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Abstract

The purpose of this thesis is to develop some notions and theorems of positive
p-summability for multilinear operators and homogeneous polynomials. Through-
out this work, first. We extend the notion of strongly p-summing multilinear
operators by Dimant, in (J. Math. Anal. Appl. 278,182 — 193(2003)), to the
positive framework, and prove among other results, the domination, inclusion
and composition theorems. As consequence, we investigate some connections
between our class and other classes of operators through, duality and lineariza-
tion. Then, we compare our new class of multiple Cohen positive strongly
p-summing multilinear operators along with different classes of positive multi-
linear p-summability and investigate a duality relationship in terms of tensor
norm. Finally, we introduce the concepts of Cohen positive strongly p-summing
and positive p-dominated m-homogeneous polynomials. We prove a version of
Pietsch’s domination theorem for the first class among other results, and a Bu-
type theorem, as well as some inclusions with other known spaces. Moreover,
we present a characterization of these classes in tensor terms.

Keywords and phrases: Homogeneous polynomials, Banach lattice, Positive
p-summing operators, Positive strongly p—summing operators, Tensor norm,
multiple Cohen strongly summing operators, Pietsch domination theorem, Pos-
itive strongly p-summing multilinear operators.
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Résumé

Le but de cette these est de développer quelques notions et théoremes de positive
p-sommabilité pour les opérateurs multilinéaires et les polynémes homogenes.
Dans ce travail, d’abord. Nous étendons la notion d’opérateurs multilinéaires
fortement p-sommants par Dimant, dans (J. Math. Anal. Appl. 278, 182 193
(2003)), au cadre positif, et prouver entre autres résultats, les théoremes de
domination, I'inclusion et la composition. En conséquence, nous étudions des
liens entre notre classe et d’autres classes d’opérateurs, a travers la dualité et
la linéarisation. Ensuite, nous comparons notre nouvelle classe d’opérateurs
multilinéaires dites: Multiple Cohen positif fortement p-sommant, avec dif-
férentes classes de positives p-summabilité multilinéaires et étudier une relation
de dualité en termes de la norme tensorielle. Enfin, nous introduisons les con-
cepts de Cohen positif fortement p-sommant et positif p-dominé m-homogenes
polynoémes. Nous prouvons une version du théoreme de domination de Pietsch
pour la premiere classe, parmi d’autres résultats. Nous prouvons aussi un
théoreme de Bu et quelques inclusions avec d’autres espaces connus. Et nous
donnons des présentations tensorielles aux classes précédentes.

Mots clés et phrases:  Polynomes homogenes, Banach réticulé, Opéra-
teur positivement p-sommant, Opérateur positivement fortement p-sommant,
Théoreme de domination de Pietsch, Opérateur multilinéaire positivement forte-
ment p-sommant.
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Introduction

In 1950, A. Dvoretzky and C. A. Rogers in their famous article entitled "Ab-
solute and unconditional convergence in normed linear spaces" [28], solved an
interesting problem in Banach space theory. By showing that, in every infinite
dimensional Banach space there is an unconditionally convergent series which
fails to be absolutely convergent. This article was the answer to the problem
raised by Stephan Banach in both books " Théorie des opérations linéaires' [10]
and the Scottish book [38](Problem 122). This result caught the attention of
A. Grothendieck and he presented a different proof of the Dvoretzky-Rogers
theorem in [30].

Grothendieck’s "Résumé de la théorie métrique des produits tensoriels topologiques'
and his thesis [31, 30] can be considered as the foundation of the theory of oper-
ators ideals. Where he established the concept of absolutely 1-summing linear
operators.

Followed by A. Pietsch in the 1967 who presented the concept of absolutely
p-summing operators [47], and by B. Mitiagin and A. Pelczynski who intro-
duced the notion of (p, ¢)-summing operators [42]. Another main development
in the theory, is the work J. Lindenstrauss and A. Petczyniski [35] where they
gave a new presentation as well as a new applications of the results contained in
Grothendieck’s paper [31], by characterizing Hilbert-Schmidt linear operators
through factorization by the L..-space and L-space.

In 1972, J. S. Cohen introduced the concept of Cohen strongly p-summing
linear operators [23] to study the conjugate of absolutely p*-summing linear
operators, motivated by the fact that the identity from ¢; into /5 is absolutely
2-summing but its adjoint is not.

The first generalization to appear for the concept of p-summing linear opera-
tors to the multilinear and homogeneous polynomials are by A. Pietsch [49], R.
Alencar and M. Matos in [5]. For the positive situation, O. Blasco introduced
the notion of positive p-summing linear operators in 1986 [11]. It is a class
of operators from a Banach Lattice F/ into a Banach space X, these operators
map positive sequences in weak £,-space with value in E into sequences in £,-
space with value in X. In [12] Blasco characterized positive p-summing linear



operators by the Radon-Nikodym property. That is, a Banach space X has
the Radon-Nikodym property, if and only if every positive p-summing operator
T : Ly () — X is presented by a function f in L,(u, X).

These first generalizations motivated in-depth studies and generalizations to
the theory of ideal of linear operators to multilinear operators and homoge-
neous polynomials as well as the positive situation. In the last three decades,
numerous generalizations viewed the light: weakly compact, integral, nuclear
operators, Hilbert-Schmidt operators, unconditional converging operators, etc
[7,8, 13, 17,22, 27,39, 51, 52]. Many generalizations attempted to preserve the
properties of the original linear ideal, and it was quite satisfactory for several
multi-ideals.

The concept of Cohen strongly p-summing linear operators knew many gener-
alizations that attempted to verify as much as possible properties of the original
linear ideal. The multilinear concept of Cohen strongly summing operators was
investigated in 2007 by D. Achour and L. Mezrag [2]. They proved that this
new class verify a domination theorem and compare it with the class of domi-
nated multilinear operators. Soon after concepts related to this class are being
investigated [1, 3, 14, 21].

This thesis is dedicated to developing some notions and theorems of posi-
tive p-summability for multilinear and homogeneous polynomials. Our main
interest was the concept of Cohen positive strongly p-summing by D. Achour
and A. Belacel [1], we generalized this notion to homogeneous polynomials and
multilinear operators and proved among other results: domination theorem, in-
clusion and duality relationships for these classes, as well as some relationships
with other known spaces. We also extended the concept of strongly p-summing
multilinear [26] operators in the positive multilinear framework.

This thesis is divided into four chapters

Chapter 1, this chapter includes all the preliminaries necessary for a clear un-
derstanding of this thesis. We recall essentially some results about multilinear
operators and select the necessary and most used results about Banach lat-
tices and positive operators, polynomials, and tensor product of Banach spaces.
Moreover, we recall diverse inequalities, and lastly, we present some ideals of
linear and multilinear operators, with proper references to each section.



In chapter 2 we extend the notion of strongly multilinear operators [26] to the
positive framework, we introduce and study a new class of operators between
Banach lattices and prove a domination theorem, inclusion, and an important
composition result (Proposition 2.1.4) as basic properties for this class. In the
second section, we study ties with known classes of summability, including lin-
earization of those operators and involving the positive projective tensor norm
of Banach lattices. We end this chapter by giving open problems.

In chapter 3 we set a new generalization to the concept of Cohen positive
strongly p-summing [1, 14], following the steps of Campos in [21] by introduc-
ing the new class of multiple Cohen positive strongly p—summing operators and
compare it with the class of Cohen positive strongly p-summing m-linear oper-
ators [14] and positive multiple p-summing m-linear operators [18], by giving a
generalization to Cohen’s theorems [23], as well as, investigating a relationship
with the class multiple Cohen positive p-nuclear operators by proving that the
composition of a multiple Cohen positive strongly p—summing operator and m
positive p-summing linear operator yields a multiple Cohen positive p-nuclear
operator. That is, if S € D;”“”*(El, ooy By F) and T € 115 (Dj, Ej) with
1 <j<m,then So(Ty,....,T;,) € N (Dy, ..., D,; F), forall 1 < p,q,7 < 00
with % = %—l— %. In the last section we present a connection with tensor product.

Chapter 4 is devoted to the study of Cohen positive strongly p-summing
m-homogeneous polynomials, positive p-dominated multilinear operators, and
homogeneous polynomials. In Section 1 we introduce Cohen positive strongly
p-summing m-homogeneous polynomials, we characterize our class by a dom-
ination theorem and prove it using the new technique of R — S—Abstract p-
summing operators [46]. We also prove relationships with different classes of
positive summability (IL- (E, F), Dt (" X; F), DS (&, ,X; F)). By means of
the adjoint operator, the associated symmetric m-linear operator, and the lin-
earization of these polynomials. Section 2 is essentially dedicated to the study
of positive p-dominated m-linear operators and polynomials. This section in-
cludes our main theorem (The Bu-type theorem) which serves as a focal point
in the proof of the relationship between positive p-dominated polynomials and
those defined in section 1. In section 3, we present some applications based on
Proposition 4.1.3.

And finally, section 4 highlights the classes defined earlier in terms of tensor
product and prove a duality between these classes and tensor spaces equipped
with adequate norms through a linear mapping.



Chapter 1

Preliminaries

In this chapter, we will remind the necessary notions and results used along this
thesis. It consists essentially of the theory of multilinear operators and homoge-
neous polynomials, tensor product between Banach spaces, Banach lattices and
positive p-summing linear operators. The most used references in this chapter
are [6, 24, 25, 36, 53].

Unless it is mentioned otherwise, all along this chapter X, X, ..., X,,,Y and Z
are Banach spaces, E, E, ..., E,,, I' and G are Banach lattices.

A mapping T : X; x --- x X,,, = Y between vector spaces is said to be multi-
linear operator or (m-linear) if

T(x1, ., (a+ M), ooy ) = T(x1, oy @y ey X)) + AT (21, 0y by oy T)

holds for all a,b € X;, (1 <i<m)and A € K. That is, T is linear separately in
each variable. The vector space of all multilinear operators from X; x --- x X,
to Y is denoted by L(Xy, ..., X;,;Y).

In the case when Xi,..., X, and Y are normed spaces, then T is said to be
bounded if

T := sup{||T(z1, ..., xm)| | ; € Bx,} < o0.

L(X1, ..., X;n; Y) denotes the Banach space of all continuous multilinear opera-
tors from X; x---x X, into Y. In the case Y = K we simply write L(X1, ..., X;,,)
and L£(X, ..., X;,) and their members are m-forms and continuous m-forms, re-

spectively.

Proposition 1.0.1. [/3, Proposition 1.2 | For each T € L(X1,..., X;n;Y) the
following conditions are equivalent

(a) T is continuous.
(b) T is continuous at the origin.

(¢) 1T < oo.
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A multilinear operator T' € L(Xq,..., X,;Y) is said to be finite type, if it is
generated by mappings of the form
T:Xix--xX,,—Y
(xlv ce xm) = ¢1($1) to ¢m(xm>b

for some non-zero ¢; € X (1 < i < m) and b € Y, the vector space of all
multilinear operators of finite type is denoted by L;(X7, ..., X;n; Y).

The adjoint of an m-linear operator is defined as follows, if T" € L( X7, ..., X;n; Y),
we define the adjoint of T" by

T Y* = L((X1y oo, X)),y = T(y") : Xy X oo x Xy = K

with T*(y*) (21, ..o, Tm) = Y (T(21, oy Tm)).

If K is compact Hausdorff space, C(K') denotes the Banach space formed by all
continuous functions f : K — K with the usual supremum norm.

1.1 Banach Lattices and positive operators

A real vector space F is said to be ordered vector space whenever it is equipped
with the order relation here > (i.e., > is a reflexive, antisymmetric, and transi-
tive binary relation on E) that is compatible with the algebraic structure of £
in the sense that it satisfies the following two axioms

(1) If x >y, then = + z > y + z holds for all z € E.
(2) If x >y, then ax > ay holds for all a > 0.

A vector x in an ordered vector space E is called positive whenever z > 0 holds.
For a two-point set {z,y} we write x Ay or inf {x, y} to denote its infimum and
x Vy or sup {x,y} to denote its supremum.

Definition 1.1.1. We say that an ordered vector space E is a lattice(Riesz
space) if for any x,y € E both x Ny and x V y exist in E.

Proposition 1.1.1. [6] For arbitrary elements x,y,z of a vector lattice, the
following identities hold.

(1) x+y =sup{z,y} +inf {z,y},

(2) x+sup{y,z} =sup{z+y,z+ 2z} and v +inf {y, 2z} = inf {z + y,x + z};
(3) sup{z,y} = —inf{—z, —y} and inf{z,y} = —sup{—=, —y};

(4) asup{z,y} =sup{az,ay} and ainf {z,y} = inf {ax, ay} for a > 0.
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(5) for any x,y,z € Et we have

inf{z +y, 2} <inf{z, z} +inf{y, z}.
For an element = in a vector lattice £/ we can define its positive, negative part
and its absolute value, respectively, by

at = sup {I,O}, r = Sup{—l’,O}, ’JI| = sup {QT, —l‘} :

The functions (z,y) — sup {z,y}, (z,y) — inf {z,y}, 2 — 2* and z — |z| are
collectively referred to as the lattice operations of a vector lattice. The relation
between them is given in the next proposition.

Proposition 1.1.2. If x is an element of a vector lattice, then
r=x" -1, lz| =2t + 2.
Proof. By Proposition 1.1.1 (1) and (3) we have
r=1x+0=sup{r,0} +inf{z,0} = sup {z,0} —sup{—=,0} =27 —z".
Furthermore, from Proposition 1.1.1 (2) and (4), and the previous result we get

x| =sup{z,—x} =sup{22.0} —x =2sup{z,0} —z =2z —x
P, p ) P,

=2zt —(z" -2 ) =2t 4.

Definition 1.1.2. A norm on a vector lattice E is called a lattice norm if
lz| <yl implies ||z < [yl (1.1.1)

A wvector lattice E, complete under a lattice norm, is called a Banach lattice.

Property 1.1.1 gives the important identity
x|l = llzlll, =€k

This follows by taking first  and y = |x| we have |z| < |(|z])| and hence
llz]| < |l|=]l|. Then taking |z| and y = x, we also have |(|z|)| < |z| and hence
Il F < fll.

Example 1.1.1. 1. The Euclidean space R™ with the standard order given
by x >y if and only if x; > y; for alli=1,...,n it is a vector lattice with
xVy = (max{z1,y1},....,max{x,,y,}). It is also a Banach lattice under
all standard norms.
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2. Function spaces with pointwise order are vector lattices

e C(K) space of all continuous real-valued functions on a topological
space K.

(o]
o (,(0 <p < 00), all real sequences (1, x2,...) with Y |z,[? < co.
n=1

3. The class of L,-spaces under the ordering f < g whenever f(z) < g(x)
holds for p-almost for all x € E, each Ly(p) is a vector lattice.

All the above examples are Banach lattices with standard norms.

The dual E* of a Banach lattice E is also a Banach lattice, and its positive cone
is defined by x* > 0 in E* if and only if < z,2* >> 0, for every > 0 in E.
For any z*,y* € E* and every x > 0, we have

<z, 2" Vy* >=sup{<u, ">+ <zr—uy >0<u<z}
and
<z, 2" ANy >=inf{<v, 2" >+ <z —vy" >0<v<z}.

For more details see [36].

Definition 1.1.3. A linear operator T from a Banach lattice E into a Banach
lattice F' is called positive, denoted T' > 0, if Tx > 0 for any z > 0.

The set of all positive operators from E into F' is denoted by L1 (E, F).

Proposition 1.1.3. An operator T is positive if and only if |Tx| < T|z|, for
any v € E.

Proof. 1t follows from —|z| < z < |z| so, if T is positive, then —T'|z| < Tx <
T|x|. Conversely, taking x > 0, we obtain 0 < |Tz| < T'|z| = Tx. O

Proposition 1.1.4. If T is positive, then

||| = sup||Tz]|.
x>0

[l=ll<1

The equivalence between continuity and boundedness of positive operators be-
tween normed vector lattices can be found in [9]: as the first attempt to prove
this result.

Theorem 1.1.1. /6, Theorem 4.3] Every positive operator from Banach lattice
to a normed vector lattice is continuous.

Proof. Let T' : E — F be a positive operator from a Banach lattice F to a
normed vector lattice F. Assume by contradiction that 7" is not bounded in the
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norm of . Then there exists a sequence {x,} of E satisfying ||z,| = 1 and
|Tx,|| > n3 for each n. In view of |Tx,| < T|z,|, we can assume that x,, > 0

holds for each n. From @ < oo and the norm completeness of E, it follows
n=1

that the series Z “% is convergent in F. Let x = Z 2. 0 < 3 < x holds for

all n, and so
n < HT( DI < Tz]| < oo

also holds for each n, which is impossible. Thus, 7" must be normed bounded
hence continuous. O

1.2 Sequence spaces

Let 1 < p < co and n € N*. We denote by £;(X) the Banach space of all
sequences (z;)", in X with the norm

el = (32 mnp)

[(@i)izilloo == sup ||z,
1<i<n

and by /¢
in X with the norm

o weak (X ) the Banach space of all weakly summable sequences ()7,

3=

(o)) = sup (S <> 1)

z*€Bxx \j=1
Woo ((z;)Py) := sup sup | <z, 2" > |.
z*EBxx* 1<i<n
The space (¢o)wear(X) = {(zn) : x, € X and (< z,, 2" >) € o Va* € X*} is a
closed subspace of 7. (X).
Consider the case when X is replaced by a Banach lattice £, and define([1])

oo,weak

mweatt (B) = { @)y = (i)isy € G ear (B) |
(co)jwear (E) == {(@:)i=1 + (|2i])iz1 € (Co)wear(E)},

and

ICza)isillen @ = wol(l2])isy)-

It is a Banach lattice with the ordering induced by the pointwise ordering on
EN. [34, Theorem 7.8 |
Moreover, if Bf. = {£ € Bp : £ > 0} denotes the unit ball in Bg« N E*T.
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It follows from | < |z;|,& > | << |z, €] > that

(s )izalleg o) = SUP Z < ail, € >= HZ:@HE

1, \weak\

fEBE*z 1
n 1
p
il e = sup (z< yxi|,g>p> l<p<o
£€BE* =1
and
(@l = sup sup < [zl € >

JJweak|

EGBE* 1<i<n

if x1,...,x, > 0, we have that

@il g2 = SUP <Z <@, 6> ) = wp((),).  (121)

éEB i=1

If 1 < p < oo, we denote by £,(F,N™) the vector space of all families (y;);jenm
of elements such that

1
1Y) jenem llp = (Z ||y3||p> < 400

JjEN™

and by £, wear (£, N™) the vector space of all families (y;);en= of elements such
that

P
1(y;) jenm [le, pear(mrm) = sUp ( Yol <oy> |p) < 400
PEBp* jEN™

||, and ||.||gpyweak(F’Nm) are norms on £,(F,N™) and ¢, yeqr(F, N™) respectively,
an element of N is represented by (71, ..., Jm)-

To avoid encumbered notations in Chapter 3 we denote ¢, (F') instead of £,(F, N)
and by €, wear (F) instead of €, year (F, N™).

1.3 Polynomials

Definition 1.3.1. A map P : X — Y is an m-homogeneous polynomial if
there exists a unique symetric m-linear operator P : X X --- x X — Y such
that P () = P (93,(.”.1.), 93) , for all x € X. We denoted by P (" X;Y') the Banach
space of all continuous m—homogeneous polynomials from X toY with the norm

IPIl = sup [|P(z)[| = nf{C: [|P(2)|| < Cllz|™, z € X}.

|zl <1
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When'Y =K, we write P ("X;K) =P (™X).
Theorem 1.3.1. [/3, Theorem 2.2 | For each P € L("X:;Y), let P € P ("X;Y)

(m

defined by P (z) = P (x, ...), x) for every x € X. Then

(a) The mapping P < P induces an isomorphism between L£(™X:;Y) and
P(MX;Y).

(b) We have the inequalities
~ m™
1Pl < | P| < —1IPII-
m!

For every P € L(™X;Y).

Both P and P are related by the polarization formula

P (xl, ,xm> = m!12m Z €1 €m P (Zejxj) ) (1.3.1)
G

Proposition 1.3.1. [/3, Proposition 2.4 | For each P € P (" X;Y) the follow-
ing conditions are equivalent:

(a) P is continuous.
(b) P is bounded on every ball with finite radius.
(c) P is bounded on some open ball.

Definition 1.3.2. [8] Given a continuous m—homogeneous polynomial P €
P (mX,Y) between the Banach spaces X andY, the adjoint of P is the following
continuous linear operator:

P Y — P("X)
P (y") (x) = y* (P (2)).

We have ||P*|| = || P]| .

1.4 Tensor product of Banach spaces

The tensor products are mainly used to linearize multilinear mappings. In this
section we include the most used results about tensor product. Further details
on this section can be found in [53].

First, we give the construction of tensor product. Let m € N, X;,..., X, be
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vector spaces, consider the algebraic dual L(Xy, ..., X;,)* of L(Xy, ..., X,,) con-
sisting of

L(X1, ... X0n)" ={¢: (X1,...., Xon) > K: ¢pisalinear form}.

The tensor product X; ® --- ® X, of the vector spaces Xj, ..., X,, can be con-
structed as the space of linear functionals on L(X1, ..., X,,,), forx; € Xy, ..., 2, €
X Denote by r1 ® - - - ® x,,, the functional given by evaluation at (z1, ..., Z,,).
In other words

21 ® @t L(X1, oy Xm) = K
A (11 ® - @ xp)(A) = A(xq, ..oy Tin).

Let D be the formed by all these functionals

D={r1® - Qxp: x1€Xy,.,Tm € Xy} CL(Xy, ..., Xn)"

Definition 1.4.1. The subspaces of L(Xj, ..., X,n) generated by D is called the
tensor product of Xy, ..., X,, denoted X; ® --- ® X,,, in symbols

X1®'~-®Xm:{fj)\i(xil®-~®x?‘)n€N;)\iEK;xfEXj,lgjgm,lgign}.

An element of X7 ®---® X, is called a tensor, a tensor of the form 1 ®---®x,,
is called an elementary tensor.

The projective tensor norm and linearization of continu-
ous multilinear operators

Let X4,..., X,,,Y be Banach spaces. The projective tensor norm is defined by

Huuﬂ=inf{znw3u~~nxm| u=2x$®~--®x;ﬂ}
=1

for every u € X1 ® --- ® X,,.

Definition 1.4.2. Let X4, ..., X,, be Banach spaces, the completion of the normed
space (X1 ® - @ Xy, || - |Ix) is defined as the projective tensor product of these
spaces and is denoted by X 1®x..0,Xpm. If X = X1 = -+ = X,,, we write @TX.
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@mMX = X ®, ™ ®, X denotes the m—fold symmetric tensor product of X,
that is, the set of all elements u € ®™X of the form

u:in@)(?@@xi (mneN,z; € X,1<i<n).
i=1
By @:SX we denote the closure of ®7'X in ® X.

Theorem 1.4.1. [53] Let X1, ..., X,,, Y be Banach spaces. For every multilinear
operator T € L(X1, ..., X;n; Y) there is a unique continuous linear operator Ty, €
L(X1®r - @:Xm;Y), such that

T=To®
and & be the canonical operator

& : X1 X X Xm — X1®ﬂ...®ﬂXm,®(x1, ,l'm) =11 QR Iy,

The correspondence T' <+ T, establish an isometric isomorphism between
L(X1, ., Xon;Y) and L(X 1@y - @7 X3 Y).

Remark 1.4.1. The previous theorem gives rise to

(X1®r - @ X)) = L(X7, oe; X))

This duality yields a new formula for the projective norm

|u|lr =sup{| <u,T >| Té€LX,..,Xn) and|T| <1}.

1.5 Inequalities

Holder’s inequality
Let 1 < p,p* < oo two conjugates exponents. Then if f € L,(u), g € Ly(1),
we have f-g € Ly(p) and

1= gl < Az, - lgle,.

Minkowski’s inequality
Let 1 <p < oo, then for f,g € L,(n), we have

1f+glle, <z, + llgllL,-
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Multiple Khintchine’s inequality [2]
If 0 < p < oo then

i1yesim=1

3=

1 1
(/ /|r21 tl rzm(tm)ail,.,,,im|pdt1...dtm>
0 0

N1, %
< B > iyl

1 seim=1

for each choice of the scalars (a;,... i, )i ey, Ap, B, are the Khintchine con-
stants, and by (7,)men We denote the sequence of Rademacher functions such
that

rm 1 [0,1] = R as r,(t) = sng (sin(2™nt))

Multiple Kahane’s inequality [2]

Let 1 < p < oco. Let Rad,(p, X) be the vector space of all almost uncondi-
tionally summable sequences (x,,) in the Banach space X. it is a Banach space

under the norm
P

@l = (/ I3 B P >)

Let 1 < p,q < oo. Let X be a Banach space and (z;,__;,) be in X . We have

Z Liq,... in ®TZ]”LP M“X)

1<i<n

Z Liy i ®Tz]||Lq (Q wiX)

1yeeyin 1<i<n

-----

where K, , is the simple constant of Kahane’s inequality (u; = u).

1.6 Some Ideals of linear operators

In this section, we give an overview of positive p-summing linear operators
generalized by Blasco, and Cohen positive strongly p-summing linear operators.
We expose their fundamental properties, as well as domination-factorization
theorems for the first class.

1.6.1 Positive p-summing linear operators

Definition 1.6.1. [12] Let 1 < p < oo. An operator T : E — X is said
to be positive p—summing, if there exists a constant C' > 0 such that for all
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ne Nz, ...,z, € E, the inequality

IT (@)isall, < Cllza)izallen | (1.6.1)

eak| (E) '

For p =00

sup [T (z:)| < €' ()

n
=11l :
1<i<n v Zoo,\weak‘ (E)

We denote by H;;(E;X), the space of positive p—summing operators from E
into X. ILF(E,X) becomes a Banach space with norm 71 (.) given by the
infimum of the constants C' > 0 that verify the inequality (1.6.1). We have
It (F; X) = L(E; X).

Proposition 1.6.1. (Inclusion property)
For1 <p<q< o0, then

ILH(E; X) C IIH(E; X).

Moreover, for all T € 1T} (E; X), we have that 7/ (T) < mf(T).

Theorem 1.6.1. [5/] (Domination Theorem) Let T € L(E, X). T is pos-
itive p-summing operator, if and only if there exist a probability measure p on
B, provided with the weak star topology, and a positive constant C' such that

P

IT(2)] < C / <@, 2" >P du(a) (1.6.2)

Bl
for every x € Et. Moreover, in this case

77 (T) = inf {C verifiying the inequality (1.6.2)} .

Next, we present the factorization theorem. Let a regular probability measure
v on the compact set (Bf.,w*), the inclusion operator J,o : C(Bf.) — Li(u)
such that L{(u) is the completion of the quotient space ig(E)/R with R =

{f €in(E) |lIflll =0} and

B =

[l = inf / < lz|,- >P dA(.) <|lz—=fl,. >=0u—a.e

B

With the norm || [f] || = ||| f]||, where [f] is the equivalent class of f. For more
details see [1].
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Lemma 1.6.1. [1] The operator Jygoig : E — ig(E) — Lg(u) is at most
norm one positive p-summing operator.

Theorem 1.6.2. [1/ (Factorization Theorem) For every operator T : E —
Y, the following are equivalent

(i) T is positive p-summing.

(ii) There exist a reqular Borel probability measure p on Bj., a Banach space
Ly(p) and an operator w : L{(n) — Y such that the following diagram

commautes
E—L vy
e M
in(E) —= Lj(p)
N
C(Bj-)

Proof. (i) = (ii) Assume that 7' is positive p-summing, the Domination theo-
rem provides a regular Borel probability measure 4 on Bf. for which

3=

|Tx|| < 7 (T) / <l|z|,¢ >P du forallz € E

B

T (D [< 2, >z
o (D po 0 s (@)l

Il
5

This informs us that if we denote the range of J,p o ig by S. By definition the
closure of S is L{(u), the map S — Y : J,goig(x) — Tz is a well-defined
operator. It is continuous for the Lg(u)-topology with norm < m¥(7'), since
|Tz|| < 7y (T)||Jpo © ip()||Lp( for every x in E. Then the natural extension
of our map to L{(u) is the operator u we are looking for.

(i1) = (i) Form wo J,poig = T and the previous lemma and the ideal property
we get T is positive p-summing and 7,7 (T) < |lul|7} (Jp0 0 ip) < [Jull. O

1.6.2 Cohen positive strongly p-summing linear opera-
tors
Definition 1.6.2. [/] Let 1 < p < oo. An operator T : X — F is Cohen

positive strongly p-summing if there exists a constant C' > 0, such that for all
finite sets (x;)!, C X and (y)P_, C F*, we have

D<),y > | < Cll(a)isallpll (57 |

=1

[n,

o fweak] (F)*
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The class of all Cohen positive strongly p-summing operators between X and F
is denoted D} (X, F'). The infimum of all constant C' in the inequality defines
the norm df on Dy (X, F).

Proposition 1.6.2. (Ideal property) Let X,Y be Banach spaces and E, F be
two Banach lattices. Consider T in L(Y, E), S a positive operator in L(E, F)
and R in L(X,Y). If T € DF(Y,E), then STR € DS (X, F) and df(STR) <
1SS (T R]-

The next theorem shows the duality between positive p-summing operators and
Cohen positive strongly p*-summing operators.

Theorem 1.6.3. [1] Let 1 <p < ¢

(i) T € L(F,X) is positive p-summing if and only if T* is Cohen positive
strongly p*-summing.

(ii) T € L(X,F) is Cohen positive strongly p-summing if and only if T* is
positive p*-summing.

1.7 Some ideals of multilinear operators

In this section, we present briefly the classes of positive multiple p-summing,
positive Cohen p-nuclear and Cohen positive strongly p-summing multilinear
operators. All the proofs of results below are in the references [14, 16, 18].

1.7.1 Positive multiple p-summing m-linear operators

Definition 1.7.1. [18] Let 1 < p < oco. An m—linear operatorT : Ey X -+- X E,,
— Y s called positive multiple p—summing if there exists a constant K > 0

such that for every choice of finite sequences (x1)12, C E;r (1<j<m),

(1.7.1)

1
(S () < T

n .
ep,weak (EJ )

In this case, we define the positive multiple p—summing norm of T' by
A(T) = inf {K : K verifies the inequality (1.7.1)}.

The class A;”“”(El, oy B3 YY) of positive multiple p—summing m—linear oper-
ators, with its associated norm A, (.), is a Banach space.

Proposition 1.7.1. Let 1 <p < oo and T € L(FEy,...,E,;Y).

IfT € Ay(Ey, A" (By, ..., By Y)), then T € AT™(Ey, By, ..., B, Y) with
A(T) < Ap(f). In particular, T € N"™(Ey By, ..., Ep;Y) if and only if T €
A (By, AT (B, ..., B V). In this case A(T) < Ay(T) < 2Ay(T).
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Corollary 1.7.1. Let 1 < p < oo. Then

Arlnult(Eb o B Y) C AglU«lt(El, R . Y)

1.7.2 Cohen positive strongly p-summing multilinear op-
erators

Definition 1.7.2. [1/]. Let 1 < p < +oo. An m—linear operator T : X; X
- X X,, — F is Cohen positive strongly p—summing multilinear operator, if
there is a constant C > 0, such that for any x},...,2J, € X;, 1 < j <m, and

any yy,...,y, € F*

Moreover, the class of all Cohen positive strongly p—summing m—linear opera-
tors from Xy x --- x X, into F is denoted by Dy'* (X1, ..., Xp; F') . This space
is a Banach space with the norm d'* (.) which is the smallest constant C' such

1
) (Y7 )il O ear) (F*) (1.7.2)

that the inequality (1.7.2) holds. For m = 1 it is the space of positive strongly
p-summing operators linear operators [1].

Proposition 1.7.2. (Ideal property) Let T € L( X1, ..., X\n; F'), R a positive
operator in L(F,G) and S; in L(E;, X;) (1 <j<m).

(i) If T is Cohen positive strongly p-summing, then RT is Cohen positive
strongly p-summing and d'*(RT) < d7*(T)||R]|.

(ii) If T is Cohen positive strongly p-summing, then T o (Si, ..., Sy,) is Cohen
positive strongly p-summing and

A" (T o (Sy, ..y S)) < dH(T H 1S511.

Theorem 1.7.1. (Domination theorem) If an m-linear operator
T € L(Xy, ..., X\n; F) is Cohen positive strongly p-summing (1 < p < 00) then
there is a Radon probability measure j on Bf.., with the weak star topology,
such that for all (x',...,2™) € Xy x -+ x X, and y* € F*T we have

| <T(a',....a™)y" > | < dg™(T H 127 1yl

F** M
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Conversely, if there is a positive constant C' and a Radon probability measure
on Bj.. such that for all (z*,...,2™) € X1 x --+ X X,, and y* € F** we have

| <T(a',2™)y" > | < CTL Iy L. s

Feolt)”
i=1

Then T € Dy* (X1, .o, Xpu; F') and & (T) < C.

The Ky-Fan lemma [25] is used to prove the Domination theorem. The class
of Cohen positive strongly p-summing m-linear operators verifies an inclusion
theorem [14, Theorem 2.7].

Next, we present a duality theorem between positive p-summing operators and
Cohen positive strongly p-summing m-linear operators.

Theorem 1.7.2. Let 1 < p < o0. Let T € L(Xy,...; Xpn; F) and T* its ad-
joint. Then T belongs to DJ'* (X1, ..., Xom; F), if and only if, T* belongs to
1L (F*, L(X1, ..., X)) and we have d)*(T) = w5 (T*).

1.7.3 Positive Cohen p-nuclear m-linear operators

Definition 1.7.3. [16] An m—linear operator T : Ey X - - - x E,, — F is
positive Cohen p—nuclear (1 < p < o0) if there is a constant C > 0 such that
for any x,...,2i € E; (1 <j <m) and any y;, ...,y; € F*, we have

3 =

- 1 m * A j i« \ P *\ M
> (Tl -a)ui) < o 211 AR o I (73 Y P
1§jSmj
(1.7.3)

Moreover, the class of all positive Cohen p—nuclear m—Ilinear operators from
Ey X -+ X Ey, into F is denoted by NJ"*(Ey, ..., Ep; F) (or NJF(E; F) if m =1,
the space of positive Cohen p-nuclear operators). Our space is a Banach space
with the norm ny*(.), which is the smallest constant C' such that (1.7.3) holds.
For p = oo, we have N (E\, ..., Ep; F) = DN (Ey, ..., By F).

Proposition 1.7.3. LetT € L (Ey, ..., En; F), R a positive operator in L(F, G)
and Sja positive operator in L(F;, E;) (1 <7 <m).

(1) If T is positive Cohen p—nuclear, then RT is positive Cohen p—nuclear from
By x - X Ep to G and ny* (RT) < np* (T) | R .

(2) If T is positive Cohen p—nuclear, then T o (Si, ..., Sy) is positive Cohen
p—nuclear from F| X - -+ X F,

M (T o (81,0, 5,) <t (1) T 1511
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Theorem 1.7.3. An m—linear operatorsT € L(F, ..., Ey; F) is positive Cohen

p— nuclear (1 < p < o0) if, and only if, there exists a positive constant C' > 0

and Radon probability measures p; on Bl (1 < j <m) and X on Bj..such that
J

for all (zt,....;2™) € Ef x -+ x Ef and y* € F**

(1.7.4)

B b ree)

(TG, ™),y < OT] 7] Iy°11,. (55
j=1 Lp( j> :

Theorem 1.7.4. (Kwapien’s Factorization Theorem) Let 1 < p < oo
and j = 1,...m. Then T € L(E1, ..., E,; F) is positive Cohen p—nuclear if,
and only if, there exist Banach spaces Xi, ..., X,,, positive p—summing linear
operators u; € L(E;, X;) and a Cohen positive strongly p—summing multilinear
operator S € L(Xy, ..., Xon; F) such that T = S (uy, ..., up,), i.e. NJ"* =Dyt o
(H;, s H;) , in addition

m

p

Jj=1

nt(T) = inf {dgL+ (S) TTmf (uy) : T'= S (u, ,um)} :

Proof. To prove the first implication, we take T' € N (Ey, ..., Ep; F). Then,
by (1.7.4), there exist Radon probability measures p; on Bf. (1 < j < m) and
J

A\ on Bf.. such that for all (z!,...,2™) € Ef x ---x Ef and y* € F**

Tz, .. 2™), 4" < CT] |27 * .
(T (2, ...,z™),y*) < le;ll | IILP<B}M) 11|, (5. )
J

Now consider the diagram

E; X - X E,, — F
1 g l g, t S
ip (B1) X% ig, (Ep) — Lg(m) X< Lg ()
(Jp0seredn0)
N N
C (B;) C <B,;_<)

where ip, : E; — C (B}) is the canonical injection. If we denote the range
J

of Jpooig; by Xj, and the closure of X; by Lf (1), the map X x - -+ x X,;, —

F o Jygoig (z',...,a™) — T (a',...,2™) is well-defined operator. We now

apply the Lemma 1.6.1, we find that the operators u; = Jy00ig, : E; —

ip, (Ej) — Lg (11;) are positive p-summing, and 7} (u;) < 1.

The operator S is defined on uy (Ey) X - -+ X Uy, (Ep)
where u; (27) = (Jp,o o iEj) (7)), by S (ug ('), ..t (2™)) =T (2!, ..., 2™),
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this definition makes sense because

(S (ur (1) ot (™)), 570 = 148 (i (27t (27)) 97} = (T2, )|
By (L74) < (D)L [l (Jag... 's9™)" dA (™))
= g )y @) g (Fo. G790 A7)

From [14, Theorem 2.5] S is a Cohen positive strongly p—summing m—linear
operator and d'* (S) < ny*(T). O
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Chapter 2

On the positive Dimant strongly
p-summing multilinear operators

This Chapter is intended to extend the concept of Dimant strongly p-summing
multilinear operators [26] to positive framework, also to study its ties with other
known classes of summability.

2.1 Positive strongly p-summing multilinear op-

erators

In this section, we introduce and study a new class of operators between two
Banach lattices, where we extend the notions in [26]. We prove a natural analog
to the Pietsch domination theorem for this class. Before giving our definition let
recall the definition of being strongly p-summing multilinear operator in sense
of Dimant.

Definition 2.1.1. [26] an m-linear operator T' € L (X1, ..., X;n;Y) is strongly
p-summing (1 < p < 00) , if there exists a positive constant C' such that for every
a2l € X5 1< j <m, we have

1
p

(iHT (x%,...,xlm)Hp>p <C  sup (n ‘qb(xll,,x;”)’p> . (2.1.1)
i=1 Xm) \i=1

$EBL(xq,..., i=
The class of all strongly p-summing m-linear operators from Xi x - - - x X,
into Y which is denoted by LT, (Xi,...,X;n;Y) is a Banach space with the

norm dy', (.), which d', (T) is the smallest constant C' such that the inequality
(2.1.1) holds.

Now, we give our definition

Definition 2.1.2. Let 1 < p < oo. Anm—linear operator T € L (E\, ..., Ep; F)
is said to be positive strongly p-summing if there exists a constant C > 0 such
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that for every x{, Tl € Ej (j=1,...,m), we have

o=
hSAC

(Z:;HT(xlmmW) <C  sup (Zn:(¢(x1xm))p> (2.12)

+ —
PEBL g By V=L

Moreover, the class of all positive strongly p-summing m—linear operators from
Ey X -+ x E,, into F, is denoted by LT (E1, ..., Ey; F). Our space is a Banach

$8,p
space with the norm dF (.), which d7'7 (T)) is the smallest constant C such that

(2.1.2) holds.

Basic properties and the domination theorem

Proposition 2.1.1. (Ideal property). LetT € L (E\, ..., E,; F), R a positive
operator in L(F,G) and S; a positive operator in L(F;, E;) (1 <j<m).

1) If T is positive strongly p-summing, R o T'is positive strongly p-summing and
a7y (RoT) < ||R| dgy (T).

2) If Tis positive strongly p-summing, T o (S1,...,Sm)is positive strongly p-
summing and

d7r (T o (S, ..., Sm)) < d (T) 'H1 11S;1] -
J:

Proof. 1) Let T € L7t (Ey, ..., Ep: F). Thenforall ], ...z} € E;' (j=1,...m),

ss,p
we have

hSA

(et (o)) < 1 (37 (et )
< ||R||d7 (T)  sup (i((zs(x},..-,x?))p)p-

So RoT € L1 (Ey, .., Ep; G) and d™F (Ro T) < ||R|| d™ (T) .

SS,p

2) Let T € LT (FEy, ..., Ep; F). Then

SS,p
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(QNT 0 (S, s Sin) (w5, o ) P) P
=1

<A™ (T)  sup (i@(sl(x?)""’Sm<:”§n)>>p>p

say ISl sw |2
]:

cay@Tlisi sw (S@ear))
j=1 YpeBT i

We have T'o (54, ..., Sp) is positive strongly p-summing multilinear operator and

42y (T0 (1,0 S) < a2 (1) 1 15,1 =

For the proof of the next theorem, we will use the full general Pietsch domination
theorem recently presented by Pellegrino et al. in [46].

Theorem 2.1.1. An m—linear operator T € L (Ey,..., Ey,; F) is a positive
strongly p-summing if and only if there exist a regular probability measure p on

,,,,,

P

/B+ (¢ (xla -~-7$m))pdu (¢)> (2.1.3)

for every (z!,...,a™) € Ef x ---x Et. Moreover, in this case

dyr (T) = inf {C which satisfies the inequality (2.1.3)} .

Proof. Suppose that T is positive strongly p-summing. We will verify the hy-
potheses of the general Pietsch Domination Theorem. We put

G=K

H=L(E,.. E,;F)

Z=FEf x---xE}

K=Bf . . .
(E1®r-@r Em)

Ty = (O, ,0) .
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The notion of positive strongly p-summing multilinear operator is precisely the
concept of R — S-abstract p-summing, where

R: B(+E1<§,,.--e§,,Em)* X Ef x - x Ef xK—[0,00)

R (g, (&™) ) = A (g (&, o 2™))

S:L(Ey,..EF)x Ef x---x Ef x K —[0,00)
S (T, (ml, ,a:m) ,)\) = |\l HT (xl, ,xm)

Y

here, R and S satisfy the conditions of full general Pietsch domination theorem.
Then the result follows immediately. ]

We need a small review about R — S-abstract p-summing.

Let X,Y and Z be (arbitrary) sets, H be a family of mappings from X to Y, G
be a Banach space and K be a compact Hausdorff topological space. Suppose
that the maps

R:KXxZxG—10,00)

S:HXxZxG—10,00).
be mappings so that:
. For each f € H, there is xq € Z such that

R (p,x0,b) = S (f,z0,b),
for every p € K and b € G.

. The mapping R, : K — [0, 00) defined by R, (¢) = R (¢, x,b) is continuous
for every x € Z and b € G.

. It holds that, R (p,z,nb) < nR (¢, 2,b) and nS (f,x,0) < S (f,x,nb),
forevery pe K, x € Z,0<n<1,beGand f € H.

Definition 2.1.3. [/6] Let R and S be as above and 0 < p < co. A mapping
f € H is said to be R — S-abstract p-summing if there is a constant C; > 0 so
that

(%suxawﬂPSCwm(iwaamﬁp,
pam) pek \j=1

for all xt,...,2™ € Z et b',....b™ € G. The infimum of such constants C; is
denoted by mrs, (f) -

Theorem 2.1.2. [/6] Let R and S be as above, 0 < p < 0o and f € H.Then
f is R — S-abstract p-summing if and only if there is a constant C' > 0 and a
reqular Borel probability measure p on K such that for all x € Z and b € G,
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500 <0 ([ REp0) uls)
Moreover, the infimum of such constants C equals wrs, (f).

Proposition 2.1.2. Let T € L (FE, ..., Ey; F) is positive strongly p -summing

.....

weak star topology, and a constant K > 0,such that the inequality

B =

|7 (2, ...a™)| < K S @t ) du(d) |

B
L(Eq,..., Em)

for every (z!,...,a™) € By X -+ X E,,.

Proof. For convenience, we prove the inequality for m = 2 only. Let (z,y) €
E, x E,, and by Theorem 2.1.1, we have

IT(z, y)|| = IT(z" =27,y —y)||
[ () -7 () -7 () 7 )|
<o () + [ )+ I )+ o)

<a| [ ety yae) | +Gf [ ety du)

+ +
BE(E1,E2> Bﬂ(ELEz)

P

D=

<G| [ ey | +a| [ 6@y )V o)

+ +
BE(ELEQ) BL(ELEQ)

<k | [ (@l lyh)yduls)

BZ(ELEQ)
To prove the converse, just apply Theorem 2.1.1 for (z!,....,2™) € Eff x - -+ x
Et. O

Proposition 2.1.3. If 1 < p < q < oo, then
LU (B, Egy F) C LY (B, oy By ) and dF(T) < d7F(T).

SS,p 88,9

3=

3 =
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Proof. Let T € LIV (Ey, ..., Ep; F). Then by (2.1.3)
m m p
[r (e s | [ (o)) o)
BZ(El ..... Em)
m m q
S ds,];‘r (T) / (¢ ([E17 A x )) dl/[/ (qzs) 7
BZ(El ,,,,, Em)
such that for every (z!,...,2™) € Ef x --- x B},
This implies that T' € LT (B, ..., E; F) and d7'f (T) < d7y (T) . O

Here is another important result.

Proposition 2.1.4. Let 1 < p < oco. Let Ay : Fy X -+ - X Ep, — Fy, .. Ay
Eipm X xEp — FyandT : Fy X - - x Fy, = F be non null continuous
multilinear operators. If all Ay, ..., Ay are positive strongly p-summing, then
T o (Ay,...,Ax) is positive strongly p-summing and

k
Ay (T o (Ars o Ap)) < TN TLAT (A7), for (1< < k).
j:

Proof. From the domination theorem, there exist regular Borel probabilities
1 on By = BZ< sy iy 00 By, = BT

Bupo B, ) (v oy ) such that for each

(a',..a™) e B x - x Bt (¥ a™) e Y, X B

1

p

m my m p
14y (2! o™ || < AT (A1) /(gbl (" ™))" dpar (61)
1

1
p

1A (M Fmer, 2™ ) || < d (Ay) / (on (2, 2m™) dpn ()

k

Fubini’s theorem gives that, for each (z',...,2™) € Ef" x --- x E} .
k p
Ay (2, 2™ A e, a7 < Tz (Ay) (2.1.4)
j=1

) [ [ (on (2 a™)) G @) d i XX ) (61,0 0)
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Let 1 <i<nand (z,..2") € Ef x---x E} . Since

i

1T 0 (A, o A) (@h oo a7 < AT AL (2 2 - || Ag (2777 2™

By (2.1.4), we find

- 1/p k
(ZIHTo(Al,...,Ak) (... 2™) ‘P> <||7| Hldgj; (4)) (2.15)
= s

n » 1/p
X (Z [ (¢1 (z}, .., x™) ey (I;+m’“’1, ,xf“‘) )d(ul X - X ) (éq, ...,d)k)) )

i=1B1 XX By,

For (¢1,...,¢) € By X -+ X By we define oy @ -+ - @ ¢ : By x --- X Ep,, — K
by

(1@ @) (. x™, T ) = ¢y (xh, L a™) e gy (2T L )
Then

MR QP € L(EL, ... B ), ||p1 @@ bk| < o]l -+ ||kl

and

n /
(Zgbl (b, cesa) - gy (2™, ...,a;;”k)p>1 ’ (2.1.6)
=1

n 1/p
= <Z (¢1 K- & ¢k) (%17 ’x:nk)p>

=1

< sup (Zn: ((¢1 Q- @ dp) (a:ll, ...,x?k))p>; .

1@ @deBT
E(El ..... Emk>

Using (2.1.6) and the fact that puq, ..., ux are probability measures , by (2.1.5),
we get
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[y

- 1/p k
(S lro G (o)) < AT T (1)
1= =

x sup (i (610 @) (3t ...,ﬁk))”)é

$1®-@¢LEBT
L(E

Then from Definition 2.1.2, T'o (A, ..., Ax) is positive strongly p-summing op-
erators.

]

2.2 Ties with other known classes of summa-
bility

Our main results of this section, is to analyse some connections between the
different classes investigated earlier.

Theorem 2.2.1. Let 1 <p <oo. If T € L(E1, ..., Ey; F) is such that T* is a
Cohen positive strongly p*-summing linear operator, then T is positive strongly
p-summing multilinear operator.

Proof. Suppose that T* € L(F*; L (Ey, ..., E,)) is Cohen positive strongly p*-
summing linear operator. We have by (1.6.2)

n

i < g ) (S )"

aw (30 <¢>>p)‘l°

L(ByseBm) V=1

-\ 1
Let now (xq ) e Ef (1 <j <m). We consider the linear form

]

Ljoeer®y Tjoeer®y

T( L) L(E, ..., E,) — K defined by T( ) (¢) = ¢ (x},...,aT).

We have
TRy <T*<y:>,T(mg, )
=1 =1
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Taking the supremum over all sequences (y;);_, with (i v )r% <1, we
i=1

obtain

= 0 lwz || <1
=1
n 1
1 p\*
< d;* (T*) sup (Zgb (xl, ,:E;n) )
¢€BZ(E1 ,,,,, Em) =1

Then, T'is positive strongly p-summing and d’" (T) < df (T%).

Open problem. Is the inverse true?

Proposition 2.2.1. Let T € L(Ey, ..., Eyn; F) and R be a positive operator in
L(F,G). If R is positive p-summing, then RoT is positive strongly p-summing
and

dl'f (RoT) <7} (R)|T].

Proof. Let R be an operator in H;;(F, (), from Definition 1.6.1 we have

HROT (:vzl, ...,x%”)”p < 7T;_ (R) sup <Zn: <T (xll, ,x;n> ’y*>p> 1/p

$€BL by ... V=1
So RoT € LU (EN, ..., B G) and dYf (RoT) < my (R) ||T]. O

For our next result, we need a reminder on the positive projective tensor norm
found in [19, 29].
The projective cone on the tensor product £} ® - - - ® E,, is defined as:

Ef®~~®E;§:{im}®~~®x?‘:x{€EJ~+, j=1,...,m, nEN}.
i=1

The positive projective tensor norm on F; ® - - - ® E,, is defined as:
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J
xT;

= { £ £ |
i=1j=1

. n
:a:ﬁeE;“,nEN,Mg230}@---@3:?},
1=

for every u € F1 ® ---® E,,. By E1®|7r| e ®|W|Em will denote the complete
positive m-fold projective tensor product of E1, ..., E,, (Fremlin projective tensor
product). Then E1®|w\ e @)WEm with the above norm, is a Banach lattice; we
will use the next notation F = E1®‘ﬂ| e ®‘,T‘Em.

Every T € L(FE\, ..., En; F) has an associated linear operator T), € L(E;F)
defined by Va7 € Ef (j = 1,...,m), Ty (z' @ ---®@a™) = T(z',...,2™) (See
[19] for details). Let ® : By x - -+ X E,, — E denote the canonical m—linear
operator, that is, ® (z!,...,2™) = 2! ® - - - ® 2™. Then,

T=T0Q. (2.2.1)

Corollary 2.2.1. Let 1 < p < co. If Ty, € ILI (E; F) then T € L7 (B, ..., By F).

SS,p

Proof. It Ty, € H;{(E; F) and the fact that T = T}, o ®, by above proposition,
T € L7(E), ..., Ep; F) and d™F (T) < 7t (Ty). 0

SS,p

Open Problem. Is the opposite implication in the last corollary true?
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Chapter 3

Multiple Cohen positive strongly
p—summing m—linear operators

In this chapter, we introduce the new class of multiple Cohen positive strongly
p—summing operators and compare it with the class of Cohen positive strongly
p-summing m-linear operators [14] and positive multiple p-summing m-linear
operators [18], by giving a generalization to Cohen’s theorems [23], as well as,
investigating a relationship with the class multiple Cohen positive p-nuclear
operators.

3.1 Multiple Cohen positive strongly p-summing
operators

In this section, we give the new notion of multiple Cohen positive strongly
p—summing operators, as a prototype of the multiple Cohen strongly summing
operators initiated by Campos in [21] and motivated by Matos in his famous
paper "Fully absolutely summing and Hilbert-Schmidt multilinear mappings”
[37], as well as studying inclusions and coincidences with some known spaces.
All along this chapter the Banach space I’ we be finite dimensional.

Definition 3.1.1. Let 1 < p < co. Anm—Ilinear operatorT : X1 x---x X, —>
F' is multiple Cohen positive strongly p—summing m—linear operator, if there
is a constant C' > 0 such that for any, n € N*, yi ;€ F** and any xfj € X;
suchthat1 <j<m, 1<i:<n 1<¢<n

n
Z | < T(m}l,...,x;’;),yz‘l ..... i > |

i1,eim=1

[n

p* ,weak (F*) :

The class of all multiple Cohen positive strongly p—summing m— linear operators
from X x -+ x X, into F' is a Banach space denoted by D]T“”JF(Xl, oy Xy F),
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with the norm d;”"l““(.) given by the infimum of constants C' verifying the above
inequality .
The next remark is equivalent to Definition 3.1.1, which we need the most in

Section 3.

Remark 3.1.1. Let T : X1 x ---x X,,, = F, then T is multiple Cohen positive
strongly p-summing m-linear operator if and only if, there exists a constant
K > 0 such that the following inequality holds

n

Z |<T( 117- 9 zm) yzl, im >|

ilr--vinL*l

(F*)

p JJweak|

< K (H || z = 1||p) ||(y;<1, im )?1, Sim=

Joranyn € N*, yr . € F" and any xfj € Xjsuchthat1 <j<m, 1<¢<
n 1< <n.

For the first part, let , yf . € F* and a:fj € X, such that 1 < 57 < m,
1 << n.

n

o < Ty, 2l) Y5 i > |

1seim=1
n

- Z | < T( 117 ) zm) yz1,. im y;l_,...,im >

i17"'7im 1
n

S Z | < T( z17 ) zm) y;kl—t..,im > |

i1yeim=1

+ Z ’<T( 117 °) ’Lm) y’bh ,’L >’

1 peim=1

m
< K( H(:U?)?:al) (7 F
7j=1

3 é; wear F)

+ K (ﬁll\(aﬁ?)?zll\p) Yy i )issim=a e (P9
i=

<2K (ﬁl\l(ﬂc{)?ﬂHp) Y i D im= e )
=

<2K (ﬁl\l(fﬂf)?lep) 1 i i cim=t sy ()
=

=C (ﬁll\(ﬂrf)?zlﬂp) i =1 -
=

The second part is obvious from the formula (1.2.1).
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Example 3.1.1. Fvery finite type m—linear operator from X1 x --- x X,, into
the finite dimensional Banach lattice F, is multiple Cohen positive strongly
p—summing m—linear operator.

For any y;, . € F** and x:fj € Xj such that 1 <j<m, 1<1i<n andany

Him

QﬁjEX}‘,bGF.

n

Z ‘<¢1 ®¢m®b( “7-7 1)3’/11, ,7, >|

i1yerim=1

<@+ ® 6w @by, oo, DW= |

< Hb” H H¢] 1 1”PH<yz1, ,zm)zl, im=

(F)-

< HbIIHII% Jicllpll (Wi, Vi im=

p ,2weak

Hence  d)"™" (1 @ -+ @ ¢y @ b) < [0 |01 .- | Dl

Inclusion and composition theorems

Theorem 3.1.1. Every Cohen positive strongly p—summing m—linear operator
is multiple Cohen positive strongly p—summing m—linear operator and

mul m
Ayt < dyT().

Proof. By the domination theorem of Cohen positive strongly p—summing
m—linear operators. [14, Theorem 2.5] T' € D' (X, ..., X;,, I) if there are a
constant C' and Borel probability measure p on Bf.. such that

1
pr

| < T(a',.2™),y" > | < Clla . ]l2™]] / <y, >" du(o)

B

forall 27 € X; and y* € F**  j=1,...,m.
Giving n € N*, we have

1
pr

b W) i > | SOl llz | [ < 06> dii(9)

BF**

| < T(x;
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for all x{] cX; 1<j<m, 1<y, ..ip <nandanyy; ; €F, then

n

> <T@ 2 ) v i > |

i1yeim=1

3

<C Y ekl | [ <y 0> dulo)

i1seim=1 Bt
F**

Using a general form of Holder’s inequality

n

Z ’<T( 117' *) ’Lm) y’Ll, ,’L >’

1 peim=1

1
3

sc(} > (e e ||)) > [ <6 du(o)

i1yeenim=1 7
BF**

(an ||p) -.-(ansznp) Y[ <t dut)

1 im =1 =1
11 Tm Tm B;**

3

n

< Cll()iz llp--- )il / > <Y 0> du(9)

Bt 01 5eesbm=1
F**
1

n p*

< Ol N@ s | sup 32 <y .9 >p*)

d)EB;** ’L'ly 7im:1

<C||( z)z 1||P ||(‘/E;m)z 1||p||(y21, ,zm)zl, .

(F*)

p ,2weak

and thus T € Dy (Xy, .., X F). O

Next, we investigate composition and inclusion relationships for our class of op-
erators. But first we take advantage of the definition of Cohen positive p-nuclear
m-linear operators initiated by Bougoutaia et al. [16], we define similarly the
multiple Cohen positive p-nuclear operators as follows.

Definition 3.1.2. For 1 < p < oo, an m—linear operator T : E; X - - - X E,,
— F'is called multiple C’ohen positive p—nuclear if there exists a constant
C > 0 such that for any (x7)7_ C E; (1 <j <m) and anyy;, ; € F*, we
have

*
H< 21" ’ 1m ’yil ----- >

e <O TG 10 e

p \weak\(F*).

(3.1.1)
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Moreover the class of all multiple Cohen positive p-nuclear operators from FEq X
- X By, into F, is denoted NJ™(Ey, ..., By F). It is a Banach space with
the norm nl"™*(.), which is the smallest constant C such that (3.1.1) holds.

Theorem 3.1.2. Let1 < p,q,7r < o0 wz’th% = %jﬁ, if S € DgL“l”(El, iy By )
with Fis finite dimensional, and T; € I} (D;, B;) with 1 < j < m, then
So (Tl, 7Tm) € N;nult—i—(Dl, ceey Dm; F)

Proof. Take T; € 11 (Dy, E;) with 1 < j < m, from the domination theorem
for positive summing operators [1] there is y; € BBJ_ such that for every x € D;,
we have

Q=

ITy@) < 7 () | [ o) dps(o)

we take

[ 16l du;(o)

for 1 < 57 <mand 1 < i < n, without loss of generality we may consider
Tj(x]) # 0, for all 1 < j <m and 1 <4 <n. Hence p; > 0 and we can define

j
i
7

z = p Now, for aq, ..., a, € K with Z\az|p <1, s1nce—~|— +f—1 we can

1

use Holder’s inequality in order to wrlte

n . n »* »* 1 — -
1> olaiz))] < Z |a;| = |a;] @ 7|¢($§)|q|¢(9€‘3)|”
=1 i=1 j

IA

1

o

Q=

i=1 (Pz) i=1
|a;

(%
(3w geetr) (Bt

IN

>l ) (iw*iqw(wzw); > |¢<xz>r);
> Jaf
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Thus

1> aTi(=D)] = 113 Tz
=1 =1

@) | [ 15 e (o)
St o [ et (Il .)°

B+
Dj

0 (1l )

Hence, by Krivine’s calculus

T3

ITED < 75T (1D le..0)

Now, for g7 , in F** we have

Z | < S(Tl(mzll)w 7Tm(xm ))a yzﬁl,l..,im > |

im

< [IS(Ta(z;,

)
< 1 ST e TN i
< I VST ) e TN o
D e Y IS TS A P
<a () (8 0hest)?) TIGEI 0L il
< aprs() BN B @) (1l )P 166, sl

r* weak (F*)

m ryr
< @i+ (9) T (@) (1@l )P 0l
j=1
m
< dy "™ () TT ma( T e 1)t e )
J=1

Therefore, S o (17, ...,T,,) is multiple Cohen positive r—nuclear operator. [
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3.2 Cohen’s-type theorems for multiple posi-
tive strongly p-summing operators

In this section, we investigate inclusions between the the class of multiple posi-
tive p-summing and multiple positive strongly p-summing operators. By giving
the Cohen’s-type theorems [23] in the positive multilinear situation.

Theorem 3.2.1. Let rq,....,7, € N* and 1 < p < oo. Let T be a multilinear
operator form L3} X - - - x 7™ into the finite dimensional Banach lattice . Then,
T belongs to At (er, .. Comy F) and Dy (o, 0o F) with dH(T) <
Ay (T).

Proof. Let the multilinear operator T' : £' x --- x i~ — F, T is finite type.
Thus obviously T is in AZ}P“(E” . ,E;’”, F) and from Example 3.1.1, T is in
Dyttt (e, .. 0rm: F). Let now (ex, )y i—1 be the standard basis for 0 1<
7 < m.

Since T is positive multiple p-summing, then

1

T1yeeesT'm p* m
Z ||T(€k1’ "'76km) P H ek p ,2weak

E1yekm=1

Let (x} xt) € £} X -+ - x £rm such that xiﬂ = kz @ij,ijekj andy, ., €F*"

217 ceey

n

Z | < T( '517’ ""Ezﬁ:n)’y;,...,im > |

i1yeim=1

n T1y-sTm
1
< Z Z | < T(akl,ilekm ey aszz‘mekm)a y; ..... im > |

i1yerim=1 \k1,...km=1

< > > (laksam il < Tlen, o er,) Ui > 1)

i1 yerim=1k1,....km=1
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If 1 < p < oo, by the Holder’s inequality we obtain

n

Z ’<T( 7,17'7 ’Lm) yl1,, >‘

i1yeim=1

TLyeney Tm % Tlyeeey Tm * pi*
*
I -

1
<(, 5 tebladn ||)< 5 ek ) ) 10,02
1 k1

aaaaa
~~~~~ m=

(F*)

p ,weak

1
p

) (Zﬁ WHP) T

(F)-

p ,2weak

This implies that d7"*(T) < Ap-(T).
Ifp=o0

n

Z |<T( 11" ° Zm) yzl, >|

i1,eim=1

T1--sTm
< sup sup |a,€1 i i ( Z > | < T(Crysvs Cho)s Vi, > |)

1<i;j<n 1<k;<r; 11yeeim=1k1,....km=1

T15--5T'm

< sup H|| sl D2 T Cerys o en Wi i )i izt e (P9
ktyeoom=1

gAl H z 1”[7H(y11, im )Z,.,.,zm—luf?weak(F*)

we obtain d™%*+(T) < Ay(T). This completes the proof. O

Let 1 < p < oo and let A > 1. The Banach space X is said to be an £, y-space
if every finite dimensional subspace Y of X is contained in a finite dimen-
sional subspace Z of X for which there is an isomorphism v : Z — (4™ with

o||[[vTt] < A\. We say that X is an L£,-space if it is an L, y\-space for some
P p,
A > 1( see[25]).

Theorem 3.2.2. Form € N*. Let 1 <p<oo andlet E; (1<j<m) bean
L, r-space. Then

AN By, . By F) C DI (B, ., B F)

and 7" (T) < TT XAy (T).
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Proof. Let n € N*, (z} a')in By X -+ X By, and T € ATM(Ey, .., By F).

117 70 Vi
Since E; (1 < j < m) is an EI,’A—space, then there exists a finite dimen-
sional subspace M; C E; containing a finite dimensional subspace spanned
by @ ,...2" and an invertible operator S; : l7 — M; (DimM; = r;) such

that [|S][[1S; | < A;.
Consider the following diagram

E, X oo X E,, T F
by Fim |
Ml X oo X Mm (51,-+5m) ﬁ;l X oo X f;m

o Yo

span {x%l,...,x}“} XX span {me,...,wnmm}
where i; and k; for (1 < j < m) are the canonical inclusion mappings and the op-

erator T is defined by T'= T'(i1 054, ..., ip, 0 S,,). Since T' € A;’i“”(El, ey B F)
then

Ap(T) < Ape(T) TT IS5
j=1
therefore, using the previous theorem, we have T € D;”“”*(E;l oy €y F) and

a (T) < A, ah (T

If we let zf] = Sj_lxzj in ¢ and yj, ;€ F*F

n n
Z ‘<T( 117'7 Zm> yzl,, >’: Z |<T<7,17'7’Lm) yll,, >‘
i1y =1 i1yim=1
< Ay (DN Dzl NGl 105 )b izt e )
H 1S5z )izl 125" )i (1Y, i )3 =t e -
Since zf] =55 1301 , we obtain
n
Yoo <T@, xl )y > | <
01 yeeeytm=1
m
TT 28 (D @izl @il (Wi )E il )
j=1

Therefore, T belongs to Dy (Ey, ..., Ey; F) and d*"(T) < ﬁ N (T).
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3.3 Connection with tensor product

In this section, we endow X; ® - - - ® X,, ® I’ with a norm in such way that its
topological dual is isometric to the space of multiple Cohen positive strongly
p—summing m—Ilinear operators from X; x --- x X, into F.

Definition 3.3.1. foreachz€ X1 ®---® X,, ® F

p \weak|(F) }
n

where the infimum is taken over all representations z = > Ny . % @
i1 yeemsim=1
@I B Yiy,.i
Proposition 3.3.1. The application z + 6, () is a norm on X1 ®- - @ X, @ F.

Proof. The proof of this proposition is similar to the proof of [53, Proposition
2.1]. O]

Proposition 3.3.2. The topological dual <X1 R X, QF*, 5;)* of
(X1 R X, F*, 5;;) is isometric to D" (X, ..., Xpn; F) through the map-
ping or.

Proof. Forany z = > A . “® Q@

. im
11 5mensbm =1

®y;<1,-..,i nmX;®.0X,QF*

m

we have
n
* 1
e = | 5 Nty (T, )
i1 yeeytm=1
Ot il (VD) 108 il

Hence for each z we have |¢r(z)| < dJ*™*(T)d,f (2).
For the other direction, let (/\iu im )i =1 C R, (xf])gzl cCX;(1<j<m)

-----

| Z Nit i, (T (@55 s 230 ) = |67(2))]

il: 774'm—1

S ‘|¢TH5+ Z )\7/17 :Zm 11 ® ® xZLn ® y;'kl,...,’im)

U1yeetm=

p JJweak] (F*) :

]
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Chapter 4

Cohen positive strongly
p—summing and p-dominated
m~-homogeneous polynomials

This Chapter includes three sections, in Section 4.1 we introduce the class of
Cohen positive strongly p-summing m-homogeneous polynomials, characterize
it with a Domination Theorem and prove that this class is related to different
classes of p-summability ( IL%. (E, F), Dit (" X; F), DS (&, ,X; F)), by means
of the adjoint operator, the associated symmetric m-linear operator and the
linearization of these polynomials. Section 4.2 is essentially dedicated to the
study of positive p-dominated m-linear operators and polynomials. It includes
our main theorem (The Bu-type theorem) which serves as a focal point in
the proof of the relationship between positive p-dominated polynomials and
those defined in Section 4.1. We end this chapter by giving example and some
applications.

4.1 Cohen positive strongly p-summing
m~homogeneous polynomials

In this section, we give a natural generalization of the notion of Cohen positive
strongly p—summing to the category of homogeneous polynomial mappings.
As in the multilinear case, there is an analogue connection between polynomial
mapping and its linearization and associated symmetric m—linear operator.
The next definition is due to D. Achour and Kh. Saadi in [3].

Definition 4.1.1. Let 1 < p < 4o00. An m—homogeneous polynomial P :
X — Y s Cohen strongly p—summing, if there is a constant C' > 0 such that
for any xy,...,x, € X and yi,...,y; € Y™,

=

S P < € (S hal™) s l0F g - (@)

=1 i=1
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The class of such polynomials is denoted by Pconyp ("X, Y), it is equipped with
the norm d,, (.), i.e. the smallest constant C' such that inequality (4.1.1) holds.
For p =1 we have Peopa ("X;Y) =P (MX;Y).

4.1.1 Definition and characterization with Domination
theorem

Now, we introduce the notion of Cohen positive strongly p—summing m— ho-
mogeneous polynomials and we study some fundamental properties.

Definition 4.1.2. Let 1 < p < +00 and m € N. An m—homogeneous polyno-
mial P : X — F is Cohen positive strongly p—summing, if there is a constant
C > 0, such that for any 1, ...,x, € X and any yi, ...,y € F*,

o () (4.1.2)

S (Pl y)| < € (Z Hxiu’”p)p ()

i=1 =1

The class of such polynomials is denoted by Péohp (mX; F). Itis a Banach space
with the norm df (.) which is the smallest constant C such that the inequality
(4.1.2) holds, for p =1 we have Pg,,  ("X; F) =P ("X; F).

Remark 4.1.1. Fiz m € N, an m—homogeneous polynomial P : X — F' is
Cohen positive strongly p—summing, if and only if, there is a constant C' > 0
such that the inequality

Xn: [(P(z:), 97| < C (i H%HW’)p wp (Y7 )iz1) (4.1.3)

i=1 i=1

holds for every x1,...,x, € X and yi,...,y: € F*T.

Proposition 4.1.1. (Ideal property). Let P € P("X;F), S in LT(F;QG)
and R in L(Y; X).

If P is Cohen positive strongly p-summing polynomial, then SPR is Cohen
positive strongly p-summing polynomial and df (SPR) < df (P)||R|™|S]|.
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Proof. Let (x;)?_, C F and (y)™, C G**

S| <SPR(x)),y; > | =3 | < PR(x:),5"(y) > |
i=1 i=1
<@ (P) (Z HR(:U@-)HW’> up (Z < Sy >p*)
=1 y**EB;** i=1

m - m P n . S**<y** . pi*
<azeas (S i) s (35 <o S o)
=1 i=1

y**EB;**
1 1
n P n N p*
< ar(P)RI™S| (Zuxium) sup (z<y:,so>p) |
i=1 @EBL.. \i=1

Thus SPR is Cohen positive strongly p-summing polynomial and
d, (SPR) < d, (P)|R[™(|S]-
]

Next, we present a version of Pietsch’s Domination Theorem, for our class of
polynomials.

Theorem 4.1.1. (Domination Theorem). An m—homogeneous polynomial
P : X — F is Cohen positive strongly p—summing (1 < p < 400), if and only
if there is a Radon probability measure u on Bf.. with the weak star topology,
such that for all v € X and y* € F*, we have

1/p*
(P < Clal” ([ (1P ae)

F**
In addition, in this case

dr (P) =inf {C >0, for all C verifying the inequality (4.1.4)}.

For the proof of this theorem, we need to give a small review about R — S-
abstract (p, p*)-summing operators.

Let X,Y and Z be (arbitrary) sets, H be a family of mappings from X to Y, G
be a Banach space and K be a compact Hausdorff topological space. Suppose
that the maps

R:KxZxG—[0,00)
S:HxXxZxG—[0,00),
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satisfy

e Foreach f € H, thereis an zyp € Z, such that R(p, x¢,b) = S(f,z,b) =0,
for every p € K and b € G.

e The mapping R,;, : K — [0,00) defined by R,;(¢) = R(p,x,b) is
continuous for every x € Z and b € G,

e and R(p,z,nb) < nR(p,z,b), nS(f,z,0) < S(f,z,nb), for every ¢ € K,
reZ,0<n<1,beGand feH.

Definition 4.1.3. [/6] Let R and S be as above and 0 < p < oco. A mapping
f € H is said to be R— S-abstract p-summing if there is a constant C' > 0 such
that

S =

(i S(f,xj,bj)l’) < C'sup (m R(QO,xj,bj)p>

peEK \ j=
forall x,...,x,, € Z, by,...,b,, € G and m € N*.

Theorem 4.1.2. [/6]. Let R and S be as above, 0 < p < oo and f € H. Then
f is R — S-abstract p-summing if and only if there is a constant C' > 0 and a
Borel probability measure p on K such that

S(f,z,b) <C ({/R(gp,x,b)pd,u) '

forall x € Z and b € G. Moreover the infimum of such constant C' equals

WRS,p(f)-

For our proof we also need to recall the Theorem 4.6 in [46].

Theorem 4.1.3. [/6]. A map f € H is Ry,..., Ry — S-abstract (p1, ..., pt)-
summing if and only if there is a constant C' > 0 and a Borel probability mea-
sures pu; on Kj, such that

t Pj

S(f, W, .2 M p) < C 11 /Rj(w,:c(l), ...,x(r),b(j))pjduj ,

forallz® € Z,, 1=1,...,r and b9 € Gj; with j =1,...,t.

Proof. (proof of the domination theorem). Suppose that P is Cohen pos-
itive strongly p-summing polynomial, by choosing the parameters
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t=2 and r=m-—-1

Z=X

K, =BY. and K,= Bf.
G=F

¢g=1 q=p and ¢ =p
H=P(MX,F)

S(P,z,y*) =| < P(x),y* > |
Ri(p, ) = ||=|™
Ra(p, 7, y%) = (#ly*])-

We can conclude that P : X — F'is Cohen positive strongly p-summing, if
and only if P is Ry — Ry — S-abstract (p, p*)-summing. The previous theorem
tells us that P is Ry — Ry — S-abstract (p, p*)-summing if and only if there is
C > 0, and there are probability measures p; on Ky, k = 1,2 such that

C(/ Ry, 2,y )" dps

1
p*

hSA

S(Pxz,y")<C (K/ Ri(p, z)Pdpn

ie.,

s
S

| < P(z),y">|<C / ||| dpiy / (ely* )" dpe
BY. B

1
p*

<Ol | [ Cely e

B

Proposition 4.1.2. Consider 1 < p; < ps < 400.
If P € Plopp, ("X F) then P € Pl ("X, F) and df (P) < df, (P).
Proof. Assume that P € Pf,, . ("X;F), the Pietsch domination Theorem

4.1.1 provides a Radon probability measure p on Bj.. such that for all z € X
and y* € F* for which
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1/p3
[(P(x),y")| < dy, (P)||=]I™ / (ly"| (™))™ dpa (y™)
B e
1/py
<ds, (P)el™ | [ (w1 ) du ()
B
So, P € P¢,,, ("X, F) and df (P) <df (P). O

4.1.2 Associations with different classes of positive p-
summability
the upcoming is the study of the adjoint operator, the associate symmetric,

and the linearization of Cohen positive strongly p-summing m-homogeneous
polynomials.

Proposition 4.1.3. Let 1 < p < 4+00. The m—homogeneous polynomial P €
P ("™X; F) is Cohen positive strongly p—summing if and only if, P* is positive
p—summing and we have df (P) = ). (P*).

Proof. Suppose that P € Pé’ohm ("™ X; F), we have by (4.1.4)

3

< Pa)y > | <diP)lel™ | [ ('l duly™) | forae X,y € F*.

B

Taking the supremum, we obtain

1
p*

swp [PGI@] AP | [ (1) duty)

Then

1P <l ()| [ (') duty™)

B

By the Pietsch domination theorem in [1, Proposition 3.4], P* € IT. (F*,P ("X)).
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Conversely, let P* € ILL. (F*,P ("X)) we have, for z € X and y* € F*,

| < P(z),y" > [ =[P (y")(2)|
< 1P )l l™,
using the Pietsch’s domination theorem for positive p*-summing linear opera-
tors, we obtain

1
*

[(P(x),y")] < Cl=|I™ / 1y 1y )P dpu(y™)

B

PePt, ("X, F). O

coh,p

Proposition 4.1.4. If 1 < p <+

PCOh,P (mX’ F) g 7Dé’roh,p (mxv F) :
Proof. Take any P in Peon, ("X F), hence its adjoint operator
P*is in IL« (F*,P ("X)) by [50, Proposition 1], and egain by [12, Proposition
1] P*is in ILL (F*, P (™X)), then P € Pg,,, ("X F). O
Proposition 4.1.5. The following properties are equivalent:
i) the polynomial P € P(™X; F) is Cohen positive strongly p—summing,
i1) its associated symmetric m—linear operator Pe L(MX; F) is Cohen positive
strongly p—summing.
Proof. Suppose first that P is Cohen positive strongly p—summing, let x4, ..., z, €
X and i, ...,y € F'*, then

n n

i=1 i=1
1
~ n P
< d, (P) (Z ||1’z‘||mp> 1)izallen. o ()
i=1

~

Therefore, P is Cohen positive strongly p—summing and d} (P) < df (P) :
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Conversely, suppose that P € Pg,;, ,("X; F). Let 27 € X such that [2/]] <1
(1 <j<m)andy* € F* we have by (1.3.1)

1 m A
= €10 €m P €;x’ ,y*>
<m12m 5]21 : (]gl ’ )

1<j<m

(P (2", 2™ ")

1
< > <P<Zejx>,y*>’, by the Domination Theorem
m!2m6_7':.:|:1 j=
L ar(p)| S| (Jae (5l ) die(y)
T ml2me = P = B
1<j<m
m . m " 1/p*
+ * *x\\P *%
< @) 5 (B 100) (.. (71670 i (57)
1<j<m

. 1/p*
< o P2 ([ ) )

ok

mm . 1/p*
<Mhar ) ([ e )

JakEs

Therefore for every 7 € X (1< j <m) 27 #0 , we have

(P (g o) )] < s 20 (1 (y**>>1/p*.

fj il ( L. 1) du <y**>)l/p* .

F¥*

By [14] , P is Cohen positive strongly p—summing, furthermore
+ meo+
d} (P) <M oy d (P).

]

Corollary 4.1.1. Let 1 < p < oo. If the polynomial P € P(™X; F) is Cohen
positive strongly p—summing then its associated symmetric m—linear operator
Pe P("X; F) is multiple p— convez. If the polynomial P € P(™X;cy) is Cohen
positive strongly p—summing then its associated symmetric m—linear operator
P is in L(™X; co).

Proof. The proof of this corollary is an adaptation of the proof [14, Proposition
3.3]. ]
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Proposition 4.1.6. Let 1 < p < oo. Let P : X — F be a m-homogeneous
polynomial and Py, its linearization. The following propreties are equivalent

(i) The polynomial P belongs to PL, ("X;F) .

coh,p
(ii) The operator Py, belongs to D (&, X; F).
(iii) There exist a Banach space Z, u € D (Z,F) and Q € P("X;Z) such
that P = u(@.

Proof. (i) = (ii) Suppose that P is Cohen positive strongly p-summing, let

v € @ X such that v # 0 and y* € F* and suppose that v = > 7, ® -+ - @ 1;
’ =1

then

| < Pr(v),y" > | < Z| < Pz ooy my), y* > |
i=1

3=

<)l | [ ol

Y-

=aE PV el | [ (i)

B

Taking the infimum over all represents of v we get

1
p*

< Puw)y' > < dE Pl | [yl

B

and by [1, Theorem 4.13| Py, is positive strongly p-summing.

(1) = (d4i1) We have the result directly from the factorization P = P o d,,
such that d,, is the canonical polynomial d,, : X — & X defined by d,,(z) =
@M.

(44i) = (i) Assume that there exists a Banach space Z, u € DS (Z, F) and
Q € P("X;Z), such that P = u@. Then

Q@) < @Il
By [1, Theorem 4.13]

1
p*

[ <ule)y > | < i@l | [ (g1 duty™)

B
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Then
| < P(z),y" > [ =] <u(Qx)),y" > |
L
<df @@ | [ (vl duty™)
B
%
< d, (W) |1QIll|]™ / (ly*1Cy™))" duly™)
B
and according to the domination theorem P € Py, ("X;F). O

4.2 Positive p-dominated m-homogeneous poly-
nomials

In this section, we give a natural generalization of the notion of positive
p—dominated to the category of homogeneous polynomial and the m-linear
operators.

4.2.1 Positive p-dominated m-linear operators

Definition 4.2.1. An m-linear operator T : Fy X --- X E,, — Y s positive
p-dominated if there is a positive constant C' > 0 such that

m
P

(Z !IT(fff},..w:r?@)IIi) < Cli(@)icaller
i=1

p,|weak|

&)@ )iz [l en

p;|weak|

(Em)

(4.2.1)

for all (x])r_, C E;, 1 < j <m and m € N. We denote LY (Ey,...E;Y) the
space of all positive p—dominated m—linear operators and the infimum of all
constants C' verifying (4.2.1) is denoted 7% (T). For all p > m, n@* is a norm
on £§+(E1, .En;Y), whereas for p < m it is only a quasinorm.

For m =1 the space of all positive p—dominated operators is nothing other than
the space of positive p-summing operators.

We should stress out that the above definition makes sense for Banach spaces
Y, but the more interesting case occurs when we consider a Banach lattice
F. Since this assumption allows to establish an inclusion relation between the
classes of positive dominated multilinear operators and Cohen positive strongly
summing multilinear operators and later on for polynomials.
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The next theorem is an analogous Pietsch’s domination type theorem for m-
linear positive p-dominated operators. The proof of this result is an adaptation
of that of [46, Theorem 4.7] so we do not present it here.

Theorem 4.2.1. (Domination theorem for positive p-dominated mul-
tilinear operators) An m-linear operator T : Ey X --- X E,, — Y is positive
p—dominated, if and only if, there is Radon probability measures p; € BJ},
(1<j<m)and K >0

7@, 2™ < K ] / < a0 P dpy(297)

for all 27 € E;’ Moreover, the smallest constants K is Wﬁ*(T).

The relationship between positive dominated multilinear operators
and Cohen positive strongly summing multilinear operators

The following theorem is a version of the Bu-theorem [18], in [2] Achour and
Mezrag proved an inclusion theorem between p-dominated operators and Cohen
strongly g-summing m—linear operators, in our work we prove a positive ana-
logue of [2, Theorem 3.2]. This theorem plays an important role in the proof of
the relationship between Cohen positive strongly summing and positive domi-
nated polynomials.

Theorem 4.2.2. Let 1 < p,q < co. Let (3, ....¢5™ and F' be Banach lattices.
Then

LEE(3, ., O3m s F) C DI ., (3 F) (4.2.2)
for all T € LT (05", ... 5™ F)  dH(T) < 7+ (T).

Proof. Let T € L5T(£3, ..., 05™: F), then by the domination theorem for positive
p-dominated m-linear operators, there are probability measures j; on B;;j , such

that for every (z!,...,2™) € £3' x -+ x £5™ we have
m .
7" < (D TT [ <aa > dus(e)
=gt
J

b

For every (z])7_, C £y’ for j =1,...,m and (y}), C F*, we have

ni Nm
(d,,ﬁ”) = (Z x}vklekl,..., Z T, €k )

k1=1 km=1
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then

n n N1,yeeesNm

DI < T al)yr > =201 D0 gy, < Tlehy, o ern) y7 > |-
i=1 =1 Ky, hom=1
Using Holder’s inequality we obtain

n
DI <T(ai,ai)yi > |
i=1

1

ni 9 9 % M1yeeey Nm 9
Z | zk1| Z ‘ zkm| X Z 1 | < T(ek17 "'7ekm)7y;‘k > |
1=1 Loess =

N1,...,m 1
(H Il > (1< Terys o enn) v > |2)2)

E1yeokm=1

M:

Nl
[

=1

||M:

by the multiple Khintchine inequality on the last inequality we get

n
Dol < Tlag, e al)yi > |
=1

n m MN1y.-sMm
Z H H:E]Hg i Z Ty Tl < T(€hyy s €k )5 Ui > [l L (0,1))
=1 k1,....km=1

*

m n o m ] % n N1yeeesNm % q* qi*
< Aq ZZ 11 szHq Z H zk: B ThyeThy < T(eklﬂ "'7€/€m)ﬂyi > HLq*([O,l])

by Fubini’s Theorem

n
Dol < T, al),yf > |
i=1

1

n o m . Nn1,--sNm
S Ag}g (Z H Hl‘f”q) H Z Tkl"'/rkm < T(elﬂ? t ekm)7y7?k > HLq*([O,I],Z:;*)

i=1j=1 k1,km=1

1
14y
< Ay (ZHHIL‘"HQ) Iyille, ool D0 Tt T(ers oy )L 0,1

i=1j=1 E1yeekm=1

(4.2.3)

For the quantity

Nniy...sNm

| Z They - Tho T (€1 -'-7€km)||Lq*([0,1},F) (4.2.4)

klv---ykmzl
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using the multiple Kahane’s inequality
T yeee s,
> mra(t0) ek, (b)) T(€kys s k) L ((0.1],5)
Kiyekm=1
N1 yeees T,
< KJZL‘I* Z Tk (tl)"'rkm (tm>T<ek17 X ekm) HLp([O,l],F)
k1o km=1
N7 yeeey
SESAL Yo T(re (t)ew, o Tro (tm)ern) | Ly (10.17,7)
k1o km=1
1
p
1 . n
<ait @) | [ [T [ 13 o e P | dt;
0 0o =gt k=1
o
1
m 1 1 g
<mt @ (IL] [ [ 12 @ () @) Pty
R P T
I
applying the Khintchine’s inequality
1
p
, 3
m n;
(20 < Bpais 11 | | (z|x*<ekj>|2) ()
N
053
1
p
(12) < Bym (O IL | [ oy dis(a)
=1 g
053
< B'ni*(T)
Consequently
N yeees T,
> ek T (Enys oo €k Ly 0010y < K By (T). (4.2.5)

ki,....km=1
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Combining (4.2.3) and (4.2.5) we have

n
Dol < Tl al)y; > |
i=1

ZTL

q*,|lweak| (F*)

< (Ag Ky Bp)™ i (T) (z 1 uq) T

i=1j=

thus T' € D;”*( 5ty l5m F) and d;”*(T) < (Aq*KM*Bp)ngJF(T).
And this completes the proof. O

4.2.2 Positive p-dominated m-homogeneous polynomials

Definition 4.2.2. Let 1 < p < 0o, an m—homogeneous polynomial P : E —'Y
is positive p—dominated if there exists a constant C > 0 such that, for alln € N*
and every (z;)’, C E*

m
P

<Z ||P(1:Z)wa> < C sup (Z <z >p> ’
=1

z*eBf, \i=1

we denote Py ("E;Y) the space of positive p—dominated polynomials from E
itoY, and by (5;(.) the norm defined by the infimum of all constants verifying
the above inequality, for p > m, but for p < m it is only a quasi-norm.

Theorem 4.2.3. (Domination theorem for positive p-dominated m-
homogeneous polynomials) Let 1 < p < 0o, an m—homogeneous polynomial
P . E — Y is positive p—dominated, if there are K > 0 and a probability
measure (1 on Bf. such that

IP@I <K | [ <ax>" dufa)
Bl
for every x € E*. Moreover, the smallest K is 67 (P).

In the next proposition we study the relationship between positive p—dominated
m—Ilinear operators and positive p—dominated m—homogeneous polynomials

Proposition 4.2.1. Let P : E — Y be an m—homogeneous polynomial and P
be its corresponding symmetric m—linear operator such that P(x) = P(z, ..., ).

1. If]3 1s positive p—dominated operator, then P is p—dominated and

55 (P) < 7t (P).

2. If P is positive p—dominated, then P is positive p—dominated and
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(@) forp>m  H(P) < ™5H(P)
(b) forp<m ﬂﬁ*(f’) < 72:2(7”7_7”)5;(13).
Proof. 1) Suppose that P is positive p—dominated, let (2;)7_, C E*, then
i=1 i=1
< Pl oy
Therefore, P is positive p—dominated and 6, (P) < Wg+(13).
To prove 2). For 1 < j <mand n € N, let 27 € E; satisfy ||27|| < 1.
R B m 1 m P
([P, ....a™)||m) 7 = (|| o 2 aemP(Y GJZ‘J)H’”)
L — j=1
1 m o P
< —om > 1P _ea?)||= | by Theorem 4.2.3
mi2m \ = 3
1 m .
< SH(P) > / <a*,)) e >P dp(z)
mi2m P ci=+1 i—1
J= BE* J=
1 m g Eﬂj
< (P) X 1 6allP [ <ot 7 dula”)
"2 e R |3 ead
E* =1
1 G ) " * * '
< LY anﬂn) [ <y 7 duta)
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>,
jilny
3
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3
3
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(b) forp<m,1<j<mandn€N,letz],... 2l € Ej satisfy H(xg)?:lﬂg;weak
1.
. D1 m\ || & % 1 g 1 m\ || L& %
D PGry, o all )< o | 30 D IP(ami + o+ )
i=1 m: i=1e;=+1
1 m
+ 1 m\n )
< m!2m5p (P)(ngl [(e1z; + ... + €] )i:l”?;weak) v
< L[ x 1)
N ml2m b e;=+1
=
m" w2

]

Relationship between positive dominated and Cohen positive strongly
summing homogeneous polynomials

In the next corollary, we give an inclusion between the two classes of polynomials
defined earlier.

Corollary 4.2.1. Let 1 < p,q < 0o, and {5 Banach lattice space, then
Pj,p<m€§7 F) g Pgoh,q(mggu F)
for all P € Pgohﬁq(ng; F) d;“(P) < 5;(]3).

Proof. Let P € P; (™3; F), from Proposition 4.2.1 the associate symmet-
ric of P denoted P belongs to £57("™¢2; F), and by Theorem 4.2.2 P is in
D+ (™4y; F), and so Proposition 4.1.5 finishes the proof. ]

4.3 Applications and example

In this section we present an application based on the relationship between Co-
hen positive strongly p-summing m-homogeneous polynomials and the positive
p*-summing linear operators (Proposition 4.1.3). And give an example of being
a Cohen positive strongly p-summing m-homogeneous polynomial.

et K be a compact Hausdorff space and (K, A4, ;1) a finite measure space.

As usual C'(K) denotes the space of continuous functions on K, and M (K
the Banach space of all regular Borel measures on K, and we have M (K) =

(C(K))".
We shall write LP (i, Y') for the space of measurables functions on K with

£l = U IF@IF du)?  for 1< p < +oo,
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and for p = +o0
1 fllo =nf{M >0:|f(t)|] <M p almost every where}.

Let 1 < p < oo. An operator u : E — X is said to be p—concave if there
exists a constant C' > 0 such that for all n € N, x4, ..., z,, € F, the inequality

1

()], < €1 (Z |a:i|p)p || (43,1

=1

holds.

We denote by C, (E; X), the space of p—concave operators from E into X. C,
(E, X) becomes a Banach space with norm given by the infimum of the constant
C' > 0 that verify the inequality (4.3.1).

The following results are a conclusion of the work done by Blasco in [11, 12]
and the Proposition 4.1.3.

Proposition 4.3.1. Let 1 < p < o0

1) P e P, ("X, L>(w)) if and only if P* € L(L' (), P("X)).
2) PePl, ("X, M(K)) if and only if P* € C,(C(K),P("X)).
3) PePl, (mX,LP(u)) if and only if P* € LP" (u, P(™X)).
(

coh,p
coh,p
4) P ePL, ("X, 07) if and only if P* € P (P("X)).

coh,p

Example 4.3.1. We use the example used in [3], with adjustments to meet our
case.

Let 1 <p <400, meNandu: X — F be a positive strongly p—summing
operator. For ¢ € X*, the polynomial

P: X — F
v " (2) u(),

is Cohen positive strongly p—summing.

Indeed, for x1,7y,....;2, € X and yi,y5, ...,y € F*. Because u € Dy (X, F), we
have by [1]

32 )yl < df @) 1@l 16, oy

then
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EUP@an] = e @)l )
= X lu(e" (@i)e )yz>|
< df ) |em @) @)L 16D,
< df(u) i”(gpm Y(x;) ;) Hp ;
= D ] 7 1)3=1 akl(F*)
< dy ) el (£ i) lump) O PA—

So, P is Cohen positive strongly p—summing and df (P) < df (u) [|¢||™"

4.4 'Tensorial Approach

This section is intended to present a tensorial perspective of Cohen positive
strongly p-summing and positive p-dominated polynomials and m-linear oper-
ators. For doing this, we apply the standard technique of associate a linear
functional on a tensor product to each multilinear operator or polynomial. In
the case of Cohen positive strongly p—summing operators, we pay more atten-
tion on the details for polynomials than m-linear operators. Later, we pay more
attention on positive p-dominated m-linear operators than polynomials. Let m
be a non-negative integer, X be a Banach space and F' be a Banach lattice,
each m—homogeneous polynomial P : X — F define a functional given by

op: (@TX)® F* =R
rT®.0ry" =y (Px)).

The next step in our development is to define adequate norm « on the tensor
space (®7"X) ® F* in order that P to be Cohen positive strongly p—summing
(positive p-dominated ) exactly when ¢p is bounded on (®7'X @ F*, a).

4.4.1 Cohen positive Strongly p-summing polynomials
from a tensor viewpoint

Before introducing the respecting tensor norm, let us state an equivalence of
being a Cohen positive strongly p-summing polynomial. This is an immediate
consequence of the duality between ¢ and ¢}. The m-homogeneous polynomial
P : X — F is Cohen positive strongly p-summing if and only if there exists a
constant C' such that

|Z&yz )] < Nl [ Clall™ )iz e 17 )iz [l

F*) (4:.4:.1)

* \weak|(
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for all finite sequences (A;)"; C R, (z;)’; C X and (y)!, C F*. In this case,
d} (P) agrees with the sharpest constant C' so that the inequality holds.

Definition 4.4.1. For each z in (QT'X) ® F define

A (z) = tnf { | allen sl e 1) len, o}

where the infimum is taken over all representations z = > AT ® ... ® x; ;.

i=1
For each z in (7X) ® F define
Af(z) = inf { (| llew Nzl ey wpe ()i } -

where the infimum is taken over all representations z = 3> \ix; ® ... ® T; @ y;

i=1
with y; >0 for all 1 <i < n.

The next proposition is a consequence of the fact that every y € F can be
represented as y = y* — y~. Moreover, it helps to reduce the calculations
related to A and A

Proposition 4.4.1. For every z in (7'X) ® F we have
+ + +
Ay (2) S AJ(2) <20 (2).

Proof. Let z in (®7'X) ® F. It is clear that A\f(z) < Af(z) by (1.2.1). For the
opposite inequality take z = i AN @ ... ®x; @1y;. Then
i=1

ZZZ)\il’i®---®$i®y;_+2(_/\i)$i®m®$i®yi_'

i=1 i=1
Thus, we obtain a new representation for z such that

1
1 n n . * * *(  —\p* o
Ay (2) < 22 [ ool (lil )i lleg - sup (Zw (47" + w*(y; )p>
w*eB}, \i=1
1

< 2Ol el sup (Zw(yyi\)p*)

w*€B}, \i=1

1
i L n n = * A\
< 2 O el (s s sup (zwuyz-w)

w*€Bf, \i=1

v (F).

p* [weak]|

< 2[{ Aoz oo Izl )i lleg Nl (v )i |
Therefore, Af(z) < 2\f(z) for all z. O

Proposition 4.4.2. The application z — \¥(2) is a norm on (@7'X) @ F.
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Proof. Standard tensorial techniques can be applied to prove that )\; is non-
negative, homogeneous and verify the triangular inequality. So we only prove
that Af(z) = 0 implies z = 0. Let £ be a bounded linear functional on &, X
and y* > 0 bounded on F*. Then

€@y (2)] = | 2)\1'5(% ® ... @ 2;)y" (vi)|

< )iz lloo Z €z @ .. @ i)y (i)

3=

< 1)l (Z e mp); (St

< €M)l (ZII% I’”p> (Zly yi)l )
< NS ) Nloo l[Cllsl ™ iz g e ((w)izr)-

Hence, Af(z) = 0 implies { ® y*(z) = 0 for all { and y* > 0. For arbitrary y*
we have that y* = (y*)" — (y*)~. Then \f(z) = 0 implies

p*>

1
P

EQy (2) =@ (W) (2) =@ (y) (2) =0.

Therefore, z must be zero since the set of linear functionals of the form ¢ ® y*
is a separating set for (@, ,X) ® F*. O

Next, we present the characterization of Cohen positive strongly p-summing
polynomials in tensor terms.

Proposition 4.4.3. (Duality) Let P : X — F be an m—homogeneous poly-
nomial. The following are equivalent

(i) P is Cohen positive strongly p-summing.
(ii) ¢p is bounded on ((®;”X) ® F*,)\;) :

Under this circumstances df (P) = |¢p|.

Proof. Let z = i A @ ... @ x; ® y be any element of (7' X) @ F*, then
i=1

|0p(2 I—!ZAzy (@)l < dy (P oo [l ([l ™ )iy

Zi’; (yl )’L 1H£p |lweak| F*)‘

After taking the infimum over all the representations of z we have that

|6p(2)] < dy (P)AS(2)
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holds for all z.
Conversely, take sequences (A\;)"; in R, (z;)"; in X and (y;)!, in F"*. Hence,

S Ay (Pla)] = [6p(2)] < l6rlAT (z AT ® 1 @ T @ y)
=1 =1

< @ ()N oo [l 1™ iz e | (0 )iz e

p,lweak|

(F7)
[

As we saw, the norms )\; and A are equivalent and one of them is more useful
than the other depending on the circumstances we are interested on. The norm
)\; provides an isometry between polynomials and linear functionals while A;;
reduces calculations in the next proposition.

Proposition 4.4.4. (Uniform property) Let R : X — Y be a bounded linear
operator and S : F' — E a positive operator. Then, the operator defined by
R®S:((®rX)® F,A}) = (®7'Y)® E,A})
rT®.Qryr— Rr)®..® R(z)® S(y)

is bounded and ||R® S|| < ||R||™|S]-

Proof. Let z = znj AT ® ... ® x; ®y; with y; > 0. Then
i=1

Ay (R ® S(2)) < [N ool (1 Rs @ -+ @ Ra )iy lleg wpe (S ()
< BRI NS oo 1z 1™ )3 1w (9 )ir)-

After taking the infimum over all the representations of z we obtain A (R ®
S(2)) < [[BI™ISNAL (2)- O

As it is expected, previous proposition is also true if Af is remplaced by )\; but
this change involves a factor of 2 in the inequality.

4.4.2 Cohen positive strongly p-summing m-linear oper-
ators from a tensor viewpoint

Bearing in mind the previous section, we are able to develop analogous ideas to

characterize Cohen positive strongly p—summing m-linear operators. As before,

throughout this section X7, ..., X, are Banach spaces and F' is a Banach lattice.

Next, recall that each m-linear operator 7" : X; x --- x X,,, — F define a linear
functional by

¢r: X1 ®. 90X, FF =R
'R @rmyt =y (T (2t ..., 2™)).
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In this case for each 2z in X; ® ... ® X,,, ® F' we define

X+ (2) = ingf { IO el N D el )l )

where the infimum is taken over all representations z = Z AT} @ ... QI R Y.

Usual tensor techniques and slight modifications of the proof of Proposition 4.4.2
let us prove that the assignment z + A" (z) is a norm on X; ® ... ® X,,, ® F'.
The respective duality result is exhibited in the next proposition and requires
an analogous expression to (4.4.1).

Proposition 4.4.5. (Duality) Let T : X; x --- X X, = F be an m-linear
operator. Then, then following are equivalents

(i) T is Cohen positive strongly p-summing.
(ii) ¢r is bounded on <X1 R .. @ Xy @ F*, )\;”Jr).

Under this circumstances d)'*(T) = o7

Proof. For any z = i ATl ®@ ... Q2" Qyfin X1 ®...0 X, ® F* we have
i=1

|o7(z |—\Z%y@ iy 7))

Sd;?”( MO ool 1Nl D7 e 11 )i e F*)-

p JJweak| (

Hence, for any z we have
|6r(2)| < d (TN ().

On the other direction, let ()™, in R, (z/)%, in X7 and (y}), in F*. Then

S AT )] = |60(2)] < A0 (Z AT @ o @ 2 @y:)
=1

i=1

< el oo ll i -l i lleg 1 ()i

es*,\weuk\ (F*) ’
]

For each z in X; ® ... ® X,, ® F, define
A7t (2) = inf {1OD7 ool -l 17 g ()i }

where the infimum is taken over all representation z = Z A x R.Qx" Yy,

such that y; > 0 forall 1 <17 < n. Thenforanysz1® .® X, ® F' we have

A (z) S AP (2) <2077 (2).
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Having A;”+ at our reach and knowing it defines a norm, we present the respec-
tive uniform property it verifies.

Proposition 4.4.6. (Uniform property) Let R; : X; — Y; be bounded linear
operators and S : F' — G be positive operator between Banach lattices. Then
the operator

Ri®.QR,®5:(X;1®.. ®Xm®F,A;”+) — (1 ®...®Ym®G,Ag‘+)
'Ry Ri(r') ® ... ® Ry(z™) ® S(y)

is bounded and |Ry & ... ® Ry, @ S| < || Ra]|...|| R || S]-

Proof. Given z = i ATl @ ... @ 2 @ y; with y; > 0 we have

=1
AR ® o @ Ry ® S(2)) < 107 oo IR ] R 1) g wp (91 )
< Rl IR NS TN Mool -2 17 g wp ()i )-

As a consequence AT (R ® ... ® Ry, ® S(2)) < [|Ral|.. | R ||[|SIIA)(2). O

4.4.3 Positive p-dominated m-linear operators and poly-
nomials form a tensor viewpoint

As before, throughout this section, E, F1, ..., E,, are Banach lattices and Y is a
Banach space. In this case we pay more attention on m-linear operators than
polynomials.

Proposition 4.4.7. For each z in F1 ® ... ® E,, Y define

77p 1nf{(H [ (2)ie 1||f Jweak| (. ) )izt ler m}

n
where the infimum is taken over all representations z = Y. z; @ ... @ T" @ y;.

i=1
For each z in (TE) QY define

7 (2) = in {wp«xi)z;l)mu<yz->;-;1||enp }

p—m

where the infimum is taken over all representations z = > ; ® ... ® T; ® y;
i=1
with x; > 0 for all 1 < ¢ < n. Then, the assignment z —» n;(z) s a norm on

(RME)®Y.

The proof of this proposition is an adaptation of Proposition 4.4.2 The next
result concerns the characterization of positive p-dominated m-linear operators
and polynomial in tensor terms.
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Proposition 4.4.8. (Duality) Let T : Ey X --- X E,, — Y be an m-linear
operator and P : EE —'Y be an m-homogeneous polynomial. Then

(i) T is positive p-dominated if and only if, ¢r is bounded on (E1®...Q E,, &

Y )

(ii) P is positive p-dominated if and only if, ¢p is bounded on (®TE) &
Yy

Under this circumstances w0 (T) = |\¢r|| and 6 (P) = ||¢p]|.

Proof. We only prove (i) since (i) is a straightforward adaptation. First sup-

pose T is positive p-dominated. Then for any 2 = Y 7] ® ... ® 27" ® y in
i=1

Fi®...QF, ®Y" we have

o7 () < DMl T (i, .o 2|
=1

p—m

S(leyfllpp’"> (Z\|T<x5,...,xr>||i)
j— =1

(H Nl j>> 1)l

m
p

p—m

Hence [¢r(z)| < 78 (T)n " (z) which means that ¢r is bounded and |[¢r| <
m4*(T). For the opposite direction. Let (z Nr_in B; 1 <j <mande>0.
Then, for each 1 < i < n there exists yl in Y* such that y (T(z},...,a")) =

IT(xf, oo )7 and lyfl| < (1+ T (a}, ..., 27| " Therefore

’L"”L

> T (. 2] ||W—Zyz e )
=1
:¢T<Z;c§®...®x?®y§>

=1

< llorl (H il ) Nl

p—m m

p—m

< llerl(1 + >(ﬁu< D Arz,,.m.m) (STt caml#) 7

As a consequence we obtain
m
P

n - m
(Z T (... 2] )Hm> < l[¢r[|(1+¢€) H Jizlley sy ()
=1 Jj=1

which implies that T is positive p-dominated and 74 (T) < | ¢r||. O
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The proof of next propositions are adaptations of those of Proposition 4.4.1 and
4.4.3.

Proposition 4.4.9. Define for each z in F1 ® ... ® E,, Y
Ept = mf{pr Jim) 1 (wa)iz 1”6 }

n
where the infimum is taken over all representation z = Y 2} ®...Q@a™ Qy; with
i=1

a:gZO,foralllgz'gnandlﬁjgm. Then

my(2) < ET(2) < 2 (2)
holds for all z in 1 ® ... ® E,, Y.

Proposition 4.4.10. (Uniform property)

e Let R; : E; — M; be a positive operators and S :'Y — Z be a bounded
linear operator . Then the operator

R®.QR,®S5: (F1®..0FE,@Y,E'") = (M ® ... Q9 My, ® Z, E')
7 ®.. 01"y Ri(r) ®...® Ry(z™) @ S(y)

is bounded and |R1 ® ... ® Ry, @ S|| < || Ral|--- | Rl || S]|-

o Let R: E — M be a positive operator and S :'Y — Z bounded linear
operator. Then, the operator defined by

RoS: ((@IE)oY.n)) = (€rM)® Z.ny)
T®.. 010y — R(x)®..0 R(z) ® S(y)

is bounded and ||[R® S| < [|R||"™|IS]-



66

Bibliography

1]

2]

D. Achour and A. Belacel. Domination and factorization theorems for pos-
itive strongly p-summing operators. Positivity, 18(4):785-804, Dec. 2014.

D. Achour and L. Mezrag. On the Cohen strongly p-summing multilinear
operators. Journal of Mathematical Analysis and Applications, 327:550—
563, mar 2007.

D. Achour and K. Saadi. A polynomial characterization of Hilbert spaces.
Collectanea mathematica, 61(3):291-301, Oct. 2010.

F. Albiac and N. J. Kalton. Topics in Banach space theory, volume 233.
Springer, 2006.

R. Alencar and M. C. Matos. Some classes of multilinear mappings between
Banach spaces. Publicaciones del Departamento de Andlisis Matemdtico,
12(Universidad Complutense Madrid), 1989.

C. D. Aliprantis and O. Burkinshaw. Positive operators. Springer, Dor-
drecht, 2006.

R. M. Aron, C. Hervés, and M. Valdivia. Weakly continuous mappings on
Banach spaces. Journal of functional analysis, 52(2):189-204, 1983.

R. M. Aron and M. Schottenloher. Compact holomorphic mappings on
Banach spaces and the approximation property. Bull. Amer. Math. Soc.,
80(6):1245-1249, 11 1974.

I. Bakhtin, M. Krasnoselskii, and V. Stetsenko. On the continuity of posi-
tive linear operators. Sibirsk. Mat. Zh., 3(1):156-160, 1962.

S. Banach. Théorie des opérations linéaires. Monografie Mat., PWN,
Warszawa, 1932.

O. Blasco. A class of operators from a Banach lattice into a Banach space.
Collectanea Mathematica, 37(1):13-22, 1986.

O. Blasco. Positive p-summing operators on L,-spaces. Proceedings of the
American Mathematical Society, 100(2):275, June 1987.

F. Bombal, M. Ferndndez, and I. Villanueva. Unconditionally converging
multilinear operators. Mathematische Nachrichten, 226(1):5-15, 2001.



BIBLIOGRAPHY 67

[14]

[15]

[16]

[17]

[19]

[20]

A. Bougoutaia and A. Belacel. Cohen positive strongly p-summing and
p-convex multilinear operators. Positivity, 23(2):379-395, Apr. 2019.

A. Bougoutaia, A. Belacel, and H. Hamdi. On the positive Dimant strongly
p-summing multilinear operators. Carpathian Mathematical Publications,
12(2):401-411, Dec. 2020.

A. Bougoutaia, A. Belacel, and H. Hamdi. Domination and Kwapien’s
factorization theorems for positive cohen p—nuclear m-linear operators.
Moroccan Journal of Pure and Applied Analysis, 7(1):100-115, 2021.

C. Boyd and R. A. Ryan. Geometric theory of spaces of integral poly-
nomials and symmetric tensor products. Journal of Functional Analysis,
179(1):18-42, 2001.

Q. Bu. Some mapping properties of p-summing operators with Hilbertian
domain. In K. Jarosz, editor, Contemporary Mathematics, volume 328,
pages 145-149. American Mathematical Society, Providence, Rhode Island,
2003.

Q. Bu and G. Buskes. Polynomials on Banach lattices and positive tensor
products. Journal of Mathematical Analysis and Applications, 388(2):845—
862, 2012.

Q. Bu and C. C. A. Labuschagne. Positive multiple summing and con-
cave multilinear operators on Banach lattices. Mediterranean Journal of

Mathematics, 12(1):77-87, Feb. 2015.

J. R. Campos. Cohen and multiple Cohen strongly summing multilinear
operators. Linear and Multilinear Algebra, 62(3):322-346, Mar. 2014.

R. Cilia and J. M. Gutierrez. Polynomial factorization through [,.(u) spaces.
Korean Math.Soc., 46(6):1293-1307, Nov. 20009.

J. S. Cohen. Absolutely p-summing, p-nuclear operators and their conju-
gates. Mathematische Annalen, 201(3):177-200, Sept. 1973.

A. Defant and K. Floret. Tensor norms and operator ideals. Number 176
in North-Holland mathematics studies. North-Holland, Amsterdam ; New
York, 1993.

J. Diestel, H. Jarchow, and A. Tonge. Absolutely summing operators. Num-
ber 43 in Cambridge studies in advanced mathematics. Cambridge Univer-
sity Press, Cambridge ; New York, 1995.

V. Dimant. Strongly p-summing multilinear operators. Journal of Mathe-
matical Analysis and Applications, 278(1):182-193, 2003.

S. Dineen. Holomorphic functions on a Banach space. Bulletin of the
American Mathematical Society, 76(4):883-886, 1970.



BIBLIOGRAPHY 68

[28]

[29]

[30]

[39]

[40]

[41]

[42]

A. Dvoretzky and C. A. Rogers. Absolute and unconditional convergence
in normed linear spaces. Proceedings of the National Academy of Sciences,
36(3):192-197, 1950.

D. H. Fremlin. Tensor Products of Archimedean Vector Lattices. American
Journal of Mathematics, 94(3):777, July 1972.

A. Grothendieck. Produits tensoriels topologiques et espaces nucléaires,
volume 16. American Mathematical Society Providence, 1955.

A. Grothendieck. Résumé de la théorie métrique des produits tensoriels
topologiques. Soc. de Matematica de Sao Paulo, 1956.

H. Hamdi, A. Belacel, and A. Bougoutaia. Inclusion and coincidences for
multiple Cohen positive strongly p-summing m-linear operators. submitted.

H. Hamdi, S. Garcia-Herndndez, A. Belacel, D. Ouchenane, and
S. A. Zubair. Cohen Positive Strongly -Summing and -Dominated m-
Homogeneous Polynomials. Journal of Mathematics, 2021:1-18, Nov. 2021.

C. Labuschagne. Riesz Reasonable Cross Norms on Tensor Products of
Banach Lattices. Quaestiones Mathematicae, 27(3):243-266, Sept. 2004.

J. Lindenstrauss and A. Petczynski. Absolutely summing operators in [,-
spaces and their applications. Studia Mathematica, 29(3):275-326, 1968.

J. Lindenstrauss and L. Tzafriri. Classical Banach spaces. Classics in
mathematics. Springer, Berlin Heidelberg, reprint edition, 1996.

M. C. Matos. Fully absolutely summing and Hilbert-Schmidt multilinear
mappings. Collectanea Mathematica, 54(2):111-136, 2003.

R. D. Mauldin. The Scottish Book: Mathematics from The Scottish Caf,
with Selected Problems from The New Scottish Book. Birkhauser Basel, 2nd
edition, 2015.

Y. Meléndez and A. Tonge. Polynomials and the Pietsch Domination The-
orem. Mathematical Proceedings of the Royal Irish Academy, 99A(2):195—
212, 1999.

P. Meyer-Nieberg. Banach lattices. Springer Science & Business Media,
2012.

L. Mezrag and K. Saadi. Inclusion theorems for Cohen strongly summing
multilinear operators. Bulletin of the Belgian Mathematical Society - Simon
Stevin, 16(1):1-11, Feb. 20009.

B. Mitiagin and A. Pelczynski. Nuclear operators and approximative di-
mensions. Proceedings International Congress of Mathematics, 1966.



BIBLIOGRAPHY 69

[43]

[44]

[45]

[46]

[52]

[53]

[54]

J. Mujica. Complex analysis in Banach spaces: holomorphic functions and
domains of holomorphy in finite and infinite dimensions. North-Holland
; Sole distributors for the U.S.A. and Canada, Elsevier Science Pub. Co.,
Amsterdam; New York; New York, N.Y., U.S.A., 1986.

D. Pellegrino, P. Rueda, and E. A. Sanchez-Pérez. Surveying the spirit of
absolute summability on multilinear operators and homogeneous polynomi-
als. Revista de la Real Academia de Ciencias Fractas, Fisicas y Naturales.
Serie A. Matemdticas, 110(1):285-302, Mar. 2016.

D. Pellegrino and J. Santos. Absolutely summing multilinear operators: a
panorama. Quaestiones Mathematicae, 34(4):447-478, Dec. 2011.

D. Pellegrino, J. Santos, and J. B. Seoane-Sepilveda. Some tech-
niques on nonlinear analysis and applications. Advances in Mathematics,
229(2):1235-1265, Jan. 2012.

A. Pietsch. Absolut p-summierende abbildungen in normierten réumen.
Studia Mathematica, 28(3):333-353, 1967.

A. Pietsch. Operator Ideals. Mathematical Studies. North-Holland Pub-
lishing Company, 1980.

A. Pietsch. Ideals of multilinear functionals. Proceedings of the Second In-
ternational Conference on Operator Algebras Ideals and Their Applications
in Theoretical Physics, pages 185-199, 1983.

D. Popa. Cohen-Kwapien type theorems for multiple summing operators.
Quaestiones Mathematicae, 36(3):399-410, Sept. 2013.

D. Popa. Multiple summing, dominated and summing operators on a prod-
uct of ¢; spaces. Positivity, 18(4):751-765, Dec. 2014.

D. Pérez-Garcia and 1. Villanueva. Multiple summing operators on C(K)
spaces. Arkiv for Matematik, 42(1):153-171, Apr. 2004.

R. A. Ryan. Introduction to tensor products of Banach spaces. Springer
monographs in mathematics, 2010.

O. I. Zhukova. On modifications of the classes of p-nuclear ,p-summing,
and p-integral operators. Siberian Mathematical Journal, 39(5):894-907,
Oct. 1998.



	Acknowledgements
	Introduction
	Preliminaries
	Banach Lattices and positive operators
	Sequence spaces 
	Polynomials
	Tensor product of Banach spaces
	Inequalities
	Some Ideals of linear operators
	Positive p-summing linear operators
	Cohen positive strongly p-summing linear operators

	Some ideals of multilinear operators
	Positive multiple p-summing m-linear operators
	Cohen positive strongly p-summing multilinear operators
	Positive Cohen p-nuclear m-linear operators


	On the positive Dimant strongly p-summing multilinear operators
	Positive strongly p-summing multilinear operators
	Ties with other known classes of summability

	Multiple Cohen positive strongly p-summing m-linear operators
	Multiple Cohen positive strongly p-summing operators
	Cohen's-type theorems for multiple positive strongly p-summing operators
	Connection with tensor product 

	Cohen positive strongly p-summing and p-dominated m-homogeneous polynomials
	Cohen positive strongly p-summing  m-homogeneous polynomials
	Definition and characterization with Domination theorem
	Associations with different classes of positive p-summability

	Positive p-dominated m-homogeneous polynomials 
	Positive p-dominated m-linear operators
	Positive p-dominated m-homogeneous polynomials

	Applications and example 
	Tensorial Approach
	 Cohen positive Strongly p-summing polynomials from a tensor viewpoint
	Cohen positive strongly p-summing m-linear operators from a tensor viewpoint
	Positive p-dominated m-linear operators and polynomials form a tensor viewpoint


	References

