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Introduction:




Mathematics plays a fundamental role in the fields of Economics, Commercial

Sciences, and Management Sciences, as it provides the essential tools required for

analysis, modeling, and problem solving. In higher education, linear algebra

constitutes one of the most important branches of mathematics because of its wide
range of applications in economics, statistics, optimization, finance, and decision-
making processes. For this reason, mastering the basic concepts of linear algebra is

indispensable for first-year university students.

This course booklet, entitled Matrhematics 2, has been specially designed for first-year
students in Economics, Commercial Sciences, and Management Sciences. Its main
objective is to provide students with the theoretical foundations and practical
methods necessary to understand and apply the principal concepts of linear algebra in
academic and professional contexts. The content has been organized progressively in

order to facilitate comprehension and develop analytical reasoning.

The booklet covers several essential chapters, beginning with algebraic structures and
vector spaces, followed by linear transformations and fundamental concepts related
to matrices. It also includes determinants and matrix inversion, methods for solving
systems of linear equations using matrix techniques, as well as eigenvalues and
eigenvectors. Each chapter introduces the fundamental definitions, properties, and

examples required for a clear understanding of the subject.

Particular attention has been given to clarity, simplicity, and methodological
presentation in order to meet the educational needs of first-year students. Through
this booklet, students are expected not only to acquire computational skills but also to
develop logical thinking and mathematical rigor. It is hoped that this work will serve
as a useful academic support and contribute to building a solid mathematical

background for future studies in economics, management, and related disciplines.




Chapter 1:

A/gebraic Structures

and Vector Spaces




Chapter Introduction:

Chapter 1 introduces the fundamental concepts of algebraic structures and vector
spaces, which constitute the theoretical foundation of linear algebra. These notions
are essential for understanding the mathematical framework used in many areas of
economics, management, and commercial sciences. The study of algebraic structures
allows students to become familiar with sets equipped with operations and the

properties governing these operations.

The chapter begins with an overview of basic algebraic structures and their principal

characteristics. Particular attention is given to the notions of operations, fields, and
the algebraic properties required for constructing vector spaces. These preliminary
concepts are necessary for developing a rigorous understanding of linear algebra and

its applications.

The second part of the chapter is devoted to vector spaces, one of the central concepts
in modern mathematics. Students will learn the definitions and properties of vector
spaces, subspaces, linear combinations, and generating systems. Through these
concepts, the chapter aims to develop logical reasoning and provide students with the

mathematical tools needed for the following chapters of this course booklet.




1. Internal Composition Laws

Definition 1:
Let E be a non-empty set. An internal composition law x on E is a function from E x E to F that

assigns to each ordered pair (a,b) € E x E a unique element of E, denoted by a * b.

x:ExE—FE
(a,b) —> a*b

Remark: Internal laws can be represented by various symbols such as e, o, &, etc.

Example 1
Define x on Zg = {0,1,2,3,4,5} (integers modulo 6) by:

axb=(a+2b) mod 6
This is an internal composition law.

Example 2

Define x on () by:

2ab

b= ———
@x a+b+1

This is an internal law (provided the denominator is never zero for rational inputs — we can restrict

domain appropriately).

Example 3

Define x on R by:

3

b=

This is not an internal law because when a = b, the denominator is zero, so the result is undefined.




2. Properties of Internal Operations

2.1 Associativity

Definition 2:

An internal law x is said to be associative if and only if:
Y(a,b,c) € E*: (axb)xc=ax(bxc)

Example 4
Define x on R by:

axb=a+b+5H

Check associativity:
(axb)xc=(a+b+5)+c+5=a+b+c+10
ax(bxc)=a+(b+c+5)+5=a+b+c+10

Both are equal, so x is associative.

2.2 Commutativity

Definition 3:

An internal law x is said to be commutative if and only if:
Y(a,b) € E*:axb=bxa

Example 5
Usingthe samelawaxb=a + b+ 5:

axb=a+b+b5=b+a+5=bxa

Thus, * is commutative.




2.3 Neutral Element

Definition 4:

An internal law x on E' admits a neutral element e € F if and only if:
deec E,ZNae F:axe=exa=a
Remark: If a neutral element exists, it is unique.

Example 6
Forthelawaxb =a + b+ 5 on R, find e:

axe=a — a+e+dH=a — e=—-5H

Check:exa = —5 +a + 5 = a. So e = —5 is the neutral element.

2.4 Symmetric Element (Inverse)

Definition 5:

Assume (E, x) has a neutral element e. An element a' € Eis called the symmetric (or inverse) of

a if:
/ !/
axa =a xa=e

Example 7

Foraxb = a+ b+ 5 with e = —5, find the inverse of a:
axd =-5 = a+ad +5=-5 = a'=-10-a

Check: @’ xa = (=10 — a) + a + 5 = —5. So the inverse exists for every a € R.




2.5 Distributivity

Definition 6:
Let x and ® be two internal laws on E.

We say that ® is left distributive over x if:

Y(a,b,c) EE’:a® (bxc)=(a®b)x (a®c)

Right distributivity is defined similarly. The law & is distributive over x if it satisfies both.

Example 8
Define on R:

axb=a+b+2
a®b=a+b+ab

Check if ® distributes over x:

Left side:
a®(bxc)=a®(b+c+2)=a+(b+c+2)+alb+c+2)=a+b+c+2+ab+ac+
20=3a+b+c+ab+ac+2

Right side:
(a®b)x(a®c)=(a+b+ab)x(a+c+ac)=(a+b+ab)+(a+c+ac)+2=2a+
b+c+ab+ac+2

3. Stability

Definition 7:

Let E be equipped with an internal law *, and let F' C E. We say that F’ is stable under x if:
Va,be F:axbe F

Example 9
3Z=4{...,—6,-3,0,3,6,... }is stable under both ordinary addition and multiplication.




4. Group

Definition 8:

Let x be an internal law on a set G. The pair (G, x) is called a group if:
1. % is associative.

2. There exists a neutral element e € G.

3. Every element of GG has a symmetric element (inverse) in G.
Example 10

(N, +) is not a group (no inverses for positive numbers within N).
« (Q\ {0}, x) is a group (neutral = 1, inverse of a is 1/a).
 (Z, x) is not a group (e.g., 2 has no inverse in Z since 1/2 ¢ 7).

5. Subgroup

Definition 9:

Let (G, x) be a group and H C G non-empty. We say that H is a subgroup of G if:

o H is stable under *.
» The neutral element of GG belongs to H.

» Every element of H has its inverse also in H.

Example 1

Consider (Z,+). Let H = 4Z = {4k | k € Z}.
Then:

o 4ky + 4ko = 4(k1 + ko) € H (stability).

e Neutral0 =4-0 € H.

« Inverse of 4k is —4k = 4(—k) € H.

Thus, 4Z is a subgroup of Z.




Equivalent Criterion (Theorem):

A non-empty subset H of a group G is a subgroup if and only if:

Va,be H:axb 'c H

(where b lis the inverse of b in G).

2 . Vector Space

1. Definition of a Vector Space

Let V' be a non-empty set whose elements are called vectors, and let K be a field (usually R or C)

whose elements are called scalars.
We define two operations:

1. Vector addition: & : V xV =V
2. Scalar multiplication: @ : K x V —» V

The triple (V, @, ®) is called a vector space over K if the following axioms hold for all u,v,w € V
andalla, f € K:

A. Axioms of vector addition

1. Closure under addition: u v € V

2. Associativity: (u ®v) Bw =u® (v S w)

3. Commutativity: u v = v G u

4. Zero vector: There exists 0y € V suchthatu & 0y = u

5. Additive inverse: For each u € V, there exists —u € V such thatu & (—u) = Oy




B. Axioms of scalar multiplication

6. Closure under scalar multiplication:a @ u € V
7. Distributivity (scalar over vector):  ® (u & v) = (@ O u) & (a ® v)

8. Distributivity (vector over scalar): (a+ ) Ou = (a@u) & (8 O u)

9. Compatibility: (a- ) Ou=a® (86 u)

10. Identity scalar: 1x ©u = u

2. Examples of Vector Spaces

Example 1 ( Custom Set)

Let V = {(z,y) € R? | y = 2z} (all points on the line through the origin with slope 2).
Define addition and scalar multiplication as usual in R2.

Then V' is a vector space over R.
Check:

+ Sum of two points on the line: (21, 221) + (22, 222) = (21 + z2, 2(21 + 2)) still lies on the

line.

o Scalar multiple: a(z, 2z) = (az, 2az) still lies on the line.

Example 2 ( Polynomials of bounded degree)

Let V = {p(z) € R[z] | deg(p) < 2 and p(1) = 0}.
This is the set of quadratic polynomials that vanish at x = 1.
Example: (z — 1)(z — 2) = 2 — 3z + 2isin V.

With standard polynomial addition and scalar multiplication, V' is a vector space over R.

Example 3 ( Matrices with trace zero)

Let V = {M € M,,»(R) | trace(M) = 0}, where trace = sum of diagonal entries.

3 1Y), .
Example: (4 _3) isinV.

With standard matrix addition and scalar multiplication, V' is a vector space over R.




Example4

LetV ={f:R—=R| f(0) =2f(1)}.
With pointwise addition and scalar multiplicaticn:

(f +9)(z) = f(z) + g(2), (af)(z) = af (2).

Then V is a vector space over RR.

Check the condition:

(f +9)(0) = £(0) +9(0) = 27 (1) + 29(1) = 2(f + g)(1).

3. Properties of Vector Spaces

From the axioms, we can derive:

1. The zero vector is unique.
2. The additive inverse of any vector is unique.
3.Foranya € Kandv € V:

o 0®v =0y

oa® 0y =0y

o (-1)Ov=—v

4. Subspaces

Definition:
Let V be a vector space over K. A non-empty subset W C V is called a subspace of V if W

itself is a vector space over KK under the same operations.

Subspace criterion (simplified):

A non-empty subset W C V is a subspace if and only if:

1. Closure under addition: Vu,v e W :u+v e W

2. Closure under scalar multiplication: Va ¢ K.Vu e W :au e W

(These two conditions automatically guarantee the zero vector is in W)




Example 5 ( Subspace of R?)

Let V = R? and
W = {(z,y,2) € R® | z +y — z = 0} (a plane through the origin).

Check:

o If (z1,y1,21) and (zs, y2, 25) satisfy the equation, their sum also satisfies it.

o If (z,y, z) satisfies it, then a(z, y, z) also satisfies it.

Thus, W is a subspace of R3.

Example 6 ( Not a subspace)

Let W = {(z,y) € R* | y = = + 1} (a line that does NOT pass through the origin).
This is not a subspace because (0,0) ¢ W.

5. Linear Combinations and Span

Definition:

A linear combination of vectors vy, vs,...,v, € V is any vector of the form:
0V + Uy + -+ + Uy
where o; € K.
Definition (Span):
The spanof aset S C V, denoted span(S), is the set of all finite linear combinations of vectors in
S.

span(S) = {ajv1 + -+ g | k€ Nyv; € S, € K}

Fact: span(.S9) is always a subspace of V.




Example 7 ( 'Span of two vectors in R?)

Letv; = (1,0,1) and vy = (0,1,1) in R?.
Then:

span{v,va} = {a(1,0,1) + b(0,1,1) | a,b € R} = {(a,b,a +b) | a,b € R}

This is a plane through the origin in R3.

6. Linear Independence

Definition:

A set of vectors {vy, vs, ..., v, } is linearly independent if the only solution to:
Q1] + vy + -+ apv, =0

isa; =a9 =---=q, =0.

If a non-trivial solution exists, the set is linearly dependent.

Example 8 ( Independent vectors in R3)

Let "M = (2, 0, 0), Vy = (]., 3, 0), V3 — (4, 5, 6)
Check independence:

a1(2,0,0) + as(1,3,0) + a3(4, 5,6)

From the third coordinate: 6as = 0 = a3 = 0
From the second: 3as = 0 = as =0

From the first: 2a7 + a9 +4a3 =201 = 0= a; =0
Thus, the set is linearly independent.

Example 9 ( Dependent vectors)

Letv; = (1,2), v = (2,4) in R?,

We have vy = 24, so the set is linearly dependent.




7. Basis and Dimension

Definition (Basis):
A set B C V is called a basis of V if:

1. B is linearly independent.

2.span(B) = V.

Definition (Dimension):

The dimension of V', denoted dimK(V), is the number of vectors in any basis of V.

Example 10 ( Basis in R?)

The set B = {(1,1), (1, —1)} is a basis of R? over R:

« Independence: a(1,1) +b(1,—-1) = (0,0) == a+b=0,a—b=0=a=0=0.
* Span: Any (z,y) € R? can be written as **(1,1) + (1, -1).

Thus, dimg (R?) = 2.

Example 11 (| Basis in a polynomial space)

Let V = {p(z) € R[z] | deg(p) < 2 and p(0) = 0}.
Then any p(z) = ax + bx?.
A basis: {z, z”}.

Dimension = 2.

8. Summary Table (Vector Space Examples)

Vector Space Over Field Dimension
R™ R

M, n(R) R

{p() | deg < n} R

{f:R—> R} R Infinite

{(z,y,2) |l ze+y+2=0} R 2




Chapter Summary

In this chapter, we introduced the fundamental notions of algebraic structures and
vector spaces, which form an essential basis for the study of linear algebra. We
examined the concept of algebraic operations and the main properties that
characterize algebraic structures. These concepts provide the mathematical
framework necessary for understanding more advanced topics in algebra and their

practical applications.

The chapter also focused on vector spaces and their principal properties. Important

notions such as subspaces, linear combinations, and generating systems were
presented in order to develop a solid understanding of vector spaces and their role in
mathematical analysis. These concepts are fundamental for studying matrices, linear
transformations, and systems of linear equations.

Overall, this chapter establishes the theoretical foundations required for the
remainder of the course. Mastering these notions enables students to strengthen their
logical reasoning and mathematical skills, which are essential in economics,

management sciences, and other quantitative disciplines.




Chapter 2:

Linear Maps




Chapter Introduction:

Linear transformations constitute one of the fundamental concepts of linear algebra

and play an essential role in many scientific and applied fields. They provide a

mathematical framework for describing relationships between vector spaces while
preserving the algebraic structure of vectors. In economics, management sciences, and
commercial studies, linear transformations are widely used in modeling, optimization,
data analysis, and quantitative problem solving.

This chapter introduces the basic notions and properties of linear transformations.
The study begins with the definition of a linear transformation and the conditions
required for a mapping to be linear. Important concepts such as the kernel and image
of a linear transformation are also presented, together with their algebraic and
geometric interpretations.

The chapter also highlights the relationship between linear transformations and
matrices, since matrices provide an effective computational tool for representing and
analyzing linear maps. Through theoretical explanations and practical examples,
students will develop a clear understanding of how linear transformations are applied

in linear algebra and related disciplines.




1. Definition of a Linear Map (Linear Transformation)
Let V and W be two vector spaces over the same field K (usually R or C).

Afunction T : V. — W is called a linear map (or linear transformation) if it satisfies the following

two conditions for all u,v € V and all a € K:
1. Additivity:
T(u+v)=T(u)+T(v)
2. Homogeneity (scalar multiplication):
T(av) = aT'(v)
These two conditions can be combined into a single property:

Vu,v e V,Va,f € K: T(au+ fv) =aT(u)+ BT (v)

Example 1( Custom linear map from R? to R?)

Define T : R? — R? by:
T(z,y) = 2z +y, - 3y)
Check linearity:
T(z1 + 29, 1 +12) = (2($1 +29) + (Y1 + ¥2), (21 + z2) — 3(y1 + yz))
= (221 + Y1 + 229 + Yo, 21 — 3y1 + 22 — 3y2) = T(z1, 1) + T(22,%2)
T(az,ay) = (2az + oy, az — 3ay) = a2z +y, z — 3y) = aT'(z,y)

Thus, T is linear.




Example 2 ( Linear map from polynomials to polynomials)

Let V = {p(z) € R[z| | deg(p) < 2}.
DefineT : V — V by:

T(p)(z) = p(z +1) — p(z)
For example, if p(z) = z°, then T(p)(z) = (z + 1) — 22 =2z + 1.
Check linearity:
Ip+a) =@+ (z+1)—(p+q(z) =pl+1)+q(z+1) - plz) — q(z)

T(ap) = ap(z + 1) — ap(z) = a(p(z + 1) — p(z)) =

So T'is linear.

Example 3 ( NOT linear)

Define T : R — R by T'(x) = 22.
Check additivity: T'(1 + 1) =T'(2) =4,but T(1) + T(1) =1+ 1 =2 # 4.

So T is not linear.

2. Composition of Two Linear Maps

Definition:
LletT:V — Wand S : W — U be two linear maps, where V', W, U are vector spaces over the

same field K.
The composition S o T : V' — U is defined by:

(SoT)(v) = §(T(v)) YveV




Theorem:

The composition of two linear maps is itself a linear map.

Proof sketch:
(SoT)(au+ Bv) = S(T(au+ Bv)) = S(aT(u) + BT (v))

= aS(T(u)) + B5(T(v)) = (S o T)(u) + B(S o T)(v)

Example 4 ( .Composition of two linear maps from R? to R?)

Define:
T(:L’, y) — (:E + Y, 2z — y)
S(z,y) = (z -y, z+y)
First compute T'(z, y):
T(z,y) = (z +y, 22—y
Then apply S:
(SoT)(z,y) =S(z+y, 2z —y) = ((¢+y) — 2z —y), (z+y) + (22— y))
=(z+y—2z+y, z+y+2z—y)=(—x+ 2y, 3z)

So (S oT)(z,y) = (—z + 2y, 3x), which is linear.




Example 5 ( Composition of polynomial maps)

LetT : V — Vbe T(p)(z) = p'(z) (derivative), and S : V — V be S(p)(z) = [, p(t)dt, where
V = {polynomials of degree < 2}.

Then:

ST)0)e) - [ " (0)dt = plz) p(0)

0

(by the Fundamental Theorem of Calculus). This is linear.

3. Kernel and Image of a Linear Map

LetT : V — W be a linear map.

3.1Kernel (Null Space)

Definition:

The kernel of T', denoted ker(T'), is the set of all vectors in V' that map to the zero vector in W

ker(T) ={v eV |T(v) =0y}
Properties:

« ker(T) is always a subspace of V.

« T is injective (one-to-one) if and only if ker(T") = {0y }.

Example 6 ( Finding kernel)
Let T : R? — R? be defined by:
T(z,y,2) =(z+y—2z 2z —y+2z)

Solve T'(z,y, z) = (0,0):




Add the two equations: 3z =0 = = = 0.
Theny —2=0=y = z.
Soker(T) = {(0,t,t) | t € R} = span{(0,1,1)}.

Dimension of kernel = 1.

3.2 Image (Range)

Definition:

The image of T', denoted Im(7'), is the set of all vectors in W that are images of some vector in V

Im(T) = {w € W | Jv € V such that T'(v) = w}

Properties:

o Im(T") is always a subspace of W.

« T is surjective (onto) if and only if Im(7") = W.
Example 7 ( ‘Finding image)
Using the same T from Example 6:
T(z,y,2) =(z+y—2z 2r—y+2)
We can write:
T(z,y,2) = z(1,2) +y(1,-1) + 2(-1,1)

Check dependency: (1, —1) 4+ (—1,1) = (0,0), and (1, 2) is independent.

So Im(T) = span{(1,2),(1,-1)} = R? (since these two vectors are linearly independent in R?).

Thus, T is surjective.




Example 8 ( ‘Kernel and image of a matrix map)
Let T : R? — R3 be:
T(z,y) = (z + 2y, 2z + 4y, 3z + 6y)

Kernel: Solve (z + 2y, 2z + 4y, 3z + 6y) = (0,0,0).
All conditions reduceto z + 2y = 0 = =z = —2y.
Soker(T) = {(—2t,t) | t € R}, dimension 1.

Image: T'(z,y) = 2(1,2,3) + y(2,4,6) = (z + 2y)(1,2,3).
So Im(7T') = span{(1,2, 3)}, dimension 1.

4. Rank of a Linear Map

Definition:
The rank of a linear map T': V' — W, denoted rank(7"), is the dimension of its image:

rank(T") = dimg (Im(T'))

Rank-Nullity Theorem (Fundamental Theorem of Linear Algebra):
Foralinearmap T : V. — W where dim(V') is finite:

dim(V) = dim(ker(T')) + rank(T')
Here, dim(ker(T)) is called the nullity of T'.
Example 9 ( Applying rank-nullity)
Let T : R* — R? be defined by:
T(xy, g, x3,24) = (21 + T2, 3 + T3, T3 + T4)
Find rank and nullity.

Step 1- Find kernel:

Solve:




1+ x=0=>121=—2
$2—|—$3:0=}>.’B3:—$2
$3+$4:0$$4:—$3:$2

So ($1,$2,$3,$4) = (_3—:2? Lo, —IL3, m2) = iEg(—l, ]-5 _]-5 l)
Thus, ker(T') = span{(—1,1,—1,1)}, so nullity = 1.

Step 2 - Apply rank-nullity:

dim(R*) = 4 = nullity + rank = 4 = 1 + rank = rank = 3

Check: Image is a subspace of R? of dimension 3, so Im(T') = R®. Thus T is surjective.

Example 10 ( - Rank of a non-surjective map)
Let T : R? — R be:
T(:c,y,z) = (:E —Y Y-z 0)

Findkernel: z —y=0=z2z=yy—2=0=y=2z2s0c=y = 2.
Thus ker(T) = {(t,¢,t) | t € R}, nullity = 1.

Rank = dim(R?) — nullity =3 — 1 = 2.

Image: T'(z,y,z) = (z — y, y — z, 0) lies in the zy-plane (third coordinate 0).
Specifically, Im(T") = {(a,b,0) | a,b € R}, dimension 2.




5. Summary Table

Concept Symbol How to Find Subspace of
Kernel ker(T) Solve T'(v) = 0 Domain V
Image Im(T) Span of T'(basis) ~ Codomain W
Rank rank(T) dim(Im(7)) Integer

Nullity nullity (7 dim(ker(T')) Integer

Rank-Nullity Theorem:

dim (V') = nullity(T") + rank(T')




Chapter Summary

In this chapter, we studied the concept of linear transformations and their

fundamental properties. We introduced the definition of a linear transformation and

examined the conditions that characterize linearity. The notions of kernel and image
were also presented as essential tools for understanding the behavior of linear maps
between vector spaces.

The chapter further demonstrated the close relationship between linear
transformations and matrices. This relationship provides efficient methods for
representing and simplifying many algebraic problems, particularly those involving
systems of linear equations and vector space operations. Practical examples helped
illustrate the theoretical concepts and their applications.

Overall, the study of linear transformations forms an important step in the
understanding of linear algebra. The concepts developed in this chapter provide the
necessary foundation for the study of matrices, determinants, eigenvalues, and other

advanced topics that will be addressed in the following chapters.




Chapter 3:

Basic Ci oncepts

About Matrices




Chapter Introduction:

discusses the definition and general structure of matrices, explaining their form and
dimensions, and distinguishing between different types such as square, rectangular,
zero, diagonal, and other matrices. This section aims to lay the conceptual foundation
necessary for understanding how to represent matrices and read their components, as

this is an essential step before moving on to dealing with them computationally.

The chapter concludes with a presentation of the basic operations on matrices,
covering addition, subtraction, In this chapter, we address the basic concepts of
matrices as essential tools in linear algebra, given their pivotal role in representing
data and mathematical relationships in an organised and concise manner. Matrices
are widely used in various fields such as applied mathematics, econometrics,
engineering, and computer science, as they provide an effective mathematical

framework for processing and analysing linear systems.

This chapter also multiplication, and transposition, with an explanation of the
conditions for applying each operation and its characteristics. This topic is a

fundamental introduction to understanding the subsequent applications of matrices

in solving linear systems and more advanced mathematical models, paving the way for

the study of more advanced topics in linear algebra.




1- Definition of a matrix:

A real number matrix is a set of real numbers, arranged in rows and columns, defined
on both sides by brackets or parentheses. A matrix is denoted by capital letters such
as:ApsxmBnxmCnxm - etc, wherell represents the number of rows, andm
represents the number of columns, and (maen € N*).

The matrix is generally written as follows:

dp1022023
31032033

/a11a12a13

\am An20n3

Where{aij/i =1,..,n, ] =1,.., m} represents the array element (real
number) located in row number i and column numberj . For example:@;3 is the
element located in row number 2 and column number 3.

Meanwhile, writing?l X M under the array codeAd expresses the degree of the array,
i.e. the total number of rows and columns that make up the array.

Example:

1 2 0
3 4 3




is a matrix with a degree of3 X 3, ie. it has 3 rows and 3 columns, while its element,

for example:Q 39 , is the element located in the third row and second column, which in

our example is the number 4.

2- Properties:

v’ The matrixA 1 1 represents a real number (consisting of one element).

square array. Example:

viim=n it is called a

m=n= 24,4, (g ;)

v Ifm # n,itiscalleda rectangular matrix. Example:

12
n=238m=3A3x2= 04
15

viim=1 (the number of columns is equal to 1), the matrix4 is called a

column matrix.

Example: N = 5&m = 1:45,¢1 =

vim=1 (the number of rows is equal to 1), the matrixA is called a row

matrix.
Examplee n = leem = 3: 4143 = 2 -1 1)

3- The mostimportant arrays:

There are many types of arrays, the most important of which are:




3-1 Unit matrix:

The unit matrix is one of the most important types of matrices. It is a matrix whose

main diagonal elements (the main diagonal elements are those for which i=j, such
asall,a22 ; a33 ..etc, and only in square matrices) equal to 1{a,-]- =1/i=

]} The rest of the elements are all zero{aij =0/i+ ]} . The unit matrix is

denoted by the symbol:1, .

Examples:Iz = (; (1)) ,13 =

3-2- Diagonal matrix:

This is a square matrix in which all elements are zero except for those on the main

diagonal, which are non-zero ({a,-j =k /l = j},{a,-j =0 /l * ]} ).

all cee O

It is written in the following form:A,,,;, =

0

1 0 0
Example:A3,3 =10 5 0
0O 0 3

Special case: If the elements on the main diagonal are equal, the matrix is called a

ladder matrix.

4 0 O
Example:A3.3 =10 4 0
0O 0 4




3-3- Symmetric matrix:

This is a square matrixin which all elements are symmetrical in relation to the main

diagonal ({ai]- = aji} ), i.e. the elements of the row are the same as the elements of

the column.

1 10 4 5 0
Forexample:A3,3 =10 3 1 |.B3x3=| 0 2 3
4 1 2 -1 3 -2

3-4- Inverse symmetric matrix:

This is a square matrix in which all elements symmetrical to the main diagonal are

equal in absolute value and opposite in sign ({ai]- = —a]-i} )

5 4 -1
),Agxg =\ -4 2 3
1 -3 -2

1 -2

Examples: Ao = (2 2

3-5- Zero matrix:

This is a matrix in which all elements, without exception, are zero ({V: a;j = 0} )

00000
),B3x5= 00000
00000

0 0
00

Examples:Ag 3 = (

3-6- Irregular matrix:

This is a square matrix whose determinant is zero (det(A,xn) = |Apxnl = 0).
(We will discuss the concept of determinants in detail in Chapter 3).

3-7- Regular matrix:

This is a square matrix whose determinant is not zero. (det(A,xn) = |An><n| *

0).




3-8- Transposed matrix:

A transposed matrix is a matrix obtained from another matrix by turning rows into

. . . . . . t
columns or columns into rows while maintaining the order, and is denoted by:A .

Examples:B5,, = (; _31) =A§><2 = (; _21)

2 1 2 2 3\
Bz><3=(3 5 4)=A§><2= ; i

t

t

141 123
Bys=(214|24L,=(412
322 142

Properties:

- The transpose of the matrixAt isA, i.e.:(At)t =A.
-If the matrixA4 is symmetric, then:A = At

3-9- Upper triangular matrix:

It is a square matrix in which all elements below the main diagonal are zero.
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Example:A3«3 = LA =

1
01214
0026
0009

3-9- Lower triangular matrix:

It is a square matrix in which all elements above the main diagonal are zero.

Example:A343 = JAggs =




4- Operations on matrices:

4-1- Equality:
We say that the two matricesA,,x;; andB«;, (which have the same degree) are

equal if their corresponding elements are equal, i.e:Vi ,  J: a;j = bij‘

a1 Ao = (a11 alZ)B _ <b11 b12)
P cLA2x2 a21 a22 2%X2 b21 bZZ

Azy2 = By & aqq = bqy,a45 = by, a1 = by, a5 = by,

4-2- Addition and subtraction:

The matricesA;;xn andB ;x5 can be added (subtracted) together if they have the
same rank, i.e. if the number of rows and columns in the two matrices is equal. The
resulting matrix iscnxm,whose elements areCi]- ,where:Cij = aij + bij .
Example:
2 1 2 1 0 -1
1Ay, g = ( )B - ( )
237\3 5 4/723%7\1 -2 3

+ 3 7)

then: Cy3 = Ayy3+ax3= (

Properties:

v Adding matrices is a commutative operation:A +B=B+A.
v’ Array addition is an associative operation:A + (B + C) = (A+ B) +

C.

v The zero matrix is a neutral element in matrix addition.




4-3- Multiplying a matrix by a number:

If the numberAis multiplied by the matrixA 5, , then all elements ofA;,5;, are

multiplied by)]. .

IfAy w3 = (; ; i) andAd = 2, then:

=255 5 )= 10 o

Note: An array can be divided by a number by dividing all elements of the array by that
number.

For example:

4-4- Multiplying a matrix by a matrix:

In order for the matrix A,,, p to be accepted into the matrixB py,,, , the number of
columns in the matrixA,,xp must be equal to the number of rows in the
matrixB p ., and the resulting matrixC, x;; must have the same number of rows as
the matrix4,,5 p and the same number of columns as the matrixB py,y, -

The resulting matrixcnxmhas elementsCij , which are calculated using the following
rule:

Cij = Yh=1(ik X byj).

Example 1:

Azxz = (

41




Since the number of columns in matrix A is equal to the number of rows in matrix B,

C11
the following addition can be performed: Ay «3 * B3yq1 = Czx1 = (CZI)

where the resulting matrix C has the same number of rows as matrix A and the same

number of columns as matrix B, and its elements are calculated as follows

C11=(2X1)+(1X0)+(2X2)=6C21
=(Bx1)+(Bx0+“x2)=11

1

Cax1 = Agx3z X B3yq = (; ; zzl.) X10]= (161)
2

Properties:
v’ Matrix multiplication (if possible) is a non-commutative operation:4 X
B +BXxXA. Except in some cases, such as diagonal matrices.
v’ Matrix multiplication (if possible) is an associative operation:4 X
(BxC)=(AxXxB)XxC.
v’ Matrix multiplication (if possible) is distributive with respect to

additionA X (B+C) = (AXB)+ (A X C).

v’ The transpose of two matrices is equal to the transpose of their transposes

with the order reversed, i.e.:(4 X B)t = Bt x At.
v’ The identity matrix is a neutral element in matrix multiplication,

iecAXITI=A.




Chapter Summary

This chapter covered the basic concepts related to matrices as a central tool in linear
algebra and an effective means of representing data and mathematical relationships

in an organised manner. A comprehensive definition of a matrix was presented,

explaining its structure based on rows and columns, its dimensions determined by the

number of rows and columns, and how its elements are numbered and located within
the matrix.

The chapter also addressed the different forms and types of matrices, such as square
and rectangular matrices, zero matrices, diagonal matrices, and others, highlighting
the characteristics that distinguish each type and its importance in mathematical
applications. This presentation helped to consolidate the theoretical understanding of
matrices and prepare the reader to deal with them correctly and systematically.

The chapter concluded with a presentation of the basic operations on matrices,
namely addition, subtraction, and multiplication, in addition to the transpose
operation, with an explanation of the conditions necessary for each operation and its
most important characteristics. These operations formed the mathematical basis for
the use of matrices in solving linear systems and advanced mathematical models,

paving the way for a transition to more in-depth chapters on linear algebra.




Chapter 4:

Rank of matrices and matrix

inverses.




Chapter Introduction:

This chapter is a natural extension of what was presented in the previous chapter on
the basic concepts of matrices, moving from definitions and basic operations to a

study of deeper properties more relevant to theoretical and practical applications in

linear algebra. The rank of a matrix, its inverse, and its determinant are central

concepts used to describe the structure of a matrix and understand its mathematical
behaviour.

The chapter first addresses the rank of a matrix as a measure of the number of linearly
independent rows or columns, given its critical importance in determining the nature
of linear systems and the number of their solutions. The rank of a matrix reveals the
degree of dependence or independence between its rows or columns, and is closely
related to the matrix's reducibility and analysability.

An important part of this chapter is devoted to the study of the determinant and the
inverse of a matrix, where the determinant is an essential tool for testing the
invertibility of a square matrix, while the inverse is a means of solving linear systems
and representing inverse transformations. This chapter aims to build a comprehensive
understanding of these concepts and highlight the relationships between them,
paving the way for their use in advanced applications in linear algebra and related

sciences.




1- Matrix determinant:

1-1 Definition of determinant:

The determinant is a single real number calculated from a square matrix, which means
that it may be zero if there is no linear independence between the rows (columns) of
the matrix. In this case, the matrix is called an "ill-conditioned matrix," "irregular
matrix," or "non-invertible matrix." If the determinant is not zero, the matrix is
invertible and is called a regular matrix.

1-2 Second-order matrix determinant:

If we have a 2x2 matrix, i.e. it has two rows and two columns, the determinant is the
product of the elements of the main diagonal minus the product of the elements of the
opposite diagonal, meaning:

aijr ar

det(Az,z) = |A2,2| = |a21 az;

| = Aq10322 — A120Q21

Example:
4 2
3 5)

Calculating the determinant of a matrix A= (

det(A) = |A| = ‘; §|=(4*5)—(2*3)=20—6=14

5 5

Specific matrix calculation B = (

det(B)=|B|=|_21 §|=(—1*5)—(3*2)=—5—6=—11

1-3  Third-degree matrix determinant:




If we have a 3x3 matrix, i.e. one with 3 rows and 3 columns, the determinant can be
calculated in several ways, the most important of which are three:

A - Sarrus' rule:

a11
Let the matrixbe A = | d21
a31

A. Calculating the determinant of the matrix according to Sarrus involves writing the
matrix and then rewriting the first and second columns on the right side of the matrix

as follows:

di11 412 4diz|d11 4d12
dz1 dp2 dz3|dz1 4d22
d3q1 d3z2 dszz|dzq 4d32

B. We add the products of the three main diagonal elements, then subtract from the
previous result the sum of the products of the opposite diagonal elements, which are
also three elements.

That is:

|A| = (aq1az2a33 + ajpa,3a3, + ag3a;1a;3;)

— (az1az2a43 + azza;3a4; + aszaz a;;)
Example:

Calculate the determinant of the following matrix:

2 3 2

A3.3=13 -2 6

4 5 3
2 3 2 2 3 2|12 3
|A|=[3 -2 6|=|3 -2 6|3 -2
4 5 3 4 5 314 5




Al = (2*—2*3+3*x6*x4+2+x3*x5)—(3*x3*x3+2+x6%D
+ 2%x—2%4=(—12+72+30) — (27 + 60 — 16)
= —26

B. Calculating the determinant using the subtraction method:

Referring to Saros' rule, the determinant of the following matrix is:

d11 412 413
A=|4a21 4dzz 4dz3
d3q1 d3z2 4ds3

|A| = aj1az2a33 + aq2az3a31 + a13a21a3; — az10;3,a43
— Q32033411 — A33021012
= a11(a22a33 — A32033) — A12(Az1033—Az3031) + ay3(az1as;
— az1ay;)

The elements in parentheses are called the complementary determinant of the

elementaij , i.e. a partial determinant of degree?? — 1 (i.e. 2) obtained by deleting

the rowi and the columnj and denoted b)’Mij- (also called the reduced determinant
of the element@;; ).
For example:M 11 : a partial identifier resulting from deleting the first row and the
first column from the arrayA4 .

AndM ;1 : a partial identifier resulting from deleting the second row and first column
of the arrayA .

We note that the three sides take a positive and then a negative sign, i.e.(-l)lﬂ .

We call(—l)i+le-jthe coefficient accompanyingai]- and symbolise it asCi]- . If the

relationship can be written as follows:




Al = a11(—1)" """ Mqq + @12(—1)""*M 2 + a13(—1)""" M3

= a11M11 — a;2Mq3 + a13Mq3

= a11€11 + a12C12 + a43Cq3

This is according to the first line, and in the same way, the determinant can be
calculated according to the second line, so we find:

|A| = —az1 M3 +az; My, — azsMs;

= A1C21 + ;053 + az3C;3

Using the same methodology, it can be calculated according to the third line.

The determinant can also be calculated according to the first column, and we find:

|A] = 3(—1)" My +2(-1)* My + 1+ (—1)3* M3,
- 3M11 - 2M21 + M31

Using the same method, we can calculate it according to the second and third

columns.

Example:
Calculate the determinant of the matrix4 = According to the

second row and the first column.

According to the second row:

Al = 2(=1)** M3, + 2(—1)%*2M5; + 3(—1)%"3 My
= —-2M,4 +2M,, — 3M,3
3
— _2(-5)+2(-5)—3+10=10—10 — 30 = —30

=25 Gfe2fp Gf-s);

According to the first column:
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|A] = 3(—1)"""Mqq +2(—1)"""Mz1 +1*(—1)>""M3z4
- 3M11 - 2M21 + M31

a=sly Sl-23 A+l 3

=3(-11)-2(-5)—-7 = -30

1-4 Matrix specifier of degree  j,.n:

- Calculate the determinant by rowl :

_ i+j _
|A| = all(—l) ]Mi]' = a:;C
j=1 j=1
- Calculate the determinant by rowi :

m m

|A| = z aii(—l)i+jMij = Z ai]-Ci]- V] =1..n

i=1 i=1

Note: Any row or column can be used to calculate the determinant, and we will get the
same result, but it is preferable to choose the row or column that contains the largest
number of zeros to facilitate the calculation.

Example: Calculate the determinant of the following matrix:

1 2 1 3
2 1 2 1

2 0 1 2
3 0 2 1

|A| =

We choose the second column:

|A|=2*612+1*sz+0*632+0*C42=C12+C22
2 2 1

C=(C-D"%|2 1 2/=-2+12+4-3-8-4)=-3
3 2 1




1 I
Cp, = (1?22 1 2[=1+6+12-9-4-2=14
3 2 1

And fromit: |[A| = 2(—3) + 4 = -2

1-5 Properties of the determinant:

A. If there are two identical rows (or columns) in the matrix, the determinant is zero.

Example:

1 2 3 1 2 1
Al=|1 2 3|=0, |[Bl=|1 0 1|=0
3 -1 1 3 4 3

We note that matrix A has two identical rows, the first and the second, while in matrix
B, we also note that the first and third columns are identical. Therefore, the
determinant is zero in both matrices.

B- If we have a row (or column) that is a multiple of another row (or column), i.e. it is

written in the formLi = aLir (C]- = ﬁer), then the determinant is zero.

Example:

1 1 3 1 0 3
A|=|7 0 6/=0JBl=|2 2 6
2 2 6 -1 3 -3

We note that the third row of matrix A is a multiple of the first row, while in matrix B,
we also note that the third column is a multiple of the first column, and therefore the
determinant is zero in both matrices.

c-The determinant of a transposed matrix is the same as the determinant of the
matrix, i.e.:lAtl = |A|

Example:
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L L i i

Al=12 1 2|=2+12+4)—-(3+8+4)=3
3 2 1
2 2 3

Alt=12 1 2|=2+4+12)-(4+8+3)=3
1 2 1

D. IfAand Bare two matrices of the same degree, then: |AB| = |A]| * | B|

Example:

2 2 1 1 1 3
IBl=12 1 2|=3,|4|=1(2 1 2[=4
3 2 1 3 2 1

13 9 6
|AB|=1[12 9 6/=12=1|A4|+|B|=4+3
13 10 8

d11 di3 + a
E. If the matrix is of the form<321 a3 + b) (applies to all types of

azq azz +¢
square matrices), then:

a7 a2 AaAg3 +a a17 A1z a13 agq
az1 Ay azz+b|=]az1 azz azz|+|az
azy azz azz+c azq azz ass azq

Example:

13 9 6 13 9 4 13 9
12 9 6|=(12 9 5(+|12 9
13 10 8 13 10 4 13 10

where: 2912=-17+

e-|A| = ; Anl = |A| (same observation applies to rows)




Example:

3 6 9
Wehave:|2 2 4| = —12 Therefore, according to the property, the number 3

can be extracted from the first row, and the determinant becomes as follows:

1 2 3
3x|2 2 4|=3x*(—4)=-12
2 -1 3
1 2 3
Therefore: -4=|2 2 4
2 -1 3

In addition to the number 3, we can also extract the numbers 2 and -1 from the second

and third lines, respectively, giving us:

1 2 3
3x2+x(—1)+x|1 1 2|[=3*x2x(—1)*x2=-12
-2 1 -3

1 2 3
Therefore, we conclude that: | 1 1 2 (=

-2 1 -3

And ifAis a matrix of rank (11 ), then: |@A4| = a™ |A|

Example:

1 2 3 2 4 6
1 1 2|=2 ,then|2 2 4|=23x2=16
-2 1 -3 —4 2 -6

The determinant of a diagonal matrix or triangular matrix (upper or lower) is equal to

the product of the elements of the main diagonal.




Example: =2X3X4=24

1 2 3
0 3 4|=1Xx3x4=12

0O 0 4

2 0 O
0 1 0/=2Xx1x4=8
0O 0 4

F. Swapping two rows (columns) reverses the sign of the determinant. L; < L]-

1 0 -1 3 2 1
2 1 1(=—-]2 1 1]|=-2
3 2 1 1 0 -1

1-5 Basic operations on determinants:

A- The determinant does not change if we perform the following elementary
operation:L; = L; + aL 1 or Cj = C]- + pC

Any addition to a row (column) that is linearly independent of the other rows
(columns) does not change the value of the determinant.

Example 1: Elementary operations on rows

1 0 -1
2 1 1
3 2 1

L, =L, —2L; (1) 0
L3=L3—3L1_ O

-1
3 L3 = L3 —ZLZ
4

1 0 -1
=0 1 3(=1%1(-2)=-2
0 0 -2

Example 2: Elementary operations on columns




2- Matrix rank:

2-1- Definition of rank:

The rank of a matrix is the number of linearly independent rows (columns) in it, where

we say that the matrixA;;xp, has rankp (1 < p < Min(m, n) if thereis at least

one minor of degreeP that is non-zero and every minor of degreep + 1 is zero.

2-2 Calculating rank using determinants:

This is specific to square matrices, and we distinguish between two cases here:
+* The first case (if the determinant is non-zero): The rank of the matrix is n
(i.,e,p = M)
** Second case (if the determinant is zero): The rank is1 < P <n-—1,andto
find the rank, we must calculate the partial determinants of rankn — 1.
If at least one non-zero minor determinant is found, then the rank istt — 1, but if all
of them are zero, then the rank of the matrixis:1 < p<n-— 2.
We repeat this process until we find a non-zero minor determinant.
If all partial determinants at all degrees are zero, then the rank is 1.
Note: If the matrix has a rank greater than 4 and its determinant is zero, calculating all
the partial determinants takes a long time (a rank 4 matrix has 16 minors), so the

reduction method is considered the best way to determine the rank.
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i & V4 1
1 2 2 | Whatis the rank of the matrix?

2 4 -1

First, we calculate the determinant:

Without calculating, we can see that 5 = 2Cq , from which we can see that the

determinant is zero, and therefore the rank of the matrixis1 < P <?2.

Second, we calculate the partial determinants of degree 2:

M31=|§ ; —4-2=2%0

if:p = 2

2-3 Calculating the rank by reduction (equivalent matrices):

This is used to calculate the rank of all types of matrices, i.e. square and non-square,
and the rank of the matrix is equal to the number of non-zero rows (columns) in the
equivalent matrix.

By equivalent matrices, we mean: If one can be obtained from the other by performing
a sequence of elementary operations (mentioned above) and we stop performing

elementary operations when we obtain an equivalent matrix of the following forms:

* % % x 0 0
0 *x x * x 0
0 0 =/ \x

Example 1:

4= 1 %)

The matrix is not square ifl < p < Min(Z, 3) . We perform the following

elementary operations:




Z

A:(1 “ _l)LZ:LZ—Zle((l) 5

2 1 3

Therefore, the rank is 2 because there are 2 non-zero rows.

Example 2:

1 1 -1 4
A=(2301)

31 1 1

L1 -1 N\ =1, 21,
A=(2 3 o 1),2_.* 3
31 1 1/ 1

1 1 -1 4
0 1 2 -7 |Lz=L;+2L,

0O -2 4 -11

11 -1 4
<O 1 2 -7 >
0O 0 8 -25

Therefore,the rank is 3 because there are 3 non-zero rows.

Example 3:

1 1 2 4 1 1 2 4
L, =1L, —2L
A=<2 2 4 8)2 2 1—(0 0 0 0

L3=L3—3L1_

3111 o -2 -4 -11

Therefore, the rank is 2 because there are 2 non-zero rows.

3 - Matrix inverse:

3-1 Definition

Let us have the following square and regular matrix (lAnxnl #+0):

|




wil w1z > Uqp
Apin = : .
Ap1 Qpz2 - Ann

The inverse of the matrixA is the matrixB , which satisfiessB X A = A X B = 1.
We denote it by the symboI:B = A_l ,wherel is the identity matrix.
Note: If the inverse matrix exists, it is unique.

3-2 Methods for finding the inverse of a matrix.

3-2-1 Determinant method:

To calculate the inverse of the matrix4 , we follow these steps:

First, calculate the determinant of the matrix:det(Anxn)

Second, find the adjoint matrix:

Ci1 Ci2 ... Cqp
C21 sz e Czn

adj(Ap) = | 2 T2
Cnl CnZ Cnn

e . N . . —1 _ adj(4)
Third, find the inverse of the matrix using the following relation: A = m

To calculate the conjugate, we follow these steps:

Ci1 C21
adj(a) = (a7t = | Gz 2
Cln CnZ

Cii = (— 1)i+jMi]- (the companion coefficient).
Mij : A partial (mini) determinant obtained by deleting the rowl and the columnj

from the matrixA4 .
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V4 j § — 4
Example: Calculate the inverse of the following matrix:4 = (3 2 2 ) .
5 4 3

- Calculate the determinant value:

12 2 .1 =2 1 -2
det(Agxg)—2X|4 3| 3><|4 3|+5><|2 2|
det(A3,3) =2%xXx(6—-8)—3x(3+8)+5%x(2+4)
det(As,3) = —4—33+30=—7 %0

- Find the accompanying matrix:

2 2 3 2

+|y 3 5 3

N T BN TR N TR
adj(A) = |4 3| +|5 3|

\+[L 2 - 2 +

-2 1 2
= <—11 16 —3)
6 -10 1

-2 -11 6
- Calculate the transpose: — ad](A) = < 1 16 —-10
2 -3

- Find the inverse of the matrix:

_adj(4)
~ det(A)

-1

3-2-2 Gauss method:

To find the inverse of a matrix using this method, we follow these steps:




First: We write the matrix and the unit matrix in the form of an augmented matrix

(Matrice augmentée), as follows:

d117 412 = A1 0 - O
d21 d22 .. Apm1|0 1 .. O

(AlD = S
dpnt Ap2 -+ aApy|0 0 - 1

Second: We perform preliminary operations on the augmented matrix so that the

matrix4 becomes the unit matrix, and thus the unit matrix becomes the inverse of the

matrixA .

* *
0|a11 4A12
* *
Olaz1 Q22
* *
1 dp1 dp2
Where:aij"< are the elements of the inverse of the matrixA4 .

That is, we start from the expanded matrix(A|I) , and by performing the initial

operations, we obtain the expanded matrix(I|A_1) .

2 1 -2
Example: Calculate the inverse of the following matrix: A=13 2 2
5 4 3
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Properties:

- The inverse of the inverse of a matrix is the same as the original matrix.

A bH1t=4

- The inverse of a matrix multiplied by a number is the inverse of the number

- 1 ,_
multiplied by the inverse of the matrix(aA) 1= ;A 1

4 2 —4
2:>= (6 4 4)
3 10 8 6

2 11 6
7\| / 14 14 14\
1

Example:

Its inverse is:

10 16 10

7171 12 12 12
1 2 3 1

_7/ 14 14 14




- The inverse of an n-power matrix is the same as the inverse of the n-power
matrix(z‘ln)_1 = (A_l)n

Example: Let us take the previous matrix as an example

2 1 -2\3 -3 —4 —-8\!
(431 = <3 2 2) )
5 4 3 37

0.12 -14.45 8.6
—0.07 3.63 —2.17

- The inverse of two matrices is: (AB)_I = B 1471

(—O. 76 9.09 5. 04)

Example:

(AB)™! = (

- The inverse of the sum of two matrices is: (4 + B)_l =A1+B1.




6 117 -39

70 70
-1 -125 65
7 70
22 -3
70 70

- To find the inverse of a diagonal matrix, it is sufficient to flip the elements of the

main diagonal:

d11

For example:




Chapter summary:

This chapter covered basic and advanced concepts in linear algebra, namely the rank,
determinant, and inverse of a matrix, due to their pivotal role in analysing the
structure of matrices and understanding their algebraic properties. The focus was on
the concept of matrix rank as a measure of the number of linearly independent rows or
columns, and what this reflects in terms of the degree of linear dependence between
the elements of the matrix.

The chapter also highlighted the importance of matrix rank in the study of linear
systems, as it is used to determine the number and nature of possible solutions, in
addition to its close connection to the reducibility of the matrix and the simplicity of

its representation. The relationship between rank and linear independence was

emphasised as the basis for understanding many theoretical results in linear algebra.

The chapter concluded with a study of the determinant and inverse of a matrix,
clarifying the role of the determinant in judging the invertibility of a square matrix
and showing that the existence of an inverse is related to the non-vanishing of the
determinant and the equality of the rank of the matrix with its dimension. This
presentation highlighted the interconnection between the three concepts, providing
an integrated framework that is later used in solving linear systems and advanced

mathematical applications.




Chapter 5:

Solving a set of

Linear Equations Using

Matrix Systems




Chapter Introduction:

This chapter is one of the most important applied chapters in linear algebra, as it shifts
the focus from studying the properties of matrices to their practical use in solving
systems of linear equations. Representing a linear system in matrix form provides a
unified and concise framework that allows the system to be analysed and processed in
a systematic and efficient mathematical manner.

This chapter discusses various matrix methods for solving systems of linear equations,
presenting the inverse method, which relies on the existence of an inverse for the
coefficient matrix, Cramér's rule, which is based on determinants and is suitable for
square equations with a single solution, and Gauss's method, which is one of the most
general and flexible methods, as it is valid for studying compatible and incompatible
equations and determining the number of solutions, if any.

This chapter aims to highlight the close relationship between previous concepts such
as rank, determinant, and inverse, and the issue of solving linear equations, while

clarifying the conditions for applying each method and its areas of use. This chapter

thus enables the reader to choose the most appropriate method for solving linear

equations and understand the results obtained, paving the way for broader

applications in mathematics and applied sciences.




1- Converting an equation from a linear system to a matrix system:

To use the matrix system to solve linear equations, we must first convert the latter
from linear to matrix form so that we can use the matrix system methods to solve
these equations.

Let us have a set of linear equations for?1 variable as follows:

ai1XxX1 + A12X2 + -+ A1nXn — b1
az1X1 + aAr2X~ + -+ ArnXn = b2

a,1X1+ a x5 + -+ app X, = b,

First, we denoteX as the column of unknowns, 4 as the matrix of coefficients, and B as

the column vector of numbers:b1 ,bz ) oo ,bn .

Therefore, we can write the previous set of linear equations in matrix form as follows:

a1 Q12 Qy b4
azy Qp; Azn || X2 b,

A1 Qpz - b,

2- Solve the equation using the inverse matrix method:

If the matrixA is regular, i.e. its determinant is non-zero (| nxnl # 0), then by
multiplying both sides of the previous equation by the inverse of the matrix (A_1 ),
we obtain a unique solution to the previous set of linear equations according to the
following relation:

Anxn-anl = anl




-1 — a-1
nxn-Anxn-anl - Anxn-anl

_1 _
We have: an-Aan - Inxn

And from this: Lysn - Xnx1 = 1;>1<n B, 1

Since the unit matrix is a neutral element in matrix multiplication, then:

— -1
anl_ nxn-anl

Example: Let us have the following set of linear equations:
2x1 + 1x; —2x3 =10
3x1+2x, +2x3=1
5x1 +4x, +3x3=4

Let us set:

10 X1 2 1 -2
B=|1|)X=[X2]A=({3 2 2
4 X3 5 4 3

Therefore, the previous set of equations can be written as follows:

2 1 -2\ /*1 10
3 2 2 X2 |=(1
5 4 3 X3 4

From this, we can solve the previous equation and find the matrix of unknowns by
multiplying the inverse of the coefficient matrix by the result matrix. (The inverse of

the matrixA has been calculated previously):

adj(A 1/~2 —11

-1 ——1 1 -10

~det(A) 5 _3 1

Finding solutions to linear equations:




Therefore, the previous set of equations has a unique solution
X1 1
X = X2 | = 2 ,
X3 -3

Example: Let us consider the following set of linear equations:

iex1=1x, =2 ,x2=-3.
1 2 3

Xy +3x3 + 2x4 =11

X1 — X2 +3x3 +2x4 =14

X2 + X4 2

X1 —3x; +x3 + x4 9
First, write the previous form in matrix form:

X2 | 14

X3 2
1-3 11 X4 9

To calculate the matrix determinant using the subtraction method, we select the third

row and obtain:

0-13|=—-(-1)—(-4)=5
1

From this, the inverse is
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_ -9 11 2 -6
A_l_adJ(A)_l -2 3 1 -3

“det(d) 5\ 1 1 -3 -1
-3

From this, the solution is:

Therefore, the only solution to the above equations is: X =

e X1 =1xo=—1x2=2,x4=3
1 2 3 4

3- The solution using Cramer's method:

The solutions to the equationA,xpn. Xpx1 = Bnx1 (wheredet(A) # 0 )

det(Aj)

det(A) ,where: ] = 1,2,..,n

according to Cramer's method are as follows:x]- =

__det(Ay) _ _ det(Ap) _ det(Ay)

e X1 = , , = .
"1 T Tdeta) 2 T det(A) det(4)

WhereAj(j =1,2,.., n) is a matrix obtained by replacing the columnj of the

matrix4 with the column of constantsB .




Example:Az = .
b,

Example: In the previous example, we have:

10 X1 2 1 -2
p=(1)x=(n)a-(s 2 2
4 X3 5 4 3

we have: det(A) =-7%*0

10 1 -2
det(A;) = —10x|? ?|—1x|t %-2
and  det(A;) 1 i ; ><|4 3| ><|4 3| x

1 2| _
|4 Y| =10(-=2) - 1(-5) - 2(-4) = -7

2 10 -2 -
and det(A)) =3 1 2 =2><|4 3|—10><|
5 4 3

3 2
5 3| 2 X
3 1
= 2(=5) = 10(-1) — 2(7) = —14
5 4
2 1 10
wd  det(@) =3 2 1|=2x|> -1x[2 }+10x
4 4 4 4 5 4

3 2

s 4l =2@® -1 +10(2) =21

-7
Therefore:Xq1 = - =

Notes:

— The Cramer's method and the inverse method are only used if the coefficient
matrix is square (the number of equations equals the number of unknowns) and

the determinant of the coefficient matrix is not zero.




If the determinant of the coefficient matrix is not zero (det(A) # 0 ), then

the set of equations has a unique solution.

If the determinant of the matrix of coefficients is zero (det(A) = 0 ), then

the set of equations has either an infinite number of solutions (0. Xj = 0)or

no solutions (O.x]- = k).

If the coefficient matrix is rectangular (the number of equations does not equal
the number of unknowns) or the determinant is zero, the only method that

should be used is the Gauss-Jordan elimination method

The Gauss method, which we will discuss in the next section, is suitable for all
cases, whether the determinant of the coefficient matrix is zero or non-zero.

4- Gauss method:

To solve a set of linear equations of the form . X5ux1 = Bpx1 using the Gauss
method, we follow these steps:
First: We write the set of linear equations in the form of an augmented matrix, as

follows:

aj1 Qg2 -+ Aqu|by
A1 Qzz ... Quilb,

anl anZ o ann bn

(A|B) =

Second: We perform preliminary operations on the expanded matrix so that the

matrixAbecomes the identity matrix.




linear

equations pxn- Xnx1 = Bnx1:

0 0

Thatis:X1 = b;,xz = b;,...,xn = b;

Example:
In the previous example, we have:

10 X1 2 1 -2
B=|1|X=([X2]A=|3 2 2
4 X3 5 4 3

First: We write the set of linear equations in the form of an augmented matrix, as

follows:

2 1 -2]10
AB)=13 2 2|1
5 4 314

Second: We perform preliminary operations on the expanded matrix so that the

matrix4 becomes the unit matrix:




5
—14

o~
]
o\

Il

o~
]

\Illﬂ./
N
_
(o 0]

5

- OO
~— —
Il




Therefore, the only solution to the previous set of equations is: X = (

1
2 JienXq = 1,x2 = 2,x3 =-3.
-3

Note: The diving method is the best method when the equation is large and it is
difficult to use the previous two methods (the inverse and Cramer's).

Example:

X1 +x,+3x3+2x4+ x5 =8
X1 — X2 +3x3+2x4+ x5 =4
Xy + X4 =1

—3x, +x3+x4+ x5 =—3

3x1+2x2— x3+x4+2x5=6

L[
w2y 2

First: We write the set of linear equations in the form of an expanded matrix, as

If we have:

follows:

Second: We perform preliminary operations on the expanded matrix so that the matrix

becomesA The unit matrix:
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Ls + 10L5
-1

L; — L,
L, + 4L,

L*3 = L3 + L4
L4 = L4 + 2L*3

Ls

L;
L,
L5 = L5 + LZ

1| 8
0] 2
0| 1
0 |-11
-1'-18

-1
-5

4 -2
-1 -10
=23
=29

N
-
<+ =
1+
wn
<
- =
I
<
Y

n
p—l
—

X1 +3x; +3x3 =13

2x1 + 5x, + 4x3
2xq+ 7x; + 8x3

8

2

1
-11

From this, the solutions to the equation are:X{ = 1 X = 2 X3 = 2 X4

Example: If the equation accepts an infinite number of solutions

Solution: We have

,x5=1




13 X1 1 3 3
B=(23)X=[Xx2]A=(2 5 4
29 X3 2 7 8

When calculating the determinant of the coefficient matrix, we find that it is zero |A|
=0.
From this, we can write the expanded matrix as follows

1 3 3|13

2 5 4|23

2 7 8129

The initial operations can be performed as follows:

(1 3 313>L2=L2—2L1<1 3 3 13>L3=L3+L2
2 7 8l29 o 1 213

1 3 3|13
(O -1 -2 —3)
0O O 010

From the third row, we find thatQ X X3 = 0, i.e X3 = k , where kelR

Substituting in the second row, we find:—X2—2X, = —3 ,i.e. — X3 — 2k = —3
and from this:xy = 3 — 2k.

From the first line, we have:xq1 + 3X, + 3x3 = 13 By substituting the values
ofX3 andX3,we get:X1 + 3(3 — 2k) + 3k = 13 From this, the value of:

x1=4-+3k

Therefore, the equation accepts an infinite number of solutions.

X1 4 + 3k
X = <x2> = (3 — Zk)
X3 k




Example: In the case where the equation does not accept any solutions.

3x1—6x, —2x3=1
2x1 —4x; +x3 =17
X1 —2Xy —2x3 = -9
X1+ 2xy +3x3 =2
4x1 + 5x, + 6x3 =10
5x; +7x3 +9x3 = 15

Solution: We have

1 X1 3 -6 2
B=|17 | X=|X*2])]A=|2 -4 1
-9 X3 1 -2 -2

When calculating the determinant of the coefficient matrix, we find that it is zero |A|

=0.

From this, we can write the expanded matrix as follows
3 -6 2|1
2 -4 1|17
1 -2 -21-9

The initial operations can be performed as follows:

1 /1 -2
3 —6 2 1 L*1=§L1
i :; _121; Ly=L,—214|0 O
L2=L3—L*1

0

3 -2 2|1
(0 0 1150 )
0O 0 -81-28




From the third line, we find—8x3 = —28, i.eX3 = 3.5, where, by substitution
in the second line, we find:0x, + 3.5 = 50,ie.0x, = 46.5
which is an impossible value, and therefore the equation has no solution.

5- Solving a set of linear equations in a case where the number of equations is greater

than the number of unknowns:

Let (S) be a system of m linear equations and n unknowns (where m>n). In this case,
we form a partial system (S) of n equations and n unknowns, then follow the same

steps as Gus to solve(S) .

When solving the system (S) , we will encounter three cases:

— First case:(S) does not accept solutions< (§) does not accept solutions

— Case 2:(3) accepts an infinite number of solutions. We write the solution in
terms of one of the variables and substitute it into the remaining equations:
® |If this solution does not satisfy the remaining equations, it means
that(S) does not accept solutions.
® If this solution satisfies the remaining equations, then (S) :

v accepts a single solution: If the form of the remaining equations

Ve

after substitution is j = k

v Accepts an infinite number of solutions: If the form of the

remaining equations after substitution isox]- =0.




— Third case:(S) accepts a single solution. We substitute this solution into the
remaining equations of the system(S) ((1M — N ) remaining equation), and
thus we have two cases:

o Solution(s') satisfies the remaining equations& (S) accepts a single
solution (the same solution as (S'))

o Solution(s') does not satisfy the remaining equations<— (S) does not
accept solutions Ox,- =k

Examples:

Example 01:

(X1 + Xy +2x3 =2
le—xZ+X3=1
X1 —2x; +x3 =—2

_5
X1+ xy+x3 =
(X1 T ¥2 T X3 /2

A
B = X=X

-2 X3

5/2 1 1 1

We have the system(S) , which contains four equations and three unknowns, so we

know the system(S'), which consists of the first three equations, and we keep the last
equation X1 + X + X3 = 5/2

The coefficient matrix in the system (S) is:

/11 2
A=[2 -1 1
1 -2 1




1 1 2
det(A)=12 -1 1

1 -2 1
-1
-2

=1><|:; i|—1x|i i|+2x|i

=1(1) -1 +2(-3)=—-6 %0

2 1 2

and det(A'y))=(1 -1 1 =2X|:; 1|_1X —12 i|+
-2 -2 1

1 -1

2><|_2 _o

| =2(1)—1(3) +2(—4) = -9

1 2 2
and  det(dy) =2 1 1=1><|_12 i|—zx|i i|+2><
1 -2 1
_12| —1(3) —2(1) + 2(=5) = —9
1 1 2
wd det(@p) =2 -1 1|=1x|T; Ll-1x|?
1 -2 -2

2x|? |=1@®-1(-5)+2(-3)=3

. ¢ . -9 3
Therefore, the solution to the system(S) is: X1 =_6=E ,

3

3 - - - - - 03 3 1
Substituting this solution into the last equation, we flndZE + 273 = 5/2 .

Therefore, this solution satisfies the remaining equation, and thus the system (S) has

a unique solution that is the same as the solution of the partial system.(S)

Example 02:




3x1 +x, +2x3 =11
le+2xZ+X3=9

X1+ X3 —2x3 = -3
x1+x2+x3=3

11 3 1 2

X1

9,X=xz,A=22 1
x 1 1 -2
3

3 1 1 1

We have the system(S) , which contains four equations and three unknowns, so we
know the system(S) , which consists of the first three equations, and we keep the last

equationXq + X + X3 = 3

The coefficient matrix in the system (S) is:

) 3 1 2 X1
S=12 2 1 |*x|X2
1 1 -2 X3

Using the diving method, we find:

3
3 1 211 0
2 2 1|9 |-|

1 1 -21-3 \0

3 1 0|5
0 1 02)—>
0O 0 113

From this, the solutionsare:Xq = 1,X, = 2,x3 = 3

SCOW WINW M

We change only the last equation X1 + X, + X3 = 3

When substituting the solution into the last equation, we findl+2+3=6+#3




Therefore, this solution does not satisfy the remaining equation, and thus the

system(S) has no solution.

2 X
1
Example 03:B = (i X=X

X3 1

1 1 1
1 2|2

2
—1 1
-1 1

2 1 1
1 0 -3 -3|-3 Lz = —§Lz
1 0 -3 -—-31-3

1 2 1 1 2|2
(o1

>L2—L2—2L1

Ly =Lz — 214

1 |L;=L;+3L,=(0 1 1|1
0 31-3 0 0 olo

o !/ o fo e .
Therefore,the partial system (5’) has an infinite number of solutions.

We write the solution in terms of one of the variables (in terms ofX3 ):X =

1—x3
1—x3
X3

We substitute it into the last equation and find:
1—-x3+1—x3+x3=1

Thatis:X3 = 1 (from the formi(x,- = k).

0

From this, the system(S) accepts a single solution:X = | 0

1

Example 04: Let the last equation for the same example 3 from the figure

be:X1 + X9 + 2X3 =2
By substitution, we find the solution from the form OX3 =0 (2=2), which means that
the system (S) has an infinite number of solutions.

Example 05: The last equationisXq + X5 + 2x3 = 0 ,i.e:0x3 = —2
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Therefore, this solution does not satisfy the remaining equation, and thus the
system(S) has no solution.

6- Solving a set of linear equations in cases where the number of equations is smaller

than the number of unknowns:

After performing the initial operations on the lines (the same method used to obtain
the rank), we say that the set has an infinite number of solutions in the case

ofO.X',- = Oork”xj + k,le = k, and has no solution in the case of Ox,- =k

Examples:

Example 01: Let us consider the following set of equations:

X1 — X2 +x3 =2
($) {le +3x, +x3 =4

(1 -1 1|2) _ (1 -1 1 |2)
2 3 114/ 1,=L,-2., \0 5 -—-1I10
From the second line, we have:5x2 — X3 = 0,ie.: X3 = 5x2

From this, there are an infinite number of solutions written in the following form:

2 — 4-x2
X2
5x2

Example 02: Same as the first example, with a change in line 2: 2x; — 2Xx, +

2x3=4

(2 2 dD)im== G o olo)

From the second line, we have: Ox3 =0




From this, there are an infinite number of solutions written in the following form:

2 +x2 — X3
X2
X3

Example 03: Same as the first example, with a change to line 2: 2x1 — 2Xx, +

ZX3=5

G 3 W o o

2 -2 215 0O 0 01

From the second line, we have:0X3 = 1. From this, there are no solutions.




Chapter summary:

This chapter is devoted to studying how to solve linear equations using matrix
representation, as this method provides organisation and accuracy in handling linear
equations. It has been emphasised that writing a linear equation in matrix form is an
essential step in understanding and analysing its structure, as it clearly highlights the
relationship between matrices and linear equations.

The chapter also covered the most important matrix methods of solution, namely the
inverse method, Cramer's rule, and Gauss's method, explaining the conditions for
applying each method and their areas of use. The inverse method relies on the

reversibility of the coefficient matrix, while Cramer's rule is used in square equations

with a single solution. The Gauss method is considered the most general and flexible,

as it allows for the study of various possible cases of linear equations.

The chapter concludes by highlighting the interconnection between theoretical
concepts and practical application, where rank, determinant, and inverse are used to
determine the nature of a linear equation and the number of its solutions. This
presentation has consolidated the systematic understanding of solving linear
equations and prepared the reader to move on to more advanced applications in linear

algebra and related sciences.




Chapter 6:

Eigen values

and Eigenrays




Introduction:

The chapter on eigenvalues and eigenvectors is one of the pivotal chapters in linear
algebra, as it moves the discussion from solving linear equations and studying the
properties of matrices to analysing the internal structure of linear transformations.
Eigenvalues and eigenvectors are essential tools for understanding how a matrix
behaves when it acts on a vector space, as they reveal directions whose trajectory is
changed only by a scalar factor.

This chapter deals with the concept of eigenvalues as numbers that satisfy special
conditions that cause the associated vectors to retain their direction after linear
transformation, as well as eigenvectors, which represent those non-zero vectors.
These concepts are used to characterise matrices and study their spectral properties,
and are closely related to determinants, rank, and the solution of characteristic
equations.

This introduction aims to highlight the importance of eigenvalues and eigenvectors in

theoretical and practical applications, where they appear in various fields such as

solving differential equations, stability analysis, econometrics, physics, and data
g q y y phy

science. This chapter thus paves the way for a deeper understanding of the properties
of matrices and linear transformations and opens the door to advanced applications

based on these fundamental concepts.




1-Eigenvalues:

We say that the numberA is an eigenvalue of the square matrixA4 if there exists a non-

zero vectorX € R™ that satisfies the following system:AV = AV , wherel is the

eigenvector of the square matrix.
The system can be written as follows:
AV=AVe @A-ADV =0
For the system to accept a non-zero solution, it must be that |JA—AIl =0

(if the determinant is non-zero, it means that the eigenvector is zeroV =
(A—AD"1x0=0).
This is in the case where the eigenvalues are given and we are asked to verify that they
are indeed eigenvalues of the matrix.
However, if we want to find the eigenvalues, we can follow these steps:
1-Calculate the characteristic polynomial p(4)

p(A) =|A—2Al| =cy+ c1A+ A% + - + ¢, A"
2-Calculate the roots of the polynomialp (A) = 0, where the rootsp ().) are the
eigenvalues of the matrix.

Example 01:

Find the eigenvalues of the following matrix:

- 3

Solution




a-an=|( 7)-@ =" -2,

= B-2D7-2)-12-> p(A) =2>-101+9
10 -8

Ay = =1
10 + 8

Ay = > — =9

A=100-4(1)(9) = 64 =

Therefore, the matrix has two el:genva/ues:ﬂ.l =1, AZ =9

Example 02:

Find the eigenvalues of the following matrix:

1 0 -1
A=<1 2 1|
2 2 3

1 0 -1 200
1A —All = (1 2 1)—(0 2 0)
2 2 3 0 0 A

1-41 0 -1
=1 1 2—-2 1
2 2 3—-4

=1-D(2-DB--2)-1(2-2(2-2)

p(A)=10-H2Z-HB -2

From this, we find that the eigenvalues are:)l1 =1 ,}.2 =2, }.3 =3

Example 03: (The eigenvalues belong to the set of complex numbers):

-1 2 1
LetA = ( 0 -1 1
1 0O O




-1 2 1 A 0 O
|A— Al = (0 -1 1)—(0 A 0)
1 0O O 0 0 2

-1-2 2 1
0 -1-2 1
1 0 —A

|—1—A
0

. 1
= (=1 - 2) X —,1|+1X

gl

=(1-D(1-D(D)+ 12~ (-1-1))
=(-1-2DA+23)+3+A

=—2-22-22-23+43+A2=-23-22%+3

Then:p(1) = =23 —222+3 =(1—-1)(—42 —31-13)

( 3 — i3
. iv3

| =
-2

A=9—4(-1)(-3) = —
CDED) 3= 3 +iV3
A2 =7

—3+V3i

From this, the three eigenvalues of matrix A aredy = 1,4, = >

113=

-3-/3i
2

Notes:

1- The eigenvalues of a triangular or diagonal matrix are the elements of its main

diagonal:




Because:

a 0 0 A 0 O
|A — Al = (0 b 0|—-10 A2 0=
0 0 c 0 0 2

0
0 [=(a—-2D)b-2)(c—-21)
c—A

2- AR 7he eigenvalue of the matrix A™
3 A Eigenvalue of the matrixA™1
4- 1 / A Eigenvalue of the matrixA~ 1

5- 4] = ¢y

6-p 0)#0 Meaning the matrix is invertible

- Calculate the inverse of the matrix based on the characteristic polynomialp ()») :

The matrixA is considered the root of the characteristic polynomial, i.e.:

p(A) = cgl + c1A+ c3A* + -+ ¢c,A" =0

which is an equation from which we can derive the inverse.

Example: Calculate the inverse of the matrixA = (

1 2)

Calculating the characteristic polynomial

pAD)=A-AU=1-2D2-2)-1=2>-32+1

We know thatA is the root of the distinguished polynomial, i.e.:
p(A) =A*-3A+1=0= (—4"1H)(4%-34) = (-4 H(-D

—at=-a+3r=("1 )+ N=(%4

2-Eigenrays:




The eigenvector of matrix A, denoted b)/V, is a non-zero vector corresponding to the

— —
el:genva/ue()].) , L.e. it is a solution to the system A-)V=0

1 0 -1
Examg/e:A =1 2 1
2 2 3

7- We found thart the eigenvalues are equal to:
p(),) =0 ﬁﬂ.l = 1,22 = 2,).3 =3
2-Eigenrays: We have the following relationship:
AV = AV =
From this:
(A—ADV =0

From the previous relationship, we derive the eigenvectors for each eigenvalue:
Forﬂ1 =1.

We have

-1 A, 0 O
>_(0 A o
0O 0 A

And from this:




—-z=0
x+y+z=0
2x+2y+2z=0
From the previous set of equations, we find:
x=-yz=0

And from this:

-3

Therefore, the eigenvector corresponding to the eigenvalue 1 = 1

. -1
0

The result can be verified by applying the previous relationship: AV = AV

1 0 -1 -1 -1 -1

1 2 1 |*x(1]=11]=1%|1

2 2 3 0 0 0
And from this, the relationship is verified.

For)lz =2.

1 0 -1 A O
[(1 2 1)—(0 Ay
2 2 3 0 0

1 0 -1 2 0
[(1 2 1 ) — (O 2
2 2 3 0 0

We have

is:




and from it:
—x—z=0
x+z=0
2x+2y+z=0
From the previous equations, we find:

x=-2yz =2y

5=()-(2)- (1)

Therefore, the eigenvector corresponding to the eigenvalue o = 2 is:

. —2
V2= 1
2

And from this:

The result can be verified by applying the previous relationship: AV = AV

2 1))

From this, the relationship is verified.

For)lg =3.

We have




And from this:
—2x—z=0
x—y+z=0
2x+2y=0
From the previous set of equations, we find:
X =-yz=2y

And from this:

RER)

P
Therefore, the eigenvector corresponding to the eigenvaluedy = 3 is: V3 =

(1)

The result can be verified by applying the previous relationship: AV = AV

2 1)) )

And from this, the relationship is verified.




Chapter summary:

This chapter discussed the concept of intrinsic values and intrinsic rays as two of the
most important tools in linear algebra for analysing matrices and linear
transformations. It was explained that eigenvalues represent numbers that only
change the magnitude of a vector when a linear transformation is applied, while
eigenvectors represent non-zero vectors that retain their direction under the influence

of this transformation.

The chapter also focused on the mathematical methodology for extracting

eigenvalues and eigenvectors through the characteristic equation and the study of
determinants, highlighting the relationship between these concepts and matrix
properties such as rank and diagonalizability. This provided a deeper understanding of
the internal structure of matrices and their behaviour in vector spaces.

The chapter concluded by highlighting the importance of eigenvalues and
eigenvectors in various applications, where they are used in stability analysis, solving
differential equations, economic modelling, and data processing. This presentation
enabled the connection between theory and practical application, paving the way for

more advanced topics in linear algebra and its scientific applications.




Conclusion




At the end of this publication entitled "Lectures in Mathematics 2," it is clear that the
concepts covered form an indispensable foundation for first-year students pursuing a
bachelor's degree in economics, business, and management. The most important
principles of linear algebra have been presented in a systematic and gradual manner,

starting with matrices and their operations, moving on to rank, determinant and

inverse, and ending with the solution of linear equations, eigenvalues and

eigenvectors.

This publication aimed to combine precise theoretical understanding with practical
application, highlighting the economic and managerial dimensions of these
mathematical tools. Matrices, linear systems, and eigenvalues are not just abstract
concepts, but essential analytical tools used in economic modelling, equilibrium
analysis, data analysis, and decision-making.

In conclusion, we hope that these lectures have contributed to strengthening
students' logical thinking and quantitative analysis skills, paving the way for them to
pursue advanced metrics with confidence and efficiency. Mathematics is not an end in
itself, but rather a precise language for understanding and analysing economic and

managerial reality in a rigorous scientific manner.
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