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Abstract

The purpose of this thesis is to develop some notions and theorems of positive
p-summability for multilinear operators and homogeneous polynomials. Through-
out this work, first. We extend the notion of strongly p-summing multilinear
operators by Dimant, in (J. Math. Anal. Appl. 278, 182 − 193(2003)), to the
positive framework, and prove among other results, the domination, inclusion
and composition theorems. As consequence, we investigate some connections
between our class and other classes of operators through, duality and lineariza-
tion. Then, we compare our new class of multiple Cohen positive strongly
p-summing multilinear operators along with different classes of positive multi-
linear p-summability and investigate a duality relationship in terms of tensor
norm. Finally, we introduce the concepts of Cohen positive strongly p-summing
and positive p-dominated m-homogeneous polynomials. We prove a version of
Pietsch’s domination theorem for the first class among other results, and a Bu-
type theorem, as well as some inclusions with other known spaces. Moreover,
we present a characterization of these classes in tensor terms.

Keywords and phrases: Homogeneous polynomials, Banach lattice, Positive
p-summing operators, Positive strongly p−summing operators, Tensor norm,
multiple Cohen strongly summing operators, Pietsch domination theorem, Pos-
itive strongly p-summing multilinear operators.
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Résumé

Le but de cette thèse est de développer quelques notions et théorèmes de positive
p-sommabilité pour les opérateurs multilinéaires et les polynômes homogènes.
Dans ce travail, d’abord. Nous étendons la notion d’opérateurs multilinéaires
fortement p-sommants par Dimant, dans (J. Math. Anal. Appl. 278, 182 193
(2003)), au cadre positif, et prouver entre autres résultats, les théorèmes de
domination, l’inclusion et la composition. En conséquence, nous étudions des
liens entre notre classe et d’autres classes d’opérateurs, a travers la dualité et
la linéarisation. Ensuite, nous comparons notre nouvelle classe d’opérateurs
multilinéaires dites: Multiple Cohen positif fortement p-sommant, avec dif-
férentes classes de positives p-summabilité multilinéaires et étudier une relation
de dualité en termes de la norme tensorielle. Enfin, nous introduisons les con-
cepts de Cohen positif fortement p-sommant et positif p-dominé m-homogènes
polynômes. Nous prouvons une version du théorème de domination de Pietsch
pour la première classe, parmi d’autres résultats. Nous prouvons aussi un
théorème de Bu et quelques inclusions avec d’autres espaces connus. Et nous
donnons des présentations tensorielles aux classes précédentes.

Mots clés et phrases: Polynômes homogènes, Banach réticulé, Opéra-
teur positivement p-sommant, Opérateur positivement fortement p-sommant,
Théorème de domination de Pietsch, Opérateur multilinéaire positivement forte-
ment p-sommant.
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 صخلملا 

 
 
 ةیطخلا تارثؤملل ةبسنلاب تایرظنلاو میھافملا ضعب ریوطت وھ ةحورطلاا هذھ نم فدھلا

– 𝑝میمعتب انمق لاوأ ،لمعلا اذھ يف .ةبجوملا ةسناجتملا دودحلا تاریثكو ةبجوملا ةیعمج 
 انھرب ثیح ،ةبجوملا ةلاحلا ىلا نومیدل ةیعمج –p ةوقب ةیطخلا ةددعتملا تارثؤملا موھفم
 تاقلاعلا ضعب نم انققحتو بیكرتلا ةیرظن ىلا ةفاضإ ،تاءاوتحاو شتیبل ةنمیھلا ةیرظن
 بجوملا ةیطخلا ددعتملا رثؤملا ىمسملا دیدجلا موھفملا انراق مث .ةیطخلاو ةیونثلا اھنیب نم
 ةیونث ةقلاع انسرد و ةبجوملا ةیطخلا ةددعتملا تارثؤملا نم دیدعلا عم يعمج –p نیھوك
 –p نیھوك ةسناجتملا دودحلا تاریثك :يموھفم انمدق اریخأو .يرتوملا میظنلا ىلع دامتعا

 ،جئاتنلا نم دیدعلا نیب نم انھرب ،ةنمیھم –p ةبجوملا ةسناجتملا دودحلا تاریثكو ةیعمج
 .وب ةیرظن انھرب قایسلا سفن يفو .لولأا موھفملل ةبسنلاب شتیبل ةنمیھلا ةیرظنل دیدج عون
 انمق كلذ ىلا ةفاضإ .تاءاضفلا ضعب عم تایواسملاو تاءاوتحلاا ضعب ىلا ةفاضلإاب
 .تاءاضفلا هذھل يرتوم لیثمت ءاطعإب
 
 
 ،شتیبل ةنمیھلا ةیرظن ،يكبش خانب ،ةسناجتملا دودحلا تاریثك :ةیحاتفملا لمجلاو تاملكلا
 ةیطخلا ددعتملا رثؤم ،يعمج–p ةوقب بجوم يطخ رثؤم ،يعمج–p بجوم يطخ رثؤم
  .يعمج–p ةوقب بجوم
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Introduction

In 1950, A. Dvoretzky and C. A. Rogers in their famous article entitled "Ab-
solute and unconditional convergence in normed linear spaces" [28], solved an
interesting problem in Banach space theory. By showing that, in every infinite
dimensional Banach space there is an unconditionally convergent series which
fails to be absolutely convergent. This article was the answer to the problem
raised by Stephan Banach in both books " Théorie des opérations linéaires" [10]
and the Scottish book [38](Problem 122). This result caught the attention of
A. Grothendieck and he presented a different proof of the Dvoretzky-Rogers
theorem in [30].
Grothendieck’s "Résumé de la théorie métrique des produits tensoriels topologiques"
and his thesis [31, 30] can be considered as the foundation of the theory of oper-
ators ideals. Where he established the concept of absolutely 1-summing linear
operators.

Followed by A. Pietsch in the 1967 who presented the concept of absolutely
p-summing operators [47], and by B. Mitiagin and A. Pełczyński who intro-
duced the notion of (p, q)-summing operators [42]. Another main development
in the theory, is the work J. Lindenstrauss and A. Pełczyński [35] where they
gave a new presentation as well as a new applications of the results contained in
Grothendieck’s paper [31], by characterizing Hilbert-Schmidt linear operators
through factorization by the L∞-space and L1-space.

In 1972, J. S. Cohen introduced the concept of Cohen strongly p-summing
linear operators [23] to study the conjugate of absolutely p∗-summing linear
operators, motivated by the fact that the identity from `1 into `2 is absolutely
2-summing but its adjoint is not.

The first generalization to appear for the concept of p-summing linear opera-
tors to the multilinear and homogeneous polynomials are by A. Pietsch [49], R.
Alencar and M. Matos in [5]. For the positive situation, O. Blasco introduced
the notion of positive p-summing linear operators in 1986 [11]. It is a class
of operators from a Banach Lattice E into a Banach space X, these operators
map positive sequences in weak `p-space with value in E into sequences in `p-
space with value in X. In [12] Blasco characterized positive p-summing linear
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operators by the Radon-Nikodym property. That is, a Banach space X has
the Radon-Nikodym property, if and only if every positive p-summing operator
T : Lp∗(µ)→ X is presented by a function f in Lp(µ,X).

These first generalizations motivated in-depth studies and generalizations to
the theory of ideal of linear operators to multilinear operators and homoge-
neous polynomials as well as the positive situation. In the last three decades,
numerous generalizations viewed the light: weakly compact, integral, nuclear
operators, Hilbert-Schmidt operators, unconditional converging operators, etc
[7, 8, 13, 17, 22, 27, 39, 51, 52]. Many generalizations attempted to preserve the
properties of the original linear ideal, and it was quite satisfactory for several
multi-ideals.

The concept of Cohen strongly p-summing linear operators knew many gener-
alizations that attempted to verify as much as possible properties of the original
linear ideal. The multilinear concept of Cohen strongly summing operators was
investigated in 2007 by D. Achour and L. Mezrag [2]. They proved that this
new class verify a domination theorem and compare it with the class of domi-
nated multilinear operators. Soon after concepts related to this class are being
investigated [1, 3, 14, 21].

This thesis is dedicated to developing some notions and theorems of posi-
tive p-summability for multilinear and homogeneous polynomials. Our main
interest was the concept of Cohen positive strongly p-summing by D. Achour
and A. Belacel [1], we generalized this notion to homogeneous polynomials and
multilinear operators and proved among other results: domination theorem, in-
clusion and duality relationships for these classes, as well as some relationships
with other known spaces. We also extended the concept of strongly p-summing
multilinear [26] operators in the positive multilinear framework.

This thesis is divided into four chapters

Chapter 1, this chapter includes all the preliminaries necessary for a clear un-
derstanding of this thesis. We recall essentially some results about multilinear
operators and select the necessary and most used results about Banach lat-
tices and positive operators, polynomials, and tensor product of Banach spaces.
Moreover, we recall diverse inequalities, and lastly, we present some ideals of
linear and multilinear operators, with proper references to each section.
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In chapter 2 we extend the notion of strongly multilinear operators [26] to the
positive framework, we introduce and study a new class of operators between
Banach lattices and prove a domination theorem, inclusion, and an important
composition result (Proposition 2.1.4) as basic properties for this class. In the
second section, we study ties with known classes of summability, including lin-
earization of those operators and involving the positive projective tensor norm
of Banach lattices. We end this chapter by giving open problems.

In chapter 3 we set a new generalization to the concept of Cohen positive
strongly p-summing [1, 14], following the steps of Campos in [21] by introduc-
ing the new class of multiple Cohen positive strongly p−summing operators and
compare it with the class of Cohen positive strongly p-summing m-linear oper-
ators [14] and positive multiple p-summing m-linear operators [18], by giving a
generalization to Cohen’s theorems [23], as well as, investigating a relationship
with the class multiple Cohen positive p-nuclear operators by proving that the
composition of a multiple Cohen positive strongly p−summing operator and m
positive p-summing linear operator yields a multiple Cohen positive p-nuclear
operator. That is, if S ∈ Dmult+p (E1, ..., Em;F ) and Tj ∈ Π+

q (Dj, Ej) with
1 ≤ j ≤ m, then S ◦(T1, ..., Tm) ∈ Nmult+

r (D1, ..., Dm;F ), for all 1 ≤ p, q, r ≤ ∞
with 1

r
= 1

p
+ 1

q
. In the last section we present a connection with tensor product.

Chapter 4 is devoted to the study of Cohen positive strongly p-summing
m-homogeneous polynomials, positive p-dominated multilinear operators, and
homogeneous polynomials. In Section 1 we introduce Cohen positive strongly
p-summing m-homogeneous polynomials, we characterize our class by a dom-
ination theorem and prove it using the new technique of R − S−Abstract p-
summing operators [46]. We also prove relationships with different classes of
positive summability (Π+

p∗ (E,F ), Dm+
p (mX;F ), D+

p (⊗̂mπ,sX;F )). By means of
the adjoint operator, the associated symmetric m-linear operator, and the lin-
earization of these polynomials. Section 2 is essentially dedicated to the study
of positive p-dominated m-linear operators and polynomials. This section in-
cludes our main theorem (The Bu-type theorem) which serves as a focal point
in the proof of the relationship between positive p-dominated polynomials and
those defined in section 1. In section 3, we present some applications based on
Proposition 4.1.3.
And finally, section 4 highlights the classes defined earlier in terms of tensor
product and prove a duality between these classes and tensor spaces equipped
with adequate norms through a linear mapping.
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Chapter 1

Preliminaries

In this chapter, we will remind the necessary notions and results used along this
thesis. It consists essentially of the theory of multilinear operators and homoge-
neous polynomials, tensor product between Banach spaces, Banach lattices and
positive p-summing linear operators. The most used references in this chapter
are [6, 24, 25, 36, 53].
Unless it is mentioned otherwise, all along this chapter X,X1, ..., Xm, Y and Z
are Banach spaces, E,E1, ..., Em, F and G are Banach lattices.
A mapping T : X1 × · · · ×Xm → Y between vector spaces is said to be multi-
linear operator or (m-linear) if

T (x1, ..., (a+ λb), ..., xm) = T (x1, ..., a, ..., xm) + λT (x1, ..., b, ..., xm)

holds for all a, b ∈ Xi, (1 ≤ i ≤ m) and λ ∈ K. That is, T is linear separately in
each variable. The vector space of all multilinear operators from X1×· · ·×Xm

to Y is denoted by L(X1, ..., Xm;Y ).
In the case when X1, ..., Xm and Y are normed spaces, then T is said to be
bounded if

‖T‖ := sup {‖T (x1, ..., xm)‖ | xi ∈ BXi} <∞.

L(X1, ..., Xm;Y ) denotes the Banach space of all continuous multilinear opera-
tors fromX1×· · ·×Xm into Y . In the case Y = K we simply write L(X1, ..., Xm)
and L(X1, ..., Xm) and their members are m-forms and continuous m-forms, re-
spectively.

Proposition 1.0.1. [43, Proposition 1.2 ] For each T ∈ L(X1, ..., Xm;Y ) the
following conditions are equivalent

(a) T is continuous.

(b) T is continuous at the origin.

(c) ‖T‖ <∞.
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A multilinear operator T ∈ L(X1, ..., Xm;Y ) is said to be finite type, if it is
generated by mappings of the form

T : X1 × · · · ×Xm → Y

(x1, ..., xm) 7→ φ1(x1) · · ·φm(xm)b

for some non-zero φi ∈ X∗i (1 ≤ i ≤ m) and b ∈ Y , the vector space of all
multilinear operators of finite type is denoted by Lf (X1, ..., Xm;Y ).

The adjoint of anm-linear operator is defined as follows, if T ∈ L(X1, ..., Xm;Y ),
we define the adjoint of T by

T ∗ : Y ∗ → L((X1, ..., Xm), y∗ → T ∗(y∗) : X1 × · · · ×Xm → K

with T ∗(y∗)(x1, ..., xm) = y∗(T (x1, ..., xm)).

If K is compact Hausdorff space, C(K) denotes the Banach space formed by all
continuous functions f : K → K with the usual supremum norm.

1.1 Banach Lattices and positive operators
A real vector space E is said to be ordered vector space whenever it is equipped
with the order relation here ≥ (i.e., ≥ is a reflexive, antisymmetric, and transi-
tive binary relation on E) that is compatible with the algebraic structure of E
in the sense that it satisfies the following two axioms

(1) If x ≥ y, then x+ z ≥ y + z holds for all z ∈ E.

(2) If x ≥ y, then αx ≥ αy holds for all α ≥ 0.

A vector x in an ordered vector space E is called positive whenever x ≥ 0 holds.
For a two-point set {x, y} we write x∧ y or inf {x, y} to denote its infimum and
x ∨ y or sup {x, y} to denote its supremum.

Definition 1.1.1. We say that an ordered vector space E is a lattice(Riesz
space) if for any x, y ∈ E both x ∧ y and x ∨ y exist in E.

Proposition 1.1.1. [6] For arbitrary elements x, y, z of a vector lattice, the
following identities hold.

(1) x+ y = sup {x, y}+ inf {x, y};

(2) x+ sup {y, z} = sup {x+ y, x+ z} and x+ inf {y, z} = inf {x+ y, x+ z};

(3) sup {x, y} = − inf {−x,−y} and inf {x, y} = − sup {−x,−y};

(4) α sup {x, y} = sup {αx, αy} and α inf {x, y} = inf {αx, αy} for α ≥ 0.
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(5) for any x, y, z ∈ E+ we have

inf {x+ y, z} ≤ inf {x, z}+ inf {y, z} .

For an element x in a vector lattice E we can define its positive, negative part
and its absolute value, respectively, by

x+ = sup {x, 0} , x− = sup {−x, 0} , |x| = sup {x,−x} .

The functions (x, y)→ sup {x, y}, (x, y)→ inf {x, y}, x→ x± and x→ |x| are
collectively referred to as the lattice operations of a vector lattice. The relation
between them is given in the next proposition.

Proposition 1.1.2. If x is an element of a vector lattice, then

x = x+ − x−, |x| = x+ + x−.

Proof. By Proposition 1.1.1 (1) and (3) we have

x = x+ 0 = sup {x, 0}+ inf {x, 0} = sup {x, 0} − sup {−x, 0} = x+ − x−.

Furthermore, from Proposition 1.1.1 (2) and (4), and the previous result we get

|x| = sup {x,−x} = sup {2x, 0} − x = 2 sup {x, 0} − x = 2x+ − x
= 2x+ − (x+ − x−) = x+ + x−.

Definition 1.1.2. A norm on a vector lattice E is called a lattice norm if

|x| ≤ |y| implies ‖x‖ ≤ ‖y‖. (1.1.1)

A vector lattice E, complete under a lattice norm, is called a Banach lattice.

Property 1.1.1 gives the important identity

‖x‖ = ‖|x|‖, x ∈ E.

This follows by taking first x and y = |x| we have |x| ≤ |(|x|)| and hence
‖x‖ ≤ ‖|x|‖. Then taking |x| and y = x, we also have |(|x|)| ≤ |x| and hence
‖|x|‖ ≤ ‖x‖.

Example 1.1.1. 1. The Euclidean space Rn with the standard order given
by x ≥ y if and only if xi ≥ yi for all i = 1, ..., n it is a vector lattice with
x∨ y = (max {x1, y1} , ...,max {xn, yn}). It is also a Banach lattice under
all standard norms.
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2. Function spaces with pointwise order are vector lattices

• C(K) space of all continuous real-valued functions on a topological
space K.

• `p(0 < p <∞), all real sequences (x1, x2, ...) with
∞∑
n=1
|xn|p <∞.

3. The class of Lp-spaces under the ordering f ≤ g whenever f(x) ≤ g(x)
holds for µ-almost for all x ∈ E, each Lp(µ) is a vector lattice.

All the above examples are Banach lattices with standard norms.

The dual E∗ of a Banach lattice E is also a Banach lattice, and its positive cone
is defined by x∗ ≥ 0 in E∗ if and only if < x, x∗ >≥ 0, for every x ≥ 0 in E.
For any x∗, y∗ ∈ E∗ and every x ≥ 0, we have

< x, x∗ ∨ y∗ >= sup {< u, x∗ > + < x− u, y∗ >; 0 ≤ u ≤ x}

and

< x, x∗ ∧ y∗ >= inf {< v, x∗ > + < x− v, y∗ >; 0 ≤ v ≤ x} .

For more details see [36].

Definition 1.1.3. A linear operator T from a Banach lattice E into a Banach
lattice F is called positive, denoted T ≥ 0, if Tx ≥ 0 for any x ≥ 0.

The set of all positive operators from E into F is denoted by L+(E,F ).

Proposition 1.1.3. An operator T is positive if and only if |Tx| ≤ T |x|, for
any x ∈ E.

Proof. It follows from −|x| ≤ x ≤ |x| so, if T is positive, then −T |x| ≤ Tx ≤
T |x|. Conversely, taking x ≥ 0, we obtain 0 ≤ |Tx| ≤ T |x| = Tx.

Proposition 1.1.4. If T is positive, then

‖T‖ = sup
x≥0
‖x‖≤1

‖Tx‖.

The equivalence between continuity and boundedness of positive operators be-
tween normed vector lattices can be found in [9]: as the first attempt to prove
this result.

Theorem 1.1.1. [6, Theorem 4.3] Every positive operator from Banach lattice
to a normed vector lattice is continuous.

Proof. Let T : E → F be a positive operator from a Banach lattice E to a
normed vector lattice F . Assume by contradiction that T is not bounded in the
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norm of F . Then there exists a sequence {xn} of E satisfying ‖xn‖ = 1 and
‖Txn‖ ≥ n3 for each n. In view of |Txn| ≤ T |xn|, we can assume that xn ≥ 0
holds for each n. From

∞∑
n=1

‖xn‖
n2 <∞ and the norm completeness of E, it follows

that the series
∞∑
n=1

xn
n2 is convergent in E. Let x =

∞∑
n=1

xn
n2 . 0 ≤ xn

n2 ≤ x holds for
all n, and so

n ≤ ‖T (xn
n2 )‖ ≤ ‖Tx‖ <∞

also holds for each n, which is impossible. Thus, T must be normed bounded
hence continuous.

1.2 Sequence spaces
Let 1 ≤ p ≤ ∞ and n ∈ N∗. We denote by `np (X) the Banach space of all
sequences (xi)ni=1 in X with the norm

‖(xi)ni=1‖p :=
(

n∑
i=1
‖xi‖p

) 1
p

‖(xi)ni=1‖∞ := sup
1≤i≤n

‖xi‖,

and by `np,weak(X) the Banach space of all weakly summable sequences (xi)ni=1
in X with the norm

wp((xi)ni=1) := sup
x∗∈BX∗

(
n∑
i=1
| < xi, x

∗ > |p
) 1
p

w∞((xi)ni=1) := sup
x∗∈BX∗

sup
1≤i≤n

| < xi, x
∗ > |.

The space (c0)weak(X) := {(xn) : xn ∈ X and (< xn, x
∗ >) ∈ c0 ∀x∗ ∈ X∗} is a

closed subspace of `n∞,weak(X).
Consider the case when X is replaced by a Banach lattice E, and define([1])

`np,|weak|(E) :=
{

(xi)ni=1 : (|xi|)ni=1 ∈ `np,weak(E)
}

(c0)|weak|(E) := {(xi)ni=1 : (|xi|)ni=1 ∈ (c0)weak(E)} ,

and

‖(xi)ni=1‖`np,|weak|(E) = wp((|xi|)ni=1).

It is a Banach lattice with the ordering induced by the pointwise ordering on
EN. [34, Theorem 7.8 ]
Moreover, if B+

E∗ = {ξ ∈ BE∗ : ξ ≥ 0} denotes the unit ball in BE∗ ∩ E∗+.
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It follows from | < |xi|, ξ > | ≤< |xi|, |ξ| > that

‖(xi)ni=1‖`n1,|weak|(E) = sup
ξ∈B+

E∗

n∑
i=1

< |xi|, ξ >= ‖
n∑
i=1

xi‖E

‖(xi)ni=1‖`np,|weak|(E) = sup
ξ∈B+

E∗

(
n∑
i=1

< |xi|, ξ >p

) 1
p

1 < p <∞

and

‖(xi)ni=1‖`n∞,|weak|(E) = sup
ξ∈B+

E∗

sup
1≤i≤n

< |xi|, ξ >

if x1, ..., xn ≥ 0, we have that

‖(xi)ni=1‖`np,|weak|(E) = sup
ξ∈B+

E∗

(
n∑
i=1

< xi, ξ >
p

) 1
p

= wp((xi)ni=1). (1.2.1)

If 1 < p < ∞, we denote by `p(F,Nm) the vector space of all families (yj)j∈Nm
of elements such that

‖(yj)j∈Nm‖p =
 ∑
j∈Nm

‖yj‖p
 1

p

< +∞

and by `p,weak(F,Nm) the vector space of all families (yj)j∈Nm of elements such
that

‖(yj)j∈Nm‖`p,weak(F,Nm) = sup
φ∈BF∗

 ∑
j∈Nm

| < φ, yj > |p
 1

p

< +∞

‖.‖p and ‖.‖`p,weak(F,Nm) are norms on `p(F,Nm) and `p,weak(F,Nm) respectively,
an element of Nm is represented by (j1, ..., jm).
To avoid encumbered notations in Chapter 3 we denote `p(F ) instead of `p(F,Nm)
and by `p,weak(F ) instead of `p,weak(F,Nm).

1.3 Polynomials
Definition 1.3.1. A map P : X −→ Y is an m-homogeneous polynomial if
there exists a unique symetric m-linear operator P̂ : X × · · · × X −→ Y such
that P (x) = P̂

(
(m)

x, ..., x
)
, for all x ∈ X. We denoted by P (mX;Y ) the Banach

space of all continuous m−homogeneous polynomials from X to Y with the norm

‖P‖ = sup
‖x‖≤1

‖P (x)‖ = inf {C : ‖P (x)‖ ≤ C ‖x‖m , x ∈ X} .
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When Y = K, we write P (mX;K) = P (mX) .

Theorem 1.3.1. [43, Theorem 2.2 ] For each P̂ ∈ L(mX;Y ), let P ∈ P (mX;Y )
defined by P (x) = P̂

(
(m)

x, ..., x
)
for every x ∈ X. Then

(a) The mapping P̂ ↔ P induces an isomorphism between L(mX;Y ) and
P (mX;Y ) .

(b) We have the inequalities

‖P‖ ≤
∥∥∥P̂∥∥∥ ≤ mm

m! ‖P‖ .

For every P̂ ∈ L(mX;Y ).

Both P and P̂ are related by the polarization formula

P̂
(
x1, ..., xm

)
= 1
m!2m

∑
εj=±1
1≤j≤m

ε1...εmP

 m∑
j=1
εjx

j

 . (1.3.1)

Proposition 1.3.1. [43, Proposition 2.4 ] For each P ∈ P (mX;Y ) the follow-
ing conditions are equivalent:

(a) P is continuous.

(b) P is bounded on every ball with finite radius.

(c) P is bounded on some open ball.

Definition 1.3.2. [8] Given a continuous m−homogeneous polynomial P ∈
P (mX, Y ) between the Banach spaces X and Y , the adjoint of P is the following
continuous linear operator:

P ∗ : Y ∗ −→ P (mX)
P ∗ (y∗) (x) = y∗ (P (x)) .

We have ‖P ∗‖ = ‖P‖ .

1.4 Tensor product of Banach spaces
The tensor products are mainly used to linearize multilinear mappings. In this
section we include the most used results about tensor product. Further details
on this section can be found in [53].
First, we give the construction of tensor product. Let m ∈ N, X1, ..., Xm be
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vector spaces, consider the algebraic dual L(X1, ..., Xm)∗ of L(X1, ..., Xm) con-
sisting of

L(X1, ..., Xm)∗ = {φ : (X1, ..., Xm)→ K : φ is a linear form} .

The tensor product X1 ⊗ · · · ⊗Xm of the vector spaces X1, ..., Xm can be con-
structed as the space of linear functionals on L(X1, ..., Xm), for x1 ∈ X1, ..., xm ∈
Xm. Denote by x1⊗ · · · ⊗ xm the functional given by evaluation at (x1, ..., xm).
In other words

x1 ⊗ · · · ⊗ xm : L(X1, ..., Xm)→ K
A 7→ (x1 ⊗ · · · ⊗ xm)(A) = A(x1, ..., xm).

Let D be the formed by all these functionals

D := {x1 ⊗ · · · ⊗ xm : x1 ∈ X1, ..., xm ∈ Xm} ⊆ L(X1, ..., Xm)∗

Definition 1.4.1. The subspaces of L(X1, ..., Xm) generated by D is called the
tensor product of X1, ..., Xm denoted X1 ⊗ · · · ⊗Xm, in symbols

X1 ⊗ · · · ⊗Xm =
{

n∑
i=1

λi(x1
i ⊗ · · · ⊗ xmi ) n ∈ N;λi ∈ K;xji ∈ Xj, 1 ≤ j ≤ m, 1 ≤ i ≤ n

}
.

An element of X1⊗· · ·⊗Xm is called a tensor, a tensor of the form x1⊗· · ·⊗xm
is called an elementary tensor.

The projective tensor norm and linearization of continu-
ous multilinear operators
Let X1, ..., Xm, Y be Banach spaces. The projective tensor norm is defined by

‖u‖π = inf
{

n∑
i=1
‖x1

i ‖ · · · ‖xmi ‖ u =
n∑
i=1

x1
i ⊗ · · · ⊗ xmi

}

for every u ∈ X1 ⊗ · · · ⊗Xm.

Definition 1.4.2. Let X1, ..., Xm be Banach spaces, the completion of the normed
space (X1 ⊗ · · · ⊗Xm, ‖ · ‖π) is defined as the projective tensor product of these
spaces and is denoted by X1⊗̂π...⊗̂πXm. If X = X1 = · · · = Xm we write ⊗̂mπ X.
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⊗ms X := X ⊗s (m)... ⊗s X denotes the m−fold symmetric tensor product of X,
that is, the set of all elements u ∈ ⊗mX of the form

u =
n∑
i=1

xi ⊗ (m)... ⊗ xi (n ∈ N, xi ∈ X, 1 ≤ i ≤ n).

By ⊗̂mπ,sX we denote the closure of ⊗ms X in ⊗̂mπ X.

Theorem 1.4.1. [53] Let X1, ..., Xm, Y be Banach spaces. For every multilinear
operator T ∈ L(X1, ..., Xm;Y ) there is a unique continuous linear operator TL ∈
L(X1⊗̂π · · · ⊗̂πXm;Y ), such that

T = T̃ ◦ ⊗

and ⊗ be the canonical operator

⊗ : X1 × · · · ×Xm → X1⊗̂π...⊗̂πXm,⊗(x1, ..., xm) = x1 ⊗ · · · ⊗ xm.

The correspondence T ↔ TL establish an isometric isomorphism between
L(X1, ..., Xm;Y ) and L(X1⊗̂π · · · ⊗̂πXm;Y ).

Remark 1.4.1. The previous theorem gives rise to

(X1⊗̂π · · · ⊗̂πXm)∗ = L(X1, ..., Xm).

This duality yields a new formula for the projective norm

‖u‖π = sup {| < u, T > | T ∈ L(X1, ..., Xm) and ‖T‖ ≤ 1} .

1.5 Inequalities
Hölder’s inequality
Let 1 ≤ p, p∗ ≤ ∞ two conjugates exponents. Then if f ∈ Lp(µ), g ∈ Lp∗(µ),
we have f · g ∈ L1(µ) and

‖f · g‖L1 ≤ ‖f‖Lp · ‖g‖Lp∗ .

Minkowski’s inequality
Let 1 ≤ p ≤ ∞ , then for f, g ∈ Lp(µ), we have

‖f + g‖Lp ≤ ‖f‖Lp + ‖g‖Lp .
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Multiple Khintchine’s inequality [2]
If 0 < p <∞ then

Amp (
n1,...,nm∑
i1,...,im=1

|ai1,...,im|2) 1
2

≤

 1∫
0

...

1∫
0

|ri1(t1)...rim(tm)ai1,...,im|pdt1...dtm


1
p

≤ Bm
p

 n1,...,nm∑
i1,...,im=1

|ai1,...,im|2
 1

2

for each choice of the scalars (ai1,...,im)n1,...,nm
i1,...,im=1, Ap, Bp are the Khintchine con-

stants, and by (rm)m∈N we denote the sequence of Rademacher functions such
that
rm : [0, 1]→ R as rm(t) = sng (sin(2mπt))
Multiple Kahane’s inequality [2]
Let 1 ≤ p < ∞. Let Radp(µ,X) be the vector space of all almost uncondi-
tionally summable sequences (xn) in the Banach space X. it is a Banach space
under the norm

‖(xn)‖p =
 1∫

0

‖
∞∑
n=1

rn(t)xn‖pdµ(t)


1
p

.

Let 1 ≤ p, q <∞. Let X be a Banach space and (xi1,...,in) be in X . We have

‖
∑

i1,...,in

xi1,...,in

n⊗
j=1

rij‖Lp(
⊗

1≤i≤n
µi,X)

≤ Kn
p,q‖

∑
i1,...,in

xi1,...,in

n⊗
j=1

rij‖Lq(
⊗

1≤i≤n
µi,X),

where Kp,q is the simple constant of Kahane’s inequality (µi = µ).

1.6 Some Ideals of linear operators
In this section, we give an overview of positive p-summing linear operators
generalized by Blasco, and Cohen positive strongly p-summing linear operators.
We expose their fundamental properties, as well as domination-factorization
theorems for the first class.

1.6.1 Positive p-summing linear operators
Definition 1.6.1. [12] Let 1 ≤ p < ∞. An operator T : E −→ X is said
to be positive p−summing, if there exists a constant C > 0 such that for all
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n ∈ N, x1, ..., xn ∈ E, the inequality

‖T (xi)ni=1‖p ≤ C ‖(xi)ni=1‖`n
p,|weak|(E) . (1.6.1)

For p =∞

sup
1≤i≤n

‖T (xi)‖ ≤ C ‖(xi)ni=1‖`n∞,|weak|(E) .

We denote by Π+
p (E;X), the space of positive p−summing operators from E

into X. Π+
p (E,X) becomes a Banach space with norm π+

p (.) given by the
infimum of the constants C > 0 that verify the inequality (1.6.1). We have
Π+
∞(E;X) = L(E;X).

Proposition 1.6.1. (Inclusion property)
For 1 ≤ p < q <∞, then

Π+
p (E;X) ⊆ Π+

q (E;X).

Moreover, for all T ∈ Π+
q (E;X), we have that π+

q (T ) ≤ π+
p (T ).

Theorem 1.6.1. [54] (Domination Theorem) Let T ∈ L(E,X). T is pos-
itive p-summing operator, if and only if there exist a probability measure µ on
B+
E∗, provided with the weak star topology, and a positive constant C such that

‖T (x)‖ ≤ C

 ∫
B+
E∗

< x, x∗ >p dµ(x∗)


1
P

(1.6.2)

for every x ∈ E+. Moreover, in this case

π+
p (T ) = inf {C verifiying the inequality (1.6.2)} .

Next, we present the factorization theorem. Let a regular probability measure
µ on the compact set (B+

E∗ , w
∗), the inclusion operator Jp,0 : C(B+

E∗) → Lp0(µ)
such that Lp0(µ) is the completion of the quotient space iE(E)/R with R =
{f ∈ iE(E) ‖|f |‖ = 0} and

‖|f |‖ = inf


 ∫
B+
E∗

< |z|, · >p dλ(.)


1
p

:< |z − f |, . >= 0µ− a.e

 .

With the norm ‖ [f ] ‖ = ‖|f |‖, where [f ] is the equivalent class of f . For more
details see [1].
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Lemma 1.6.1. [1] The operator Jp,0 ◦ iE : E → iE(E) → Lp0(µ) is at most
norm one positive p-summing operator.

Theorem 1.6.2. [1] (Factorization Theorem) For every operator T : E →
Y , the following are equivalent

(i) T is positive p-summing.

(ii) There exist a regular Borel probability measure µ on B+
E∗, a Banach space

Lp0(µ) and an operator u : Lp0(µ) → Y such that the following diagram
commutes

E
T //

iE��

Y

iE(E) Jp,0 // Lp0(µ)
u

OO

∩

C(B+
E∗)

Proof. (i) ⇒ (ii) Assume that T is positive p-summing, the Domination theo-
rem provides a regular Borel probability measure µ on B+

E∗ for which

‖Tx‖ ≤ π+
p (T )

 ∫
B+
E∗

< |x|, φ >p dµ


1
p

for all x ∈ E

= π+
p (T )‖ [< x, . >] ‖Lp0(µ)

= π+
p (T )‖Jp,0 ◦ iE(x)‖Lp0(µ).

This informs us that if we denote the range of Jp,0 ◦ iE by S. By definition the
closure of S is Lp0(µ), the map S → Y : Jp,0 ◦ iE(x) 7→ Tx is a well-defined
operator. It is continuous for the Lp0(µ)-topology with norm ≤ π+

p (T ), since
‖Tx‖ ≤ π+

p (T )‖Jp,0 ◦ iE(x)‖Lp0(µ) for every x in E. Then the natural extension
of our map to Lp0(µ) is the operator u we are looking for.
(ii)⇒ (i) Form u◦Jp,0 ◦ iE = T and the previous lemma and the ideal property
we get T is positive p-summing and π+

p (T ) ≤ ‖u‖π+
p (Jp,0 ◦ iE) ≤ ‖u‖.

1.6.2 Cohen positive strongly p-summing linear opera-
tors

Definition 1.6.2. [1] Let 1 ≤ p ≤ ∞. An operator T : X → F is Cohen
positive strongly p-summing if there exists a constant C > 0, such that for all
finite sets (xi)ni=1 ⊂ X and (y∗i )ni=1 ⊂ F ∗, we have

n∑
i=1
| < T (xi), y∗i > | ≤ C‖(xi)ni=1‖p‖(y∗i )ni=1‖`np∗,|weak|(F ∗).
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The class of all Cohen positive strongly p-summing operators between X and F
is denoted D+

p (X,F ). The infimum of all constant C in the inequality defines
the norm d+

p on D+
p (X,F ).

Proposition 1.6.2. (Ideal property) Let X, Y be Banach spaces and E,F be
two Banach lattices. Consider T in L(Y,E), S a positive operator in L(E,F )
and R in L(X, Y ). If T ∈ D+

p (Y,E), then STR ∈ D+
p (X,F ) and d+

p (STR) ≤
‖S‖d+

p (T )‖R‖.

The next theorem shows the duality between positive p-summing operators and
Cohen positive strongly p∗-summing operators.

Theorem 1.6.3. [1] Let 1 ≤ p ≤ ∞

(i) T ∈ L(F,X) is positive p-summing if and only if T ∗ is Cohen positive
strongly p∗-summing.

(ii) T ∈ L(X,F ) is Cohen positive strongly p-summing if and only if T ∗ is
positive p∗-summing.

1.7 Some ideals of multilinear operators
In this section, we present briefly the classes of positive multiple p-summing,
positive Cohen p-nuclear and Cohen positive strongly p-summing multilinear
operators. All the proofs of results below are in the references [14, 16, 18].

1.7.1 Positive multiple p-summing m-linear operators
Definition 1.7.1. [18] Let 1 ≤ p <∞. An m−linear operator T : E1×···×Em
−→ Y is called positive multiple p−summing if there exists a constant K > 0
such that for every choice of finite sequences (xji )

nj
i=1 ⊆ E+

j (1 ≤ j ≤ m) ,

 n1,...,nm∑
i1,...,im=1

∥∥∥T (x1
i1 , ..., x

m
im

)∥∥∥p
 1

p

≤ K
m∏
j=1

∥∥∥(xji)nji=1

∥∥∥
`n
p,weak(Ej)

. (1.7.1)

In this case, we define the positive multiple p−summing norm of T by

Λp(T ) = inf {K : K verifies the inequality (1.7.1)}.

The class Λmult
p (E1, ..., Em;Y ) of positive multiple p−summing m−linear oper-

ators, with its associated norm Λp (.), is a Banach space.

Proposition 1.7.1. Let 1 ≤ p <∞ and T ∈ L(E1, ..., Em;Y ).
If T̂ ∈ Λp(E1,Λmult

p (E2, ..., Em;Y )), then T ∈ Λmult
p (E1, E2, ..., Em;Y ) with

Λp(T ) ≤ Λp(T̂ ). In particular, T ∈ Λmult
1 (E1, E2, ..., Em;Y ) if and only if T̂ ∈

Λ1(E1,Λmult
1 (E2, ..., Em;Y )). In this case Λ1(T ) ≤ Λ1(T̂ ) ≤ 2nΛ1(T ).
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Corollary 1.7.1. Let 1 ≤ p <∞. Then

Λmult
1 (E1, ..., Em;Y ) ⊆ Λmult

p (E1, ..., Em;Y ).

1.7.2 Cohen positive strongly p-summing multilinear op-
erators

Definition 1.7.2. [14]. Let 1 ≤ p ≤ +∞. An m−linear operator T : X1 × · ·
· × Xm −→ F is Cohen positive strongly p−summing multilinear operator, if
there is a constant C > 0, such that for any xj1, ..., xjn ∈ Xj, 1 ≤ j ≤ m, and
any y∗1, ..., y∗n ∈ F ∗

∥∥∥〈T (x1
i , ..., x

m
i ), y∗i

〉∥∥∥
`n1
≤ C

 n∑
i=1

m∏
j=1

∥∥∥xji∥∥∥pXj
 1

p

‖(y∗i )ni=1‖`n
p∗,|weak|(F

∗) . (1.7.2)

Moreover, the class of all Cohen positive strongly p−summing m−linear opera-
tors from X1× · · · ×Xm into F is denoted by Dm+

p (X1, ..., Xm;F ) . This space
is a Banach space with the norm dm+

p (.) which is the smallest constant C such
that the inequality (1.7.2) holds. For m = 1 it is the space of positive strongly
p-summing operators linear operators [1].

Proposition 1.7.2. (Ideal property) Let T ∈ L(X1, ..., Xm;F ), R a positive
operator in L(F,G) and Sj in L(Ej, Xj) (1 ≤ j ≤ m).

(i) If T is Cohen positive strongly p-summing, then RT is Cohen positive
strongly p-summing and dm+

p (RT ) ≤ dm+
p (T )‖R‖.

(ii) If T is Cohen positive strongly p-summing, then T ◦ (S1, ..., Sm) is Cohen
positive strongly p-summing and

dm+
p (T ◦ (S1, ..., Sm)) ≤ dm+

p (T )
m∏
j=1
‖Sj‖.

Theorem 1.7.1. (Domination theorem) If an m-linear operator
T ∈ L(X1, ..., Xm;F ) is Cohen positive strongly p-summing (1 < p ≤ ∞) then
there is a Radon probability measure µ on B+

F ∗∗, with the weak star topology,
such that for all (x1, ..., xm) ∈ X1 × · · · ×Xm and y∗ ∈ F ∗+ we have

| < T (x1, ..., xm), y∗ > | ≤ dm+
p (T )

m∏
j=1
‖xj‖‖y∗‖Lp∗ (B+

F∗∗ ,µ).
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Conversely, if there is a positive constant C and a Radon probability measure µ
on B+

F ∗∗ such that for all (x1, ..., xm) ∈ X1 × · · · ×Xm and y∗ ∈ F ∗+ we have

| < T (x1, ..., xm), y∗ > | ≤ C
m∏
j=1
‖xj‖‖y∗‖Lp∗ (B+

F∗∗ ,µ).

Then T ∈ Dm+
p (X1, ..., Xm;F ) and dm+

p (T ) ≤ C.

The Ky-Fan lemma [25] is used to prove the Domination theorem. The class
of Cohen positive strongly p-summing m-linear operators verifies an inclusion
theorem [14, Theorem 2.7].
Next, we present a duality theorem between positive p-summing operators and
Cohen positive strongly p-summing m-linear operators.

Theorem 1.7.2. Let 1 < p ≤ ∞. Let T ∈ L(X1, ..., Xm;F ) and T ∗ its ad-
joint. Then T belongs to Dm+

p (X1, ..., Xm;F ), if and only if, T ∗ belongs to
Π+
p∗(F ∗,L(X1, ..., Xm)) and we have dm+

p (T ) = π+
p∗(T ∗).

1.7.3 Positive Cohen p-nuclear m-linear operators
Definition 1.7.3. [16] An m−linear operator T : E1 × · · · × Em −→ F is
positive Cohen p−nuclear (1 < p < ∞) if there is a constant C > 0 such that
for any xj1, ..., xjn ∈ Ej (1 ≤ j ≤ m) and any y∗1, ..., y∗n ∈ F ∗, we have

∣∣∣∣∣
n∑
i=1

〈
T (x1

i , ..., x
m
i ), y∗i

〉∣∣∣∣∣ ≤ C

 sup
xj∗∈B+

E∗
j

1≤j≤m

n∑
i=1

m∏
j=1

〈∣∣∣xji ∣∣∣ , xj∗〉p


1
p

‖(y∗i )ni=1‖`n
p∗,|weak|(F

∗) .

(1.7.3)

Moreover, the class of all positive Cohen p−nuclear m−linear operators from
E1×· · ·×Em into F is denoted by Nm+

p (E1, ..., Em;F ) (or N+
p (E;F ) if m = 1,

the space of positive Cohen p-nuclear operators). Our space is a Banach space
with the norm nm+

p (.), which is the smallest constant C such that (1.7.3) holds.
For p =∞, we have Nm+

∞ (E1, ..., Em;F ) = Dm+
∞ (E1, ..., Em;F ).

Proposition 1.7.3. Let T ∈ L (E1, ..., Em;F ) , R a positive operator in L(F,G)
and Sja positive operator in L(Fj, Ej) (1 ≤ j ≤ m) .
(1) If T is positive Cohen p−nuclear, then RT is positive Cohen p−nuclear from
E1 × · · · × Em to G and nm+

p (RT ) ≤ nm+
p (T ) ‖R‖ .

(2) If T is positive Cohen p−nuclear, then T ◦ (S1, ..., Sm) is positive Cohen
p−nuclear from F1 × · · · × Fm

nm+
p (T ◦ (S1, ..., Sm)) ≤ nm+

p (T )
m∏
j=1
‖Sj‖ .
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Theorem 1.7.3. Anm−linear operators T ∈ L(E1, ..., Em;F ) is positive Cohen
p− nuclear (1 < p ≤ ∞) if, and only if, there exists a positive constant C > 0
and Radon probability measures µj on B+

E∗j
(1 ≤ j ≤ m) and λ on B+

F ∗∗such that
for all (x1, ..., xm) ∈ E+

1 × · · · × E+
m and y∗ ∈ F ∗+

〈
T (x1, ..., xm), y∗

〉
≤ C

m∏
j=1

∥∥∥xj∥∥∥
Lp

(
B+
E∗
j
,µj

) ‖y∗‖Lp∗(B+
F∗∗ ,λ) . (1.7.4)

Theorem 1.7.4. (Kwapień’s Factorization Theorem) Let 1 < p ≤ ∞
and j = 1, ...,m. Then T ∈ L(E1, ..., Em;F ) is positive Cohen p−nuclear if,
and only if, there exist Banach spaces X1, ..., Xm, positive p−summing linear
operators uj ∈ L(Ej, Xj) and a Cohen positive strongly p−summing multilinear
operator S ∈ L(X1, ..., Xm;F ) such that T = S (u1, ..., um), i.e. Nm+

p = Dm+
p ◦(

Π+
p , ...,Π+

p

)
, in addition

nm+
p (T ) = inf

{
dm+
p (S)

m∏
j=1
π+
p (uj) : T = S (u1, ..., um)

}
.

Proof. To prove the first implication, we take T ∈ Nm+
p (E1, ..., Em;F ). Then,

by (1.7.4), there exist Radon probability measures µj on B+
E∗j

(1 ≤ j ≤ m) and
λ on B+

F ∗∗ such that for all (x1, ..., xm) ∈ E+
1 × · · · × E+

m and y∗ ∈ F ∗+

〈T (x1, ..., xm), y∗〉 ≤ C
m∏
j=1
‖xj‖

Lp

(
B+
E∗
j
,µj

) ‖y∗‖Lp∗(B+
F∗∗ ,λ) .

Now consider the diagram

E1 × · · · × Em
T−→ F

↓ iE1 ↓ iEm ↑ S

iE1 (E1) × · · · × iEm (Em) −→
(Jp,0,...,Jp,0)

Lp0 (µ1) × · · · × Lp0 (µm)

∩ ∩
C
(
B+
E∗1

)
C
(
B+
E∗j

)

where iEj : Ej −→ C
(
B+
E∗j

)
is the canonical injection. If we denote the range

of Jp,0 ◦ iEj by Xj, and the closure of Xj by Lp0 (µj), the map X1×· · ·×Xm −→
F : Jp,0 ◦ iEj (x1, ..., xm) 7−→ T (x1, ..., xm) is well-defined operator. We now
apply the Lemma 1.6.1, we find that the operators uj = Jp,0 ◦ iEj : Ej −→
iEj (Ej) −→ Lp0 (µj) are positive p-summing, and π+

p (uj) ≤ 1.

The operator S is defined on u1 (E1)× · · · × um (Em) ,
where uj (xj) =

(
Jp,0 ◦ iEj

)
(xj) , by S (u1 (x1) , ..., um (xm)) := T (x1, ..., xm) ,
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this definition makes sense because
|〈S (u1 (x1) , ..., um (xm)) , y∗〉| = |〈S (u1 (x1) , ..., um (xm)) , y∗〉| = |〈T (x1, ..., xm), y∗〉|

By (1.7.4) ≤ nm+
p (T )

m∏
j=1
‖xj‖

(∫
B+
F∗∗
〈y∗, y∗∗〉p

∗
dλ (y∗∗)

) 1
p∗ .

= nm+
p (T )

m∏
j=1
‖uj (xj)‖Lp0(µj)

(∫
B+
F∗∗
〈y∗, y∗∗〉p

∗
dλ (y∗∗)

) 1
p∗ .

From [14, Theorem 2.5] S is a Cohen positive strongly p−summing m−linear
operator and dm+

p (S) ≤ nm+
p (T ).
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Chapter 2

On the positive Dimant strongly
p-summing multilinear operators

This Chapter is intended to extend the concept of Dimant strongly p-summing
multilinear operators [26] to positive framework, also to study its ties with other
known classes of summability.

2.1 Positive strongly p-summing multilinear op-
erators

In this section, we introduce and study a new class of operators between two
Banach lattices, where we extend the notions in [26]. We prove a natural analog
to the Pietsch domination theorem for this class. Before giving our definition let
recall the definition of being strongly p-summing multilinear operator in sense
of Dimant.

Definition 2.1.1. [26] an m-linear operator T ∈ L (X1, ..., Xm;Y ) is strongly
p-summing (1 ≤ p ≤ ∞) , if there exists a positive constant C such that for every
xj1, ..., x

j
n ∈ Xj; 1 ≤ j ≤ m, we have

(
n∑
i=1

∥∥∥T (x1
i , ..., x

m
i

)∥∥∥p) 1
p

≤ C sup
φ∈BL(X1,...,Xm)

(
n∑
i=1

∣∣∣φ (x1
i , ..., x

m
i

)∣∣∣p) 1
p

. (2.1.1)

The class of all strongly p-summing m-linear operators from X1 × · · · × Xm

into Y which is denoted by Lmss,p (X1, ..., Xm;Y ) is a Banach space with the
norm dms,p (.) , which dms,p (T ) is the smallest constant C such that the inequality
(2.1.1) holds.

Now, we give our definition

Definition 2.1.2. Let 1 ≤ p ≤ ∞. An m−linear operator T ∈ L (E1, ..., Em;F )
is said to be positive strongly p-summing if there exists a constant C > 0 such
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that for every xj1, ..., xjn ∈ E+
j (j = 1, ...,m), we have

(
n∑
i=1

∥∥∥T (x1
i , ..., x

m
i

)∥∥∥p) 1
p

≤ C sup
φ∈B+

L(E1,...,Em)

(
n∑
i=1

(
φ
(
x1
i , ..., x

m
i

))p) 1
p

. (2.1.2)

Moreover, the class of all positive strongly p-summing m−linear operators from
E1× · · ·×Em into F, is denoted by Lm+

ss,p(E1, ..., Em;F ). Our space is a Banach
space with the norm dm+

s,p (.), which dm+
s,p (T ) is the smallest constant C such that

(2.1.2) holds.

Basic properties and the domination theorem
Proposition 2.1.1. (Ideal property). Let T ∈ L (E1, ..., Em;F ) , R a positive
operator in L(F,G) and Sj a positive operator in L(Fj, Ej) (1 ≤ j ≤ m) .

1) If T is positive strongly p-summing, R ◦T is positive strongly p-summing and
dm+
s,p (R ◦ T ) ≤ ‖R‖ dm+

s,p (T ) .

2) If T is positive strongly p-summing, T ◦ (S1, ..., Sm)is positive strongly p-
summing and

dm+
s,p (T ◦ (S1, ..., Sm)) ≤ dm+

s,p (T )
m∏
j=1
‖Sj‖ .

Proof. 1) Let T ∈ Lm+
ss,p(E1, ..., Em;F ). Then for all xj1, ..., xjn ∈ E+

j (j = 1, ...,m),
we have

(
n∑
i=1

∥∥∥R ◦ T (x1
i , ..., x

m
i

)∥∥∥p) 1
p

≤ ‖R‖
(

n∑
i=1

∥∥∥T (x1
i , ..., x

m
i

)∥∥∥p) 1
p

≤ ‖R‖ dm+
s,p (T ) sup

φ∈B+
L(E1,...,Em)

(
n∑
i=1

(
φ
(
x1
i , ..., x

m
i

))p) 1
p

.

So R ◦ T ∈ Lm+
ss,p(E1, ..., Em;G) and dm+

s,p (R ◦ T ) ≤ ‖R‖ dm+
s,p (T ) .

2) Let T ∈ Lm+
ss,p(E1, ..., Em;F ). Then
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(
n∑
i=1
‖T ◦ (S1, ..., Sm)(x1

i , ..., x
m
i )‖p)

1
p

≤ dm+
s,p (T ) sup

φ∈B+
L(E1,...,Em)

(
n∑
i=1

(
φ
(
S1
(
x1
i

)
, ..., Sm (xmi )

))p) 1
p

≤ dm+
s,p (T )

m∏
j=1
‖Sj‖ sup

φ∈B+
L(E1,...,Em)


n∑
i=1

 1
m∏
j=1
‖Sj‖

φ (S1, ..., Sm)
(
x1
i , ..., x

m
i

)
p

1
p

≤ dm+
s,p (T )

m∏
j=1
‖Sj‖ sup

ψ∈B+
L(F1,...,Fm)

(
n∑
i=1

(
ψ
(
x1
i , ..., x

m
i

))p) 1
p

.

We have T ◦(S1, ..., Sm) is positive strongly p-summing multilinear operator and

dm+
s,p (T ◦ (S1, ..., Sm)) ≤ dm+

s,p (T )
m∏
j=1
‖Sj‖ .

For the proof of the next theorem, we will use the full general Pietsch domination
theorem recently presented by Pellegrino et al. in [46].

Theorem 2.1.1. An m−linear operator T ∈ L (E1, ..., Em;F ) is a positive
strongly p-summing if and only if there exist a regular probability measure µ on
B+
L(E1,...,Em)with the weak star topology, and a positive constant Csuch that

∥∥∥T (x1, ..., xm
)∥∥∥ ≤ C

∫
B+
L(E1,...,Em)

(
φ
(
x1, ..., xm

))p
dµ (φ)

 1
p

(2.1.3)

for every (x1, ..., xm) ∈ E+
1 × · · · × E+

m. Moreover, in this case

dm+
s,p (T ) = inf {C which satisfies the inequality (2.1.3)} .

Proof. Suppose that T is positive strongly p-summing. We will verify the hy-
potheses of the general Pietsch Domination Theorem. We put

G = K
H = L (E1, ..., Em;F )
Z = E+

1 × · · · × E+
m

K = B+
(E1⊗̂π ···⊗̂πEm)∗

x0 = (0, ..., 0) .
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The notion of positive strongly p-summing multilinear operator is precisely the
concept of R− S-abstract p-summing, where

R : B+
(E1⊗̂π ···⊗̂πEm)∗ × E

+
1 × · · · × E+

m ×K −→ [0,∞)

R
(
ϕ,
(
x1, ..., xm

)
, λ
)

= |λ|
(
ϕ
(
x1, ..., xm

))
S : L(E1, ..., Em;F )× E+

1 × · · · × E+
m ×K −→ [0,∞)

S
(
T,
(
x1, ..., xm

)
, λ
)

= |λ|
∥∥∥T (x1, ..., xm

)∥∥∥ ,
here, R and S satisfy the conditions of full general Pietsch domination theorem.
Then the result follows immediately.

We need a small review about R− S-abstract p-summing.
Let X, Y and Z be (arbitrary) sets, H be a family of mappings from X to Y , G
be a Banach space and K be a compact Hausdorff topological space. Suppose
that the maps

R : K × Z ×G −→ [0,∞)

S : H× Z ×G −→ [0,∞) .

be mappings so that:

� For each f ∈ H, there is x0 ∈ Z such that

R (ϕ, x0, b) = S (f, x0, b) ,

for every ϕ ∈ K and b ∈ G.

� The mappingRx,b : K −→ [0,∞) defined byRx,b (ϕ) = R (ϕ, x, b) is continuous
for every x ∈ Z and b ∈ G.

� It holds that, R (ϕ, x, ηb) ≤ ηR (ϕ, x, b) and ηS (f, x, b) ≤ S (f, x, ηb) ,

for every ϕ ∈ K, x ∈ Z, 0 ≤ η ≤ 1, b ∈ G and f ∈ H.

Definition 2.1.3. [46] Let R and S be as above and 0 < p < ∞. A mapping
f ∈ H is said to be R − S-abstract p-summing if there is a constant C1 > 0 so
that (

m∑
j=1
S (f, xj, bj)p

) 1
p

≤ C1sup
ϕ∈K

(
m∑
j=1
R (ϕ, xj, bj)p

) 1
p

,

for all x1, ..., xm ∈ Z et b1, ..., bm ∈ G. The infimum of such constants C1 is
denoted by πRS,p (f) .

Theorem 2.1.2. [46] Let R and S be as above, 0 < p < ∞ and f ∈ H.Then
f is R − S-abstract p-summing if and only if there is a constant C > 0 and a
regular Borel probability measure µ on K such that for all x ∈ Z and b ∈ G,
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S (f, x, b) ≤ C

(∫
K

(R (ϕ, x, b))p dµ (ϕ)
) 1
p

,

Moreover, the infimum of such constants C equals πRS,p (f) .

Proposition 2.1.2. Let T ∈ L (E1, ..., Em;F ) is positive strongly p -summing
if and only if there exist a regular probability measure µ on B+

L(E1,...,Em) with the
weak star topology, and a constant K > 0,such that the inequality

‖T (x1, ..., xm)‖ ≤ K

 ∫
B+
L(E1,...,Em)

(φ (|x1| , ..., |xm|))p dµ (φ)


1
p

,

for every (x1, ..., xm) ∈ E1 × · · · × Em.

Proof. For convenience, we prove the inequality for m = 2 only. Let (x, y) ∈
E1 × E2, and by Theorem 2.1.1, we have

‖T (x, y)‖ = ‖T (x+ − x−, y+ − y−)‖
=
∥∥∥T (x+, y+

)
− T

(
x+, y−

)
− T

(
x−, y+

)
+ T

(
x−, y−

)∥∥∥
≤
∥∥∥T (x+, y+

)∥∥∥+
∥∥∥T (x+, y−

)∥∥∥+
∥∥∥T (x−, y+

)∥∥∥+
∥∥∥T (x−, y−)∥∥∥

≤ C1

 ∫
B+
L(E1,E2)

(φ(x+, y+))pdµ(φ)


1
p

+ C2

 ∫
B+
L(E1,E2)

(φ(x+, y−))pdµ(φ)


1
p

≤ C3

 ∫
B+
L(E1,E2)

(φ(x−, y+))pdµ(φ)


1
p

+ C4

 ∫
B+
L(E1,E2)

(φ(x−, y−))pdµ(φ)


1
p

≤ K

 ∫
B+
L(E1,E2)

(φ(|x|, |y|))pdµ(φ)


1
p

.

To prove the converse, just apply Theorem 2.1.1 for (x1, ..., xm) ∈ E+
1 × · · · ×

E+
m.

Proposition 2.1.3. If 1 ≤ p < q <∞, then

Lm+
ss,p(E1, ..., Em;F ) ⊂ Lm+

ss,q(E1, ..., Em;F ) and dm+
s,q (T ) ≤ dm+

s,p (T ) .
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Proof. Let T ∈ Lm+
ss,p(E1, ..., Em;F ). Then by (2.1.3)

∥∥∥T (x1, ..., xm
)∥∥∥ ≤ dm+

s,p (T )

 ∫
B+
L(E1,...,Em)

(
φ
(
x1, ..., xm

))p
dµ (φ)


1
p

≤ dm+
s,p (T )

 ∫
B+
L(E1,...,Em)

(
φ
(
x1, ..., xm

))q
dµ (φ)


1
q

,

such that for every (x1, ..., xm) ∈ E+
1 × · · · × E+

m.

This implies that T ∈ Lm+
ss,q(E1, ..., Em;F ) and dm+

s,q (T ) ≤ dm+
s,p (T ) .

Here is another important result.

Proposition 2.1.4. Let 1 ≤ p < ∞. Let A1 : E1 × · · · × Em1 → F1, ..., Ak :
E1+mk−1 × · · · × Emk → Fk and T : F1 × · · · × Fk → F be non null continuous
multilinear operators. If all A1, ..., Ak are positive strongly p-summing, then
T ◦ (A1, ..., Ak) is positive strongly p-summing and

dm+
s,p (T ◦ (A1, ..., Ak)) ≤ ‖T‖

k∏
j=1
dm+
s,p (Aj), for (1 ≤ j ≤ k) .

Proof. From the domination theorem, there exist regular Borel probabilities
µ1 on B1 = B+

L(E1,...,Em1), ..., µk on Bk = B+
L(E1+mk−1 ,...,Emk)

such that for each
(x1, ..., xm1) ∈ E+

1 × · · · × E+
m1 , ..., (x1+mk−1 , ..., xmk) ∈ E+

1+mk−1 × · · · × E
+
mk
,

‖A1
(
x1, ..., xm1

)
‖ ≤ dm+

s,p (A1)

∫
B1

(
φ1
(
x1, ..., xm1

))p
dµ1 (φ1)


1
p

· · ·

‖Ak
(
x1+mk−1 , ..., xmk

)
‖ ≤ dm+

s,p (Ak)

∫
Bk

(
φk
(
x1+mk−1 , ..., xmk

))p
dµk (φk)


1
p

.

Fubini’s theorem gives that, for each (x1, ..., xmk) ∈ E+
1 × · · · × E+

mk
.

∥∥∥A1
(
x1, ..., xm1

)∥∥∥p · · · ‖Ak (x1+mk−1 , ..., xmk)‖p ≤
 k∏
j=1
dm+
s,p (Aj)

p (2.1.4)

×
∫
· · ·

∫
B1×···×Bk

(
φ1
(
x1, ..., xm1

))p
· · · (φk (x1+mk−1 , ..., xmk))p d (µ1 × · · · × µk) (φ1, ..., φk) .
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Let 1 ≤ i ≤ n and (x1
i , ..., x

mk
i ) ∈ E+

1 × · · · × E+
mk
. Since

‖T ◦ (A1, ..., Ak) (x1
i , ..., x

mk
i )‖ ≤ ‖T‖ ‖A1 (x1

i , ..., x
m1
i )‖ · · ·

∥∥∥Ak (x1+mk−1
i , ..., xmki

)∥∥∥ .
By (2.1.4), we find

(
n∑
i=1

∥∥∥T ◦ (A1, ..., Ak)
(
x1
i , ..., x

mk
i

)∥∥∥p)1/p

≤ ‖T‖
k∏
j=1
dm+
s,p (Aj) (2.1.5)

×
(

n∑
i=1

∫
·· ·
∫

B1×···×Bk

(
φ1 (x1

i , ..., x
m
i )p · · · φk

(
x

1+mk−1
i , ..., xmki

)p)
d (µ1 × · · · × µk) (φ1, ..., φk)

)1/p

.

For (φ1, ..., φk) ∈ B1 × · · · ×Bk we define φ1 ⊗ · · · ⊗ φk : E1 × · · · ×Emk −→ K
by

(φ1 ⊗ · · · ⊗ φk) (x1, ..., xm1 , ..., x1+mk−1 , ..., xmk) = φ1 (x1, ..., xm1) · · · φk (x1+mk−1 , ..., xmk) .

Then

φ1 ⊗ · · · ⊗ φk ∈ L (E1, ..., Emk) , ‖φ1 ⊗ · · · ⊗ φk‖ ≤ ‖φ1‖ · · · ‖φk‖

and (
n∑
i=1
φ1
(
x1
i , ..., x

m1
i

)p
· · · φk

(
x

1+mk−1
i , ..., xmki

)p)1/p

(2.1.6)

=
(

n∑
i=1

(φ1 ⊗ · · · ⊗ φk)
(
x1
i , ..., x

mk
i

)p)1/p

≤ sup
φ1⊗···⊗φk∈B+

L(E1,...,Emk)

(
n∑
i=1

(
(φ1 ⊗ · · · ⊗ φk)

(
x1
i , ..., x

mk
i

))p) 1
p

.

Using (2.1.6) and the fact that µ1, ..., µk are probability measures , by (2.1.5),
we get
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(
n∑
i=1

∥∥∥T ◦ (A1, ..., Ak)
(
x1
i , ..., x

mk
i

)∥∥∥p)1/p

≤ ‖T‖
k∏
j=1
dm+
s,p (Aj)

× sup
φ1⊗···⊗φk∈B+

L(E1,...,Emk)

(
n∑
i=1

(
(φ1 ⊗ · · · ⊗ φk)

(
x1
i , ..., x

mk
i

))p) 1
p

.

Then from Definition 2.1.2, T ◦ (A1, ..., Ak) is positive strongly p-summing op-
erators.

2.2 Ties with other known classes of summa-
bility

Our main results of this section, is to analyse some connections between the
different classes investigated earlier.

Theorem 2.2.1. Let 1 < p ≤ ∞. If T ∈ L (E1, ..., Em;F ) is such that T ∗ is a
Cohen positive strongly p∗-summing linear operator, then T is positive strongly
p-summing multilinear operator.

Proof. Suppose that T ∗ ∈ L (F ∗;L (E1, ..., Em)) is Cohen positive strongly p∗-
summing linear operator. We have by (1.6.2)

n∑
i=1
|〈T ∗(y∗i ), z∗i 〉| ≤ d+

p∗ (T ∗)
(

n∑
i=1
‖y∗i ‖

p∗
) 1
p∗

sup
φ∈B+

L(E1,...,Em)

(
n∑
i=1

(z∗i (φ))p
) 1
p

Let now
(
xji
)n
i=1
⊂ E+

j (1 ≤ j ≤ m) . We consider the linear form

T(x1
i ,...,x

m
i ) : L (E1, ..., Em) −→ K defined by T(x1

i ,...,x
m
i ) (φ) = φ (x1

i , ..., x
m
i ) .

We have
n∑
i=1
|〈T (x1

i , ..., x
m
i ), y∗i 〉| =

n∑
i=1

∣∣∣∣〈T ∗(y∗i ), T(x1
i ,...,x

m
i )
〉∣∣∣∣

≤ d+
p∗ (T ∗)

(
n∑
i=1
‖y∗i ‖

p∗
) 1
p∗

sup
φ∈B+

L(E1,...,Em)

(
n∑
i=1

(
T(x1

i ,...,x
m
i ) (φ)

)p) 1
p

≤ d+
p∗ (T ∗)

(
n∑
i=1
‖y∗i ‖

p∗
) 1
p∗

sup
φ∈B+

L(E1,...,Em)

(
n∑
i=1
φ
(
x1
i , ..., x

m
i

)p) 1
p

.
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Taking the supremum over all sequences (y∗i )
n
i=1 with (

n∑
i=1
‖y∗i ‖

p∗)
1
p∗ ≤ 1, we

obtain

(
n∑
i=1

∥∥∥T (x1
i , ..., x

m
i

)∥∥∥p) 1
p

= sup
(
n∑
i=1
‖y∗i ‖

p∗
)

1
p∗ ≤1

(
n∑
i=1

∣∣∣〈T (x1
i , ..., x

m
i

)
, y∗i

〉∣∣∣)

≤ d+
p∗ (T ∗) sup

φ∈B+
L(E1,...,Em)

(
n∑
i=1
φ
(
x1
i , ..., x

m
i

)p) 1
p

.

Then, T is positive strongly p-summing and dm+
s,p (T ) ≤ d+

p∗ (T ∗) .

Open problem. Is the inverse true?

Proposition 2.2.1. Let T ∈ L (E1, ..., Em;F ) and R be a positive operator in
L(F,G). If R is positive p-summing, then R ◦ T is positive strongly p-summing
and

dm+
s,p (R ◦ T ) ≤ π+

p (R) ‖T‖ .

Proof. Let R be an operator in Π+
p (F,G), from Definition 1.6.1 we have

∥∥∥R ◦ T (x1
i , ..., x

m
i

)∥∥∥
p
≤ π+

p (R) sup
y∗∈B+

F∗

(
n∑
i=1

〈
T
(
x1
i , ..., x

m
i

)
, y∗

〉p)1/p

≤ π+
p (R) sup

y∗∈B+
F∗

(
n∑
i=1

〈
T(x1

i ,...,x
m
i ), T

∗ (y∗)
〉p)1/p

≤ π+
p (R) ‖T‖ sup

y∗∈B+
F∗

(
n∑
i=1

〈
T(x1

i ,...,x
m
i ),

T ∗ (y∗)
‖T‖

〉p)1/p

≤ π+
p (R) ‖T‖ sup

φ∈B+
L(E1,...,Em)

(
n∑
i=1

(
φ
(
x1
i , ..., x

m
i

))p) 1
p

.

So R ◦ T ∈ Lm+
ss,p(E1, ..., Em;G) and dm+

s,p (R ◦ T ) ≤ π+
p (R) ‖T‖ .

For our next result, we need a reminder on the positive projective tensor norm
found in [19, 29].
The projective cone on the tensor product E1 ⊗ · · · ⊗ Em is defined as:

E+
1 ⊗ · · · ⊗ E+

m =
{

n∑
i=1
x1
i ⊗ · · · ⊗ xmi : xji ∈ E+

j , j = 1, ...,m, n ∈ N
}
.

The positive projective tensor norm on E1 ⊗ · · · ⊗ Em is defined as:
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‖u‖|π| = inf
{

n∑
i=1

m∏
j=1

∥∥∥xji∥∥∥ : xji ∈ E+
j , n ∈ N, |u| ≤

n∑
i=1
x1
i ⊗ · · · ⊗ xmi

}
,

for every u ∈ E1 ⊗ · · · ⊗ Em. By E1⊗̂|π| · · · ⊗̂|π|Em will denote the complete
positivem-fold projective tensor product of E1, ..., Em (Fremlin projective tensor
product). Then E1⊗̂|π| · · · ⊗̂|π|Em with the above norm, is a Banach lattice; we
will use the next notation Ê = E1⊗̂|π| · · · ⊗̂|π|Em.

Every T ∈ L(E1, ..., Em;F ) has an associated linear operator TL ∈ L(Ê;F )
defined by ∀xj ∈ E+

j (j = 1, ...,m), TL (x1 ⊗ · · · ⊗ xm) = T (x1, ..., xm) (See
[19] for details). Let ⊗ : E1 × · · · × Em −→ Ê denote the canonical m−linear
operator, that is, ⊗ (x1, ..., xm) = x1 ⊗ · · · ⊗ xm. Then,

T = TL ◦ ⊗. (2.2.1)

Corollary 2.2.1. Let 1 ≤ p ≤ ∞. If TL ∈ Π+
p (Ê;F ) then T ∈ Lm+

ss,p(E1, ..., Em;F ).

Proof. If TL ∈ Π+
p (Ê;F ) and the fact that T = TL ◦ ⊗, by above proposition,

T ∈ Lm+
ss,p(E1, ..., Em;F ) and dm+

s,p (T ) ≤ π+
p (TL) .

Open Problem. Is the opposite implication in the last corollary true?
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Chapter 3

Multiple Cohen positive strongly
p−summing m−linear operators

In this chapter, we introduce the new class of multiple Cohen positive strongly
p−summing operators and compare it with the class of Cohen positive strongly
p-summing m-linear operators [14] and positive multiple p-summing m-linear
operators [18], by giving a generalization to Cohen’s theorems [23], as well as,
investigating a relationship with the class multiple Cohen positive p-nuclear
operators.

3.1 Multiple Cohen positive strongly p-summing
operators

In this section, we give the new notion of multiple Cohen positive strongly
p−summing operators, as a prototype of the multiple Cohen strongly summing
operators initiated by Campos in [21] and motivated by Matos in his famous
paper ”Fully absolutely summing and Hilbert-Schmidt multilinear mappings”
[37], as well as studying inclusions and coincidences with some known spaces.
All along this chapter the Banach space F we be finite dimensional.

Definition 3.1.1. Let 1 ≤ p ≤ ∞. An m−linear operator T : X1×· · ·×Xm −→
F is multiple Cohen positive strongly p−summing m−linear operator, if there
is a constant C > 0 such that for any, n ∈ N∗, y∗i1,...,im ∈ F

∗+ and any xjij ∈ Xj

such that 1 ≤ j ≤ m, 1 ≤ i ≤ n 1 ≤ ij ≤ n

n∑
i1,...,im=1

| < T (x1
i1 , ..., x

m
im), y∗i1,...,im > |

≤ C

 m∏
j=1
‖(xji )ni=1‖p

 ‖(y∗i1,...,im)ni1,...,im=1‖`np∗,weak(F ∗).

The class of all multiple Cohen positive strongly p−summingm−linear operators
from X1×· · ·×Xm into F is a Banach space denoted by Dmult+p (X1, ..., Xm;F ),
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with the norm dmult+p (.) given by the infimum of constants C verifying the above
inequality .

The next remark is equivalent to Definition 3.1.1, which we need the most in
Section 3.

Remark 3.1.1. Let T : X1× · · · ×Xm → F , then T is multiple Cohen positive
strongly p-summing m-linear operator if and only if, there exists a constant
K > 0 such that the following inequality holds

n∑
i1,...,im=1

| < T (x1
i1 , ..., x

m
im), y∗i1,...,im > |

≤ K

 m∏
j=1
‖(xji )ni=1‖p

 ‖(y∗i1,...,im)ni1,...,im=1‖`np∗,|weak|(F ∗)

for any n ∈ N∗, y∗i1,...,im ∈ F
∗ and any xjij ∈ Xj such that 1 ≤ j ≤ m, 1 ≤ i ≤

n 1 ≤ ij ≤ n.

For the first part, let , y∗i1,...,im ∈ F ∗ and xjij ∈ Xj such that 1 ≤ j ≤ m,
1 ≤ i ≤ n.

n∑
i1,...,im=1

| < T (x1
i1 , ..., x

m
im), y∗i1,...,im > |

=
n∑

i1,...,im=1
| < T (x1

i1 , ..., x
m
im), y∗+i1,...,im − y

∗−
i1,...,im > |

≤
n∑

i1,...,im=1
| < T (x1

i1 , ..., x
m
im), y∗+i1,...,im > |

+
n∑

i1,...,im=1
| < T (x1

i1 , ..., x
m
im), y∗−i1,...,im > |

≤ K

 m∏
j=1
‖(xji )ni=1‖p

 ‖(y∗+i1,...,im)ni1,...,im=1‖`np∗,weak(F ∗)

+K

 m∏
j=1
‖(xji )ni=1‖p

 ‖(y∗−i1,...,im)ni1,...,im=1‖`np∗,weak(F ∗)

≤ 2K
 m∏
j=1
‖(xji )ni=1‖p

 ‖(|y∗i1,...,im|)ni1,...,im=1‖`np∗,weak(F ∗)

≤ 2K
 m∏
j=1
‖(xji )ni=1‖p

 ‖(y∗i1,...,im)ni1,...,im=1‖`np∗,|weak|(F ∗)

= C

 m∏
j=1
‖(xji )ni=1‖p

 ‖(y∗i1,...,im)ni1,...,im=1‖`np∗,|weak|(F ∗).

The second part is obvious from the formula (1.2.1).
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Example 3.1.1. Every finite type m−linear operator from X1× · · · ×Xm into
the finite dimensional Banach lattice F , is multiple Cohen positive strongly
p−summing m−linear operator.
For any y∗i1,...,im ∈ F

∗+ and xjij ∈ Xj such that 1 ≤ j ≤ m, 1 ≤ i ≤ n and any
φj ∈ X∗j , b ∈ F .

n∑
i1,...,im=1

| < φ1 ⊗ · · · ⊗ φm ⊗ b(x1
i1 , ..., x

m
im), y∗i1,...,im > |

≤ ‖φ1 ⊗ · · · ⊗ φm ⊗ b(x1
i1 , ..., x

m
im)‖‖(y∗i1,...,im)ni1,...,im=1‖

≤ ‖b‖
m∏
j=1
‖φj(xji )ni=1‖p‖(y∗i1,...,im)ni1,...,im=1‖p∗

≤ ‖b‖
m∏
j=1
‖φj(xji )ni=1‖p‖(y∗i1,...,im)ni1,...,im=1‖`np∗,weak(F ∗).

Hence dmult+p (φ1 ⊗ · · · ⊗ φm ⊗ b) ≤ ‖b‖‖φ1‖...‖φm‖.

Inclusion and composition theorems
Theorem 3.1.1. Every Cohen positive strongly p−summing m−linear operator
is multiple Cohen positive strongly p−summing m−linear operator and

dmult+p (.) ≤ dm+
p (.).

Proof. By the domination theorem of Cohen positive strongly p−summing
m−linear operators. [14, Theorem 2.5] T ∈ Dm+

p (X1, ..., Xm, F ) if there are a
constant C and Borel probability measure µ on B+

F ∗∗ such that

| < T (x1, ..., xm), y∗ > | ≤ C‖x1‖...‖xm‖

 ∫
B+
F∗∗

< y∗, φ >p∗ dµ(φ)


1
p∗

for all xj ∈ Xj and y∗ ∈ F ∗+ j = 1, ...,m.
Giving n ∈ N∗, we have

| < T (x1
i1 , ..., x

m
im), y∗i1,...,im > | ≤ C‖x1

i1‖...‖x
m
im‖

 ∫
B+
F∗∗

< y∗i1,...,im , φ >
p∗ dµ(φ)


1
p∗
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for all xjij ∈ Xj 1 ≤ j ≤ m, 1 ≤ i1, ..., im ≤ n and any y∗i1,...,im ∈ F
∗+, then

n∑
i1,...,im=1

| < T (x1
i1 , ..., x

m
im), y∗i1,...,im > |

≤ C
n∑

i1,...,im=1

‖x1
i1‖...‖x

m
im‖

 ∫
B+
F∗∗

< y∗i1,...,im , φ >
p∗ dµ(φ)


1
p∗
 .

Using a general form of Hölder’s inequality

n∑
i1,...,im=1

| < T (x1
i1 , ..., x

m
im), y∗i1,...,im > |

≤ C

 n∑
i1,...,im=1

(
‖x1

i1‖...‖x
m
im‖

)p 1
p

 n∑
i1,...,im=1

∫
B+
F∗∗

< y∗i1,...,im , φ >
p∗ dµ(φ)


1
p∗

≤ C

 n∑
i1=1
‖x1

i1‖
p

 1
p

...

 n∑
im=1
‖xmim‖

p

 1
p

 n∑
i1,...,im=1

∫
B+
F∗∗

< y∗i1,...,im , φ >
p∗ dµ(φ)


1
p∗

≤ C‖(x1
i )ni=1‖p...‖(xmi )ni=1‖p

 ∫
B+
F∗∗

n∑
i1,...,im=1

< y∗i1,...,im , φ >
p∗ dµ(φ)


1
p∗

≤ C‖(x1
i )ni=1‖p...‖(xmi )ni=1‖p

 sup
φ∈B+

F∗∗

n∑
i1,...,im=1

< y∗i1,...,im , φ >
p∗

 1
p∗

≤ C‖(x1
i )ni=1‖p...‖(xmi )ni=1‖p‖(y∗i1,...,im)ni1,...,im=1‖`np∗,weak(F ∗)

and thus T ∈ Dmult+p (X1, ..., Xm;F ).

Next, we investigate composition and inclusion relationships for our class of op-
erators. But first we take advantage of the definition of Cohen positive p-nuclear
m-linear operators initiated by Bougoutaia et al. [16], we define similarly the
multiple Cohen positive p-nuclear operators as follows.

Definition 3.1.2. For 1 ≤ p < ∞, an m−linear operator T : E1 × · · · × Em
−→ F is called multiple Cohen positive p−nuclear if there exists a constant
C > 0 such that for any (xjij)nij=1 ⊂ Ej (1 ≤ j ≤ m) and any y∗i1,...,im ∈ F

∗, we
have
∥∥∥〈T (x1

i1 , ..., x
m
im), y∗i1,...,im

〉∥∥∥
`n1
≤ C

m∏
j=1
‖(xii)ni=1‖`np,|weak|(Ej)‖(y

∗
i1,...,im)ni1,...,im=1‖`np∗,|weak|(F ∗).

(3.1.1)
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Moreover the class of all multiple Cohen positive p-nuclear operators from E1×
· · · × Em into F , is denoted Nmult+

p (E1, ..., Em;F ). It is a Banach space with
the norm nmult+p (.), which is the smallest constant C such that (3.1.1) holds.

Theorem 3.1.2. Let 1 ≤ p, q, r ≤ ∞ with 1
r

= 1
p
+1
q
, if S ∈ Dmult+p (E1, ..., Em;F )

with F is finite dimensional, and Tj ∈ Π+
q (Dj, Ej) with 1 ≤ j ≤ m, then

S ◦ (T1, ..., Tm) ∈ Nmult+
r (D1, ..., Dm;F ).

Proof. Take Tj ∈ Π+
q (Dj, Ej) with 1 ≤ j ≤ m, from the domination theorem

for positive summing operators [1] there is µj ∈ B+
Dj

such that for every x ∈ Dj,
we have

‖Tj(x)‖ ≤ π+
q (Tj)


∫

B+
Dj

|φ(x)|qdµj(φ)


1
q

we take

ρji =


∫

B+
Dj

|φ(xi)|rdµj(φ)


1
q

for 1 ≤ j ≤ m and 1 ≤ i ≤ n, without loss of generality we may consider
Tj(xji ) 6= 0, for all 1 ≤ j ≤ m and 1 ≤ i ≤ n. Hence ρji > 0 and we can define
zji = xji

ρji
. Now, for a1, ..., an ∈ K with

n∑
i=1
|ai|p

∗
< 1, since 1

r∗
+ 1

p
+ 1

q
= 1, we can

use Hölder’s inequality in order to write

|
n∑
i=1

φ(aizji )| ≤
n∑
i=1
|ai|

p∗
r∗ |ai|

p∗
q

1
ρji
|φ(xji )|

r
q |φ(xji )|

r
p

≤
(

n∑
i=1
|ai|p

∗
) 1
r∗
(

n∑
i=1
|ai|p

∗ 1
(ρji )q

|φ(xji )|r
) 1
q
(

n∑
i=1
|φ(xji )|r

) 1
p

≤
(

n∑
i=1
|ai|p

∗ 1
(ρji )q

|φ(xji )|r
) 1
q
(

n∑
i=1
|φ(xji )|r

) 1
p

.
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Thus

‖
n∑
i=1

aiTj(zji )‖ = ‖
n∑
i=1

Tj(aizji )‖

≤ π+
q (Tj)


∫

B+
Dj

|
n∑
i=1

φ(aizji )|qdµj(φ)


1
q

≤ π+
q (Tj)


n∑
i=1
|ai|p

∗ 1
(ρji )q

∫
B+
Dj

|φ(xji )|rdµj(φ)


1
q (
‖(xji )ni=1‖`nr,weak

) r
p

≤ π+
q (Tj)

(
‖(xji )ni=1‖`nr,weak

) r
p .

Hence, by Krivine’s calculus

‖(Tj(zji ))ni=1‖p ≤ π+
q (Tj)

(
‖(xji )ni=1‖`nr,weak

) r
p .

Now, for y∗i1,...,im in F ∗+ we have

n∑
i1,...,im=1

| < S(T1(x1
i1), ..., Tm(xmim)), y∗i1,...,im > |

≤ ‖S(T1(x1
i1), ..., Tm(xmim))‖‖(y∗i1,...,im)ni1,...,im=1‖

≤ ‖(ρ1
i1 ...ρ

m
im)S(T1(z1

i1), ..., Tm(zmim))‖‖(y∗i1,...,im)ni1,...,im=1‖
≤ ‖(ρ1

i1 ...ρ
m
im)S(T1(z1

i1), ..., Tm(zmim))‖r‖(y∗i1,...,im)ni1,...,im=1‖r∗
≤ ‖(ρ1

i1 ...ρ
m
im)S(T1(z1

i1), ..., Tm(zmim))‖r‖(y∗i1,...,im)ni1,...,im=1‖`nr∗,weak(F ∗)

≤ dmult+p (S)
(

n∑
i1,...,im=1

(ρ1
i1 ...ρ

m
im)q

) 1
q m∏
j=1
‖(Tj(zji ))ni=1‖p‖(y∗i1,...,im)ni1,...,im=1‖`nr∗,weak(F ∗)

≤ dmult+p (S)
m∏
j=1
‖(ρji )ni=1‖q

m∏
j=1

πq(Tj)
(
‖(xji )ni=1‖`nr,weak

) r
p ‖(y∗i1,...,im)ni1,...,im=1‖`nr∗,weak(F ∗)

≤ dmult+p (S)
m∏
j=1

πq(Tj)
(
‖(xji )ni=1‖`nr,weak

) r
p

+ r
q ‖(y∗i1,...,im)ni1,...,im=1‖`nr∗,weak(F ∗)

≤ dmult+p (S)
m∏
j=1

πq(Tj)‖(xji )ni=1‖`nr,weak‖(y
∗
i1,...,im)ni1,...,im=1‖`nr∗,weak(F ∗)

Therefore, S ◦ (T1, ..., Tm) is multiple Cohen positive r−nuclear operator.
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3.2 Cohen’s-type theorems for multiple posi-
tive strongly p-summing operators

In this section, we investigate inclusions between the the class of multiple posi-
tive p-summing and multiple positive strongly p-summing operators. By giving
the Cohen’s-type theorems [23] in the positive multilinear situation.

Theorem 3.2.1. Let r1, ..., rm ∈ N∗ and 1 < p ≤ ∞. Let T be a multilinear
operator form `r1

p ×· · ·×`rmp into the finite dimensional Banach lattice F . Then,
T belongs to Λmult

p∗ (`r1
p , ..., `

rm
p ;F ) and Dmult+p (`r1

p , ..., `
rm
p ;F ) with dmult+p (T ) ≤

Λp∗(T ).

Proof. Let the multilinear operator T : `r1
p × · · · × `rmp → F , T is finite type.

Thus obviously T is in Λmult
p∗ (`r1

p , ..., `
rm
p ;F ) and from Example 3.1.1, T is in

Dmult+p (`r1
p , ..., `

rm
p ;F ). Let now (ekj)

rj
kj=1 be the standard basis for `rjp 1 ≤

j ≤ m.
Since T is positive multiple p-summing, then

 r1,...,rm∑
k1,...,km=1

‖T (ek1 , ..., ekm)‖p∗
 1

p∗

≤ Λp∗(T )
m∏
j=1
‖(ekj)

rj
kj=1‖`np∗,weak

≤ Λp∗(T ).

Let (x1
i1 , ..., x

m
im) ∈ `r1

p ×· · ·× `rmp such that xjij =
rj∑

kj=1
ajkj ,ijekj and y

∗
i1,...,im ∈ F

∗+

n∑
i1,...,im=1

| < T (x1
i1 , ..., x

m
im), y∗i1,...,im > |

≤
n∑

i1,...,im=1

 r1,...,rm∑
k1,...,km=1

| < T (a1
k1,i1ek1 , ..., a

m
kmimekm), y∗i1,...,im > |


≤

n∑
i1,...,im=1

r1,...,rm∑
k1,...,km=1

(
|a1
k1,i1 ...a

m
km,im || < T (ek1 , ..., ekm), y∗i1,...,im > |

)
.
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If 1 < p <∞, by the Hölder’s inequality we obtain

n∑
i1,...,im=1

| < T (x1
i1 , ..., x

m
im), y∗i1,...,im > |

≤
n∑

i1,...,im=1

( r1,...,rm∑
k1,...,km=1

|a1
k1,i1 ...a

m
km,im |

p

) 1
p
(

r1,...,rm∑
k1,...,km=1

| < T (ek1 , ..., ekm), y∗i1,...,im > |p∗
) 1
p∗


≤
n∑

i1,...,im=1

‖x1
i1‖...‖x

m
im‖

 r1,...,rm∑
k1,...,km=1

| < T (ek1 , ..., ekm), y∗i1,...,im > |p∗
 1

p∗


≤
(

n∑
i1,...,im=1

‖x1
i1‖...‖x

m
im‖

)(
r1,...,rm∑

k1,...,km=1
‖T (ek1 , ..., ekm)‖p∗

) 1
p∗

‖(y∗i1,...,im)ni=1‖`np∗,weak(F ∗)

≤ Λp∗(T )
 n∑
i=1

m∏
j=1
‖xji‖p

 1
p

‖(y∗i1,...,im)ni=1‖`np∗,weak(F ∗).

This implies that dmult+p (T ) ≤ Λp∗(T ).
If p =∞

n∑
i1,...,im=1

| < T (x1
i1 , ..., x

m
im), y∗i1,...,im > |

≤ sup
1≤ij≤n

sup
1≤kj≤rj

|a1
k1,i1 ...a

m
km,im|

 n∑
i1,...,im=1

r1,...,rm∑
k1,...,km=1

| < T (ek1 , ..., ekm), y∗i1,...,im > |


≤ sup

1≤i≤n

m∏
j=1
‖(xji )ni=1‖`rj∞

r1,...,rm∑
k1,...,km=1

‖T (ek1 , ..., ekm)‖‖(y∗i1,...,im)ni1,...,im=1‖`n1,weak(F ∗)

≤ Λ1(T )
m∏
j=1
‖(xji )ni=1‖`rj∞‖(y

∗
i1,...,im)ni1,...,im=1‖`n1,weak(F ∗)

we obtain dmult+∞ (T ) ≤ Λ1(T ). This completes the proof.

Let 1 ≤ p ≤ ∞ and let λ > 1. The Banach space X is said to be an Lp,λ-space
if every finite dimensional subspace Y of X is contained in a finite dimen-
sional subspace Z of X for which there is an isomorphism v : Z → `dimZp with
‖v‖‖v−1‖ < λ. We say that X is an Lp-space if it is an Lp,λ-space for some
λ > 1( see[25]).

Theorem 3.2.2. For m ∈ N∗. Let 1 < p ≤ ∞ and let Ej (1 ≤ j ≤ m) be an
Lp,λ-space. Then

Λmult
p∗ (E1, ..., Em;F ) ⊂ Dmult+p (E1, ..., Em;F )

and dmult+p (T ) ≤
m∏
j=1

λjΛp∗(T ).
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Proof. Let n ∈ N∗, (x1
i1 , ..., x

m
im) in E1 × · · · ×Em and T ∈ Λmult

p∗ (E1, ..., Em;F ).
Since Ej (1 ≤ j ≤ m) is an Lp,λ-space, then there exists a finite dimen-
sional subspace Mj ⊂ Ej containing a finite dimensional subspace spanned
by x1

i1 , ..., x
m
im and an invertible operator Sj : `rjp → Mj (DimMj = rj) such

that ‖Sj‖‖S−1
j ‖ < λj.

Consider the following diagram

E1 × · · ·× Em
T // F

M1

i1
OO

× · · ·× Mm

im
OO

`r1
p

(S1,...,Sm)oo × · · ·×
T̃

OO

`rmp

span
{
x1

11 , ..., x
1
n1

}k1

OO

× · · ·× span
{
xm1m , ..., x

m
nm

}km

OO

where ij and kj for (1 ≤ j ≤ m) are the canonical inclusion mappings and the op-
erator T̃ is defined by T̃ = T (i1 ◦S1, ..., im ◦Sm). Since T ∈ Λmult

p∗ (E1, ..., Em;F )
then

Λp∗(T̃ ) ≤ Λp∗(T )
m∏
j=1
‖Sj‖‖ij‖

therefore, using the previous theorem, we have T̃ ∈ Dmult+p (`r1
p , ..., `

rm
p ;F ) and

dmult+p (T̃ ) ≤ Λp∗(T̃ ) ≤ Λp∗(T )
m∏
j=1
‖Sj‖.

If we let zjij = S−1
j xjij in `

rj
p and y∗i1,...,im ∈ F

∗+

n∑
i1,...,im=1

| <T (x1
i1 , ..., x

m
im), y∗i1,...,im > | =

n∑
i1,...,im=1

| < T̃ (z1
i1 , ..., z

m
im), y∗i1,...,im > |

≤ dmult+p (T̃ )‖(z1
i )ni=1‖p...‖(zmi )ni=1‖p ‖(y∗i1,...,im)ni1,...,im=1‖`np∗,weak(F ∗)

≤ Λp∗(T )
m∏
j=1
‖Sj‖‖(z1

i )ni=1‖p...‖(zmi )ni=1‖p ‖(y∗i1,...,im)ni1,...,im=1‖`np∗,weak(F ∗).

Since zjij = S−1
j xjij , we obtain

n∑
i1,...,im=1

| < T (x1
i1 , ..., x

m
im), y∗i1,...,im > | ≤

m∏
j=1

λjΛp∗(T )‖(x1
i )ni=1‖p...‖(xmi )ni=1‖p ‖(y∗i1,...,im)ni1,...,im=1‖`np∗,weak(F ∗).

Therefore, T belongs to Dmult+p (E1, ..., Em;F ) and dmult+p (T ) ≤
m∏
j=1

λjΛp∗(T ).
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3.3 Connection with tensor product
In this section, we endow X1⊗ · · · ⊗Xm⊗F ∗ with a norm in such way that its
topological dual is isometric to the space of multiple Cohen positive strongly
p−summing m−linear operators from X1 × · · · ×Xm into F .

Definition 3.3.1. for each z ∈ X1 ⊗ · · · ⊗Xm ⊗ F

δ+
p (z) := inf

{
‖(λi1,...,im)ni1,...,im=1‖`n∞

(
m∏
j=1
‖(xji )ni=1‖p

)
‖(yi1,...,im)ni1,...,im=1‖`np∗,|weak|(F )

}

where the infimum is taken over all representations z =
n∑

i1,...,im=1
λi1,...,imx

1
i1 ⊗

· · · ⊗ xmim ⊗ yi1,...,im .

Proposition 3.3.1. The application z 7→ δ+
p (z) is a norm on X1⊗· · ·⊗Xm⊗F.

Proof. The proof of this proposition is similar to the proof of [53, Proposition
2.1].

Proposition 3.3.2. The topological dual
(
X1 ⊗ · · · ⊗Xm ⊗ F ∗, δ+

p

)∗
of(

X1 ⊗ · · · ⊗Xm ⊗ F ∗, δ+
p

)
is isometric to Dmult+p (X1, ..., Xm;F ) through the map-

ping φT .

Proof. For any z =
n∑

i1,...,im=1
λi1,...,imx

1
i1⊗· · ·⊗x

m
im⊗y

∗
i1,...,im in X1⊗ ...⊗Xm⊗F ∗

we have

|φT (z)| = |
n∑

i1,...,im=1
λi1,...,imy

∗
i1,...,im(T (x1

i1 , ..., x
m
im))|

≤ dmult+p (T )‖(λi1,...,im)ni1,...,im=1‖`n∞

(
m∏
j=1
‖(xji )ni=1‖p

)
‖(y∗i1,...,im)ni1,...,im=1‖`np∗,|weak|(F ∗).

Hence for each z we have |φT (z)| ≤ dmult+p (T )δ+
p (z).

For the other direction, let (λi1,...,im)ni1,...,im=1 ⊂ R∗, (xjij)nij=1 ⊂ Xj (1 ≤ j ≤ m)
and (y∗i1,...,im)ni1,...,im=1 ⊂ F ∗, then

|
n∑

i1,...,im=1
λi1,...,imy

∗
i1,...,im(T (x1

i1 , ..., x
m
im))| = |φT (z)|

≤ ‖φT‖δ+
p (

n∑
i1,...,im=1

λi1,...,imx
1
i1 ⊗ · · · ⊗ x

m
im ⊗ y

∗
i1,...,im)

≤ ‖φT‖‖(λi1,...,im)ni1,...,im=1‖`n∞

(
m∏
j=1
‖(xji )ni=1‖p

)
‖(y∗i1,...,im)ni1,...,im=1‖`np∗,|weak|(F ∗).
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Chapter 4

Cohen positive strongly
p−summing and p-dominated
m-homogeneous polynomials

This Chapter includes three sections, in Section 4.1 we introduce the class of
Cohen positive strongly p-summing m-homogeneous polynomials, characterize
it with a Domination Theorem and prove that this class is related to different
classes of p-summability ( Π+

p∗ (E,F ), Dm+
p (mX;F ), D+

p (⊗̂mπ,sX;F )), by means
of the adjoint operator, the associated symmetric m-linear operator and the
linearization of these polynomials. Section 4.2 is essentially dedicated to the
study of positive p-dominated m-linear operators and polynomials. It includes
our main theorem (The Bu-type theorem) which serves as a focal point in
the proof of the relationship between positive p-dominated polynomials and
those defined in Section 4.1. We end this chapter by giving example and some
applications.

4.1 Cohen positive strongly p-summing
m-homogeneous polynomials

In this section, we give a natural generalization of the notion of Cohen positive
strongly p−summing to the category of homogeneous polynomial mappings.
As in the multilinear case, there is an analogue connection between polynomial
mapping and its linearization and associated symmetric m−linear operator.
The next definition is due to D. Achour and Kh. Saadi in [3].

Definition 4.1.1. Let 1 < p ≤ +∞. An m−homogeneous polynomial P :
X −→ Y is Cohen strongly p−summing, if there is a constant C > 0 such that
for any x1, ..., xn ∈ X and y∗1, ..., y∗n ∈ Y ∗,

n∑
i=1
|〈P (xi), y∗i 〉| ≤ C

(
n∑
i=1
‖xi‖mp

) 1
p

sup
y∈BY

‖(y∗i (y))‖`n
p∗
. (4.1.1)
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The class of such polynomials is denoted by PCoh,p (mX, Y ) , it is equipped with
the norm dp (.) , i.e. the smallest constant C such that inequality (4.1.1) holds.
For p = 1 we have PCoh,1 (mX;Y ) = P (mX;Y ) .

4.1.1 Definition and characterization with Domination
theorem

Now, we introduce the notion of Cohen positive strongly p−summing m− ho-
mogeneous polynomials and we study some fundamental properties.

Definition 4.1.2. Let 1 < p ≤ +∞ and m ∈ N. An m−homogeneous polyno-
mial P : X −→ F is Cohen positive strongly p−summing, if there is a constant
C > 0, such that for any x1, ..., xn ∈ X and any y∗1, ..., y∗n ∈ F ∗,

n∑
i=1
|〈P (xi), y∗i 〉| ≤ C

(
n∑
i=1
‖xi‖mp

) 1
p

‖(y∗i )ni=1‖`n
p∗,|weak|(F

∗) . (4.1.2)

The class of such polynomials is denoted by P+
Coh,p (mX;F ). It is a Banach space

with the norm d+
p (.) which is the smallest constant C such that the inequality

(4.1.2) holds, for p = 1 we have P+
Coh,1 (mX;F ) = P (mX;F ) .

Remark 4.1.1. Fix m ∈ N, an m−homogeneous polynomial P : X −→ F is
Cohen positive strongly p−summing, if and only if, there is a constant C > 0
such that the inequality

n∑
i=1
|〈P (xi), y∗i 〉| ≤ C

(
n∑
i=1
‖xi‖mp

) 1
p

wp∗ ((y∗i )ni=1) , (4.1.3)

holds for every x1, ..., xn ∈ X and y∗1, ..., y
∗
n ∈ F ∗+.

Proposition 4.1.1. (Ideal property). Let P ∈ P(mX;F ), S in L+(F ;G)
and R in L(Y ;X).
If P is Cohen positive strongly p-summing polynomial, then SPR is Cohen
positive strongly p-summing polynomial and d+

p (SPR) ≤ d+
p (P )‖R‖m‖S‖.
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Proof. Let (xi)ni=1 ⊂ E and (y∗i )ni=1 ⊂ G∗+

n∑
i=1
| <SPR(xi), y∗i > | =

n∑
i=1
| < PR(xi), S∗(y∗i ) > |

≤ d+
p (P )

(
n∑
i=1
‖R(xi)‖mp

) 1
p

sup
y∗∗∈B+

F∗∗

(
n∑
i=1

< S∗(y∗i ), y∗∗ >p∗
) 1
p∗

≤ d+
p (P )‖R‖m‖S‖

(
n∑
i=1
‖xi‖mp

) 1
p

sup
y∗∗∈B+

F∗∗

(
n∑
i=1

< y∗i ,
S∗∗(y∗∗)
‖S∗∗‖

>p∗
) 1
p∗

≤ d+
p (P )‖R‖m‖S‖

(
n∑
i=1
‖xi‖mp

) 1
p

sup
ϕ∈B+

G∗∗

(
n∑
i=1

< y∗i , ϕ >
p∗
) 1
p∗

.

Thus SPR is Cohen positive strongly p-summing polynomial and

d+
p (SPR) ≤ d+

p (P )‖R‖m‖S‖.

Next, we present a version of Pietsch’s Domination Theorem, for our class of
polynomials.

Theorem 4.1.1. (Domination Theorem). An m−homogeneous polynomial
P : X −→ F is Cohen positive strongly p−summing (1 < p ≤ +∞) , if and only
if there is a Radon probability measure µ on B+

F ∗∗ with the weak star topology,
such that for all x ∈ X and y∗ ∈ F ∗, we have

|〈P (x), y∗〉| ≤ C ‖x‖m
(∫

B+
F∗∗

(|y∗| (y∗∗))p
∗
dµ (y∗∗)

)1/p∗

. (4.1.4)

In addition, in this case

d+
p (P ) = inf {C > 0, for all C verifying the inequality (4.1.4)} .

For the proof of this theorem, we need to give a small review about R − S-
abstract (p, p∗)-summing operators.
Let X, Y and Z be (arbitrary) sets, H be a family of mappings from X to Y , G
be a Banach space and K be a compact Hausdorff topological space. Suppose
that the maps

R : K × Z ×G −→ [0,∞)
S : H× Z ×G −→ [0,∞) ,
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satisfy

• For each f ∈ H, there is an x0 ∈ Z, such that R(ϕ, x0, b) = S(f, x0, b) = 0,
for every ϕ ∈ K and b ∈ G.

• The mapping Rx,b : K −→ [0,∞) defined by Rx,b(ϕ) = R(ϕ, x, b) is
continuous for every x ∈ Z and b ∈ G,

• and R(ϕ, x, ηb) ≤ ηR(ϕ, x, b), ηS(f, x, b) ≤ S(f, x, ηb), for every ϕ ∈ K,
x ∈ Z, 0 ≤ η ≤ 1, b ∈ G and f ∈ H.

Definition 4.1.3. [46] Let R and S be as above and 0 < p < ∞. A mapping
f ∈ H is said to be R−S-abstract p-summing if there is a constant C > 0 such
that  m∑

j=1
S(f, xj, bj)p

 1
p

≤ C sup
ϕ∈K

 m∑
j=1

R(ϕ, xj, bj)p
 1

p

for all x1, ..., xm ∈ Z, b1, ..., bm ∈ G and m ∈ N∗.

Theorem 4.1.2. [46]. Let R and S be as above, 0 < p <∞ and f ∈ H. Then
f is R − S-abstract p-summing if and only if there is a constant C > 0 and a
Borel probability measure µ on K such that

S(f, x, b) ≤ C

∫
K

R(ϕ, x, b)pdµ
 1

p

for all x ∈ Z and b ∈ G. Moreover the infimum of such constant C equals
πRS,p(f).

For our proof we also need to recall the Theorem 4.6 in [46].

Theorem 4.1.3. [46]. A map f ∈ H is R1, ..., Rt − S-abstract (p1, ..., pt)-
summing if and only if there is a constant C > 0 and a Borel probability mea-
sures µj on Kj, such that

S(f, x(1), ..., x(r), b(1), ..., b(t)) ≤ C
t∏

j=1

∫
Kj

Rj(ϕ, x(1), ..., x(r), b(j))pjdµj


1
pj

,

for all x(l) ∈ Zl, l = 1, ..., r and b(j) ∈ Gj with j = 1, ..., t.

Proof. (proof of the domination theorem). Suppose that P is Cohen pos-
itive strongly p-summing polynomial, by choosing the parameters
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

t = 2 and r = m− 1
Z = X

K1 = B+
X∗ and K2 = B+

F ∗∗

G = F

q = 1 q1 = p and q2 = p∗

H = P(mX,F )
S(P, x, y∗) = | < P (x), y∗ > |
R1(ϕ, x) = ‖x‖m

R2(ϕ, x, y∗) = (ϕ|y∗|).

We can conclude that P : X −→ F is Cohen positive strongly p-summing, if
and only if P is R1 − R2 − S-abstract (p, p∗)-summing. The previous theorem
tells us that P is R1 − R2 − S-abstract (p, p∗)-summing if and only if there is
C > 0, and there are probability measures µk on Kk, k = 1, 2 such that

S(P, x, y∗) ≤ C

∫
K1

R1(ϕ, x)pdµ1


1
p
∫
K2

R2(ϕ, x, y∗)p∗dµ2


1
p∗

i.e.,

| < P (x), y∗ > | ≤ C

 ∫
B+
X∗

‖x‖mpdµ1


1
p
 ∫
B+
F∗∗

(ϕ|y∗|)p∗dµ2


1
p∗

≤ C‖x‖m

 ∫
B+
F∗∗

(ϕ|y∗|)p∗dµ2


1
p∗

.

Proposition 4.1.2. Consider 1 < p1 < p2 ≤ +∞.

If P ∈ P+
Coh,p2 (mX;F ) then P ∈ P+

Coh,p1 (mX,F ) and d+
p1 (P ) ≤ d+

p2 (P ) .

Proof. Assume that P ∈ P+
Coh,p2 (mX;F ), the Pietsch domination Theorem

4.1.1 provides a Radon probability measure µ on B+
F ∗∗ such that for all x ∈ X

and y∗ ∈ F ∗ for which
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|〈P (x), y∗〉| ≤ d+
p2 (P ) ‖x‖m

 ∫
B+
F∗∗

(|y∗| (y∗∗))p
∗
2 dµ (y∗∗)


1/p∗2

≤ d+
p2 (P ) ‖x‖m

 ∫
B+
F∗∗

(|y∗| (y∗∗))p
∗
1 dµ (y∗∗)


1/p∗1

.

So, P ∈ P+
Coh,p1 (mX;F ) and d+

p1 (P ) ≤ d+
p2 (P ) .

4.1.2 Associations with different classes of positive p-
summability

the upcoming is the study of the adjoint operator, the associate symmetric,
and the linearization of Cohen positive strongly p-summing m-homogeneous
polynomials.

Proposition 4.1.3. Let 1 < p ≤ +∞. The m−homogeneous polynomial P ∈
P (mX;F ) is Cohen positive strongly p−summing if and only if, P ∗ is positive
p−summing and we have d+

p (P ) = π+
p∗ (P ∗) .

Proof. Suppose that P ∈ P+
Coh,p (mX;F ), we have by (4.1.4)

| < P (x), y∗ > | ≤ d+
p (P )‖x‖m

 ∫
B+
F∗∗

(|y∗|(y∗∗))p∗dµ(y∗∗)


1
p∗

forx ∈ X, y∗ ∈ F ∗.

Taking the supremum, we obtain

sup
‖x‖≤1

|P ∗(y∗)(x)| ≤ d+
p (P )

 ∫
B+
F∗∗

(|y∗|(y∗∗))p∗dµ(y∗∗)


1
p∗

.

Then

‖P ∗(y∗)‖ ≤ d+
p (P )

 ∫
B+
F∗∗

(|y∗|(y∗∗))p∗dµ(y∗∗)


1
p∗

.

By the Pietsch domination theorem in [1, Proposition 3.4], P ∗ ∈ Π+
p∗ (F ∗,P (mX)) .
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Conversely, let P ∗ ∈ Π+
p∗ (F ∗,P (mX)) we have, for x ∈ X and y∗ ∈ F ∗,

| < P (x), y∗ > | = |P ∗(y∗)(x)|
≤ ‖P ∗(y∗)‖‖x‖m,

using the Pietsch’s domination theorem for positive p∗-summing linear opera-
tors, we obtain

|〈P (x), y∗〉| ≤ C ‖x‖m

 ∫
B+
F∗∗

(|y∗|(y∗∗))p∗dµ(y∗∗)


1
p∗

.

P ∈ P+
coh,p(mX,F ).

Proposition 4.1.4. If 1 < p ≤ +∞

PCoh,p (mX;F ) ⊆ P+
Coh,p (mX;F ) .

Proof. Take any P in PCoh,p (mX;F ), hence its adjoint operator
P ∗ is in Πp∗ (F ∗,P (mX)) by [50, Proposition 1], and egain by [12, Proposition
1] P ∗ is in Π+

p∗ (F ∗,P (mX)) , then P ∈ P+
Coh,p (mX;F ) .

Proposition 4.1.5. The following properties are equivalent:

i) the polynomial P ∈ P(mX;F ) is Cohen positive strongly p−summing,

ii) its associated symmetric m−linear operator P̂ ∈ L(mX;F ) is Cohen positive
strongly p−summing.

Proof. Suppose first that P̂ is Cohen positive strongly p−summing, let x1, ..., xn ∈
X and y∗1, ..., y

∗
n ∈ F ∗, then

n∑
i=1
| < P (xi), y∗i > | =

n∑
i=1
| < P̂ (xi, ..., xi), y∗i > |

≤ d+
p (P̂ )

(
n∑
i=1
‖xi‖mp

) 1
p

‖(y∗i )ni=1‖`np∗,|weak|(F ∗).

Therefore, P is Cohen positive strongly p−summing and d+
p (P ) ≤ d+

p

(
P̂
)
.
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Conversely, suppose that P ∈ P+
Coh,p(mX;F ). Let xj ∈ X such that ‖xj‖ ≤ 1

(1 ≤ j ≤ m) and y∗ ∈ F ∗, we have by (1.3.1)

∣∣∣〈P̂ (x1, ..., xm
)
, y∗

〉∣∣∣ =

∣∣∣∣∣∣∣∣
〈

1
m!2m

∑
εj=±1
1≤j≤m

ε1...εmP

 m∑
j=1
εjx

j

 , y∗〉
∣∣∣∣∣∣∣∣

≤ 1
m!2m

∑
εj=±1
1≤j≤m

∣∣∣∣∣
〈
P

(
m∑
j=1
εjx

j

)
, y∗

〉∣∣∣∣∣ , by the Domination Theorem

≤ 1
m!2m

∑
εj=±1
1≤j≤m

d+
p (P )

∥∥∥∥∥ m∑
j=1
εjx

j

∥∥∥∥∥
m (∫

B+
F∗∗

(|y∗| (y∗∗))p
∗
dµ (y∗∗)

)1/p∗

≤ 1
m!2md

+
p (P ) ∑

εj=±1
1≤j≤m

(
m∑
i=1
‖xj‖

)m (∫
B+
F∗∗

(|y∗| (y∗∗))p
∗
dµ (y∗∗)

)1/p∗

≤ 1
m!2md

+
p (P ) 2mmm

(∫
B+
F∗∗

(|y∗| (y∗∗))p
∗
dµ (y∗∗)

)1/p∗

≤ mm

m! d
+
p (P )

(∫
B+
F∗∗

(|y∗| (y∗∗))p
∗
dµ (y∗∗)

)1/p∗

.

Therefore for every xj ∈ X (1 ≤ j ≤ m) xj 6= 0 , we have
∣∣∣∣∣
〈
P̂

(
x1

‖x1‖
, ...,

xm

‖xm‖

)
, y∗

〉∣∣∣∣∣ ≤ mm

m! d
+
p (P )

(∫
B+
F∗∗

(|y∗| (y∗∗))p
∗
dµ (y∗∗)

)1/p∗

.

Thus

∣∣∣〈P̂ (x1, ..., xm
)
, y∗

〉∣∣∣ ≤ mm

m! d
+
p (P )

m∏
j=1

∥∥∥xj∥∥∥(∫
B+
F∗∗

(|y∗| (y∗∗))p
∗
dµ (y∗∗)

)1/p∗

.

By [14] , P̂ is Cohen positive strongly p−summing, furthermore

d+
p

(
P̂
)
≤ mm

m! d
+
p (P ) .

Corollary 4.1.1. Let 1 < p < ∞. If the polynomial P ∈ P(mX;F ) is Cohen
positive strongly p−summing then its associated symmetric m−linear operator
P̂ ∈ P(mX;F ) is multiple p−convex. If the polynomial P ∈ P(mX; c0) is Cohen
positive strongly p−summing then its associated symmetric m−linear operator
P̂ is in L(mX; c0).

Proof. The proof of this corollary is an adaptation of the proof [14, Proposition
3.3].
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Proposition 4.1.6. Let 1 < p ≤ ∞. Let P : X −→ F be a m-homogeneous
polynomial and PL its linearization. The following propreties are equivalent

(i) The polynomial P belongs to P+
coh,p(mX;F ) .

(ii) The operator PL belongs to D+
p (⊗̂mπ,sX;F ).

(iii) There exist a Banach space Z, u ∈ D+
p (Z, F ) and Q ∈ P(mX;Z) such

that P = uQ.

Proof. (i) ⇒ (ii) Suppose that P is Cohen positive strongly p-summing, let
v ∈ ⊗̂mπ,sX such that v 6= 0 and y∗ ∈ F ∗ and suppose that v =

n∑
i=1

xi ⊗ · · · ⊗ xi
then

| < PL(v), y∗ > | ≤
n∑
i=1
| < P (xi, ..., xi), y∗ > |

≤
n∑
i=1

d+
p (P )‖xi‖m

 ∫
B+
F∗∗

(|y∗|(y∗∗))p∗


1
p∗

= d+
p (P )

n∑
i=1
‖xi‖m

 ∫
B+
F∗∗

(|y∗|(y∗∗))p∗


1
p∗

.

Taking the infimum over all represents of v we get

| < PL(v), y∗ > | ≤ d+
p (P )‖v‖

 ∫
B+
F∗∗

(|y∗|(y∗∗))p∗


1
p∗

and by [1, Theorem 4.13] PL is positive strongly p-summing.
(ii) ⇒ (iii) We have the result directly from the factorization P = PL ◦ δm
such that δm is the canonical polynomial δm : X −→ ⊗̂mπ X defined by δm(x) =
x⊗ (m)... ⊗ x.
(iii) ⇒ (i) Assume that there exists a Banach space Z, u ∈ D+

p (Z, F ) and
Q ∈ P(mX;Z), such that P = uQ. Then

‖Q(x)‖ ≤ ‖Q‖‖x‖m

By [1, Theorem 4.13]

| < u(x), y∗ > | ≤ d+
p (u)‖x‖

 ∫
B+
F∗∗

(|y∗|(y∗∗))p∗dµ(y∗∗)


1
p∗

.
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Then

| < P (x), y∗ > | = | < u(Q(x)), y∗ > |

≤ d+
p (u)‖Q(x)‖

 ∫
B+
F∗∗

(|y∗|(y∗∗))p∗dµ(y∗∗)


1
p∗

≤ d+
p (u)‖Q‖‖x‖m

 ∫
B+
F∗∗

(|y∗|(y∗∗))p∗dµ(y∗∗)


1
p∗

and according to the domination theorem P ∈ P+
coh,p(mX;F ).

4.2 Positive p-dominated m-homogeneous poly-
nomials

In this section, we give a natural generalization of the notion of positive
p−dominated to the category of homogeneous polynomial and the m-linear
operators.

4.2.1 Positive p-dominated m-linear operators
Definition 4.2.1. An m-linear operator T : E1 × · · · × Em −→ Y is positive
p-dominated if there is a positive constant C > 0 such that

(
n∑
i=1
‖T (x1

i , ..., x
m
i )‖

p
m

)m
p

≤ C‖(x1
i )ni=1‖`np,|weak|(E1)...‖(xmi )ni=1‖`np,|weak|(Em)

(4.2.1)

for all (xji )ni=1 ⊂ Ej, 1 ≤ j ≤ m and m ∈ N. We denote Lp+
d (E1, ...Em;Y ) the

space of all positive p−dominated m−linear operators and the infimum of all
constants C verifying (4.2.1) is denoted πd+

p (T ). For all p ≥ m, πd+
p is a norm

on Lp+
d (E1, ...Em;Y ), whereas for p < m it is only a quasinorm.

For m = 1 the space of all positive p−dominated operators is nothing other than
the space of positive p-summing operators.

We should stress out that the above definition makes sense for Banach spaces
Y , but the more interesting case occurs when we consider a Banach lattice
F . Since this assumption allows to establish an inclusion relation between the
classes of positive dominated multilinear operators and Cohen positive strongly
summing multilinear operators and later on for polynomials.
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The next theorem is an analogous Pietsch’s domination type theorem for m-
linear positive p-dominated operators. The proof of this result is an adaptation
of that of [46, Theorem 4.7] so we do not present it here.

Theorem 4.2.1. (Domination theorem for positive p-dominated mul-
tilinear operators) An m-linear operator T : E1× · · ·×Em −→ Y is positive
p−dominated, if and only if, there is Radon probability measures µj ∈ B+

E∗j
,

(1 ≤ j ≤ m) and K > 0

‖T (x1, ..., xm)‖ ≤ K
m∏
j=1


∫

B+
E∗
j

< xj∗, xj >p dµj(xj∗)


1
p

for all xj ∈ E+
j . Moreover, the smallest constants K is πd+

p (T ).

The relationship between positive dominated multilinear operators
and Cohen positive strongly summing multilinear operators

The following theorem is a version of the Bu-theorem [18], in [2] Achour and
Mezrag proved an inclusion theorem between p-dominated operators and Cohen
strongly q-summing m−linear operators, in our work we prove a positive ana-
logue of [2, Theorem 3.2]. This theorem plays an important role in the proof of
the relationship between Cohen positive strongly summing and positive domi-
nated polynomials.

Theorem 4.2.2. Let 1 < p, q < ∞. Let `n1
2 , ..., `

nm
2 and F be Banach lattices.

Then

Lp+
d (`n1

2 , ..., `
nm
2 ;F ) ⊆ Dm+

q (`n1
2 , ..., `

nm
2 ;F ) (4.2.2)

for all T ∈ Lp+
d (`n1

2 , ..., `
nm
2 , F ) dm+

q (T ) ≤ πd+
p (T ).

Proof. Let T ∈ Lp+
d (`n1

2 , ..., `
nm
2 ;F ), then by the domination theorem for positive

p-dominatedm-linear operators, there are probability measures µj on B+
`
nj
2
, such

that for every (x1, ..., xm) ∈ `n1
2 × · · · × `nm2 , we have

‖T (x1, ..., xm)‖ ≤ πd+
p (T )

m∏
j=1


∫

B+
`
nj
2

< x∗, xj >p dµj(x∗)


1
p

For every (xji )ni=1 ⊂ `
nj
2 for j = 1, ...,m and (y∗i )ni=1 ⊂ F ∗, we have

(x1
i , ..., x

m
i ) = (

n1∑
k1=1

x1
i,k1ek1 , ...,

nm∑
km=1

xmi,kmekm)
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then
n∑
i=1
| < T (x1

i , ..., x
m
i ), y∗i > | =

n∑
i=1
|
n1,...,nm∑
k1,...,km=1

x1
i,k1 ...x

m
i,km < T (ek1 , ..., ekm), y∗i > |.

Using Hölder’s inequality we obtain

n∑
i=1
| < T (x1

i , ..., x
m
i ), y∗i > |

≤
n∑
i=1

[(
n1∑
k1=1
|x1
i,k1|

2
) 1

2

...

(
nm∑
km=1

|xmi,km|
2
) 1

2 n1,...,nm∑
k1,...,km=1

(
| < T (ek1 , ..., ekm), y∗i > |2

) 1
2
]

≤
n∑
i=1

 m∏
j=1
‖xji‖`nj2

n1,...,nm∑
k1,...,km=1

(
| < T (ek1 , ..., ekm), y∗i > |2

) 1
2


by the multiple Khintchine inequality on the last inequality we get

n∑
i=1
| < T (x1

i , ..., x
m
i ), y∗i > |

≤
n∑
i=1

 m∏
j=1
‖xji‖`nj2

Amq∗‖
n1,...,nm∑
k1,...,km=1

rk1 ...rkm < T (ek1 , ..., ekm), y∗i > ‖Lq∗ ([0,1])


≤ Amq∗

(
n∑
i=1

m∏
j=1
‖xji‖q

) 1
q
(

n∑
i=1
‖

n1,...,nm∑
k1,...,km=1

rk1 ...rkm < T (ek1 , ..., ekm), y∗i > ‖
q∗

Lq∗ ([0,1])

) 1
q∗

by Fubini’s Theorem

n∑
i=1
| < T (x1

i , ..., x
m
i ), y∗i > |

≤ Amq∗

 n∑
i=1

m∏
j=1
‖xji‖q

 1
q

‖
n1,...,nm∑
k1,...,km=1

rk1 ...rkm < T (ek1 , ..., ekm), y∗i > ‖Lq∗ ([0,1],`n
q∗ )

≤ Amq∗

 n∑
i=1

m∏
j=1
‖xji‖q

 1
q

‖y∗i ‖`nq∗,weak(F ∗)‖
n1,...,nm∑
k1,...,km=1

rk1 ...rkmT (ek1 , ..., ekm)‖Lq∗ ([0,1]).

(4.2.3)

For the quantity

‖
n1,...,nm∑
k1,...,km=1

rk1 ...rkmT (ek1 , ..., ekm)‖Lq∗ ([0,1],F ) (4.2.4)
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using the multiple Kahane’s inequality

‖
n1,...,nm∑
k1,...,km=1

rk1(t1)...rkm(tm)T (ek1 , ..., ekm)‖Lq∗ ([0,1],F )

≤ Km
p,q∗‖

n1,...,nm∑
k1,...,km=1

rk1(t1)...rkm(tm)T (ek1 , ..., ekm)‖Lp([0,1],F )

≤ Km
p,q∗‖

n1,...,nm∑
k1,...,km=1

T (rk1(t1)ek1 , ..., rkm(tm)ekm)‖Lp([0,1],F )

≤ πd+
p (T )


1∫

0

· · ·
1∫

0

m∏
j=1


∫

B+
`
nj
2

|
nj∑
kj=1

x∗(ekj)rkj(tj)|pdµj(x∗)


1
p

dtj



≤ πd+
p (T )


m∏
j=1


∫

B+
`
nj
2

1∫
0

· · ·
1∫

0

|
nj∑
kj=1

x∗(ekj)rkj(tj)|pdµj(x∗)dtj


1
p



applying the Khintchine’s inequality

(4.2.4) ≤ Bm
p π

d+
p (T )

m∏
j=1


∫

B+
`
nj
2

 nj∑
kj=1
|x∗(ekj)|2


p
2

dµj(x∗)


1
p

(4.2.4) ≤ Bm
p π

d+
p (T )

m∏
j=1


∫

B+
`
nj
2

‖x∗‖p`n2 dµj(x
∗)


1
p

≤ Bm
p π

d+
p (T ).

Consequently

‖
n1,...,nm∑
k1,...,km=1

rk1 ...rkmT (ek1 , ..., ekm)‖Lq∗ ([0,1],F ) ≤ Km
p,q∗B

m
p π

d+
p (T ). (4.2.5)
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Combining (4.2.3) and (4.2.5) we have

n∑
i=1
| < T (x1

i , ..., x
m
i ),y∗i > |

≤ (Aq∗Kp,q∗BP )mπd+
p (T )

(
n∑
i=1

m∏
j=1
‖xji‖q

) 1
q

‖(y∗i )ni=1‖`nq∗,|weak|(F ∗)

thus T ∈ Dm+
q (`n1

2 , ..., `
nm
2 ;F ) and dm+

q (T ) ≤ (Aq∗Kp,q∗BP )mπd+
p (T ).

And this completes the proof.

4.2.2 Positive p-dominated m-homogeneous polynomials
Definition 4.2.2. Let 1 ≤ p <∞, an m−homogeneous polynomial P : E → Y

is positive p−dominated if there exists a constant C > 0 such that, for all n ∈ N∗

and every (xi)ni=1 ⊂ E+

(
n∑
i=1
‖P (xi)‖

p
m

)m
p

≤ C sup
x∗∈B+

E∗

(
n∑
i=1

< x∗, xi >
p

)m
p

we denote P+
d,p(mE;Y ) the space of positive p−dominated polynomials from E

into Y , and by δ+
p (.) the norm defined by the infimum of all constants verifying

the above inequality, for p ≥ m, but for p < m it is only a quasi-norm.

Theorem 4.2.3. (Domination theorem for positive p-dominated m-
homogeneous polynomials) Let 1 ≤ p <∞, an m−homogeneous polynomial
P : E → Y is positive p−dominated, if there are K > 0 and a probability
measure µ on B+

E∗ such that

‖P (x)‖ ≤ K

 ∫
B+
E∗

< x∗, x >p dµ(x∗)


m
p

for every x ∈ E+. Moreover, the smallest K is δ+
p (P ).

In the next proposition we study the relationship between positive p−dominated
m−linear operators and positive p−dominated m−homogeneous polynomials

Proposition 4.2.1. Let P : E → Y be an m−homogeneous polynomial and P̂
be its corresponding symmetric m−linear operator such that P (x) = P̂ (x, ..., x).

1. If P̂ is positive p−dominated operator, then P is p−dominated and

δ+
p (P ) ≤ πd+

p (P̂ ).

2. If P is positive p−dominated, then P̂ is positive p−dominated and
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(a) for p ≥ m πd+
p (P̂ ) ≤ mm

m! δ
+
p (P )

(b) for p < m πd+
p (P̂ ) ≤ mm

m! 2(m
2
p
−m)δ+

p (P ).

Proof. 1) Suppose that P̂ is positive p−dominated, let (xi)ni=1 ⊂ E+, then
(

n∑
i=1
‖P (xi)‖

p
m

)m
p

=
(

n∑
i=1
‖P̂ (xi, ..., xi)‖

p
m

)m
p

≤ πd+
p (P̂ )‖(xi)ni=1‖m`n

p,weak
(E).

Therefore, P is positive p−dominated and δ+
p (P ) ≤ πd+

p (P̂ ).
To prove 2). For 1 ≤ j ≤ m and n ∈ N, let xj ∈ Ej satisfy ‖xj‖ ≤ 1.

(‖P̂ (x1, ..., xm)‖
p
m )

m
p =

‖ 1
m!2m

∑
εj=±1

ε1...εmP (
m∑
j=1

εjx
j)‖

p
m

m
p

≤ 1
m!2m

 ∑
εj=±1

‖P (
m∑
j=1

εjx
j)‖

p
m

m
p

by Theorem 4.2.3

≤ 1
m!2m δ

+
p (P )

∑
εj=±1

 ∫
B+
E∗

< x∗,
m∑
j=1

εjx
j >p dµ(x∗)


m
p

≤ 1
m!2m δ

+
p (P )

∑
εj=±1

‖
m∑
j=1

εjx
j‖p

∫
B+
E∗

< x∗,

m∑
j=1

εjx
j

‖
m∑
j=1

εjxj‖
>p dµ(x∗)


m
p

≤ 1
m!2m δ

+
p (P )

∑
εj=±1

 m∑
j=1
‖xj‖

m
 ∫
B+
E∗

< x∗, y >p dµ(x∗)


m
p

≤ 1
m!2m δ

+
p (P )2mmm

 ∫
B+
E∗

< x∗, y >p dµ(x∗)


m
p

≤ mm

m! δ
+
p (P )

 ∫
B+
E∗

< x∗, y >p dµ(x∗)


m
p

.
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(b) for p < m, 1 ≤ j ≤ m and n ∈ N, let xj1, ..., xjn ∈ Ej satisfy ‖(x
j
i )ni=1‖`np,weak =

1.
(

n∑
i=1
‖P̂ (x1

i , ..., x
m
i )‖

p
m

)m
p

≤ 1
m!2m

 n∑
i=1

∑
εj=±1

‖P (ε1x
1
i + ...+ εmx

m
i )‖

p
m

m
p

≤ 1
m!2m δ

+
p (P )(

∑
εj=±1

‖(ε1x
1
i + ...+ εmx

m
i )ni=1‖

p
`n
p,weak

)
m
p

≤ 1
m!2m δ

+
p (P )mm

 ∑
εj=±1

1
m

p

≤ mm

m! 2
m2
p
−mδ+

p (P )

Relationship between positive dominated and Cohen positive strongly
summing homogeneous polynomials

In the next corollary, we give an inclusion between the two classes of polynomials
defined earlier.

Corollary 4.2.1. Let 1 < p, q <∞, and `n2 Banach lattice space, then

P+
d,p(m`n2 ;F ) ⊆ P+

Coh,q(m`n2 ;F )

for all P ∈ P+
Coh,q(m`n2 ;F ) d+

q (P ) ≤ δ+
p (P ).

Proof. Let P ∈ P+
d,p(m`n2 ;F ), from Proposition 4.2.1 the associate symmet-

ric of P denoted P̂ belongs to Lp+
d (m`n2 ;F ), and by Theorem 4.2.2 P̂ is in

Dm+
q (m`n2 ;F ), and so Proposition 4.1.5 finishes the proof.

4.3 Applications and example
In this section we present an application based on the relationship between Co-
hen positive strongly p-summing m-homogeneous polynomials and the positive
p∗-summing linear operators (Proposition 4.1.3). And give an example of being
a Cohen positive strongly p-summing m-homogeneous polynomial.
et K be a compact Hausdorff space and (K,A, µ) a finite measure space.

As usual C(K) denotes the space of continuous functions on K, and M (K)
the Banach space of all regular Borel measures on K, and we have M (K) ∼=
(C(K))∗ .

We shall write Lp (µ, Y ) for the space of measurables functions on K with

‖f‖p = (
∫
K ‖f(t)‖p dµ)

1
p for 1 ≤ p < +∞,
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and for p = +∞

‖f‖∞ = inf {M ≥ 0 : ‖f(t)‖ ≤M µ almost every where} .

Let 1 ≤ p < ∞. An operator u : E −→ X is said to be p−concave if there
exists a constant C > 0 such that for all n ∈ N, x1, ..., xn ∈ E, the inequality

‖u (xi)ni=1‖p ≤ C‖
(

n∑
i=1
|xi|p

) 1
p

‖ (4.3.1)

holds.

We denote by Cp (E;X), the space of p−concave operators from E into X. Cp
(E,X) becomes a Banach space with norm given by the infimum of the constant
C > 0 that verify the inequality (4.3.1).
The following results are a conclusion of the work done by Blasco in [11, 12]
and the Proposition 4.1.3.

Proposition 4.3.1. Let 1 < p <∞
1) P ∈ P+

coh,p(mX,L∞(µ)) if and only if P ∗ ∈ L(L1(µ),P(mX)).
2) P ∈ P+

coh,p(mX,M(K)) if and only if P ∗ ∈ Cp(C(K),P(mX)).
3) P ∈ P+

coh,p(mX,Lp(µ)) if and only if P ∗ ∈ Lp∗(µ,P(mX)).
4) P ∈ P+

coh,p(mX, `p
∗) if and only if P ∗ ∈ `p∗(P (mX)).

Example 4.3.1. We use the example used in [3], with adjustments to meet our
case.
Let 1 < p ≤ +∞, m ∈ N and u : X −→ F be a positive strongly p−summing
operator. For ϕ ∈ X∗, the polynomial

P : X −→ F

x 7−→ ϕm−1 (x)u(x),

is Cohen positive strongly p−summing.

Indeed, for x1, x2, ..., xn ∈ X and y∗1, y∗2, ..., y∗n ∈ F ∗. Because u ∈ D+
p (X,F ), we

have by [1]
n∑
i=1
|〈u(xi), y∗i 〉| ≤ d+

p (u) ‖(xi)ni=1‖p ‖(y∗i )
n
i=1‖`n

p∗,|weak|(F
∗) ,

then
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n∑
i=1
|〈P (xi), y∗i 〉| =

n∑
i=1
|〈ϕm−1 (xi)u(xi), y∗i 〉|

=
n∑
i=1
|〈u (ϕm−1 (xi)xi) , y∗i 〉|

≤ d+
p (u)

∥∥∥(ϕm−1 (xi)xi)ni=1

∥∥∥
p
‖(y∗i )

n
i=1‖`n

p∗,|weak|(F
∗)

≤ d+
p (u)

(
n∑
i=1

∥∥∥(ϕm−1 (xi)xi)ni=1

∥∥∥p) 1
p

‖(y∗i )
n
i=1‖`n

p∗,|weak|(F
∗)

≤ d+
p (u) ‖ϕ‖m−1

(
n∑
i=1
‖(xi)ni=1‖

mp
) 1
p

‖(y∗i )
n
i=1‖`n

p∗,|weak|(F
∗) .

So, P is Cohen positive strongly p−summing and d+
p (P ) ≤ d+

p (u) ‖ϕ‖m−1 .

4.4 Tensorial Approach
This section is intended to present a tensorial perspective of Cohen positive
strongly p-summing and positive p-dominated polynomials and m-linear oper-
ators. For doing this, we apply the standard technique of associate a linear
functional on a tensor product to each multilinear operator or polynomial. In
the case of Cohen positive strongly p−summing operators, we pay more atten-
tion on the details for polynomials than m-linear operators. Later, we pay more
attention on positive p-dominated m-linear operators than polynomials. Let m
be a non-negative integer, X be a Banach space and F be a Banach lattice,
each m−homogeneous polynomial P : X → F define a functional given by

φP : (⊗ms X)⊗ F ∗ → R
x⊗ ...⊗ x⊗ y∗ → y∗(P (x)).

The next step in our development is to define adequate norm α on the tensor
space (⊗ms X) ⊗ F ∗ in order that P to be Cohen positive strongly p−summing
(positive p-dominated ) exactly when φP is bounded on (⊗ms X ⊗ F ∗, α).

4.4.1 Cohen positive Strongly p-summing polynomials
from a tensor viewpoint

Before introducing the respecting tensor norm, let us state an equivalence of
being a Cohen positive strongly p-summing polynomial. This is an immediate
consequence of the duality between `n∞ and `n1 . Them-homogeneous polynomial
P : X → F is Cohen positive strongly p-summing if and only if there exists a
constant C such that

|
n∑
i=1

λiy
∗
i (P (xi))| ≤ ‖(λi)ni=1‖`n∞‖(‖xi‖

m)ni=1‖`np‖(y
∗
i )ni=1‖`np∗,|weak|(F ∗) (4.4.1)
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for all finite sequences (λi)ni=1 ⊂ R, (xi)ni=1 ⊂ X and (y∗i )ni=1 ⊂ F ∗. In this case,
d+
p (P ) agrees with the sharpest constant C so that the inequality holds.

Definition 4.4.1. For each z in (⊗ms X)⊗ F define

λ+
p (z) = inf

{
‖(λi)ni=1‖`n∞‖(‖xi‖)

n
i=1‖`np‖(yi)

n
i=1‖`np∗,|weak|(F )

}

where the infimum is taken over all representations z =
n∑
i=1

λixi ⊗ ...⊗ xi ⊗ yi.
For each z in (⊗ms X)⊗ F define

Λ+
p (z) = inf

{
‖(λi)ni=1‖`n∞‖(‖xi‖)

n
i=1‖`npwp∗((yi)

n
i=1)

}
.

where the infimum is taken over all representations z =
n∑
i=1

λixi ⊗ ... ⊗ xi ⊗ yi
with yi ≥ 0 for all 1 ≤ i ≤ n.

The next proposition is a consequence of the fact that every y ∈ F can be
represented as y = y+ − y−. Moreover, it helps to reduce the calculations
related to λ+

p and Λ+
p .

Proposition 4.4.1. For every z in (⊗ms X)⊗ F we have

λ+
p (z) ≤ Λ+

p (z) ≤ 2λ+
p (z).

Proof. Let z in (⊗ms X)⊗ F . It is clear that λ+
p (z) ≤ Λ+

p (z) by (1.2.1). For the
opposite inequality take z =

n∑
i=1

λixi ⊗ ...⊗ xi ⊗ yi. Then

z =
n∑
i=1

λixi ⊗ ...⊗ xi ⊗ y+
i +

n∑
i=1

(−λi)xi ⊗ ...⊗ xi ⊗ y−i .

Thus, we obtain a new representation for z such that

Λ+
p (z) ≤ 2

1
p‖(λi)ni=1‖∞‖(‖xi‖)ni=1‖`np sup

w∗∈B+
F∗

(
n∑
i=1

w∗(y+
i )p∗ + w∗(y−i )p∗

) 1
p∗

≤ 2
1
p‖(λi)ni=1‖∞‖(‖xi‖)ni=1‖`np sup

w∗∈B+
F∗

(
n∑
i=1

2w∗(|yi|)p
∗
) 1
p∗

≤ 2
1
p

+ 1
p∗ ‖(λi)ni=1‖∞‖(‖xi‖)ni=1‖`np sup

w∗∈B+
F∗

(
n∑
i=1

w∗(|yi|)p
∗
) 1
p∗

≤ 2‖(λi)ni=1‖∞‖(‖xi‖)ni=1‖`np‖(yi)
n
i=1‖`np∗,|weak|(F ).

Therefore, Λ+
p (z) ≤ 2λ+

p (z) for all z.

Proposition 4.4.2. The application z 7→ λ+
p (z) is a norm on (⊗ms X)⊗ F .
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Proof. Standard tensorial techniques can be applied to prove that λ+
p is non-

negative, homogeneous and verify the triangular inequality. So we only prove
that λ+

p (z) = 0 implies z = 0. Let ξ be a bounded linear functional on ⊗̂mπ,sX
and y∗ ≥ 0 bounded on F ∗. Then

|ξ ⊗ y∗(z)| = |
n∑
i=1

λiξ(xi ⊗ ...⊗ xi)y∗(yi)|

≤ ‖(λi)ni=1‖∞
n∑
i=1
|ξ(xi ⊗ ...⊗ xi)y∗(yi)|

≤ ‖(λi)ni=1‖∞
(

n∑
i=1
|ξ(xi ⊗ ...⊗ xi|p

) 1
p
(

n∑
i=1
|y∗(yi)|p

∗
) 1
p∗

≤ ‖ξ‖‖(λi)ni=1‖∞
(

n∑
i=1
‖xi‖mp

) 1
p
(

n∑
i=1
|y∗(yi)|p

∗
) 1
p∗

≤ ‖ξ‖‖y∗‖‖(λi)ni ‖∞‖(‖xi‖m)ni=1‖`npwp∗((yi)
n
i=1).

Hence, λ+
p (z) = 0 implies ξ ⊗ y∗(z) = 0 for all ξ and y∗ ≥ 0. For arbitrary y∗

we have that y∗ = (y∗)+ − (y∗)−. Then λ+
p (z) = 0 implies

ξ ⊗ y∗(z) = ξ ⊗ (y∗)+(z)− ξ ⊗ (y∗)−(z) = 0.

Therefore, z must be zero since the set of linear functionals of the form ξ ⊗ y∗
is a separating set for (⊗̂mπ,sX)⊗ F ∗.

Next, we present the characterization of Cohen positive strongly p-summing
polynomials in tensor terms.

Proposition 4.4.3. (Duality) Let P : X → F be an m−homogeneous poly-
nomial. The following are equivalent

(i) P is Cohen positive strongly p-summing.

(ii) φP is bounded on
(
(⊗ms X)⊗ F ∗, λ+

p

)
.

Under this circumstances d+
p (P ) = ‖φP‖.

Proof. Let z =
n∑
i=1

λixi ⊗ ...⊗ xi ⊗ y∗i be any element of (⊗ms X)⊗ F ∗, then

|φP (z)| = |
n∑
i=1

λiy
∗(P (xi))| ≤ d+

p (P )‖(λi)ni ‖∞‖(‖xi‖m)ni=1‖`np‖(y
∗
i )ni=1‖`np,|weak|(F ∗).

After taking the infimum over all the representations of z we have that

|φP (z)| ≤ d+
p (P )λ+

p (z)
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holds for all z.
Conversely, take sequences (λi)ni=1 in R, (xi)ni=1 in X and (y∗i )ni=1 in F ∗. Hence,

|
n∑
i=1

λiy
∗(P (xi))| = |φP (z)| ≤ ‖φP‖λ+

p

(
n∑
i=1

λixi ⊗ ...⊗ xi ⊗ y∗i

)
≤ |φP (z)|‖(λi)ni ‖∞‖(‖xi‖m)ni=1‖`np‖(y

∗
i )ni=1‖`np,|weak|(F ∗).

As we saw, the norms λ+
p and Λ+

p are equivalent and one of them is more useful
than the other depending on the circumstances we are interested on. The norm
λ+
p provides an isometry between polynomials and linear functionals while Λ+

p

reduces calculations in the next proposition.

Proposition 4.4.4. (Uniform property) Let R : X → Y be a bounded linear
operator and S : F → E a positive operator. Then, the operator defined by

R⊗ S : ((⊗ms X)⊗ F,Λ+
p )→ ((⊗ms Y )⊗ E,Λ+

p )
x⊗ ...⊗ x⊗ y 7−→ R(x)⊗ ...⊗R(x)⊗ S(y)

is bounded and ‖R⊗ S‖ ≤ ‖R‖m‖S‖.

Proof. Let z =
n∑
i=1

λixi ⊗ ...⊗ xi ⊗ yi with yi ≥ 0. Then

Λ+
p (R⊗ S(z)) ≤ ‖(λi)ni ‖∞‖(‖Rxi ⊗ · · · ⊗Rxi‖)ni=1‖`npwp∗(S(yi))

≤ ‖R‖m‖S‖‖(λi)ni ‖∞‖(‖xi‖m)ni=1‖`npwp∗((yi)
n
i=1).

After taking the infimum over all the representations of z we obtain Λ+
p (R ⊗

S(z)) ≤ ‖R‖m‖S‖Λ+
p (z).

As it is expected, previous proposition is also true if Λ+
p is remplaced by λ+

p but
this change involves a factor of 2 in the inequality.

4.4.2 Cohen positive strongly p-summing m-linear oper-
ators from a tensor viewpoint

Bearing in mind the previous section, we are able to develop analogous ideas to
characterize Cohen positive strongly p−summing m-linear operators. As before,
throughout this section X1, ..., Xm are Banach spaces and F is a Banach lattice.
Next, recall that each m-linear operator T : X1× · · · ×Xm → F define a linear
functional by

φT : X1 ⊗ ...⊗Xm ⊗ F ∗ → R
x1 ⊗ ...⊗ xm ⊗ y∗ 7→ y∗(T (x1, ..., xm)).
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In this case for each z in X1 ⊗ ...⊗Xm ⊗ F we define

λm+
p (z) = inf

{
‖(λi)ni ‖∞‖(‖x1

i ‖...‖xmi ‖)ni=1‖`np‖(yi)
n
i=1‖`np∗,|weak|(F )

}

where the infimum is taken over all representations z =
n∑
i=1

λix
1
i ⊗ ...⊗ xmi ⊗ yi.

Usual tensor techniques and slight modifications of the proof of Proposition 4.4.2
let us prove that the assignment z 7→ λm+

p (z) is a norm on X1 ⊗ ...⊗Xm ⊗ F .
The respective duality result is exhibited in the next proposition and requires
an analogous expression to (4.4.1).

Proposition 4.4.5. (Duality) Let T : X1 × · · · × Xm → F be an m-linear
operator. Then, then following are equivalents

(i) T is Cohen positive strongly p-summing.

(ii) φT is bounded on
(
X1 ⊗ ...⊗Xm ⊗ F ∗, λm+

p

)
.

Under this circumstances dm+
p (T ) = ‖φT‖.

Proof. For any z =
n∑
i=1

λix
1
i ⊗ ...⊗ xmi ⊗ y∗i in X1 ⊗ ...⊗Xm ⊗ F ∗ we have

|φT (z)| = |
n∑
i=1

λiy
∗
i (T (x1

i , ..., x
m
i ))|

≤ dm+
p (T )‖(λi)ni ‖∞‖(‖x1

i ‖...‖xmi ‖)ni=1‖`np‖(y
∗
i )ni=1‖`np∗,|weak|(F ∗).

Hence, for any z we have

|φT (z)| ≤ dm+
p (T )λm+

p (z).

On the other direction, let (λi)ni=1 in R, (xji )ni=1 in Xj and (y∗i )ni=1 in F ∗. Then

|
n∑
i=1

λiy
∗
i (T (x1

i , ..., x
m
i ))| = |φT (z)| ≤ ‖φT‖λm+

p

(
n∑
i=1

λix
1
i ⊗ ...⊗ xmi ⊗ y∗i

)
≤ ‖φT‖(λi)ni ‖∞‖(‖x1

i ‖...‖xmi ‖)ni=1‖`np‖(y
∗
i )ni=1‖`np∗,|weak|(F ∗).

For each z in X1 ⊗ ...⊗Xm ⊗ F , define

Λm+
p (z) = inf

{
‖(λi)ni ‖∞‖(‖x1

i ‖...‖xmi ‖)ni=1‖`npwp∗((yi)
n
i=1)

}
where the infimum is taken over all representation z =

n∑
i=1

λix
1
i ⊗ ... ⊗ xmi ⊗ yi

such that yi ≥ 0 for all 1 ≤ i ≤ n. Then for any z in X1⊗ ...⊗Xm⊗F we have

λm+
p (z) ≤ Λm+

p (z) ≤ 2λm+
p (z).
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Having Λm+
p at our reach and knowing it defines a norm, we present the respec-

tive uniform property it verifies.

Proposition 4.4.6. (Uniform property) Let Ri : Xi → Yi be bounded linear
operators and S : F → G be positive operator between Banach lattices. Then
the operator

R1 ⊗ ...⊗Rm ⊗ S : (X1 ⊗ ...⊗Xm ⊗ F,Λm+
p )→ (Y1 ⊗ ...⊗ Ym ⊗G,Λm+

p )
x1 ⊗ ...⊗ xm ⊗ y 7→ R1(x1)⊗ ...⊗Rm(xm)⊗ S(y)

is bounded and ‖R1 ⊗ ...⊗Rm ⊗ S‖ ≤ ‖R1‖...‖Rm‖‖S‖.

Proof. Given z =
n∑
i=1

λix
1
i ⊗ ...⊗ xmi ⊗ yi with yi ≥ 0 we have

Λm+
p (R1 ⊗ ...⊗Rm ⊗ S(z)) ≤ ‖(λi)ni ‖∞‖(‖R1x

1
i ‖...‖Rmx

m
i ‖)ni=1‖`npwp((yi)

n
i=1)

≤ ‖R1‖...‖Rm‖‖S‖‖(λi)ni ‖∞‖(‖x1
i ‖...‖xmi ‖)ni=1‖`npwp((yi)

n
i=1).

As a consequence Λm+
p (R1 ⊗ ...⊗Rm ⊗ S(z)) ≤ ‖R1‖...‖Rm‖‖S‖Λm+

p (z).

4.4.3 Positive p-dominated m-linear operators and poly-
nomials form a tensor viewpoint

As before, throughout this section, E,E1, ..., Em are Banach lattices and Y is a
Banach space. In this case we pay more attention on m-linear operators than
polynomials.

Proposition 4.4.7. For each z in E1 ⊗ ...⊗ Em ⊗ Y define

ηm+
p (z) = inf


 m∏
j=1
‖(xji )ni=1‖`np,|weak|(Ej)

 ‖(yi)ni=1‖`n p
p−m


where the infimum is taken over all representations z =

n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ yi.

For each z in (⊗ms E)⊗ Y define

η+
p (z) = inf

{
wp((xi)ni=1)m‖(yi)ni=1‖`n p

p−m

}

where the infimum is taken over all representations z =
n∑
i=1

xi ⊗ ... ⊗ xi ⊗ yi

with xi ≥ 0 for all 1 ≤ i ≤ n. Then, the assignment z 7→ η+
p (z) is a norm on

(⊗ms E)⊗ Y .

The proof of this proposition is an adaptation of Proposition 4.4.2 The next
result concerns the characterization of positive p-dominated m-linear operators
and polynomial in tensor terms.
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Proposition 4.4.8. (Duality) Let T : E1 × · · · × Em → Y be an m-linear
operator and P : E → Y be an m-homogeneous polynomial. Then

(i) T is positive p-dominated if and only if, φT is bounded on (E1⊗ ...⊗Em⊗
Y ∗, ηm+

p )

(ii) P is positive p-dominated if and only if, φP is bounded on ((⊗ms E) ⊗
Y ∗, η+

p ).

Under this circumstances πd+
p (T ) = ‖φT‖ and δ+

p (P ) = ‖φP‖.

Proof. We only prove (i) since (ii) is a straightforward adaptation. First sup-
pose T is positive p-dominated. Then for any z =

n∑
i=1

x1
i ⊗ ... ⊗ xmi ⊗ y∗i in

E1 ⊗ ...⊗ Em ⊗ Y ∗ we have

|φT (z)| ≤
n∑
i=1
‖y∗i ‖‖T (x1

i , ..., x
m
i )‖

≤
(

n∑
i=1
‖y∗i ‖

p
p−m

) p−m
p
(

n∑
i=1
‖T (x1

i , ..., x
m
i )‖

p
m

)m
p

≤ πd+
p (T )

 m∏
j=1
‖(xji )ni=1‖`np,|weak|(Ej)

 ‖(y∗i )ni=1‖`n p
p−m

.

Hence |φT (z)| ≤ πd+
p (T )ηm+

p (z) which means that φT is bounded and ‖φT‖ ≤
πd+
p (T ). For the opposite direction. Let (xji )ni=1 in Ej 1 ≤ j ≤ m and ε > 0.

Then, for each 1 ≤ i ≤ n there exists y∗i in Y ∗ such that y∗i (T (x1
i , ..., x

m
i )) =

‖T (x1
i , ..., x

m
i )‖ pm and ‖y∗i ‖ ≤ (1 + ε)‖T (x1

i , ..., x
m
i )‖ pm−1. Therefore

n∑
i=1
‖T (x1

i , ..., x
m
i )‖

p
m =

n∑
i=1

y∗i (T (x1
i , ..., x

m
i ))

= φT

(
n∑
i=1

x1
i ⊗ ...⊗ xmi ⊗ y∗i

)

≤ ‖φT‖

 m∏
j=1
‖(xji )ni=1‖`np,|weak|(Ej)

 ‖(yi)ni=1‖`n p
p−m

≤ ‖φT‖(1 + ε)
(

m∏
j=1
‖(xji )ni=1‖`np,|weak|(Ej)

)(
n∑
i=1
‖T (x1

i , ..., x
m
i )‖ pm

) p−m
p

.

As a consequence we obtain
(

n∑
i=1
‖T (x1

i , ..., x
m
i )‖

p
m

)m
p

≤ ‖φT‖(1 + ε)
m∏
j=1
‖(xji )ni=1‖`np,|weak|(Ej)

which implies that T is positive p-dominated and πd+
p (T ) ≤ ‖φT‖.
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The proof of next propositions are adaptations of those of Proposition 4.4.1 and
4.4.3.

Proposition 4.4.9. Define for each z in E1 ⊗ ...⊗ Em ⊗ Y

Em+
p = inf

{
n∏
i=1

wp((xji )ni=1)‖(yi)ni=1‖`n p
p−m

}

where the infimum is taken over all representation z =
n∑
i=1

x1
i ⊗ ...⊗xmi ⊗yi with

xji ≥ 0, for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. Then

ηm+
p (z) ≤ Em+

p (z) ≤ 2ηm+
p (z)

holds for all z in E1 ⊗ ...⊗ Em ⊗ Y .

Proposition 4.4.10. (Uniform property)

• Let Ri : Ei → Mi be a positive operators and S : Y → Z be a bounded
linear operator . Then the operator

R1 ⊗ ...⊗Rm ⊗ S : (E1 ⊗ ...⊗ Em ⊗ Y,Em+
p )→ (M1 ⊗ ...⊗Mm ⊗ Z,Em+

p )
x1 ⊗ ...⊗ xm ⊗ y 7→ R1(x1)⊗ ...⊗Rm(xm)⊗ S(y)

is bounded and ‖R1 ⊗ ...⊗Rm ⊗ S‖ ≤ ‖R1‖...‖Rm‖‖S‖.

• Let R : E → M be a positive operator and S : Y → Z bounded linear
operator. Then, the operator defined by

R⊗ S :
(
(⊗ms E)⊗ Y, η+

p

)
→
(
(⊗ms M)⊗ Z, η+

p

)
x⊗ ...⊗ x⊗ y 7−→ R(x)⊗ ...⊗R(x)⊗ S(y)

is bounded and ‖R⊗ S‖ ≤ ‖R‖m‖S‖.
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