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Abstract

In this memory , we considered a linear thermoelastic laminated Timoshenko beam with
distributed delay, where the heat conduction is given by Cattaneo’s law. we established the
global existence and the uniqueness of the solution by using the semi-group theory. Finally,

we studied the asymptotic behavior of solution by using the multiplier method, and we
proved the exponential an the polynomial stabilities of the system for the cases of equal and
non-equal speeds of wave propagation.

Keys words:Timoshenko; stability; existence and .uniqueness; distributed delay term
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Résumeé

dane ce mémoire, nou considérons un systéme lineaire thermoélastic de poutres lamellaires
Timochenko avec un terme de retard distribué . nous établissons l’existence globale et
Uunicité de la solution en utilisoant la theorie de semi groupe. En fin, nous étudions les
comportement asymptotiques de solution en utilisant la méthode des multiplicateurs et
nous montrons la stabilité exponentielle et polynomiale de systéme.
les mots clés:Terme de retard

distribué, stabilité, exponentielle, plynomial, existence,unicité, Timoshenko.
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GENERAL INTRODUCTION

The study of thermoelastic laminated Timoshenko beams with distributed delay is an ad-
vanced area of structural analysis that integrates beam theory, composite material science,
thermoelasticity, and time-dependent effects. This approach provides a detailed and accu-
rate understanding of the beam’s behavior under complex loading conditions, making it

crucial for the design and analysis of modern engineering structures.

1. Thimoshinko Beam Theory

Timoshenko beam theory, named after Stephen Timoshenko, is an extension of the classical
Euler-Bernoulli beam theory. It accounts for both bending and shear deformations, making
it more accurate for analyzing beams, especially those with a relatively short length or those
made from materials where shear effects are non-negligible. The Timoshenko beam theory

incorporates:

e Shear Deformation: Unlike Euler-Bernoulli beams, which assume plane sections
remain plane and perpendicular to the neutral axis, Timoshenko beams allow for
shear deformation, providing a more realistic representation of the beam’s behavior

under load.

« Rotary Inertia: It includes the effects of rotary inertia, which becomes significant in

dynamic analysis.

2. Thermoelasticity

Thermoelasticity refers to the study of the interaction between thermal and elastic effects
in materials. For a thermoelastic beam, temperature changes can induce thermal stresses

and strains, affecting the beam’s overall mechanical behavior. Key considerations include:

e Thermal Expansion: Different layers in a laminated beam may expand or contract

differently with temperature changes, leading to additional stresses.
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o Temperature Distribution: Temperature gradients across the beam’s cross-section

can cause bending and warping.

3.Distributed Delay

Distributed delay refers to a type of time-dependent behavior where the response of the
system is influenced by its past states over a continuous range of time. This concept is crucial
in many real-world applications where the effects of past states are not instantaneous but
spread over time. In the context of a thermoelastic laminated Timoshenko beam, distributed

delay can be related to:

« Material Relaxation: The gradual adjustment of material stresses and strains over

time.

o Heat Transfer Dynamics: The time-dependent process of temperature distribution

within the beam.

e Viscoelastic Effects: Time-dependent deformation behavior of materials, particu-

larly relevant in composite materials.

4. Thermoelastic Laminated Timoshenko Beam Analysis

The analysis of a thermoelastic laminated Timoshenko beam involves combining the princi-
ples of Timoshenko beam theory, laminated composite materials, and thermoelasticity. This
complex interaction is analyzed to predict the beam’s behavior under various loading and

environmental conditions, including;:

o Aerospace Engineering: For components like wings and fuselage sections where

weight savings and performance are critical.

o Civil Engineering: In structures like bridges and buildings that may be subjected

to varying thermal environments.

e Mechanical Engineering: For designing lightweight, high-performance components

in machinery and vehicles.

5.Applications

Thermoelastic laminated Timoshenko beams are widely used in:
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o Aerospace Engineering: For components like wings and fuselage sections where

weight savings and performance are critical.

o Civil Engineering: In structures like bridges and buildings that may be subjected

to varying thermal environments.

o Mechanical Engineering: For designing lightweight, high-performance components

in machinery and vehicles.

In this work, we shall examine how we can apply the distributed delay term laminate beam.
The latter was introduced for the first time by Hansen and Spies.[B, []. Also, this is due to
the relevance of the research topic to the applicability of these materials in the industry.
Whereas, they presented a mathematical model of two-layer beams with structural damping

due to the interslip obtained by:

( pwiy + G (Y —wy), =0,

(Sstt wtt> <¢ - wz) (SSmm 2/}:mv) = ; (01)

( Lpsu — G (Y —wy) + %73 + %ﬁst — Ds,,, =0,

There are some results related to laminated beam equations that study global existence
and stability of the relevant system. In addition, by adding appropriate damping effects
such as frictional damping (boundary), viscoelastic, or internal damping. However, if we
add linear damping terms to two of the three equations, System () is exponentially
stable under the assumption of equal wave speeds (p/I,) = (G/D). But if we add these
conditions to all equations, the system decays exponentially without assuming equal wave
speeds [, I1].

As for thermoelastic laminated Timoshenko beam, there are few results including the work
of Liu et al. [I2] and Apalara [I3]. In a previous study [I2], the authors considered the

following laminated beams with past history:

PP + G(¢ - @x)x + 090 = 0:
13w — ¥) — D(3w — ¥)x + [y 9(5)(3w — ¥)a(t — 8)ds — G (¥ — ) — 0 = 0,

Lywit — Dwer + G (Y — @) + %7“ + %BM =0,

L kgt —Tgm—i-wtx—l— (3&) —%D)t =0
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They established the global well-posedness of solutions to the system and the stability
of the system. If § # 0, they proved exponential and polynomial stabilities depending on
the behavior of the kernel function g. If § = 0, they established exponential stability in the
case of the equal wave speeds assumption, and exponential stability does not exist in the
case of nonequal wave speeds assumption. Apalara [I3] considered a laminated beam with

second sound in the following system:
( pwy + G —w,), =0,
L,(3s =) — D(3s — ¥)ye — G (¢ — wy) + 66, = 0,
Lysy — Dsgp + G (0 — wy) + 37s + 585, = 0, (0.2)

pg@t + (0% -+ 5(38 — w>t:r = 0,

(| T¢: +ag+ 0, =0.

They established the global well-posedness and proved exponential and polynomial stabil-
ities depending on the parameter x. Feng [I4] considered a Timoshenko-Coleman-Gurtin
system and studied the long-time dynamics of the system. In the study by Aouadi et al.[I5],
the authors considered two classes of nonuniform thermoelastic Timoshenko systems and
established global well-posedness and stability results. We can mention two new results:
one on laminated beams with thermal damping [I6] and another on a coupled system of
hyperbolic equations with a heat equation of second sound [I7]. Recently, Feng considered

the following system:

Pt + G (’Qb — wx)x + (5936 = 0,
19(35 — ) — D38 = P)pe — G (Y —w,) =0,
]pstt - Dswx + G <77ZJ - wm) + %’73 + gﬁst = 07 (03)

p39t + g, + 6wtx = 07

Tq +aq+0, =0.

\

They established the global well-posedness and stability of systems. Introducing a dis-
tributed delay term makes our problem different from those considered so far in the lit-

erature. The importance of this term appears in many works, and this is due to the fact

10
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that many phenomena depend on their past. Also, its influence on the asymptotic behavior
of the solution for different types of problems such as the Timoshenko system [I3], trans-
mission problem [19], wave equation [20], and thermoelastic system [21].

In complement to Feng’s work [IR] and previous works, we are working to prove the well-
posedness and stability results with distributed delay for the cases of equal and nonequal
speeds of wave propagation under appropriate assumptions. We prove these results using

the energy method. We use ¢ throughout this paper to denote a generic positive constant.

11



Chapter 1
Preliminaries

In this chapter, we recall some basic knowledge in functional analysis, most of which will
be used in the subsequent chapter. The reader can easily find the details in the related

literature, see, e.g.,[0, 2, B, 4, 5].

1.1 Functional Spaces

We denote by R™ the Euclid space, 2 C R" is a bounded smooth domain,C*(2) is the k'
differentiable continuous function space in Q, C*°(Q) is the oo™ differentiable continuous
function space in Q, C®°(Q) is the oo differentiable continuous function space with

compact support in €2 .

Definition 1. Let X be a vector space over the filed K (K = R or C). Then a semi-norm
on X is a function ||.|| : X — R, such that :

a) ||zl =0 for all x € X,

b) |lax| = |a|||z|| for allx € X and a € K,

¢) llz+yll <zl + llyll for all z,y € X.

A norm on X is a semi-norm which also satisfies :

d) ||z|| =0 = x = 0. A vector space X together with a norm ||.|| is called a normed linear

space, a normed vector space or simply, a normed space.

Definition 2. (Convergent and Cauchy sequences )
Let X be a normed space, and let {x, }nen be a sequence of elements of X.

a) {xp}nen converges to x € X if

lim ||z, —z|| =0,
n—oo

12



1.1. Functional Spaces

i.e. if
Ve > 0;3IN > 0,Yn > N, ||z, — z|| < e.

b) {n}nen is a Cauchy sequence if
Ve > 0;3IN > 0,Ym,n > N, ||z, — z,] < e.
Normed spaces in which every Cauchy sequence is convergent are called complete normed

spaces. In general a normed space is not complete.

Definition 3. (Banach Spaces)
A normed spaces is called a Banach space if it is complete i.e. if any Cauchy sequence
inside the space converges to a point of the space. Its dual space X' is the linear space of all

continuous linear functional f: X — R.

Proposition 1. X’ equipped with the norm ||.||x: defined by

1flxr = sup{|f(u)| : Jul <1}
is also a Banach space.

Remark 1. From X' we construct the bidual or second dual X" = (X'). Furthermore, with
each uw € X we can define p(u) € X" by o(u)(f) = f(u), f € X', this satisfies clearly
le(@)]| < ||u||l. Moreover, for each u € X there is an f € X' with f(u) = ||ul| and ||f]| =1,
so it follows that ||o(x)|| = ||ul|-

Definition 4. Since ¢ is linear we see that
p: X = X",
is a linear isometry of X onto a closed subspace of X", we denote this by
X — X"

Definition 5. If ¢ (in the above definition ) is onto X" we say X is reflexive, X = X".

1.1.1 The weak and weak star topologies

Let X be a Banach space and f € X’. Denote by

gOfZX—)[R

T = @y

13



1.1. Functional Spaces

When f cover X', we obtain a family () sex of appmications to X in R.

Definition 6. The weak topology on X, denoted by o(X, X’), is the weakest topology on X

for which every (y)rex: is continuous.

We will define the topology on X', the weak star topology, denoted by o(X’, X). For all
x € X. Denote by

0, X' =R
[ ea(f)=A(/, CC>X’,X

Definition 7. The weak star topology on X' is the weakest topology on X' for which every

(pz)zex 1S continuous.

Remark 2. Since X C X", it is clear that, the weak star topology o(X', X) is weakest than
the topology o(X', X"), and this later is weaker than the strong topology.

Definition 8. A sequence (x,) in X is weakly convergent to x if and only if

lim f(z,) = f(z)

n—o0

for evey f € X', and this is denoted by x, — x.
Remark 3. 1. If the weak limit exists, it is unique.
2. If x,, — x € X (strongly), then x, — x (weakly).

3. If dim X < oo, then the weak convergent implies the strong convergent.

1.1.2 Hilbert spaces

The proper setting for the rigorous theory of partial differential equation turns out to be the
most important function space in modern physics and modern analyses, known as Hilbert

spaces. Then, we must give some important result on these spaces here.

Definition 9. A Hilbert space H is a vectorial space supplied with inner product (u,v) such

that ||u|| = \/{u,u) is the norm which let H complete.

Theorem 1. Let (z,)nen be a bounded sequence in the Hilbert space H, then it possess a

subsequence which converges in the weak topology of H.

Theorem 2. In the Hilbert space, all sequence which converges in the weak topology is
bounded.

14



1.1. Functional Spaces

Theorem 3. Let (z,)nen be a sequence which converges to x, in the weak topology and

(Yn)new is an other sequence which converges weakly to y, then

lim (z,, y,) = (x,y).

n—oo

Proposition 2. Let X and Y be two Hilbert spaces, let (z,)nen € X be a sequence which
converges weakly to x € X, let A € L(X,Y). Then, the sequence (A(z,))nen converges to
A(z) in the weak topology of Y.

Theorem 4. (The Lax-Milgram Theorem)

Let X be a Hilbert space and let a : X x X — R be a bilinear functional. Assume that there
exist two constants C' < oo, a > 0 such that:

i) a(u,v)| < Clull.|v]]  forall (u,v) € X x X (continuity);

i) a(u,u) > al|ul*>  forall we X (coerciveness).

Then, for every f € X* ( the dual space of X ), there exists a unique u € X such that
a(u,v) = (f,v) forallve X.

1.1.3 The L?(2) spaces

Definition 10. Let 1 < p < oo, and let ) be an open domain in R™, n € N. Define the
standard Lebesque space LP()) by

LP(Q2) = {f :Q = R: f is measurable cmd/ |f(z)Pdx < oo}
0

Notation 1 : For p € Rand 1 < p < oo, denote by

1= ( [ |f<x>|pdx)’1’

. If p = 00, we have

LP(Q) ={f:Q — R: f is measurable and there exists C such that,|f(z)] < C in Q}

. 1 1
. Notation 2 : Let 1 < p < 0o, we denote by ¢ the conjugate of p ie. -+ = =1.

p q
Theorem 5. It is well known that LP(QQ) supplied with the norm ||.||, is a Banach space,

forall1 <p < 0.

Remark 4. In particularly, when p =2, L*(Q) equipped with the inner product

<f>g>L2(Q)=/Qf(a:)g(x)dx,

15



1.1. Functional Spaces

1s a Hilbert space .

Theorem 6. For 1 < p < oo, LP(Q) is a reflexive space.

1.1.4 The Sobolev space W"?((2)
Definition 11. i) Let m € N and p € [0,00|. The W™P(Q) is the space of all f € LP(2),
defined as

WmP(Q) = {f € LP(2), such that 0°f € LP(Q) for all o € N™}

such that || =37 | a; <m where, 9% = 97" 0y....05".

it) if f € W™P(Q), we define its norm to be

(Z\akk Ja |Daf|pd13); (1 <p<oo),

2 jaj<k €SSSUp [DYf| 5 (p = 00).

I fllwmo) =

Definition 12. We denote by
Wy (Q)

the closure of C3°(2) in W™P(Q) .

Remark 5. 1) if p = 2 we usually write

H™Q) = W™(Q), Hg'(Q) = Wy"*(9Q).
Supplied with the norm

fllzm = { > (N0 fllz2)?

laj<m

The letter H is used, since - as we will see - H™(S2) is a Hilbert space.

with usual scalar product

(u,v) = Z /8"‘1@"‘1) dx.
Q

la|<m

Note that H°(Q) = L*(Q).

Theorem 7. 1. H™(Q) supplied with inner product (.,.)gm ) is a Hilbert space.
2. Ifm>m' , H"(Q) < H™(Q).

16



1.2. Some useful inequalities

Theorem 8. Assume that 2 is an open domain in R",n > 1, with smooth boundary T.

Then,

i) if 1 <p <mn, we have W' C L), for every q € [p,p*], where p* = np

n—op

ii) if p=n we have W' C L4(Q2), for every q € [p,00).
iii) if p > n we have WP C L>®(Q) N C%*(Q), where a = b=

1.1.5 The L?(0,T, X) space

Definition 13. Let X be a Banach space, denote by LP(0,T,X) the space of measurable

functions

f:]0,T[ = X
t—= f(1)
such that
T 5
([ 1) =1lmons <0 1<p<
0
If p = o0,
| fllLeo,1,x) = sup ess||f(t)]|x
t€]0,T|

Theorem 9. LP(0,T,X) equipped with the norm ||.||r(0.1,x) is a Banach space .

Proposition 3. Let X be a reflexive Banach space, X' it’s dual, and 1 < p < oo, 1<
q < o0, % + é = 1. Then the dual of LP(0,T, X) is identify algebraically and topologically
with L0, T, X").

1.2 Some useful inequalities

In this section, we shall recall some inequalities which will be used in the subsequent chap-

ters.

1.2.1  Young inequalities
Theorem 10. Let 1 < p,q < oo, o+ =1, then

P b
ab<L v a4 b>0
P q

17



1.2. Some useful inequalities

Theorem 11. (Young inequality with ¢)
Let 1 <p,q < oo, ;+ ¢ =1, then

p ]_bq
abgsa——i——q— ,a,b > 0.
p er g4

The Young inequality has several variants in the following.

Corollary 1. Let a,b > 0, %—i—%: 1,1 <p,q<oo. Then

b
i) avbi < 242,
p q )
-
i) arbs < L 1+ 0 e s
ng q
iii) a®b' = < aa + (1 — a)b O<a<l.

1.2.2 The Holder inequalities

Theorem 12. Let 1 <p,q < oo, -+, =1,

then, if f € LP(Q), g€ LY), we have

gl < 1 llzey-lgllza)-

Theorem 13. (Generalized Holder inequality)

Let 1 < ppyeeeey, P < 00, pil + ot 1% =1, then,if fr€ LP(Q) fork=1,...m

we have

/ 1o fmld < TT el zoe oy
Q k=1

Remark 6. We have the corresponding weighted Holder inequality of the integral form. Let
1 <p<oo, i%—%:l , felP(Q), ge LYQ), w(x)>0 onQ. Then

[sstotore < ([ !f(w)!pw(x)dx); (f \g(xﬂ%(x)dx);.

1.2.3 The Minkowski inequality

Theorem 14. Assume 1 < p < oo, f,g € LP(Q), then

1+ gllr@) < [[fllze@) + l9llre)-

18



1.3. Basic theory of semi-groups

If 0 # p < 1, then
1f + glle@) = [ fllzo@) + ll9llLe@)-

In the applications, the integral from of the Minkowski inequality is used frequently.

1.2.4 The Poincaré inequality

In this subsection, we shall recall the Poincaré inequality in different forms.

Theorem 15. Let Q2 be a bounded domain in R" and f € H}(Q). Then there is a positive
constant C' such that

I£llz2@) < ClIVfllLa),  Vf € Hy(Q).

Theorem 16. Let Q be a bounded domain of C' in R™. There is a positive constant C
such that for any f € HY(Q).

If = fllzz) < CIV 2o

Where f = ﬁ Jo f(x)dx is the integral average of f over Q, and |Q| is the volume of Q2.

Theorem 17. Under assumption of Theorem (IB) for any f € HY(Q), we have

)

sy < C (nwnm i \ [ s
Q

1.3 Basic theory of semi-groups

In this section, we recall some basic knowledge in semigroups,most of which will be used in

the subsequent chapters.

1.3.1 (Cy—Semi-groups of Linear Operators

Definition 14. (Semi-groups)

Let X be a Banach space, the one-parameter family S(t), 0 <t < oo from X to X
is called a Semigroups if

(i) S(0) =1 (I is the identity operator on X ).

(ii) S(t + s) = S(t).S(s) for every t,s >0 (the Semigroup property).

Definition 15. The linear operator A defined by

D) = {oex: tim COTZI s}

t—0t+ t

19



1.3. Basic theory of semi-groups

and
o (82 =) d(S(0)a)
t—0+ t dt

is called the infinitesimal generator of the Semigroup S(t), D(A) is called the domain of A.

lio for all x € D(A)

Definition 16. (Cy—Semigroups).
A Semigroup S(t), 0 <t < oo, from X to X is called a strong continuous Semigroup of

bounded linear operators if

lim S(t)x =2, for all z€X,

t—0t

or
lim [|S(t)zr —z|| =0, for all ze€X.

t—0t

i.e S(t) Co— Semigroup.

Definition 17. A semigroup S(t), 0 <t < oo is called a semigroup of contraction if there
exists a constant a > 0 (0 < a < 1) such that for all t > 0,

[S(t)e = SHyll < elle—yl, for all zyeX.

1.3.2 Hille-Yosida Theorem

Definition 18. An unbounded linear operator A : D(A) C H — H" is said to be monotoné?,
if it satisfies
(Av,v) >0 Vo € D(A).

It is called mazimal monotone if, in addition; R(I + A) = H, i.e
Vfe H, Jue D(A) such that u+ Au= f.

Proposition 4. Let A be a mazimal monotone operator. Then

1. D(A) is dense in H.

2. A is closed operator.

3. For every X\ > 0,(I + MA) is bijective from D(A) onto H, (I + MNA)™! is a bounded
operator, and ||(I + NA) ™|z < 1.

Theorem 18. (Hille-Yosida)

Let A be a mazimal monotone operator. Then, given any ug € D(A) there exists a unique

LH denotes a Hilbert space.
2Some authors say that A is accretive or —A is dissipative.
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1.3. Basic theory of semi-groups

function
u € CH([0, +00); H) N C([0, +00); D(A))
satisfying
Z—?—I—Au:(] on [0, +00)
u(0) = g
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Chapter 2

WELL POSEDNESS

In this work, we are concerned with the following system:

( pwi + G (Y — wy), + 00, =0,

I,D(BS - w>tt - D<35 - w>:mc -G <¢ - wz) = 07

p36t + g + &JJm = 07

Tq; + aqg+ 0, = 0.

\

where
(%PJ) € (Oa 1) X (7—1’7—2> X (Oa OO),

with the Neumann-Dirichlet boundary conditions

w(0,8) = wo(1,8) = 1(0,) = (1,) = 0, > 0,
s(1,t) = 5(0,¢) = 0(0,£) = O(1,¢) = 0,¢ > 0,

and the initial data

w(z,0) = wo(z),wi(x,0) = wi(x),(x,0) = Yo(z),
Ui, 0) = (), s(x,0) = so(x), s:(,0) = s1(x),
0(x,0) = by(x), q(x,0) = qo(z),

where

(x,t) € (0,1) x (0, 00)

22
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2. WELL POSEDNESS

Here, p,G,1,,D,, 3,0, p3,a and T are positive constants. 71, 7, are tow real numbers with
0 <71 < 7o,y is an L™ function satisfying: (H1) po : [, 2] — R is a bounded function
satisfying

/ " (o)l de < B. (2.4)

T1
In this section, we give the existence and uniqueness result of the system (233) , (23) using
the semigroup theory. To achieve our goal, as in a previous study, [20] taking the following

new variable:

y(%% o, t) = St('rat - Qp)v

then, we obtain
py(z, p, p,t) + yp(, p, p, t) = 0,
y(x,0,0,t) = s(x,t),

Consequently, the problem is equivalent to

(

pwy + G (Y —wy), + 60, =0,

L,(3s = ¢)u — D(3s = ¥)ew — G (Y —wy) =0,

Iysy — Dsgy + G (¥ — wy) + 375 + 385+ 3 f l2(0)| y(x, 1, 0,t)do = 0,
P30 + Gz + dwie = 0,

Tq +aq + 0, =0,

pye(, p, 0,1) + yp(x, p,0,1) =0,

(2.5)

where:
(Lp, 0, t) S (Oa 1) X (071) X (7—177—2) X (0700)7

with the following boundary and initial conditions:

wz(0,1) = wy(1,1) = (0,¢) = ¥(1,1) = 0,t > 0,
0(0,t) =0(1,t) = s(1,t) = s(0,t) = 0,t > 0,
w(z,0) = wo(z), wi(z,0) = wi(z),¥(x,0) = Po(z),
Ue(,0) = i (z), 5(z,0) = so(2), s¢(x,0) = s1(),
q(z,0) = qo(z),6(z,0) = bo(z),
y(@, p,0,0) = fo(z,po)/z € (0.1),p € (0.1),s € (0,72)

Meanwhile, from (275) we have:

PWtt + G(@ZJ — UJI) + 50x = 0,
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2. WELL POSEDNESS

Hence,
1 1 1
p/ wttd:c—l—G/(w—wz)da:jLé/ 0,dx =0,
0 0 0
that is
1 1 1
p/ widr + G —w,)| + 60| =0,
0 0 0
1 1
By (233) it follows that (¢ —w,)| = 0| =0, and therefore :
0 0
11
/ / Wit dr = 0.
0o Jo
Let us now solve :
d2 1
a |, w(z,t)dr = 0. (2.6)
We have:
d2 1 d 1
a w(z,t)de =0= d_t/O w(z,t)de =a

1
é/w(m,t)dx:at—i-b, (a,b) € R.
0

Now, we fix (a, b) using the initial data to finally obtain:

az/olwl(x)d:v, bz/olwo(x)dx.

/Olw(x,t) dr = t/olwl(x) dx—i—/olwo(a:) dr,

Hence,

Consequently, if we let

oz, t) = w(z, b) —t/olwl(ac) dz — /Olwo(x) dz, (2.7)
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we get

1
/ oz, t)dr =0 Yt >0
0

Using the same method from the fifth equation we have :

1 1
6/ qtdx—l—a/ qgdx + 46
0 0

1

= (0. Therefore :
0

1
—0, (2.8)
0

and by the initial condition, we have 6

d 1 1
0— d dex =0
dt oq x"‘a/oqx )

To solve it we proceed as follows:

d 1 1 d 1 1
0— d dr = 0— dr = — d
dt()qac—koz/()qx O:>dt/0qx a/oqx

d rl
L@ qdr _ o

fol qdx g

1
= In {/ qu} :—gt+c
0 )

1
:>/ gdr = Ke 5t
0

xr = /01 qo(x) dx.

Using the initial data we get :

Therefore, if we let

1
ala,1) = qla, 1) — e 5 / go(x)dz, (2.9)
0
we get :

1
/ g(z,t)de =0 V¥t >0.
0
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Therefore, the use of Poincare’s inequality for w, ¢ is justified. In addition, simple substitu-
tion shows that (w,, s, 6, q) satisfies System (223). Henceforth, we work with @, g instead
of w, g but write w, ¢ for simplicity of notation.

At this step, in order to define the energy functional of the previous system, we multiply
the equations of system ((23)) by we, (3s — ¥):, St, 0, ¢, and y|ua(p)| respectively and

integrating over (0,1), we find:

1 1 1
p/ wywy dr + G/ w(Y — wy) dr + 5/ O,widx =0,
0 0 0

I, / (35 — )u(3s — ) dz — D / (35— 1)s (35 — )y di — G / (35— 16,) (35 — )y d = 0,

I

1 4 1

p/ sttstd:c—D/ sttstd:c—l—G/ s — wz)d:c—l—?)’y/ sysdr + 6/ st dx,
0
02
/ / 8t|:u2 |y .ZU,]_,Q, ) 07
01
1
/9t9dx+/ qxedx+5/ Owy dx = 0,
0 0 0

1 1 1
9/ qtqd:t—l—oz/ qu:B—l—/ q0, dx = 0,
0 0 0

Summing up and integrating by parts, we get:

and

1d !
2dt {/ WtQ + 1,(3s — ¢)? + 3]p8t2 + 4782 + 3Dsi + D(3s — ¢)2 + G — w$)2 + p392 + 042 dx}
0

1 1 1 25
—15 [(tar—a [ @1 [ 2 [l dods
0 0 0 01

then, the energy functional is given by

(2.10)

1 [
:5/0 {pwi 4+ 1,(3s — )] + 31,57 + 3Ds2 + 4vs® + D(3s — )2
1 2
+D (¢ — wy)® + p3b” + 7¢* + 4/ / p ()| v, p, p, t)dpdp} da.
0 1
For the existence and uniqueness of the solution we first, we introduce the vector function

U= (w7wt7 3s — 1/)7 (38 - ¢)t7 S, St 07 q, y)T7
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and the two new dependent variables v = w;,u = Uy, = s, then system (EZ3) can be

written as follows:

Ut:AU

U(O) =Up = (wo,w1,330 — o, 351 — V1, S0, 51, 00, Qo, fo)T

where A : D(A) C H :— H is the linear operator defined by

AU

3o —u

L [D(Bs = ¥)uw + G (¥ — wy)]

i Dsypy — G (Yr — wy) — %’73 - %590 - % - f:f [2(0)| y(z, 1, 0,t)dp

1
pYp

and H is the energy space given by

where

H =H!x L*0,1) x Hy x L*(0,1) x Hy x L*(0,1) x L*(0,1) x L2(0,1)
x L?((0,1) x (0,1) x (11,72)),

L3(0,1) = {90 € L*(0,1)/ /01 p(x)dr = 0} 7

HN0,1) = H'(0,1) N L?(0,1),
HE(Oa 1) = {(10 € H2(07 1)/¢2(1) = ¢,(0) = 0} )

27
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For any
U= (w,v,3s —¢,3gp—u,s,cp,0,q,y)T € H,

U= (8,7,35— 14,30 —4,5,$,0,5,9)" € H,

we equip H with the inner product defined by

1

1 1
< U,U>H:p/ Uﬁda:+lp/ (390—u)(3¢)—ﬁ)da:+3]p/ opdr
- " R 1 o
+G/ (w—wx)(w—@x>dx+p3/ Qﬁdx—i-T/ qqdzx
N R " - R (2.13)
+ D/ (3s —1).(35 — ¥),dx + 47/ §sdx + 3D/ SpSpdx
0 0 0

1 1 T2
+4/ / / 0 |ln2(0)| yydpdpdz.
0 0 T

The domain of A is given by:

(UeM/we HENH! 3s— 1, s € H* N HY, )

D(A) =14 v,q€ H!, 3p —u,p,0 € H}(0,1),

\ y)yp € L2 ((07 1) X (Oa 1) X (7—1’7_2)) ay(xa()? 0, t) =@ )
Clearly, D(A) is dense in H. Now, we can give the following existence result:

Theorem 2.0.1. Let Uy € H and assume that (2Z4) holds. Then, there exists a unique
solution U € C (Ry,H) of Problem (210). Moreover, if Uy € D(A), then

UecC(Ry,DA))NC (Ry,H).
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Proof. First, we prove that the operator A is dissipative. For any Uy € D(.A) and by using
(212), we have:

(AU0) = p [ =160 =), + 80, ]vds
ny / Il [D(35 = §)a + Gty — w,)] (3 — ) da

4 4 [0
—/ [Dsm— (Y — wx)—gvs——ﬁso—g/ \p2(0)|y(z, 1, 0,t)do| pdx
01

e / (4= 1) () — wy) da

14 1
+,o3/ (qx+5vx)edx+e/ —(aq+0)qde
0

1 1
—l—D/ (3p — u), ¢)xd$+4”y/ psdr +3D [ s, dx
0 0
02 _1
+4/ / / olp2(0)|—ypy dodp dz.
o Jo J& 0
Therefore,

1 1 1
AU U) = -G — Wy )gdr — 0 o dr — 3G —wy)od.
(AU, D) /Ow wa)a d /w /Ow o) da
1

—G/l(so wx)vxderG/ol u(yp — wx)dx—4v/ s dx

0o 1
—4ﬁ/ 2clyz;—c// |2 (0)|py(z, 1 Q,t)dgdx—/qxed:v
01 0
—5/ Ugﬁdx—oz/ q dx—/ 0, dm—i—D/ (Bp —u),(3s — ), dx
0
02
+47/ gpsd:zc+3D/ PupSpdr — 4 /// |2 (o |ypydgdpdx
01
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Now using the integration by parts we find

1 1 1
<AU,U>:G/0 (w—wx)vm—l—é/o Hvxdx—D/O (3s — 1) (3p — ), dx

1 1 1 62
—3D/ sxsoxd:c—élﬂ/ sOQdI—Zl/ / lua(0)ley(z, 1, 0,t) dodx
0 0 0 01
1 1

1 1
+/ q@xdx—é/ vxﬁda:—oz/ q2dx—/ 0.qdx
0 0 0 0

1 1
+ D/ (3p —u).(3s — ), dx + SD/ OpSz AT
0 0

1 1 02
—4/ / / |12(0)ly,y dodp d.
0 0 61

As a result we write

1 1 T2
< AU, U >y=— 45/ ©?dr — 4/ / l2(0)| py(z, 1, 0, t)dpdx
0 0 Jn

1 1 T2 1
—4 / / / |2 (5)| ypydpdpda — o / gzdz.
0 0 1 0

For the third term of the right-hand side of (Z13), we have

1 1 T 1 1 T 1 d )
- / / / l2(0)| ypydpdpde = — 3 / / / l2(0)| ——y”dpdpdx
o Jo Jn o Jr Jo P

1 1 T2
-3 / / a(p)) (. 1, 0, t)dpda (2.15)
0 T1

(2.14)

1 [
+ 5/ / l2(0)| ¥* (2,0, p, t)dpdz.
0 1

By using Young’s inequality, we get

1 T2 1 T2 1
—/ / plp2(o)| wy(z, 1, 0,t)dpdx <3 (/ |u2(@)|d0>/ dx
0 T1 T 0

1 (2.16)
1 2 )
w5 [ ] @1, 0. 0o,
0 T1

Substituting (214) (213) into (213), using the fact that y(x,0, 0,t) = p(z,t) and (24), we

obtained ) )
T2
< AU, U >4 < —4 (ﬁ —/ |u2(g)|d9> / oidr — a/ ¢dr,
n 0 0 (2.17)

<0.
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Hence, the operator A is dissipative. Next, we prove the operator A is maximal.
It is sufficient to show that the operator (Id — A) is subjective. Indeed, for any
(f1s 2. f3s f4 f5s for fr. fso fo)© € M, we prove that there exists a unique V =

(v1, V9, V3, Vg, U5, Vg, U7, Us, Vg) € D(A) such that
(Id—A)V =F. (2.18)

That is,

vy — vy = fi,

pv2 — GUige — GU3g + V7, = pfo,

V3 — vy = f3,

Ivy — Dvsyy — Gus + Gug + Guip = 1, f4,

v~ v = fs, (2.19)

( + —ﬁ) Vg — Dv5m — Guz — Guy, + (3G + %7) Us
+35 [ e (p)| y(, 1, p,t)dp = I, fs,

P37 + Vg + 0V = p3 fr,

(T + a)vg + v7e = Tfs,

oy(x, p, 0,t) + Yp(x, p, 0,1) = 0fo.

\

We note that the last equation in (ZI8), we have
oy + Y, = ofo,
first, we solve the homogeneous equation, as follows
Wty =0=y,=—oy=y=Ke?,
then, using the variation of constants, we see that
oKe ™ — oKe ™ + K'e % = gf,

that is )
K'(x,p) = ofoe” = K(z,p) = Q/ foe®do + ¢y, c1 € R.
0

Hence, using the boundary conditions

p
y(z, p, 0,t) = e P + e / e’ fo(z,0,p,t)do, (2.20)
0
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then,
1
y(2,1,0,1) = e~Pip + ge” / e ol 0, 0,1)do, (2.21)
0

and we infer from (2718), that
Vg =Tfs — (T+ )vs = v7 = T/ flo)do — (T + a)/ vg(o)do. (2.22)
0 0

we have

U2=U1—f1, U4=U3—f37 U6=U5—f5- (2-23)

Inserting (2220) (2221) and (222) in (218),(21R) (218) and (2I8), we get:
[ p(v1 = 1) = GUigw — Gusp + 8(7fs — (T + @)vs) = pfs,

I,(vs — f3) — Dvsgy — Gus + Gus + Guy, = 1, fa,

(I, + 2B)(vs — f5) — Dvsgs — Guz — Gui, + (3G + 27)vs+

% 77;2 ‘MQ(Q)‘(S_QSO + oe* f—r? eggf9(xvav 9, T)d(f) = Pf67

p3(7 [ fs(o)do — (T + a) [y vsdo + vsy + 6(v1e — f1z)) = psfr.

\

by simplifications, we get:

;

pUv1 — lexz - GU3CC + 6(7—f8 - (7— + 04>U8) = p(fl + f2) - Tf87
]p — D’Ugmm — GU5 + GU3 + GUM; = [p (f3 + f4) 5

(Ip + 3G + %ﬁ + %7 + % f:f l2(p)| efpdp) V5 — Dusgy — Gug — Guip =
I (fs+ fo) + 4 (8= [ lma(0)| e *do) fs

| —ps(T + ) Jy vs(0)do + vsy 4 0viy = psfr — ps7 [y fs(o)do + 6 fio.
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finally ,we get:
pv1 — Guigy — Gy + 3Gus, — 0(T + a)vg = hy,

[pvg — D?Jggm — 3GU5 + 3G?le = hg,

(2.24)
p3vs — Dvsg, — Gvs — Guiy = hs,
L —pg(T + a) fom ’Ug(U)dO + Vg + 5'0190 = h4'
where: )

ps =1, +3G + 30+ 357+3 [ lmap)l e *dp,

hi=p(fi+ fo) = 7fs,

h2 = ]P (f3 +f4))
(2.25)

hs=1,(fs + fo) + 5 (5 — [ (0] €_pd£)) fs

—1 le Q|:U’2 ep fO egUfQ x,o,0, )dO'd,O,

| ha = psfr— ps7 [y fs(0)do + 6 fra.

We multiply (2223) by U1, 03,05, and (T + « fo vs(o)do, respectively, and integrate their
sum over (0,1) to get

( ,ofol vnndr — G fol V1V g dT — Gfol ViU dr + 3G fol V1Usedxr — O(T + @) fol vivgdr = fol v hidzx,
I, |, svs — D fol V3Vs3edr — 3G fol v3vsdr + 3G fol V3V1,dT = fol Ushod,
U3 fol 651]5(113 - D fol 65’05xmd$ - Gfol @5U3d$ - Gfol /7351)1de = fO @\5h3dI,

—p3(7 + )? fol (foz Ug(O')dO') (foz ﬁg(a)da) dr + (17 + «) fol (foz Ug(U)dU) Vg, dT

[ (T + ) fol (f5 vs(o)do) vidz = (T + ) fol (Js vs(o)do) hydz,
(2.26)
then, the following variational formulation:

B ((U1, V3, U57U8> ) (@1,@\37 s, 778)) =TI (51,@3, s, 778) ) (227)
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where

B: (HN0,1) x H}(0,1) x HY(0,1) x L*(0,1))* = R,
is the bilinear form defined by
1 1
B ((v1,v3,v5,v8) , (U1, U3, Vs, Ug)) =M4/ Usﬁsdﬂf—i—/)/ v U1 dx
0 0
1 1
+ Ip/ v3Uzdr + (T + «) / vg0sdx
01 4 0
+ D/ v3m63wdx + 3D/ U5m§}\5md$
0 0

1
+ G/ (—’le — U3 + 31)5) (—@\133 — @\3 + 3@\5) dx
0

+ p3(1 + a)? /01 (/O vg(a)da) (/0 @g(a)da) dz,

(2.28)
where pig =31, + 40+ 47 + 4]7? |p2(p)| e~ Pdp and
I': (H!0,1) x Hy(0,1) x Hj(0,1) x L2(0,1)) = R,
is the linear functional given by
1 1 1
r (1)\175)\3,’/0\5,68) :/ hlﬁldx +/ hg@gdx +/ hkﬁ}\g)dl'
0 0 0 (2.29)

+/01 Iy (—(7‘—}—04) /Oxi)\g(a)da) dz.

Now, for V = H}(0, L) x H}(0, L) x H}(0, L) x L2(0, L), equipped with the norm

(01,03, v5, v8) |3 = || (=012 — v3 + 3v5) || + [|o1]l5

2 2 2
+l[vslly + [Jvselly + [lvsall;
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then, we have

1 1
B(.0.0,P), (. ,6.P)) =ps [ wkde+p [ oido
0 0
1 1
—l—Ip/ vgd:v+(7+oz)/ vadz
0 o
+ D/ v3,dr + 3D/ vz, dx
0 0
1
+ G/ (—le — V3 + 31}5)2 dx
’ Lo ) (2.30)
+ ps(T + a)2/ (/ Ug(O')dO') dx
0o \Jo
1 1
Zp/ vide + (T—l—a)/ vidr
- 01
+ D/ v3,dr + 3D/ vz, dx
0 0

1
+ G/ (_Ula: — U3 + 31]5)2 dZE,
0
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thus, for some My > 0,
B ((U17U3:U5>US) ) (Ula v37U57U8)) > MO H(U17U37U57US)H?/ ) (231)

Thus B is coercive. Consequently, using Lax-Milgram theorem, we conclude that (23) has

a unique solution:
v € H: (07 ]-)7

vs,v5 € Hy(0,1), (2.32)
vg € L(0,1).

Substituting vy, vs, vs, and vg into (2220), (2221), and (2=22), respectively, we have

vy € H}(0,1),
Vg, Vg € H&(O, 1),

(2.33)
vr € HL(0,1),
Yy, € L* ((0,1) x (0,1) x (71, 72))-
Let 0, € H}(0,1) and denote
1
o =tila) - [ Bl (234
0

which gives us 0, € H}(0,1). Now we replace (v, 03, 05, s) by (01,0, 0,0) in (2223) to obtain

1 1 1
G/ (-’le — Us + 3U5) (-i)\lw) dx + p/ vﬂ;\ldx = / hli}\ldl’,
0 0 0

we get
1 1 1
G/ Viga V1AL :p/ vlﬁldx—G/ V3, 01,dT
0 o o (2.35)
+ G/ ’U5$1A)1xd$ - / hli]\ldl', \V/iJ\l S HS(O, ].),
0 0

which yields
Guige = pv1 — Gusy + Gus, — by € LQ(O, 1).

Thus
vy € H*(0,1). (2.36)
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Moreover, (39) also holds for any ® € C'([0,1]). Then, by using integration by parts, we

obtain

1 1 1
Gui(1)®(1) — Gy, (0)P(0) — G/ V12 Pdx + p/ v ®dx — G/ U3, Pdx
0 0 0

. . (2.37)
+G/ U5, Pdx —/ h1®dx = 0.
0 0
Then, we get for any ® € C*([0, 1])
Gv1,(1)®(1) — G, (0)®(0) = 0. (2.38)

Because ® is arbitrary, we get that vy, (0) = vi,(1) = 0. Hence, v; € H2(0,1). Using similar

arguments as above, we can obtain

vs,v5 € H?(0,1) N Hy(0,1),
vy € Hy(0,1), (2.39)
vg € HL(0,1).
Finally, the application of regularity theory for the linear elliptic equations guarantees the
existence of unique U € D(A) such that (217) is satisfied. Consequently, we conclude that

A is a maximal dissipative operator. Hence, by Lumer-Philips theorem, [12, 22|, we have

the well posedness result. This completes the proof. O]
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Chapter 3

EXPONENTIAL DECAY

In this section, we state and prove our stability result. We need the following lemmas.

Lemma 3.0.1. The energy functional E, defined by

1 1
=3 / {pwi 4+ 1,(3s — )] + 31,57 + 3Ds2 + 4vs® + D(3s — )2
0

1 T2 (31)
+D (¢ — wy)® + p3b” + 7¢* + 4/ / plia(p)| v (x, p, p, t)dpdp} dz,
0 T1
satisfies:
1 1
E'(t) < —a/ ¢ dx — 4770/ sidr <0, (3.2)
0 0
where: 1y = fn \pa(p)| dp >0,

Proof. Multiplying the equations of (233) by wy, (3s — ), s, 0, and @ respectively and
integrating over (0,1), we find:

( ,ofol wywy dx + G fol wi(Y —wy)dr + 6 fol Oy dr =0,

I, [/(35 — ¥)u(3s — )i da — D [ (35 — 1)0u(35 — 00); dx — G [/ (35 — 1b,) (35 — ) da =
I, fol Susydr — D fol susidr + G fol s:(1) — wg) da + 37 fol sisdr + 53 fol s? dx

+3 fo 7 silpe(o)ly(z, 1, 0,t) dz = 0,

03 fol 0,0 dx + fol q.0dx + 6 fol Ow,, do = 0,

\ 9f01 qeq dx + O‘fgl q* dx + fol g0, dx = 0.
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3. EXPONENTIAL DECAY

Summing up and integrating by parts, we get:

1d
>& {/ wtz + 1,(3s — w)f + 3],)5? + 4752 + 3Dsi + D(3s — ¢)2 + G — %)2 4 p392 + 62 da:}
0

1 1 1 25
——16 [ oo [ @ao—a [ & [Tl 10 dods
0 0 0 01

Using Young’s inequality, we arrive at

1 T2 1 T2 1
s [ wtolste 1o dpte < (5 [ |u2(9)|d9> [ st
0 T 0
(3.4)
/ / 12(0)| 12(z, 1, 0, £)dpda.

Now, multiplying the last equation in (233) by y |u2(p)| and integrating the result over
(07 1) X (07 1) X (T17T2>

dl 1 1 T2 )
%5/// plu2(p)y™(, p, 0, t)dpdpdz,
0 0 T1
1 1 T
—/ // [2(0)| yy,(z, p, 0, t)dpdpd,
:——/// |2 (p)| = (x, p, 0, t)dpdpdz,
(3.5)
// 2 (o)| (¥2 (2,0, 0,t) — y*(x,1, 0, 1)) dpdz,
1
=5 ([ mte >|dp)/ st
T 0
1 1 T
5 | [ ol e o
0 T1

From (B1) (B3), (84), and(B3) , we get (B2).

PO <o [ ¢w-1(s- [ ") | 2 (36)

then, by (24), there exists a positive constant 79 such that

1 1
E'(t) < —4770/ stdx — a/ ¢*dr <0, (3.7)
0 0

then, we obtain F is a nonincreasing function.
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3. EXPONENTIAL DECAY

Lemma 3.0.2. The functional

Fio) =1, [ @s=o)as— s —p [ ([[6s—0war) o

satisfies

D 1 1
F) <=5 [[Gs-vpdrre [ wiio

1 1 (3.8)
1
+c<1+—)/ (35—¢)fdx—|—c/ 0*dx
€1 0 0
Proof. The derivative with respect to t is:
1 1
RO =L, [ s =041, [ (35— 0)(3s = v)uda
0 0 (3.9)

—p/()lwtt (/Ox(i%s—w)(y) dy> —p/olwt (/Ox(i%st —)(y) dy) dx

By integrationg(23), we can wee that:

1 1
1= D/ (35 — )ua(35 — 0)da — G/ (0 — wa) (35 — $)dz,
0 0
using integration by part we get:
. 1 1
1-D [(35 o) -y~ [ (B wﬁ] 6 [ (w5 — v
0 0
using the initial data we get and simplifying we get
1 1
I = —D/ (3s — ¥)2dx + G/ (Y — w,)(3s — Y)dx
0 0

now, from (270) we have:
pwrt + G(w - WI>I + 69x =0

by integrating and multiplying by fol(?)s — ) (y)dy and we get:

p [ [ st [ @) [ Gs-onss [ 6. [ v =o

40



3. EXPONENTIAL DECAY

now, we have:
1 1 1
Fi() =1, [ Gs—0)tde =D [ s = 0o+ G [ (0 )35 — )
1
0

o [ [ G5 = )i

e / (6 — wa) /0 (35— 0)(y)dyda + 5 /0 0, /0 (35— 0)(0)dyde

after simplificaations and using integration by part we get:

R =1, [ @D [ 65— wiaa

+ 5/01 6, (/Ox(gs - w)(y)dy) da (3.10)
o [ ([ =vnta) as

Using Young’s, Cauchy-Schwarz, and poincare’s inequalities, we obtain (819). O

Lemma 3.0.3. The functional

By(t) = p/ol (¢ — w,) (/Ox wt(y)dy) dx (3.11)

satisfies

G 1 1
Fy(t) < — 5/0 (1 — wy)® da + 62/0 (3s — ¥)Zdx

1 1 1 1
+c(1+—)/ wfdx—l—c/ (92dx+c/ sidx
€2/ Jo 0 0

Proof. Differentiating F»(¢) with respect to ¢ and using integration by parts, we have:

(3.12)

B =p [ - [ aw i
+p/01<w—wx>Atht<y>dydx

Now using the first equation of the system (211), we obtain:

o (W) |ty dy s

S (PTRY  CT gr—y
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3. EXPONENTIAL DECAY

Direct computation:

o[- [ ety dyas
- —G/01<w ) [(w )

—v/olew—wx)l

1

dzx

0
dx

0

=—G/Olw—wmdaz—v/ol@(w—wr)dm

Therefore:

F(2) :p/01¢t/0xwt(y)dydx
—p/olwm/:wt(y)dydx
—G/()lw—wx)2d$—7/019(¢—wx)dx

Using integration by parts, we conclude:

1 1 1 1 1
F4<t>=p/0 wt/o wt(y)dydwrp/o w,?dw—G/O(@D—wx)zdw—v/o 60 — wy) da

Using the fact that ¢, = 3s; — (3s — v);, we find:

Bt —3p/ /wt Vdydz — p /(33—@/})t/0$wt(y)dydx
+p/ wtdx—G/ W — w,)? da — /01(1/1—%)9@.

(3.13)
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3. EXPONENTIAL DECAY

By Young’s Poincaré and Cauchy-Schwartz inequalities, we get:

1 T
3/)/ St/ w(y) dy da
0 0
1 1 x 2
Sc/ sfdx—i-c/ (/ wt(y)dy) dx
0 0 0
1 1
Sc/ sfdx—i-c/ w} dx
0 0
1 x
o [Gs=on [ iy
0 0
§62/(35—w) d:U—i—— (/ ()dy) dx
0
1
§62/<3S— das—i——/ / wtdydx
0

- 6/01(¢ — w,)0dx

G 1 1
g—/(w—wm)2d:c+c/ 6? da
2 Jo 0

Combining the above inequalities, we obtain (812) Using the fact that ¢ = 3s; — (3s — )y,
Young’s and Cauchy-Schwarz inequalities, we obtain (812)

Lemma 3.0.4. The functional
1 T
F3(t) == 7p3 / 0 ( / q(y)dy) dx (3.14)
0 0

1
Fi(t) < — /)23/ 92dx—|—53/ widx
0 0

1 b,
+cll4+— q dx
53 0

Proof. Differentiating F3(t) with respect to ¢, we find:

Fi(t —p3/ Qt/ dyda:—i—p;»,/ / ¢ (y) dy dz (3.16)

satisfies

(3.15)
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3. EXPONENTIAL DECAY

Using equations 4 and 5 of system (271), we get:

/)3/ et/ dyd:c——pg/ qx/ dyd:c—psaf wm/ y) dy dz
Ps/ / a:(y dydx——ap3/ / dyda:—pg/ /

Integrating by parts and using the initial conditions, it follows that:

1 1
,03/ Ht/ y) dy dx —,03/ q dx+p37/ quy dx
0
1
P3/ 9/ q:(y) dy dzx Z—aps/ / dydx—p:a/ 0° da
0 0 0

Replacing in Fj(t), we obtain:

1 1 1 1 x
Fé(t)Zpg/ q2dx+/135/ wtqdar—pz/ 92dw—ap3/ 9/ q(y) dy dx
0 0 0 0 0

Now, we use Young’s Poincare and Cauchy-Schwartz inequalities

1 T 1 1 T 2
05/ / 0q(y) dy dx < 63/ (w? —t)dw + L (/ q(y) dy) dx
0o Jo 0 €3 Jo 0

and
1 T P 1 1 T 2
—pa/ 0/ q(y)dydxg—3 02d:1:+c/ (/ q(y)dy) dx
o Jo 2 Jo o \Jo
ps [ !
§—/ 02d:1:+c/ ¢ dx
2 Jo 0
Hence, estimate (BI3) follows by combining F3(t) and the above inequalities. O

Lemma 3.0.5. The functional
1 T
Fy(t) == —ppg/ 7 (/ wt(y)dy) dx (3.17)
0 0

1 1
Fi(t) < — %6/ widr + 64/ (1 — w,)’ dz
0 0

1 1 1
—i—c(l—i——)/ 92dm+c/ ¢*dx
€4 0 0

satisfies

(3.18)
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3. EXPONENTIAL DECAY

Proof. Taking the derivative of F); with respect to ¢, we have:

1 a
Fy(t) = —pps/ Ht/ wi(y) dy du
0 0

1 o
—pp3/ 9/ wie(y) dy d
0 0

Using equations (033) of system (21), we find:

1 T 1 T
—pps/ 9,:/ wie (Y) dydm:p/ qx/ wi(y) dy dx
0 0 0 0

1 T
+p5a/ wm/ wi(y) dy dz
0 0

1 x 1 T
—pp3/ 9/ wtt(y)dydszm/ 9/ (¥ —wy)ydyde —p
0 0 0 0

Hence, using integration by parts, we see that

and

1 1 1 1
Fi(t) = — / qu dx — p5/ w?dr + ng/ 0(¢p — w,) de + 5p3/ 0% dx. (3.19)
0 0 0 0

Finally, applying Young’s Poincaré and Cauchy-Schwarz inequalities, we find:

1 1 1
—,0/ qwtdxgpé/ w?dx—i—c/ ¢ dx
0 0 0

1 1 1
ng/ 0(¢ — wy)de < 64/ (Y — we)? d + l/ 62 da
0 0 0

€4
With these inequalities, estimate (BIR) follows directly. ]
Lemma 3.0.6. The functional
1 1
F5(t) ::T(SGIP/O (3s — ) (Y — wy) dx — T(SDp/O wi(3s — ) dx
+ ps7 (Dp — G1,) /01 0(3s — )dx (3.20)
1

—7(Dp—Gl1,) / q(3s — V) dx

0
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3. EXPONENTIAL DECAY

satisfies
6GI, [* !
Fi(t) < — T 5 p/ (35 — )2dx —1—55/ (35 — 1p)2dx
1 " 1 10 ¢ [1
+ 86/ 0*dx + c (1 + —) / (p —we)’de + — [ ¢Pdx (3.21)
0 €/ Jo € Jo
1 1
+ c/ sidx + x/ 0.(3s — ) dx
0 0
where

X = 782D — (Dp — GI,) (TP;’D - 1) (3.22)

p

Proof. Differentiating Fj5 with respect to ¢, we find:

FU(t) = 05GI, /0 (35 — )t — we) di + 05GI, /0 (35— )t — wy) i
—600Dp /01 wit(3s — ), do — 95Dp/01 wi(3s — V) da
+ ps7(Dp — G1,) /01 0,(3s — ), dx
4 ps7(Dp—GI) /0 035 — ) di
—7(Dp—GI,) /01 ¢@(3s — )y dx —17(Dp — G1,) /01 q(3s — ) dx
Using equation (1.2.4.5) of system (21) along with integration by parts, we find:

1
0

1
Fi(t) = szé/ (Y — w,)? dw + 95Glp/0 (3s — )1y dx

1 0 D 1
520 / 0,35 —0). o+ 22 (Dp— G1,) / 6, (35 — ), do
0 0

p
1 1 (3.23)
ngD
(Dp—Gl1,) | (¥ —w,)dx+a(Dp—Gl,) | q(3s—1),dx
P 0 0
1
+ (Dp—GI,) / 0.(3s — ), drx
0
Using Young’s inequality, we get:
! 96GI1, (! !
3«9(5G1p/ s¢(3s —Y)dr < 5 p/ (35 — )7 dx+c/ s? dx
0 0 0
Ops ' ' 1 2
—(Dp—-GI,) | 0 —wy)de <e | Fdr+— | (Y —w,) dr
I, 0 0 € Jo
Exploiting these inequalities, we establish the proof. Il
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3. EXPONENTIAL DECAY

Lemma 3.0.7. The functional

1 1
Fs(t) := BIp/ ssydx + 25/ s*dx (3.24)
0 0

satisfies

t t t 1 1
F'(t)<-3D [ s d:z:—Qy/ sdx—irc/ (y—wQ)da:+c/ s da:—l—c/ [us (1)) (1, €1,0) d dx
0 0 0

0 r1
(3.25)
Proof. Using the third equation of system (21), we get:
1 1 1
3[p/ $Sy dx — 3D Sppsdr + BG/ (Y —w,)sdx
’ 1 - i T
—|—45/ s*dx —|—4ﬁ/ ssydx —|—4/ s/ |2 (p)|y(x, 1, 0,t) dodx =0
0 0 0 T1
Integrating by parts, we have:
1 1 1
Fi(t) :—SD/ sid:c—?)G/ s(w—wx)dx—l—?)lp/ s dx
0 0 0 (3.26)

1 1 T2
—4(5/ 32d$—4/ s/ l2(p)|y(x, 1, 0,t) dp dx
0 0 st

Using Young’s Poincaré and Cauchy-Schwarz inequalities, we obtain:
1 1 1
—3/ s( — wy) de < 7/ szdx—i-c/ (Y — w,)* dw
0 0

0
1 1 T2 2

—4/ / |2 (0)|y(x, 1, o, )dgda:<7/ s dx—i—c/ (/ (0 )|y(x,1,g,t)dg) dx
Sv/sderC// oy’ (z,1, 0,t) dodx

which concludes the proof. O]

Lemma 3.0.8. The functional

1 1 T2
- / / / pe " |uz(p)| y* (z, p, p, t)dpdpda
0 0 T1
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3.1. Exponential stability

1 1 T2 1
(t) S—m/ / / p\uz(p)\yQ(x,p,p,t)dpdpderﬁ/ syda
0 0 T 0
1 T2
—m / / a(0) | 42 1, py 1) dpda
0 1

where ny is a positive constant.

satisfies,

(3.27)

Proof. Using the third equation of system (21), we get:

1

1 1
3Ip/ $8y dr — 3D smsdm—i—BG/ (Y —w,)sdx
o - i T
+45/ 32dx+46/ sstdx+4/ s/ |2 (p)|y(z, 1, 0,t) dodz =0
0 0 0 T1

Integrating by parts, we have:
1 1 1
Fi(t) :—3D/ sidx—BG/ s(w—wx)da:‘—i-?)fp/ st dx
0 0 0

1 1 T2
—45/ 32d$—4/ s/ |2 (p)|y(x, 1, 0,t) dpdx
0 0 T1

Using Young’s Poincaré and Cauchy-Schwarz inequalities, we obtain:
1 1 1
—3/ s( — wy) de < 7/ 52dx+c/ (Y — w,)* dw
0 0

0
1 1 T2 2
—4/ / |2 (o) |y(x, 1, o, )dgdx<7/ s dx—i-c/ (/ |0 )|y(x,1,g,t)dg) dx
Sv/sdl’JrC// o)*y*(z,1, 0,t) dodx

which concludes the proof. Il

3.1 Exponential stability

In this subsection, we study the exponential stability of systems, and we consider the case
x = 0.

Theorem 3.1.1. Assume (232), there exist positive constants Ay and \y such that the energy
functional given by (B) satisfies

E(t) < Age™ M ¥t >0 (3.28)
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3.1. Exponential stability

Proof. We define a Lyapunov functional
=7
L(t) = NE(t)+ Fi(t) + Y _ NiF(t) (3.29)

=2

where N and N;,i = 2...7, are positive constants to be selected later. By differentiating
(B29) and using (B2), (89),(812),(B13H),(BIR),(B=21),(824), and (B=21), we have

L(t) <— [g - 55N5] /01(35 —)2dx

1
— [4noN — ¢Ny — ¢N3 — ¢Ng — [ N4] / stdw
0

(TGOl 1 !
|7 EN; —c <1 + —) - 82N2:| / (35 — )2dx
L 2 €1 0
G 1 ! )
— —N2—€4N4—C 1+ — N5—CN6 (w—wz) dx
| 2 €6 0
[ po 1 !
— p—N4—€1—C(1+_) N2_€3N3:|/ thdl’
2 €9 0
: ] 1 (3.30)
— @N3—56N5—c(1+—) N4—CN2—C]/ 0%dx
| 2 €4 0
[ 1 c L,
— OJN—CN4—C 1+ — Ng--Ng, QdiL'
L €3 €5 0

1 1
- [27N6]/ s*dx — [3DN6]/ sidx
0 . . 0
- [mN7—cN6]/ / |ua(p) v (2, 1, p, t)dpda
0 1

1 1 T2
~ [Vom) / / / pl112(0)] ¥ (@ p, 0, ) dpdpda
0 0 1

By setting

rGOLNs 1 GN, D 1

:1 == = — - —_— = —_— =
€1 y €2 4N2 ) €3 N37€4 4N4755 4N5’€6 N5
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3.1. Exponential stability

we obtain
D 1
cn < - H [ @5 =
4| Jo
1
— [4noN — ¢Ny — ¢N3 — ¢Ng — BN7] / sidx
0

(TG,
4

. 1
- %]\@ —c(1+ Nj) Ns _CN6:| / (¢ — w,)* do
I 0

[ pd N. !
_ _%N4_C<1+F§>N2_2]/0 wtzdx

- N )
- _%N3—0<1+F4>N4—CN2—C—1]/0 0%dx

2

Ny — 20] /1(35 —)2dx
0

(3.31)

1
— [@N — ¢Ny — ¢(1+ N3) N3 — cN;] / ¢*dx
1 1 ’
— [2yNg] / s*dx — [3D Ng] / s2dx
0 ) 7—2 0
— [m N7 — cNe]/ / |12(0)| ¥*(, 1, 0, t)dpda
0 T1

1 1 T2
— [Nem] / / / plua2(p)| v (z, p, 0, t)dpdpdz,
0 0 T1

Next, we carefully choose our constants so that the terms inside the brackets are positive.

We fixed Ng, and we choose N5, N; large enough such that

TGOl

a1 = 1

Q2 :771N7—CN6 >0

N5—20>0

then, we choose N, large enough such that
G
Q3 — ZN2_C<1+N5)N5_CN6 > O

then, we choose Ny large enough such that

5 N,
a4:%N4—c(1+ﬁz>Ng—2>O

then, we choose N3 large enough such that

N
a5:%Ng—c(1+ﬁi>N4—cN2—c—1>O

20



3.1. Exponential stability

thus, we arrive at

L'(t) < - D/l(?)s—z/)) dx—ag/1(w—wx)2dx—[Nno—c]/lsfdx

0

1
—ag// olua(0)| v (x, )dpdx—al/(3s—w)t2dx
0

1
— as de—a7/sdx—[aN—c]/qu—a4/ widz

—aﬁ/sdx—as/// olu2(0)v*(x, p, 0,t)dpdpda

where ag = 2vNg, ar = 2D Ng, ag = 11 N7. On the other hand, if we let

(3.32)

T = A0+ Y V)
then, B
poI<t, [ 1@s—o)@s—iddssp [ o ([0 =0y |
# 8 [ =) ([ eatiay) | N (o ([ atay ) as

1
dz + Ns7|(Dp — G1,)| / lg(3s — ),| dz
0

+ Nupps /01 0 (/Oxwt(y)dy>

1 1
+ N57'(5Gfp/ |(3s — )¢ (Y — wy)| dx + N575Dp/ lwi(3s — )| dx
0 0

1 1
+N5p37'|(Dp—GIp)|/ |0(3s—¢)t|dx+3IpN6/ |ss¢| dx
0 0

1 1 1 )
+28 / s’dx 4+ Ny / / / pe |z (p)l y* (x, p, p, t)dpdpdz.
0 0 0 T1

Exploiting Young’s, Cauchy-Schwarz, and Poincaré inequalities, we get

1
13(¢)] gc/ (wtz + (85— )2+ (35— )2+ (¢ —wy) + 82+ 52+ sf) dz
0

1 1 1 T
+ c/ (0° + ¢%) do + c/ / / plu2(p) v (x, p, p,t)dpdpda.
0 0 0 T1

[T@)] < cE()

then,

ol



3.2. Polynomial stability

Consequently, we obtain
[Z(0)] = |£(t) = NE(t)| < cE(t)

that is,
(N —c)E(t) < L(t) < (N +c)E(t) (3.33)

Now, by choosing N large enough such that
N—-—c>0,aN —c>0,79N —c>0

and exploiting (B), estimates (B232), and (BZ33), respectively, give

L'(t) < =k E(t) (3.34)
for some ky > 0, and
aB(t) < L(t) < eBE(t),¥t >0 (3.35)
for some ¢y, ¢y > 0, we have
L(t) ~ E(t)
A combination with (B234) gives
L'(t) < =\ L(L) (3.36)

where \; = ’2—; Finally, a simple integration of B48, we obtain (B28). Then the proof is
complete. O

3.2 Polynomial stability

In this subsection, we study the polynomial stability of systems, and we consider the case
X # 0.

Theorem 3.2.1. Assume (E32), there exist positive constant Cy such that the energy func-

tional given by (B) satisfies

E(t) < %,Vt >0 (3.37)

Proof. First, we introduce second-order energy functional Fs(t) by

EQ(t) = E1 (wt7¢t7 Stagtvqt) = E(wh,lvbtvst)etvqt)
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3.2. Polynomial stability

satisfies ) .
Byt) < ~a [ qtdo—am [ sida
0 0

1
< —a/ qfda:
0

And thanks to (201), and Young’s inequality, the last term of F}(t) gives

(3.38)

1 1 1
X/ 0.(3s — ) dx = —XT/ q:(3s — V) dx — X/ q(3s — ) dx
° c 10 e [ ’ 1
< — qfdx + —/ ¢dx + 257/ (3s — Qb)idx
€7 Jo €7 Jo 0
We define a Lyapunov functional
=7

G(t) :== N (E(t) + Ev(1) + Fi(t) + Z NiFi(t) (3.39)

=2
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3.2. Polynomial stability

where N and N;,7 = 2...7, are positive constants to be selected later..By differentiating
(B3)and using (82), (89) (612),(615), (518),(B20), (25), (820), and (B389), we have:

1
G'(t) < — E — (&5 + 2¢7) Nsl / (3s —4)idx
0
1
— [4noN — ¢Ny — ¢N3 — ¢Ng — SN7] / sdx
0

- 1
_ TG;IP N; —c¢ (1 + i) — €2N2:| / (3s — ¥)Zdx
I 0

€1
G 1 ! )
- —N2—€4N4—C 14+ — N5—CN6 (1/}—(,033) dx
_2 €6 0
[ pd 1 !
N e —c (1 + —) N, — ggNg] / widz
| 2 €2 0
[ p3 1 '
— ?Ng — €6N5 —c| 1+ 5_ N4 — CN2 —C 0°dx (340)
L 4 0

[ 1 c ¢ b,
—|laN—-—cNy—c|1+— | N3— | —+— | N; q°dx
L €3 € &7 0
1 1
— [27N6]/ s*dx — [3DN6]/ s2dx
0 0

1 T2
Ny — Ny / / 12(0)] (2, 1, 0, ) dpda
0 T1

1 1 T
— [N7m] / / / olp2(0)| y*(z, p, 0, t)dpdpdz
0 0 T1
1

= [Noz— £N5}/ qidz.
€7 0

1 7G61,N5 1 GN, D 1 D
PN, 7T N T T AN, T T 8N

By setting
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3.2. Polynomial stability

we obtain

g <- 2] [ viar

1
— [4noN — ¢Ny — ¢N3 — ¢Ng — BN] / sidx
0

- 1
TGf]p Ny — 20] / (3s — )idx
0

r 1
_ §N2 —¢(14 N5)N; — cNﬁ} / (1) — wy)? da (3.41)
_4 0

[ pd N. !
_ _%N4—c<l+ﬁz>]\72—2}/0 wtzdx

- N .
- _%Ng—c(l—i-f)]\&—c]\@—c—l]/o 0%dx

2

1
— [@N — ¢Ny — ¢(1+ N3) N3 — c¢N;] / ¢dx
0

1 1
— [2yNg) / s%dx — [3D Ng] / sidx
0 0
1 T2
- [771N7—CN6]/ / \a(p)| v* (2,1, 0, t)dpdx
0 T
1 1 T2
— [N7m] / / / plp2(0)| y*(z, p, 0. t)dpdpdz
0 0 T1

1
— [Na—cNg]/ q;tdx
0

Next, we carefully choose our constants so that the terms inside the brackets are positive.

We fixed Ng, and we choose N5, N7 large enough such that

TGol,
4
Qg = 771N7 —cNg >0

Ny —2¢>0

a1 =

then, we choose Ny large enough such that
G
Q3 = ZNQ—C(1+N5)N5—CNG >0
then, we choose Ny large enough such that

p5 N2
N 1222V N, =2
Oy 5 4 C(+N5) 2 >0
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3.2. Polynomial stability

then, we choose N3 large enough such that

N
0452%Ng—c(1+ﬁi>N4—cNg—c—1>0

thus, we arrive at
D [ 1 1
g't) <-— Z/ (3s — ¥)2dx — Oég/ () — wy)? dx — [Ny — ¢ / sidx
0 . 0 : 0
—a [ [ oln@ P10 0ot — oy [ (35— 0t
0 1 0
1 1 1 1
- a5/ 0*dr — a7/ sidx — [aN — c]/ ¢dr — a4/ widz (3.42)
0

0 0 0
1 1 1 ™
s [ #de—as [ [ [ olalo)l e p. o) dpdpds
0 0 0 T1
1

—[Na—c]/ ¢idz.
0

where ag = 27Ny, ay = 2D Ng, ag = 11 N7. On the other hand, if we let

=7

K(t)=Fi(t)+ Y _ NF(t)

1=2

" ( | s w><y>dy)
dz + Nyps /01 0 (/qu(y)dy>

1
de + Ns7|(Dp = GI)| / 4(35 — )| da
0

K@) <I, / (35— )(3s — Q)| di + p / dz

g | - w) ([ ta)
+ N | o ( I wt(y)dy>

1 1
4+ NsTOGI, / (35 — ) (4 — wy)| dz + Ny70Dp / lwn(35 — )| dz
0 0

dx

1 1
+N5p37|(Dp—GIp)|/ |9(3s—w)t\dm+31p]\/'6/ |s8¢| dx
0 0

1 1 1 T
+ 25 / s*dx + Ny / / / 0e " |ua(0)| y* (x, p, 0, t)dpdpdzr.
0 0 0 T1

Exploiting Young’s, Cauchy-Schwarz, and Poincaré inequalities, we get
1
IK(t)] §c/ Wi+ (Bs—¥)?+(Bs—¥)2+ (Y —w,)” + s>+ 52 +s7)dr
0

1 1 1 p)
+ C/ (0° + ¢*) dz + 0/ / / p (o) 2 (x, p, p, t)dpdpda
0 0 0 T
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3.2. Polynomial stability

then,
[K(8)] < cEn(t)

Consequently, we obtain

()] = 1G(t) = N (Ex(t) + Ea(t)| < cE(t) = cEq(t)

that is,
(N —)Ey(t) + NEy(t)(t) < L(t) < (N + ¢)Ey(t) + N Es(t) (3.43)

Now, by choosing N large enough such that

N—-—c>0,Noe—c>0,Nng—c>0

and exploiting (B), estimates (B43) and (B22), respectively, give

mi (Ey(t) + Es(t)) < G(t) < ma (Ey(t) + Ba(t)), ¥t > 0 (3.44)

for some mq, my > 0.

we have

G(t) ~ (Ev(t) + Ex(t))

and we have

G'(t) < —diE(t) (3.45)
for some d; > 0.
Integrating (3.45), we get
! 1 1
/ Ex(y)dy < —(6(0) = G(1)) < —G(0)
0 dy d (3.46)
< T;L—f (E1(0) + E»(0))
using the fact that
(tEW(t)) = Ex(t) +tE(t) < Er(t) (3.47)
we get that
L (1) < 5 (B1(0) + Ex(0) (3.48)
which gives us
Bi(r) < ! (3.49)
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3.2. Polynomial stability

where C = %2 (E1(0) 4 E»(0)), we obtain (829). Then the proof is complete. O

1

o8



3.3. CONCLUSION

3.3 CONCLUSION

This work studies the linear thermoelastic laminated Timoshenko beam with distributed
delay, where the heat conduction is given by Cattaneoas law, where the well posedness of
the system is established. Moreover, the exponential and polynomial stabilities of the system
for both cases, equal and nonequal speeds of wave propagation are proven. In the next work,

we will apply the distributed delay in our studied problems in previous studies [22, 23, 24].
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