(s)ds) o (/ sv_ads) V>t (3.77)
to to

1tog Iteg 4

<ot g™ )%

s0,

E@®) (3.78)

Example 53. Let h(t) = 7 where ¢ > 1+ ¢ and ¢y is chosen so that hypothesis (H1)

is satisfied. Then I'(t) = —aH (h(t)), with H(s) = s
where a is a fived constant. Then, (3.63) gives, for t > t; and e € |0,1],

B < kgt (B | o—K2 (3.79)
e fttl a(s)ds
E(t) < — (3.80)

t0+97(g+1)
Example 54. Let h(t) = oo where ¢ > 14-¢ and ¢, is chosen so that hypothesis (H1)
g+l

is satisfied. Then h'(t) = —aH (h(t)), with H(s) =s <

where a is a fived constant. Then, (3.63) gives, for t > t; and € € |0,1],

1E o K
E@) < Kst =~ (H')™ _— (3.81)
& fttl a(s)ds
0.
E(t) < — 1 (3.82)

t(1+6)% (g+1)
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3.1 Conclusion

we use the Faedo-Galerkin method to prove the local existence of the weak solution in
[0,T] x €, and the global existence of the solution is established for the problem (2.1.1) in
[0, +00[ x Q. And we study general decay results for a broad class of relaxation functions and
some special conditions for the variable exponent function in two cas o (z), o (z). Our results

supplement and generalise many previous findings, and we support them with examples.
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Summary

In this work, we consider the following viscoelastic problem with variable
exponents and logarithmic nonlinearities:

g — 1 Au + f[f h(t — s)Au(s)ds + |u|" 2w, = uln |’u\n($)

We use the Faedo-Galerkin method to show that a weak solution exists locally,
and we also demonstrate that a solution exists globally for the problem .
Additionally, we explore general decay results for a wide range of relaxation
functions and specific conditions for the variable exponent function. We conclude
our results by presenting examples illustrating these results.

Résumé

Dans ce travail, nous considérons le probleme viscoélastique suivant avec des
exposants variables et des non-linéarités logarithmiques :

g — 1 Au + f[f h(t — s)Au(s)ds + |u|" 2w, = uln |’u\n($)

Nous utilisons la méthode de Faedo-Galerkin pour montrer qu'une solution faible
existe localement, et nous démontrons également qu'une solution existe
globalement pour le probleme . De plus, nous explorons des résultats de
décroissance générale pour une large gamme de fonctions de relaxation et des
conditions spécifiques pour la fonction a exposant variable. Nous concluons nos

résultats en présentant des exemples illustrant ces résultats.
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