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Abstract

This study develops a flatness-based control strategy for regulating the oxygen excess ratio (λO2) in fuel

cell systems. Initially, a reduced four-state model and its linearized version are established, highlight-

ing significant deviations between linear and nonlinear models under varying operational points. While

flatness control based on the linear model shows perfect tracking of λO2, application to the nonlinear

model reveals significant errors. Integration of a Proportional-Integral (PI) controller enhances preci-

sion by incorporating λO2 error, underscoring the role of robust control strategies in optimizing fuel cell

performance.

Keywords: Fuel Cell, Flatness-Based Control, Nonlinear Dynamics, Proportional-Integral Controller,

System Stability.
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General Introduction

Proton Exchange Membrane Fuel Cells (PEMFCs) have emerged as a cornerstone technology in the quest

for clean and efficient energy solutions, offering substantial benefits in terms of efficiency, scalability, and

environmental impact. These fuel cells generate electricity through the electrochemical reaction between

hydrogen and oxygen, with water and heat as the only byproducts, making them a highly attractive

option for diverse applications. From portable power sources to large-scale power plants, and particularly

in automotive applications, PEMFCs stand out due to their rapid start-up and responsive performance.

A critical challenge in Proton Exchange Membrane Fuel Cell (PEMFC) systems is addressing ”oxygen

depletion” during sudden increases in cell current. While conventional control methods such as Linear

Quadratic Regulator (LQR) and Proportional-Integral (PI) controllers are commonly used, this research

aims to optimize the FCS efficiency by increasing the concentration of λO2 , said the oxygen stoichiometry,

using flatness control. Flatness control offers several advantages over traditional methods, it provides

a deeper understanding of PEMFC system dynamics, particularly around its nominal operating point.

A flatness control is designed with a trajectory planning feature to address the critical issue of oxygen

depletion within the fuel cell, optimizing its performance and stability.

In this memoir, we delve into the intricacies of PEMFC technology across several chapters, each aimed

at building a comprehensive understanding and addressing critical challenges. Chapter One provides a

thorough overview of PEMFC technology, detailing the fundamental operating principles, components,

and materials involved. We explore the core electrochemical processes that drive PEMFCs and discuss

both the challenges and advancements in this field.

Chapter Two shifts focus to the modeling of the PEMFC. Accurate modeling is pivotal for predicting

behavior and enhancing the efficiency of fuel cells. A simplified four-state nonlinear dynamic model that

is valid under some assumptions is given in detail. Then a linearized four-state model is numerically
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deduced. This one is compared with the original nonlinear model in two different operating points under

feed-forward control.

Chapter Three is dedicated to the concept of flatness control in fuel cell systems (FCS). It provides

the necessary ingredient of flatness control, and trajectory planning, for their application to the FC using

its linear model. This chapter cantains the main contribution of this research, where we use a linear-

model-based flat control to tackle the challenge of controlling a nonlinear fuel cell. We show how this is

possible, and with great performance, by introducing a PI action to correct the linear estimation of the

system’s flat output

Finally, we conclude this work with a comprehensive summary and recommendations for future re-

search. We highlight key findings, discuss their broader implications, and suggest directions for further

exploration to overcome remaining obstacles in PEMFC development and deployment. Through this de-

tailed investigation, we aim to contribute to the advancement of PEMFC technology, fostering its adoption

as a viable and sustainable energy solution for the future.
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Chapter 1

Background and Overview

1.1 Introduction To Polymer Electrolyte Membrane Fuel

Cells (PEMFC)

1.1.1 Introduction

A fuel cell is a device that produces electricity through a chemical reaction between a fuel, such as

hydrogen, and an oxidant, such as oxygen. The chemical energy from the fuel is converted to electrical

energy, with water vapor and heat as byproducts. Fuel cells are often considered a cleaner and more

efficient alternative to traditional methods of producing electricity, as they produce little to no greenhouse

gas emissions. They are also versatile and can be used in a range of applications, including transportation,

stationary power generation, and portable electronics, In this chapter, we write a brief history on the

evolution of fuel cells. Their operating principle, types, general structure, system, and various application

areas are then presented.

1.1.2 Historical Background

Fuel cells have a long history that can be traced back over 160 years . In 1800, scientists discovered the

process of using electricity to decompose water into hydrogen and oxygen, a process known as electrolysis.

In 1838, William Robert Grove created the first fuel cell by arranging two platinum electrodes with one
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end of each immersed in a container of sulfuric acid and the other ends separately sealed in containers

of oxygen and hydrogen. These efforts involve development of new materials, economical manufacturing

processes, advanced equipment for supplying air and fuel, advanced power electronics for controlling the

cell output, and comprehensive approaches for systems analysis and optimization. Fuel cells remained a

subject of intense research and development throughout the 1900s, with researchers and manufacturers,

energy companies, and regulatory agencies working to develop a wide range of fuel cell types and the

infrastructure to support these new technologies. Today, fuel cells offer high efficiency, excellent part load

performance, lower emissions of regulated pollutants, and a wide size range. They are modular, scalable,

and offer high electrical conversion efficiencies at both design and part-load operation.[16]

Figure 1.1: Schematic representation of the first fuel cell [15]

1.2 General Overview of the Fuel Cell

1.2.1 FUEL CELL

In today’s era of heightened focus on sustainable energy solutions, fuel cells have garnered unprecedented

interest. These innovative devices operate on the principle of electrochemical conversion, where fuel

undergoes reactions such as the oxygen reduction reaction (ORR) and hydrogen oxidation reaction (HOR)

to produce electricity. Specifically, in the Proton Exchange Membrane Fuel Cell (PEMFC) illustrated in

Fig1.2, molecular hydrogen (H2) is delivered to the anode, where it oxidizes to form hydrogen ions (H+)

and electrons (e−1) according to the equation:

H2 → 2H+ + 2e−1 (1.1)
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Concurrently, electrons traverse an external circuit towards the cathode, while hydrogen ions migrate

through an acidic electrolyte. At the cathode, supplied oxygen (O2) combines with hydrogen ions and

electrons to produce water:

O2 + 4H+ + 4e− → 2H2O (1.2)

, which overall can be represented as: O2 + 2H2 7→ 2H2O. Notably, the sole byproduct of this electro-

chemical process is water. Hence, effective water management and optimal hydration levels, particularly

within the bipolar plate channels, emerge as crucial factors influencing the efficiency and performance of

PEMFCs.[12] [14]

Figure 1.2: Representative shematic of the Pemfc with its layers and working principle

1.2.2 Different types of proton exchange membrane :

Since the dawn of fuel cell research and development initiatives, diverse classification methodologies have

been utilized, delving into considerations such as fuel type, operating temperature (ranging from low to

high), the composition of the electrolyte (liquid or solid) and system geometry. Presently, the scientific

community has rallied around a classification paradigm centered on electrolyte type. The choice of

electrolyte and fuel not only shapes electrode reactions and ion migration within the electrolyte but also
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dictates the operational temperature of the cell. Six distinct categories of fuel cells have emerged:

• Phosphoric Acid Fuel Cells (PAFC).

• Alkaline Fuel Cells (AFC).

• Solid Oxide Fuel Cells (SOFC).

• Molten Carbonate Fuel Cells (MCFC).

• Direct Methanol Fuel Cells (DMFC).

• Proton Exchange Membranes Fuel Cells (PEMFC).

Figure 1.3: Different types of fuel cells with their reactions and operating temperature. [13]

1.3 Fuel-Cell System

fuel cell system is an electrochemical device that converts the chemical energy of a gaseous fuel directly

into electricity. The fuel cell system requires external storage of reactants, usually hydrogen and oxygen or

air, with oxygen typically taken from atmospheric air. The minimal components required for a pressurized

fuel cell engine are a hydrogen supply system to the anode, an air supply system to the cathode, de-ionized

water serving as a coolant in the stack cooling channel, and de-ionized water supply to the humidifier to

humidify the hydrogen and the air flows. The system consists of four main subsystems, namely, reactant
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supply, heat and temperature, water management, and power management subsystems. Fuel cell systems

are widely regarded as a potential alternative stationary and mobile power source, complementing heat

engines and reducing dependence on fossil fuels. [13]

Figure 1.4: fuel cell system showing control inputs and outputs

1.3.1 Reactant Flow Subsystem :

The reactant flow subsystem consists of two loops: the hydrogen supply and air supply loops. The hydro-

gen and air flows are adjusted using the valve and compressor motor commands, respectively, to ensure

fast transient responses and to minimize auxiliary power consumption. The non-minimum phase behavior

of the fuel cell power output to changes in compressor motor input limits the closed-loop bandwidth of

this loop.

1.3.2 Heat and Temperature Subsystem

The Heat and Temperature Subsystem in a fuel cell system includes components like the fuel cell stack

cooling system and reactant temperature system. It manages heat generated during operation, cooling

the stack efficiently to maintain optimal performance. Proper thermal management is crucial for fast

warm-up, preventing stack temperature overshoot, and ensuring low auxiliary fan and pump power.[13]
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1.3.3 Water Management Subsystem

The Water Management Subsystem in a fuel cell system is responsible for maintaining hydration of the

polymer membrane and balancing water usage within the system. It regulates the amount of reactant

flow and water injected into the anode and cathode flow streams to ensure optimal membrane humidity.

Dry or flooded membranes can lead to high polarization losses, affecting fuel cell performance.[13]

1.3.4 Power Management Subsystem

The power management subsystem controls the power drawn from the fuel cell stack. Its goal is to

ensure that the net power extracted from the stack follows the power demand, while maintaining the

fundamental variables within desirable ranges. Without considering power management, the load current

can be viewed as a disturbance to the fuel cell system. The majority of the parasitic power is caused by

the air compressor, which is why it is the only parasitic loss considered in the study. For certain stack

currents, the stack voltage increases with increasing air flow rate to the stack since the cathode oxygen

partial pressure increases. [13]

1.3.5 Fuel Processor Subsystem

The significance of the fuel processor subsystem within the fuel cell system is underscored by the current

deficiencies in hydrogen refueling, distribution, and storage infrastructure. To address this challenge,

various fuel sources such as methanol, gasoline, and natural gas can be harnessed. The fuel processor

subsystem is a sophisticated assembly comprising several integral components and processes, including

hydro-desulfurization (HDS), catalytic partial oxidation (CPOX), water gas shift (WGS), and preferen-

tial oxidation (PROX). These processes collectively facilitate the conversion of carbon-based fuels into

hydrogen [1]. However, the intricate interplay among these components, coupled with numerous control

actuators, exacerbates the complexity of the control problem [10]
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1.4 Control system overview

As presented in the previous paragraphs, we can see that the FC auxiliaries are highly interdependent and

that this makes the Pem system difficult to control. It is therefore essential to develop a control system

to ensure a good level of performance. This system consists of the following elements:

1) The air compressor control system whose purpose is to provide accurate flow depending on the

load.

2) The hydrogen tank electrovalve control system, so as to manage the pressure at the inlet of the

anode.

3) The pump control system that operates the water cooling system of the FC, or the control system

of a fan in case of air cooling.

4) The control system of the pump feeding the humidification circuit.

5) The Converter Control System for Energy Management [10]

1.5 Fuel Cell Applications

Fuel cells can be used in almost any situation where electricity is required. Batteries are generally classified

into three categories: stationary applications, transport applications and mobile applications.

Figure 1.5: PEM Fuel-Cell Applications [7]
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1.5.1 Stationary Applications

In this field, fuel cells are used to produce electricity and distribute it through a network. There are

two areas of application: collective production, where the power ranges from 200kW to some MW, and

domestic production, in which the power varies from 2 to 7kW. A large number of demonstration plants

with power ranging from 1 kW for individual houses to a few hundred kW for residential buildings have

been installed in different countries .The most commonly used batteries are those with a high operating

temperature (SOFC, MCFC), where the use of the heat released for heating and the production of water

vapour allows for maximum energy efficiency [4].

Figure 1.6: Stationary Application

1.5.2 Transport Applications

Transport was the area of application that led to the development of fuel cells in the early 1990s Two

quite different subfamilies are distinguished depending on whether it is to equip a light vehicle or a heavy

vehicle. This area requires that the battery to be used is ready for use in the shortest possible time, has

a long service life and has an acceptable volume and mass power density. Su is suitable for batteries that

have a low operating temperature, especially PEMFC batteries.[8]

Figure 1.7: Transport Application [9]
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1.5.3 Mobile Applications :

In mobile applications, it concerns mobile phones and laptops. The user recharges his laptop like a briquet

or ink pen, in seconds, and each recharge gives 3 to 5 times more power than a current battery, for the

same load. The most widely used batteries in this field are DMFC type. [8]

Figure 1.8: Mobile Application of the Fuel-Cell

1.6 Conclusion

In conclusion, fuel cells are a promising technology that offers a cleaner and more efficient alternative

to traditional methods of producing electricity. They have a long history, spanning over 160 years,

and have since evolved to include a range of fuel cell types and applications. Among them, Polymer

Electrolyte Membrane Fuel Cells (PEMFCs) are widely used due to their high efficiency, low emissions,

and versatility. To ensure optimal performance, fuel cells require proper management of reactant flow,

heat and temperature, water, and power. While there are challenges to implementing fuel cell technology,

such as the need for infrastructure for hydrogen refueling and distribution, fuel cells have shown promise in

various applications, including stationary, transport, and mobile. With ongoing research and development

efforts, fuel cells have the potential to revolutionize the energy industry. In the following chapter, we will

discuss the modeling of fuel cell systems, which is an essential tool to optimize the design, control, and

operation of fuel cells.
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Chapter 2

Modeling of the PEM Fuel-Cell System

2.1 Introduction

The main goal of fuel cell modeling is to gain a better understanding of the physical phenomena involved

and design an automatic system for air-feed subsystem control. As the control purpose is related to the

cathode part of the FC system, in this chapter, we cover the modeling of the cathode part of the fuel cell

system. We give a special insight to three interacting sub-models: the cathode flow, the supply manifold,

and the compressor motor.

The stack voltage is determined by various factors, including stack current, cell temperature, air pres-

sure, oxygen and hydrogen partial pressures, and membrane humidity. The model incorporates transient

behaviors crucial for integrated control design and analysis.

2.1.1 Fuel Cell System Model

We consider a fuel cell stack with active cell area of Afc = 280cm2 and n = 381 number of cells with 75

kW gross power output that is applicable for automotive and residential use. The performance variables

for the FC power system are (i) the stack voltage vst that has a direct influence on the stack power

generated, Pfc = vst × Ist when a load current Ist is drawn from the stack, and (ii) the oxygen excess

ratio λO2 in the cathode that indirectly ensures adequate oxygen supply to the stack. Stack voltage is

calculated as the product of the number of cells and cell voltage vst = n × vfc. The combined effect of
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thermodynamics, kinetics, and ohmic resistance determines the output voltage of the cell, as defined by :

vfc = E − vact − vohm − vconc (2.1)

Where E is the open circuit voltage, vact is the activation loss, vohm is the ohmic loss, and vconc is the

concentration loss. The detailed formulation of the FC voltage, also known as polarization characteristic

can be found in [13]. The voltage of a fuel cell, when in a steady state, is dependent on various factors

such as the current density, oxygen and hydrogen partial pressures, cathode pressure, temperature, and

humidity. Although the electrochemical reaction is assumed to be instantaneous and the capacity of the

electrode double layer is negligible, the fuel cell voltage exhibits a dynamic behavior due to the fluctuating

variables of the stack. Different cathode pressures and stack temperature conditions are shown to affect

stack polarization in equation (2.1) Flow control is an essential aspect of operating a fuel cell system,

and it primarily involves regulating the total cathode pressure (pca), oxygen pressure (pO2), and oxygen

excess ratio (λO2) in the cathode. The parameter (λO2) measures the ratio of oxygen supplied to oxygen

consumed, and it is a crucial indicator of reactant utilization. In this context, each variable related to

air supply and stack performance is defined. Precise control of reactant flow helps to reduce transient

voltage excursions in the stack. However, the flow dynamics of hydrogen and oxygen reactants are

also influenced by pressure dynamics through flow channels, manifolds, and orifices. Sufficient flow of

oxygen and hydrogen into the fuel cell stack is necessary to prevent nitrogen films from covering the

electrochemical surface and creating stagnant vapor. The fuel cell’s load (current) will vary depending on

The stack voltage ranges from 220 V to 350V, depending on the load (current) drawn from the fuel cell

and the air supply to the fuel cell. A compressor that has a maximum power of 15 kW is used to supply

the air. The compressor delivers 95 g/sec of air flow and 3.5 atm of pressure rise at its maximum rotating

speed of 100 kRPM. When the maximum current is pulled (Imax = 320A), the maximum compressor air

flow is double that which is required to replace the oxygen consumed from the stack. The current at

which the highest possible FC power is obtained is known as the maximum FC current. Utilizing the

fuel cell to generate greater current leads to rapid decrease of the stack voltage, and thus power due to

concentration losses.
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FCS

Figure 2.1: Fuel Cell Reduced Model

2.1.2 Dynamic States

To better understand the rapid dynamics of integrating a fuel cell with a DC/DC converter, we have

implemented several simplifications and adjustments, particularly concerning air dynamics. These sim-

plifications are based on the following assumptions:

(1) All gases adhere to the ideal gas law.

(2) The temperature of the air within the cathode is equal to the overall stack temperature, which

matches the coolant temperature exiting the stack.

(3) The properties of the flow exiting the cathode, such as temperature and pressure, are assumed to

match those within the cathode and are the primary factors influencing the reaction at the catalyst layers

in the membrane.

(4 )The gases in both the anode and cathode are fully humidified, with any water in the cathode

existing solely as vapor. Any excess water is converted to liquid and removed from the channels.

(5) Flooding in the gas diffusion layer is not considered.

(6) The flow channel and the gas diffusion layer are treated as a single volume, ignoring any spatial
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variations.

The fuel cell is designed to supply power to external and auxiliary loads via its bus. It is crucial to

maintain ideal humidity and temperature levels, although controlling these factors can be challenging.

In the following section, we will outline the dynamic states of the model and describe the nonlinear

connections between inputs, states, and outputs for control purposes. The mass continuity of oxygen and

nitrogen inside the cathode volume, combined with the ideal gas law, yields:

dpO2

dt
=

RTst
MO2Vca

(WO2,in −WO2,out −WO2,rct) (2.2)

dpN2

dt
=

RTst
MN2Vca

(WN2,in −WN2,out) (2.3)

where Vca is the lumped volume of cathode, R is the universal gas constant, and MO2 and MN2 are the

molar mass of oxygen and nitrogen, respectively.

The rate of change of air pressure in the supply manifold, which connects the compressor with the

fuel cell (as shown in Figure 2.2), depends on the compressor flow into the supply manifold Wcp, the flow

out of the supply manifold into the cathode Wca,and the compressor flow temperature Tcp:

dpsm
dt

=
RTcp

MaatmVsm
(Wcp −Wca,in) (2.4)

where Vsm is the supply manifold volume and Ma,atm is the molar mass of atmospheric air. The com-

pressor motor state is associated with the rotational dynamics of the motor through thermodynamic

equations. A lumped rotational inertia is used to describe the compressor with the compressor rotational

speed wcp [11, 5].

dωcp

dt
=

1

Jcp
(τcm − τcp) (2.5)

2.1.3 Non Linear Static Relations

The nonlinear relations connecting the dynamic states (pressure and rotational speed) are represented by

the right-hand side of equations (2.2) to (2.4). The inlet mass flow rates of oxygen WO2,in and nitrogen

WN2,in are derived from the inlet cathode flow Wca,in as follows:
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WO2,in =
xO2,atm

1 + watm
Wca,in (2.6)

WN2,in =
1− xO2,atm

1 + watm
Wca,in (2.7)

where xO2,atm is the oxygen mass fraction of the inlet air given by:

xO2,atm =
YO2,atmMO2

YO2,atmMO2 + (1− YO2,atm)MN2

(2.8)

Here YO2,atm = 0.21 represents the molar ratio of oxygen in the atmosphere,and ωatm is the humidity

ratio of the inlet air:

ωatm =
Mv

YO2,atmMO2 + (1− YO2,atm)MN2

Qatmpsat
patm −Qatmpsat

(2.9)

where psat = psat(Tst). is vapor saturation pressure and atm is the relative humidity at ambient conditions

which is preset to the average value of 0.5. The supply manifold model describes the mass flow rate from

the compressor to the outlet mass flow. A linear flow-pressure relationship is assumed due to the small

pressure difference between the supply manifold and the cathod

Wca,in = kca,in (psm − pca) (2.10)

where kca,in ,in is the supply manifold orifice flow constant, and the spatially invariant cathode press is

the sum of the partial pressures pca of oxygen, nitrogen, and vapor. The rate of oxygen consumption

WO2,rct in (??) from the stack current Ist is given by;

Wo2,ret =Mo2

nIgt
4F

(2.11)

where n is the number of cells in the stack and F is the Faraday number. The outlet mass flow rate

of oxygen WO2,out and nitrogen WN2,out used in (2.2) and (2.3) are calculated from the mass fraction of
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oxygen and nitrogen in the stack after the section

WO2,out =
MO2pO2

MO2pO1 +MN2pN2 +Mvpsat
Wca,cut (2.12)

WN1,out =
MN2pN2

MO2pO2 +MN2pN2 +Mvpsat
Wca,out (2.13)

The total flow rate at the cathode exit Wca, out is calculated using the nozzle flow equation due to the

significant pressure difference between the cathode and the ambient pressure

Wca,out = CDAT pca

√
RTst
γ

(
2

γ + 1

) γ+1
2(γ−1)

for
patm
pca

≤
(

2

γ + 1

) γ
γ−1

(2.14)

where γ is the ratio of the specific hest capacities of the sir, CD is the discharge coefficient of the nozzle,

AT is the opening area of the noczle.

The compressor flow Wcp is modeled by applying the Jensen and Kristensen nonlinear fitting method

[13] as functions of the pressure ratio psm/patm , the upstream temperature Tatm , and the compressor

rotational speed ωep. . The temperature of the air leaving the compressor is modeled besed on [2] with a

map of the compressor efficiency ηkp

Tcp = Tatm + Tatm
1

ηcpp

[(
pgm
perm

)λ−1
7

− 1

]
(2.15)

where cp corresponds to the specific heat capacity of the air Excess oxygen ratio:

λO2 =
wO2,in

wO2,rct
(2.16)

This ratio indicates the amount of oxygen supplied to the reaction in the cathode. The excess oxygen

ratio is generally regulated at λO2 = 2 to minimize the formation of stagnant steam and nitrogen films in

the electrochemical zone. Values of λO2 < 1 indicate insufficient oxygen, which can severely affect battery

life.
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2.1.4 Input And Output In The Fuel Cells

The nonlinear model, based on state equations (2.2)-(2.5), encompasses four states:

x = [pO2 pN2 ωcp psm]
T (2.17)

These state equations can be formulated using the control actuator signal vcm and an exogenous input

from the external electric load. From an electical point of view, the fuel cell model utilizes the current

as an input, resulting in Equation (2.1) producing the cell voltage vfc and the stack voltage vst based

on the stack current Ist or current density ifc. However, the choice of electric load input depends on the

application. For instance, the cell voltage can serve as an input to analyze spatially distributed current

density, while a resistance input may be more practical.

In the causal model discussed in this chapter, either the stack current or the stack voltage can serve

as the input. Using the stack current as the input results in the dynamic behavior of the stack voltage

with respect to current density and pressure conditions. Conversely, using the stack voltage as the

input yields the dynamic behavior of the stack current, representing the fuel cell system’s performance

conditions. This dynamic interaction between current and voltage inputs is crucial for accurately modeling

and understanding the performance of the fuel cell system, as also demonstrated in dynamic models for

battery cells [6] .

2.2 Fuel-cell Linearized Model

2.2.1 Linearization principle

A linear model provides an estimate of how a nonlinear system behaves near a given operating state or a

trajectory. Whether a system governed by a differential equation :

ẋ = f(x, u) x ∈ Rn, u ∈ Rm (2.18)
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(2.18) is called the state equation. Sometimes we add to (2.18) an output equation of the form:

y = h(x, u) y ∈ Rp (2.19)

A special case of (2.18) is the control affine form that is rewritten as:

ẋ = f(x) + g(x)u (2.20)

The behavior near the equilibrium of the nonlinear system is equivalent to that of the linear system

around this point.

• If the linear model is asymptotically stable (real parts of the poles are strictly negative) then the

corresponding equilibrium of the nonlinear system is locally stable.

• If the linear model is unstable then the corresponding equilibrium of the nonlinear system is unsta-

ble.

We need first to linearize the system (2.20) around the supposed operating point. here x = 0 at u = 0,

thus

ẋ = f(0) +
∂

∂(x, u)
[f(x) + g(x)u]x=0

u=0

 x− 0

u− 0


ẋ =

∂f

∂x

∣∣∣∣
x=0

x+ g(0)u

(2.21)

Then, the linear approximation of (2.20) is:

ẋ = Ax+Bu with A =
∂f

∂x

∣∣∣∣
x=0

, B = g(0) (2.22)

2.2.2 Linearization Methodology

The fuel-cell system nonlinear model was linearized around its nominal operating point, defined by the two

variables I∗st = 220A and λ∗O2
= 2. The corresponding equilibrium states and control can be determined

by equilibrium condition, either analytically by solving a nonlinear static equation system for the state
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variables, or, more practically, numerically by perturbating the system states around the equilibrium.

The numerical method was used in this work. The corresponding linear model is given by :

ż = Az +Bcwc +Bdwd (2.23)

y = Cz +Ddwd (2.24)

where z = x − xeq, wc = vcm − v∗cm and wd = Ist − I∗st are respectively the translated state, control

and disturbance. y = λO2 − λ∗O2
is the translated output, namely the performance variable.

The matrices A, Bc and Bdrepresent the state matrix, the control-to-state and the disturbance-to-

state matrix, respectively. C and Dd map the state vector and the disturbance variable to the output.

We note that y is independent of the control wc.

The numerical values of the aforementioned variables are given as follows:

xeq =



17965.4

135358.3

220266.6

8743.03


(2.25)

A =



−9.98306 −6.49232 6.51673 18.06531

−23.96414 −27.87089 24.51534 13.60639

20.43814 20.43814 −21.6952 83.27485

0 0 −0.050844 −7.01441;


(2.26)

Bc =



−0

0

0

365.7073


(2.27)
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Bd =



−289.8507

0

0

0


(2.28)

C =

(
−0.0001 −0.0001 0.0001 0

)
(2.29)

Dd = −0.009 (2.30)

2.3 Model validation

2.3.1 Simulation around an operating point close to the reference

The simulation results for both nonlinear and linearized model are depicted in figure 2.2. It is shown that

the linearized model is quite representative for the nonlinear model, for almost all the states. This is due

to the fact that, in one hand, the system is simulated around an operating point close to the reference

point used for the linearization, and in the other hand that state was initialized with values close to the

equilibrium.

In analyzing the behavior of (λO2) , several key observations emerge. Initially, there is a noticeable

upward trend in λO2 within both models until reaching t = 0.5 seconds. This observed increase in λO2

implies a corresponding escalation in pressures within the simulated fluid flow pathway. Subsequently,

as time progresses, a convergence phenomenon becomes apparent, the pressure in both models begins to

stabilize, ultimately converging towards a shared value By t = 2 seconds. This convergence towards a

common pressure level suggests a remarkable alignment in the behavior of the linear and non-linear models.

Despite their inherent mathematical differences, both models demonstrate synchronized or symmetrical

behavior in representing the evolution of pressure over time when operating close to the reference operating

point.

30



0 0.5 1 1.5 2
0.5

1

1.5

2
104

Nonlinear Model

Linearized Model

0 0.5 1 1.5 2
0.8

1

1.2

1.4
105

0 0.5 1 1.5 2

1.6

1.8

2

2.2
105

0 0.5 1 1.5 2

6000

8000

10000

0 0.5 1 1.5 2

Time (seconds)

1

1.5

2

Figure 2.2: Response of the Nonlinear & Linearized Models for a fixed operating point

31



0 0.5 1 1.5 2
0

5000

10000

15000

Nonlinear Model

Linearized Model

0 0.5 1 1.5 2

8

8.5

9

104

0 0.5 1 1.5 2
1.4

1.5

1.6

1.7
105

0 0.5 1 1.5 2
5000

5500

6000

6500

0 0.5 1 1.5 2

Time (seconds)

1

1.5

2
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2.3.2 Simulation around an operating point far from the reference

The simulation results shown in figure 2.3 highlight the incapacity of the linear model to accurately

simulate the behavior of the fuel cell when operating far from the reference point. This discrepancy was

particularly evident, showing significant deviations between the behaviors predicted by the linear and

non-linear models.

For the compressor speed dynamics, this difference is slight, with a relative error of approximately 2%.

However, it becomes more pronounced for the supply manifold and nitrogen pressure dynamics, where the

relative error is around 10%. For the oxygen pressure, the error is very large, and the linear model fails

completely to predict the oxygen pressure behavior. This can be attributed to the strong nonlinearities

present in the oxygen pressure dynamics, in contrast to the compressor speed dynamics, which exhibit

more linear-like behavior.

In summary, we can conclude that the linear model is inadequate for simulating the fuel cell’s behavior

under conditions far from the reference operating point. The non-linear model, on the other hand, provides

a more accurate representation, especially for the oxygen pressure dynamics, where nonlinearities are

significant.

2.3.3 Conclusion

This chapter provides a detailed overview of fuel cell modeling, specifically focusing on developing a

simplified model (4 states) for the PEMFC system and emphasizing the importance of linearization of

the nonlinear model around a given operating mode. The simulation results for both linearized and

nonlinear models demonstrate the effectiveness of the linearized model in approximating the behavior

of the nonlinear model, especially when operating near the linearization point. However, it is crucial to

recognize that the linearized model may not capture the complexity of the nonlinear system under different

operating points, leading to significant deviations between the models. This underscores the limitations

of relying solely on linear models and the importance of considering nonlinearity in system dynamics.

Overall, this chapter provides a comprehensive and in-depth perspective on fuel cell modeling, with a

specific emphasis on the stack model, and highlights the potential of the linearized model in approximating

system behavior near the linearization point. Building on this foundation, the next chapter will explore the
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flatness control of the fuel cell, addressing further aspects of system control and performance optimization

essential for enhancing overall efficiency and response.
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Chapter 3

Flatness Control of The FC air-feed

subsystem

3.1 Introduction

Efficient fuel cell operation relies on precise control of the oxygen excess ratio, crucial for performance

and longevity. This chapter explores flatness-based control applied to a linearized model of the fuel

cell’s oxygen excess ratio, focusing on trajectory planning. Flatness-based control simplifies design by

transforming the control problem into a flat output space, allowing for easy implementation of control

laws. The chapter covers:

• Theoretical foundations of flatness-based control for linear systems.

• Application of this control method to the linear and nonlinear model of the fuel cell.

• Advantages of incorporating trajectory planning to ensure desired system behavior.

Simulation results validate the approach, demonstrating its effectiveness in maintaining optimal oxygen

excess ratios.
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3.2 Flatness Control

Flatness control is a control strategy that is based on the concept of differential flatness, which considers

a system to be differentially flat if there exists a set of independent variables, known as flat outputs, such

that all other system variables, including the inputs, can be expressed as functions of the flat output and

a finite number of its successive time derivatives. This property of differential flatness is mathematically

represented by a set of equations, wherein a nonlinear system is described by state and output equations:

x = f(x, u) x ∈ Rn, u ∈ Rm (3.1)

y = h(x) y ∈ Rm (3.2)

The system is differentially flat if the state variables x and the control inputs u can be expressed in terms

of a set of flat outputs yf and their derivatives:

yf = ψf (x, u, u̇, . . . , x
(r)) (3.3)

x = ψx(yf , ẏf , . . . , y
(α)
f ) (3.4)

u = ψu(yf , ẏf , . . . , y
(α+1)
f ) (3.5)

This property of differential flatness allows for a transformation of the system dynamics into a linear

form, enabling more efficient control design and handling of constraints. [1]

3.3 Flatness of the Linear Satate space Representation

Since the introduction of Kalman’s state space model of linear systems, the most common form for linear

dynamic systems is a first-order vector differential equation. In the single input case this is given as

follows:

ẋ = Ax+ bu, x ∈ Rn, u ∈ R (3.6)

A and b being, respectively, an n × n and n × 1 constant matrices. Note that the characteristic
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polynomial of the constant matrix A, written with respect of the complex variable s, is given by:

sn + αn−1sn−1 + · · ·+ α1s+ α0

Let the transformation of the form, z = Tx, in spatial coordinates, where T is the stated rank of the

Kalman controllability matrix:

z = Λz + γw, Λ = TAT−1, γ = Tb (3.7)

Λ =



0 0 · · · 0

0
. . .

...

0
. . . 0

1 0 · · · −αn−1

0
. . .

...

...
. . . 0

0 0 · · · −α1

0 0 · · · −α0



, γ =



1

0

...

0

0



The state coordinate f = zn, fully parameterizes both the input u and the altered state z, and

consequently the original variables x. It does, in fact, verify that the input u and the modified variables

can be expressed in terms of f and a limited number of its time derivatives.

zn−1 = ḟ + αn−1f (3.8)

zn−2 = f̈ + αn−1ḟ + αn−2f (3.9)

...

z1 = f (n−1) + αn−1f
(n−2) + · · ·+ α1f (3.10)

u = f (n) + αn−1f
(n−1) + · · ·+ α0f (3.11)
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In matrix notation, this set of relations read is



f

ḟ

f̈

...

f (n−1)


=



λ

λA

...

λAn−1


x+



0 0 · · · 0

λB 0 · · · 0

λAB λB · · · 0

...
...

. . .
...

λAn−2B λAn−3B · · · λB





u

u̇

...

u(n−2)



Proposition 2.4.1 The flat output of the linear controllable system with the state space form given by

(3.6) is given, modulo a constant factor, by the linear combination of the states obtained from the last

row of the inverse of the Kalman controllability matrix
[
B,AB, . . . , An−1B

]
i.e. [3]

yf = [0 0 · · · 1]
[
b Ab · · · An−1b

]−1
x (3.12)

3.4 Flatness of the Linear Model of the Fuel cell

We recall that the FC system linear model is given in the form

ż = Az +Bcwc +Bdwd (3.13)

y = Cz +Ddwd (3.14)

The system has two inputs, one control and one disturbance variables. In flatness system theory the

disturbance is seen as a system input and also as a component of the flat output vector, this yields the

following proposition:

Proposition 1 A flat output for the system (3.13) is given by

yf =

yf1
yf2

 =

 wd

Cfz


where Cf is given by

Cf = [0 0 · · · 1]
[
Bc ABc · · · An−1Bc

]−1
(3.15)
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Proof 1 We repeatedly differentiate yf2 three times with respect to the time, and we will see that wc

vanishes always.

yf2 = Cfz (3.16)

ẏf2 = CfAz +�
���*0

CfBcwc + CfBdwd (3.17)

ÿf2 = CfA
2z +����:0

CfABcwc + CfABdwd + CfBdẇd (3.18)

...
y f2 = CfA

3z +�����:0
CfA

2Bcwc + CfA
2Bdwd + CfABdẇd + CfBdẅd (3.19)

(3.20)

This makes it possible to write z in terms of yf and its time derivatives as:

z =



Cf

CfA

CfA
2

CfA
3



−1 

yf2

ẏf2 − CfBdyf1

ÿf2 − CfABdyf1 − CfBdẏf1

...
y f2 − CfA

2Bdyf1 − CfABdẏf1 − CfBdÿf1


(3.21)

A fourth differentiation of yf will make wc appear as follows:

y
(4)
f2 = CfA

4z + CfA
3Bcwc + CfA

3Bdyf1 + CfA
2Bdẏf1 + CfABdÿf1 + CfBd

...
y f1 (3.22)

then, the control can be written in terms of yf and its time derivatives as follows which prove the

statement.

wc = [CfA
3Bc]

−1[y
(4)
f2 − CfA

4z − CfA
3Bdyf1 − CfA

2Bdẏf1 − CfABdÿf1 − CfBd
...
y f1] (3.23)

39



The flat matrix Cf of the linear fuel cell defined by the matrices (2.26)-(2.28) is given by

Cf =



−0.2007

0.0743

0.0314

0


Remark 1 The expression (3.23) is called the feed-forward control, it allows to track any trajectory yf

of class C4 provided it respects the initial condition of the system.

3.5 Trajectory Planning

3.5.1 Polynominal Trajectory Generation

Multiple-boundary type trajectories are commonly employed to guide stable reference outputs from an

initial state yf (0) to a final state yf (tf ) within a specified time Tp. The degree of this polynomial

trajectory depends on the relative degree of the system. In practice, it is often preferable to use ”stop-

stop” trajectories, where the first and second derivatives are assumed to be zero at the beginning and

the end to reduce computation time in the planning phase. During the planning stage, it is important

to ensure the following constraints: transitioning between two equilibrium points, taking into account

the bounded control between 0 and vcm (an approximated defined value). In the context of the fuel cell,

only yf2 is planned, while yf1 is a measured disturbance that is supposed sufficiently differentiable with

perfectly known derivatives. The planned trajectory of yf2 can be defined as :

y∗f2(t) =
5∑

j=0

pjt
j (3.24)

where pj are constants determined to guarantee the consistency of the boundary values of the planned

trajectory.
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3.5.2 Trajectory generation using Filters

In the context of trajectory generation within flatness control, utilizing a step signal in conjunction with

filters is a viable approach. While convergence to the target is asymptotic (achieved in finite time using

polynomials), filters can perform exceptionally well, especially when dealing with variable references. The

core principle involves designing a filter with a specific order, typically chosen to ensure the output can

be differentiated a sufficient number of times. This can also be achieved by serially connecting multiple

first-order filters. The time constant is set according to the desired response speed.

Alike in polynomial trajectory generation, using filters, the differentiation is straight-forward as it

consists to multiply the output by s in the Laplace domain, causality is not violated, as the denominator

of the filter is of order greater than or equal to the number of differentiations needed.

Figure (3.1) illustrates the transfer function of the filter used for planning. The schema is generalized

to encompass the generation of y∗f and its derivatives.

Figure 3.1: Trajectory Planning using filters

3.6 Simulation

In our research, we focus on controlling the flat output of the fuel cell system to precisely regulate the

trajectory of the oxygen excess ratio denoted as λO2 . Initially, we set yinitf2 = 0 and ultimately adjust

it to yfinf2 = 0.01, targeting a final λfinO2
value of 2.3. The reduced nonlinear model, as proposed by [?],

is characterized by its complexity and high nonlinearity, which pose significant challenges in the control

synthesis, particularly for flat control design. To facilitate more the control design, our flat control was

based on the linear model of the fuel cell around its nominal operating point characterized by Inomst = 220A

and vnomcm = 175V.

In the simulation, the output current is considered constant and equal to its nominal value 220A,

based on which the linearization was performed. We note that we could consider any trajectory of Ist,

the only conditions is that it must be perfectly known, and differentiable a sufficient number of times, so
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that the control is smooth. The closed-loop dynamics of the system in the flat space can be described by

the following equation:

(p2 + 2ξω0p+ ω2
0)(p+ p3)(p+ p4) = a0 + a1p+ a2p

2 + a3p
3 (3.25)

The coefficients are defined as follows:

a0 = ω2
0 · p3 · p4 (3.26)

a1 = 2ξω0 · p3 · p4 + ω2
0 · p4 + ω2

0 · p3 (3.27)

a2 = p3 · p4 + 2 · p4 · ξω0 + 2ξω0 · p3 + ω2
0 (3.28)

a3 = p4 + p3 + 2ξω0 (3.29)

We use the following parameter values:

ξ = 0.7 (3.30)

ω0 = 10 (3.31)

p3 = 500 (3.32)

p4 = 500 (3.33)

The shematic diagram of figure (3.2) illustrates the flatness control of the fuel cell system and its

operation. The graphical representation aids in understanding the control strategy, and evaluating its

complexity.

In this study, the simulation process for the linear model is divided into two distinct parts. First, we

perform the simulation using the linearized model to validate the flat control strategy. This initial phase

ensures that the control design works effectively under linear assumptions. Next, we conduct simulations

using the nonlinear model of the system to evaluate the robustness of the controller in the presence

of nonlinearities. This two-step approach allows us to verify the control strategy in an idealized linear

context before testing its performance under more realistic conditions that include nonlinear dynamics.

The results presented in this work demonstrate the effectiveness of the control strategy in the lin-
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Table 3.1: Parameters of the FC used in the simulation

Variable Value
ρm,dry membrane dry density 0.002 kg/cm3

Mm,dry membrane dry equivalent weight 1.1 kg/mol
tm membrane thickness 0.01275 cm
n number of cell in fuel cell stack 381
Afc fuel cell active area 280 cm2

dc compressor diameter 0.2286 m
Jcp compressor and motor inertia 5× 10−5 kg2

Van anode volume 0.005 m3

Vca cathode volume 0.01 m3

Vsm supply manifold volume 0.02 m3

Vrm return manifold volume 0.005 m3

CD,rm return manifold throttle discharge coefficient 0.0124
AT,rm return manifold throttle area 0.002 m2

ksm, out supply manifold outlet orifice constant 0.3629× 10−5 kg/(s · Pa)
kca, out cathode outlet orifice constant 0.2177× 10−5 kg/(s · Pa)

earized model and provide insights into its robustness when applied to the nonlinear model. Additionally,

they clarify the relationship and differences between the proposed results and the final obtained results,

offering a deeper understanding of the controller’s performance under various operational conditions. This

approach ensures that the control strategy is not only effective in ideal conditions but also capable of

handling the challenges.

FUEL
CELL

CONTROL 
CALCULUS

(INVERSION)

FLAT 
OUTPUT 

CALCULUS

TRAJECTORY
GENERATION -

+

+
-

+
-

+
-

Figure 3.2: Fatness control of Fuel cell Model
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3.6.1 Fltaness-Based Control of the Linear Fuel cell

0 0.5 1 1.5 2 2.5 3 3.5 4
0
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0.008
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0.012

Time (s)

 

Planned Flat output
System’s Flat output

Figure 3.3: Flat output lineair model

With the linear model, the reference flat output yf2 is designed to converge smoothly within approx-

imately 1 second, starting from zero and reaching 0.01. In the original domain, this corresponds to λO2

increasing from 2 to 2.3. The flat trajectory is meticulously planned to avoid overshoot, facilitated by

the filter’s design, which excludes complex poles. However, the trajectory of λO2, a direct outcome of

yf2’s planning, exhibits noticeable overshoot, which is acceptable for the fuel cell’s health. Crucially, the

planned trajectory is flawlessly tracked from start to finish, showcasing the efficacy of flat control with

trajectory planning capabilities.

Figure (3.4) illustrates the behavior of the four key states: oxygen pressure, nitrogen pressure, SM

pressure, and CM speed. Each state exhibits an initial overshoot before stabilizing at its respective

steady-state value. Despite these overshoots, the flat output control effectively tracks the desired signals,

achieving precise stabilization without oscillations or deviations. This underscores the robustness and

accuracy of the flatness control method in managing and stabilizing the various states of the fuel cell

system. Furthermore, despite the initial overshoots, all states accurately converge to their equilibrium

points, demonstrating the precision and stability of the linear flatness. This indicates that the flatness

control approach is highly effective in ensuring the fuel cell system’s states reach and maintain their
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Figure 3.4: states lineair control

desired values with great performance.

3.6.2 Simulation with the nonlinear Fuel-cell model

After conducting simulations using the linearized fuel cell model, we applied linear-flatness-based closed-

loop control to the nonlinear model of the fuel cell. As shown in Figure (3.6), unlike the linear case,

the planned trajectory is no longer well tracked, resulting in persistent tracking errors and steady-state

deviations observed in both the flat signal and the λ∗O2 curve. This discrepancy demonstrates the inability

of linear flatness-based control to effectively address the regulation objective in the presence of significant

nonlinearities.
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Figure 3.5: lamda O2 lineair model

This result can be interpreted by the fact that nonlinearities introduce system uncertainties that

fundamentally alter the dynamics of the fuel cell. These uncertainties can lead to deviations from the

idealized linear behavior assumed by the flatness-based control approach. Consequently, a more robust

control strategy capable of accommodating these nonlinear effects may be necessary to achieve improved

performance and regulation accuracy.

3.6.3 Modified Linear Flatness-based Control of PEMFC

To overcome the limitations of linear flatness-based control, we enhanced the architecture by integrating

a Proportional-Integral (PI) controller. This PI controller incorporates the system output error λO2 into

the flat control framework, leading to significant improvements in maintaining the desired λ∗O2 trajectory

with higher precision. This adjustment ensures more accurate regulation of oxygen flow throughout the

fuel cell system.

Specifically, the expected trajectory for λO2 is initially determined based on the planned flat output

derived from the linear fuel cell model. Subsequently, the calculation of the flat output from measurements

obtained from the nonlinear system is corrected using an additive term generated by the PI controller.

The PI controller utilizes the error signal between the measured λO2 and its expected trajectory, calculated

from the linear model-based flat output.
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Figure 3.6: Flat output signals of the nonlinear model

With this enhancement, the system effectively tracks the expected λO2 trajectory, thereby optimiz-

ing the operation towards achieving the target point at λ = 2.3. This approach facilitates successful

stabilization at the set point without significant oscillations or deviations.

3.6.4 Conclusion

In conclusion, the incorporation of the output error in the flatness-based control architecture via PI

controller has proven instrumental in addressing the challenges posed by nonlinearities in the fuel cell

system. By actively correcting deviations between expected and measured λO2 values, the enhanced

control strategy achieves robust and precise regulation, crucial for stable operation and performance

optimization. Moving forward, further refinements and possibly adaptive control techniques could be

explored to continuously enhance the system’s ability to maintain optimal conditions and adapt to varying

operational demands effectively. This adaptive approach ensures continued reliability and efficiency in

managing oxygen flow within the fuel cell system, supporting its long-term operational stability and

performance goals.
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Figure 3.7: state signals of the nonlinear model
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Figure 3.8: lambdaO2 trajectory in the nonlinear model

0 0.5 1 1.5 2
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

Time (s)

 

Planned Flat output

System’s Flat output

Figure 3.9: Flat output signal with the modified Flatness-based control
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Figure 3.10: λO2 signal with the modified flatness-based control
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Figure 3.11: Fatness control of Fuel cell Model with Flat Output Correction
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General conclusion

In this study, we focused on developing a flatness-based control strategy for regulating the oxygen excess

ratio (λO2) in a fuel cell system. Initially, we established a reduced four-state model and its linearized

version around a nominal operating point, providing a foundational understanding of the system’s dy-

namics under small perturbations. Comparative analyses between the linear and nonlinear models at

different operating points highlighted significant deviations in system response, emphasizing the impact

of nonlinearities on control performance.

Our initial application of flatness control based on the linear model demonstrated perfect tracking of

the desired λO2 trajectory. However, when applied to the full nonlinear model, substantial tracking errors

emerged, revealing the limitations of linear-based approaches in handling real-world complexities.

To address these challenges, we enhanced the control strategy by integrating a Proportional-Integral

(PI) controller into the flatness architecture. This adaptation effectively incorporated the output λO2

error into the control loop, significantly improving precision and stability in regulating λ∗O2.

This study underscores the critical role of robust control strategies in optimizing fuel cell perfor-

mance across varying operational conditions. Future research directions may explore advanced control

techniques, such as adaptive and predictive control, to further enhance the system’s ability to maintain

optimal operation and meet stringent performance targets in practical applications. By bridging theoret-

ical modeling with practical control design, this work contributes to the ongoing efforts in advancing fuel

cell technology for sustainable energy solutions.
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trajectory tracking in image based visual servoing. IFAC Proceedings Volumes, 40(12):993–998,

2007.
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