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Abstract

The present memory is devoted to the study of well-posedness and stability of the
solution for some transmission problems with a distributed delay term and infinite
memory term in a bounded domain by using the semi-group theory and some energy
estimates. This type of systems is very important from the point of view of application

in sciences and engineering.

Key words : Transmission problem, existence and uniqueness, stability, distributed

delay, infinite memory.
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Résumé

Ce mémoire est consacré a 1'étude d’existence, unicité et stabilité de la solution pour
certaines systemes de transmission avec un terme de retard distribué et terme de mé-
moire infini dans un domaine borné en utilisant la théorie de semi-groupe et quelques
estimations d’énergie. Ce type de systemes est trés important du point de vue de

I'application en sciences et ingénierie .

Mots clés : Systeme de transmission, existence et unicité, stabilité, retard distribué,

mémoire infini.
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introduction

Problems of global existence and intimate stability of partial differntial equations are
subject, recently, of many works.
In this memory we are interested in the study of the global existence and stability of
some transmission systems. The purpose of the stability is to attenuate the vibrations
by feedback, thus consists in guaranteing the decease of energy of the solutions to 0 in
a more or less fast way by a mechanism of dissipation. More precisely, the stability of
problem consists in determining the asymptotic behavior of the energy by E(t), to study
its limits in order to determine if this limit is null or not and if this limit is null, to give an
estimate of the decay rate of the energy to zero.
This problem has been studied by many authors for various systems. There are severals

types of stability :

1) Strong stability

2) Logarithmic stability
E(t) < C(logt)™°,  Vt>0, (C,0) > 0.
3) Polynomial stability
E(t)<Ct™,  vt>0, (C ) >0.
4) Exponential stability

E(t)<Ce™,  Vt>0,(C,6) >0.

Many authors have worked since then on energy decay rates. First results were obtained

for linear stability, then for polynomial stability ( see [13]) and then extended to arbitrary
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growing feedbacks ( close to 0). In the same time, geometrical aspects were considered.
By combining the multiplier method with the techniques of micro-local analysis [9],
have investigated different dissipative systems of partial differential equations ( with
Dirichlet and Neumann boundary conditions) under general geometrical conditions
with nonlinear feedback without any powth restrictions near the origin or at infinity.

In this work, we treat the exponential decay.

Our main results in this memory can be summarized as follows:

Chapter 1. In this chapter, we will give some basic reminders and preliminaries on func-

tional analysis that will be used in the following chapters of this memory.

Chapter 2. In this chapter, we considered the problem with a distributed delay

T2
U (2, 1) — aUge (2, 1) + pug(z, t) +/ |pa(s)|u(t —s)ds =0, xe€Q,t>0,

T1

v (x,t) — bug(x,t) =0, x € (Ly,Ly), t >0,
under the boundary and the transmission conditions

u(0,t) = u(Ls, t) =0,
U(L“t) = ’U(Li,t>, Z = 1, 2,
aug (L, t) = bug(Liyt), 1=1,2,

and the initial conditions

u(z,0) = ug(x), u(z,0)=uy(z), z€q,
v(x,0) =vo(z), wv(x,0)=wv(x), x€ (L,Ls), ,
w(z, —t) = folx,—t), z€Q, te(0,m).

It consists of three sections: position of the problem, existence and uniqueness re-

sult and exponential stability result.
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Chapter 3. In this chapter, we considered the problem with infinite memory and dis-
tributed delay

(1) — aug,(x,t) + / 9Pty (z,t — p) dp + pyug(z, t)
0

+/ lp2(s)|u(t —s)ds =0, ze€Q,t>0,

T1

(2, t) — bug(z,t) =0, x € (L1, Ly), t >0,
under the boundary and the transmission conditions

u(0,t) = u(Ls,t) =0,
U(Ll,t) = U(Li,t), 9, = 1, 2,

0

and the initial conditions

u(x, —t) = up(z,t), wu(x,0)=ui(x), (x,t)€Qx(0,+00),
v(x,0) =vo(z), wv(x,0) =v1(x), =z € (L1, Ls),
u(z, —t) = fo(x,—t), z€Q, te(0,m).

Using the method of multipliers we demonstrate the exponential stability of this system.
In this chapter, to ensure the well-posedness of the problems, we use the theory of semi-
groups to establish the existence and uniqueness of solutions.

In the theory of semi-groups, the Hille-yosida theorem is a powerful and fundamental
tool linking the energy dissipation properties of a boundless operator A : D(A) C H — H
the existence, uniqueness and regularity of solutions of a stationary differential equation

stationary differential equation (Cauchy problem)

U'(t) = AU(t),  t>0

For the stability results, we use the multiplier method based on the construction of a
Lyapunov function £ equivalent to the energy E of the solution. We denote by £ ~ E
the equivalence

GiE(t) < L < BrE(), vt > 0. (0.1)
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For two positive constants 3; and . For example, to establish an exponential stability it
is sufficient to show that
L'(t) < —kL(t), vVt > 0. (0.2)

For some x > 0, a simple integration of (0.2)) over (0,¢) with (0.I)) leads to the desired
result of exponential stability.
It is worth nothing that the Lyapunov theorems are only sufficient conditions for stability

and the difficulty here is to to find the adequate Lyapunov function.




CHAPTER 1

PRELIMINARIES

1.1 Some basic spaces

In this section, we present the fundamental spaces (Hilber{"| Lebesgue®und Sobolev[’).

For more details on the notions recalled in this paragraph see H. Brezis and L. Sonrier.

Hilbert space

Definition 1.1. [5] A Hilbert space H is a vector space with scalar product (u,v) such that
|ul| = +/(u, u) is the norm which let H complete.

Lebesgue space

Definition 1.2. [5] Let 2 be a domain in R", we define the space L?() as follows

® For 1 < p < oo, the space LP(SY) is the space of real functions f on Q such that f is

measurable and

e < o

If f € LP(Q), we define the norm

1£ls = (Jo | @) )

® For p = oo, the space L>(2) is the space of measurable functions f that are essentially
bounded on Q.

®David Hilbert born in 1862 in Konigsbergh 1 and died in 1943 in Gottingen, is a German mathemati-
cian. He is often considered as one of the greatest mathematicians of the X X*¢ .

®Henri-Léon Lebesgue (1875-1941) : is one of the great French mathematicians. He is known for his
theory of integration .

9Serguei Lvovitch Sobolev (1908-1989): is a Russian mathematician and atomic physicist of the Soviet
period.




1.1. Some basic spaces

If f € L*(R2), we have

| fllooc = esssupg |f(z)] =inf{A>0:pu{z e Q: f(zx) > A} =0}

Sobolev space in R [5]

Sobolev spaces play a fundamental role in variational calculus. They are named after the
Russian mathematician Serguei Lvovitch Sobolev (1908-1989).

Sobolev space W17 (Q)

Definition 1.3. Let ) be any open in R" and P € R with 1 < P < oo, the Sobolev space
WLP(Q) is defined by

WEE(Q) = {u e L7(Q),3g € LP(Q) such that [, u(z)¢'(x)dz = — [, g(x)p(x)dz}.

We pose
H'(Q) = WH(Q).
Sobolev space W™ (Q)

Definition 1.4. Let Q2 be any open in R*, m > 2 andareal p,1 < p < oo, the Sobolev space
Wm™F(Q) is defined by

u€LP(Q) Vawith |al<m 3Fg, € LP(N)

WmP(Q) =
such that / uD%pdz = (—1)l° / Japdx, Vo € C5°(Q)
Q Q

ool
N SonE. g
1 2 coe N

N
where o € N”, |a| = Zai and D
i=1

We pose
H™(Q) = W™2(Q).

The space W™? is supplied with the norm

lullwme@ = lelle@ + D 1DullLoe).

o<asm




1.2. Reminder of some inequalities

And the space H™ is supplied with the scalar product

(U, U)Hm(Q) = (’LL, ’U)LZ(Q) —f- Z;nzl (Dau, DQU)LQ(Q),

for any u,v € H™(Q).

Sobolev space W, (Q)

Definition 1.5. Given the real p,1 < p < co we call Sobolev space, and we note W, (Q), the
adherence of D(Q2) in WP (Q), (resp H} () if p = 2).

1.2 Reminder of some inequalities

In this section, we will give a series of essential inequalities that will be of great use in

the rest of the memory.

Poincaré inequality

lemma 1.1. [15] Suppose that I is a bounded interval, then there exists a constant C

(depending on |I| < oo) such that
lull oy < Clld oy, w € Wy(D).

In other words, on Wy the quantity ||u'|| s (1) is a norm equivalent to the W'» norm.

—

O The Poincaré inequality (named after the French mathematician Henri Poincaré) is
a result of the theory of Sobolev spaces. This inequality allows to a function from
an estimate of its derivatives and the geometry of its domain of definition. These

estimates are of great importance for the method of calculating variations.

PHenri Poincaré was a French mathematician, theoretical physicist and philosopher of science, born
on April 29, 1854 in Nancy and died on July 17, 1912 in Paris.




1.3. Some notions about operators

Cauchy’} SchwartZ?| inequality

lemma 1.2. [5] Let H be a Hilbert space supplied with a scalar product (.,.), then

N|—=
N|=

|(u,v)| < (u,uw)2(v,v)2, VYu,v e H.

Young’s Inequality

Theorem 1.1. [4] Let a,b > 0 and p,q be two conjugate real numbers in |1, 0],

(l+1:1> , then for all € >0
p q

ab < ea? + C.bY,

1
where C, = ——.
q

q(ep)

For p = ¢ = 2, the previous inequality can be written as

2

b
b<ea?+ —.
ao < €a +4€

1.3 Some notions about operators

Definition 1.6. [5] A linear operator on a space X is a linear application defined on a sub vector
space D(A) C X has values in X, (D(.A) is called the domain of operator A).

Definition 1.7. [5] Let H be a Hilbert space and A an unbounded operator on H of domain
D(A).

We say that A is monotonic (or accretive) if

(Av,v) >0, Vve D(A).

®Augustin Louis, baron Cauchy, born in Paris on August 21, 1789anddiedinSceauronM ay23, 1857, was
a French mathematician, member of the Academy of Sciences and professor at the Ecole Polytechnique.

@Laurent Schwartz was a French mathematician, born on March 5, 1915 in Paris where he died on
July 4, 2002. He was the first Frenchman to win the Fields Medal, in 1950, for his work on the theory of
distributions.

®William Henry Young (London, October 20, 1863 - Lausanne, July 7, 1942) was an English mathe-
matician who graduated from Cambridge University and worked at the University of Liverpool and the
University of Lausanne.




1.4. Strongly continuous semigroup of linear operators

Ais dissipative if
(Au,u) <0, Yue D(A).

We say that A is maximal monotonic if moreover Im(Id+ A) =H,i.e
VieH, Jue D(A) suchthat u+ Au=f.

Proposition 1.1. [5] Let A be a maximal monotone operator, then
* D(A)is densein H.
* Ais a closed operator .

e Forevery A\ > 0, (I + M\A) is bijective of D(A) on H, (I + \A)~" is a bounded operator,
and ||(I+XA) |y < 1.

1.4 Strongly continuous semigroup of linear operators

Definition 1.8. [34] Let X be a Banach space, let L(X) be the set of all bounded linear operators
from X to X, a family {S(t),t > 0} in L(X) is a semi-group of bounded linear operator on X if

1) S(0) = I, (I is the identity operator on x) .
2) S(t; +t2) = S(t1)S(t2) Y t1,ty > 0 (the semi-group property) .
3) Forevery x € X, S(t)x is continuous on [0, 00).
Definition 1.9. [34]] The infinitesimal generator, or generator of the semigroup of linear operators

{S(t),t > 0}, the operator A: D(A) C X — X defined by

D(A) = {:L‘ €X: limw eaf;ist},

t—0

and defined by
Ar = lim M

t—0 t

for x e D(A).

In the infinitesimal generator of the semigroup S(t), D(.A) is the domain of an operator A.

10



1.5. Existence and uniqueness of the solution

1.5 Existence and uniqueness of the solution

To deal with the existence and uniqueness of the solution one uses the Lumelﬂ-
Phillipﬂheorem or the Hille ﬂ—Yosidaﬁtheorem.

Definition 1.10. [19] Let V' be a (real) Hilbert space of scalar product noted (., .)v and the asso-
ciated norm ||.||v/, we propose to solve the following problem
find uw €V such that forall v eV wehave: A(u,v) = L(v),

we impose the following conditions
1) L isan application defined on V, with values in R verifying moreover :
i) L is linear.

ii) L is continuous, i.e. there exists a constant C > 0 such that

forallveV, |L(v)| <C|vly .

2) A isan application defined on 'V x V| with values in R verifying moreover :
i) A is bilinear.

i1) A is continuous, i.e. there exists a constant M > 0 such that

forall (u,v) € V*, |A(u,v)| < M|ulv|v|v.

iii) A is coercive , i.e. there exists a constant « > 0 such that

forall v eV, A(v,v)>alvl} .

®Giinter Lumer (1929-2005) is a mathematician known for his work in functional analysis. Born in
Germany and raised in France and Uruguay.

®Ralph Saul Phillips (June 23, 1913-November 23, 1998) was an American mathematician and scholar
known for his contributions to functional analysis.

®Carl Einar Hille, born June 28, 1894 and died February 12, 1980, was an American mathematics pro-
fessor and researcher. He signed or co-authored twelve mathematical books and several articles.

®Kosaku Yosida Yoshida (1909-1990) was a Japanese mathematician, specialist in functional analysis.
He is known for the Hille-Yosida theorem concerning Cysemi-groups.

11



1.5. Existence and uniqueness of the solution

lemma 1.3. [19)(Lax{"} Milgran®)

Let V' be a real Hilbert space, A a bilinear form, continuous and coercive on V and L a

continuous linear form on F.

Then, there exists a unique element u of V solution of the variational problem .

If the bilinear form is symmetric, (i.e. if A(u,v) = A(v,u) forall u,v in V), by posing

forallveV , E(v)= %A(v,v) — L(v).

Such that is equivalent to a minimization problem for the quadratic functional E.

Hille-Yosida theorem

Given the following evolution problem

d
d—?%—Au: 0 on [0,+o0],

u(0) =wuo (initial condition) .

(1.1)

—

Theorem 1.2. [4] Let A be a monotonic maximal operator in a Hilbert space H, then for

all ug € D(A) there exists a unique function
u € C'([0,400], H) N C([0,+00], D(A)),

solution of (I.1).

Furthermore we have

du

lu(t)| < |ug| and E(t)‘ = |Au(t)| < |Aug|, Vt>0.

®Peter Lax, born in 1926 in Budapest, is a mathematician of Hungarian origin and American

nationality. He was awarded the Abel Prize in 2005.

®Arthur Norton Milgram, born on June 3, 1912 in Philadelphia and died on January 30, 1961 (at age

48), was an American mathematician. He worked in functional analysis.

12



1.6. Stability

Lumer-Phillips theorem

Theorem 1.3. [34] Let A : D(A) C X — X be a linear operator defined, and D(.A) dense

domain in X, then A generates a C, semi-group of contractions on X if and only if
(i) Ais dissipative.

(ii) There exists X\ > 0 such that \I — A is surjective.

1.6 Stability

Let’s first introduce the basic concepts of stability

Definition 1.11. [33/(Autonomous and non-autonomous systems).

The non-linear system
r = f(z,1), (1.2)

is said autonomous if f does not depend explicitly on time , that is if the equation of state of the

system can be written x = f(x), otherwise, the system is called non autonomous.

Equilibrium point[33]]
A state z* is an equilibrium state (or equilibrium point) of the system if once z(t) is
equal to z*, it remains at z* for all future time. Mathematically, this means that the
constant vector z* satisfies f(z*) = 0, the equilibrium points can be found by solving

the nonlinear algebraic equations.

Definition 1.12. [14](Stability in the sense of Lyapunov)
The equilibrium point x =0 of is :

e Stable if , for each € > 0 , thereis § = 6(¢) > 0 such that
|z(0)]] <6 = |lz(t)]| <e, Vt>0.

* Unstable if it’s not stable.

» Asymptotically stable if it is stable and 6 can be chosen such that

() <& = lim [la(t)]| =0.

13



1.6. Stability

Definition 1.13. [33] (Exponential stability)
An equilibrium point 0 is exponentially stable if there exist two strictly positive numbers «
and X\ such that

vt >0, lz(t)] < allz(0)[le™.

Note that exponential stability implies asymptotic stability . But asymptotic stability does not

guarantee exponential stability .

Definition 1.14. [33] A a continuous scalar function v(x) is said locally positive definite if
v(0) =0 isinaball Bg,
r#0 = v(x) >0,

if v(0) =0 and the above property applies to the whole state space , then v(z) is said globally

positive definite.

Definition 1.15. [14] Let x = 0 be an equilibrium point for and D C R™ a domain
containing x = 0. Let V : D — R be a differentiable function such that

V(0)=0 and V(z) >0 in D—{0}.

V(z) <0 in D.

Then, x = 0 is stable, moreover if
V'(z) <0 in D — {0},

then x =0 is asymptotically stable.

14



CHAPTER 2

WELL-POSEDNESS AND EXPONENTIAL

DECAY OF SOLUTIONS FOR A
TRANSMISSION PROBLEM WITH
DISTRIBUTED DELAY

2.1 Position of the problem

In this chapter, we study the transmission problem with a distributed delay,
U (T, 1) — auge (2, t) + pyug(z, t) + /72 |pa(s)|ue(t —s)ds =0, ze€Q,t>0,
(2, ) — buge(z,t) =0, € (Ll,lzlg), t>0,

under the boundary and the transmission conditions

u(0,t) = u(Ls, t) =0,
U(Ll,t) = U(Li,t), 1= ]., 2,
aug (L, t) = bug (L, t), 1=1,2,

and the initial conditions

u(z,0) = ug(x), uz,0)=ui(z), =z€q,
v(x,0) =vo(x), wvi(x,0)=wvi(x), z€(L,Ls), ,
u(z, —t) = fo(z,—t), z€Q, te(0,m).

2.1)

(2.2)

(2.3)

Where 0 < Ly < Ly < L3, Q@ = (0, L) U (L2, L3), a,b, iy are positive constants, and

the initial data (ug, u1, vo, v1, fo) belongs to suitable space. Moreover, 15 : [11,72] = Risa

bounded function, where 7, and 7» are two real number satisfying 0 < 73 < 7».

15



2.2. Well-posedness of the problem

It is known that transmission problems happen frequently in applications where the
domain is occupied by two or several materials , whose elastic properties are different,
joined together over the whole of a surface. From the mathematical point of view, a
transmission problem for wave propagation consists on a hyperbolic equation for which
the corresponding elliptic operator has discontinuous coefficients, see [2} 10].

In absence of delay (u2(s) = 0), the system (2.1)-(2.3) has been investigated in [2] by
Bastaos and Raposo; for 2 = [0, L;], they showed that the well-posedness and expo-
nential stability of the total energy. Rivera and Oquendo [25] studied the transmission
problem of viscoelastic waves and established that the dissipation produced by the vis-
coelastic part is strong enough to produce the exponential stability, no matter small its
size is. Interested readers are referred to [20,21,22,124] , for more results concerning other
types of transmission problems.

Introducing the delay term makes the problem different from those considered in the
literatures. Delay effect arises in many applications depending not only on the present
state but also on some past occurrences. It may turn a well-behaved system into a wild
one. The presence of delay may be a source of instability. For example, it was shown
in [8} 16, 12} 28} 29, 36] that an arbitrarily small delay may destabilize a system that is
uniformly asymptotically stable in the absence of delay unless additional control terms
have been used. Here we mention the some interesting results on the relation between
the delay term and source term [18, 17, 11} 31].

The effect of the delay term w,(z,t — 7) in the transmission system has been investi-
gated by Benseghir [3]]. The well-posedness and the decay of solution for a transmission
problem in a bounded domain with a viscoelastic term and a delay term w,(x, ¢ — 7) have
been studied in [16} 35].

2.2 Well-posedness of the problem

Throughout this section c and ¢; are used to denote the generic positive constant. From
now on, we shall omit z and ¢ in all functions of = and ¢ if there is no ambiguity.

As in [29], we introduce the new variable

2(x, p,t,8) =w(x,t—ps), x€Q,pe(0,1),t>0, s€(r,T).

16



2.2. Well-posedness of the problem

They are following
Ouy(w,t —ps) Ot —ps)  Oux,t — ps)
(z,0,%,5) (t — ps) ot (t — ps)
Qu(z,t —ps) Ot —ps)  Oulx,t—ps)
(@:%,9) (t — ps) dp (t — ps) (=o).

So it is easy to check

sz(x,p,t,s) + 2p(x, p,t,s) =0, 2€Q, pe(0,1),t>0, s€ (r,n).

Consequently, system (2.1) is equivalent to

(

T2
U (T, 1) — aUge (T, 1) + pyug(z, t) +/ lpa(s)|z(x,1,t,s)ds = 0,

T1

! z€ Q,t>0,
Vg (x,t) — bugy(z,t) =0, x € (L1, Ly), t >0,
L Szt(xvpatws) + Z,D(xvpyta S) = 07 T e Q? pE (07 1)7 > Oa s € (7-177—2)‘

Defining U = (u, v, ¢, ¥, z)T, we formally get that U satisfies

{ AU
U(O) =Uo = (UO>UO>U1aU1afO)a

where the operator A is defined as

u @
v (G
T2
A ® - AUgy — 1P — / ’ﬂ2(5)’2(x717t75)d5
T1
¥ bve
z

_%Zp('xa pst, S)

Introducing the space

= (u,v) € HY(Q) N HY(Ly, Ly) : u(0,t) = u(Ls,t) = 0,
(Lz,t) v(Ls,t), aug(L;,t) = bug(Lyt), i = 1,2, '

(2.4)

(2.5)

(2.6)

17



2.2. Well-posedness of the problem

We define the energy space as
H =X, x L*(Q) x L*(L1, Ly) x L*(Q x (0,1) x (11, 72)),

equipped with the inner product

Lo
(U, U)n = /(soso + aug i, )dz + / (11 + bug ) da

/// slpe(s)|z(z, p, t, s)Z(z, p,t, s)dsdp dx.

The domain of A is

D(A) = {(u,v, 0,9, 2)" € H: (u,v) € (H*(Q) x H* (L1, L)) N X,
p e Hl(Q>7 (ONS H1<L1,L2)az(x7073) = ¢,
ZyZp S Lg(Q X (O, 1) X (7’1,7’2))}.

D(A) is dense in H.

Concerning the weight of the distributed delay, we assume that
| el < o 27)

The well-posedness of the system : and is ensured by the following

theorem.

Theorem 2.1. Under the assumption @.7), for any Uy € H, there exists a unique
weak solution U € C(RT,H) of problem 2.6). Moreover , if Uy € D(A), then
UeCR"D(A)NCRT,H).

proof. We use the semigroup approach and the Hille-Yosida theorem to prove the well-

posedness of the problem. First, we prove that the operator A is dissipative.

18



2.2. Well-posedness of the problem

Indeed, for U = (u, v, p, 1, z) € D(A), where ¢(L;) = 1(L;) , i = 1,2 , we have

R mﬂﬂ(%LﬁWM¢m+a/uwﬁx
Q

T1

Lo
+/ bvmwdaz%—/ bvxwxd:v—l—// / lpa(s)2(x, 1, p, 8)z,(z, p,t, s)dpds du.
L1 Ly T1
(2.8)

For the last term of the right hand side of (2.8), we have

// / lpa(9)|2(x, p, t, 8)2p(x, p, t, s)dpds du = // / —|ua( )|—z (x,p,t,s)dpdsdx.
T1 T1
—//|Mw/—#@mmmmm.
7_17—2 1
// lp2(s)| |2%(z, p, t, s)} dsdzx.
T17—2
// \p2(s)] [22(z, 1, ¢, 5) — (x,O,t,s)}dsdx.
T17—2
=1//|m@vuﬂm$wm
2 QJr
1 =
——// \p2(8)2%(x,0,t, s)ds de.
2 QJr

(2.9)

Integrating by parts in (2.8), and noticing the fact z(z,0,t,s) = ¢(z,t), from @2.9), we

have:
L2 L2
(AU,U>H—a/umcpdx+b/ Uml/de—l—a/umgpmdx—i-b/ vmwzdx—,ul/gozdx
Q

// lpa(s)|z(x, 1,t, s gpdsd:p—// / lpa(s)|2(z, p, t, 8)2,(x, p,t, s)dpds de.
T1 T1 I
=a {uxgo\g—/ux% d:c} +b {vﬁwl / Vgt d:r;} —|—a/uxg0x d:c—i—b/ Vgt dx
Ly Q Ly
—,ul/go da:—// |p2(s)|z(z, 1, ¢, s)wdsdx——// \2(8) 2% (2, 1,t, 5) ds dx
+—// \12(8)|2%(2,0,t, 5) ds da.
2 QJr
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2.2. Well-posedness of the problem

(AU, U} = [attaglon + st — / o dr — / / a()]2(, 1, , 8)p ds d —

// |p2(s)|2%(2,1,t, 8) dsdx + — // |\p12(8) |0 ds da

= [auyplon + [bv,] > — <u1 - %/ |pa(s )]ds)/Q 2dx

1 T2 T2
- —// lpa(s)]2%(2, 1,t, 8) dsd:c—// lp2(s)|z(z, 1,t, s)p ds du.
2 QJn QJr

Using Young's inequality, and the equality ¢(L;) = ¥(L;), i = 1,2, from 2.2) and (2.9).
From the last term of (AU, U);, we have :

T2
[ [ et s)pdsds
QJr

We pose :
a=z(z,1,ts), b=, p=q=2.
So, we get :
// \p2(s)|z(z, 1,t, s)pdsdr < = // \p2(s)2%(x, 1,t, 5) ds do+— // |\112(8) | ds d.
T1 T1 T1
So

1 [
(AU, Uy < wl——/ o)) [ 2dx——// a(5)|2%(z, 1,1, ) ds
// \p2(8)2%(x, 1,t, 5) ds do 4 = // \112(8)|p* ds dx
T1 T1
<= [ ) [
1 Q

<0.

by (2.7). Hence, the operator A is dissipative.
Next, we prove the operator A is maximal. It is sufficient to show that the operator

A — A is surjective for a fixed A\ > 0. Indeed, given F = (f1, fo, f3, f1, f5) € H, we prove
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2.2. Well-posedness of the problem

that there exists U = (u, v, ¢, 1, z) € D(A) satisfying

(M — AU = F, (2.10)
that is
Au — ¥ = f17
Av =1 = fo,
Ao — iy + i+ [T |pa(s) |2, 1, 5)ds = fi, (2.11)
)\¢ - bvxx - f47
L Asz + 2z, = Sfs.

Suppose we have obtained (u, v) with the suitable regularity, then

SOZAu_fh
2/):>\U_f2,

(2.12)

so we have ¢ € H'(Q2) and ¢ € H'(Ly, Ly). Moreover, using the approach as in Nicaise
and Pignotti [28], we obtain that the last equation in (2.11) with z(z,0, s) has a unique

solution.

Asz+ 2, = 5f5

p
z = 20 + Se’\Sp/ e fi(x, 0, 8)do
0

p
2(z, p,s) = p(x)e ™" + se’\ps/ e fi(x, 0, 8)do.
0
It follows from (2.12)) that
P
2(xz, p,s) = due ™ — fre % 4 se’\ps/ e fs(x, 0, 8)do, (2.13)
0

in particular, z(z,1,s) = Mue ™ + z(x,s) with 2y € L*(Q x (71, 72)) defined by

1
zo(x,8) = —fre ™ + se’\s/ e f5(x, 0, 5)do.
0
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2.2. Well-posedness of the problem

By (2.11) and (2.12), the functions (u, v) satisfy the equations

]%u_aumz:fa

. (2.14)
A bvx:c_f4+)\f2a

where

=24 +/ Mpa(s)eMds > 0,

T1

f:ﬁ+@+M@ﬁ—/ﬂm@mu@w e I3(Q),

T1

we want to show that the equalities of (2.14) are true .

ku — atge = Nu + A\pqu + / o (s) e ds — aug,

71

T2 T2
:A%+Amu+/ Mwwﬂw*%w+ﬁ—xw—mw—/'mxﬂaaLu@w

T1 T1

= Nu+ A\gu + / Mo (s)|e  ds + f3 — MO — f1) — p(Du — f1)

T1

— / |12 ()| Aue™ + zo(z, s) ds

T1

T2
= Nu+ A\u + / upg(s) e ds + f3 — N2u+ Nf — Muyu 4 pg fr

T1

—/ )\u|u2(s)|e_)‘sds—/ lp2(s)|z0(x, s) ds

T1 T1

=fa+ A+ 1) f1— /T2 l2(8)|20(x, 8) ds,

fo+ Mo = M) — bugy + A Ao — )
= ) — bugy + AN20 — At
= A0 — bu,,,

which can be reformulated as

/(/;:u — QU )wy dT = / fwl dx,
o o (2.15)

/LLQ()\% — by, )wy do = / (fo+ Afy)ws dx,

1 Ly

for any (wy, ws) € X..
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2.2. Well-posedness of the problem

Integrating by parts in (2.15)), we obtain that the variational formulation correspond-
ing to (2.14) takes the form

P ((u,v), (wi,wa)) = lwy, ws), (2.16)

where the bilinear form @ : (X,, X,) — R and the linear form [ : X, — R are defined by

Lo

kuw,dx + / augzwi, — laugwi g —|—/ ANvwsydx
Q L

1

®((0.0). (. 3)) = [

Q

Lo
L
—l—/ VpWapdx — [buywo] 2,
L

1

and

Lo
l(wl, wg) = / fwldx + / (f2 + /\f4)w2dx
Q Ly

We can apply the Lax-Milgram theorem, on the space X, for the bilinear form

®((u,v), (w1, w)) and the linear form I(w;, w,)

1. & is continuous:

|(I) ((u7v)7 <w17w2))| =

N L2 L2
/ wwy dr 4+ N2 / vwsy dx + a/ UpWiy AT + / VypWay AT
Q L1 Q Ll

— [augwi oo — [bvxwﬂf? )

we use the Cauchy-Shwartz inequality, we get

[ (), (wiyw2))] < Rl |l + X0l lwally + allus lywnall, + ool lwse
< maz {k, 2% af (ully + ol + ally + [[a])

x (lel\z + szHz + [[wielly + flwael,)

< C (I, )

WQ)
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2.2. Well-posedness of the problem

2. ®is coercive :

Lo Lo
u? dx + a/ uZ dr — [auZ]oq + )\2/ v? dx + / vl dr — [bvi]ﬁf
Q L L

1 1

1B (1, 0), ()] :l%/

Q
— Rllull3 + allual3 + A2l + ll0all3 — lawZ]on — (0252
= Fllull3 + allua |3 + N2lloll3 + flo.]1

> min {k,a, X} (lul} + luel3) (013 + llva]13)

Z CH(U, /U)H%{l(Q)XHl(LlXLQ)'

3. [lis continous :

|1(wy,ws)| = ‘/waldx—I—/Lb(ﬁ;—l—)\fg)wgdx‘

1

T2 Lo
- ‘/ (f3+()\+u)f1—/ \ug(s)\zo(x,s)ds) wld:c+/ (fa+ Afa) wydzx|,
Q L

T1 1

we use the Cauchy-Shwartz inequality, we get

[H(wr, wa)| < I f3ll2llwrll2 + (A + p) | frll2llwe |l — / |112(8)|20(, s) ds||wi ||

T1

+ All fall2|lwa |2 + [ fall2llw2 |2

< max{Hfguz,uwnufub,— [ ot 5) s Al ol ||f4|!2}

T1

([J[wsll2 + lJwa|l2)
< O (JJwr |2 + [Jwell2)

S CH ('I.Ul, w?)‘

Xy

Consequently ,

® is continuous and coercive, and [ is continuous on the space X, .

Applying the Lax-Milgram theorem, we deduce that problem admits a unique
solution (u,v) € X, for all (wy,ws) € X, .

It follows from that (u,v) € ((H*(Q)x H*(Ly, L,))) N X.. Thus, the operator \I —
A is surjective for any A > 0. Hence the Hille-Yosida theorem guarantees the existence of
a unique solution to the problem (2.10). This completes the proof. O
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2.3. Exponential stability

2.3 Exponential stability

In this section, we state and prove the stability result for the energy of the system (2.1))-
(2.3). For the regular solution of the system (2.1)-(2.3), we define the energy as (see [3])

1
Ei(t) = —/uf(x,t)da:%—g/ui(x,t)dx, (2.17)
2 Ja 2 Ja
1 [t b [t
Eq(t) = 5/}; vf(a:,t)dx+§/L v2(z,t)dz. (2.18)
1 1

And the total energy is defined as

E(t) = Ei(t) + Ex(1) +%/Q/O /T28|u2(s)|z2(x,p,t,s) ds dp dz. (2.19)

For the energy decay result, we assume a restriction on the weight of the distribute

delay and the damping as
| leato)lds < . (2.20)

T1

The stability result reads as follows.

e \

Theorem 2.2. Let (u, v, z) be the solution of the system (2.5), (2.2)) and (2.3). Assume

(12.20) and
a L1 aF L3 — L2

- L Ly — Ly). 2.21
b< 2(L2—L1)7 3 > 3(Lo 1) ( )

Then there exist two positive constants K and r, such that

E(t) < Ke™ Vt>0. (2.22)

—

The proof will be established through the following Lemmas.

lemma 2.1. Let assumption (2.20) holds. Then the energy functional defined by (2.19),

satisfies the estimate

B®<-(m- |

T1

T2

|u2(s)]ds) / ug (z,t)dxr < 0. (2.23)
0
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2.3. Exponential stability

proof. By differentiating (2.17), using the first equation in (2.5), and integrating by parts,

we obtain

B = [ 4 o) dot § [ S (2Gn) da
:/Qutt(a:,t)ut(x,t) dx+a/uxt(w,t)ux(:v,t) dx

Q

:/ (auw(:v,t) — prug(x, t) —/ lpa(s)|z(x, 1,t, s) ds) dx+a/umtux(:v,t) dx
Q Q

:/aum(a:,t)ut(:v,t)d:v—/,uluf(a:,t)dx—// \pa(s)|z(z, 1,t, s)u(x, t) ds dx
Q Q QJ7r
—l—a/uxtux(x,t) dx
Q

= [auzu)on — a/ (T, ) ug (2, t) do + a/

Q

// lpa(s)|z(z, 1,t, s)us(x, t) ds dz
T1
T2
— [auxw]aﬂ—ﬂl/ut(x,t)dm—// lpa(s)|2(x, 1, ¢, $)uy(x, t) ds dx.
Q QJ7

umt<x7t)um(x7t)d$_ul/u?(x7t)dx
Q

Similarly,

E;(t):%/L2jt(vt(xt)) d:v+2/szt( (x, t))

1 1

L2 L2
= / vz, t)v(x, t) doe + b/ Vgt (2, t)vg (2, t) do
L

1 Ly

Lo Lo
= / bvge(x, t)vy(x, t) de + b/ Uzt (2, 1), (2, t) de
L

L
1 . 1 .
= [bogv] 2 — b/ Vgt (2, t)vg (2, t) do + b/ Vgt (2, t)vg (2, t) do
L1 Ll
= [bvzvt]ﬁ.
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2.3. Exponential stability

Noticing that z(z,0,t, s) = w(z, t), from (2.5), we obtain

2dt/// s|pa(8)2%(x, p,t, s) dsdpdr = = // slua(s ]/ —2*(x,p,t,8) dpds dx
T1
= [ [ st [ 2ot )2t ot 5) dpds
// slpa(s I/ 2o(x, p,t,8)2(x, p, 1, 8) dpds dx
[ / 2o, 0,1, 9)2(5, .1, 5) dpds da
T1
T2
// |2 (s) (z,p,t,5)]5 ds dx
T1
——5 [ [ e dsda
2 QJn
1 m
—i——// \2(8)|2%(2,0,t, s) ds dx
2 QJr
1 2
=5 [ ] el dsdo
2 QJr
1 2 9
+ = |pa(s)|ug (z,t) ds dx.
2 QJr

Meanwhile, using Young’s inequality, we have

// \pa(s)|z(x, 1,t, s)u(x,t) ds dx
T1

§§/ | (s )|d8/ut(9ctdx—|— // \p2(8)]2%(x, 1,t, 5) ds da.
Q

Combining the above equalities and using (2.20)), we show that (2.23) holds, where
we also use the fact [au,ui|sq = [bvmvt]fj from (2.2).
So,

E'(t) = Ei(t) + E5(t) th/// 8|2 (8)|22(z, p, t, s) dpds dx

E'(t) < [auzug]an —ul/ut(x t)dx + 2/ |\ pa(s )|ds/ up (z,t) dx + [bugv] 7

1 2 1 =
—l——// ]m(s)\f(a:,l,t,s)dsd:c—5// lp2(s)2%(x, 1,t, 8) ds dx
1 QJr
T2
// \2(8)]2% (2, 1,t, 5) ds da.
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2.3. Exponential stability

E'(t) < lauguon + [buyv 2 — i / u(x,t) dw +/ |2 (s)] / ui(z,t) dv ds
0

Q 1

s—(m—Lﬂm@mQ[ymwa

<0.

As in [23], we define the functional

1 T2
1= [ [ [ sl p.t0) dsdpds
QJo 1

then we have the following estimate.

lemma 2.2. The functional I(t) satisfies the estimate

mws%WL[fm@mewmmw(Lﬁm@m)émawx

— (2.24)
—e‘”/// s|p2(8)|22(z, p, t, s) ds dp d.
QJO 1

—

proof. By differentiating (¢) and using the third equation in (2.5), we obtain

1 T2 d
F@Z///iwﬂm®@ﬂ%m@%@m
QJO T1
1 T
=///’wﬂm@mmwm$wwmﬂ@ww
QJO T1

1
:_/ / / e |ua(s)| [20(x, p, 1, 8)2(w, p, . 8)] dpds da
QJo Jry

T2 1
:_// /6_p8|“2(3)|i22($7p,t,s)d,odsdx,
QJr JO dp

We have
— (e P22z, pyt s)) = —se P2 (x, p,t,8) + | —22(x,p,t,8) ) e P
dp T T dp T
= [ —2%(2,p,t,8) | e " = — (e P22z, pyt s)) + se "2 (x, p, t, 5)
l ) ) l Y 7 Y e N
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2.3. Exponential stability

So,
// |2 (s |/ ( e P22z, p,t, 8)) + se P2 (x, p,t, s)) dpdsdx
T1
// |2 (s I/ e 22 (x,p,t,5)) dpds dx
-/ / [ sluasle e p.t5) dsdp s
QJO 1
T2 1 T2
—// ],ug(s)][e’pSZQ(a:,p,t,s)]é dsda:—/// s|pa(s)|e P22 (x, p,t, 5) ds dp dx
QJr QJ0 1
——// |,u2(s)]eSzz(x,l,t,s)dsdx—i-// |112(8)|2%(2,0,t, 5) ds dx
QJr QJr
1 ) T2 1
[ [ slatslie it ) dsdpda
QJO T
T2 T2
—// \pa(s)le*2%(x, 1,t, ) dsdx—i—// |12 (8) |ul (x, ) ds dx
QJm QJn
1 T2
<[] statslie it dsdpda,
QJO 1
we have
es<e P <l = —e > —eFs forall p € [0, 1],
and
S<T = —s=-T, = eSze ™ = —esL—e ™ forallsé€mn,mn
So , we get
_efps < e S < _677‘2
Hence

T2 T2
_// e—T2|/12(3)|z2(x,1,t,8)d$d$+/g/ |/~L2(S>|U§<.T,t)dsdl’
// / e | ua(s)|2%(z, p, t, s) ds dp d.
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2.3. Exponential stability

Now we define the functional

Lo
D(t) :/uutd:c—i—&/qux—k/ vvyda.
Q 2 Ja Ly

Then we have the following estimate.

~

lemma 2.3. The functional D(t) satisfies

L2 L2
D'(t) < —(a—eOC’g)/uidx—b/ vidm+/ufdx+/ v2dx
Q2 Ly Q L1
1 T2 T2 .
s [ lmds [ [ ) 108 ds
0Jm QJn

proof. Taking the derivative of D(t) with respect to ¢, using (2.5), we obtain

d
/ uutda:+—/—u2d:v+/ —vvde
L, dt
Lo Lo
:/u?da:—l—/uttudx—l—?1/2utudm+/ dem—i—/ Vv dx
Q Ly L

1

Q Q
T2 L2
:/ufd:ﬂ—l—/ <aum—u1ut—/ |u2(s)]z(x,1,t,s)ds)ud:v+u1/utudx+/ v? dx
Q Q n 0 L
Q

(2.25)

—

Lo 1
+ / bug.v dr
Ly

= ufdx+a/uxxudx—u1/utuda:—// |,u2(s)|z($,1,t,s)u(a:,t)dsd:1:—|—u1/utudm
v 0 aJn Q

Lo Lo
D’(t):—i—/ dex—i—b/ V¥ dT
L L

1 1

L2 L2
= [auyu]pq + [buyo]f> — a/ uidr — b/ vidx + / urdz —i—/ vidx (2.26)
Q L1 Q Ly

// lp2(s)|z(z, 1, ¢, s)u(x, t) ds dz.

It follows from the boundary condition that

[auzulsn + [bvxv]ﬁ = auy (L1, t)u(Lq,t) — aug (Lo, t)u(La, t) + bvy(Ly, t)v(L1,t) — bvg(Le, t)v(La, t)
=0.
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2.3. Exponential stability

Using the boundary condition (2.2)), we obtain

/Ow Uy (x,t) dr = /Ow %u(w,t) dr = [u(z, )], = u(z,t) —u(0,t)

— </O$ Uy (2, 1) da:)2 = u?(z, )

x 2 Ly Ly
u?(x,t) = </ uz(a:,t)dx) < / u?(x,t)dw < Ll/ ul(z,t)dz, x €0, L],
0 0 0
Lj

u?(z,t) < (L3 — Lg)/ uZ(z,t)dz, = € [Ly, Ls),

Lo

which imply the following Poincaré’s inequality

/uQ(x,t)dx < Cg/ui(m,t)da:, x € (), (2.27)
Q Q

</Q u(x,t)dx>2 < Cy (/Q ui(x,t)d:c)z,

where Cy = max{L;, L3 — Lo} is the Poincaré’s constant.
Using Young's inequality and (2.27), we have

T2

- 1 T2
< / eou®(z,t) + —/ |2 (s)?2%(z, 1, ¢, 5) ds} dx
ol 4deg

T1

- 1 7_2
< / sou?(z,t) + —/ |2(8)||pa ()| 22(2, 1, ¢, 5) ds} dx
ol deg

T1
- 1
< cou(x,t) + —
| ot + o

/72 lpa(s)| ds /72 o (s)|2%(z, 1,1, 5) ds} dx

T1 T1

1
< 8C’2u§ x,t)+ —
| i+ o

/|Mww4/|MMﬂau@@m,
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2.3. Exponential stability

for any ¢y > 0 . Inserting the above estimates in (2.26), we obtain

v@géﬁ@ww+é

Ly Lo

Uf(ar,t)dx—a/ui(x,t) dm—b/ Ui(x,t)dx—i-eng/ui(x,t)dx

1 Q L1 Q
1 T2 T2
f s [ el s dsds
4deg T QJn
LQ L2
< —(a—eng)/ui(x,t) dx—b/ v2(,t) dx—l—/uf(x,t) dx+/ v (z,t) dx
Q L1 Q Ll
1 T2 T2
= m@lds [ [ el ) dsde.
480 T QJn
0
Inspired by [21], we introduce the functional
.13—%, T € [O,Ll],
q(x) =z — Latls x € [Ly, L3], (2.28)
G Brlarhi(e — Ly), @€ (L, L.

It is easy to see that ¢(z) is bounded, that is |¢(z)| < M, where M = maz {&, 25222} js a
positive constant .

We define the two functionals

~E@:—Aﬂ@%mm,]ﬂﬂ:—éhwmme

1

Then, we have the following estimates.
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2.3. Exponential stability

lemma 2.4. For any e, > 0, the functionals F(t) and F(t) satisfy

FI() < Cler) / D (e / wldz
Q 2 Q

1 Ce) / s / / BT o) s o
1 QJr

= %[(Lz& — Lo)u (Lo, t) + Lyui(Ly, t)] — i[Lluf(Ll, t) + (L3 — Lo)u; (Lo, 1)),

(2.29)
and
Li+Ly— Ly, [* 2
) e / v2dz + / blde) + 2 (Ly, 1)
4Ly —Ln) *Ji, 2 : (2.30)
o b
+ =20} (L, >+Z[(L3 — Ly)v3 (Lo, t) 4+ Lyv3(Ly, t)].

proof. Taking the derivative of F;(t) with respect to ¢ and using (2.5), we have
, d
Fi) =~ [ afe) G uam) da

Q

= _/ Q(ilf)uxutt - / Q(x)uxtut dz
Q Q

= —/ q(z)u, (aum — fq Uy — / |pa(s)|z(x, 1,t,s)d5) dr — / q(x)uzu de.
Q ol Q

~ o [ @ usteede g [ atwrudet [ [ als)lete 1t o) ds do

Q Q QJrn
— / q(x)uzuy de.
Q

(2.31)

Integrating by parts, we have

/ q(z)ugrupdr = —

Q

/ q(z)auguzde = —
Q

[ i+ Satadlon
| ad @it + Sfaatayiclon

DO = o =
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2.3. Exponential stability

Inserting the above two equalities into (2.31)), and noticing (2.28) and Young’s inequality,

we obtain

' 1 1 )
Ft) = =5 [l + 5 [ ad@ide+ [ s

2 1 1
w [ sttt s)aohus dsde = 5 )il g+ [ @i do
1

2
+/ﬁWw@M+/|m®M%H@%>M7
[9]

T1

1 1 1
= ]~ 3 o0+ 5 [t @iaos 3 [ ot

we use Young’s inequality on the last term

/Qq(a:)um (ulut+/: 1 (s)| (2, 1,1, ) ds) da.

We obtain

/ uzq() <,u1ut +/ lpa(s)|z(x, 1,t, s) ds) dzx < / <€1ui +—
Q Q deq

71

T2
[ @i+ [P 10s) ) do
Q T1
2 1 2 2 2 1
<e uxdx+4— g (z)pju; do + —
Q

€1 JQ 461

0 ¢ () /72 o ()| p2(s)|2% (2, 1,8, 5) ds da

1

2 M2 2 M2
/ uzq(x) <,u1ut +/ lpa(s)|z(x, 1,t, s) ds) dr < e / u? dx + 4—M1 / uj dx + —
Q Q Q

.,.1 &1 4e 1
T2 T2
/MMﬂ@/|M@M@meMx
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2.3. Exponential stability

So,

1 2 1 2 a 2 1 2 2
Fi(t) < -3 lag(z)u?] ., — 3 la(x)ui],, + 3 /Quz dx + §/Qut dx + & e dx
M2 2 M2 2 P
s 2 e i [l ds [ )21t dsda
Q 1 Jn

€1 m

1 leu% 9 a 9 1 1
< (= = _ = 2 _ = 2
- <2 + 4eq )/Qut d:v<2 +€1) /qu 2 [&q(x)ux]m 9 [q(x)ut]m
M? [T 2
+ / |112(5)] ds/ \12(8)|22(z,1,t, 5) ds dx
461 T1 1

< Ci(e1) /Qu? dr + <g +€1> /Qui - % lag(@)uz] o — % [a(@)u] 5

C2<51) /T2 |M2(5>’d5/7-2 ’MQ(S)‘Z2(x717t= 5) ds dz.

T1 T1

Such that

1 M2 2 M2
01(51) = ma${§ , 4€M1} 02(51) = —, VEl > 0.
1

On the other hand, by the boundary conditions (2.2)), we have

%[aq(x)ug}m — % [aq( Ju2])t S ! 5 lag(x)u }ii
A (=) o () o]
(o > ()
%[Llu (L1,t) + (Ls — Lo)uZ (Lo, 1))
> 0.
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2.3. Exponential stability

1 1 .
Sla@)uflo = S la(@)efls + Fla(e)uili
10 L L 1
=3 _(L1 - g) uy (L1, 1) + 7u§(0,t)] +3
I Lo+ L Lo+ L
(Lg— 2;_ 3) U?(Lg,t) — (LQ— 2;_ 3) U?(Lz,t):|
1L 1[Ly—L
=3 Juf(Ll,t)} 3 [ 2 3ut2(L2,t)}
o
= 1_1 [Ll’U/?(Ll, t) + (Lg — LQ)'LL?(LQ, t):|
> 0.

Inserting the above two equalities into (2.32), then (2.32)) gives

A <ce) [

1 Cle) / " ia(s) ds

a

4

u dx + (g+81>/uid:c
Q

ot | b

s)|2%(z,1,t, s) ds dx

[Liu?(Lq,t) + (Ls — La)u2 (Lo, t)] — % [Liuf(Ly,t) + (L3 — Lo)uj (Lo, t)] .

By the same method, taking the derivative of F;(¢) with respect to ¢, we have

d

b0 y

q(z)— (vyvy) dx

/L2
L

Lo Lo
= _/ Q(x)vxtvt dx — b/ q(m)vxvm dx
Ly Ly
1 Lo 1 Lo b L b Lo
== {59@)“?} + §/L ¢ (z)v} do — B [Q<$)v§]Ll + §/L ¢ (z)v2 dx
Ly 1 1
1 Lo 1 Lo 1 Lo Lo
= ~3 [q(x) ﬂ L5 [bQ(ZE)vi] L, + §q/(;p) {/ Ut2 dx +/ bvi dx}
Ll Ll
1 1 1
= =5 [a(@)vi (La, 1) = q(@)o (Ly, )] = 5 [ba(w)vp(La, £) = by(x) o (La, )] + 5
Lo Lo
q'(z) [/ v d +/ bo? dx}
Ll L1
1L Lo—Ls— L L
=5 [5+ S e~ bt - ot
1 Ly Ly—Ls— 1, 9 Ly 5
-3 — 4+ ———(Ly— L Lo, t) —b—v2(Lq,t
— — L2 LQ
M{/ vfdx—l—/ bvidw}
4(Ly — Ly) I, L
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2.3. Exponential stability

Ly+ L3z — Ly [/LQ 2 /L2 2 ] Ly — Ly ,
Fyt) = ——F——= vy dr +b vidr| + v; (Lo, t
2( ) 4(.[/2 . Ll) L t L 4 t( 2 )
L b
+ zlvf(Ll, D+ (L3 — Lo)v?(La,t) + L1v2(L1,1)] -
Hence, the proof is complete. O

proof. [Proof of Theorem We define the Lyapunov functional
L(t) = NME(t) + N2I(t) + 71 F1(8) + 72F2(t) +13D(1), (2.33)

where Ny, No, 71,72, 73 are positive constants that will be chosen later. It follows from the
boundary conditions (2.2)) that

a*u?(Li,t) = b2 (Liyt), i=1,2. (2.34)

Taking the derivative of (2.33) with respective to ¢, using the above lemmas and (2.34),

we have
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2.3. Exponential stability

v <mf-(m- | jals)las) [ udto.)da] +
[—e‘”/ﬂ/ﬁm ()| 22(2, 1,1, 5) ds s + (/ |u2(3)|ds)/guf(x,t)dx
) 1 /:s|u2<s>|z2<x,p,t,s)dsdpdx}

+mn [0(51)/9u3d$+ <g+€1>/9uidx+0(el)
/ |,u2(s)|ds// |/L2(8)|Z2($,1,t75)d5daf—%[Llui(.[/l,t)+<L3_L2>U2(L2,t>i|
1 QJ71

1 Ly+Ly— Loy [™ L
- = [Lluf(Ll,t) + (L3 — Lg)u?(LQ,t)H +")/2[— #[/ v? dx + b/ v2 da:]
4 L2 ) L1 L

A 1
Ls— L L b
L Lo : 202( Lo, 1) + 41U§(L1,t)+1[(L3—L2)U (

Lo
+73[—(a—5002)/ <xt>da:—b/ Gadydet [ datdes [0
Q Ly
L )l a(9)) 2 (@, 1,t, dd}
45 ILLQ S /4L2 ZI’,, S sax

—[M(m [ st ) | alolds =106 =] [ e

T1 71 Q

T2 :2 |,U,2<S)|d8
- [Nze_T2 - %0(51)/ |a(s)[ds — 73—f1 1 }
T1 60

T2
x// \p2(8)|2%(x, 1,t, 5) ds dx
QJn

— [(a — 8003)73 — (% + 51)’}/1} / uidz
Q

Lo t) + Liv?(Ly, )H

Ly + Ls— Ly /L2 2
- | ——— bvid
|: 4(L2 — Ll) Y2 + 73j| . U:l? T

_[M,y ﬂ/LQ 20y
A(Ly — Ly) 3

—Nge_”/// s|pa(s)|2%(x, p, t, s) ds dp dx

[71 72] (Iut(Lh t) + bs = 4 L 2(L2> ))

—[n- 372}( [Lyu3(Ly,t) + (Ls — Ly)u3(La, t)]).

(2.35)
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2.3. Exponential stability

At this point we will choose all the constants, carefully, such that all the coefficients in
(2.35) will be negative. In fact, it follows from the assumption (2.21) that we can always
choose 71,72 and 73 such that

Ly+ Ls— Ly

a
—v3 >0 > — > .
4(L2 — L1) Y2 — 3 ) 4! b%’ Y1 > Ve

Once the above constants 71, 72, 73 are fixed, we may choose ¢, and ¢ sufficiently small
such that

(a— el — (5

a
V3G — ’735003 - 715 —mer >0,

a(ys — %) ’73500 —mer >0,

g
CL(’Yg — 5) > ’)/38003 + 7€1.

+ 61)’}/1 > 0,

Then we can take N, sufficiently large such that

™2 ™ |pa(s)|ds
Noe™ ™ — 710(51)/ |p2(s)|ds — 73f71— > 0.

m 480

Finally, noticing the assumption (2.20), we can always choose NN; sufficiently large such
that the first coefficient in (2.35) is negative. Thus, we obtain that there exists a positive
constant o such that, o = max{al, Qia, Qig, Oy, s, O, QU7 ag}, (2.35) yields

Lo

L'(t) < —[al/ufdx—i—ozg// \,u2(5)|22(:c,1,t,5)dsdx+a3/uidm+a4/ b2 dx
Q Q T1 Q Ly
Lo 1 T2
+a5/ vfdx+a6/// S|u2(s)|22(x,p,t,s)dsdpdz+a7+ag]
L
1 Lo Lo
< a[/utdx—i-// |\12(8)|2% (2,1, ¢, s)dsda:—i—/u dx—l—/ bvidm—i—/ v? dx
Q Ly Ly
// / s|pa(s)2%(x, p, t, s)dsdpdx]
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2.3. Exponential stability

L2 L2
L/(t)g—a[/ufdm+/ 'demjL/auid:c—l—/
Q Ly

L1 Q
1 T2
T / / / Slia() 2%, p. ) ds dpd).
QJOo T

recalling (2.19), which implies

(2.36)

On the hand, it is not hard to see that L(t) ~ E(t), i.e. there exist two positive constants

B1 and 5 such that
BiLE(t) < L(t) < BoE(t), t=>0.

Combining (2.36) and (2.37), we obtain that
L'(t) < —kL(t), t>0,
for the positive constant x = a/20,. Integration over (0, t) gives

L'(t) < —kL(t)

/Ot lgg; dz < At—ﬁd$

In L(z)|y, < —rz|}

In L(t) — In L(0) < —kt
In L(t) <In L(0) — Kt
L(t) < L(0)e ",

Recall (2.37)) again, then (2.22) holds. Hence, the proof is complete.

(2.37)
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CHAPTER 3

WELL-POSEDNESS AND EXPONENTIAL

DECAY OF SOLUTIONS FOR A

TRANSMISSION PROBLEM IN INFINITE

MEMORY-TYPE THERMOELASTICITY

WITH DISTRIBUTED DELAY

3.1 Position of the problem

In this chapter, we study the transmission problem in infinite memory-type thermoelas-

ticity with a distributed delay term

welat) = e t) + [ glp)uns(o,t = p) dp + e,
T2 O
+/ |pa(s)|ue(t — s)ds =0, x €, t>0,

(2, t) — bug(z,t) =0, = € (L1, Ly), t >0,
under the boundary and the transmission conditions

u(0,t) = u(Ls,t) =0,
U(Ll,t) = U(Li,t), = 1, 2,

aug (L, t) — / g(p)ug(Li t —p) dp = bug (L, t), i=1,2.
0
And the initial conditions

u(x, —t) = up(z,t), wu(x,0)=ui(z), (z,t)€Qx(0,400)
v(x,0) =vo(x), wv(x,0) =v1(x), =z € (L1, Ls),
u(z, —t) = folx,—t), z€Q, te(0,m).

(3.1)

(3.2)

(3.3)
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3.2. Well-posedness of the problem

Where 0 < Ly < Ly < L3, Q@ = (0,Ly) U (Lo, L3), u(x, t) is the displacement in 2, v(z, )
is the displacement (L, L), a,b, j11 are positive constants. Moreover , jis : [1, 2] = R
is a bounded function , where 71 and 7» are two real number satisfying 0 < 7, < 7.
We present now some materials that shall be used to prove our main results. For the
relaxation function g, we assume

(G1) ¢g:R. - R, isa C!function satisfying :

g(0)>0,a—/ gp)dp=a—go=1>0.
0

(G2) There exists a nonincreasing differentiable function £(¢) : Ry — R, such that

gt) < =&t)g(t), Vt>0 and /Oog(t) dt = +o0.

Concerning the weight of the distributed delay, we assume that

T
/ a(s)] ds < .

T1

3.2 Well-posedness of the problem

Throughout this section, c and ¢; are used to denote the generic positive constant.

As in [29], we introduce the new variable

Z(.’L’,p,t, 3) = ut('xat - pS), LS Q, pe (07 1)7 t> 07 s € (7-177—2>‘

They are following
almpit5) = ur(z,t — ps) Ot — ps) _ Oug(x,t — ps)
(t — ps) ot (t — ps)
s (p b s) = aut(x,_t —ps) Ot — ps) _ 8ut(x,_t — ps) (=5).
(t — ps) dp (t = ps)
So the variable z satisfies
sz(x,p,t,s) + zp(x,p,t,s) =0, x€Q, pe(0,1),t>0, s€ (r,m). (3.4)
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3.2. Well-posedness of the problem

Following the ideal of [7], we set
nt(x,p):u(x,t)—u(:zz,t—p) ’ (.T,t,p) EQXR+ XRJr'
Direct calculations show that

m(x,p) = wi(z,t) —u(z,t —p) and ny(z,p) = ulz,t —p).

Then
ni(x,p) +no(z,p) = wlz,t), (z,t,p) € X xRy x Ry

Thus , system (3.1) becomes

7

T1

(x,t) € Q x (0,400)
Vg (2, t) — bug(z,t) =0, x € (L1, Ly), t >0,
sz(z, pt,s) + z,(x, p,t,s) =0, 2€Q, pe(0,1), t>0, s € (r,n),
\ ni(z,p) +n(x,p) = w(x,t) (o,p,t) € Qx (0,400) x (0, +00).

With the following boundary

[ u(0,t) = u(Ls, t) =0,

uw(Li, t) =v(Lyt), i=1,2,

ounlList) = [ gLt =) dp = bua(Lit), 1= 1.2
z(z, p,t,0) = Ofg(l’,pt), xeQ, pe(0,1), te(0,4+00),

L 7'(2,0) =0, 7°(x,p) =mo(x,p), ,p€Qx(0,+00).

And the initial conditions

u(z, —t) = up(z,t), wu(z,0)=wui(z), (x,t)€Qx(0,+00)
v(z,0) =vo(x), wv(x,0)=wvi(x), =z € (L1, Ls),
u(z, —t) = folx,—t), z€Q, te(0,m).

Meanwhile, from (3.1)and (3.2), it’s follows that

d2 Lo

— v(x,t) de = 0.
i [ v

00 T2
(1) — aug,(x,t) — / gp)nt,(z,p) dp + pru(z,t) + / \pa(s)|z(x, 1,t, s)ds
0

=0,

(3.5)

(3.6)

43



3.2. Well-posedness of the problem

Therefore, by solving and using the initial condition of v, we get :

Lo Lo Lo
/ v(z,t) de = t/ v (z) dx +/ vo(z) dx.
L1 Ly Ly

Consequently, if we let

v(x,t) =v(x,t) — t/L2 vi(z) do — /LL2 vo(z) dz,

Ly

we get

Defining U = (u,v, ¢, 1, z,w)”, such that w = n’, we formally get that U satisfies

(3.7)

U’ = AU,
U(0) = U,

where the operator A is defined as

U ¥
v - ¥ .
Lol [ | ot do = o - / () 2(z, 1,1, 5)ds
¥ bUg,
< —22,(z, p,t, )
w Qﬁ_wp

Introducing the space

X = (U,U) < Hl(Q) A Hl(L17L2> : U(OJ;) = U(L3at) = 07
u(Lit) = v(Ly,t), aug(L;,t) +/ g(p)nt(Li,p) dp = bvg (L, t), i = 1,2
0

Y

and

{ YV.=we LRy, H(Q)) : w(0,s) = w(Ls,t) = }
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3.2. Well-posedness of the problem

We define the energy space as

9

H = (H'(Q) x H' (L1, Ly)) N X, x L*(2) x L*(Ly, Ly) x L2(Q2 x (0,1) X (71, 72)) X
2R, H'(Q) Y,

where, L2(R,., H'(2)) denotes the hilbert space of H', valued functions on R, endowed

with the inner product

(q)’ULQR+H1 // )dpd.’lf

The space H equipped with the inner product
<U7 U)'H :a/u:ﬁx@ d$—M1/9095 dl'—// ’u2(8)|2<x717t7 8)95 ds dx
Q Q QJr

Ly ,
+ a/ Uyl dr + / (M/) + b%@x) dx
Q L

1

1 T2
s [ sttt to9)2Ge ) ds dp di+ ). o,
QJO 1

The domain of A is

D(A) = {(u,v,gp,dz,z,w)T e H: (u,v) € (H*(Q) x H*(Ly, Ly)) N X,,
o€ HY(Q), o € H' (L, Ly), 2(z,0,5) = 0, 2,2, € LQ(Q x (0,1) x (7’1,7'2)),
v € LRy, HAQ) 1 HY(Q), v, € LRy, H'(@), w(a,0) = 0},

D(A) is dense in H.

Concerning the weight of the distributed delay, we assume that

/ " a(s)lds < . (3.8)

T1

The well-posedness of the system : and is ensured by the following

theorem.
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3.2. Well-posedness of the problem

Theorem 3.1. Under the assumption , (G1) and (Gs) hold . For any Uy € H, there
exists a unique weak solution U € C(R™,H) of problem (B.7). Moreover , if Uy € D(A),
then U € C(R*, D(A)) N C(R*, H).

—

proof. We use the semigroup approach and the Hille-Yosida theorem to prove the well-
posedness of the problem . First , we prove that the operator A is dissipative.
Indeed, for U = (u,v, ¢, 9, z,w) € D(A), where ¢(L;) = ¥(L;), i = 1,2 , we have

T2
(AU, U)y = / Ay + // P)Was(z, D) dp dx — pyp — / \pa(s)|z(z, 1,t, 5)ds) p da

T1

Lo
—l—a/umgomdx—i—/ bvmwd:c—l—/ bv ), dx
L

1

// / ’MZ xalvpv )Zp(‘rapatws)dpdex'

For the last term of the right hand side of (3.9), we have

// / | (9)|2(x, p, t, 8)z,(x, p,t, s)dpdsdr = - // |2 (s |/ — 22 (x,p,t,8)dpdsdx
T2
= —// |,u2(s)|z (z,1,t,s)ds dx
2 QJr
L[
——// |p2(s)|zz(x,0,t,s)dsdx.
2 QJr

(3.10)

(3.9)

Integrating by parts in (3.9), and noticing the fact z(z,0,t,s) = ¢(z,t) , from (3.10), we

have:

(AU = e glon + (o012 = (=5 [ i) [

——// |2(s)] 22 x,l,tsdsdx—// lp2(s)|z(z, 1,t, s)p ds de.
// p) dp dx.
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3.2. Well-posedness of the problem

Using Young's inequality, and the equality ¢(L;) = ¥(L;), i = 1,2, from and (3.10).

we have :

A0V <~ = [ o)) [ e =g [ [ )l ) dsdo
5// \p2(s)|2% (2, 1,t, 8) ds dx + = // p) dp dx
( / |pea(s |/ *dx + = // p) dp dz

by (3.8). Hence, the operator A is dissipative.

Next, we prove the operator A is maximal. It is sufficient to show that the operator
A — A is surjective for a fixed A > 0. Indeed, given F = (fi, fo, f3, f1, f5, fs) € H, we
prove that there exists U = (u, v, ¢, 1, z) € D(A) satisfying

(A — AU = F, (3.11)

that is

(

)\U—QOZfl,
/\U_@/’:f%

AP — AUy — / g(p)Wes(x,p) dp + p1p +/ \pa(s)|2(z, 1,t, 8)ds = fs,
0 m (3.12)

)\1/} - bvxm = f47
Asz 4z, = sfs,

L A — @ 4w, = fo.

Suppose we have obtained (u, v) with the suitable regularity, then

— \u—
p=ru=1i (3.13)
w:Av_f%
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3.2. Well-posedness of the problem

so we have ¢ € H'(Q2) and ¢ € H'(Ly, Ly). Moreover, using the approach as in Nicaise
and Pignotti [28], we obtain that the last equation in (3.12) with z(z,0, s) has a unique

solution.

p
2(z, p,s) = p(x)e™ " + se’\ps/ e fi(x, 0, 8)do.
0

It follows from (3.13) that
p
2(z, p,s) = ue ™ — fre % 4 seAps/ e fs(x, 0, 5)do, (3.14)
0

in particular, z(z,1,s) = Aue ™ + 29(z, s) with z € L?*(Q x (11, 72)) defined by

1
2o(x,8) = —fre™™ + Se’\s/ e fs(x, 0, 8)do.
0
By (3.12) and (3.13), the functions (u, v) satisfy the equations

ffu—auxz:f:

(3.15)
)\2U - bvx:c = f4 + )‘f2a

where

=24 +/ Mpa(s)eMds > 0,
T1

F= ot Ot ) fi— / " ia(s) 20, 8)ds + / T { / ot falr) dr| € L2(Q),

T1 0
which can be reformulated as

/(/%u — AUy )wy dz = / fwy dz,
o . (3.16)

Lo
/ (N20 — bugg )wy do = / (fo + Afa)ws dz,
L

1 Ly

for any (w;,ws) € X,. Integrating by parts in (3.16), we obtain that the variational for-
mulation corresponding to (3.15) takes the form

@((u,v), (w17w2)) = l(w1, wy), (3.17)
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3.2. Well-posedness of the problem

where the bilinear form @ : (X, X,) — R and the linear form [ : X, — R are defined by

Lo

kuw,dx + / auzwi, — lauzw g +/ ANvwsdx
Q L

1

®((u,0), (wr. ) = [

Q

Lo
Lo
+/ VpWardr — [bvws) 2,
L

1

and

Lo
l(wl,wg) = /waldllf + /L <f2 + >\f4)w2d:c

1
By the properties of the space X,, it is easy to see that ® is continuous and coercive, and
[ is continuous. Applying the Lax-Milgram theorem, we deduce that problem 1
admits a unique solution (u,v) € X, for all (wy,ws) € X,. It follows from that
(u,v) € ((H*() x H*(Ly,Ls))) N X.. Thus, the operator A — A is surjective for any
A > 0. Hence the Hille-Yosida theorem guarantees the existence of a unique solution to
the problem (3.11)). This completes the proof. O

49



3.3. Exponential stability

3.3 Exponential stability

In this section, we state and prove the stability result for the energy of the system (3.1))-
(3.3) .

Theorem 3.2. Let (u, v, z) be the solution of the system (3.5), (3.2) and (3.3).

Li+Ls— Ly

2(L2 - Ll) , L3> 3(L2 o Ll) (318)

2 <
b

Then there exist two positive constants K and r, such that

E(t) < Ke ™™, Vt>0. (3.19)

—

The proof will be established through the following Lemmas.

lemma 3.1. The energy functional, E, defined by
Lo

i) = %/ﬂ (v (z,t) + aul(z,t)) dx + %/L (vi(z,t) 4+ bvi(z,t)) dz + %(g 0 ug)(t)

1 1 T2
+—/// slua(s)12%(x, p,t, 5) ds dp da.
2 QJo il
(3.20)

Such that B
@ou® = [ [ o) () = et = p)? dp

Satisfies

E'(t) < —(Ml —/

T1

T2

a(9)ds) [ wdlede+ 5@ ou)O <0 @2
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3.3. Exponential stability

proof. Multiplying the first equation of (3.15) by u,, the second equation of (3.15) by v,
and integrating the result over {2 and (L, Ls)

/ Uty dx — a/ UpgpUly AT — / / g(p)wypuy dp dx + 1y / ul dx
Q Q aJo Q

T2
+ / / |2 (s)|z(z, 1,t, s)uy ds dx = 0.
QJr
Lo

Lo
/ Uy Up AT — b/ VpUge dx = 0.
Ly L1

Summing them up, we obtain

1d 1d [P

- 2 2 - Y 2 2
57 Q(“t"’“%) d:c—i—th . (vf + bv2) da:+u1/Q

—// g(p)wgzuy dp = 0.
aJo

The last term is estimated as follows :

—// 9(p)wepuy dp dx = —/ut/ g(p)wy, dp dx
QJOo Q 0

— [t ) [ o dp s

= _/ g(p)/wthx dx dp—/ g(p>/wpwmx dz dp,
0 Q 0 Q

and integrating by parts, we have

u? do + /Q/ lpa(s)|z(x, 1,t, s)uy ds dx
T1

(3.22)

& d
— /Q/O g(p)wezuy dp dx = ﬁ(g oug)(t) — %(g' o ug)(t). (3.23)

Meanwhile, using young’s inequality, we have

/ / lp2(s)|z(z, 1, ¢, s)uy(x, t) ds doe < 5/ |p2(s)] ds/ ul(z,t) do
QJr

T1

1 7 N (3.24)
+§// o (8)]2% (2,1, t, 5) ds d.
QJ7
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3.3. Exponential stability

Now, multiplying the third equation in by z|ua(s)| and integrating the result over
Q x (O, 1) X (7’1,7‘2)

1d 1 T2 1 T2
——/// s|p2(s)|22(:v,,0,t,s)dsdpdx:—/// |pa(s)|2(x, p, t, 8)zp(x, p, t, s) ds dp dx
th QJo el QJ0 T1
— 5 [ I s dsd
- 9 a0 Jn H2lS dpz z,p,t,5)asax
1 =
:——// \2(8)]2%(x, 1,t, 5) ds dx
2 QJr
1 m
+—// |2 (8)|u? (1) ds d.
2 QJr

(3.25)
Now, using (3.22) , (3.23), (3.24) and (3.25), we have
/ " 2 1 /
B <—(m— | |nas)lds) | e t)de+ (g ou)() 0.
1 Q
O
As in [23], we define the functional
1 T
I1(t) = / / / se”|ua(s)|2* (2, p, t, 5) ds dp da,
QJO T1
then we have the following estimate.
lemma 3.2. The functional I(t) satisfies the estimate
I'(t) < —e ™ / / |2 (s)|22(z, 1,t, s) ds dzx + (/ |u2(s)\ds) / ul(z,t)dx
QJr ) g T1 Q (326)
— o / / / slua(s)|2%(x, p, t, 5) ds dp da.
QJOo T

proof. By differentiating (¢) and using the third equation in (3.5), we obtain
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3.3. Exponential stability

T2 1
f’(t)Z—// /6pslua(S)\diZQ(:v,p,t,S)dpdsdw,
QJr 0 4
T2 1 d
= [ sl [ e tos)dpds da
QJr 0 dp

1 T2
—/// s|pa(s)le P22 (z, p,t, 5) ds dp d.
QJOo ial

Hence

() :—/Q/ e~ 1a(3)|22(x, 1,4, 5) ds dx + (/ |u2(s)|ds)/ﬂut2(x,t)dm

T1

T2 1
- / / ol () / 2, p.t, 5) dp ds da.
QJr 0

Recalling e™® < e <1, forall p € [0,1],and —e™* < —e ™, for all s € [y, 73], we obtain

(3.26)).

Now we define the functional

z -
D(t) :/uutdx+—1/u2dx+/ vudz.
Q 2 Jo Ly

Then we have the following estimate.

]

lemma 3.3. The functional D(t) satisfies

L2 L2
D'(t) < —(a—eng)/uidx—b/ vidx+/ufd:c-l—/ vidz
Q L1 Q Ll
1 T2 T2
o [ s [ [ el e ) dsde
480 T QJr

1

—

(3.27)

proof. Taking the derivative of D(t) with respect to ¢, using (3.5), we obtain

L2 L2
D'(t) :/ufda:—l—/ dex—a/uidm—/ vidx
Q Q Ly

Ly
T2
— / / \pa(s)|z(x, 1,t, s)u(x, t) ds dz + [au,ulon + [bvzv]ﬁ.
QJ7r

(3.28)
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3.3. Exponential stability

It follows from the boundary condition that
[au,u)aq + [bo,v] 72 = 0.

Using the boundary condition (3.2)), we obtain

z Ly
ot = ([ wntendn) <L [ o e o
0 0

Ls
(3, 1) < (Lg—Lg)/ 2(x, t)dz, € [La, Ly).

Lo

which imply the following Poincaré’s inequality

/uQ(a:,t)dx < Cg/ui(x,t)dx, x € €, (3.29)
Q Q

where Cy = max{L,, L3 — Ly} is the Poincaré’s constant. Using Young's inequality and

(13.29), we have

— [ [ bt syute. o dsds
QJr
1 T2 T2
<l [ ade s [ lna@lds [ [ ()21t dsd
Q 480 1 QJr

for any €y > 0. Inserting the above estimates in (3.28)), then (3.27) is fulfilled. O]

Inspired by [21], we introduce the functional

v — L4 x €0, L],

q<l’> = T — %7 T c [L27 L3]7 (330)

% + %(m —Ly), x€|[Ly, L.

It is easy to see that ¢(z) is bounded, that is |¢(z)| < M, where M = maz {&, 252221 js a
positive constant .
We define the two functionals

Lo

Fi(t) = —/Qq(a:)ut (auz + /000 g(p)w.(p) dp) dr, Fo(t) = —/L q(2)vyv; da.

1

Then, we have the following estimates.
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3.3. Exponential stability

lemma 3.4. For any e, > 0, the functionals F(t) and F(t) satisfy

Fi(t) < ( +g0-|— M2>/ dx—l—(a GG +Z )/ ulde
+_/ e |ds//T a(8)|22(z, 1, 8, 5) ds dz
+< ) / / (z,p) dp dx (331)

// 2(z,p) dp dx + p1 M (ag, + &)
481

- [a J;QOQ(JI)U?} - [@ <aux + /Ooog(p)wz(%P) dp) 2] ;

o0

and

Ly+Ls— Ly /L2 . /L2 L,
() =——"—""= vidx + bldz) + =2 (L,
2( ) 4([/2 Ll) ( I t L ) 4 t( 1 )

I 1 . (3.32)
+ =07 (Lo, 1) + [(Ls = La)vi(La, ) + Ly (La, )]

—

proof. Taking the derivative of F;(t) with respect to ¢ and using (3.5), we have

Fi(t) =— /QCI@)Utt (me + /OOO 9(p)we(z, p) dp) dx

_ /Qq(x)ut (auxt + /Ooo 9(p)was (2, ) dp) i
S /QQ(JU) (CLU:{:CE + /0°° 9(p)was(z, p) dp) (aux + /OOO g(p)wy(x, p) dp) dr

+u1/9q(x)ut (aum‘i‘/ooog(p)wx(x’p) dp) dz
+/Qq(:c) /72 |ua(s)|2(x, 1,¢, 5) ds (Cl%p"‘/ooog(p)wx(x’p) dp) d

T1

_ /Qq(x)ut (auxt + /000 9(p)wai(z,p) dp) do.

We pay attention to

(3.33)
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3.3. Exponential stability

_ /Qq(:c) (aum + /OOO 9(P)Wae (2, D) dp) (aux + /OOO 9(p)wa(z, p) dp> I

1 ’ o0 q(x oo 2
= 5/(1(37) (auz+/ 9(P)w.(z,p) dp [(T g(p)wm(x,p) dp> ]
) 0 00
(3.34)
The last term in (3.33)) can be treated

N /Qq@j)u (au“ + / Oog(P)wwt(ﬂf p) dp) da
@/Qq T)UpUgy dx—/ / () wss dp dz

= [~gatend],, + o0 / o) do _/ / o dp dz
% /

- [_ q(x)uf:| o —|—%/Qq (z)u; dox — Qq(x)ut/o 9(p)us, dp dz
e

@ [ 9oy, dp da

0

— [—a+goq(x)uf] +a+go/ "(z)u? dx / p)w, dp dz,
2 o0

where we have used the fact that

(3.35)

_|_
:>\
Q

o0

| [ at@rgtonap) ae| <o
Q 0
Inserting (3.34) and (3.35)) in (3.33), we arrive at

Fi(t) =— l%‘r) (aum + /Ooo 9(p)w,(x,p) dp>2 . + %/qu(m) (aux + /Doog(p)wx(%p) dp)Qd:v

+u1/ﬂq($) (auer/Ooo 9(p)wa(z, p) dp> d
[ ato) [, ds (ans [ ot an) do =[5 Raone]

+a+go/, utdx—/ / p)w, dp dz.

Using Minkowski and Young's inequalities, we have
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3.3. Exponential stability

1 o0 2 -
—/ <aux+/ 9(p)wa(x,p) dp) dxéa?/%bi d:v+go// 9(p) lwa(z,p)|* dp d.
2 Q 0 Q QJO

(3.37)

Young’s inequality gives us for any ¢; > 0,

) [t a ( + [ ot an) a

M2
< — \MQ \// \p2(8)2%(x, 1,t,5) ds dx + a al/ui(x,t) dx (3.38)
T1

— 4ey 0

+90€1// p) |we(z,p)[* dp dx.

And we have also,

" /Q o) (aum—k /0 " ) dp) dz

1
ga,ul[el/ *(z) dz + — uidw}
Q 451 Q
1 o0
+ / [52q2(w)+4— / 9% (p)w? dp} dx
9 €2 Jo

1
<au1 |:€1M +—/u d{L‘:| +M1/ |:€2M2
4eq Q

9o 2 }
- dp| d
+ 1% ), g(p)w; dp| dx

<M (asl—l—sg)—l—%/u dx

Mlgo// P)w? dp dz.
482

(3.39)

It is clear that

p)w, dp dz

<51M2/ dz —4—61// p) lw,(z,p)|* dp dz.

(3.40)
Inserting (3.37)-(8.40) into (3.36), we get (3.31).
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3.3. Exponential stability

By the same method, taking the derivative of F,(t) with respect to t,we have

Lo Lo
‘Fé(t) = _/L q<x)vmtvtd~x _/L q(x)vmvttdx

1 1

1 = / 2 1 21L2 1 = / 2 1 21L2
=2 [ dide — Sla@pdik 15 [ b e — o)
L1 Ll
L+ L3— Lo 2 2, Ly o
BT (/L1 vidx + /L1 bvide) + T (Ly,t)
L3 - L2 2 b

+

1 Uy (LQ, t) + Z_L[(LS — Lz)Ui(LQ, t) + Ll’Ui(Ll, t)]

Hence, the proof is complete.

proof. [Proof of Theorem We define the Lyapunov functional
L(t) = N1 E(t) + NaoL(t) + 1 Fi(t) + 72 F(t) + v3D(1),

where Ny, No, 71, 72, v3 are positive constants that will be chosen later.
It follows from the boundary conditions (3.2) that

a*u? (L, t) = b*02(Ly,t), i=1,2.

(3.41)

(3.42)

Taking the derivative of (3.41) with respective to ¢, using the above lemmas and (3.42),

we have
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3.3. Exponential stability

L'(t)

T2 a+
< (Mt = [ a(o)lds) = N [ lealo)lds = (G + 2102 <na) [ e
T1

1
o M2 T2 Y3 T2 T2 )
—(MNae P =g [ a(s)l = = [pa(s)lds ¢ x |na(9)]2°(x, 1,8, 5) ds da
deq T1 4deg Ti QJr

a
—{(a—&C)v3 — (a® + a’e + il )71} / uidx
Q

T2

481
Ly+Ls— Ly Lr
e et bvd
) [ i
St b ! LQde
MLo—L) P27 t

— Noe™™ /// s|pa(s)|2%(x, p. t, s) ds dp dx
Lo

— {71 a+ go) — ’yg}(—vt (Ly,t) + Ls — v (Lg,t))
{ (by1 — v2) } ([L1v2(La, t) + (Ls — Lo)v2 (Lo, t)])

+ {71 <90 + goc1 + /hgo) }(g o ug)(t)

ey
{220 g o))

(3.43)

At this moment, we wish all coeffcients except the last two in (3.43) would be negative.

We want to choose 7, 72 and 73 to ensure that

yi(a+go) =72 >0

1bn—72) 20 (3.44)
L41(+L—3)72 73 2> 0.

Once the above constants v1,7,,7; are fixed, we may choose ¢, and ¢, sufficiently

small such that

1£0Ch < a <73 —a(n +em) — f—l) :
€1
Then we can take N, sufficiently large such that
M2
Voot = [ (olds = 12 [ ate)ias > o
€1 Jn
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3.3. Exponential stability

Finally, we can always choose N, sufficiently large such that the first coefficient in (3.43)
is negative.

Thus, we obtain that there exists a positive constant « such that (3.43) yields

Lo

L'(t) < —a(/gufd:v—I—/Qauid:B—I—/L vidz

Lo 1 T2
+ / bv2dx + / / / s|pa(s)|2%(x, p, t, ) dsdpdz + (g o uw)(t)),
L1 QJOo T1
recalling (3.20), which implies

L) < -SE@W), v>o. (3.45)

On the hand, it is not hard to see that L(t) ~ E(t), i.e. there exist two positive con-
stants $; and (3, such that

BIE() < L(t) < BE(), t>0. (3.46)

Combining (3.45) and (3.46), we obtain that
L'(t) < —kL(t), t>0,

for the positive constant x = «/ ;. Integration over (0, t) gives

recall (3.46) again, then (3.19) holds. Hence, the proof is complete.
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