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Preface

The course presented in this text is designed for first-year university students pursuing
studies in technical and material sciences, in accordance with the Algerian LMD educational
framework.

This course offers a clear and simplified approach to object point mechanics, accompanied
by illustrations and exercises with detailed solutions.

The primary aim is to support students in addressing difficulties encountered in their
studies while facilitating a thorough comprehension of the object point mechanics subject
matter.

The exercises presented at the end of each chapter are systematically arranged in increasing
order of complexity, progressing from basic applications of the concepts to more intricate
problems.

It is my sincere hope that this course will be beneficial and will significantly contribute to
the success of first-year university students.

Mourad ROUGAB
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DIMENSIONAL
ANALYSIS

1.1 Introduction

Physics is the scientific discipline dedicated to the examina-
tion and study of natural phenomena. The term Physics is
derived from the Greek word "phtsis", meaning "nature". Its
primary objective is to describe the interactions of matter,
energy, space, and time, thereby revealing the fundamental
principles and laws that govern the universe across various
temporal and spatial scales. Physics seeks to provide rational
explanations for the diverse phenomena observed in the
natural world. To achieve this comprehension, the discipline
is based on a limited set of quantitative laws (fundamental
laws). These laws pertain to various branches of physics,
beginning with classical physics, which includes mechanics,
electromagnetism, optics, thermodynamics, and concluding
with Albert Einstein’s theory of special relativity.

Prior to engaging in the study of physics in depth, it is es-
sential to become acquainted with certain frequently used
terminologies and the methodologies employed in the inves-
tigation of physical phenomena and their implications.

In physics, quantities that are measured or calculated are
generally expressed as numerical values accompanied by
their corresponding units. These units must be accurate and
consistent, which underscores the importance of a coherent
system of units. The coherence and relationships between
units can be verified through dimensional analysis, a method
that helps establish the general form of an equation and
validates the correctness of laws in terms of dimensions.

In this chapter, we will define the units required to express
the results of measurements and calculations, and we will
also discuss dimensional analysis.

1.1 Introduction

1.2 Units and dimensions 2
System of Units . . .
International system
of units
SI derived units . . .
Some practical units

(3%

1.3 Common prefixes of
SI units

1.4 Physical quantities . 8

1.5 Dimension of physi-
cal quantity . .. ... 9

1.6 Dimensional equation 9
1.7 Dimensional analysis 10
L8 Exercises: . ; +.5.5 s 15

1.9 Solutions



2 | 1 DIMENSIONAL ANALYSIS

1: The FPS system is not a met-
ric system. This system is not in
much use these days.

2: The drawback of CGS sys-
tem is that many of the derived
units on this system are inconve-
niently small.

3: The name Systéme Interna-
tional d'Unités, and the abbrevia-
tion SI, were established by the
11th CGPM in 1960.

) ©

Figure 1.1: The SI Base Units

RCARTEN o) E
" periodically updated to reflect advancements in science.

1.2 Units and dimensions

System of Units

A system of units is defined as a complete set of units used
to measure all kinds of fundamental and derived quantities.
Below are some of the frequently used systems of units:

(a) FPS systemlz In this system, the units of length, mass
and time are foot (ft), pound (Ib) and second (s),
respectively. The unit of force in this system is poundal.

(b) CGS Systemz: In this system, the units of length, mass,
and time are centimetre (cm), gram (g), and second (s)
respectively. The unit of force in this system is dyne,
and that of work or energy is erg.

(c) MKS system In this system, the units of length, mass
and time are metre (m), kilogram (kg) and second (s),
respectively. The unit of force in this system is newton
(N) and that of work or energy is joule (]).

(d) International system (SI) This unit system facilitates
significant advancements beyond the MKS system and
is known as rationalised MKS system. It is useful for
deriving all physical quantities in the field of physics.

International system of units

The General Conference on Weights and Measures (CGPM
from the french term "La Conférence générale des poids et
mesures") convened and established a system of units known
as the International System of Units®, commonly referred
to as SI, which comes from the French term "Le Systéme
International d’unités". This system is widely used around
the world.

The CGPM officially adopts formal definitions for all SI
base units. The first two definitions were established in 1889,
while the latest one was adopted in 1983. These definitions are

The International System of Units (SI) consists of seven inde-
pendent base units, also known as fundamental units: second
(s), meter (m), kilogram (kg), ampere (A), kelvin (K), mole
(mol), and candela (cd). Table 1.1 lists the seven fundamental
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quantities, along with their corresponding symbols and SI

units.

Table 1.1: The SI Base Units

Quantity Typical symbols  Unit name
Length I, x,r,etc. metre (m)
Mass m kilogram (kg)
Time t second (s)
Electric current intensity I ampere (A)
Thermodynamic temperature T kelvin (K)
Amount of substance n mole (mol)
Luminous intensity j candela (cd)

Additionally, the International System of Units (SI) includes

supplementary units: the radian (rad), which measures plane “

angles, and the steradian (sr), which measures solid angles  Figure 1.2: Plane angle a = s/r.
(Table 1.2).

Table 1.2: The SI supplementary units

Quantity  Unitname Symbol of unit

Plane angle radian rad
Solid angle  steradian ST
The second

The SI unit for time, the second, has evolved from being
defined as 1/86,400 of a mean solar day to a more precise
definition based on atomic vibrations. In 1967, the second
was redefined as the duration required for 9,192,631,770
vibrations of the unperturbed ground state of the caesium
133 atom (caesium frequency Avcs). This definition provides
a constant and reliable measure of time, unlike the solar day,
which is gradually lengthening due to the Earth’s slowing
rotation. This high level of precision is crucial for technologies

such as GPS, which rely on accurate timekeeping from atomic
clocks to provide precise location information.

Figure 1.4: The second

The new definition of the second implies the exact relation
Aves=9,192,631,770 Hz. By rearranging this relationship, one
can derive an expression for the unit of time, the second, in
terms of the defining constant Avcs:

_ 9,192, 631,770
- Avcs

1s
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Figure 1.5: The meter

Figure 1.7: The ampere

The meter

The SI unit for length, the meter, has undergone several
definitions to enhance precision since its inception in 1791,
when it was originally defined as 1/10,000,000 of the distance
from the equator to the North Pole. In 1889, the meter was
redefined based on the distance between two engraved lines
on a platinum-iridium bar. By 1960, it was further refined
to correspond to 1,650,763.73 wavelengths of orange light
emitted by krypton atoms. The current definition, established
in 1983, defines the meter as the distance light travels in a
vacuum in 1/299,792,458 of a second, based on the exact
speed of light being 299,792,458 m /s.

The kilogram

The kilogram is the SI unit of mass, defined by the mass
of a platinum-iridium cylinder stored at the International
Bureau of Weights and Measures in Paris. Replicas of this
standard kilogram are maintained at the U.S. National Insti-
tute of Standards and Technology (NIST) in Maryland and at
various locations worldwide. Currently, NIST scientists are
exploring two methods to redefine the kilogram, emphasiz-
ing that all other mass measurements are ultimately based
on comparisons with this standard mass.

The ampere

Since 1948, the ampere has been defined as the intensity of a
constant current that, when maintained in two infinitely long,
parallel conductors with negligible cross-sectional areas and
separated by one meter in a vacuum, produces a force per
unit length of 2 X 10~7 newtons. In 2019, at the 26!" General
Conference on Weights and Measures, the definition of the
ampere was revised to be based on the elementary electric
charge, e = 1,602,176, 634 X 107" C (coulombs), and the
second:

1.C =1As

The kelvin

Since 1968, the kelvin, the unit of thermodynamic temper-
ature, has been defined as the fraction 1/273.16 of the ther-
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modynamic temperature of the triple point of water. Conse-
quently, the thermodynamic temperature of the triple point
of water is exactly 273.16 kelvins (T}, = 273.16 K). In 2019,
the kelvin was redefined by taking the fixed numerical value
of the Boltzmann constant (k) as 1.380649 X 10~2* when ex-
pressed in the unit [.K~!. This definition implies the exact
relationship k = 1.380649 X 10723 JXL. As a result, one
kelvin corresponds to a change in thermodynamic temper-
ature (T) that leads to a change in thermal energy (kT) of
1.380649 x 1072 J.

The mole

The mole, as defined in 1971, is characterized as “the amount
of substance of a system containing as many elementary
entities as there are atoms in 0.012 kilogram of carbon 12”.
At the 26!" General Conference on Weights and Measures
held in 2019, a revised definition of the mole was established,
stipulating that one mole contains exactly 6.02214076 X 105
entities. This number is the fixed numerical value of the
Avogadro constant (NA) when expressed in the unit mol~!
and is commonly referred to as Avogadro’s number. The
quantity of substance, denoted as 11, within a system serves
as an indicator of the number of specified elementary entities
present. An elementary entity may encompass an atom, a
molecule, an ion, an electron, or any other particle or defined
collection of particles.

The candela

Since 1979, the candela has been defined as the luminous in-
tensity, in a given direction, of a source that emits monochro-

02 hertz and whose

matic radiation of frequency 540 X 1
energy intensity in this direction is 1/683 watt per steradian.
Consequently, the spectral luminous efficacy of monochro-
matic radiation of frequency 540 X 10'? hertz is precisely
683 lumens per watt (the wavelength A of radiation of this
frequency is approximately 555 nm), K(Ass5) = 683 Im/W =

683 cd sr/W.

o Units
192
T

Figure 1.8: The kelvin

0 Units
¢ A

Figure 1.9: The mole

Figure 1.10: The candela

5
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4: Also known as one second of
an arc.

SI derived units

In the International System of Units (SI), there exists an
additional category of units known as derived units. These
units are formulated through algebraic expressions that
involve multiplication and /or division.

Example of derived units

s Frequency is expressed in hertz (Hz) in the International
System of Units. Since frequency represents the inverse
of a period, it can also be expressed in s~

= Speed is expressed in n.s~".

= SI unit of force is Newton (N).
= SI unit of energy is Joule (J).

= SI unit of density is kg.m™.

It is important to note that there are several unit systems,
including the CGS system, the MKSA system, and the FPS (or
British) system. For instance, the CGS system comprises three
base quantities: length measured in centimeters, mass mea-
sured in grams, and time measured in seconds. The MKSA
system, on the other hand, is based on four fundamental
quantities and units: length in meters, mass in kilograms,
time in seconds, and electric current intensity in amperes.

Some practical units

Units of length

1. Parallactic Second (Parsec): It is defined as the distance at
which an arc measuring one astronomical unit ( 1.496x 10!
m) subtends an angle of one arcsecond? (arcsec). The
parsec is considered the largest practical unit of distance.

oo b _ 1496 10" m
e 1 second

or,

1.496 X 10! m
11/(60 X 60 X 180) radian
~1.469 x 10M x 60 X 60 X 180
Tt

1 parsec =
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- 1 parsec = 3.08 X 10"°m.

2. Light Year: It is also a practical unit of distance used in
astronomy to measure the distances to nearby stars. A
light year is defined as the distance that light travels in
one year through a vacuum, free space, or air.

1 Light year = 3 X 10° m /s X 365 X 24 X 60 X 60 s

.. 1Light year = 9.5 x 10"* m = 9.5 x 10" km.

3. Astronomical Unit (A.U.): It is defined as the average
distance from the Sun to the Earth, which is the radius of
the Earth’s orbit.

1A.U. = 1.496 x 10" m ~ 1.5 x 10% km.

This unit is also used in astronomy to measure distances
of planets.
4. Microns (ym): Itis an unit of distance defined as microme-
tre.
1 micron = 1ym = 10~° m.

5. Angstrom (;\): It is also a practical unit of length used in
atomic physics.
1A=10"m

6. Fermi: It is the smallest practical unit of distance used in
nuclear physics.

1 Fermi = 107" m.

Units of mass

1. Chandra Shekhar Limit (C.S.L.): It is considered the
largest practical unit of mass.

1 C.S.L. = 1.4 X mass of the sun.
2. Metric Ton:
1 Metric Ton = 1000 kg.

3. Atomic Mass Unit (a.m.u.): It is considered the smallest
unit of mass. This unit is not the atomic standard for mass,
but rather a practical mass unit in atomic and nuclear
physics. It is defined as one-twelfth (1/12th) of the mass

7
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Table 1.3: Prefixes for multiples
and sub-multiples.

of a single carbon-12 (C-12) atom.

lamu = E X mass of one C-12 atom

1X12_1
2°"N N

1
lamu. = g =1.67x 1077 kg.

"~ 6.023 x 102

1a.m.u is just equal to the reciprocal of Avogadro’s Num-
ber.

1.3 Common prefixes of SI units

Table 1.3 presents the prefixes and symbols used for con-
verting units into multiples and sub-multiples. For instance,
one thousand ohms is referred to as a kilo-ohm, denoted as
k€. Similarly, M) represents the mega-ohm (one million
Ohms), while m() denotes the milli-ohm (one thousandth of
an ohm).

Prefix Symbol Factor Prefix Symbol

yotta 4 10 deci d 10~
zetta z 107! centi c 1072
exa E 10" | milli m 107
peta i 10 | micro U 107°
tera T 10%2 nano n 10~
giga G 10° pico P e
mega M 10° femto f 19~
kilo k 10° | atto a 10718
hecto h 102 zepto z 10721
deca da 10 yocto y 104

1.4 Physical quantities

A physical quantity is defined as any measurable physical
property. The measurement process involves comparing the
quantity in question with a standard quantity of the same na-
ture, known as a standard or etalon, which is conventionally
accepted as a unit of measurement. The ratio between the
measured quantity and this standard provides the numerical
value of the physical quantity in terms of the chosen unit.
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We distinguish between base quantities (fundamental quan-
tities), which cannot be calculated using equations based on
other already determined values, and derived quantities,
which can be expressed as algebraic combinations of the base
quantities. Each physical quantity consists of a numerical
value accompanied by a corresponding unit of measurement.
For example, the distance "d" traveled by a moving object
is equal to ten meters, denoted mathematically as d = 10 m1.
Similarly, the mass m of an object is quantified as m = 66 kg,
and so on.

1.5 Dimension of physical quantity

By convention, physical quantities are organized according
to a system of dimensions. Each of the seven base quantities
of the international system of units is assigned a unique
dimension, symbolically represented by a single uppercase
letter in Roman type without serifs. The symbols used to
indicate the dimension of each base quantity are displayed
in Table 1.4.

Quantity Dimension symbol SI unit
Length L m
Mass M kg
Time T s
electric current I A
Thermodynamic temperature © K
Amount of substance N mol
Luminous intensity ] cd

There exist also physical quantities classified as dimension-
less (also known as "non-dimensional"” or "of dimension 1),
indicating that they do not possess any associated dimen-

sions.

1.6 Dimensional equation

The dimensional equation of a physical quantity X is an
expression derived from a physical formula in which X is
included. In this equation, the dimension of X, denoted as
[X], is expressed in terms of the dimensions of the seven
base SI units. The dimension of a quantity X is commonly
expressed as a dimensional product, namely:

[X]=L* METY I® ©¢ N¢ J1 (L1)

Table 1.4: Dimensions of the base
quantities
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the exponents a,f, 7,0, ¢,(, and 1 are referred to as di-
mensional exponents. These exponents are typically small
integers that may take on positive, negative, or zero values.
It is important to note that for dimensionless physical quanti-
ties, the dimensional representation is expressed as [X] = 1.

1.7 Dimensional analysis

Dimensional analysis is a qualitative investigative method
that involves identifying all relevant parameters of a physical
phenomenon to deduce how a quantity depends on these
parameters. This analysis, however, does not allow for the de-
termination of numerical factors, which can only be obtained
through quantitative or experimental studies.

Dimensional analysis allows:

s To determine the composite unit of the specified quantity
based on the base units.

s The eventual resolution of unit conversion.

s Error detection in an equation (Any non-homogeneous
formula is necessarily false).

s The prediction of the form of a law, provided that the
pertinent parameters of the problem are identified.

1. Find the dimension of a force F.

2. Determine the composite unit of force in terms of the
base units.

1. F=ma = [F] = [M]]a],

We have:
dv

a=— = [d = [0][T]™" and v = = = [0] =
(L1
Then:
[F] = [M][L][T] [T]7?, therefore: [F] = M L T2
2. We have:
[F]=MLT?3
we know that the unit of force is the Newton, using the
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Table 1.4 we find:
1 Newton =1kg.m.s2.

Unit conversion:

In the CGS system (centimeters, grams, seconds), force is
expressed in dynes. How many Newtons are equivalent to
1dyne?

The dimensional equation for force, expressed as [F| =
M L T2, must be validated across all systems of units.
So we have: 1 Newton = 1 kg.m.s72 and 1 dyne
1g.cm.s™2
Thus, we can deduce the conversion: 1 Newton
10° dynes.

Example 1.3

Which of these formulas are homogeneous (dimensionally
correct)?

7

=2 —;
@ ”\/;
®) T:m\/%

1 [¢
(C) TF’E g:

d T= 2”‘/(HTS)‘

T represents the period of oscillation of a simple pendulum
(time) of length {. g is the acceleration due to gravity.

ff’ [L] 1
a 2 = 1 - —_ — — e =
s = [ SI V[L] il 2
JITP =[1].

(a) is a homogeneous formula.

=2
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(b) is a non-homogeneous formula.

o [2]-m ] -m

(c) is a homogeneous formula.
(d) Non-homogeneous : The terms in the addition (¢ and
g) must have the same dimensions.

Refer to Example 1.2

The prediction of the form of a law:

We assume that the period T is a function of the mass m,
the gravitational field ¢, and the length { of the pendulum,
expressed as T = f(m, g, {). We can then write:

T = Cte (m* gP ¢Y)

where Cte is a dimensionless factor. This leads us to the follow-
ing dimensional equation:

T =M* (LT2)f LY = Ma LB+ T2

For the law to be homogeneous, the following conditions must
be met:

=10,
—2;3:1:;,3:_71,
PRy =SSPl

:'J:E_

The general formula for the oscillation period is, therefore:

= Cl‘.‘z\/I
S

a It is important to note that the discovery of a law

does not inherently validate its accuracy. Dimen-
sional analysis serves to verify that the law is di-
mensionally consistent; however, empirical experi-
mentation is necessary to substantiate or challenge
the findings of the analysis.
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CHAPTER 1 SUMMARY
System of Units

Below are some of the frequently used systems of units:

(a) FPS system In this system, the units of length, mass and time are foot (ft),
pound (Ib) and second (s), respectively.

(b) CGS System In this system, the units of length, mass, and time are centimetre
(cm), gram (g), and second (s) respectively.

(c) MKS system In this system, the units of length, mass and time are metre (m),
kilogram (kg) and second (s), respectively.

(d) International system (SI) This unit system facilitates significant advancements
beyond the MKS system and is known as rationalised MKS system. It is useful
for deriving all physical quantities in the field of physics.

International system of units

Quantity Typical symbols  Unit name
Length l, x, 1, etc. metre (m)
Mass m kilogram (kg)
Time t second (s)
Electric current intensity 11 ampere (A)
Thermodynamic temperature 2 kelvin (K)
Amount of substance n mole (mol)
Luminous intensity I candela (cd)

Quantity  Unit name Symbol of unit
Plane angle radian rad
Solid angle  steradian ST

SI derived units

= Frequency is expressed in hertz (Hz) in the International System of Units. Since

frequency represents the inverse of a period, it can also be expressed in sk,

Speed is expressed in m.s~1,

» SI unit of force is Newton (N).
= SI unit of energy is Joule (J).

= SI unit of density is kg.m_S.
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Some practical units

Parallactic Second (Parsec): 1parsec = 3.08 X 10'°m.

Light Year: 1 Light year = 9.5 X 10!° m.

Astronomical Unit (A.U.): 1 A.U. = 1.496 x 10! m.

Microns (um): 1 micron = 1ym = 10° m.

Angstrom (A): 1 A =107 m,

Fermi: 1 Fermi = 10~° m.

Chandra Shekhar Limit (C.S.L.): 1 C.S.L. = 1.4 X mass of the sun.
Metric Ton: 1 Metric Ton = 1000 kg.

Atomic Mass Unit (a.m.u.): 1 am.u. = 1.67 X 107% kg.

Dimension of physical quantity

Quantity Dimension symbol SI unit
Length L m
Mass M kg
Time i s
electric current I A
Thermodynamic temperature © K
Amount of substance N mol
Luminous intensity ] cd

Dimensional equation

[X]=L* MPTY I° ©¢ N J".



1.8 Exercises

Exercise 1.1
Find the dimensions of the following
physical quantities:

(a) Volume (V),

(b) Density (D),

(c) Work (W),

(d) Kinetic energy (K),
(e) Potential energy (U).

Sol : page 16

1.8 Exercises | 15

defined as follows:

2 =2

v” — vy = 2a(x — xop).

where v and v, are velocities, a is acceler-
ation, and x and x( represent positions.
Using the dimensional analysis, check
the accuracy of this equation.

Exercise 1.2

Using dimensional analysis, determine
in terms of base units the composite unit
for the following SI derived units:

(a) joule (J),

(b) watt (W),

(c) pascal (Pa),
(d) coulomb (C),
(e) volt (V),

(f) ohm (Q),
(g) katal (kat).

Sol : page 16

Sol : page 18
Exercise 1.5
In a spring-mass system, the angular
frequency w is found to be: w = 1/%
What is the dimension of the spring stiff-
ness k?

Sol : page 18
Exercise 1.6

The equation for velocity as a function
of time for a moving object is given by

c
v =a+bt+ T
Write the dimensions of a, b, ¢, and d.

Sol : page 18

The gravitational constant (s a key
physical constant found in Newton’s law
of universal gravitation.

1. Find the dimensional formula for G.
2. Derive its SI units.
3. Convert it into the CGS units system.

Sol: page 17

Exercise 1.4

In uniformly variable motion, there is
an important relationship that is appli-
cable exclusively to this type of motion,

| Exercise 1.3
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1.9 Solutions

Solution of exercise 1.1 ( Page 15)
(a) Volume

Volume = length X breadth X height
= length X length X length
= [V1=IE] % [L] x[L] = [L7]

(b) Density

. mass
Density =

volume

- [D] = [M]/[L?] = [ML™?]
(c) Work

Work = force X displacement

= force X length

[Force] = [MLT 2] (See Example 1.2)
o [W] = [MLT 2] x [L] = [ML?*T?]

(d) Kinetic energy
1

Kinetic energy = Emass )¢ \a'elcrcity2

displacement B length

Velocity - time time

T
[Velocity] = G [LTH]
[Velocity?] = [L*T 2]

5 K] = IMIX LT = [MIETY]

(e) Potential energy
Potential energy = mass X height X
gravitational acceleration (g)

_ velocity  [LT™'] 5
8~ Ttme [T] al

- [U] = [M]%[L] % [LT~2] = [ML2T"2]

Solution of exercise 1.2 ( Page 15)
(a) joule ()):

The joule is the unit of energy or work.
From Exercise |.1:

[W] = [ML*T ]
Thus, the joule in base units is:
1J=1N-m=1kp-m" s,

(b) watt (W):
The watt is the unit of power, defined as
energy per unit time:

Energy ]
Time s

Power =

Using the joule from part (a):
IW=1Js =1kg m? 5.

(c) pascal (Pa):
The pascal is the unit of pressure, de-
fined as force per unit area:

Force N
Pressure = = —
Area m?2

. [Force] = [MLT 2] (See Example 1.2),
thus:

[MLT-2]

o [ML™'T?]

[Pressure| =

e lPale-m_zzlkg-m_l-s_z.

(d) coulomb (C):
The coulomb is the unit of electric charge
(Q), defined as current x time:

Q=1-T
Thus, its dimensional formula is:

[Q] = [UT]

o e ST A s



(e) volt (V):

The volt is the unit of electric potential,
defined as the work done per unit charge
(or energy per unit charge):

Work
Charge

Voltage =

Using the work and charge dimensions
from parts (a) and (d), respectively, we
can deduce the dimensional formula for

voltage:
M 113 e _ DAy
[V] = 1] = ML
2 IN= H:11<g-m5‘-5—3-1tf1.
e
(f) ohm (Q):

The ohm is the unit of electrical resis-
tance (R). From Ohm’s Law, R is defined
as voltage per current:

Voltage V

Current A

Resistance =

Using the voltage dimensional formula
from part (d):

[MIAT1

[R] = T

= [ML2T1?
1V

o L =— :kg-mz-s_S-A_z.
1A

(g) katal (kat):
The katal is the unit of catalytic activity,
which is defined as :

[Amount of substance]

[Time]
[Catalytic Activity] = % =[NT]
. 1lkat = Ll =mol - s
s

1.9 Solutions | 17

Solution of exercise 1.3 ( Page 15)
1. The Newton'’s law of universal gravi-
tation states that the force of attraction
F between two masses 117 and 11, sepa-
rated by a distance r can be expressed
as:

IARLLD)
F=G

r‘?

Rearranging for G:

ﬁF-rZ

11,

[MLT2] - [L?]
[G] =
[M] - [M]
2. Using the dimensional formula above,
we find:

= [M2L2T*].

G= kg_1 -m> .52,
The unit of G can also be written as:
N-m?- kg_z.
3. The value of G in the SI system is:
G=6.67x10"1 kg_l .m® .52

Let [M['LT, ] be the dimensional for-
mula of G in the SI unit system, and
(M 3 LgTZ_Z] be the dimensional formula
of G in the CGS unit system. We will re-
fer to the gravitational constant in the SI
unit system as G; and in the CGS unit
system as Ga.

Then, we can write:

GiIM;'L3T %] = Go[M; ' L3T; 2]
6 =g M (Ll 5]
2TV M| |2 |

Here,
Gy = 6.67 x 10711,

The conversion between SI and CGS



18 | 1 DIMENSIONAL ANALYSIS

units give:
» Length: 1cm = 102 cm
« Mass: 1kg = 10° g

Time is the same in both systems (s).
Thus,

« M; =1kg, M,=1g=10"kg,
s li=1lm,Ly=1cm=10"2m,
= Tl :TZIIS.

Subsﬁtuh’ng these values in the above
equation, we get:

. iks =3 1m3E_2
2771 103kg| |102m| |1s

=6.67 x107 x 10°
=6.67x107%

Thus, the value of G in the CGS system
of units is

G =6.67430 x10° cm® - g7 - 572,

Generally, G is expressed in N - m?2- kg_z.
In this case, we find:

G =6.67x1078 dyne - cm? - g_z.

ond side of the equation:

[2a(x — x0)] = [a][(x - x0)]
= [Lx T7?|[L] = [L*T7?]

The dimensions of both sides of the equa-
tion are identical. Therefore, the equa-
tion is dimensionally correct.

Solution of exercise 1.5 ( Page 15)
We know that @ has units that are the
inverse of time.

[w] = [T7"]
o [w?] = [T72
On the other hand,

k 2
W =—=k=w>Xm
m

Therefore,

[k] = [@?][m] = [T~?][M] = [MT?].

Solution of exercise 1.4 ( Page 15)
To check the accuracy of an equation,
we need to ensure that both sides of the
equation have the same dimensions.
Determining the dimensions of the first
side of the equation:

0v? and v} has the dimension [L/T]* =
2T

- [0 = 0d] = [L°TF]

Determining the dimensions of the sec-

Solution of exercise 1.6 ( Page 15)
According to the principle of dimen-
sional homogeneity,

[al =[o] . [a]=[LT7]
) _ _[v] _ 1]
[bt]=Tol =~ [b]= T =
5 [b] =17
Similarly,
[d] = [t] = [T]
Further,
JiEL [v] or [c]=[v][d+¢]
[d + t]

[el=lEr Tl or le]=[L




VECTOR CALCULUS

2.1 Introduction

Several physical quantities can be fully described by provid-
ing a single numerical value along with the appropriate unit
of measurement. For example, we can specify a mass of 32 kg,
a duration of 40 minutes, and a surface area of 100 m?. These
values—32 kg, 40 min, and 100 mz—sufficiently describe
their respective quantities. Physical quantities that can be
defined in this manner are referred to as scalar quantities.
The term "scalar" is synonymous with "number." However,
certain physical quantities necessitate both a magnitude and
a direction for their complete determination; these quan-
tities are known as vectors. The most obvious example is
displacement, which is defined by the effective distance a
body has traveled along with the specific direction of that
movement. Other examples of vector quantities include force,
acceleration, velocity, and momentum. These quantities are
represented by vectors, which are Euclidean entities that can
be geometrically represented as arrows. Vectors can undergo
operations such as addition, subtraction, and multiplication.
This chapter explores the fundamental aspects of vector alge-
bra, particularly in relation to its applications in mechanics.

2.2 Definition of a vector

A vector is a specific quantity that has a magnitude and
direction. It is represented by an arrow and is labeled with
lowercase or uppercase letters, with a small arrowhead on

e
top. For example: w, V, AB, etc.
The magnitude of a vector represents its length and the
direction of a vector is from its tail (initial point) to its head
(terminal point) (see Figure 2.1).

qirecioR. -~

.de
- ma =

2.1 Introduction .... 19
2.2 Definition of a vector19
2.3 Types of vectors .. 20

2.4 Components of a

YeCIOr ¢ & o wiwiiin e 20
2.5 Magnitude of a
NeCIOY ; o & s 21

2.6 Operations on vec-

tors .......... 21
2.7 Scalar product ... 23
2.8 Vector product ... 25

2.9 Scalar triple product
(mixed product) .. 27

2.10 Derivatives of vec-
tors

2.11 Function of several
variables and vector
operators. . ..... 30

2. 12 EXCICiSes . o v o' 35

2.13 Solutions

Figure 2.1: The magnitude and
direction of a vector
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i

w

Figure 2.2: Equal vectors.

w
L
Figure 2.3: Opposite vector.

Figure 2.4: Components of a vec-
tor

2.3 Types of vectors

Zero vector

The zero vector is a vector that has a magnitude equal to 0. It
has no direction and is denoted as 0.

Equal vectors

Two vectors ¥ and W are considered equal if they have the
same magnitude (length) and the same direction. Given that
a vector is represented by an arrow, any translation of this
arrow represents the same vector.

Negative of a vector (opposite vector)

The vector ¥ is said to be the negative of vector W if they
have the same magnitude but are opposite in direction. This
! — -
is denoted as: U = —W.

Unit vector

A vector ¥ for which the magnitude is equal to 1 unit length
is called a unit vector and denoted by u cap or hat: il.

<l

— i .
For any non-zero vector v, the vector 0 = 1S a

—_
ol

unit vector that has the same direction as 7.

2.4 Components of a vector

Theorem ,

Let T be a vector defined in a three-dimensional

space. The space is referred to the coordinate sys-
tem (O, 7,7, k ). There exists a unique ordered triplet of
real numbers (x ;i ;z) so that T = x7+ Y }'-I- z E

The real numbers x, y and z are the coordinates or
components of the vector T in terms of the coordinate
system (O, 7,7, %) x represents the abscissa, iy denotes
the ordinate, and z represents the altitude of the vector

—
U.

- I— =

The vector v shown in Figure 2.4 can be written in terms of

—

its components: T = _U)X -I—_U)y +_U): =xT+yJ+zk.



2.5 Magnitude of a vector

2.5 Magnitude of a vector

The magnitude (length) of a vector U = x7+ y :."+ zkisa
non-negative scalar quantity represented by either double
vertical lines || 7|, an absolute value |v|, or simply v. It
is calculated based on its components by the Pythagorean

theorem as: || 7|| = V/x2 + y? + 22,

Consider the given vectors o and H)), which are defined as
follows: ¥ =37+4kand @ = —37-47.

- .
Calculate || U|| and || w0 ||.

|7 = V32 + 02+ 42 =5,||W|| = v/(=3)2 + (-4)2 + 02 = 5.

Properties of magnitude

Since the magnitude is defined as the length of the vector, it
must possess the following properties:

Properties of magnitude

Let @ and W be two vectors and A be a real number, then:

« 71 >0

« |7l =0,ifand onlyif? = _0);
« [I-71 = 1171I;

« AT = 1A T

« 17+ < 17 + 1170l

2.6 Operations on vectors

Vector addition and subtraction
Algebraic (analytical) method
— - g — — - = —
Giventwovectors A = x1+y j+zk and B =x"i+y’ j+z"k.
_)
The sum of these two vectors is the vector C noted:

- 2 = . . -
C=A+B=@x+x)T+(y+y)j+(z+2)k.

21
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(b) Parallelogram law

Figure 2.5: Graphical method of
vectors addition

Example 2.2

Using the vectors provided in Example 2.5, find: | 7'|| +|| 70|
S
and || v + w||.

§ =14
k,so: |7 + | = V32

Graphical (geometric) methods

We can graphically obtain the sum ? (the resultant vector)
using what is called the Chasles” relation. It consists of
placing the vectors T and W in such a way that the tail of w

coincides with the head of ¥ . The resultant?i) is the vector
whose tail is the same as the first vector (point A) and its
head is the same as the last vector (point C). This method is
called the Triangle law.

We can also use another geometric method known as the
Parallelogram law. This method consists of placing the tails
of the two vectors to be added (_’U) and W in our example)

_)
at the same point. The resultant vector R is obtained from
the diagonal of the parallelogram formed by T and W (see
Figure 2.5).

Properties of vector addition

- = — ) .
Suppose the vectors 1, v, and w are defined in a three-
dimensional space, we have:

Properties of vector addition

= Associativity: (? -’r—U)) +W =T + (_v) +E*>).

. . —_ = = —3
s« Commutativity: v + w = w + ©.

= Additive identity: This is the zero vector. We have: 7 +
B e T
0=0+7v=vw.

= Additive inverse: — 7 is the opposite vector of vector o .
oy — ==
So: U +(—’U): 0.
e — — .
The subtraction of the two vectors v and @ can be defined

as the addition of the two vectors T and —ﬁ?, where —u
represents the negative vector of W. Then, we write: T-W =

T+ (—E?)



Multiplying vectors by a scalar (scalar
multiplication)

Given a vector W with (x,y,z) components, and A a scalar
_)
(real number). The multiplication of A by W is a vector B

defined as follows:

B=AW=x)7+Ay)T+A2)k 2.1)
« T ||@|| = a, then || B|| = || a,

_)
« If A is positive, B keeps the same direction as E)),

.
=« If A is negative, the direction of B is reversed (opposite
direction of E)’),

-
= B is a zero vector, if A = 0 or if W is a zero vector.

Properties of scalar multiplication

Let T and W be two vectors, and let A and u be two real
numbers. Then:

Properties of scalar multiplication

- ,1(—1;’@;):/1%,@’,-
s (A+p) T =AT +u7T;

.« A (‘uT)’) =(Ap)7.

Collinear Vectors

Theorem .

Let ¥ and W@ be two non-zero vectors, we say that
T and W are collinear if there exists a scalar A € R*
such that: ¥ = A . In other words, two vectors are

collinear if one is a scalar multiple of the other.
=~ _______ m

2.7 Scalar product

The scalar product (also known as the dot product or the
_)

_)
inner product) of two vectors A and B is an algebraic

- =
operation denoted as A - B! which takes two vectors as

arguments and returns a scalar as a result (hence its name).

2.7 Scalar product

1: Read as;‘: dot?

23
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Geometric definition

— -
The dot product of two non-zero vectors A and B is given
by the geometric definition as follows:

- — - =
A -B = ||A||l || Bl cos® (2.2)

where 0 (0 < 0 < 7) represents the angle betweenz_i) and E)
If one of the two vectors is null (zero), then the dot product
is null.

Example 2.3

Suppose 2 and 3 are the magnitudes of the two vectors w
and T respectively, which form an angle of 180° between
them. Find @ - 7

W - T =2x%3 cos180 = —6.

Algebraic definition (cartesian expression)

In the context of an orthonormal coordinate system (O, 7, }', }'_c. )
the dot product of two vectors z_ﬁ) and ._B) can be expressed in
terms of their respective components (x, y, z) and (x’, y’, z’).
This is defined by the following relation:

- =
‘ A-B=xx'+yy +2z2’ (2.3)

Example 2.4

Consider the vectors, % and T such that:

?:3?+2j‘and_v):?—}'+k.
- =

Compute u - U.

WO =3Bx1D+2x-1)+(0x1)=1.

Properties of the scalar product

For any vectors 7 and W and any scalar A € R, we
have:



Properties of the scalar product

- Commutativil'y:? W= -T;
= Distributivity: % - (0 + W)= 1.0 + 4 - W;
« Orthogonality: If DLW, then T - W =0;

A7)T =AMT.D);

77 =7

ol «

—
v

=0.

The angle between two vectors

The dot product allows, among other things, to measure the
angle between two vectors.

—3 —
Let A and B be two non-zero vectors, the angle 6,

- —
0 < O < 7, between the vectors A and B is given by

the formula:
oy

0 A-B
= arccos _>—_>
Al BIl
431\ .
0 = arccos | ———— | give the acute angle.
IAIl Bl
- e

Find the angle a between the two vectors % and T from
Example 1.

- =
u-v

1
= =
1717 Vi3V3

=0.18 = a =79.18°

2.8 Vector product

The vector product (also known as the cross product or the
- -
outer product) of two vectors A and B is a vector operation,

- = — — . 9
denoted as A X B (read as A cross B), performed in space
that takes two vectors as arguments and returns a vector as a
result (hence its name).

2.8 Vector product | 25

Figure 2.6: Angle between two
vectors.

2: The cross product does not
exist in two-dimensions
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Figure 2.7: Geometric interpre-
tation of the cross product

Geometric definition

- =7 - =32 ;
Let ¥ =0OAand w = OB be two vectors in an orthonormal
coordinate system (O, 7,7, k), forming an angle a between
them. By definition, the cross product T X W is the vector
7 whose magnitude is equal to:

— =
‘ ']l = I[vlll[w]l] sinal (24)

the direction of 7 is perpendicular to the plane formed by E
and W (see Figure 2.7). This is given by the right-hand rule
(the right-handed screw rotated from 7 to E))).

The area of parallelogram OACB is:

e — == -
Soace =O0B.hA =|v xw|=|a]| =[[7llw]l]sinal.

The area of triangl OAB (pounded by vectors 7 and E?)) is:

1 1 1
SoAs = E(OBJ&‘A) = §||? X W||= §||_ﬂ)||-

Algebraic definition (cartesian expression)
Let us consider two vectors U = (0 2) and W = o B
whose components are expressed in the orthonormal basis

@1 :'-c.) The cross product T X W can also be defined as:

i 7k
TXW = X y 2
xf yf Zf
‘ T X W =(yz'—zy') T+ (zx'—x2") ] + (xy’ —yx') k| (2.5)




2.9 Scalar triple product (mixed product)

Example 2.6

Find 77 X 05, knowing that: Dy = (\/5, 3) and 75 = (2,0).

1
e
U1 X0 = \/§
2

o W =y
oo =4
Il
o
Lot
|
=)
=l
|
=)
]

Il
|
=)
==

Example 2.7

_)
Calculate the components of the vector C, knowing that:
e —
C=AXB,A=(1,-1,2),and B =(2,0,-2).

—

— ] }. k L L =
C=1 -1 2|(=21-6]+2k
2 0 =2

_)
Thus, the components of the vector C are (2,-6,2).

Properties of the cross product

- = e
For vectors 1/, v and @ and scalars A and i, we have:

Properties of the cross product

; . — = —
= The cross product is not commutative: v X w = —w

—
XU ;

s The cross product is distributive over vector sum:
UX@T+W)=TUXT +U XW;

(,1 _v’) X (‘uﬁ)) =Au (? XEI));

AD)XW=AMT xW)=7 x(AW);

= U and @ are colinearifand onlyif ¥ X w = 0.

2.9 Scalar triple product (mixed
product)

In a coordinate system (O, 7, ?, k), the scalar triple product
_>
of three vectors ?, b, and _C), taken in that order, is the real

_)
number (scalar quantity) denoted as [_a), b ,_C>] and defined

bv:
’ [—a*,‘b’

,T:’] =7 (_b’ x‘a’” (2.6)

27
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In three-dimensional space, the components of vectors 7 ; _b),

and C are denoted as (ay,az,as),(by, by, bs), and (cy, c2, C3),
respectively. The scalar triple product of these vectors can be
expressed as a determinant involving their components,

1 1¢3 — U3L2 1 1 1

a bics — bse a b oc
—_ T -

a,b,c|=a]|.|bscl—bic3|=|an b1 ¢
a3 b]Cz — 1?2(,‘1 3 b] Cq

bz C2 Ii'] C1 b1 c1

= — {2 as
bz c3 bs c3 by ¢

Example 2.8

Calculate the scalar triple product: [?,?U’,?], knowing
that: @ = (1,1,0), W = (2,0,-1),and ¥ = (-1,2, -1).

[2.3.7] =7 -@x7)

First, we calculate the cross product WXW:

i ]k 5
WXW =2 0 —1|=27+3]+4k
-1 2 -1

Next, we calculate the dot product 7 - (E; X ?)

T-WxW)=1-2+1-340-4=2+3+0=5

— = =
Z),ZU,M]:S

Properties of the scalar triple product

Properties of the scalar triple product

s The scalar triple product changes sign when two vectors are

e =F—— —5 = iy =
g.bh,cl==\|b,0 ==¢, b,al==|&a,c,bl;
s The scalar triple product is invariant under a circular permu-

= = —
tations of its vectors l?, b ,_C)] = [b ,?,_a)] == [_C),_a), b|;

- ([BAB).T=7. (B A2);
(717 (77)
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7 € ] represents the volume of the parallelepiped with

=3
2 = =
coterminous edges @, b,and ¢.

Example 2.9

Let there be a parallelepiped generated by three vectors

— 5 =

OA, OB and OEZ Demonstrate that its volume is equal to
—_— — —

the scalar triple product of the vectors OA, OB and OC.

—
The volume of parallelepiped with sides E{, OB and R,
is equal to the area of the base parallelogram X height, so:
V = S X h (see Figure 2.8).
_— — —
S =||OAXOB]|| and h = ||OC]| cos 6.So we can write: V =
_— = —
[[OA x OBJ|[|OC]| cos 0, this formula is the dot product
—_— — —
of (OA %X OB) and OC which form an angle 6 between

them, hence:

—_— = —
V =|(0OA x OB) . OC|

It is deduced that the volume of the parallelepiped con-

—_— — —
structed on OA, OB and OC is equal to the absolute value

of the scalar triple product of the three vectors that form it.

2.10 Derivatives of vectors

If x, y and z are the components of a vector K expressed

as a function to time. The derivative of the vector ¥ with

. iv =5 -
respect to time is a vector, denoted prou v’, or ©,which has

; dx dy dz

the following components: LT and TR Then:
dx . dy . dz »
oy B, Wy

ar Car ' Tar) T a

The second derivative of ¥ with respect to time can be
written as:

_)
&7 = > Pxi Py, Pz
D 1

OD = ||OA x OB

ﬁ;'f:OE t

Figure 2.8: Graphical interpreta-
tion of the scalar triple product
(Volume of a parallelepiped)
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'’

1

Figure 2.9: Time-derivatives of

unit vectors

Time derivatives of rotating unit vectors

Given  and 77 two orthogonal unit vectors represented

in the cartesian base system (O, i, }', k). o and 7 can rotate
around the Oz axis with the same angle 0 (see Figure 2.9).
We have:

?:c058?+sinl9}'and?:—si119?+c058f.
dui dudo (do p— p
W e (E) (—sin 67+ cos 6 7)
S _
6. H
%=é? (2.7)
Similarly, we find:
dn i
?Z—Q u (28)

O We can therefore generalize this result for any rotat-
\ ing unit vector, where 6 = w represents the angular
velocity.

2.11 Function of several variables and
vector operators

In simple terms, a function of several variables is a mathe-
matical function that depends on two or more independent
variables. For instance, the function f(x, y,z) = i y2 +222
is a function of three variables. It assigns a real number to
each triplet (x,y,z) € R3.

The gradient operator

Let f(M) be a scalar function of several real variables. The
gradient of the function f(M)is defined as the vector function

— - -
gradf = V f (V is the del operator or nabla operator). For
example, the vector differential operator del in the cartesian
coordinate systems is defined as:
- d., d, d-=>
V==—1+—7+=k
ox ' dy I 5z

Thus, the gradient operator of the function f can be expressed
in the different coordinate systems as follows:
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The Gradient Expressions

s In the cartesian coordinate system:

= In the cylindrical coordinate system:
= O 19f— Of
Vfif==—e,+—==¢e5+=c¢;.
f dp ° p d0 LT
» In the spherical coordinate system:
=3 of 5 14df 1 df -
Vf==— -—tg+ —— —e¢e,.
f ar "7 90 Tsing dp 2

Example 2.10

Let’s consider the two functions f(x,y,z) = x° + 2y + 322
and g(p, 0,z) = p — cos0.
Calculate the gradient of each function.

ﬁ e - =

Vf=3x2T+27+6zk

_V)g:e_.;+lsmt939
P

The divergence operator

The divergence operator is a differential operator that acts
on a vector field, yielding a scalar field as a result. It is read
as divergence and is denoted as follows:

— - —
divA(M,t) or V.-A(M,t)

The divergence of a vector field, when expressed in different
coordinate systems, is given by:

The Divergence Expressions

» In the cartesian coordinate system:
) G')Al aA i 8A:
e .
dx dy 0z

« In the cylindrical coordinate system:
. —  d(rA;) d(Ag) JdA,
divA = e
v ror | rd0 | oz
» In the spherical coordinate system:
-  10(r2A,) L1 d(sin 6 Ag) 1 JdA,

dNA:ﬁ ar rsin  d0 * rsing dp
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The curl operator

The curl operator (often called rotational operator) is a dif-
ferential operator that transforms a vector field into another
vector field. It is read as rotational or curl and is denoted as
follows:

—_— —— - -
curl AM,t) or rot AM,t) or VXAM,t)

The curl of a vector field can be expressed in different coordi-
nate systems as follows:

The Curl Expressions

s In the cartesian coordinate system:

(8. _an,)
dy 0z
—— | dA, JA,
oA —
e dz dx
A, on.
\dx  dy )

= In the cylindrical coordinate system:

10A. JdAgp
rd0 0z
dA, JdA,

dz  ar
1d(rAg) 10A,
r dr r do

e
curl A =

» In the spherical coordinate system:

(1 d(sinBA,) 1 dAp)
rsinf  d6 " rsinf dg
== 1 dA, 10d(rA,)

rsin@ dp r or

11 a(?‘A(-)) 1 8A,.

\r dr r do /




Summary | 33

CHAPTER 2 SUMMARY

Unit vector

is a unit vector that has the same

For any non-zero vector 7)), the vector 0 = ” _)”
v

) ) —
direction as © .

Magnitude of a vector

— —
121l = ol =0 =TIl = yaZ+ y2 + 22

Scalar product

- = —_ —

A - B =||A]l || B|l cos6.

- =
A-BIXAXXB+];AX}/B+ZA><ZB.

Properties of the scalar product
. Commutativity:_v) W= -?;
« Distributivity: 7 - (7 + W) =4. 7 + W - W;
« Orthogonality: If O L7, then ¥ - @ = 0;

AW =A7.W);

- - —
v =|7|?

T D

r’

_>_)
v-0

0.

Il

The angle between two vectors

- =
B A-B
0 = arccos | ———— |-
AN B
Vector product
17 x@||= 17| = [ T[@]] sinal.
gk .
TXW=|x y z|=(yz' —zy)T+=x" —xz')]+ (xy’ —yx') k
xr" Jff Zf

Properties of the cross product
—_ = —
For vectors 1/, v and @ and scalars A and 1, we have:

. . - = - =
= The cross product is not commutative: v X w = —w X v;
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= The cross product is distributive over vector sum:
e T e S S S S
UX(V+W)=U XU+ U XW;

o (17)x (1 3) =0 (3 x ),

s AD)XW=AMT XW) =T X(AW);

= T and W are colinear if and only if TXW=0.
Scalar triple product (mixed product)

[—az‘b’,—a] =7 (T; x—c*)

Properties of the scalar triple product

- 7 - = o - - T = —_ — 7
o @, 0, ¢c|l==|8B,8,c|le=|6¢,b,d|==|a,€¢,5b|;

o sl . € ] represents the volume of the parallelepiped with coterminous edges

_)
— —
a,b,and c.

Time derivatives of rotating unit vectors

Given @ and 77 two orthogonal unit vectors represented in the cartesian base system

(0,7, 7.k). o and 7 can rotate around the Oz axis with the same angle 6.

u e dn weis iy
=0 Hand — = -0 .

dr dt



2.12 Exercises

Exercise 2.1
Imagine you walk 18 meters directly west
and then 25 meters directly north. Use
a graphical approach to determine your
distance from the starting point and the
compass direction of the line connecting
your starting point to your final position.
Sol : page 37

Exercise 2.2
Using the diagram shown bellow, find
T +W and U —W. Given || 7| = 4 units

and ||@|| = 3 units.

w

g = 60”
—
v

Sol : page 37

Exercise 2.3

Let @ and © + W be two vectors defined
by their components, where T = (4,6)
and @ + W = (10,9).

Calculate for the vector W the following:
(a) its x and y components, (b) its length,
and (c) the angle it makes with x-axis.

Sol : page 38

Exercise 2.4

Let the following three vectors be:

W =—7-2]+3k,

T =27 -4k,

W = -57 - 2].

L Calculate: [ 7|, [[@|l, |7 + ]|,
I+, +7, ©+%,4-7,
(@+72)+@, 7+(7+7).

2. What can we conclude?

Sol : page 38
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Exercise 2.5
Which of the following is a unit vector?

@ =21-7
(b) 73 = cos 67 — sin o7
(c) D3 = sin 67 + cos o7

d) 71 = \%u 27

Sol : page 38

Exercise 2.6

; - = —
We consider the vectors i, @, and W
such that:

W =3+27 -k,
T =202 +k,
W=-T-T+k

: 7.(? +a’),
(—u’.—a)+ 7.3), T-7,and |2
2. What can we conclude from this?

Sol : page 38

Exercise 2.7

If @ =61—87, T =84 37,
and C =267 +19].
Find the unknowil) constang. a and A
suchthatad +Ab + ¢ = 0.
Sol : page 39

Exercise 2.8

A barge is being towed by two tugboats.
One tugboat exerts a force of magnitude
4000 units at an angle of 15°, while the
other tugboat applies a force of magni-
tude 5000 units at an angle of 12° (see
Figure bellow).
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___..y

1. Determine the components of the re-
sultant force acting on the barge.

2. What is the total magnitude of the
pull?

3. What is the direction of this resultant
force relative to the x-axis?

Sol : page 392

Exercise 2.11
W =al+ bj' is a unit vector and it is
perpendicular toW =T+ )—r', then find the
value of @ and b.

Sol : page 40

Exercise 2.12

ﬁ — —
Given the vectors A = 37 + 4] and
= — -
B = 71 + 24, use two different meth-

ods to find the Vecif))r _C) that has thl;
same magnitude as B and parallel to A.
Sol : page 40

Exercise 2.9

Consider two nonzero vectors o and W
satisfying the equation:

17+ = |7 - |

Find the angle 6 between the vectors I
and .

Sol : page 39

Exercise 2.10

Given the vectors 1_41) = (1,-1,0),
(21 _1: 1)! E? = (_1: 2, _3)! and
(0,1,-2):

e
1. Calculate the following: (a) (AX B )- C,
(b)(AxB)-(CxD), () (A-B)(CxD).
2. Determine the angle a between?)’} and
_C), and the angle § between z_‘f and B

_)
3. Find the angle 0 that A makes with
the x-axis.

H
B
=
Iy =

Sol : page 40




2.13 Solutions

Solution of exercise 2.1 ( Page 35)

To solve the problem using graphical
approach, we first need to represent the
displacements as vectors and calculate
the resultant vector. This will allow
us to find both the distance from the
starting point and the compass direction.

For the 1! movement (18 meters West)
_) -

we have A = —187 and for_‘Ehe 2" move-

ment (25 meters North): B = 25?

w1l
=)

= — x (East)
A

—

=3 =) =5 =
R =A+ B =-181 + 25}
—_—
|R| =R = /(~18)? + (25)> = 30.81 m

Thus, the distance from the starting point
is 30.81 meters.

Generally, the north is taken as the ref-
erence (0°). Therefore, the compass di-
rection is the angle @ that the resultant

_)
vector R makes with the positive y-axis.
This angle can be calculated as follows:

6=90—a«a
y (North)

— x (East)
A Reference

2.13 Solutions | 37

B 25
a = arctan | — | = arctan | — | ~ 54.25°
A 18

s 0 =90° —54.25° = 35.75°.

This direction can be noted in relative
notation as follows: N37.75°W (approxi-
mately Northwest).

Solution of exercise 2.2 ( Page 35)
Addition

R = Vo2 + w2 + 20w cosO

=V164+9 +2 x4 X cos60°

:@Lmits

|70 sin 6

| 7| + | @) cos 6

tana = = (). 472

@ = tan~1(0.472) = 25.3°

P
Thus, resultant R is V37 units at angle
25.3° from ¥ (see the figure above).

Subtraction

S = \[T|2 + [BI2 — 2/ F|[@| cos 8

= \/I_Bum'ts

and

oo _10lsn® o,
7| - @] cos®

@ = tan"1(1.04) = 46.1°
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Thus,? —70 is V13 units at 46.1° from T
in the direction shown in figure below.

Solution of exercise 2.3 ( Page 35)
T+ W = (v, + Wy )T+ (vy +wy)]

Given that: vx +wy = 10and v, +wy =9
and vy =4and v, =6
Hence

(@) wy=10-4=6andw, =9-6=3

w = (6,3).
() |@|| = (6% + 32) = \/(45) = 3+5.
() @ = tan? EZ—T = tan! (g) =
26.6°.

Solution of exercise 2.5 ( Page 35)
To determine which vectors are unit vec-
tors, we need to check if their magni-
tudes are equal to 1.

(a) ||51)|| = \/5, Z_?I is not a unit vector.
(b) ||52)|| =1, Z_?z) is a unit vector.
(c) IIE’II = /(sin )2 + (cos )2 = 1

()3 is a unit Vector

@ 17 =/ (&) +@2=y%

()4 is not a unit vector.

Solution of exercise 2.4 ( Page 35)
1.

17| =25,

IIYUII“\/E

17|l + || =2V5 + V29,

|7 +W|| = Vo +4+16 = V29,

R+T =7-27-kT+R =71-27-k
W -7 =-3-27+7k,

R +7T)+W =—47-47—k
R+ (T +W) =447k

The calculations highlight important
characteristics of vector operations:

s Vector addition is both commutative
and associative.

» According to the triangle inequality,
the norm of the sum of two vectors
does not equal the sum of their indi-
vidual norms.

Solution of exercise 2.6 ( Page 35)
5

+ T W = (2)(-1)+(=2)(-1)+(1)(1) = 1.

+W-T = (-1)Q2)+(-1)(-2)+(1)(1) = 1.

% (ﬁ’-_v’)+(?-ﬁ)’):
W T =(3)2) + (2)(-2) + (-1)(1) = 1.
W = (3)

=1)+(2)(-1)+(-1)(1) =—6:

(7)) +(RB) =1+ (-6) = -

+T-T =22+ (=22 + (1) =09.

|7 =3.
= T2 =32 =29.

2.From the calculations presented above,
it is evident that:

« T W= -_'U), confirming that the
dot product is commutative.



.7(?ﬁﬂ:Wzﬂqwmy
confirming the distributive property
of the dot product.

« T - =|[7||% this verifies that the

square of a vector’s norm is equal
to its dot product with itself. This is
a fundamental property of the dot
product.
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is given by:

=43
O = tan™! (8754 1) ~ —0.028°.

The resultant force is -0.028° relative to
the x-axis (0.028° relative to the x-axis
in the counterclockwise direction).

Solution of exercise 2.7 ( Page 35)
_}
a7 +Ab +7C = (6a—8A+26)i+(-8a+
= —

30 +19);=0

This gives us two equations:
6a — 81 +26 =0 (i)
-8a+31+19=0 (i1)

The resolution of this system of equa-
tions results in:

a=bhHb and A=7.

Solufion of exercise 2.8 ( Page 35)
1. —
Tugboat 1 (force F,):

_)
F; = [4000 cos(15°)]7 + [4000 sin(15°)]7
= 3863.77 + 1035.37.

—
Tugboat 2 (force F»):

T — -
F> = [5000 cos(12°)]7 — [5000 sin(12°)]7
= 4890.77 — 1039.67.

—_ = - . "
2. R = Fy + F, = 8754.41 — 4.3].

3. The magnitude Fg of the resultant
force is given by:

R = 8754.4 units.

4. The direction 6 relative to the x-axis

Solution of exercise 2.9 ( Page 36)
We start with the given condition:

7+ =7 -]

We know that the dot product of a vector
with itself is equal to the square of its
magnitude. Applying this property to

our vectors, we obtain:

P+ B =@ + D)@ + D)

—_ = —_ = = =
U0 420 W+ W W

I

2 — —
v +20 - W +w?

Il

I

2
V2 +2 0w cos @ + w?

Similarly,
17 - = (@ -w) (¥ -w)

I

—_ = —_ = = =
U0 =20 W+ W-W

2 — —
V2 -27 - W + w?

Il

I

2
v2-2vw cos O + w?

Given the condition:

17 +%@| =7 -

hence,

17 +@|? =7 -

or

02 420w cos B+w? = V220w cos O+w?>
Simplify:

4dpwcos O =0
. — —
Given v and W are nonzero vectors,
therefore:
cos 0 = 0, this implies: 6 = 90°.
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Solution of exercise 2.10 ( Page 36)
—_ = =
1.@(AxB)-C

- =
B

A X

e oy
(A-B)C xD)=3(-1,-2,-1)
:(_3r_6; 3)
= —37—-6]-3k

2. Using the geometric definition of the

dot product, the angle between two vec-
=N —

tors 1 and w is expressed as follows:

ETE%T ]
O = cos™! (——)
1721l <0l
For a:

- =

B-€ =@ =1,1) (1,32, ~8)=~7

—

I Bll = v22+ (1) + 12 = V6
ICI = V(—1)2 + 2 + (=32 = V14

o) ()

a = 139.79°.
Similarly, we find:
= 108.43°.

3. The x-axis is represented by the unit
vector 7 = (1,0, 0).

0= () = (5]

8:4.

Solution of exercise 2.11 ( Page 36)

Given that I/ is a unit vector, we have:
Va2 2 2 L :
a2+ b2=1=a"+b"=1 (i)

—_ = - =
Alse, it Ly = - =0
Thus,

% - W=a+b=0=b=—a.

Substituting b = —a and solving the
equation (i) we get:

=
_\6.

1 1
Thus, ifa = —, thenb = ——,

V2 V2

1 1
andifa = ———, thenb = —.

V2 V2

Solution of exercise 2.12 ( Page 36)
Il)ue vector E') can be written as:

C =xT+yj.

First method (using cross product):



— — = -
| B]l =25and C X A = (—4x + 3y)k.

AssCxB=0e|CxB||=0
Therefore,
{ x% 4+ 42 =625 (iii)
—4x +3y =0 (iv)

Thus, x can be either 15 or —15.

_)
Therefore, the vector C can be either:
= A s — i =
C =151+ 207 or C = —151 — 20j.

Second method (using collinearity of
vectors):
— = — —
CraesC=AA
— — —
ICI = IAlIAN =1 BIl = 25.
As: || Al =5 = |A]| =5.
Thus, A can be either 5 or —5. Therefore,

_>
the vector C can be either:

i 5 G = e -
C =151 + 20jor C = —151 — 20j.

2.13 Solutions

41






KINEMATICS OF A
PARTICLE

3.1 Introduction

Kinematics is a branch of mechanics that focuses solely on
analyzing the motion of a particle (object point). It involves
describing the trajectory of the point, expressing its velocity
and acceleration in different coordinate systems, without
considering the causes of its motion. The connection between
the causes of motion (forces) and the resulting trajectories
will be the subject of the next chapter (dynamics of a material
point).

3.2 Point object

In the realm of physics, an object is classified as point object
(also called a particle or material point) when its dimensions
are negligible compared to the distances it travels within a
reasonable time frame. Earth’s radius is significantly smaller
than its orbital radius around the sun, so Earth can be con-
sidered a point object when revolving around the sun.

3.3 Notion of reference frame

In a moving train, an object that is stationary for a seated
passenger appears to be moving for an observer on the side of
the road. This is why it is necessary to specify with respect to
what this object is in motion, hence the need for a reference
frame or frame of reference in which an observer analyzing
the motion of this object is fixed. Thus, we define a frame
of reference as a solid body assumed to be undeformable,
from which we define a system of coordinate axes linked to
an observer equipped with a clock defining time.

In simple terms, a frame of reference comprises a coordinate
system and a clock that are utilized to analyze the motion of

3.1 Introduction .. ... 43
3.2 Point object . . . . .. 43
3.3 Notion of reference

frame.......... 43
3.4 Locating a point;

usual coordinate

SYStems . . vivivioimis 44
3.5 Terms related to

MOHGT & « o e ares 49
3.6 Types of Motion . . . 59
3.7 Relative motion ... 71
3.8 Exercises ....... 79
3.9 Solutions . ...... 81



44

3 KINEMATICS OF A PARTICLE

all material points. Terrestrial, geocentric, and heliocentric
reference frames are examples.

3.4 Locating a point; usual coordinate
systems

Choice of coordinate system

The space contains three dimensions; this means that it takes

three coordinates to define the position of a point M in space.

In order to do this, it is necessary to firstly select an origin

point denoted as O.The point M is then located relative to
—_—

O. We note 7 = OM the position vector of M.

—_—
To locate the position vector OM, it is imperative to establish

—_
a vector basis denoted as (?1); ?2); ?3)). The vector OM can
then be decomposed in this basis as:

OM =d,e; +dy e, + ds ea (3.)

—_—

where d;, d; and d3 are the components of the vector OM in
— - =

the base (e1, €2, €3).

However, for practical reasons (especially when calculating
dot products and cross products), it is important that the
base used is a direct orthonormal basis.

A direct orthonormal basis means:

s Ortho (orthogonal):

—_ —
e1-ex =0;
—_ —
81'83_0;
—_ —
€n - €3 0.
= Normal:
— — —
leill = Ife2ll = IIes]l-
s direct:
—_ = —
81 X ey = ¢63;
—_ = —
29 X €3 =01}
—_ = =
€3 X B =632:

o It is crucial to carefully select the coordinate system
in which the problem description will be formulated
in order to streamline the calculations.
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In the plane, for example, we can use two axes x and y to lo-
cate the point M being studied. However, if the movement of
M is circular, the use of x and y will be complicated, it will be
better to locate M by its distance from the center O (radius r),
and the angle covered (this is what we call polar coordinates).

For three-dimensional movement on Earth, it is customary
and simpler to locate a point by its latitude, longitude, and
altitude (this is what we will call the system of spherical
coordinates).

Cartesian coordinates

We consider a coordinate system consisting of three axes
Ox, Oy, and Oz passing through a point O (Origin). To this
coordinate system, we associate a direct orthonormal basis
@7, I_c.), where 7,7, and k are the unit vectors of the Ox, Oy,
and Oz axes respectively (see Figure 3.1). This coordinate
system is known as the Cartesian coordinate system or rect-
angular coordinate system

At a given moment {, we denote the position of a point M by

—
the position vector OM, which is written as:

mzxﬂ—y}#z!—(' (3.2)

where x, i, and z are the Cartesian coordinates of the point
M representing the orthogonal projections on the three axes
of the Cartesian coordinate system.

=
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Y
\\ M
: A
oM :
- 1
k & :
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~ : 1 - -
? \\\'! : ”’ y
b I ”’
v ! -7
XM e
= M

Figure 3.1: Cartesian coordinate
system
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y F 3
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M
r e,
_. &
] 6
O 7 X

Figure 3.2: Representation of po-
lar coordinates

n One must not confuse the coordinates of point M

and the components of the position vector. These
two mathematical concepts, which coincide in Carte-
sian coordinates, are no longer the same at all in

cylindrical coordinates, for example.

Cylindrical polar coordinates
Polar coordinates

In the polar coordinate system, the position of a particle M is
located by the distance r (r = OM) called radial coordinate
and a rotation angle 6 called the angular coordinate or
polar angle measured with respect to a fixed axis (in general,
we take the Ox axis of Cartesian coordinates) as shown in
Figure 3.2. The polar coordinates of M are therefore: (r, 0).

=« 7 : Is a distance so it is positive. r € [0, +ool.

iy
» 0 : The polar angle (I, OM), 6 € [0,2m].

The transformation formulas between Cartesian coordinates
and polar coordinates are:

{x:rcosﬂ {":\‘x2+3/2
and

1
y=rsinf@ Bzarctan(%)

We define the direct orthonormal mobile projection base
({.T:,?(—))) adapted to polar coordinates as follows:
—_—

. E) is a unit vector with the same direction as O M.

® L’_g) is obtained by rotating ?: by an angle of -;E rad.

The position vector is written:

OM=r% (3.3)
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Cylindrical coordinates

In cylindrical coordinates, a point M in space is identified as
a point on a cylinder whose axis Oz is generally coincident
with the Oz axis of the Cartesian coordinate system. We intro-
duce here the direct orthonormal basis (?p), e_g) . E;), associated
with the cylindrical coordinates (p, 0, z) (see Figure 3.3).

—_—
The point M (or OM) is then located by:

« p: the radius of the cylinder, p = OM’ where M’ is
the orthogonal projection of M onto the plane x @ y.p€
[0, +oof.

iy semmermich
» O : the angle (I,OM’) .0 € [0,2m].

= z:the same as in Cartesian coordinates z €] — co, +00].
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In this coordinate system, the position vector OM is written
as:

OM =OM' +M'M = pe, +z ¢, (3.4)

The cylindrical and Cartesian coordinates are related by the
following formulas:

X =p cosB p=x2+y?
¥y =psin@ and @ = arctan (%)
Zi=E

Figure 3.3: Representation of the
cylindrical coordinates
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Figure 3.4: Representation of the
spherical coordinates

Spherical coordinates

In spherical coordinates, a point M is considered as a point
on a sphere centered at O. Here, we introduce the direct
orthonormal mobile basis (?:,?9), e_(;), associated with the

spherical coordinates (r, 8, @), which consist of a distance
and two angles of rotation around O (see Figure 3.4).
The point M is located in space by:

N—
= 1: the radius of the sphere, r = ||OM||. r € [0, +ool.
» O:the angle (f-c.,?:) 0 called colatitude is oriented by
ep -6 €lo,m.
L —
« @: the angle (1, OM’) where M’ is the orthogonal

projection of M onto the plane xOy. ¢ called longitude
is oriented by k. ¢ € [0, 27t].

—
In the spherical coordinate system, the position vector OM

is defined as:

OM=r¢ (3.5)

The spherical and Cartesian coordinates are related by the
following formulas:

r=q/x2+y?+22
X =7 sinf cos @ (m
Yy

y=rsinf sing and { 0 = arctan -

z=7r cosB

I

(p = arctan (%)
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Frenet basis (frame)

Let M be a moving object traveling a distance s (curvilinear
abscissa) on a curve (6). We define the Frenet basis (intrinsic
or local basis) as the unit vectors Ff and ?,:, which are related
to the moving object M at each time (see Figure 3.5).

« The unit vector 2}: Called unit tangent vector, tangent
to the curve and oriented, generally, in the direction of
movement.

= The unit vector e_,:: Called unit normal vector, orthog-
onal to ?,3 and oriented towards the inside of the curve
(concavity of the curve).

y;h

7
o7

=y

Figure 3.5: Frenet basis

In three-dimensional motion, we introduce a third unit vec-

tor 2}, known as the unit binormal vector. This vector is

perpendicular to both ?;) and E:, and it can be defined by the
- - e | ]

equation e, = ¢; X e, (see Figure 3.6).

Figure 3.6: Three-dimensional
(6) Frenet basis

3.5 Terms related to motion

Trajectory (Path)

A trajectory is a curve whose points correspond to the suc-
cessive positions occupied by a system during its motion. A
simplification would be to define it as the path followed by
an object during its displacement.

The trajectory is one of the elements that allows characterizing
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Figure 3.7: Displacement and
distance representation

the movement of an object, depending on its geometric shape,
we can say that the motion is rectilinear or curvilinear.

o | The trajectory of an object point depends on the

chosen reference frame.

Example 3.1

The parametric coordinates of a particle moving in the (xy)
plane are given as follows: x = 2\/1: —1land y = 4t + 3.
What type of trajectory does this particle follow?

1. Express t in terms of x

2
x*+2x+1
x:2\/?—1=>t:—

2. Substitute the expression for f into the equation for y:

x2+2x +1 5
y=4 — +3=x"+2x+4

The equation y = x% 4+ 2x + 4 is in the form of a quadratic
function, which represents a parabola.

Displacement and Distance

In physics, displacement is a term used to describe the straight
line between two positions (initial and final positions) of a
moving object during a specific time period, regardless of the
nature of the path (straight or curved) taken by the object. In
contrast, distance refers to the actual path length covered by
a moving object between its initial and final positions during
a specific time interval (curve (€) in Figure 3.7).

(€6) 9%

Displacement

Displacement and elementary displacement
vectors

We consider the simplest case where the object M moves
along the Ox axis. Let M; be the position of M at time f; and
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M3 be its position at time t (t2 > t1) (see Figure 3.8). We call

= —)
the displacement vector the vector M; M.

My MM, M, h
o) £y e X

<

We have: MyM, = M;O + OM, = OM, — OM, = AOM.

—_—
If x; and x; are respectively the components of OM; and
—_—

OM>, then x2—x1 = Ax is the component of the displacement

_) .
vector M1 M>, and we write:

M{M; = AOM = AxT

Assuming now that the displacement from position M; to
position My is infinitely small (compared to the displace-
ment being studied), this displacement, called elementary
displacement, is represented by the vector:

_— —_—
MiM; =d OM

In the Cartesian coordinate system

In the case where M moves in three-dimensional Cartesian
coordinate system (O, 7 }', k), the displacement vector can be

written as:
MM, = AOM = Ax7+AyT+Azk (3.6)
The elementary displacement vector is expressed as fol-
lows:
| _— . . -
dOM =M]ij MMy =dxi+dyj+dzk (3.7)
124Vl

In the cylindrical coordinate system

The position vector can be expressed in the cylindrical coor-
dinate systems as follows:

OM=pe,+27¢, (3.8)

Figure 3.8: Displacement vector
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In polar coordinate system:

OM=r¢ (3.9)

To find the elementary displacement vector, it is necessary to
calculate the differential of the position vector, taking into
account that the unit vector ?p) depends on the coordinate 0.

—_—
The differential position vector dOM is expressed as:

— —_— e
oM = JdOM aOMdE) " JdOM

3 Pt g8 B

The elementary displacement vector can be written in the
cylindrical coordinate system as:

dOM = dpe, + pdoe) +dz e (3.10)

and in the polar coordinate system as:

dOM = dre, +rdoe, (3.11)

In the spherical coordinate system

We have already seen that the position vector in spherical

coordinates is written as: OM = r e;.

The differential position vector in spherical coordinates is
then written as:

JOM JOM JOM
=

However, the unit vector ?,) depends on the coordinates 0
and ¢, and it is written as:

e, =sin0 cosq T+ sin@ sing 7+ cosO k

So, we get:

dOM = dre, +rd02; +rsin0dp e, (3.13)
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Velocity and Speed

Average velocity

_> . P—_—
Let M1 M, be the displacement vector between two positions
M; and M> coinciding, respectively, with the instants f;
and f; (t2 > t;). The average velocity is defined as the ratio
between the displacement vector and the time interval, that
is:

_—
_'U, . M]M2
av —

We know that : M;M, = AOM, so:

AOM
T avg = = (3.14)

G

n | Velocity is a vector quantity, meaning it has both

magnitude and direction, similar to displacement.

Average speed

Let M be an object that covers a distance D during a time
period At. The average speed v, ¢ of this object is defined as
the ratio of distance travelled D to the time taken At, so:

Uﬂpg - 'E > 0.

n | Speed is a scalar quantity, meaning it only has

magnitude and is always positive.

Example 3.2

A cyclist covers the first half of the distance between two
places at a speed of 4 m /s and the second half at 6 m/s.
Determine its average speed.

Let the total distance be 2D m. The time taken to travel a
; L Distance )
distance is given by: t = ————. Then, the time taken for
speed

the first half f; = D /4 and the time taken for the second

Figure 3.9: Average velocity
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half £, = D/6.
Therefore, the time taken to cover the total distance 2D is
D D _ 5D "
4 6 12
- ” Total distance 2D LB
ence, UVgpe = ———— = — = 4.8 m/s.
g Total time 5D

12

Instantaneous velocity

In a reference frame 2, the instantaneous velocity of a
moving object M is always defined at a particular instant
t. It is given by the variation of displacement during an
infinitesimal interval of time (Af tends to zero) divided by
At. It actually corresponds to the following limit:
—_—
T (g = lim AL
IR~ At—0 At
The instantaneous velocity can also be defined simply as the
time derivative of the position vector. Thus, we write the
instantaneous velocity of M with respect to the reference

frame R:
AOM dOM
- :
a (t)M/‘GR - A]ig}o At - dt =13)

o The instantaneous velocity vector is always tangent
to the trajectory at the position of M and depends

on the chosen reference frame.

The expression for the instantaneous velocity vector

can also be obtained simply by dividing the elemen-

tal displacement vector by dt.

Instantaneous velocity in the Cartesian coordinates
Taking into account the fact that the unit vectors of the
Cartesian base are fixed, we obtain:

dOM dx. dy. d
s X . - & o
UM,."SQ“ T —'EI+E}+EI( (316)




3.5 Terms related to motion

To facilitate writing, we use Newton’s notation:

Tmm=2T+§7+2k (3.17)

Instantaneous velocity in the cylindrical polar coordinates

In the cylindrical coordinates:

Tma=pe,+pbes+zie: (3.18)

In the polar coordinates:

Tma =te +rleg (3.19)

Instantaneous velocity in the spherical coordinates
The expression of the instantaneous velocity vector in spheri-
cal coordinates is given by:

Tma=re +r0eg+rsind e, (3.20)

Velocity in Frenet basis
The velocity vector in this basis is written as: v = v e¢; where

_ds

T

= § (ds: it is an elementary displacement).

Instantaneous speed

In simple terms, instantaneous speed refers to the magnitude
of instantaneous velocity.

Example 3.3

A caris moving along the x-axis, and its motion is described
by the equation x = 4t? — 10. Determine the instantaneous
velocity at time f = 2 s and deduce its instantaneous speed
at that moment.

As the car travels along the x-axis, its position vector can
be written as:

—

OM = x7' = (4t* - 10)7

55
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Then, the instantaneous velocity is:

—
dOM -
T = =8t — 107
dt
Att =2s:7T(2) = 6l.
Therefore,
Ugng = l|61]| = 6.
Acceleration

In most movements, the velocity varies over time, either in
magnitude, direction, or both. This variation is characterized
by the acceleration 7 of the moving object.

Average acceleration

Let M and M3 be the two positions of a moving particle that
correspond, respectively, to the moments 1 and > and to the
velocities 1 and v;. The average acceleration of this particle
between the two moments t; and f; is equal to the change in
velocity AT = FZ) —5{ divided by At = t; — t;. Therefore:

== =
5 v2—1v1 AU
aagne = —

T =t A

(3.21)

Instantaneous acceleration

The instantaneous acceleration of a moving particle M at
time t corresponds to the limit of the previous ratio as At
approaches zero. By definition, we can say that the instan-
taneous acceleration corresponds to the first derivative of
the velocity vector with respect to time, and therefore to
the second derivative of the position vector with respect to
time. The instantaneous acceleration vector _a)(t) of M in the
reference frame 2R is written as:

- AT 47 LOM

= 3.22
At—0 At dt dt? ( )




3.5 Terms related to motion

Acceleration in the Cartesian coordinates

_a)Mfgq =x?+y}'+zk

(3.23)
Acceleration in the cylindrical polar coordinates
In the cylindrical coordinates:
T =(-p) e+ (2p0+p6) TR +222| (324
In the polar coordinates:
Ty =(F-r0%)e + (200 +r0)eg (3.25)
Acceleration in the spherical coordinates
?Mfgl = (T‘— réz—r szeff)z)?r)
+ (270 +716—r sinBcos 6 ¢?) eg (3.26)
+ (2F¢sin6 + rsin6 + 2rO¢ cos 0) 6’_{;

o It should be noted that there is no simple expression

for acceleration in spherical coordinates, and this
expression is rarely used.

Acceleration in Frenet basis

_)
— dv d(vef) dv -

a il —I—Y)E
at — dt at U dt
dv— deids dv— ,de

=&

T dr

G T a4 s

_)
_d€f1

ds
We know that: E: and da = —q, therefore:
da R

=y =
— d(,’r dﬁ’r
L’,T:R—ﬂ

ds ds R

dv v?
@ = (}?}') e+ (E) en (3.27)

Thus:

1: Derivative of the unit vector.

af
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We simply write:

P d+r (3.28)

a ?;): The tangential acceleration.

—> ‘
» a;: The normal acceleration.

Example 3.4

A particle M is in motion, described in polar coordinates
by the following equations:

r(t) =A t°
O(t)y=wt

A and @ are positive constants.

Find the components of the velocity and acceleration vec-
tors in polar coordinates.

—_—
— dOM dr— - . s —>
= =—er+r—eg=ter+roep

Codt dt dt
= (2At)e, + (wAt)ep
@ = (7F-r62%e + (26 + rb)es

— dvu d —ip cesch
s 2
; ; [(ZM)L’r + (wAt )89]

= (24 — Aw?t?)e, + (4Awt)eg

I a
Il

Example 3.5

An object point M is moving according to the following
Cartesian coordinate equations:

x(t)=b cosB
y(t) =b sinBO
z(t)=ho

where, b and h are positive constants and 6 is a function
of time. In the cylindrical system, determine the velocity
and acceleration vectors as a function of 8 and 6.

We know that: T :p?p)+p9?9)+z'?z)



p=Ax2+y :b=>p:0,50:_v)=b935+h9?;

dov d ; -
o — —
a —E—E[b9€g+h€ez]

= (~b6%e, + (bb)ep + (hb)e:

Equations of motion

We can consider that the movement of an object point is
known as soon as we are able to locate its position at any
given instance. Therefore, we need to know how to express
its three coordinates as a function of time. In other words,
the movement of an object is known when we have its
equations of motion (also called kinematic equations). These
equations are given in the cartesian, cylindrical, and spherical
coordinate systems, respectively, as follows:

x(t) p(t) r(t)
y(t) O(t) ,and @(t)
z(t) z(t) o(t)

3.6 Types of Motion

The motion of an object can be classified based on the path it
follows (straight or curved) or according to its speed (constant
or variable). Based on these classifications, various types of
motion can be identified.

According to the path of the moving object:

= Rectilinear motion;

s Curvilinear motion.

According to the speed of the moving object:

s Uniform motion;

= Non-uniform motion.

3.6 Types of Motion

59
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t
’U r 3
(b)
Uo
t
a4
(c)
E

Figure 3.10: (a): Position-time
graph, (b): Velocity-time graph,
(c): Acceleration-time graph for
the uniform motion

Rectilinear motion

The motion of an object is said to be rectilinear if it corre-
sponds to a displacement along a fixed straight line in the
reference frame. In this case, the velocity and acceleration
vectors are aligned with the line along which the movement
takes place.

The most suitable coordinate system is the one that favors
an axis aligned with a straight line. It is therefore natural to
choose Cartesian coordinates.

Uniform rectilinear motion

It is said that the motion of a material particle M is uniform
rectilinear (URM), if M moves along a straight line with a
constant velocity, and therefore its acceleration is zero.

If we choose a Cartesian coordinate system with the Ox axis
as the axis along which the motion takes place, the equation
of motion is written as:

| x(t) = o (t — fo) + X (3.29)

where xy = x(tp) and v(ty) = v are, respectively, the initial
position and the initial velocity (position and velocity at the
initial time fg).

‘z!(t) =v(ty) =vg = constant‘ (3.30)

This equation can be obtained by integrating the acceleration
with respect to time, knowing the initial conditions x(tp) and

v(to).

t

d_vza:%v(t)—t;r(tg):f adt=0
dt to

= v(t) = v(tp) = vp = constant.

t
=o(t) = x(t) — x(to) = f vodt = vo(t — tp)
to
= x(t) = vo(t — to) + xo.

dx
dt

The use of the equations mentioned earlier enables us to
plot the position-time, velocity-time, and acceleration-time

graphs.



Uniformly variable rectilinear motion

We consider a particle M in rectilinear motion in the reference
frame . The motion of M is classified as Uniformly Vari-
able Rectilinear Motion (UVRM) if its acceleration remains
constant.

By integrating with respect to time, we obtain the equations

of motion:
\a(t) = constant (3.31)
dov ¢
— =a=0v(t)—v(t) = adt =a(t - ty).
dt -

o(t) = a(t — ty) + v (3.32)

This equation, which relates velocity to time, is called the
first equation (equation for velocity-time relation).

t

dx
7= v(t) = x(t) — x(tp) = [; vdt.

(L) = %a(t — t0)? + vo(t — to) + X0 (3.33)

This equation, which relates position to time, is called the
second equation (equation for position-time relation).

By eliminating time between x(t) and v(t), it is possible to
derive an important relationship that is valid only for this
type of motion (Uniformly variable motion).

(v - v3) = 2a(x — xo) (3.34)

This equation, relating position to velocity is called the third
equation (equation for position-velocity relation).

The position-time, velocity-time, and acceleration-time graphs
for the uniformly variable rectilinear motion are depicted in
Figure 3.11.

According to the signs of v and a, and therefore according
to the directions of ¥ and _a), we have two possible types of
the uniformly variable rectilinear motion:

« Uniformly accelerated rectilinear motion (UARM):
The motion of an object point is said to be uniformly
accelerated rectilinear motion (slowed up) if it meets
the following criteria:
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x4
(a)
Xp
t
U A
(b)
%,\0‘26
Q’C\
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i N
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t
as
(c)
t

Figure 3.11: (a): Position-time
graph, (b): Velocity-time graph,
(c): Acceleration-time graph for
the uniformly variable rectilin-
ear motion
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1. Straight line trajectory,
2. Constant acceleration vector,
3. Speed increases with time || U|| /"or ¥ - @ > 0.

= Uniformly decelerated rectilinear motion (UDRM):
The motion of an object point is said to be uniformly
accelerated rectilinear motion (slowed down, retarded)
if it satisfies the following conditions:

1. Straight line trajectory,
2. Constant acceleration vector,
; ; — - —
3. Speed decreases with time || U'|| N\yor ¥ - @ <0.

th

Distance covered during the n*" second

In the uniformly variable motion, the distance traveled by an
object point in f second is given by:

1
x(F) = Eatz + gt

Using this equation, the distances traveled in 1 second and

in n — 1 second are:
T :
x(n) = Emz + Uon (i)
|
x(n-1)= Ea(n -1 +v5(n—1) (ii)

Thus, the distance covered by the particle during the nth
second is given by:

X, th = x(n) —x(n —1).
1, 1 )
Xy = | San +von | — Ea(n - 1) +vg(n-1)

Rearranging, the distance covered by the particle during the

nt" second is:

Xpth = %a(Zn -1)+ 71 (3.35)

Example 3.6

An object moving with constant acceleration covers a dis-
tance of 65 m in the 5th second and 105 m in 9th second.
How far will it travel in 20 seconds, and what is the distance
covered in 20th second?



We know that the distance covered in the nth second can
be written as:

1
Xth = Ea(Zn —1) + vo.

Therefore, in the 5th sgcond, we have:
a
— +7Up =65 1
> U oY)

Similarly, in the 9t second, we have:

17a
o + v = 105 (2)

Solving equations (1) and (2), we get:
a=10m/s>.

Substituting this value in (1), we get:
vo=20m/s.

Therefore, the distancelcovered in 20 seconds
x(20) = Eatz + ot = =¥ 10 X 20% + 20 X 20 = 2400 m.

Displacement during 20t/ second alone

a 10
x20=E[(2><20)—1]+U0=?><39+203215m-

Study of motion based on the velocity-time graph
The velocity-time diagram allows us to analyze the motion

of a moving object and identify its characteristics using the
area method.

The area method

The position of the moving object at a specific time f can be
determined by calculating the algebraic sum of the areas formed
by the velocity curve and the abscissa axis from the origin to
time t. The same approach applies when calculating the distance
traveled between two times; however, in this case, the distance is
equal to the absolute sum of the areas delimited by the velocity
curve and the abscissa axis from times f; to t;. Additionally, we
can calculate the object’s acceleration, establish the equation
of motion, represent the position, velocity, and acceleration
vectors, draw an acceleration diagram, and define the phases of
motion and their natures, among other analyses.

3.6 Types of Motion
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- E’[m/s)

Application exercise

The accompanying figure illustrates the speed-time graph
of a mobile object moving in a straight line, starting from
an initial position of Om. The equations of motion for this
mobile object are as follows:

x(t) =0.5t> in the time interval [0,2s],
x(t)=2t—-2  inthe time interval [2,4s],
x(t)=—=t>+10t —18 in the time interval [4,5s].

I- Using the speed-time graph:

1. Calculate the object’s acceleration.

2. Determine the distance traveled by the object be-
tween 2s and 4s.

3. What is the position of the mobile object at 4s.

4. Provide the different phases of the movement and
their natures. Justify.

5. Represent the position and velocity vectors at t = 4s.

I[I- Answer the questions 1, 2, and 3 using the provided
equations of motion.

Av
I.1. we know that: a = —.

At
Ds<t<2s:ai=1ms2
2s<t<4ds s =0ms2
ds K t<5Hs 1a3=-2m.s

[.2. To determine the distance traveled ©, we use the area
method:

Dy g = |(Area of rectangle)z_,d

m
=[2%x2 =4 —Xxs=4m.
s

olm/s)

0 1 2 3 4 5 {s)

1.3. Todetermine the position x(4), we use the area method:



14. *

L5.

(4+2)x2 _m

x(4) = Trapeze area = 5 6 = XSs=6m.

v(m/s)

lssSt<28;

In this interval, the nature of motion is Uniformly
Accelerated Rectilinear Motion (UARM) in the posi-
tive direction.

v -a > 0 = accelerated motion

a = cst = uniformly

v > 0 = positive direction

*2sStS4ds:

In this interval, the nature of motion is Uniform
Rectilinear Motion (URM) in the positive direction.
v = cte ou a = 0 = uniform

v > 0 = positive direction

* dsSt<bs:

In this interval, the nature of motion is Uniformly

Decelerated Rectilinear Motion (UDRM) in the posi-

tive direction.

v -a < 0 = accelerated motion

a = cst = uniformly

v > 0 = positive direction
To represent the position and velocity vectors, we
first need to find the position of the mobile object at
the specified time (f = 4s). This position represents
the initial point of the velocity vector and serves as
the final point of the position vector. Next, we need to
calculate the magnitude of the velocity at the indicated
time (v(4)), which represents the length of the velocity

vector.
lem — 1m
x(4)=6m ——— > x(4) =6 cm,

lem—1 3
vd)=2ms1 Lm—mb> 17 @) =2cm.

0 4) _E;’t_“ "

o) x(4)

=y

3.6 Types of Motion
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x(mp
Xm B,
0 : L,
H(s)
”_Xp” ____________

Figure 3.12: Representation of
the harmonic motion

d?x

5.

I1.1. we know that: a =

- 0s < t < 25 :in this interval we have: x(t) = 0.5 {2,

L ay=1ms™2

¢ 25 £ t € 45 :in this interval we have: x(t) =21 -2,
. a4y =0m.s~2.

45 £t < 5 s :in this interval we have: x(t) =
—t2+10¢t - 18,
" a3 = =2 m.s2.

11.2. To determine the distance traveled @, we first need
to calculate x(2) and x(4) using the equation of the
second phase of motion: x(f) =2 -2
Dy 4=x(4)—x(2)=6—-2=4m.

I1.3. x(4) =(2%x4)—-2=6m.

Sinusoidal rectilinear motion

Let’s consider a moving particle, denoted as M, along the
Ox axis. We say that its movement is sinusoidal, also called
Simple Harmonic Motion (SHM), if the coordinate x of M
can be expressed as:

x(t) = Acos(wt + ¢) (3.36)

where:

= A: is the amplitude of motion,

= (wt + @): is the phase at instant £,
= (:is the initial phase (at t = 0),

= @: is the angular frequency.

The most typical examples of simple harmonic motion are
simple pendulum concepts and spring-mass system. In
SHM, speed and acceleration are also sinusoidal functions
of time.

v(t) = —wA sin(ait + cp) = wA cos (cot + @+ g) (3.37)

a(t) = —w*Acos(wt + @) = w?A cos(wt + @ + 1)

o) (3.38)

Period and frequency
In simple harmonic motion (SHM), the period (T) is defined



as the time required to complete one oscillation. It is typically
expressed in seconds.

The frequency of an event is a concept closely related to its
period. Frequency (f) is defined as the number of events
occurring per unit of time. In the context of periodic motion,
frequency specifically refers to the number of oscillations that
occur within a given time frame. Consequently, frequency is
the inverse of the period, and its SI unit is hertz (Hz).

In the absence of friction, the period is constant, so the

angular frequency is defined as: w = 3{:1—

Curvilinear motion

Curvilinear motion of an object refers to movement in which
the trajectory is any curve different from a straight line.

Curvilinear abscissa, velocity, and acceleration

We consider a moving point object M on a directed curve
(€). We denote P and Q the initial and final positions of M,
respectively. The curvilinear abscissa of point M on curve
(6) is defined as the algebraic number S, which represents

the length of the curvilinear arc ISEQ
Curvilinear motion can be modeled as a circle or arc of radius
R, which depends on time (variable), with center A and an
angle a expressed in radians (see Figure 3.14). The curvilinear
abscissa S intercepted by the angle a is given by: S = R a.

—_

S .0

€t

The velocity and acceleration are written as:

d S(t) d o(t)

o) =~ it

and a(t) =
The distance R that relates the position Q to the center
of curvature A at a given instant f is called the radius of
curvature at f.

R=—=— (3.39)
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S
P Q
—_—

() k

Figure 3.13: Curvilinear abscissa

Figure 3.14: Representation of
curvilinear motion
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Uniform circular motion

A movement of a particle M is said to be uniform circular
motion (UCM) if M moves in a circle (or a circular arc) of
radius R with constant speed.

In this type of motion, the velocity changes direction con-
tinuously and is therefore not constant. This explains the

2
. . v
existence of a non-zero normal acceleration: ay = —.

R
Since the tangential acceleration 4; is zero, the acceleration
vector can be written as: 4 = a, e;;. This vector is normal
to the trajectory at any time and is called a centripetal
acceleration (directed towards the center of the circle).

O The most suitable coordinates for describing
! circular motion are polar coordinates.

Let an object point M move from P to Q along a circumference
of a circle with center C and radius R, as shown in Figure 3.15.
In the polar coordinate system, the equations of motion for
uniform circular motion can be written as:

r=R
—_—
o(t) = (Ox,OM)
where 0 represents the angular displacement.
The position vector is expressed as: OM = R ey

The velocity is obtained by diEferentiating the position vector
with respect to time, that is:

?:dm: de _ da’d_ezRge__,
dt dr de dt ¢

|7l =v=R6=Rw

3 do .
where 6 = E = w represents the instantaneous angular

velocity in radians per second (rad/s).
The relation between linear velocity v and angular velocity
w is given by v = R w.

The use of the curvilinear abscissa S yields the same result,
that is:

7 =R6ep (3.40)




o If the angular velocity is constant, the movement is
said to be uniform.

To obtain the linear acceleration vector, we differentiate the
previously found velocity, so:

Nl
r PN —d(eee) R (0%
dt dt

=R (62+6
@ =-R6%e, +Rbeg (3.41)
. dw ) .
Here, 8 = T = a is called the instantaneous angular

acceleration in units of radians per second squared (rad/s?).
It is related to the linear acceleration as: 2 = R a.

In uniform circular motion, the angular velocity 0 is constant,

therefore, the angular acceleration is zero (6 = 0), so the
; ; : — 42—

acceleration vector is written as: @ = —R 6- ¢,

This acceleration is radial and also called centripetal accel-
eration.

The kinematic equations that describe the uniform circu-
lar motion can be given in terms of angular variables as
follows:

6(1‘) = Wy (t = fg) ar 90 (342)

where O = O(to) and w(to) = wo are, respectively, the initial
position and the initial velocity (position and velocity at the
initial time tg).

Non-uniform circular motion

A circular motion is said to be non-uniform if its speed is not
constant. In non-uniform circular motion, the acceleration
has both radial a, (also called normal acceleration a,) and
tangential a; components:

v? dv
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Figure 3.15: Velocity and acceler-
ation for uniform circular motion
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Uniformly accelerated circular motion

If the angular acceleration of non-uniform circular motion is
constant (@ = 6 = Cte), the motion is said to be Uniformly
Accelerated Circular Motion (UACM). It can be accelerated
or decelerated:

« Uniformly accelerated circular motion:

1. Circular trajectory,
2. Constant angular acceleration,
3. w-a>0.

= Uniformly decelerated circular motion:

1. Circular trajectory,
2. Constant angular acceleration,
3. w-a<0.

The kinematic equations of the uniformly accelerated circular
motion can be written as:

w(t) = a (t —ty) + wp (3.43)

H(f) = % o (f — tg)z + Wy (f = tg) + Gy (3.44)

w? - wi=2a(6 - 6) (3.45)

Example 3.7

Study of a simple pendulum motion:

Consider a simple pendulum consisting of an object M
attached to a string of length ¢, with the other end fixed
at point O. The position of M in the reference frame

®)

R is then determined by its angular displacement 0 as
shown in Figure 3.16. When the oscillations have small
amplitudes, we observe that the polar angle 0 is such that
O(t) = Oy sin wt, with the choice of the time origin being
when M passes through point P.

e e ittt mata

1. Define on a diagram the local polar base. Give the

Figure 3.16: Simple pendulum expression of the position, velocity, and acceleration
vectors on this base.

2. Define the Cartesian base and give the expression of
the position vector on this base.



1. The polar base is shown in the figure below.
_) _)
We have: OM =l e,
T =00% = (f Oy w coswt) g
@ =-062¢ +(0¢
= (=0 62 @? cos’wt) e, — (£ 6y w” sinwt) ep
2. On the Cartesian basis defined below, we have the
following:
é — e — . -
OM = xpmt + ymj = (L cosO)i + (¢ sinB)j
0 = 6y sinwt, therefore:
_) .\ - . , -
OM = [l cos(Bp sinwt)]7 + [€ sin(Bp sinwt)]].

i T Yym
: ¢ 7
O\ g |

G
XM ———————— :I
pp=-~="" M\Z}
Xy

3.7 Relative motion

Introduction

The nature of an object’s motion always depends on the
chosen frame of reference. For example, the trajectory of a
ball in free fall inside a train moving in a straight line with a
constant speed is a vertical straight line with respect to the
reference frame attached to the train, while its trajectory is
parabolic with respect to the frame of reference attached to
the Earth.

Definitions
Let % be a fixed reference frame associated with the (7,7, K )

basis, and let R, be a reference frame in motion relative to
R, associated with the (71, Jy, k1) basis.

The fixed frame of reference X is called the absolute reference
frame, and x, y, and z are the components of the object point
studied in this frame of reference.

3.7 Relative motion

71
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Figure 3.17: Link between posi-
tion vectors

The moving frame of reference “R; is called the relative
reference frame, and x;, 11, and z; are the components of
the object point studied in this frame of reference.

Let M be a particle in arbitrary motion. The motion of M
relative to the fixed frame 2 is called absolute motion.

The motion of M relative to the moving frame R, is called
relative motion.

The motion of the frame R, relative to R is called portable
motion.

Position vectors

The position vector in the absolute reference frame & and in
the relative reference frame &1 can be written as follows:

OM =xT+yj+zk
e T e
OlMZ‘t1I1+1{1 1+ 21 k1

To find the relationship between these two vectors, it is
sufficient to apply the Chasles’ relation (see Figure 3.17):

OM = 00: + O:M (3.46)

This is the relation of change of basis (of reference frame).

Z F 3
1 %
le M ) Jl_’
R OM. UM ki
it/ 0GPy W
olf.---- 1
> 1] Y

Composition of velocities

To obtain the expression of the velocity vector of point M
in the absolute reference frame ® (law of composition
of velocities), we must differentiate the previously found
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position vector with respect to time in the absolute reference

frame R, yielding:
— — e
= dOM d OO0, +d01M
dt |g dt |g dt |g
_)
_dOOl dx1?+rdi1+£f£—>
ST dt |, oar T ar T ar !
— —
L A dap  dk
L TR TR T
—_— — 3 —
_dOOl Ydl]+ d}l +de]
ST | ar TVar T
o
dx;— dp— dz;—
@t ghtgh
where:

T JR) = T, is the Absolute velocity.
T, is the Relative velocity.
T . is the Portable velocity.

The law of composition of velocities is then written as:

Vg =T +70; (3.47)
Special cases:
— Z=2Z14
s IfRqis ﬁxedrelativeto%:?g = =>Fﬂ) :5:. 1
Sk 3 + 4 “H’)S‘ll,a’!ﬂ‘l
s If AR is in translational motion relative to A :
A
ey 7 T | =
— _d00, k=kit n_<g
ST odt 0 = Op—» >
I -
= If R, is only in rotational motion relative to & with an i
angular velocity w: & 0 1
5: =T h O_)IM Figure 3.18: Rotational motion

of &, relative to &
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General case

The reference frame R is in both translational and rotational
motion with respect to . The absolute velocity is then
expressed as:

s
., . = d00 e
E{: =x1hi+1 1 +2zZ1 ki + T : +E){5Qlf9?-) A OM
= "~ R
o
v,
(3.48)

Composition of accelerations

Acceleration is obtained by taking the derivative of velocity
with respect to time.

_)
- > _4d0
)[M;‘Jﬁ] ]ﬂ df

%R

—_— — — —
= _4(dO0,  di dp  dk
V) = g\ " ar TS L TP

d
MW i ﬁ;;)

dt dt dt ”
_d2001+_c d2T1)+ dz?l)+z ki
B L TR L T T

—
Ve
/e

d2x,—  d*y— Pz
+ i1 + 1+ k
arz 1T g T g

—
Vr

— —3 —
dndii Ay dji | dzdl
dt dt dt dt dt dt

—

)I‘.
where: T’)( M/R) = ?a is the Absolute acceleration.

T’)e is the Portable acceleration.

Y r is the Relative acceleration
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— . » . -
Y ¢ is called Coriolis acceleration.

The law of composition of accelerations is then written as:

- o = —

Ya = Ve + Ve + Ve (349)

Special cases:

—p
= If R is fixed relative to R : 7, = 0 = 7, = 0,.
dOO
« If R, is in translational motion relative to R: 7, = Tl

= If %R, is only in rotational motion relative to & with an

—
angular velocity w: 7, = @ A O;M.

s If R is in translational motion relative to A :
2
- _&00, -
Vo= +7r
s The absolute acceleration in the case of rotational motion
of R relative to R with an angular velocity w is written
as follows:

]T;:.fln + i +Zitkhi+ @ /\O]M%-EJ’/\(E?/\O]M)

T3
Yr

—

el

— =

+2 @ AUy

S’
—_

Ye

General case

This is the case where the reference frame R is in any
kind of motion. The absolute acceleration is then written as
follows:

——
— d200 — e
)7: :x'-1T1>+9-]j_.1)+2-'-]k1+T1+8/\O]M +B/\ (E‘)/\O]M)

—
Ve

+2 @ AT,
e
7

(3.50)

I <1

Example 3.8

Two cars, labeled 1 and 2, are moving on two roads that
form an angle of 60° between them. Car 1 is traveling at
a speed of 70km/h and car 2 is traveling at a speed of

75
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90km [ h in order to reach the same point B (see the Figure
below).

1- Find the speed of car 2 relative to car 1.

= 1°f method:
We have: _U)(zﬂ) = ?{2) —_’('J)[]).
To calculate ?(2) - - _U)m, we need to determine the
components of each velocity vector in the reference
frame (xOy) (see the previous Figure).
We denote the velocity of car 1 relative to the ground as
_'U)(l /gnd) and the velocity of car 2 relative to the ground

—)
as v (z/g”d).

_U)(l,r‘gnd] =90 ?,
T (2/gnd) = (70 cos60)7 + (70 sin60)] = 357 + 60.6 7,
then:
_’U’(z‘;l) =557-60,6 }.
= |7 o)l = 81,85 km/h

« 2" method:

— —
”_U)(zj,f])” _ ” v (ngﬂ'd]“?- =+ ” v (lfgna']llz
= — -
= 2|17 2/gna)llll ¥ (1/gna)llcosa

N.A:

7 2/l = V(90)2 + (70)2 — 2 (90) (70)cosa
= 81,85 km/h.
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CHAPTER 3 SUMMARY

Coordinate systems

Cartesian coordinates

i = — = —_ . — o . . = . = -
OM=xi+yj+zk, v =xi+yj+zk, a=%1+ijj+Zk
Polar coordinates:

OM=re, T=ie,+r0ey, a=(F-r0¥)e +(2i0+rb)es

Cylindrical coordinates

OM=pe,+22, T=pe+plea+ie, T =(p—-p?)e+(2p6+pb)ea+

yo =
Ze,

Spherical coordinates

= ;

OM=re, T=ie+r0eg+rsinfpe,,
—_—
a
(27¢sinO + r@ sin 6 + 2r0¢ cos 0) L’_(;
Frenet basis

dol . 9"\ s = -
dt t R n t n

Velocity and acceleration

—
_, AOM D
Um:g:T; [’:wg:E>O;
—_—
- _m-o _AT _a,(”_d?_dZOM
T~y AR Todt 4

Equations of motion

Uniform rectilinear motion

x(t) = vg (t — tg) + xo

Uniformly variable rectilinear motion
The first equation v(t) = a(t — to) + vo

1
The second equation x(f) = Ea(t — to)? + vo(t — to) + X0

The third equation (v? — Ué) = 2a(x — xp)

Distance covered during the n*" second

Xpth = %0(21-1 —-1)+ vy

Uniformly accelerated rectilinear motion (UARM)

Straight line trajectory and @ =cstand 7 - @ > 0(| 7|
Uniformly decelerated rectilinear motion (UDRM)
Straight line trajectory and @ = cstand T - @ < 0 (|| 7| \)
Uniform circular motion

0(t) = wo (t — to) + 6o

Non-uniform circular motion

1
e{t):Ea(t—to)2+a;0(t—f0)+60, w(t) = a (t—t))+wo, @?—w}]

= (i’—réz—rsinzt?qbz)a) + (2?"9+ré—rsinl9(3059gf)2)?§ +

=2a(6-06p)
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Relative motion

Composition of velocities

_ = —

Composition of accelerations

e e .

Ya = Ye+Vr+Yc

Relative velocity of A with respect to B (vaB)

— = =
UAB = UA —Up

Relative acceleration of A with respect to B (yp)
—_— = =
VAB = YA — VB



3.8 Exercises

Exercise 3.1

A cat moves 600 m to the south and then
380 m to the east. What is the displace-
ment of the cat?

Sol : page 81

Exercise 3.2
A supercar goes from 0 to 100 km/h in
only 2.3 seconds. Determine its average
acceleration.

Sol : page 81

Exercise 3.3

An object point is traveling at a velocity
of 6 m /s. After three seconds, its velocity
increases to 9 11 /s. Calculate its acceler-
ation.

Sol : page 81

Exercise 3.4

The rectilinear motion of a particle is
described by the equation:

x() =1 —4* -1
Find:

1. The instantaneous acceleration of the
particle atf = 2 s.

2. The average acceleration in the time
interval fromt =2stot =4s.

Sol : page 81

Exercise 3.5
The cartesian coordinates of a moving
point are given by x(f) = t2 + 2 and
y(t) = 3t2. Calculate the speed of the
pointatf =4 s.

Sol : page 81
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Exercise 3.6

A student runs at a constant speed of
10 m/s to catch a bus that is initially at
rest at a bus stop. When the bus begins
to move with a constant acceleration of
1m/ 52, the student is 50 m behind the
bus. Is it possible for the student to catch
the bus?

Sol : page 81

Exercise 3.7

A body covers a distance of 201 in the
7th second and 24m in the 9th second
moving with uniform acceleration. How
much distance shall it cover in 15t} sec-
ond.

Sol : page 82

Exercise 3.8
A body is moving along the negative
direction of the x-axis with a constant
speed of 2m /s. At time t = 0, the parti-
cle is located at x = 7 m. Determine the
position of the body at f = 2.

Sol : page 82

Exercise 3.9
An electron moving at a speed of 5 X
10% m /s enters an electric field that ex-

erts an acceleration of 10'2 m /s2.

1. Determine the time required for the
electron to double its initial speed.

2. Find the distance traveled during this
time.

Sol : page 82

Exercise 3.10

Figure below shows the speed-time
graph of a mobile moving in a straight
line. x(0) = 0 m.
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1. Find the position of the mobile at
I =55,

2. How many phases are there in its mo-
tion.

3. Determine the distance traveled from
the origintot =5 s.

4. Represent the velocity and accelera-
tion vectors at f = 5 s.

L o(mys)

1 2 /3 4 5 s

Sol : page 82

Exercise 3.11

A particle is moving along the x’Ox axis.
Its velocity-time graph is shown below.

1. Plot the acceleration-time graph be-
tween 0 and 5s.

2. Provide the different phases of the
movement and their natures. Justify.

3. Provide the firstand second equations
of motion for the final phase.

L o(mys)

0 - >
1 2 3\ 4 5 t0s)

Sol : page 82

the same direction, determine

1. How much ahead of A and B when
the motion starts?

2. What is the speed of B?

When and where will A catch B?

4. What is the difference between the
speeds of A and B?

i

x(km) A
200

150 - - - -~

1004% - - /-

Sol : page 83

Exercise 3.13

The motion of an object moving along a

circular path with a radius R = 20 m is

described by the equation S(t) = £ + 5.

Determine the acceleration of the object

using both the polar and Frenet bases.
Sol ; page 84

Exercise 3.12

The position-time graphs of two trains
are shown in the figure below. If the two
trains start moving simultaneously in

Exercise 3.14

An aircraft flies at 400 ki /h in still air.
A wind of 200V2 km /h is blowing from
the south.
The pilot’s objective is to navigate from
point A to a destination point B, which
is located to the north-east of point A.
The distance between points A and B
is 1000 km. Determine the direction he
must steer and time of his journey.

Sol : page 84




3.9 Solutions

Solution of exercise 3.1 ( Page 79)
Suppose that the cat starts from the point
O, moves to A to the south and then to
B to the east. Therefore, the magnitude
of the displacement is:

OB = V6002 + 3802 = 710.2 m.
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So, the speed at f = 4 seconds:

v(4) = 2-4-410=25.3 n/s.

Solution of exercise 3.2 ( Page 79)
As:vf =100 km/h =27.77m/s ,
Av  27.77-0

Agog = — = =12 m/s2.
WET At 23-0 /

Solution of exercise 3.3 ( Page 79)

Av -6
a:A—zngzlm/sz.

Solution of exercise 3.4 ( Page 79)

2
i a(t):%:fﬁ—S
. a(2)=4m/s%
_v(4)—0(2)
~ 4-2

d
o(t) = ﬁ = 3t% — 8¢

o v(2) =-4m/s,

v(4) =16m/s.

Therefore,

16 — (—4
Aavg = # =10m/s>.

Solution of exercise 3.5 ( Page 79)
We have: vy(f) = 2t and ©v,(t) = 6t
Therefore,

o(t) = 4/(2t)2 + (6t)2 = 2tV10

= NN I = |
=
£
r:é
Il
gle .

Solution of exercise 3.6 ( Page 79)
The student catches the bus when their
positions are equal:

xs(t) = xg(t)

Let us consider the moment when the
bus begins to move as the initial time
(t=0), with the position of the student
at this moment marking the start of the
motion (see Figure bellow).

5 ekl

T 7 T »
0 50 1 x(m)

Let’s write the equations of motion for
both the student and the bus. As:

» The initial velocity of the bus is
vgp(0) = 0m/s.

= The initial distance of the bus is
xg(0) = 50 m.

» The initial velocity of the student
is v5(0) = 10m /s.

s The initial distance the student is
xs(0) = 0m.

Thus,
x5(t) =10 ¢

1
xg(t) = Et2+50

1
xs(t) = xg(t) © 10t = Etg + 50

This quadratic equation has a double
root.
t=10s.

Therefore, the student can catch the bus
(after 10s).
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Solution of exercise 3.7 ( Page 79)

a 13a
Xgth = E(2X7—1)+’U{] = T+vg:2[}

ey
Similarly,

17
Xoth = _a +vp=24 (2)
2
Solving the system of equations (1) and
(2) yields:

a=2m/s>and vy =7m/s

a
Xqsth = E(Z X15—1)+ v =36m.

Thus,
1,
= Ea by +votq

Substituting the known values, we
find:

D =375x10"° m.

Solution of exercise 3.8 ( Page 79)
As v = cst, the body is in uniform mo-
tion.

. x(t) = ot + x9

The velocity v = =2 m /s (since the body
is moving along the negative direction).
Thus,

x(2)=(-2)-2+7=3m.

Solution of exercise 3.9 ( Page 79)

1. The electron is in uniformly acceler-
ated motion, so:

v=at +1y

Where: v and v are the final and ini-
tial velocities, respectively.

Thus, v =2vy = 10*m/s
Substituting the known values into
the equation above, we find:

ti=5%10"s.

2. Suppose that the motion of the elec-
tron begins the moment it enters the
electric field; consequently, x(0) =
0m.

Solution of exercise 3.10 ( Page 79)

1. Using the area method:

x(5) = trapeze area + triangle area
_(B+2)x(-1) +2><2
2 2
=—0.5m.

2. We have three phases: [0, 2s], [2, 3s],
and [3, 5s].
3. Using the area method:

Dg_5 = |trapeze areal + |triangle area|

:‘(3+2)2><(—1) L [2x2

2

=45m.

4. To represent the velocity and acceler-
ation vectors at t = 5 s, we need:
x(5) = =0.5 m, v(5) = 2 m/s, and
a(5) =1m/s>

I 5)

2(5) =

“1x(5%0 1 2 X

Solution of exercise 3.11 ( Page 80)

1. To plot the acceleration-time graph,
we first calculate the acceleration dur-
ing the various phases of the move-
ment.
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$ a(m)s?) time relation):
2 @
do olt) ¢
1 a=—=b dov = f adt
dt v(3) 3
0 . t
1 2 3 4 5 t(s) e v(t)-v(3) = f (=1)dt
=1 2
ou(t)=-t+3
=g
Thus, the first equation of motion is:
2 +0sgstsls: o(t) = —t + 3.
In this interval, the motion is
Uniformly Accelerated Rectilinear Second Equation of Motion (Position-
(UARM) in the positive direction. time relation):
v -a > 0 = accelerated motion x(t ¢
dx )
a = cst = uniformly v(t) = I = f dx = f v(t)dt
v > 0 = positive direction #3) ' 2
. & x(t)—x(3) = f (-t +3)dt
FlsSsits2s: 5
In this interval, the motion is t
Uniform Decelerated Rectilinear ©x(t)-2= f (=t +3)dt
(UDRM) in the positive direction. 4
v -a < 0 = accelerated motion This integral give:
a = cst = uniformly 1 5
vdiceh x(t) = —=t* +3t — =
v > 0 = positive direction > >
“2s<t<3s: Thus, the second equation of motion
In this interval, the mobile is sta- is:
; 1 5
tionary. x(t) = —=t* + 3t — =,
¢ 38<€ Tt <€bhs: D 2
In this interval, the is Uniformly
Decelerated Rectilinear Motion Solution of exercise 3.12 ( Page &0)

(UARM) in the positive direction.
v+ a > 0 = accelerated motion
a = cst = uniformly

1. B is ahead of A by the distance
OP = 100 km, when the motion

v > 0 = negative direction starts.Q R 150 —100
3. In the final phase ([3,5s]), we are 2. v = PR _2-0 25 km [h
given: 3. Since, the two graphs intersect at
« a=-1m/s? point Q, so A will catch B after 2 h
« 0(3) =0m/s, and at a distance of 150 km from the
« X(3)=2m. origin. .
150 -0
First Equation of Motion (Velocity- 4. va = % == 75 km/h

Difference in speeds = 75 — 25 =
50 km /h.
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sotl.lﬁon Of exercise 3 13 ( que SO) resultant Of ’(}w and UIIHJ' j_s along AB or

« Using Frenet basis: in north-east direction.

Let U4, makes an angle a with AB as

a(t) = \/ﬂf(f)z + au(t)? shown in figure above.
We know that: N

B
a 4o a v’ dov ds
—_— = —,an g

AT R dt o
Thus, U4 VU
o(t) =3+, a; =6t, anday = it“ 45 .
20 4 /___
A = E

9 2
a(t) = \/(6 £)% & (% t4)

Applying sine law in triangle ABC,
Thus, a(2) = 13.99 m /s>. s &

AC BC

= Using the polar coordinates: For a cir- =
- > -
cular path, the arc length S is related sin45 S

to the angle 0 (in radians) by: or
5=R6 _ BC\ . ... {20042\ 1 1
sina = | —=|sin45” = _——
_ AC 200 | \5 2
Given R = 20 m, we have:
_5(t) _ 345 L a=30r
o(t) = "R 20 Therefore, the pilot should steer in a di-
rection at an angle of (45° + a) or 75°
Also, from north towards east.
r(t) =R Further,
We have: 5
— - ' ) i sin 105
a(t) = (7 —r62) e + (2 0 +r6) e el = Girgpe * {00 R
Substituting the derivatives of r(t) cos 15°
and 6(t) into the relation above: = (sin 15° ) (400) km/h
T -9 il=3 =
a(t) = (— t“) ey +(61)ep 0.9659
i = 400) km/h
20 0.707 00}k
. a(2) = 13.99 m/s>. = 546.47 km/h
Solution of exercise 3.14 ( Page 80) . The time of journey from A to B is
Given that v, = 200V2 km/h. v = AB 1000
400 km /h and v, should be along AB b= |04l ~ 546.47

or in north-east direction. Thus, the di-
rection of v, should be such as the t=183h




DYNAMICS OF A
PARTICLE

4.1 Introduction

In the case of kinematics, we have limited ourselves to the
study of kinematic elements, that is, the simple description of
a motion (position, velocity, acceleration) in different coordi-
nate systems. We have not previously addressed the question
of what causes motion or its origins. This aspect will now be
considered. This will lead to introducing the concept of force,
along with several laws and principles that relate forces and
kinematic elements. Laws or principles are relationships that
are not proven; rather, they are validated through experimen-
tation and remain accepted until disproven by subsequent
experiments.

4.2 Newton’s first law of motion (the
principle of inertia)

The inertia

The inertia of a body is its tendency to resist any change in
its state of motion or rest. Bodies show the same resistance to
slowing down as they do to speeding up. It should be noted
that the concept of inertia is related to the concept of mass,
which is the measure of a body’s inertia.

Isolated system and pseudo-isolated system

A system, such as an object point M, is considered isolated
when it does not experience any external actions (forces). In
practice, achieving an isolated system is very difficult. This
would necessitate placing the object in space, at a consid-
erable distance from any other objects. When conducting
experiments on or near Earth, researchers often have to settle
for pseudo-isolated systems.

A system is said to be pseudo-isolated if all external actions

41
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cancel each other out (the vector sum of the forces acting on
the system is zero).

The principle of inertia

Building on the work of Galileo and the French philosopher
René Descartes, Newton formulated his first law in 1687.

Principle of inertia statement

There are privileged reference frames called Galilean
reference frames (inertial reference frames), in which an
isolated system is either at rest or in uniform rectilinear
motion.

This law can be interpreted as:

— —

SFeri=0 4.1

Galilean reference frame

A Galilean reference frame or inertial reference frame is
defined as a reference frame in which the principle of inertia
is valid. In other words, the motion of any isolated object
point in this reference frame is rectilinear and uniform, and
therefore its acceleration is zero. However, this is not always
the case. As a result, such a reference frame does not exist,
and the usual reference frames are only approximate and
assumed to be Galilean.

If we are looking for a Galilean reference frame, the closest
reference frame to the Galilean character is the Copernicus
reference frame AR, to which a coordinate system is associ-
ated with its origin at the center of mass of the solar system,
and its three axes are directed towards three distant stars
that are assumed to be fixed.

Example of Galilean reference frames

Under certain conditions, the following reference frames can
be considered Galilean:



4.3 Newton'’s second law of motion

= Heliocentric or Keplerian reference frame (% ): This
reference frame is used for studying the movement of
planets. It is Galilean if the study only lasts a few hours,
allowing us to neglect the Earth’s motion around the
Sun.

= Geocentric reference frame (R¢): This frame of ref-
erence is suitable for studying the motion of satellites
that lasts only a few hours.

« Earth’s or laboratory reference frame (%A 7): This is a
Galilean reference frame if the duration of the study
is on the order of a few minutes to neglect the Earth’s
own rotation. It is used to study the motion of objects
on Earth.

o Any reference frame in uniform rectilinear motion
relative to the Galilean reference frame is also con-
sidered Galilean.

4.3 Newton’s second law of motion
Concept of force

We call a mechanical action any action exerted by an object
A on another object B, which can manifest itself through one
of the following effects:

=« Movement of the initially stationary object B.

= Modification of the velocity vector (magnitude or di-
rection) of the object B if it is initially in motion.

« Deformation of the object B.

A mechanical action can be modeled (or represented) by a

vector ? called force, exerted by object A on object B (pull
or push). The magnitude of a force is measured in Newtons
(N) using a dynamometer.

Mass

In a simple way, we can define mass as the quantity of matter
contained in an object, it is often denoted as m and is mea-
sured in kilograms in the international system (SI).

87
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The mass of an object is a positive scalar that indicates
the extent to which it resists changes in velocity, whether
in magnitude or direction. Mass serves as a measure of
an object’s inertia and is commonly referred to as inertial
mass.

is considered to be constant and does not change

o In Newtonian mechanics (classical mechanics), mass
with time or position, thus remaining independent

of reference frames.

Linear momentum

Let M be a particle with mass m, moving with velocity v

relative to a reference frame . The linear momentum T; or
simply momentum in the reference frame & of M is equal to
the product of its mass and its velocity vector . Ttis a vector
quantity that has the same direction as the velocity vector.

P (M) = m T (M) (4.2)

Principle of conservation of momentum

The total momentum of a system of particles is equal to the
sum of the momentum of all the individual particles within
the system.

= =3 =% =)
PT{]M,‘;] - P] + PZ 4+ ...+ Pn (4.3)

Law of conservation of momentum

The total momentum of an isolated system of interact-

ing particles is constant, meaning it remains the same
in the final state as it is in the initial state:

— —
P initial = Pﬁrmie

I |

Example 4.1

A hunter fires a bullet of mass m = 7.3 ¢ from a shotgun
of mass M = 3.4k g. The bullet leaves the shotgun with
a velocity of v = 340m /s (in magnitude). What is the



4.3 Newton'’s second law of motion

magnitude of the recoil velocity V of the shotgun?

The system under study, which includes a shotgun and a
bullet, is pseudo-isolated. It is studied in the Earth’s frame
of reference, assuming Galilean. Therefore, momentum is

conserved, so;
-

—_—
p before shot = p after shot

— -
So : P peforeshot = 0 (The shotgun and the bullet are at rest
before firing, so:

o 5 —_ -
Pﬂffershof =mv+MV =0

Projecting onto the axis of movement, we obtain:

muov
-MV=0=V=—
muo v

V =073 nifs.

Fundamental principle of dynamics

In Newtonian mechanics, where the mass of an object point
is constant, we have:

= — —
dP  d(m d
? _ _ (mv) - v

_ —
T T ks ma (4.4)

—

Frt=ma (4.5)

Statement of Newton’s second law A

In a Galilean reference frame, the vector sum of the
external forces (net external force) acting on an object
is equal to the product of its mass and its acceleration

vector, that is:
= —
by =ma (4.6)

- B

This principle provides a clear relationship between the
motion of an object and the causes of this motion.

Impulse

The application of force to an object necessarily alters its veloc-
ity, which consequently leads to a change in its momentum.

89
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This correlation between momentum and force can be eluci-
dated through the concept of impulse. For a constant force,

impulse _f (also denoted as _I)), is defined as the product
of the force and the time interval during which the force is

applied.
- =
] = F At (4.7)
Instantaneous impulse
—
dP
Wehave: F = —— = d P = F dt

Therefore,

T = AP = mAT| (4.8)

O It should be noted that the impulse (change in
! momentum) applied to an object over a specific
time interval can also be determined by calculating
the area under the force-time graph for that same

interval.

Example 4.2

Calculate the average force required to stop a petanque
ball with a momentum of 15 kg.m.s_l inQ.5s.

—_ = — —
Wehave: | = Fayg Atand | = AP.
_)
e AP
Th ', .Fa\.r i —— .
us g AP
Given:

P; =15kg.m.s7..
P_f =B 0=35
= = —30N.
At 0.5
The minus sign indicates the opposite direction of the force.

Favg=




4.4 Newton'’s third law of motion

Example 4.3

The figure below illustrates the force-time graph for the mo-
tion of a particle. Calculate the change in linear momentum
between 0 and 6 s.

} F(N)
i [
1..
Tt 3 1§ 60
_1..

The change in linear momentum (AP) is equal to the force
multiplied by the time, which corresponds to the area
enclosed by the force-time curve and the time axis. Mathe-
matically, this can be expressed as:

AP = F At =Area under the force-time curve.

Thus, AP =2X2+4X(-1)=0N.s.

4.4 Newton’s third law of motion

—
When object A exerts a force F on object B, then object B
-

acts in the same way on object A with the same force F but
in the opposite direction, that is:

— -
Fa,p=—-Fpa (4.9)

This is the principle of reciprocal actions

Statement of the law of reciprocal actions

The action is always equal to the reaction, meaning

that the actions of two bodies on each other are always

equal and opposite in direction.

a This law is valid regardless of the study frame of
reference (independent of the reference frame).

il
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Figure 4.1: Gravitational interac-
tion between two objects

4.5 Types of forces

There exist two main categories of forces:

= Non-contact forces: these forces, also known as forces
at a distance or field forces, exert themselves even
when there is no physical contact between the two
interacting bodies. This interaction is due to specific
properties of matter and occurs as long as the distance
between the bodies is not significantly larger than their
dimensions.

= Contact forces: these are the forces that can only mani-
fest themselves during contact between the two inter-
acting bodies.

Non-contact forces (Field forces)
Gravitational force

This force, also known as the gravitational interaction force,
acts over an infinite range and describes the attraction be-
tween two masses. It is given by Newton’s Universal Law of
Gravitation.

The expression of the gravitational force exerted mutually
between two objects of mass 14 and mp at a distance of r is
given by the universal law of gravitation stated by Newton
in 1687:

— — MA.MB —

Fasp=—-Fpsa=-G 2 YaB (4.10)

where _u),qg is a unit vector directed from A to B and
G = 6.67 x 107"!N.m?.kg? is the universal gravitational
constant.




The gravitational interaction force is of great importance, as
it is what keeps us anchored to the Earth and is responsible
for maintaining the planets in their orbits around the sun.

o Near Earth, the gravitational force is equivalent

to weight. The law of attraction is universal and

applicable at every point in space, regardless of
whether the bodies are point-like or not.

Example 4.4

Calculate the weight of a box on Earth having a mass of
120 kg. Calculate the magnitude of the gravitational force
between the Earth and the box.

We give: ¢ = 9.81 N.kg_l, the Earth’s mass Mg = 5.972 X
10 kg; the earth’s radius Rg = 6371 km; and G = 6.67 X
10°'N.m2.kg~2.

Wp=mg =120x9.81 =1177.2N.

m X Mg
2
RE
_ 6.67x107"! x 120 X 5.972 x 10*
; (6371.10%)2

Fp g =Fpp=G

= 1177.6 N.

Electrostatic force

The electrostatic force, also known as electric force or Coulomb
force, is a force that applies between electrically charged par-
ticles. It is described by the Coulomb’s law. According to
this law, two particles A and B, at a distance d from each
other, carrying electric charges 44 and ¢, exert on each other
forces FA—p and Fp_, 4 of the magnitude F, repulsive if g4
and g have the same charges, attractive if §4 and gp have
opposite charges:

— =3 1 qgA 9B —
E 411
e & U AB (4.11)

By denoting ?AB as the unit vector directed from A to B
and &y = 8.85 X 10712 F.m ™! as the electrical permittivity of
vacuum, we can also express Coulomb’s law in terms of the
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S
Fp,a T + Fass

(b) Repulsive force

Figure 4.2: Electrostatic force be-
tween two charged particles
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electric field as follows:

— = E 412
41eg d? ”AB) fB =4 (ad2)

—_—
Fasp=1qB

_)
E 4 represents the electric field created by the charge g4 at
point B.

o Electric interaction is responsible for the structure
of atoms and molecules, as well as the properties of
materials.

Electromagnetic force

In the presence of an electromagnetic field, an electric charge
q moving with a velocity I experiences a force called the
electromagnetic force or Lorentz force, which is expressed
as:

F=q(E+7AB) (4.13)
- —
where [ is the electric field and B is the electromagnetic

field.

Strong nuclear force

This refers to the attractive forces that are responsible for
binding of quarks together in the proton, as well as the
cohesion between protons and neutrons together inside the
atomic nucleus.

Weak nuclear force

The magnitude of this force is approximately 10° times
weaker than that of the strong nuclear force, which is why
it is named as such. It can induce a transformation of a neu-
tron into a proton, with the emission of an electron and an
anti-neutrino. This phenomenon is commonly known as beta
decay and is responsible for radioactive processes.



Table 4.1: The four fundamental forces in nature
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Force Range Effect Action range
Gravitational Infinite Attractive Astronomic
Electromagnetic Infinite Attractive or repulsive Atom, molecule, humane
Strong nuclear 1071 m Attractive Atomic nucleus
Weak nuclear 107 % m Transmuting Inside nucleus

Contact forces
Normal reaction force

Let’s consider a block (A) placed on a support (B). The force
exerted by the support on this block, which acts to prevent
its penetration into the support and is always perpendicular
to it, is called the normal reaction force. This force, also
known as the normal reaction force or simply the normal
force, is distributed over the entire contact surface support-
block and is applied to the block at the point of contact (see
Figure 4.3).

Frictional force

If we launch the block (A) to make it slide on the support
(B), we notice, after some time, that the block (A) comes to a
stop due to a force that opposes its motion (see Figure 4.4).
This force is known as the frictional force, or simply friction.
It is always parallel to the surface of contact. Therefore, it is
perpendicular to the normal force.

o The normal and frictional forces can be considered

as the normal and tangential components of the
so-called Contact force. Therefore, the magnitude
of this force can be calculated as follows:

C =4/f2+ N2

There exist two categories of frictional forces:

—
=« Static friction f;, which occurs when the block (A) is

at rest (in the previous example).

-—

=« Kinetic friction fy, also referred to as dynamic friction
or sliding friction, which arises when the block (A) is
in motion (A slides on support B).

Figure 4.3: Normal reaction
forces

Z
—

Figure 4.4: Frictional force ( f ),
normal force (N), and the con-
tact force [E)}
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Figure 4.5: Coulomb model of
friction

_)

Let us consider a gradually increasing horizontal force F
that is applied to a block initially at rest on a rough horizontal
surface in order to move it. Initially, we observe that the block
does not move. This demonstrates that the static friction

2 . e S

force f is created to counteract the force F,ie. F = f;. As
- -

the applied force F is further increased progressively, f;
also increases until it reaches the maximum (critical) value

— -

fs(max)- If F continues to increase, the block will start to
_)

slide and will then experience kinetic friction forces fi.In

_)
this case, the force f; decreases from its maximum value
- -
fs{ﬂm,\') to fi.
If we plot the applied force F as a function of the friction
force f, we obtain the curve known as the Coulomb model
of friction shown in Figure 4.5.

f(N)u

fs (max)p-~~"""""""7"="777-

fe oo

1
1
i
i
i1
1
1
L]
1
1
1
i
1
1
I
1

Rest Sliding F(N)

The experimental studies have shown that the static and

kinetic friction forces are proportional to the normal reaction
_)

force N. This proportionality is given by Coulomb’s friction

laws:

=« If the block is immobile and subjected to static friction
forces, we have:

0< fs < fs(max] (4-14)

In the case where the block is on the verge of moving, i.e.
the critical case, the Coulomb’ friction law is expressed

fs(mﬂx) = fs.N (4.15)

where: 1, is the coefficient of static friction.

as follow:

s When the block is in motion, static friction becomes
kinetic, and Coulomb’s friction law can be written in
the following manner:

fk = pk.N. (4.16)
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where: 1. is the kinetic coefficient of friction.

o The friction coefficients u; and pj are dimension-
less and unitless numbers that depend only on the
nature of the surfaces in contact.
Generally, uy < pus < 1.

Example 4.5

To determine the coefficients of static and kinetic friction,
a student starts by gradually lifting a horizontal wooden
plank on which a block is resting. When the plank is inclined
at an angle of 30° with respect to the horizontal, the block
starts to slide with a constant acceleration and travels a
distance of 3 n1 in 3 s. Find the static and kinetic coefficients
of friction between the block and wooden plank.

We know that when the angle reaches the value of 30°, the
friction force reaches its maximum value f(;;0x) = Us-N,
and beyond this limit, it cannot increase further.
The application of Newton’s second law and the projection
onto the axes parallel and perpendicular to the inclined
plane yields the following results:
N =mg co0s30.
fs(max) = mg sin30.
fs(max) = ps-N
m g sin30
= Us = |——————|'= |tan30| = 0.58.
m g cos30
In the case where the block is in motion with constant

acceleration, we have: fi = ux.N, and Newton’s second
: = —
law can be written as: X Foy; = m a .

Let’s first calculate a. Since the motion is uniformly accel-
erated, therefore:

1 Figure 4.6
X =Xo=a 12 5 L.

2(x—x
X—x0=3m,v9=0and t = 3s, then: a = (t—ZO) =
0.67 m/s>.

gsin30—a

fx =m(g sin30—a) = yy =

g cos30
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1: Also known as viscous drag
or viscous friction force

Drag Force and terminal velocity

The force exerted on a solid body moving in a fluid medium

(liquid or gas) is called the Drag Force' (? p). This force is
caused by the collisions between the molecules of the fluid
and the solid body. Like frictional forces, it always acts in the
opposite direction of the body’s motion.

For large objects (such as cyclists, automobiles, and others)
moving at relatively high speeds, the magnitude of the drag
force is directly proportional to the square of the object’s
speed Fp o v2. The force Fp is influenced by several factors,
including the geometric shape of the object, its dimensions,
and the properties of the surrounding fluid.

- 1
Fp=—cAcp v2 U, (4.17)

where, A refers to the area of the object facing the fluid, ¢
represents the drag coefficient, p is the fluid density, and w0 !
is a unit vector that has the same direction of velocity.

For small objects with relatively low velocities, the viscous
friction force can be expressed as:

Fp=-knoi (4.18)

where, 1 represents the viscosity of the fluid and k is a
coefficient that depends on the shape of the body, and is
expressed in meters. For example, for a sphere of radius r,
we have: k = 67tr. In this case:

- =

Fp=Fs=—6nrnui; (4.19)

This relation is known as Stokes” law.

In a vacuum, where air resistance is negligible (Fp = 0),
objects in free fall are subject solely to the force of gravity,
resulting in constant acceleration and increasing velocity.
However, when drag force is present, this opposing force
increases with velocity until its magnitude equals the gravi-
tational force. At this point, the net force acting on the object
becomes zero, which means that acceleration also becomes
zero, in accordance with Newton's second law. Consequently,



the object continues to move at a constant velocity, known as
terminal velocity or.

Applying Newton’s second law, when the falling object
reaches its terminal velocity,

Fret =mg —Fp =0.

Thus,
1 2
mg =Fp = EACpZJ'T.

Solving for the velocity, we arrive at the following result

e 2mg (4.20)
cpA

Example 4.6

A ball with a mass of 5 kg is launched vertically upward
from the ground with an initial speed of 25 m /s. Given that
atmospheric drag is Fp = 0.01 % N, what is the maximum
altitude that the ball will reach?

Initially, 1/p = 0 and vy = 25m /s. At the maximum height
y=h,v=0.
Applying Newton's second law to the ball gives:

Z Fy=—-w-Fp=-mg - 0.010% = ma

Thus,
a= O _ 9.81 — 0.0020% =
=3 m ) T odt

Since ‘;—j =4 = v%, therefore: ‘;tr = pdo i 2 Thus,

d

=2 = — (9.81 + 0.0020?)

dy

Rearranging:
—vdo
9 8 + 0.00202

f b f —vdv
dy =
25 9 8+ 0. 002'02
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A
—
Fp
v(t)l * A
— —
mg Fp
_______ (SR, S
—_
mg l?T
Y

Figure 4.7: Terminal velocity
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du
0.004

Let # = 9.81 + 0.00202, so du = 0.004v dv or v dv =

therefore: 1y = u(25) = 11.06, u; = u(0) = 9.81.
Substituting into the integral:

. vdo B 811 du
55 9.8+0.00202  Ji06 4 0.004

9.81

h

=]

0.004

= m(mam e 1n11.06)
11.06

I

h ~30m.

Central force

A Central force is a force whose line of action always passes
through a fixed point C, called the force center. In other words,
it is a force that is collinear with the position vector at all
times. Examples of central forces include gravitational force
and electrostatic force. The central force can be expressed as
follows:

T =Ie: (4.21)

Spring force

Consider a mass attached to the end of a spring as shown in
Figure 4.8. When the spring undergoes deformation (either
extended or compressed), it exerts a force on the mass that is
proportional to its stretch (or compression) at the attachment
point and acts in the opposite direction of the displacement.
This force is called the spring force or restoring force, and it
is denoted by Hooke’s law as follows:

—

Fs = kMW (4.22)

Where:
lp is the length of the spring in its relaxed state,

{ is the length of the spring (extended or compressed),
Al = ({ - {) is the elongation of the spring,

k is the spring constant or stiffness expressed in
N.m™1,

T is a unit vector parallel to the spring and directed
outward from the spring.



Centripetal force

In the previous chapter, it was noted that objects undergoing
uniform circular motion exhibit a centripetal acceleration,

which can be expressed as ay = % = r2 Here, v and
0 represent the linear and angular velocities, respectively,

while 7 denotes the radius of the circular path.

The acceleration is a result of the application of force. Any
individual force or net force can induce centripetal or radial
acceleration. The net force responsible for uniform circular
motion is called centripetal force. The direction of centripetal
force is always toward the center of curvature. Illustrative
examples include the gravitational force exerted by the Earth
on the Moon, the frictional force between roller skates and
the surface of a rink, the force exerted by a banked roadway
on a vehicle, and the forces acting on the tube of a spinning
centrifuge.

The application of Newton’s second law in that situation
gives:

v?

Fpet = Fo = may = m— = mr6* = mrw?
r

Thus, the magnitude of centripetal force can expressed as:

2
F.= m— = mrw? (4.23)

4.5 Types of forces | 101

Figure 4.8: The spring force
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Figure 4.9: Circular motion of a

car on banked road
2
_)
N kg
X
6 O
_)
A
%
yw

Figure 4.10: Free-body diagram

The most commonly observed example of static friction acting
as a centripetal force in daily life is the motion of vehicles
on horizontal curves. This force helps keep vehicles on the
road and prevents them from skidding outward. Without
sufficient static friction, a vehicle would lose traction and
slide off the curve. To avoid this scenario, roads are typically
banked at curves. This banking effectively enhances the
centripetal force, allowing curves to be negotiated safely at

high speeds.

Let us consider a car traveling at a constant speed v. it takes
a banked curve characterized by an angle 0 and a radius of
curvature r.

The forces acting on the car include its weight HJ), the normal

— —
force N, and the static frictional force f ; (see Figure 4.9). In

this case, the centripetal force is produced by the horizon-
_)
tal components of both the normal force N and the static

o e 4
frictional force f s.

The acceleration is present only along the x-axis. Therefore,

2
Ox: N sinf + fs cos@zn;\r:% (i)
Oy: N cosO — fs sin@ =w =mg (ii)

To obtain the maximum speed v,y at which the car can
safely negotiate the curve, the static friction force must be at
its maximum (f;(4x))- SO,

fs[max] = P':?-N (ii-i)
The equations (i) and (ii) become

2

. g2, .
N sin + fyguax) €050 = —= (iv)
r

N cos0 — us N sin@ = mg (v)

Substituting (iii) in (iv) and (v), we get

2

. o &
N sin® + us N cos0 = % (vi)

N cos@ — us N sinf = mg (vii)



Solving this system of equations yields

Omax = A|1g pairant (4.24)
: 1—pus tano

O It is important to highlight that this relationship is
independent of the vehicle’s mass.

For a frictionless banked roadway,

Umax = /1§ tano (4.25)

For a horizontal roadway (level roadway),

Umax = YIr§ Hs (4.26)

Example 4.7

What is the ideal banking angle for a curve with a radius
of curvature ¥ = 100 m to be safely navigated at a speed of
60 km /h without relying on frictional forces?

Using the relation above,

£ 16.67)?
0 = tan™! = = fan~! g
rg 100 X 9.81

6 ~ 15.82°.

Free-body diagram (FBD)

A free-body diagram is a graphical representation that illus-
trates all external forces acting on an object or system. In
this diagram, the object or system is represented as a single
isolated point (also known as a material point). The forces
are depicted as vectors extending outward from this point.

Figure 4.11 illustrates the free-body diagram of a box subjected
to a set of forces (the weight of the box E)’, the normal force

— - —
N, the frictional force f, and an applied force F).

4.5 Types of forces

103
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= N
~N E
N t —
— F
J /
—
f.
VA Z
— —Y
: R tati f v @
Flgute L11: Septesentaion'o (a) System or object (b) Free-body diagram

free-body diagram

4.6 Moment of a force (Torque)

Moment of a force about a point

The moment of a force about a point (also known as torque)
measures the force’s ability to rotate a mechanical system
around that point (turning effect).

_)
The moment of a force F about any point O is a vector that
can be expressed as:

—_—
i

20o(F) = OM x

(4.27)

_)
where M represents the object on which the force F is
applied (see Figure 4.12).

— s
The moment of a force T (also denotes as Jl) is a vector

perpendicular to the plane formed by OM and T:) Its SI unit
is joule or newton meter (] = N.m).

—_
¥
6=3%
—_
OM -
d M

Figure 4.12: Moment of a force
about a point

_)
The magnitude of the moment of a force F about a point O
To(F) is given by:

— —_— > ; —
I o(F)Il = |IOM||.|| F||.|sin 6] = d || F || (4.28)
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As shown in Figure 4.12, d represents the perpendicular
distance between the line of action of the force and the
point O (pivot). This distance is commonly referred to as the
moment arm or lever arm.

Moment of a force about an axis

Let us consider the moment of the force ? about the point
O. Let (A) be an axis passing through point O and Wabea

unit directional vector of this axis as shown in Figure 4.13.

_)
The moment of the force F acting on a point M about the
axis (A) is defined as the scalar quantity:

w(F) =7 o(F). 74 (4.29)

The magnitude of the moment of a force about an axis (A) is
expressed as follows:

ta(F)=+|F|.d (4.30)

Example 4.8

Two masses, m; = 1 kg and m, = 3 kg, are positioned
on opposite sides of a balance. Let 7 be a unit vector
perpendicular to the plan of the figure directed from back
to front (see figure below).

1. Given that OA = L)Z m and OB = 0.4 m, determine the
torque of the forces R, ZF; ,and ZF; about point O.

2. Deduce the total torque (T;¢¢).

—
R

oN't

8
SL®

Figure 4.13: Moment of a force
about an axis
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— —
1L.7T(F)=7 x F =rF|sin6|%

Since the forces and the distances are orthogonal, the sine
term becomes 1.

2(R)=00xR =0.

Il

_)
Thus, 7(R) = 0 N.m.
—
(W) = OAxW; =(1.2%x10x1)% =12 N.m.
_)
Thus, 7(R) = 12 N.m.
—,— e S — —
T(w3) = O0OBXw;=(04%x30x1)-1 =-121u N.m.
_)
Thus, T(R) =12 N.m.

_)
2 Tuer = Tun+ Tug+ Tr=02-12+0)% = 0 N.m.
Thus, T4, = 0 N.m.

4.7 Angular momentum of a particle

For translational motions, we use the concepts of force and
momentum, related to each other by Newton’s laws. For
rotational motions, we introduce the concept of torque, and
for momentum, we introduce the notion of the angular
momentum of a particle M at a given point O, in a Galilean
reference frame.

ferent theorem than the kinetic energy theorem or
Newton’s laws. This theorem is called the angular

O In rotational motion, it is preferable to use a dif-
-
momentum theorem.

Angular momentum about a point for a particle

Let M be a particle with mass m in motion with velocity K
in a Galilean reference frame “&. The particle M is subjected

to a set of forces T:), Let O be a fixed point and A be a fixed

— —
directed line containing O. Let OM and P be the position
vector and the momentum of M in R.
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We call the angular momentum or kinetic momentum of M
_)
relative to O the vector L o(M) defined by:

— —_— 5 = =
LoM)=OMXP =OM xm? (4.31)

_)
The angular momentum vector L o(M) is orthogonal to the
P —
plane containing the vectors OM and _T)), its direction is given

such that the basis (OM, v, L o) is right-handed, and its
magnitude is given by:

— — )
Lo(M) =|[Lo(M)|| = m.||OM||.|[7|||sinal|  (4.32)

—_—
where a represents the angle formed by the vectors OM and
— . ’

U (see Figure 4.14).

Figure 4.14: The angular momen-
tum

Theorem

In a Galilean reference frame R, the time derivative of
the angular momentum of a particle M relative to a
fixed point O is equal to the sum of the moments of

the forces applied to M with respect to O, or:

d_) —
2LoM)_ > 7o(F)

Angular momentum about an axis for a particle

The angular momentum of M with respect to the axis A
passing through a point O, as shown in Figure 4.14, is given
by the following dot product:

Li = Lo(). 74 (4.33)
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We thus have the theorem of angular momentum with respect
to a fixed axis (A) in a Galilean reference frame:

dL —
d—f = ;m(ﬁ) (4.34)

Example 4.9

The position and velocity vectors of a mobile object with
a mass of m = 2kg are given at a particular instant as:
— . . —_— _.) _.) -, .

=1 —jand ¥ =(-21 + j.Find the object’s angular
momentum about the origin.

We have:
L=TXH=7xm7)
Thus,
. i ]k ¢ 3 k -
L=mlt =% gl=211 =t Hl==2k.
=20 =D )
Therefore:
L =2kg.m*/s.

Conservation of angular momentum

Statement of the law

The angular momentum of a particle subject to a central
force or isolated is constant, or

- —
Lo(M) = Cte

Example 4.10

A comet, coming from interplanetary space, enters the
Earth’s gravitational field and then moves away. Its tra-
jectory is shown in the figure below. If vy is its speed at
position My, determine in terms of v, ag, and d; its speed
v1 when it is at the distance d; closest to the earth.



4.8 Differential equation of motion

Vie):have:
L(M)=0MAm% = L =m|OM|| |[T|| sin(OM, 7).

S e ey
Lo = m vg ro sin(OMy, vo) = m.vp.ao.
% Tr
" .Y ”
Ly =m vy dy sin(OM,,7v1) = m.vl.dl.smE = m.vy.d;.

The force applied to the comet is the force of gravity, it is a
central force, so the angular momentum is constant, that

— —
is: Lg = L. So:

ao
m.vg.ap = M.01.d] = v1 = d—’Ug.
1

4.8 Differential equation of motion

A differential equation is an equation involving one or more
derivatives of an unknown function. If all the derivatives are
taken with respect to a single variable, it is called an ordinary
differential equation.

The study of particle motion aims to determine the equations
that describe the position of the particle’s components as a
function of time. The time equations can only be obtained if
one knows the particle’s acceleration in advance.

The application of Newton’s second law allows us to de-
termine the acceleration of a particle. We then obtain the

109
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Figure 4.15: Mass-spring system

differential equation of motion for the particle. This equation
relates the acceleration, velocity, and position of the particle
to the variable t. We distinguish several types of differential
equations based on their forms.

Periodic motion of a mass-spring system

We propose to study the motion of a mass m attached to a
spring of stiffness k. This mass is constrained to move with-
out friction on the Ox axis under the effect of the spring’s
restoring force. We denote x as the elongation of the spring

(Al = x).

Along the Ox axis, the equation of motion is:

m 2 . )
If we set ? = wy, the previous equation becomes:

&’z 5 —_
F+mﬂx:0@x+wox:0

It is a second order differential equation whose solution is
of the form:

x(t) = Acos (wot + @)

wy = 1/% = 27fy(rad .s™') represents the angular fre-
quency and A its amplitude.
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CHAPTER 4 SUMMARY

_)
Newton’s first law of motion (the principle of inertia) X F ,,; = _0)

Newton’s second law of motion (Fundamental principle of dynamics)
omg —
EF e = Ma,

" = =3 )
Newton'’s third law of motion F 4_,p = —Fg_,4.
—

g — _ = — —
Linear momentum P =m v, Ptrwe= P1+ P2+...4+ Py.
Principle of conservation of momentum P j,itist = P finale-
- = ’
Impulse | = F At
. =2 s -
Instantaneous impulse | = AP =mAv.
il — =3 ma.m
Gravitational force F A= —-Fp_a = -G . B?AB.
: =2 = 1 ga qB
Electrostatic force F 4_,p = —Fp_4 = 94 1 X 4B.
drteg  d?
) — - 5 =
Electromagnetic force F = q(E + v A B).
The four fundamental forces in nature
Force Range Effect Action range
Gravitational Infinite Attractive Astronomic
Electromagnetic Infinite Attractive or repulsive Atom, molecule, humane
Strong nuclear 107 m Attractive Atomic nucleus
Weak nuclear 1078 m Transmuting Inside nucleus

Coulomb’s friction laws f;(0) = 4s-N,  fr = ur.N.
Spring force T—")S =—kAW.
Drag Force Fp= —%A cpvuly.

Drag Force for small objects with relatively low velocities T p=—-knviy.

Ml

Drag Force for a sphere of radius r, k = 67tr (Stokes’ law) _F>D = Fs=—-6ntrno &

2m
In free fall when drag force is present, the terminal velocity vt is v = | }ﬁ
p

_)
Central force F = F (r)_e),.

. v :
Centripetal force F, = m— = mr6? = mrw?.

r

. : Us + tan@
The maximum speed v,,,, to safely negotiate curves v,y = 4 [rg | —————= |
°\1~- us tano
For a frictionless banked roadway v,ax = \/rg tan6.

For level road v, = \[Tg ls.
— _— = )
Moment of a force (Torque)?o(F) =0OM X F and 1o = OM.F.|sin 6] = d .F.

] — — — — =
Angular momentum of a particle Lo = OM X P = OM X mu,

ﬁ
— d Lo(M
Eo = el oM Filising] aad % - Z?O(ﬁ-).
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4.9 Exercises

Exercise 4.1
At the time of takeoff, a rocket possesses
a mass of 3 X 10° kg, while its engines
generate a thrust of 9 X 10°N.
1- Determine the initial acceleration of
the rocket when it ascends vertically.
2- Calculate the duration required for the
rocket to attain a velocity of 100km/h
under the assumption of constant mass
and thrust.

Sol : page 115

what maximum force F,,;, that can be
exerted on block B in order for both
blocks to move in together.

nma
! T
max
1 B g
L
Sol : page 115

Exercise 4.2

Two blocks, m1 and m;y, are positioned
adjacent to one another on a friction-
less horizontal surface, as illustrated in
the accompanying figure. When a force
of F = 10N is applied, the two blocks
move together as a single system with
an acceleration of the 1.25m/s?.

1- Draw the free-body diagram of the
forces acting on m; and m; individually.
2-Determine the m> value if n; = 6kg.
3- Calculate the force Fy/, exerted by 1
on iy and the force F,/;, exerted by i,
on Hj.

Sol: page 115

Exercise 4.4

A 1 kg block is pushed against a verti-
cal wall with a horizontal force F (see
figure below). The coefficient of static
friction between the block and the wall
is 0.49. Calculate the force F required
to keep the block stationary against the
wall without it sliding.

—
F

Sol: page 116

Exercise 4.3

Consider two blocks, A and B, with re-
spective masses nm4 = 3 kg and mp =
5.5 kg, positioned in a stacked arrange-
ment on a frictionless horizontal surface
(see figure below). If the coefficient of
friction between the two blocks is 0.3,

Exercise 4.5

1- If the coefficient of kinetic friction is
0.4, calculate the acceleration of a1 kg
object sliding down an inclined plane at
a 30° angle.

2- What is the magnitude of the kinetic
friction force?



Sol : page 116

Exercise 4.6

Consider a box with mass m placed on
a frictionless triangular support that is
accelerating horizontally with an accel-
eration a. What value of a will allow the
block to remain at rest relative to the
support?

Sol : page 116
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Exercise 4.8

Consider the system illustrated in the
figure below. All surfaces are perfectly
smooth. Given m; = 1.6 kg, m = 1.2kg,
a =20° B =58, and g = 9.81m/s?,
we will analyze the system assuming an
ideal rope and pulley.

1- What is the acceleration of the system?
2- Determine the tension in the rope.

Sol ; page 117

Exercise 4.7

Consider the system illustrated in the
figure below, where two blocks are con-
nected by an ideal rope and pulley. If
my = 4kg, my = 8kg, and the coefficient
of kinetic friction between the table and
my is pp = 0.2, what is the minimum
additional mass m that must be placed
on top of m, to stop the system from
moving?

AR o

Sol:page 117

Exercise 4.9

A block A, with a mass of
2 kg, is fixed to a spring of
negligible mass. Another
block B, with a mass of
1 kg, is attached to block
A by an ideal wire, as il-
lustrated in the figure. Cal-
culate the acceleration of
each block immediately af-

ter the wire is cut.
Sol ; page 117

Exercise 4.10

A racing car negotiates a curve that is
steeply banked at an angle of 6 = 31°.
The coefficient of friction between the
road and the tires is u = 0.5. At a speed
of 147 km [ h:

1- What must the radius of curvature r be
to navigate the curve without sideslip?

2- If the road is frictionless, what must
the value of the angle 0 be to negotiate
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the bend safely?

3- On a level road (with us = 0.5), find
the maximum speed at which the car
can round the curve safely.

Sol :page 117

Exercise 4.11
A 3 kg ball travels along a vertical cir-
cular path with a radius of r = 2 m. It
reaches the summit (point A) at a speed
of 4.8 m/s and at point B, which is lo-
cated 60° from point A, at a speed of
5.1 m/s. What is the force exerted by the
surface on the ball at points A and B?
Sol : page 118

Exercise 4.13

A variable force acts in one direction
on a 3 kg object that is initially at rest.
The force-time graph is shown in the
figure below. Determine the velocity of
the object at 12 seconds.

4 F(N)

8.- |

4..

0 - : >

0 2 4 6 8 10 12 t(s)
Sol : page 119

Exercise 4.12

2 kg object is suspended from a fixed
point O by a wire of length { = 1 m. The
object can rotate in a horizontal circle
with center C and radius r around the
vertical with an angular velocity w (see
the figure below "conical pendulum").
At this angular velocity, the wire forms
an angle 6 = 36.8° with the vertical.

1- Find the angular velocity of the object.
2- What is the tension in the wire?

Figure 4.16: Conical Pendulum

Sol: page 118

Exercise 4.14
A ball with a mass of 0.2 kg is released
from a height and subsequently im-
pacts the ground. The speed of the ball
just prior to contact with the ground is
v = 6 m/s, while immediately after the
impact is v; = 5m/s. The duration of
the collision between the ball and the
ground is measured to be 0.14 s. Deter-
mine the average force exerted by the
ground on the ball during this collision.
Sol ; page 119

Exercise 4.15
A small ball with a mass of 18 ¢ falls into
a swimming pool and moves through
the water, reaching a terminal speed of
3m/s.
1- Assuming that the frictional force act-
ing on the ball is described by the equa-
tion f = —Av, determine the value of
A.
2- Establish the differential equations for
the position, and then determine how
far the ball travels before it reaches 82%
of its terminal speed (use ¢ = 10 m/s?).
Sol : page 119




4.10 Solutions

Solution of exercise 4.1 (Page 112)
1- Newton'’s second law along the axis of
motion gives:

Foh,—-w=m-a

_ Fn-w 9x10°-2.94x10°
oom 3 x10°
=20.2m/s%.

2- Assuming constant acceleration,

v=a-t
thus,
==t yyage
a 20.2

410 Solutions | 115

Using Newton’s second law for block 1,

F—-Fy =m Xa.

Therefore,
Fy/y = F—=(m1Xa) = 10-(6x1.25) = 2.5N.
Or simply using the Newton’s third law,

Fz/] = Fle =25 N.

Solution of exercise 4.2 (Page 112)

-y
N1
—
N>
—5 —
Fop T Fip
—— = G
—
w2
—
+ W1

2- Using the Newton’s second law along
direction of motion:

F=(m+ms)a

Solving for i
e
My = e my =2kg.

3- Using Newton’s second law for block
My :

Fipp=myXxa=2%x125=25N.

Solution of exercise 4.2 ( Page 112)

—3
Na

For the block "B":
Using the Newton’'s second law along
direction of motion:

Fiax = (ma + mp)a

Thus: i Finax
ma + mp

For the block "B":

The force F that must be applied for the
two blocks to move together is maxi-
mum when static friction force reaches
its maximum value f;(,qy)-

Apply the second law to the block "B":
fs(max) = maa and mag = Na

but
fs(nm,\') - [J::NA
Thus:
o e Frax
Hs& MA + mg
Finally:

Fax = usg(ma + mp) ~ 25 N.
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Solution of exercise 4.4 (Page 112)

ny

r s

7

‘r"T-jl

For holding the block (not slide), the up-
ward frictional force must balance the
downward weight:

fs(max) =w.

As: F = N and fymax) = Us N, thus:

fs(max) = Hs EFi=igo= mg.

Therefore,

mg 9.81
= =——=20N.
s 0.49 u

fx = ukN = pxmg cos 6

The application of Newton’s second law
along the incline (x-axis) gives:

Fret = Wy — fr = ma
Thus,
ma =mgsin@ — ugmg cos 0

Solving for a:
a = g(sinO — prcos B) ~ 1.5m/s”.
2- Calculate the kinetic friction force

fi = px(mgcos Q) ~ 3.4N.

Solution of exercise 4.5 (Page 112)
1- Calculate the acceleration
We first draw the free-body diagram:

The forces acting on the object are:

= The two components of weight:
wy =mgsin6 and wy = mgcos 6

« The normal force: N = m g cos 0

= The kinetic friction force:

Solution of exercise 4.6 ( Page 113)

4

h

ol N

)

v

2 ey
. {_‘! L A

The application of Newton’s second law
along the x-axis gives:

Ny =Nsinf = ma

There is no motion along the y-axis,
therefore:

Ny =NcosO =w =mg
Thus,
mg

cos @

Substitute N into the first equation:

a=gtan0 =9.81 X tan27° ~ 5 m/s>.




Solution of exercise 4.7 (Page 113)
For m1, Newton'’s second law gives:

T =mg (i)
For mi;:
T=fr=ur N and N = g(my + m)

Thus,
T = g g(my +m) (ii)

Substitute (i) into (ii) and solve for m:

m
R my =12 kg.
Hk

Solution of exercise 4.8 (Page 113)
Free-Body Diagram for m; and mi;:

1- For my, Newton’s second law along
the x-axis gives:

T —mgsina = nya (1)

For m3, Newton’s second law along the
X-axis gives:

mygsinfp —T = mya (i1)
Add the two equations (i) and (ii) and
solve for a:

Iy sin ff — Ny sin @
d= 8 P ) ~ 1.65m/s>.
my + sy

2- Using the equation (i)

T =m(gsina +a)~8N.
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Solution of exercise 4.9 ( Page 113)
For the block B:

Immediately after cutting the wire:

Fret = mpap = wg = mpg

Thus,
ag =g =9.81 m/s%.

For the block A:

Immediately after cutting the wire, New-
ton’s second law along the axis of motion
(upward) gives:

Fnei‘ == Tspn'ng — WA = MAAGA
Before the wire is cut:
Tspring = (ma +mp)g

Thus,
(ma + mp)g — mag = maan

Solving for aa

as=<=49m/s>

N (o3

Solution of exercise 4.10 ( Page 113)

1- On a banked road and the presence of
friction:

Hs + tano
Umax = rg m
BE
¥ = Uimx(l — us tano)

g(us + tan@)
Substituting the known values,

r=108m.

2- On a banked road and the absence of
friction:

2
v ]
Umax = \/rg tan@ or O = tan~! ( mm)

Sn
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Substituting the known values,

6 = 57.57°.

3- On a unbanked road and the presence
of friction:

Umax = VIS Us

Substituting the known values,

Umax =23 m /s =828 km/h.

mal force and the normal component of
weight:

2
!
PHZA

Np+mgcosO@ = —.
r

Solving for Np:

02

Ng=m TA—gcosﬂ) =243 N.

Solution of exercise 4.11 ( Page 114)

At point A:
The force required to keep the ball mov-
ing in a circular path is the centripetal

force F.:
mu

c =

2

A

-

At point A, F, is provided by the sum of
the normal force and the weight:

el
NIUA

i .
Na+mg =
Solving for Na:

V2

Na=m (}—fd‘—g) =5.13 N.

At point B:
F¢ is provided by the sum of the nor-

.

Solution of exercise 4.12 (Page 114

o
W w

1- T, is the centripetal force required to
describe the circle. Thus, Newton’'s sec-
ond law along the radial direction gives:

2
. mo _
Ty = Tsin@ = — = mrw? (1)
r

sin@ = —-orr = f{sin@

”
4
Substituting in (i),

T = mlw?

(ii)

Applying Newton’s first law in the

)



vertical direction:

n
T, =T =n T =

Y cos) = mg or =
From equations (ii) and (iii):

8
{cosB

W = =35 radfs.

2- Using equation (ii) or (iii):

T=245N.

Solution of exercise 4.13 (Page 114)

Apply the impulse momentum relation:
- =
| =AP = MmAT = m(?f —?;).

Since the force acts in one direction and
v; = 0. Thus;

= moy = AREAg_12.

Solve for v e

AREAq_, 72
pp= et B s,
m 3

Solution of exercise 4.14 ( Page 114)
Let us define the positive sense of the
y-axis as upward. Hence, the velocity be-

fore the collision is v, = —6 |, and the
-
velocity after the collision is ?ﬂ =57.

Using the impulse-momentum theorem:

= A7 m@a-T)
V&AL At

g
=11

The average force exerted on the ball by
the ground has a magnitude of Fayg =
11 N acting upward.
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Solution of exercise 4.15 ( Page 114)
1- At terminal velocity, the net force on

the ball is zero. So,

mg
mg—Avi=00rA = — =0.075 kg/s.

Ot

2- At 82% v, the Newton's second law
gives:

me—Avi=ma & mo—Ay =mij.
¢ t 4 Y Y

Rearranging:

y+%y—g:00ry+5y—1020.

The solution to this differential equation
is:

y(t)=2t—=(1-e™).
Therefore,
o(t)=2(1-e).
Time to Reach 82% of v;
0.82-v; =2 (1 = e—’”)
Substitute vy = 2 and solve for ¢,
tgoy, = 0.34 s.

Thus, 1/(tg29) ~ 0.36 m.







WORK AND ENERGY

5.1 Introduction

In the previous chapter, we saw that the utilization of New-
ton’s laws enables us to solve problems in classical mechanics.
In this chapter, we will introduce the important concepts of
work done by a force and mechanical energy. We will see
that these two quantities and the relationships between them
can be used to solve mechanical problems easily.

5.2 Work

When applying a force to move an object, the effort required
is greater when the displacement distance is large and the
applied force is intense. The work of the force is a measure
that takes into account this effort.

Work done by a constant force

Let us consider a moving body along a straight path from
_)

point Ato point B and subjected to a constant force F during
its displacement S = AB.

Figure 5.1: Work done by a constant force

The work done by this force on the body, denoted as W and
expressed in joules, is defined, in this case, as follows:

—

W(P =T - AB=FS conax (5.1)

)A—)B

_>
where a represents the angle between the two vectors F and

—
AB. According to the value of this angle, three important
cases can be distinguished:

« When0 < a0 < -g— : W > 0, work done is said to be positive.
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s Whena = % : W = 0, work done is said to be zero.
<

= When % < « m: W < 0, work done is said to be

negative.
F
T T — Z<a<m
F F g=x E 2
0 S % ) a
o
e Ll g :
— pu— -
Figure 5.2: Positive, zero and & AB B4 AB B A AB B
negative work done by a force (a): W>0 (b): W=0 (c): W<0O

A box is pushed by a person with a constant force F = 20N
over a distance S = 14 m. Knowing that the frictional force
is f = 6 N, find the work done by all the forces acting on
the box.

As shown in the figure below, there are four forces acting
on the box during the displacement S: the pushing force
— —

F , the normal reaction N, the weight E)), and the frictional

_)
force f .

« W (?)A == FS cosa =20X% 14 X cosO = 2807.

—

-W(f =fScosO =6x%X14Xcos180 = —84].

)A—rB

= Since ﬁ and W are perpendicular to _S>,

b (I_\r))A—»B =W (E)))A—»B =

Work done by a variable force

In cases where the force ? varies in magnitude, direction,
or both during the displacement, which can be arbitrary, it
is no longer possible to use the Equation 5.1. In this case,
the calculation of work consists of dividing the path AB
into an infinite number of elementary displacements dS
that are infinitesimally small and therefore rectilinear (see
Figure 5.3).
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Figure 5.3: Work done by a force
in general case

For each displacement, the force can be considered constant
in both magnitude and direction, and the previous definition
of work can be applied. The expression for the work done
in such an elementary displacement (elemental work or
infinitesimal work) can therefore be written as follows:

—

' —
dAW=F -dS =FdS cosax (5.2)

Now, the total work done by the force along the path (6)
corresponds to the sum of all infinitesimal works, which is
denoted by the integral as follows:

B
w(?) =fdw:f?.d?:f T . d5| 3
A—B € @ A

Example 5.2

In order to transport an object from the origin O to point

A(12,0), a force ? = 2x_i) is exerted in a direction that is
parallel to the displacement. What is the work done by this
force along the path OA?

Since the force varies, the work can be calculated using;:

A
> -
path @]
12

12
= f 2xdx = x2| =1447.
0 0

I =

Example 5.3

An object traverses a parabolic trajectory described by the
equation y = % x2. This motion occurs under the influence

= —
of the force F =6y i +10x j . Determine the work done

by ? from the point A = (1,0.5) to the point B = (2, 2).
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_)
In this case, the work done by F is given by:

B,
W:f F -dr
A

di =dxT+dy7]

where:
y = (0.5)x* © dy = xdx
thus,
= — — — — =
F =3x*T+9x7 and df =dx7+xdx]
therefore,

_> el
F -dr = (3x® + 9x%) dx = 12x% dx

=2
w =f 12x2dx = 28].
=1

Graphical representation of work

The work done by a force can be also evaluated graphically
using the method of areas. Calculating the work to move
an object from point A to point B involves determining the
area enclosed by the force-displacement graph, the s-axis,
and the two lines with equations s = s4 and s = sp. (see
Figure 5.4).

E(N)T E(N)T

S

Y
%
% l
. é L= |
: % WI(F) :
1 ' |
" . . '
5. 1s s 1 d SB (1
Figure 5.4: Geometrical interpre- A e " ) o ’ 2 #m)
tation o8 work (a) Constant force (b) Variable force
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Examples of calculating work
Work done by the gravitational force

Let us consider an object of mass m = 200 ¢ moving under
the effect of the gravitational force along a trajectory AB as
shown in Figure 5.5. z4 is the height of the object at point A
and zp is the height at point B (z4 —zg = h =5 m).

Let us now calculate the work done by the weight during the
displacement AB of this object.

Z 4

Figure 5.5: Work done by the
gravitational force

As weight is a constant force in magnitude and direction, we
can therefore write:

0 XB— XA
:Fg- B = 0 “|YB — YA
-mg) \z—za

=—-mg(zp —za) = —mg X —-h =mgh

w () I =10
g A_)B—mgz— I

Therefore, we can express the work done by the weight as:

W (?S)A—)B =mg(zA — zB) (5.4)

Work done by spring force

Let us consider a spring-mass system as shown in Figure 5.6.
The mass is pulled in order to stretch the spring from x; to
Xo.
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! ! The work done by the spring force on the mass can be

% calculated as follows:
7 ; o X2

: : ? XZT:) d_) - k d lk 2 2
E‘ gg LE‘ i)_b: w ( S).‘t’l—h‘(z B '/-':l gl = ,/; a rax= _E (x2 B x]}

g |

7 1
Mé

X1 X2
Figure 5.6: Work done by spring
force The work done by spring force can expressed as follows:

W (? ] = R — 1) (5.5)
° X1—*X» i 2 - 1 '

Example 5.4

A perfectly elastic spring necessitates 0.25 ] of work to be
extended by 10 cm from its equilibrium position (point A),
as illustrated in the figure Figure 5.7.

1- What is the value of its spring constant k?

2- How much additional work is needed to extend the
spring by another 10 cm?

Figure 5.7 m

1- The work done to stretch a spring is given by:

1
W = Ek(xé - qu)

As point A represents the position of equilibrium, we have
xa =0,
Thus,
1.
Solving for k and substituting the known values

2W 2x%0.25

k — —
2 (e

=50 N/m.

2- The work required to stretch the spring from B to C:
W = 1 k ( 200 2)
=5 Xc X
Substitute the known values

W= %k [(20 x 1072)? — (10 x 1072)?] = 0.75].




5.3 Power

Average power

The average power over a specified time interval f is calcu-
lated by dividing the total work W by the time t, resulting in
the formula:

Paye = # (56)

From an engineering perspective, the notion of power holds
significant importance, as it is the rate at which a machine
can perform work that is critical during the design process,
rather than the cumulative amount of work the machine is
capable of executing.

Instantaneous power

By introducing the definition of the infinitesimal work done
by a force between the instants f and t + dt, it is possible to
define an instantaneous power P(f) as:

.U =Fvcosf (5.7)

It is therefore clear that infinitesimal work can also be ex-
pressed through the power and written as:

AW =TF . Tde =Pt

Which leads to the following expression for the work done
by a force:

B B
W(Tf’) =f ?.?dt:f P dt (5.8)
A—sB A A

a The power is expressed in the SI in Watts and it
depends on the chosen frame of reference.

A 1400 kg car ascends a prolonged incline at an angle of
0 = 13.3° with a constant speed of 45 kni1/h. Assuming
that all frictional forces are negligible, calculate the work

5.3 Power

127
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performed by the engine over a duration of 6 minutes, as
well as the power generated by the engine.

Work done by the engine:
Apply the Newton’s second law to calculate the force
required to move the automobile up the incline:

F=mgsinf = 3159.5N

W=FL:s

where:
s=v-ft=125-360 = 4500 m

therefore
W = 3159.5 - 4500 ~ 14.22 x 10° J

Power developed by the engine:

14.22 x 10°
oot ME2XE

=39.5x 10° W = 39.5kW.
t 360 ? ?

or
P=Fpcosax

where a = 0 is the angle formed between F and v.
Thus,
P =3159.5 X 12.5 ~ 39.5 X 10° W.

5.4 Kinetic energy

Kinetic energy can be defined as the ability of an object to
perform work by virtue of its motion.

5.5 The work-kinetic energy theorem

Let us consider an object of mass m moving in a Galilean
reference frame %R Lgl)der the action of a set of external forces
(net external force Fy.¢). The Newton's second law is then
written as:

— — sy dv
Foor = Fpg =T @ = i _dt



5.5 The work-kinetic energy theorem

By multiplying this relation by dx (infinitesimal change in
position), we obtain:

—3
o =y dv — dt .3
EIF‘?'”'dP—”IW'dF—}HW' v

=m7v.d0

The term ZT::,_H : d_l’) represents the sum of the elemental
works done by the external forces. If we denote v4 and vp as
the speeds corresponding to the initial position A and the
final position B, respectively, the total work (net work) done
by the net force during the displacement AB can be written

as:
—) B, — B
E,W(Fe.rr) = E, Fexi;.d € = mvo.dv
il
=—m (vf} - Z?i)
2
oy 1am o B og
= MUy = MUy

|
The quantity Em v?, denoted as KE (Ek or simply K) and
expressed in Joule, is called kinetic energy.

1
K= S v? (5.9)

It is important to recognize that, similar to the formulation
of Newton'’s second law, which can be articulated in terms
of either the rate of change of momentum (the product of
mass and the rate of change of velocity), the kinetic energy
of a particle can also be represented using its mass and
momentum, rather than solely its mass and velocity.

2

1 (p\_ P
K=3m (E) - = (5.10)

In certain contexts, this formulation may prove to be more
advantageous than Equation 5.9.

o Kinetic energy depends on the chosen frame of
reference. It is a scalar quantity and is always greater
than or equal to zero.

129
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Work-energy theorem

In a Galilean reference frame, the change in kinetic
energy of a particle between two positions A and B
is equal to the net work done by all external forces
applied to this particle, that is:

B
AK

= K(B) - K(A) = T W (Fot) B

A

I |

Example 5.6

Consider a simple pendulum consisting of a mass attached
to an ideal rope of length ¢ = 1.28 m, with the other end
fixed at a point O. The mass is displaced from its vertical
equilibrium position (point P) by an angle of 6y = 33.9°
(point A) and then released. Determine the velocity of
the mass when the rope makes an angle of 8.1° with the

vertical, considering both the same side (point B) and the

opposite side (point C) of the initial displacement.

Figure 5.8: Simple pendulum m

Using the work-kinetic energy theorem:

K(B)-K(4) = 2 W (Fext)

In our case:

1 2] — —
Emvé—zmz:i:W(Fg +W(T

)A—»B )A—vB

_)
As v4 = 0and T is perpendicular to the displacement,
thus:

1 2 —%
—muv :W(P )
2 B 8 A—B

Since:

W(Tf’] J
g) = m&h

where: h = {(cos 8 — cos 6y). Thus,

U = \/23?((:05 6 — cos Bg) * 2m/s.

Since cos(—6) = cos 6, the calculation is identical on the
opposite side. Therefore,

Uc =~ 2m/s.
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5.6 Conservative and non-conservative
forces

A force is said to be conservative if work done between two
positions A and B by this force does not depend on the path
taken but only on the starting and ending points A and B.
Otherwise, the force is non-conservative.

a The work done by a conservative force on a closed
path (a round trip) is zero.

Example of conservative forces

Among conservative forces, we can mention some common
forces such as weight in a uniform gravitational field, elec-
trostatic force, gravitational force, and the restoring force of
a spring.

o I Any central force is conservative.

The weight

A mass m moves in the vertical plane (xOz) from point A to
point B along two different paths ‘6; and 6,. (see Figure 5.9).
The work done by the weight along the two paths is given
by:

w (E)’) = -mg(zB — zA)
4% (E}’) = -mg(zp — zA)
6>
We notice that the work done by the weight along the two

paths is the same (Wi, = Weg,), it does not depend on the
path taken. Therefore, weight is a conservative force.

Example of non-conservative forces

Let’s now calculate the work done by the viscous friction
force along the two previous paths. The velocity, assumed

ZA

ZB

O .
Figure 5.9: Work done by weight

X
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to be constant, is directed along a unit vector tangent to the
trajectory ?T- In this case, the work done by the viscous

L - —
friction force f, = —a v 1 T can be calculated as:
B B
— —
W(fz,) = fl..d?: —avdy.dsUT
A—B A A

B
:—az:'f ds = —avs
A

where s represents the distance traveled between A and B.
According to Figure 5.9, the distance traveled along path 6,
is greater than that of path 6, (s¢, > s«,), which shows that
the work done along 6 is different from that of 6, (work
depends on the path taken), therefore the viscous friction
forces are non-conservative forces.

Potential Energy

_)
Since the work of conservative forces ( F C) depends only on

the initial and final positions of the moving body, we can
express this work using a function called potential energy,
denoted as E, or simply U, which depends only on the
position of the body. In other words, the potential energy is
the energy that a body possesses by virtue of its position or
configuration. The relationship between the work done by
conservative forces and the change in the potential energy
between two positions can be expressed as follows:

AU:U(B)—U(A):—W(?C

), 6w

o The potential energy is always defined through its
change between two given positions.

It is also said that a force is conservative if it derives from a
potential or potential energy. We can then write the potential
energy as a function of the conservative force by introducing
the mathematical operator gradient in the following way:

— —_
F =—-gradlU (5.12)
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Examples of potential energy
Gravitational potential energy

As already mentioned by Equation 5.4, the work done by the
gravitational force from a position zg to a position z1 can be
expressed as follows:

W(_F)g) =m g (zo— z1)

ZIp—I1q

-
Since F, is a conservative force, the work done between z,

and z; can be expressed as follows:

—

W (JFJZ)ZD_,E1 = —AUg = U, (z0) — Ug (z1) = m g (20 — 21)

Then, we can define the potential energy function due to
gravity Ug(z) at a height z as:

Ug(z)=mgz+c (5.13)

The potential energy is only determined up to a constant.
This constant is determined by the arbitrary choice of the zero
of potential energy. In general, the gravitational potential
energy is taken as zero at z = 0 (Ug(0) = 0), which implies
¢ = 0. This choice gives:

Ug=mgz (5.14)

a If the Oz axis is directed downwards, the expression
for the gravitational potential energy becomes:

|
U =-mgz

Elastic potential energy

When a body undergoes a temporary change in its shape
or configuration, such as stretching, compression, twisting,
or bending, it acquires potential energy known as elastic
potential energy. This energy is stored in the deformed
body and is equal to the work done to change its shape. For
example, the work done in stretching spring is equal to the
energy stored as elastic potential energy in this stretched

spring.

133
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o Upon release, the deformed body returns to its orig-
inal shape, and the potential energy is transformed
into another form, typically kinetic energy.

As we have mentioned in Equation 5.5, the work done by
the spring force when moving the mass from xj to x can be
expressed as follows:

1
W(?s) :—Ek(xz—xg)

Xog—X

The spring force is a conservative force, so:

w(E) = 1k (x2 - 22) = —AUL
Xg—x

The elastic potential energy U can therefore be written as:

1
Us = Skx?+c (5.15)

If we consider the elastic potential energy to be zero when
the spring is at rest (equilibrium position x = 0), the constant
¢ becomes zero and therefore we will have:

Us = —k x2 (5.16)

1
2

Types of equilibrium

A body is said to be in equilibrium when both its velocity
and acceleration are zero. According to Newton’s second law,
the net force acting on this body is zero, i.e

-

Fnet = 0.

When all the forces acting on a body in equilibrium are
conservative, the work done by these forces on the body can
be expressed as follows:

SW = —dll = E - dr = F,dr,

thus,
du

Bae——.
¥ dr
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For a body in equilibrium (where F = 0),

At the equilibrium position, the slope of the potential energy
(U) versus position (r) graph is zero, or potential energy
reaches an extremum, which can be classified as a maxi-
mum, minimum, or constant value. Consequently, there are
three types of equilibrium: stable equilibrium, unstable
equilibrium, and neutral equilibrium.

The three types of equilibrium

= An equilibrium is considered stable if, when displaced from
its equilibrium position, the body returns to its original
equilibrium position (see Figure 5.10a).

The potential energy at the equilibrium position is minimum
as compared to its adjacent points. So:

d*u
e > .
dr?
= An equilibrium is considered unstable if displacing it from its
equilibrium position permanently prevents it from returning
to that position (see Figure 5.10b).

The potential energy at the equilibrium position is maximum
as compared to its adjacent points. So:

d*u

TR < 0.

= An equilibrium is considered neutral if, when displaced from
its equilibrium position the body has neither the tendency
to come back nor to move away from the original position
(see Figure 5.10c).

Potential energy remains constant even when a body is
displaced from its equilibrium position. So:

2
d=U — 0l
dr?

Example 5.7

The potential energy of a conservative system is expressed
as: U = 2x2 — 8x. Determine the equilibrium position and

(a) Stable equilibrium

(b) Unstable equilibrium

m%m:

(c) Neutral equilibrium

Figure 5.10: Graphical presenta-
tion of the three types of equilib-
rium



136 | 5 WORK AND ENERGY

analyze the type of equilibrium.

For a conservative system, we have:

du
F=——=-4x+8
dx

For equilibrium F = 0 thus, the equilibrium position is:

x=2

d*u =4>0
dr2 '
A positive value, i.e. U is minimum, which indicates that

x = 2 is a stable equilibrium position.

5.7 Total mechanical energy

The total mechanical energy or simply mechanical energy E
of a body or a system is defined as the sum of its kinetic and
potential energies, so that:

E=K+U (5.17)

The work-mechanical energy theorem

This theorem is often known as the modified form of the
work-energy theorem.

Let us _c)onsider the simultaneous action of conservative
forces F° and non-conservative forces F "¢ on an object,
which moves it from position A to position B. In that case,
and according to the work-energy theorem, the net work
done on the object by all the external forces can be written
as:

s g _>11C _>C
Sw (Fext)AHB ->w (FE“)AHB +>wW (Fm)AHB

= K(B) - K(A)



5.7 Total mechanical energy

We know that the net work done by all the conservative
forces can be expressed as:

Sw(Fe), | =-[um -u@)

Substituting this equation into the previous one yields:

=w(Fr), - [uB)-uw) =K®) - K@)

ext

By rearranging, the work-energy theorem can be expressed
in terms of the total mechanical energy as follows:

[K®) +u®)] - [K(a) +u@)] = Zw(Fr)
B —
E(B) - E(4) = AF| =ZW (F ”f)AHB (5.18)

This last relation is called the modified form of the work-
energy theorem, which can be stated as follows:

Statement of the theorem

In a Galilean reference frame, the change in total me-
chanical energy of an object between two arbitrary
positions A and B is equal to the work done on this

object by all the external non-conservative forces.
S

Conservation of mechanical energy

The change in total mechanical energy of an object or a
system subject only to conservative forces is zero (AE = 0),
in other words, the total mechanical energy of this system is
conserved during its motion (E = Cte).

So we obtain a conservation law when the forces derive from
a potential.

kinetic energy, and conversely, the kinetic energy
can transform into potential energy, with the sum

o ‘ The potential energy can vary by transforming into

of the two remaining constant.

137
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Example 5.8

Suppose a block of mass m is released without initial veloc-
ity from point A on a track ABC consisting of an inclined
plane AB which makes an angle a with the horizontal
plane BC, as shown in figure. Give the expression for the
velocity at point C in the following cases:

1. If the track ABC is perfectly smooth.

2. If the friction forces exist on the track ABC.

1. If the track is perfectly smooth, the frictional forces are
zero. Then the forces acting on 11 are the weight W and

_)
the normal reaction N. In that case, the total mechanical
energy is conserved, so:

E(C)-E(A) =X W (1?"6 =0

”‘.r)A—)C
By choosing a zero potential energy at the level of the
plane BC, then:

E(C) = %m 0% and E(A) = mgh
%m vZ —mgh =0= vc = +2gh
2. In the case when the friction force f acts, F;’_ff = j-':, so:
E(C) ~E(A) = w(ﬁmj) :w(”)
(€)-E@A) =% ext] A J A—C
W) e =W ()W ()

« Between A and B: f = u.mg cosa

A—C A—B B—C

=W (f)A = THemg AB cosa
» Between Band C: f = u.mg
f]  =-u.mgBC
W {7, 0=

vc = \/2g[h — uc(BC + AB cosa)|.




Summary | 139

CHAPTER 5 SUMMARY

— - —
Work done by a constant force: W (F )A g = F -AB =FS cosa.

. — Pk ok
Work done by a variable force: W (F )A S f F.d5.
— A
Work done by the gravitational force: W (T—“;)A . =mg (2a—2zn)

; . — 12 .2
Work done by spring force: W ( Fs)n_m =g ke —x7):
Average power: P, = g
AW — =

B dt 5
Work-Power relation: W (F )A i f P(t)dt.
— A

Instantaneous power: P(t) = = F vcos 0.

—_ 1
Kinetic energy: K = Emvz.

B
The work-kinetic energy theorem: AK‘ =K(B)-K(A) =YW (T::m),q =

Conservative and non-conservative forces: A force is said to be conservative if work
done between two positions A and B by this force does not depend on the path
taken but only on the starting and ending points A and B. Otherwise, the force is
non-conservative.

Potential Energy:

The potential energy is the energy that a body possesses by virtue of its position
or configuration. The relationship between the work done by conservative forces
and the change in the potential energy between two positions can be expressed as

_)
follows: AU = U (B) — U (A) = -W (F{,’fﬂ)A .
Gravitational potential energy: U, (z) = m gz + c.
In general, the gravitational potential energy is taken as zeroatz = 0,so U g =mgz.

If the Oz axis is directed downwards, the expression for the gravitational potential
energy becomes: Ug =-mgz.

Elastic potential energy: U, = %k x?.

Stable equilibrium: the potential energy at the equilibrium position is minimum as
compared to its adjacent points. So: %};— > 0.

Unstable equilibrium: the potential energy at the equilibrium position is maximum
as compared to its adjacent points. So: ‘:T:Tl_l < 0.

Neutral equilibrium: Potential energy remains constant even when a body is
displaced from its equilibrium position. So: LU

art
Total mechanical energy: E = K+ U '
The work-mechanical energy theorem: E(B) - E(A) = X W (_F)”" )A 5

ext
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5.8 Exercises

Exercise 5.1

The potential energy used to describe the
interaction between two atoms within a
molecule is expressed by the equation:

a b
Ur)=cn~ e

where, a2 and b are positive constants,
and r represents the interatomic distance.
Find the equilibrium distance between
two atoms.

Sol : page 144

Exercise 5.4
When brakes are applied, the minimum
distance required to stop a vehicle trav-
eling at a velocity of 50 km/h is 3 me-
ters. Determine the minimum distance
required to come to a complete stop if
the vehicle’s speed is increased to 100
km/h.

Sol ; page 144

Exercise 5.2

A particle moves from point A(1, -2)
to point B(4, 2). Calculate the total
work done by the three constant forces:

— —

Fqi = 2_1)—_}), FEoli= _I>+_}), and

ﬁ

= = o 27 on this particle.
Sol : page 144

Exercise 5.3

A worker pushes a crate 35 meters ata
constant speed on flat ground, applying
a force at an angle of —22° relative to
the horizontal. The frictional forces are
represented by a force of 42 N.

1. Determine the work done on the crate
by the gravitational force.

2. Calculate the work done by the fric-
tional force on the crate.

3. What is the work done on the crate by
the worker?

4. Find the force exerted by the worker
using energy considerations.

5. Evaluate the total work performed on
the crate.

Sol : page 144

Exercise 5.5

An object is traveling from point A to
point B. At position A, its kinetic energy
is 72 J and its potential energy is -35]. At
position B, the kinetic energy increases
to 112 J, and the potential energy rises to
55 J. Calculate:

1. The work done by conservative forces.

2. The work done by non-conservative
forces.

3. The net work performed.

Sol : page 144

Exercise 5.6

An object with a mass of 600 g is thrown
downward from a height of 100 m with
an initial velocity of 4 m/s. Assuming
that air resistance is negligible, calculate:

1. The initial kinetic and potential ener-
gies.

2. The kinetic energy when the object
hits the ground.

3. The object’s speed when it hits the
ground.

Sol ; page 145




Exercise 5.7

A 1 kg ring begins its motion from a sta-
tionary position at point A and travels
along a smooth, fixed quarter-vertical
circle with a radius of r = 4 meters and
center O. It arrives at point B with a
speed of 8\/5 m/s. The ring is acted
upon by a constant horizontal force of
F = 6 N. Calculate the work done by the
force F in two different ways, given that
g¢=10m/ 52,

o

0 B

Sol : page 145

Exercise 5.8

Ignoring all frictional forces, how much
time is required for a car with a mass
of 1100 kg and a useful output power of
80190 W to attain a velocity of 27 m/s,
when:

1. The car is traveling across a level sur-
face.

2. The car is climbing a hill that is 4.5
meters high.

Sol : page 146

Exercise 5.9
A 3 kg object is released from rest and
descends a vertical distance of 10 m, ul-
timately reaching a speed of 6 m/s. De-
termine the work done by air resistance
on the object during its fall.

Sol : page 146
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Exercise 5.10
A bullet with a mass of 3.2 grams is fired
ata block of wood from very close range,
with an initial velocity of 320 m/s. It
penetrates the block and comes to a stop
after traveling 35 cm. What is the average
stopping force exerted by the wood?

Sol ; page 146

Exercise 5.11

Assuming that an object with mass m
begins to slide from rest at the summit
of a hemispherical mound with center
O and radius r, and reaches point B
where it leaves the mound. What is the
height of point B if all frictional forces
are negligible?

Sol : page 146

Exercise 5.12
A 4 kg block is pushed against a massless
horizontal spring with a spring constant
of k = 2000 N/m. When the spring is
compressed by x = 13 cm, the block is
released and travels a distance of d = 1.8
m before coming to rest. Calculate the
coefficient of kinetic friction 1y between
the block and the ground.

Sol : page 147

Exercise 5.13

A box with an initial total energy of 30
] slides along a frictionless horizontal
surface. Upon hitting a spring, the box
compresses the spring by 20 cm from
its equilibrium position. However, when
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sliding on a rough surface while main-
taining the same initial energy, the box
compresses the spring by only 8 cm. De-
termine the amount of energy dissipated
due to friction while sliding on the rough
surface.

Sol ; page 147

Exercise 5.14

A block with a mass m slides from point
A on track ABCD without any initial
velocity. The track consists of an inclined
plane AB with a height of 14, a horizon-
tal section BC with a length of h4, and
another inclined plane CD with a height
of hp (see Figure below).

1. Assuming that all friction is negligi-
ble, what must the height /ip be for
the block to reach point D without
overshooting it?

2. Now, assuming that friction exists
only in section BC and is character-
ized by a coefficient of kinetic friction,
Ui, what is the maximum height &
reached by the block?

3. A spring with a stiffness constant k
is placed on the inclined section AB.
The block is pushed against the spring
until it reaches point A with a com-
pression distance x, after which the
block is released. What must the value
of x be for the block to reach point D
without overshooting?

Sol : page 147

Exercise 5.15

A child with a mass of m = 36 kg slides
down a toboggan inclined at an angle of
6 = 45° to the horizontal. The vertical
height difference between the top and
bottom of the toboggan is h = 5.9 m.
The toboggan has a coefficient of fric-
tion, u = 0.3. Determine the speed of
the child at the bottom of the toboggan.
Compare it to the speed they would have
if there were no friction.

Sol : page 148

Exercise 5.16

A 7 kg block is released from rest at the
top (point A) of an inclined plane that
is angled at 6 = 30° to the horizontal.
The block slides down the plane without
friction and compresses a spring with a
stiffness constant of k = 120 N /m placed
at the bottom of the incline. Upon impact,
the block comes to a momentary stop af-
ter compressing the spring by x = 1 m.
What is the speed of the block just before
it hits the spring?

Sol ; page 148

Exercise 5.17

A box is released from rest at point A
on a track ABE, which consists of an
inclined straight line segment AB and
a circular arc segment BE with center
O and radius R (refer to the accom-
panying Figure). If friction exists only



on segment AB, where the following
parameters are given: ¢ = 9.81 ms“z,
h=2m R =07 m, AB = 2.1 m,

a =36°, 0 = 53.6°, and i =0.2.

1. Calculate the speed of the box at
points B, C, D, and E.

2. Determine the required value of R for
the box to come to a complete stop at
point D without exceeding it.

3. What must the value of uj be for the
box to stop at point E without sur-
passing it?

Sol : page 148

5.8 Exercises
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5.9 Solutions

Solution of exercise 5.1 ( Page 140)
The force F is related to the potential
energy U(r) by:

_du(r)

F =
dr

At equilibrium, F = 0 thus:

du(r)
dr

r=req

—12ar; > + 6bry] =0

solving for req,

2a "
req: F -

tal component that balances the fric-
tional force:

Fy = Fone: €05(22°%) = 42N.
The work done by the worker can ex-

pressed as:

=

W(Fy)=F,-d=42-35=1470].

4. Solving for F\yoker the equation above:

42

— — 453N,
cos(22°)

F worker =

5. The total work done on the crate is the
sum of the work done by all forces:

Woet = W(E )+ W(F )+W(E) = 0].

Solution of exercise 5.2 ( Page 140)
The work done by the three constant
forces is given by:

e e

W11et:P]'AB+F2'AB+.F3' B
=

Z(F1+F2+P3)'AB

(_—) — —

27)-B1r +4j7)=-8].

Solution of exercise 5.2 ( Page 140)

1. Since the gravitational force is perpen-
dicular to the displacement, its work
is:

—3 —
W(F ;)= FgXdxcos(90°) =0].

2. The work done by friction force f is
given by:

W(F)=1-d = f xd x cos(180°)
—fd = -14707].

Il

3. The worker’s force has a horizon-

Solution of exercise 5.4 ( Page 140)
The work done by the braking force is
given by:

:

— —_ — 3 s
W(F)=F-d :—Fd:—imv

Solving for F in the two cases:

2z

. moy _
=0 (i)
i mo3 B
Solving for d>,
03
da = d1—2 =12 m.
0;

Solution of exercise 5.5 ( Page 140)

1. Work done by conservative forces:
W(ES) = =AU = —(Up-U,) = —90].

2. Work done by non-conservative



forces:
W(E™) = E(B) — E(A) = 130].
3. Net work done:
Wiet = K(B) — K(A) = 40].

Remarks:

- The work done on the object by conser-
vative forces can also be determined as
follows:

W(ES) = Whet — W(E™) = =90 7.

- The work done on the object by non-
conservative forces can also be deter-
mined as follows:

W(E™) = Wyet — W(ES) = 1307.

- The net work (total) done on the ob-
ject can also be determined as the sum
of the work done by conservative and
non-conservative forces. Therefore:

Whet = W(ES) + W(E™) = 407.
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or
Kf=mgh +K; = 5934].

We can also use mechanical energy.
Since air resistance is negligible, me-
chanical energy is conserved. There-
fore,

Ef=E; o Kf=mgh+K; =593.4].

3. The final speed:

1 5
KJ,c— Emvf

or

2K
vf = = =44 47 m/s.
m

Solution of exercise 5.6 ( Page 140)

1. The initial kinetic and potential ener-
gies:

1 1
Ki = -mv*>==x0.6%x4%>=438].
2 2

We take the zero of potential energy
at ground level (h = 0)

Pi=mgh = 0.6x9.81x100 = 588.6].
2. The final kinetic energy:

AK = Ky — K; = W(F); = mgh

Solution of exercise 5.7 (Page 141)

1. First method:

W(E)=Fxr=24].

2. Second method:

Using the work-energy theorem,
Whet = K(B) — K(A)
or
W(F) + W(E,) = K(B) - K(A)

As K(A) = 0 and W(Fg) = mgr, thus:

—

1
W(F) = Enm% +mgr
substituting the known values:

W(E) = 247.
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Solution of exercise 5.8 (Page 141)
1- We have:

Applying the work-energy theorem
gives:

AK =W

Assuming that the car starts from rest
(v = 0), thus:

il
W = —mv>
2 5
therefore, -
muo
= —f =5
2P

2- In this case, the total work done is
equal to the work performed by the en-
gine, as calculated previously, plus the
work done by gravity.

1 5
W = Emzr_f +mgh

thus, "
m(v; +2gh)

t=————— =56s.

2P

Solution of exercise 5.10 ( Page 141)

Since Ky = 0 and Whet = W(?a\,g), the
work-energy theorem can be expressed

as follows:
W(Favg) = _Kf'
1
e —Favg Xd = —Emzﬂ}%
5o nw?
Favg e _Zd = 468.11 N.

Solution of exercise 5.9 (Page 141)
Using the work-energy theorem,

wnet = AK

or

. e 1 5 1 3
W(Fg) + W(fair) = 5V} = Smo;

or

mgh + W(fa,r) = nw:;

Solving for W( fai,
W(falr) = m’a —mgh

Substituting the known values,

W(fair) = —240.3 7.

Solution of exercise 5.11 (Page 141)
All frictional forces are negligible, thus:

1
E(A) =E(B) & mgr = Emvé +mgh

or
vp = 2g(r — h).

Apply Newton'’s second law at point B:

2

v
mgcos @ — Np = m—
r

substituting vp in the equation above:

Np=mg (c058—2+27h)

h
as cos 0 = —, therefore:
r

Np =mg (37h—2).

The object leaves the hemispherical
mound at point B of height h, thus



Ng = 0. Therefore,

2r
h=—.
3

Solution of exercise 5.12 ( Page 141)
We designate point A as the position of
the block when the spring is compressed
by x = 13 cm, and point B as the posi-
tion of the block after it has traveled
a distance of d = 1.8 m. Applying the
work-mechanical energy theorem gives:

E(B)-EA) =W (Fi),

as:

E(B) =0, E(A) = %kxz,
—
and W (f ;\,)A_’B = —upmgd

thus,
1
—Ekx2 = —uxmgd

Solving for

2

Hg = = 0.239.

2mgd
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solving for k

_ 2L

I
I
—
9]}
o
o
Z
3

k

Substituting the value of k in equ. (i),
1 2
Ef2 = 51500 x (0.08)" = 4.8].

Thus,

Ejost =30 — 4.8 = 25.2]

Solution of exercise 5.13 (Page 141)
Let Ej, Efy, and Ef; represent the initial
energy, the final energy on the friction-
less surface, and the final energy on the
rough surface, respectively. Therefore,

Elost = Ef - E_}"Z (1)

1 .
Ef = 5kxg (ii).

The mechanical energy is conserved on
the frictionless surface. Thus:

1
Ei=Epne Ej= Ekxf

Solution of exercise 5.14 ( Page 142)

1. The mechanical energy is conserved,
so:

Ea=Ep © mgha =mghp

thus,
hp = ha.

2. Using the work-energy theorem:
En—Ea=W(fy)
or
mgh—mghp =—ugmgha
solving for h
h = ha(1 - ug).

Since uy < 1, therefore: h < ha.
3. Using the work-energy theorem:

1
mghp —mgha — Ekx2 = —urmgha

As hp = hy, therefore:

2m.g.uk.ha
X = \/T
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Solution of exercise 5.15 ( Page 142)

With friction, the work-energy theorem
can be written:

E(B) - E(A) = W(f)

or

1
mgh — Enmé =—uxNAB

Newton's second law along the vertical
axis states:

N =mgcos0

thus,

1
mgh — Emvé = —uxmgABcos 6

h

sin

Since AB = and cos 45 = sin 45

og = y2gh(1 — gx) =9ms™.

Without friction, yy =0

vg = 2¢h =10.76 ms™".

Therefore, the reduction in speed due to
friction is:

Avg =10.76 —9 = 1.76 ms .

Since the block slides without friction,
we will apply the principle of conserva-
tion of mechanical energy, which states
that:

1 1
E(C)=E(B) & Eklr2 =mgh + Emvg,

the height /i can be determined using the
sine of the angle 6 and x: i = xsin 0,
substituting into the equation above and
solving for vp,

=27ms L

\/kxz —2mgxsin @
'UB —

m

Solution of exercise 5.16 ( Page 142)

Let B be the point where the block makes
contact with the spring. We will estab-
lish the reference height (11 = 0) at point
C, where the spring is fully compressed.

Solution of exercise 5.17 ( Page 142)
1. In the presence of friction, the work-
energy theorem is expressed as follows:

Ef - Ei = W(fy).
In our case,
E(B) - E(A) = W(fi)a—s,
or
%mv% +mghp —mgh = —uxNAB,

As hg = R(1-cos0)and N = mgsina,
therefore:

U= \/Zg [h — uxAB sin &« — R(1—cos 6)]
=537ms™".

Similarly,
E(C) — E(A) = W(fi)a—s,

or

vc = 42¢(h — uxABsina) = 5.86ms ™.



As no friction between B and C, thus:

1 1
E(C)=E(B) & Emvf: = Enmﬁwnghg,

thus,

e = ‘jvg +2¢R(1 - cos @) =5.86ms™".
Similarly,

Up = 4/vZ —2¢R =454 ms .

g = JU% —4¢R = 2.62 ms L.

It is also possible, and simpler, to calcu-

:

late the speed at points C, D, and E by
substituting the values of 6 that corre-
spond to these points into the formula
for vp.

At point C, 6 = 0, thus:

Uc= \/25; [h — UuxAB sin @ —R(1~cos O)]
=5.86ms™".

At point D, 6 = 90, thus:
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thus,
ot
R=—=1.75m.
2g
The application of the work-energy the-
orem between points A and D, as well
as between points B and D, yields the

same result. So:
R =h—-ABugsina = 1.75 m.

3. For the box to reach point E without
surpassing it, the normal reaction force
must be zero at that point (6 = 7).
Newton’s second law at point D gives:

v%(0 = n)
N +mg=may = mB—,
R
thus,
2h —2ABugsina — 3R
N(n) =mg

R
Since N(0 = 1) = 0, therefore:

2h - 3R

== —o77.
Hk 2ABsin a

Up = .\/23 [h — UxAB sin @ — R(1—cos 90)]
=454ms .

At point E, 0 = 180, thus:

VE= \X‘?g [h — UxAB sin a — R(1—cos 180)]

=2.63ms .
2. The box comes to a stop at point D
without going beyond it; this signifies

op =0.

1
E(D)=E(C) ® mgR = 5””)20
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