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Abstract

In this thesis we considered some elastic, thermoelastic and viscoelastic systems with the presence
of different mechanisms of dissipation damping and for more general forms of nonlinearities addressed
from a different angle, and under assumptions on initial data and boundary conditions, conditions on
damping and source terms. In our study, we focused on studying the stability of the solution and the
instability of the solution (the explosion of the solution at a finite instant in time), and it started with
study the existence and uniqueness of the solution we have demonstrated the existence and uniqueness
of the solution by using the Semi-group method if the problems studied are linear, and if the problems

studied are not linear we applied the Feado-Glarken method

Keywords: Timoshenko systems, Bresse systems, Porous systems, Thermoelasticity, Second sound,
Distributed delay term, Infinite memory, Source term, Positive initial energy, Degenerate damping, Non-
linear viscoelastic wave equations, Global nonexistence, Semi-groupe method, Feado-Galarkin method,

Concavity method, Energy method, Lyapounov functional, Exponential decay.



Résumé

Dans cette these, nous avons considéré certains systemes élastiques, thermoélastiques et viscoélastiques
avec la présence de différents mécanismes d’amortissement de dissipation et pour des formes plus
générales de non-linéarités abordées sous un angle différent, et sous des hypotheses sur les données
initiales et les conditions aux limites, les conditions d’amortissement et les termes sources. Dans notre
étude, nous nous sommes concentrés sur I’étude de la stabilité de la solution et de 1’instabilité de la so-
lution (I’explosion de la solution a un instant fini dans le temps), et cela a commencé d’abord par étudier
I’existence et I'unicité de la solution que nous avons démontré 1’existence et 1’unicité de la solution en
utilisant la méthode du Semi-groupe si les problemes étudiés sont linéaires, et si les problemes étudiés

n’est pas linéaires on appliquée la méthode de Feado-Glacken.

Mots clés : Systemes de Timochenko, Systemes de Bresse, Systemes de poreux, Thermoélasticité,
Terme de retard distribué, Deuxieme son, Mémoire infinie, Terme source, Energie initiale positive,
Amortissement dégénéré, Equations d’ondes viscoélastiques non linéaires, Non-existence globale, Méthode
de concavité, Méthode de Semi-groupe, Méthode de Feado-Galarkin, Méthode de 1’énergie, Lyapounov

fonctionnel, Décroissance exponentielle.
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Introduction

The aim of this thesis is to investigate the stability of some elastic, thermoelastic and viscoelastic
evolution problems, such as the Timoshenko systems, Bresse systems, Porous systems and the systems

of viscoelastic wave equations.
The thermoelasticity theory:

The classical model of thermoelasticity is based on Fourier’s law, i.e. the heat flux is proportional to
the gradient of temperature. Over the past two decades, there have been a lot of work on local existence,
global existence, well-posedeness, and asymptotic behavior of solutions to some initial-boundary value

problems as well as to Cauchy problems in both one-dimensional and multi-dimensional thermoelastic-
ity.
Thermoelasticity of type I, IT and III:

In [18, 19, 20] Green and Naghdi introduced the equation of heat conduction :

K*V?0 + KV%0 = pC,0 + vIou; (1)

i,i°

where u is the displacement field, 6 is the temperature above reference temperature 7\, C, is the specific
heat of the solid at constant volume, K™ is the thermal conductivity rate and K is the thermal conductivity
of the medium. Notice that if we put K* = 0 in equation (1) i.e. the thermal conductivity rate is absent,
then the equation is acknowledged by the heat conduction equation for GN-I theory of thermoelasticity
and if we substitute K = 0 in equation (1) i.e. the thermal conductivity rate is absent, we obtain the heat

conduction equation of GN-II theory of thermoelasticity.
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Thermoelasticity with second sound

One theory suggests that we should replace Fourier’ s law

q+ K6, =0,

by the so-called Cattaneo’ s law

79, +q + kO, = 0.

Result concerning existence, blow up, and asymptotic behavior of smooth, as well as weak solutions in
thermoelasticity with second sound have been established over the past two decades. See [60, 65] and

references therein.
The Bresse systems

The study of Bresse systems started in 1859 in the work of Bresse [4] in which he gave the following

system consists of three wave equations

P1¥n = Oy +IN+Fy,
Py = M, - Q+ F», (2)
piwy =N, =10 + F3,

where
N=ko(w,=1lp), Q=k(p.+lw+y), M=Dby, (3)

we use N, Q and M to denote the axial force, the shear force and the bending moment. By w, ¢ and
we are denoting the longitudinal, vertical and shear angle displacements. Here p; = pA,p, = pl,b =
El,ky = EA,k = KGA and [ = R™'. To material properties, we use p for density, E for the modulus
of elasticity, G for the shear modulus, K for the shear factor, A for the cross-sectional area, I/ for the
second moment of area of the cross-section and R for the radius of curvature and we assume that all this
quantities are positives. Also by F; we are denote external forces.

We will present some works, which studied the stability of the dissipatif Bresse system. The paper [1]

was concerned with asymptotic stability of a Bresse system with two frictional dissipations

P1¢u — k(px + 1w + ), — kol (Wx = lp) = =y1001,
P — by + k(@ + Iw + ) = =y, 4)
P1wy —ko(wy —lp), + k(o +Iw+y) =0.
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Under the condition of equal speeds of wave propagation, the authors proved that the system is expo-
nentially stable. Otherwise, they show that the system is not exponentially stable. Then, they proved
that the solution decays polynomially to zero with optimal decay rate, depending on the regularity of

initial data.

In [14], the authors considered two Cauchy problems related to the Bresse model with two dissipative
mechanisms corresponding to the heat conduction coupled to the system. The first of them is the Bresse

system with thermoelasticity of Type I:

P1$u = k(px =¥ — lw), — kol(wy — lp) + Iy =0, in R x (0, c0)

P2 — DYy — k(s — ¢ — lw) +¥6>, = 0,  In R x (0, 00)

P1wy — ko(w, — lp)y — kl(px — ¥ — lw) + y0;, =0, inR X (0, c0) 5)
01, — k101, + my(wy — lp), =0, 1inR X (0, 00)

0y — ky0pr + Mot =0, in R X (0, 00),

with the initial data

((pa @1, W, wta W, Wy, 91, 62)(x’ O) = (‘100, @1, l//()a l/’l, wo, W1, 910’ QZO)('X)'
The second one, is the Bresse system with thermoelasticity of Type III:

P1@n — k(@ — ¥ — lw) — kol(w, — lp) + Iy0;;, =0 in R x (0, ),

P2 — b — k(o — ¢ — lw) + y0rs = 0 in R X (0, 00),

prwy — ko(wx — )y — kl(py — ¢ — lw) +¥01, =0 In R X (0, 00), (6)
O — k161 — 101000 + my(wyx — lp); =0 in R X (0, 00),

02t — koOsyy — @202 + Moy, =0 In R X (0, 00),

with the initial data

(0, 01, ¥, Y1, W, Wy, 01,02, 014, 02,)(x,0) = (@o, @1, Yo, Y1, wo, W1, O10, 620, O11, 021)(X),

where a1, a3, p1,02,7,b,k, ko, ki, ko, 1 my and m, are positive constants. The authors proved that the
decay rate of the solutions are very slow in the whole line, where they show that the solutions decay
with the rate of (1 + £)~!/® in the L?>-norm, whenever the initial data belongs to L'(R) N H*(R) for a

suitable s. The main tool used to prove this results is the energy method in the Fourier space.

e is easy to see that for / = 0 where the longitudinal displacement w is not considered, the system

(2) leads to the Timoshenko system.
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The Timoshenko systems

The study of Timoshenko systems started in 1921 in the work of Timoshenko [66] in which he gave

the following system of coupled hyperbolic equations

i = (K(@x = ¥)x, in (0, L) x (0, +00)
{pw ox— Y 1 o

Iy = (EIY)x + K(gx =), in(0,L) X (0, +00),
where ¢ denotes the time variable, x is the space variable along the beam of length L, in its equilibrium
configuration, ¢ is the transverse displacement of the beam and  is the rotation angle of the filament
of the beam. The coefficients p, I, E,I and K are, respectively, the density (the mass per unit length),
the polar moment of inertia of a cross section, Young’s modulus of elasticity, the moment of inertia a
cross a section and the shear modulus. In the aim to find the minimal dissipation such that the solution
of the coupled system (7) decays uniformly to zero, as time goes to infinity, several authors introduced
different types of dissipative mechanisms to stabilize system (7). For example, two frictional linear
dampings ¢;, ¥, acting on the first and the second equations respectively have been used in [61]. Also
many authors proved that the presence of only one damping (frictional damping ¢;, localized frictional
damping a (x) ¢;, of memory type fot g(t— 1), (1)d7 ) acting in the domain on a some part of it, suffices
to stabilize the system. Frictional damping with an indefined sign has also considered lately in [49].

Kim and Renardy [24] considered (7) together with two boundary controls of the form

Ky(L,t) — Ko (L, t) = ap(L,t), Yt>0
EIWx(L’ t) = _,8901(14, t)’ vt > O»

and used the multiplier techniques to establish an exponential decay result for the total energy of (7).

They also provided numerical estimates to the eigenvalues of the operator associated with system (7).

Concerning the Timoshenko system with viscoelastic damping, Ammar-Khodja et al. [25] considered

a linear Timoshenko-type system with memory of the form

P1Pn — K(‘px + w)x =0,

' (8)
p2lr//tt - b'vax + / g(t - S)l/’xx(s)ds + K(‘)Dx + l//) = O’
0

in (0, L)X (0, +00), together with homogeneous boundary conditions. They used the multiplier techniques
and proved that the system is uniformly stable if and only if the wave speeds are equal (pﬁl = p%) and g
decays uniformly. Precisely, they proved an exponential decay if g decays in an exponential rate and

polynomially if g decays in a polynomial rate.
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For the Timoshenko systems in classical thermoelasticity, Rivera and Racke [47] considered

P19 — 0 (@, ) = 0, in (0, L) X (0, +00)
Py — b + k(@ + ) +y0, =0, in(0,L) X (0, +o0) )
p301 - kexx + 7'70tx = 0’ in (O’ L) X (Oa +OO)

Under appropriate conditions of o, p;, b, k,y, they proved several exponential decay results for the

linearized system and a non exponential stability result for the case of different wave speeds.

In the other hand, for the Timoshenko systems in thermoelasticity of type III, we have the recent
papers of Messaoudi and Said-Houari [43, 44] in which the authors proved several stability results.

More precisely, in [43] they investigated the asymptotic behavior of the problem

p1ey — K (g + ), =0,
p2wtt_wax+k(‘10x+w)+ﬁ9x =0, (10)
p39tt — 00, + ywttx - ketxx =0,

in (0, 4+00) X (0, 1) and proved an exponential decay result similar to the one in [47]. We recall that
the heat conduction in (10) is given by Green and Naghdi’s theory. The same problem (10) with an
additional damping of history type of the form

/mg(S)wxx(x, t—s)ds, (11)
0

acting in the second equation has been analyzed in [44]. The authors of [44] proved an exponential
and polynomial stability results for the equal and nonequal wave-speed propagation under conditions on
the relaxation function g weaker than those in [40] and [48]. For the general stability of (10) with (11),
see [16].

Concerning the Timoshenko system with delay, Said-Houari & Rahali [62] considered the following

Timoshenko system with infinite history and a delay term in the internal feedback

P1@u (x, 1) — K (o + ), (x,1) = 0,
P2 (X, 1) = by (X, 0) + [37 8 () e (x, 1 — 5) ds (12)
+K (@ + ) (x, 1) + iy, (X, 1) + o (x, 1 — 1) = 0.

They established the well-posedness of problem (12) and the exponential stability of solution. In the
absence of the viscoelastic damping (g = 0), problem (12) has been studied recently by Said-Houari &

Laskri [63]. Under some assumption, they proved the well-posedness and established for u; > u, an
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exponential decay result for the case of equal-speed wave propagation, i.e.

— == (13)

Subsequently, the work in [63] has been extended to the case of time-varying delay of the form ¢, (x, t — 7 (¢))
by Kirane, Said-Houari & Anwar [25]. First, by using the variable norm technique of Kato and under
some restriction on the parameters yu, i, and on the delay function 7 (¢), the system has been shown to
be well-posed. Second, under relationship between the weight of the delay term in the feedback, the
weight of the term without delay and the wave speeds, an exponential decay result of the total energy

has been proved.

Recently, Nicaise et al. in [52], introduced the case of time-varying delay in the wave equation and

proved the exponential stability under the condition

M2 < V1 —dpu, (14)

where the constant d satisfies
7@ <d<1, forallt>D0, (15)

and
7€ W2 ([0,T]), forall T > 0. (16)

The Porous systems

The study of Porous systems started in 1972, where the one-dimensional Porous-elastic model is given
by

Polly Mty + By, 1n (0,1) X (0, L)
pokey = ag,; —Pu,— 19, —Ep, in (0,1) x (0,L),

and it has been studied by many authors. The first contribution in this direction was obtained by [59].
To be more precise, which was developed in [15], the authors showed that the classical elasticity theory
to porous media by introducing the concept of a continuum theory of granular materials with interstitial
voids into the theory of elastic solids with voids. In addition to the usual elastic effects, the materials
with voids possess a microstructure with the property that the mass at each point is obtained as the
product of the mass density of the material matrix by the volume fraction. This concept was introduced

in the pioneered work in [54], when the authors have advanced nonlinear theory of elastic materials with
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voids (See [8], [9]). In the other hand, the basic evolution equations for one-dimensional theories of

porous materials with memory effect are given by
puy =Ty, Jéd,=H,+G, (17)

where T is the stress tensor, H is the equilibrated stress vector and G is the equilibrated body force. The
variables u and ¢ are the displacement of the solid elastic material and the volume fraction, respectively.

The constitutive equations are

T = uu, + b, H:6¢x—/g(t—s)¢x(s)ds, G = —bu, — &¢. (18)
0

In [2] substituting (18) into (17) is concerned

{ puty — ity — bdy = 0, in (0,1) X (0, c0) (19)

Jbu — 6o+ buy +Ep+ [[ gt = $)dux (x,8)ds =0, in (0,1) x (0, 0).

A porous-elastic system with memory term and Neumann-Dirichlet boundary conditions where g is
the relaxation function it has been proved a general decay result, for more detail (see [2]). Apalara
established the stability result of solutions to the system for the case of equal speeds of wave propagation.
Feng et al [12], developed the work for the case of nonequal speeds of wave propagation . In [30] the

authors considered the following system

puy — ity — by = 0,
J¢tt - 6¢xx + bux + a¢ + / g(s)¢xx(t - S)ds + a(t)f(¢t) = O’

0

(20)

they proved the global well posedness and stability results of a nonlinear damping porous-elastic system
with past history for the case of equal speeds of wave propagation. And in [31], The authors have

developed the work for the case of nonequal speeds of wave propagation.

Choucha et al [7] considered the following system with memoery and distributed delay terms

Py — Hye — b = 0,
Ju — 0pxr + bu, + &P+ /0 g(s)¢xx(l — s)ds (21)

g, + / 2(0)d:(x. 1 — 0)do = O,

71

they proved the exponential stability results for the case of equal speeds of wave propagation under

assumptions suitables.
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The system of damped wave equation

Originally the interaction between the source term and the damping term in the wave equation is given
by :
Uy — Au+ alul" > u = bluu, in Q% (0,T), (22)

where Q is a bounded domain of RY, N > 1 with a smooth boundary dQ, has an exciting history.
It has been shown that the existence and the asymptotic behavior of solutions depend on a crucial way
on the parameters m, p and on the nature of the initial data. More precisely, it is well known that in the

absence of the source term ||~ u then a uniform estimate of the form
llu: DIl + IVu @I, < C, (23)

holds for any initial data (ug,u;) = (4(0),u,(0)) in the energy space HO1 (Q) x L*(Q), where C is a
positive constant independent of 7. The estimate (23) shows that any local solution u of problem (22)
can be continued in time as long as (23) is verified. This result has been proved by several authors. See

for example [21, 27].

On the other hand in the absence of the damping term |ut,|" 2 u,, the solution of (22) ceases to exist and

there exists a finite value 7" such that
lim [lu (9], = +oo, (24)

the reader is refereed to Ball [3] and Kalantarov & Ladyzhenskaya [23] for more details. When both
terms are present in equation (22), the situation is more delicate. This case has been considered by
Levine in [35, 36], where he investigated problem (22) in the linear damping case (m = 2) and showed
that any local solution u of (22) cannot be continued in (0, c0) X Q whenever the initial data are large
enough (negative initial energy). The main tool used in [35] and [36] is the ”concavity method”. This
method has been a widely applicable tool to prove the blow up of solutions in finite time of some
evolution equations. The basic idea of this method is to construct a positive functional 6 (¢) depending
on certain norms of the solution and show that for some y > 0, the function 877 (¢) is a positive concave
function of ¢. Thus there exists 7" such that tl_i)rpﬁ‘y (1) = 0. Since then, the concavity method became
a powerful and simple tool to prove blow up in finite time for other related problems. Unfortunately,
this method is limited to the case of a linear damping. Georgiev and Todorova [17] extended Levine’s
result to the nonlinear damping case (m > 2). In their work, the authors considered the problem (22)
and introduced a method different from the one known as the concavity method. They showed that the
solutions with negative energy continue to exist globally ’in time’ if the damping term dominates the

source term (i.e.m > p) and blow up in finite time in the other case (i.e.p > m) if the initial energy is
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sufficiently negative. Their method is based on the construction of an auxiliary function L which is a
perturbation of the total energy of the system and satisfies the differential inequality
dL (1)

1+v
7 >ELT (). (25)

In [0, o) , where v > 0. Inequality (25) leads to a blow up of the solutions in finite time ¢ > L (0)™ & 'v7!,
provided that L (0) > 0. However the blow up result in [17] was not optimal in terms of the initial data
causing the finite time blow up of solutions. Thus several improvement have been made to the result in
[17] (see for example [33, 34, 39, 67]. In particular, Vitillaro in [67] combined the arguments in [17]
and [34] to extend the result in [17] to situations where the damping is nonlinear and the solution has
positive initial energy.

In [69], Yang.Z, studied the problem

w; — Au; — div (|Vu|”—2 Vu) — div (|Vu,|ﬂ—2 Vut)

+a |u|" 7 uy = blul"u,

(26)

in (0,7) x Q with initial conditions and boundary condition of Dirichlet type. He showed that the
solutions is blow up in finite time 7* under the condition p > max {@, m}, @ > 3, and the initial energy
is sufficiently negative (see condition (ii) in [69][Theorem 2.1]). In fact this condition made it clear that
there exists a certain relation between the blow-up time and |Q|([69][Remark 2]).

Messaoudi and Said-Houari [42] improved the result in [69] and showed that the blow up of solutions

of problem (26) takes place for negative initial data only regardless of the size of Q.
The main results of this thesis

This thesis contains five chapters.

Chapter 1 : In this chapter, we consider a nonlinear Thermoelastic Bresse systems of second sound
with delay term in the internal feedback and infinity history acting on the shear angle displacement
also with forcing term in the second equation. Under suitable assumptions on the data, we prove
the well-posedness of our problem. Furthermore, an exponential stability result will be shown
without the usual equal wave speeds and an additional assumption on the coeflicients. To achieve

our goal, we make use the semigroup and energy method. This work has been published in [56]

Chapter 2 : We show in this chapter the general stability of solution for one-dimensional Timoshenko
systems with infinite history and distributed delay term regardless also of the speeds of wave
propagation. We prove our result by using the energy method combined with some properties of

convex functions. This work has been recently published in [28]
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Chapter 3 : The goal of this chapter is to investigate the exponential stability of the Timoshenko sys-
tems in thermoelasticity of second sound with a time-varying delay term in the internal feedback.
The well-posedness of the problem is assured by using the variable norm technique of Kato. Fur-
thermore the stability of the system is shown by applying the energy method. This work submited

to the journal of Asymptotic analysis.

Chapter 4 : In this chapter we consider a one-dimensional Thermoelastic Porous systems with nonlin-
ear damping, infinite memory and distributed delay terms, where the heat conduction is given by
Cattaneo’s law. We establish the well posedness of the system. And we prove the stability results
of the system for the cases of equal and nonequal speeds of wave propagation. This work has been

recently published in [29]

Chapter 5 : In the last chapter we will substantiation that the positive intial-energy of solution for
coupled nonlinear Klein-Gordon equations with degenerate damping and source terms. We prove,
with positive initial energy, the global nonexistence of solution by concavity method. This work

has been recently accepted in the journal of Studia Mathematica.



Chapter a

A New result of stability for thermoelastic-Bresse system

of second sound related with forcing, delay, and past his-
tory terms

1.1 Introduction

In this chapter, we treated (with Ouchenane et al.[56]) the following problem:

P1¢u —k(ox +Iw + ), — kol (W = lp) + 1, (x, 1)

+urp; (x,t —7) =0,

Pl — by + k(e +Iw +9) + [ 8 () hor (.1 = 5) ds

+y0 + [ (¥) =0, (1.1)
Pwy —ko(wy —=lp), + kl (o +Iw+y¢) =0,

030, + kg + Y, = 0,

aq; + Bq + kb, = 0,

where (x, 1) € (0, 1) X (0, o0), with initial-boundary conditions

@(0,1) = ¢x(1,1) ¥(0,1) = ¥(1,1)
wy(0,2) = w(l,1)

0(0,1) = q(1,1) =0, > 0, (1.2)

11
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and

@(x,0) = ¢o(x), p:(x,0) = ¢1(x), x € (0, 1)

Y(x,0) = ¢o(x), Yi(x,0) = Y1(x), x € (0, 1)

w(x, 0) = wo(x), w(x,0) = wi(x),x € (0,1) (1.3)
0(x,0) = Oy(x), g(x,0) = go(x), x € (0, 1)

e(x,t—1) = folx,t —1),x €(0,1),

with 7 > 0 is a time delay, ¢, and u, are positive real numbers. The function 6 is the temperature differ-
ence, ¢ is the heat flux, py, p2, 3, k, [, ko, b, ¥, k, @, B are positive constants, and the relaxation function g

satisfies the following assumptions:

(H1) g : R, — R, is a C' function satisfying

g(0) >0, b—/ g(s)ds=b—-gy=L>0.
0
(H2) There exists a positive constant { such that
gm<-¢g, Vr=0.

(H3) f : R — R is a non-decreasing CP-function such that there exist positive constants vy, v,, €
and a strictly increasing function G € C! ([0, )) with G(0) = 0 and G is a linear or strictly convex

C?—function on (0, €.] such that

{ 2+ f2(s) <G U(sf(s), VIsl<e

vilsi<If®I<walsl,  Visl>e,
which implies that sf (s) > O for all s # 0. f also satisfies the following property:

I (#2) = £ (@) s ko ('] = o) Jo' -] forally'.y? e R, (1.4)

where k) > 0 and 6 > 0. We prove the well-posedness and establish a stability results depending on the

following parameters

k 2
ﬁ:(l—“pm)(%—%)—ﬂ and k= ko. (1.5)
1

It is well known that, in the single wave equation, if u, = 0, that is, in the absence of a delay, the energy
of system exponentially decays (see [5, 6, 26, 50]). On the contrary, if u; = 0, that is, there exists only
the delay part in the interior, the system becomes unstable (see [11]). It is shown that a small delay in

a boundary control can turn such a well-behaved hyperbolic system into a wild one and therefore, delay
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becomes a source of instability. To stabilize a hyperbolic system involving input delay terms, additional

control terms will be necessary (see [51, 53, 68]).

1.2 Preliminaries and well-posedness

Firstly, we assume the following hypotheses:

o < pi.

Using semi-group theory, we will prove the systems (1.1)-(1.3) are well posed by introduce the following

new variable [53]

2(x,p,0) = ¢ (x,t—10), x€(0,1),p€(0,1),7>0. (1.6)

Then, we have
TZt(x’p’ t) +Zp(x’p9 t) = O in (07 1)X(0’ 1) X (()9 OO) (17)

We then set the auxiliary variable [10]

n"xs)=yx-yxt-s), s>0.

For this reason, we find the following equation

T]; (-xa S) + T]; (-xa S) = wl (xa Z‘) .
Therefore, problem (1.1) takes the form

P1#n — k(@x + 1w + ), — ko (W — L)

e (X, 1) + poz(x, 1,0 = 0

77X, p, 1) + 2,(x,p,1) = 0

P2t — L + k(@x + Iw +0) + [ g ()7, (x, 8) ds

+y0 + f (Y (x,0) =0 (1.8)
P1wy —ko(wy —lp), + Ik (g +Iw+¢) =0

P30+ qx + Y =0

aq; +pqg+6,=0

1 (X, 8) + 175 (x, 8) = ¥ (x, 1)
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With the boundary conditions:

¢(0,1)

ex(1,0) = (0,0 = ¢(1, 1) = w(0,1) = w(l, 1)
00,0 =q(1,1)=0, >0, (1.9)

and the initial conditions:

@(x,0) = po(x), i(x, 0) = @1 (),

Y(x,0) = ¢o(x), x €(0,1)

Yi(x,0) = ¢i(x), w(x, 0) = wo(x),
wi(x,0) = wi(x), x € (0,1)

0(x, 0) = bp(x), g(x, 0) = go(x), x € (0, 1)

. (1.10)
‘,Ot(X, _t) = f()(x’ t) m (0’ 1) X (O’ T)
z(x, 1,0) = f(x,t—7) in (0,1) X (0,7)
' (x,0) =0, V>0
n0,5)=n'(1,5)=0 Vs >0
7% (x,s) =19 (s) =0 Vs > 0.
Let & be positive constants such that:
Tlol < & <72 — |2l (1.11)
where, 7 is a real number with 0 < 7 and u;, i, are a positive constants, and the initial data
(@0, @1, Y0, Y1, wo, w1, f, 6o, qo, o) belong to a suitable space (see below).
If we set
U = (‘)0’ ‘pt’ Z’ lr//, wt’ W’ Wh 9’ CI’ rlt)T D)
then
U = (th» Gtt> Zts Wes Wit Wes Wit, 015 G n,{)T .
Therefore, problem (1.8)-(1.10) can be written as
U@ =AU+ F
(1) 0] (1.12)
U (O) = (QOO’ (28 fl(w T)’ I/IO’ l//l’ Wo, W1, 90’ q0, 770) s
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where the operator A is defined by

(72 u
k kol u i
u o (@x +Iw+ )+ T (wy = lp) = Tu— 2z (L 1)
: L (9)s
1/ v
Ly _k L[ _x
Al V2] e et v+ o 8 (9) () ds — 26 , (L13)
w w
@ S we=lp), — (e + Iw+ )
1 Y
0 —p—3qx—p—3vx
q _gq_ggx
¢ _¢s+v

O O O O O O o o o
~~
S
N—"

We consider the following spaces
H!(0,1) ={he H'(0,1): h(0) = 0},

H!0,1) ={heH'(0,1): h(1) =0},
H?(0,1)= H*(0, )N H! (0, 1),
H?(0,1) = H*(0,1) N H! (0, 1),
and

H = H'(0,1)xL*0,1)x L? ((o, 1), Hy(0, 1)) x H'(0,1) x L*(0,1) x H' (0, 1)
XL? (0, 1) x H! (0, 1) x L? (0, 1) x L2 (R*, Hy(0, 1)),
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where L; (R*, H, (0, 1)) denotes the Hilbert space of H)—valued functions on R*, endowed with the inner

product
1l
(Vi V)ia(e mcan) = / / g (5) Vi (5) Vax (s) disdx.
0o Jo

We will show under the assumption (1.11) that A generates a Cy semigroup on H.

Now, we consider the vectors
r = (e ——_ _— _ = _ T
U=(pu.2.¢,v,w,@,0,q, ) ,U=(<,0,u,z,w,v,w,w, ,q,¢) ;

and we define the inner product

1 1 1
<U,U> = k[ (pe+y+1w) (E +$+lW)dx+p2 vdx + py wwdx
H 0 y 0 0

1 1
+h / (W, — lip) (s — ) dx + | / v Tdx
0 0

1 1, 1
+p1 / uudx + & / / zzdpdx + p3 / 06dx
0 0o Jo 0

1 1 [
+a// qadx+/ / 2(8) b (5) @, (s)dxds. (1.14)
0 0o Jo

H is a Hilbert space for / small enough since, in this case, the above inner product is equivalent to the
natural inner product defined on H.

The domain of A is given by

UeH/peH*0,1);,we H*(0,1),u,0 € H (0,1);
v.@.q € H (0,1),u=2(,0).z, € L*((0,1); L (0, 1))
»x (1) = 0,wy (0) = ¢, (0) = 0,
¢, € L2(R*, H)(0,1)), ¢(x,0)=0,

D(A) = (1.15)

Important properties of the above metrics are stated in the following lemmas. Although most of these
results are followed straightforwardly from the known results, they are crucial for what follows. So for

the convenience of the reader, we give their proofs here.
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Lemma 1.1. The operator A is dissipative and satisfies, for any U € D (A),

1
(AU, U)yy = —ﬁ/ 2dx+ ,u1+—+é)/ w’dx
2 2t

(——Zi)/ 2(x, 1 dx

/ / g (9) 1y (x, 9)|* dsdx

Proof. For any U € D (A), using the inner product,

IA
o

(1.16)

u
D R T TV
(T)ZF’ Z
' v
(AU,U)W:< p%‘”xx "(sox+lw+w)+ L fo g(8) P (5)ds — 26, | . >
o y
,%(WX_ZQD) ——(90x+lw+¢p) o
_p_ﬂx ;vx 0
54— 30 q
—¢;+ Vv p

Then
1 1
(AU, Uyyy = k/ (uy +v+1lw) (o +Iw+yY)dx + ko/ (T, — ) (w, — lp)dx
0 0
1 1
+k/ (o +Iw + ) udx + kol/ (wy — lp) udx
0 0
1 1 1
-y / w’dx — Mo / z(x, Dudx+ L WU vdx
0 0 0
1 1
-k (o +Iw + ) vdx — y/ 6.vdx
0 0
1 1
+ky / (wy — lo) wdx — kl (or + Iw + ) wdx
0 0

1 1 0
+L / v dx + / / 8(8) P (s) (=5 +v)dxds
0 0 0

1 1 1
- / q,0dx — y/ ubdx —pB | ¢*dx
0 0 0
1 1l
—/ 0.qdx —f/ / 2Z,dpdx. (1.17)
0 0o Jo
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By the fact that
1 1 1 1 poo
—,8/ qzdx—yl/ uzdx—,uz/ z(x,l)udx+// g(8) @y (s)(—ds +v)dxds
0 0 0 0o Jo
e[
£ / / < (5.p) 2 (eup) dpdx
TJo Jo
1 1 1 1 oo
= —ﬁ/ qzdx—ul/ uzdx—uz/ z(x,l)udx+// g(s) . (s)(—ds +v)dxds
0 0 0 0o Jo
1 pl
£ / / 9 2 (x,p) dpdx
1 1 1 00
= —ﬁ/ g dx — #1/ uzdx—,uz/ z(x,l)udX+// 8 (s)p(s) (=5 +v)dxds
0 0 0o Jo
_Z ; {Z (x,1)—z (x,O)}dx
1 1 1 1 peo
= —ﬁ/ qzdx—ul/ uzdx—yz/ z(x,l)udx+// g(8) @y (s)(—ds +Vv)dxds
0 0o Jo
—é 2 (x, 1)dx+—/
27t /o
and using Young’s inequality, we find
: o EN [ p EN [
AU, Uy < —,8/ qux+ —,u]+—+ )/ 2dx+( —)/ 2(x, 1) dx
0 2 27 2 27t/ )
1 ] (o)
+—/ / g (5) ¢ (x, ) dsdx.
2 Jo Jo
Keeping in mind condition (1.11), the desired result yields. O

Lemma 1.2. The operator I — A is surjective.

Proof. We need to show that for all & = (fi, 5, s s f5s fos F1 s for f10)" € H, there exists U € D (A)

such that
U-AU =F,

(1.18)
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that is
—u+p=fi EH,Z(O,I)

—k (@x + W + ), — kol (Wy = @) + pru + pyu + oz (1, 1) = p1 o € L*(0,1)
2+17z, =1f€ L2((0,1), H (0, 1))

—Vv+y=f,e H (0,1)

~Lip o + k(@ Iw + )+ pov = [T g () b () ds + 6, = pafs € L7(0,1)
—w+w=fye H(0,1)

—ko (W = l@), + kl (o + Iw + ) + p1w = p fy € L* (0, 1)

e +yve + p3t = psfs € L2 (0,1)

B+ra)g+0,=afyeL?0,1)

p+ds—v=fioeL*(0,1).

From (1.19), we define

(1.19)

0:%/ fg(y)dy—%(ﬂﬂv)/ q(v)dy, (1.20)
0 0

so4(0,r) =0.
Insertingu = ¢ — fi,v=4 — fi,w =w— fgand (1.19) into (1.20) , we get

—k (@x + Iw + ), — kol (W = 1) + p1o + pryu + ppz (., 1) = hy € L*(0.1)

—Lip + k(@ + Iw + ) + poty = [ 8(8) pux (8)ds —y B+ @) g = hy € L*(0.1)
—ko(Wy = lp), +kl(p.+ 1w+ )+ piw="h;3 € L*(0.1)
q:+B+a) [y g dy -y, = hy € L*(0.1)

z+7 7'z, = hs € L*(0.1)

¢+ ¢, —v=nhseL*0.1),

(1.21)

where

hi =p1 (i + f2)

hy = pa (fa+ f5) = $vJo

hy = p1 (f6 + f2)
hy=Yfax+p3(fi = 2 [) o o) dy)
hs =z+717'z,

he = ¢ + ¢dg— V.

Furthermore, by (1.19) we can find as z(x,0) = u (x) for x € (0, 1) .. Following the same approach as in

(1.22)

([51]), we obtain, by using equation for z in (1.19)

0
z2(x,p) = u(x)e”™™ + e / f3(x, s)e™ds.
0
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From (1.19), we obtain

0
z2(x,p) = p(x)e”™ — fie™™ + Te_”’/ f3(x, 5)e™ds,
0
then
z(x, D) =p@e " +20(x),

such that .
20 (x) = —fie™ " + Te_T/ f3(x,5)e"ds.
0

We note that the last equation in (1.21) with ¢ (x, 0) = 0 has a unique solution

¢(x,5) = ( /0 i e' (fio (x,y) +v(x)dy) e‘s)
- ( /0 & (o (o) + 0 () - fo () dy) e-f) . (1.23)
To solve (1.22) we consider
a((e. v, @), (9.9, 7,9)) = L(@.,W.,9), (1.24)

where
a:[H!(0,1)x H. (0,1) x H. (0, 1) x L* (0, 1)]2 — R,

is the bilinear form given by
_ 1
a((e.w.w.q). (6.0, w.7)) = k/ (@u + bw + ) (@, + 0 + ) dx
0
1 1 1
+(B+ a)/ qqdx + b/ %,{;}Cdx +p2/ w@dx
0 0 0
o 1 1
g+a) [ qidvep [ vddxey @) | v
0 0 0
1 1
+01 / wwdx + ko/ (wy — lp) (W, — lp) dx
0 0
1
+/ 0 (U1 + poe ") dx
0

1 X X
+p3 (B + @) / ( / q(y)dy / 'c?(y)dy) dx, (1.25)
0 0 0

and
L: [H,l 0,1)x H' (0,1) x H' (0, 1) x L* (0, 1)] R,
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is the linear form defined by

1 1 1
L(z.y.w.3) = /0 higdx + /0 howrdx + /0 hywdx
1 X
+(@+p) / ha / 7 () dydx (1.26)
0 0
1

+/ (11 fipazo) pdx.

0

It is easy to verify that a is continuous and coercive, and L is continuous. So applying the Lax-Milgram
theorem, we deduce that for all ('gb', J, w, 'c]) € H'(0,1) x ﬁi (0,1) x ﬁi (0,1) x L?(0, 1) problem (1.24)
admits a unique solution (¢, ¥, w,q) € H! (0,1) x H! (0,1) x H! (0,1) x L?>(0,1) . Since D (A) is dense
in H Consequently, using Lemmas 2.1 and 2.2, we conclude that A is a maximal monotone operator.
Hence, by Hille-Yosida theorem (see [37] and [58]) we have the following well-posedness result such
that (1.12) is satisfied. O

Lemma 1.3. The operator F defined in (1.13) is locally Lipschitz in H

By using (1.4), Holder’s and Poincaré’s inequalities, we can obtain

< (1w, + [5,) I 91
< alv-v

lrw)-r (@)

12

b

wich gives us

|[Fanr-F (@), <elly-vl,,-

Then the operator F is locally Lipschitz in H, the proof is hence complete. |

Theorem 1.4. Let Uy ‘H, then there exists a unique weak solution U € C (R*, H) of problem (1.1)-

(1.3). Moreover, if Uy € D(A), then U € C(R*,D(A)) N C' (R*, H).



Chapter 1: Thermoelastic-Bresse system of second sound related with forcing, delay, and past history
terms 22

1.3 Exponential stability

In this section, we state and prove our stability result for the energy of the solution of system (1.1)-(1.3),

by using the multiplier technique. So we define the energy of our system by

1 1
E@) = 3 / [Pl%z +po? + pwr + by + p36” + ag”
0

1l
+h(ox + U + W) + ko (wy — lg0)2] dx + g / / 22 (x, p, 1) dpdx
0o Jo
1 1 o ) 1 n
+5 / / g ()|’ x, )| dsdx + / f@ (0)dx. (1.27)
o Jo 0
The proof of the stability for our system is based on the following lemmas

Lemma 1.5. Let (¢, ¢, w,0,q,2,1") be the solution of (1.8)-(1.10). Then the energy functional, defined

by (1.27) satisfies
2 2 f |2 2
E@) < -B| qgdx- lﬂ dx —|u — =— - N lleex |13
—(5~—W4y|< Lol

/ / "(5) |’ (x, s)| dsdx, (1.28)

such that C > 0

Proof. Multiplying (1.1), (1.1),, (1.1)3, (1.1)4, and (1.1)s by ¢, ¥, w,, 8, and g, respectively, and
integrating over (0, 1), using integration by parts and the boundary conditions, and adding the results,
we obtain (1.28).

With, the fact J
Eﬂw=ﬂwm

give us (1.28). O

Lemma 1.6. Let (o, ¥, w,0,q,z,1") be the solution of (1.8)-(1.10). Then the functional

1 X
F, (@) := ap3/ 9/ q (y)dydx, (1.29)
0 0
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satisfies, for any g, > 0, the estimate

1 1 1 1
F; (;)<—%/ szx+81/ 1//,2dx+c(1+—)/ Fdx. (1.30)
0 0

€1

Proof. Taking the derivative of F, using the fourth and fifth equations in (1.1) and performing integra-
tion by parts, we get

1
Fi(n = —pgk/ &*dx — a/k/ g*dx — ay/ th/ q (y)dydx

By / / ¢ () dydx. (131)

Using Cauchy—Schwarz and Young’s inequalities with £; > 0, we get (1.30). O

Lemma 1.7. Let (¢, ¥, w, 0, q,z,1n") be the solution of (1.8)-(1.10). Then the functional

F> () ——%/ / W, (y) dydx, (1.32)

satisfies, for any €1, &,,01 > 0, the estimate
0 1 1
Fi(r) < ——2/ w,zdx+82/ (o + U + Iw)* dx
Y Jo 0
P3| & b : 2
+les +— d
(83 (bz/lz 282/12))/0 wx x
(1+—+—)/ szx+c/ q*dx

461/ / g(s)|nx(x s)| dsdx.

+(6; +C)) / 6%dx. (1.33)
0

Proof. Differentiation of F,, using equations in (1.1) and integration by parts, we obtain

1 1
b
Fi@) = —ps / iz -2 qwtdx+p3 / Gar=-"2 [ oudx
0
+—3/ (gox+z//+lw)/ 0(y) dydx
Y Jo 0
1 o X
+2 / / 2 (s)77 (x, 5) ds / 0. (v) dydx (1.34)
Y Jo Jo 0

1 X
e / 0 / £ (W) dydx.
Y Jo 0
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Estimate (1.33) follows by using Cauchy—Schwarz, Young’s and Poincaré’s inequalities that,

1 1 1
/0 lf W) bldx < /0 A" W1 161 dx < 1301y g 161 < Cl/o ¢ dx.

Lemma 1.8. Let (¢, ¥, w, 0, q,z,1n") be the solution of (1.8)-(1.10). Then the functional

1
F5(t) := —py / (e, + ww,) dx, (1.35)
0

satisfies the estimate

1 1 1
F,t) < —|p1—-— / @rdx + c/ Yldx (1.36)
’ deq) Jo 0
1 1
+ko / (w, — l<,0)2 dx + c/ (o +Y + Iw)? dx
0 0
1 1
—p1 / widx + (espr + ,U184)/ ¢'dx
0 0

[ 1
+—2/ 2(x, 1,1) dx.
485 0

Proof. Direct computations, using (1.1)-(1.3), give

1 1
Fi(t) = —p / gotzdx + k/ (o + ¥+ Iw)? dx
0 0
1 1
—k/ (ox + ¥ + Iw)¥dx — py / wtzdx (1.37)
0 0
1 1 1
+ko / (W, — lp)* dx + 1y / ppdx + o / ¢z (x,1,0) dx.
0 0 0

Using Young’s and Poincaré’s inequalities, estimate (1.36) is established. O

Lemma 1.9. Let (¢, ¥, w, 0, q,z,1n") be the solution of (1.8)-(1.10). Then the functional

1
Fy (1) 1=p2/ Yidx, (1.38)
0
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satisfies for any 6, > 0 the estimate

1 1
F:‘(l‘) < (§+62+C2)/ i,l/idx+p2/ t//,zdx

1
+— ((px+w+lw) dx+c/ 0*dx

452// g(s)

Proof. Taking the derivative of F, and using the second equation in (1.1), it follows that

7. (x, 9)| dsdx. (1.39)

1 1 1 1
F,(t) = —b/o ¢§dx+p2/0 zp,zdx+7/o wxedx—k/o (@x + 0 + W) dx

1 00 1
+ / W, (x) / g ()1’ (x, s)dsdx. — / U W) dx, (1.40)
0 0 0
where . X |
[ ir@widxs [ s < 11, Wihe 01 < C: [ s
0 0 0
Young’s and Poincaré’s inequalities for (1.40) yields (1.39). O

Lemma 1.10. Let (¢, ¥, w,0,q,z,1") be the solution of (1.8)-(1.10). Then the functional

1 1
Fs(t) := —pl/ sot(wx—lso)dx—pl/ w; (@ + 3 + Iw) dx, (1.41)
0 0

satisfies the estimate

’ Hi L1 2
F < 0 e -
5 (1) (lko A 487)/ (w, — lgo) dx / tdx

+ (o +<96/J1)/ go,zdx+c/ Yidx
0 0

1 1
+lk/ (o + ¥ + Iw)? dx + 74y / 2 (x,1,0)dx. (1.42)

0 0

Proof. Differentiation of F'5, using (1.1); and (1.1)5 , we arrive at

1 1 1
Fi() = —lko | (w,—Ilp)*dx—Ip, / widx + Ip, / Qrdx
0 0 0
1 1
+lk / (o + ¥ + W) dx — py / W widx (1.43)
0 0

1 1
o / 61 (v — ) dx + ia / 20 1,) (v, — Iip) dx.
0 0
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Young’s inequality for (1.43) yields (1.42) .

O

Lemma 1.11. Let (¢, ¥, w, 0, q,z,1n') be the solution of (1.8)-(1.10) and let k = ko. Then the functional

1 X 1 x
Fo (1) = —py / (v, — L) / Wi (y) dydx - py / o / (62 + ¥ + lw) dydx,
0 0 0 0

satisfies the estimate

1
FL() < ’)21 P2dx — ko / (W — lp)? dx + py / wldx
0

+k/ (¢x+.//+lw)2dx+’ﬁ/ v2d
0 2 0

Proof. A simple differentiation of Fg, using the first and third equations in (1.1), leads to
1

1 1
Fg() = —pi / <p,2dx — ko (wy — lp)* dx + p; / wlzdx
0 0 0

1 x 1
—pl/ soz/ wt<y>dy+k/ (60 + 0 + W) dx
0 0 0

1 X
+1(k — ko) / (wy — lp) / (ox + ¥ + lw)dydx.
0 0

(1.44)

(1.45)

(1.46)

Where we have used integration by parts and the boundary conditions in (1.3). Young’s and Cauchy-

Schwarz inequalities, with the fact that k = ko, give (1.45).

O

Lemma 1.12. Let (¢, ¥, w,0,q,z,1n") be the solution of (1.8)-(1.10) and let (1.5) holds. Then the func-

tional
1 b, 1
F;(1) =pz/ tﬁt(90x+w+IW)dX+7/ oY dx

b b
+ 53 (%—%)/O 0 tdx——(%—i)z)/ q (o + ¥ +1w)dx

bl ! b
— pz/ Y dx + p1/ Ywdx,
ko Jo

(1.47)
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satisfies, for any &4, €5, 03 > 0, the estimate

’ k bn Y kbp?, (pl pz) b /1 ,
A Vi Tae T = 7)1 c U+ Iw)d
7 (n < (2 yaeyy 4 ydep \k b 4es (¢ Y+ Iw) dx
2

1 202 2 2
bl bl 0203 bl e b /
2
+ cdx + +bey+ —c; +2 + d
o8 /O * ( k ko S ! (bml 2841) Cz) widx
1 1
1 b
+89/ (w, — l(,a)2 dx + c(l + — + '0184)/ wtzdx
0 & k 0
1\ [ 1 b :
+c(1 +—)/ qzdx+c(1+—+ p3,ul£5 (&—&))/ 6*dx
eg) Jo & VP k bl]J
b kb, !
+ (—nslo +yer + P & (& - &))/ 6%dx
ya YP1 k- bl]Jo

1
+(bp1+M(p1 pz))/ 2a’x+—/ (W + ) dx

kde, 4desypr \ k
1
€ > 8oblp>
+2/O (ox +¥) + =——— kodd; // g(s)

Proof. Taking the derivate of F;, we obtain

7. (x, 9)| dsdx. (1.48)

1 1
Fi() = Pz/ t//n(sox+w+lw)dX+pz/ Ui (ox + 3 +1w), dx
0

b b b !
+ 2)1/ Ot dx — IZI ‘Pzthdx 53 (% - %)/ Ouprdx

b ! b
+22 (8 —’2)/ bpudx - 2 (2 —pz)/ Gi (o + U + Iw) dx
0 Y k b

b bl b
_Z (&_@)/ q(ox+ ¢ +1w),dx - pz/ Wldx — kpz/ Yuhdx
0 0

bl ! bl
2P wdx + % w,zﬁ,a’x. (1.49)

ko Jo o Jo




Chapter 1: Thermoelastic-Bresse system of second sound related with forcing, delay, and past history
terms 28

Now, we work out the terms in the right-hand side of (1.49), using the equations in (1.1)-(1.3) and

integration by parts.

pz/()lu/n<sox+w+lw>dx - —k/ol<<,ox+w+lw)2dx
—7/019x(90x+¢+lW)dx
—b/olwx(soﬁtﬁHW)de
_/OI/OOOg(S)WxX(x’I_S)ds(¢x+w+lw)dx

1
—/ W) (o + ¥+ Iw)dx, (1.50)
0

1 1
o / ouindx = k / U (pr + 0 + D), dx
0 0

1 i
+hol | (wy —lp)dx — / o dx, (1.51)
0 0

1 1 1
03 / Opdx =k / qpudx +7y / Vipdx, (1.52)
0 0 0

1 1
k
/990,th = ——/ O, (p, + ¥ +Iw)dx
0

lko

O(Wx lgo)dx——/ Op,dx, (1.53)
Pl

1 1
—/ g (px + Y +Iw)ydx = E/ q(py + ¥ + Iw)dx
0 a Jo

k[
+— / 0, (o + ¥ + lw) dx, (1.54)
a Jo

1 1 1 1
—p2/ Yapdx = b/ wﬁdx+k/ w(gox+w+lw)dx—y/ O dx
0 0 0 0

1 N 1
+/ / g (s) lﬁxxdswdx+/ W) ydx, (1.55)
0 Jo 0

1 1 1
P1 / wibdx = —ko/ U (wy —lp)dx — kl/ U (o, + Y+ lw)dx. (1.56)
0 0 0
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The substitution of (1.50)-(1.56) into (1.49), bearing (1.5) in mind, gives

%VW%

(lp2+—)/ w,wtdx+—/ O, (o, + ¥ +Iw)dx

bl !
Lo 2) [ a2 (8- [ qua

blk b2 (!
+ﬁ(’i—@)/ 0wy —lpydx — 2% | oy dx

1
Fi(t) = —k/ (gox+1p+lw)2dx+(
0

yor \k b ko o
b b’
; ﬁ(‘i—&)/ dot v+ iydes 28 [ g2
ay\k b ko Jo

1 1
-bl tﬁx(wx—lso)a’x—y/ 0, (o + ¥ + Iw)dx
0

1
kbp3 (’ﬂ _ @)/ 0, (00 + U + Iw) dx
YP1 0

K b
1 1
b
—b / U (00 + 0 + ), dx + % / Vipudx
0 0

bpsp (m Pz)/
- = Op,d
vor \k b)), T

! bl [
_/ f(¢)(<px+¢+lw)dx+—/ f W) wdx

+ blp;
ko

/ wx(x)/ g ()1 (x, 5)dsdx. (1.57)

And we have

1
/|90xf(¢’)|dx < Nl 11541y 1 llago )
0
& 1
< — 2dx + 2d
= ), T 28/11/w *
& 2 2 b : 2
< = YY) dx+ — dx + d
_le wrave £ [ sl [
1 2 1
g ’ P> b 5
< = ) dx 4+ | 5— + —— dx. 1.58
MA@ wx(mlkﬁlwx (1.58)
Estimate (1.48) follows thanks to Young’s inequality and the fact that k = k. O

Lemma 1.13. Let (¢, ¥, w,0,q,z,1') be the solution of (1.8)-(1.10). Then the functional

1 1
Fs (1) := / P1@pdx + '% tpzdx. (1.59)
0 0
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Then we have the following estimate, for any &1 > 0,

K c
Fi(t) < (—K+811(2 +'L%))/ 2a’x+§11/ Yldx

1
L2 zz(x,l,t)dx+p1/ o2dx, (1.60)
0

2e11 Jo
where ¢ = 1/n? is the Poincaré constant.
Proof. Taking the derivative of (1.59) with respect to t, we have
1 1 1
Fy (1) = p / Cupdx + py / @rdx + / ppdx. (1.61)
0 0 0

Then, by using the first equation in (1.1), we find

1 1 1
FyO) =k | (px+¥+Iw), dx -, / 0z (x,1,0)dx + p, / @ dx. (1.62)
0 0 0

Consequently, we arrive at

1 1 1
Fg(t) = -k (ox + ¥+ Iw)p,dx — uy / wz(x,1,0)dx + p; / cpfdx. (1.63)
0 0 0

Applying Young’s inequality and Poincaré’s inequality, we find (1.59). m|

Lemma 1.14. Let (¢, ¥, w,0,q,z,1") be the solution of (1.8)-(1.10). Then, we define the functional
1,1
Fo(2) := / / e 2% (x, p, 1) dpdx. (1.64)
o Jo
Then the following result holds.

1 1
1
Fy(H) < —Fo (t) - g—lT / Z(x, 1,0)dx + = w7 (x,1) dx, (1.65)
0 0

where c is a positive constant.
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Proof. Taking the derivative of (1.64) with respect to ¢ and using the equation (1.7), we get

d 1 pl 1/
— ( / / e (x,p, 1) dpdx) — / / e 2 2z, (x,p, 1) dpdx
di\Jo Jo T Jo Jo

1 1
= — / / e X% (x, p, 1) dpdx (1.66)
0 0

_1 /1 /1 i(e_zmzz (x,p t)) dpdx
2t Jo Jo 9p T '

Making use of the estimate above, implies that there exists a positive constant c¢; such that (1.65) holds.

O

Now, we are ready to state and prove the main result of this section.

Theorem 1.15. Assume that n = 0 and k = ky. Then (¢, ¥, w,0,q,z,1") the solution of (1.8)-(1.10)

satisfies

E(f) <coe™, 1t>0, (1.67)

where the positive constant c is directly depending on initial data and the uniform constant c; is de-

pending only on the coefficients of the system. For N, N; > 0,

=9
L) :=NE®) + Z N.F; (1), (1.68)

i=1
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Then, from(1.28), (1.30), (1.33), (1.36), (1.39), (1.42), (1.45), (1.48),(1.60) and (1.65) we have

1
L) < [—,8N+c1(1+i)+cN2+c(1+l)N7]/ q’dx
0

&1 &g

-N [#1 - g - %} a3 - E - M] llz (x, 1, D113

N 1 1
R e b

2 & &
1 b !

—c(1+—+ p3’“85(&—@))N7 / Pdx
0

+leN, = CN = N2 + poNy + eNs + %Nﬁ

y

& ypic \k b
+( 1 bpi&4

c|l+—+
2]

1 1
)N7 +p1Ng + —Ng]/ l//tzdx
2T 0

k2
+ &Ny + cN3 + 3]\74 + lst + kN6

k by _ kbps (m ,02) b /1 2
o + —+ — - =]+ —|N c+Hiw+yY)d
(2 ayeyy 4e1 ydep \k b des ! 0 (¢ W) dx

b? b
(g3+p3( “ 4 ))N2+CN3+(62+—+C2)N4

+
bz/lz 282/12 2
blp,63  b*P bl > b?
+b — 2 N-
+( k() T k e ko “t bz/ll 28/11 - CZ) !
k k
+ ——k+811 +811'L£ Ng / v,hzdx
2811 2

[ [
+ —p1N3 - %N5 +p1N6 + 88N7] / de

+ [koN3 — (lk() - :?1 - 4#?2)]\75 — koNg + 89N7]/ (w, — lcp) dx
L 6 7

+ 2N+ E7oNs + 22y - L, / ?(x, 1,0 dx
4 E5 2¢e E11 2T 0
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1
+ [85,[12 + 84/11] N3 / gozdx
0

+

1
—(1 = —|Ns+ (lp + &6pt1) N5 — &N6 + p1Ng
484 2

bpr  bpsu (Pl Pz) /1 2
|+ —— (= - =) |V d
(k484 desypl kb)) ),

k  poc '
—k N; d
e a5 ] o

+
bij kb !

+[( 810 | ey psgz(& _&))N7+N251] / 62dx (1.69)
ay YP1 k b

N»go N4go N7g0bl 02 / /
—NoFq (1) + ( -N2) (s)
o 15, 40, | kodos &

1. (x, s)| dsdx.

At this point, we have to choose our constants very carefully. First, choosing €; i = 1, ..., 10 small enough
such that

N2 +p2N4 +cNs + plN(,

81 < Nl
Moreover, we pick Ng large enough so that
H2 Ho
Lacly VAN Ns+ 22 Ng — <L, <0,
Aes 3 T E7M24Vs 2er; 87 5V
and
£N3 + 87/.12N5 + ﬁNg
485 2811
Ny > ) ,
27

we take £;; small enough such that

Next, choosing N5 large enough such that

Nspsk

> N, (7/)3 + 2 by 2K)).
284
After that, we can choose N large enough such that

. c1(1+é)+cN2+c(l+é)N7
> 3 ,

and )
N
280  Nago  goblpn &
46, 46, kodds 2
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Consequently, there exists a positive constant 77; such that (1.69) becomes

d 1 1 1
S L@O=<-m / W7 + 2+ @7 + (o + W+ )’ + 6 + ¢H)dx - / / 2 (x,p, 0 dpdx,  (1.70)
0 o Jo
which implies by (1.27) that there exists also 7,, such that
d
ELO) < -mE(), Yt>0. (1.71)

Lemma 1.16. For N large enough, there exists two positive constants 3\ and 3, depending on N;, i =
1,...9ands;, i =1, ..., 11 such that

BIE®) < L@ <BE®, Yt=0. (1.72)

Proof. We consider the functional
i=9

H@ =) NF; @0,

i=1
and show that
|[H®)| <CE(t), C>0.

From (1.29), (1.32), (1.35), (1.38), (1.41), (1.44), (1.47), (1.59) and (1.64), we obtain

1 X 1 X
aps / 0 / g () dydx| + N, |22 / Odx / v (3) dydx
0 0 Y Jo 0

1 1 X
+N;3 oy / (o, + ww,) dx 07 / / Y, (t, x) dx
0 o Jo

1 1
+Ns —m/ %(wx—lso)dx—pl/ we (@ + ¢ +1lw)dx
0 0

[H(@)| < N + N,

+ Ny

1 X 1 X
+Ne |-p1 / (. — Ig) / Wi () dydx - py / o / (2 + W + Iw) dydx
0 0 0 0

1 bpl 1
+N7 |p2 / (o + ¥ +Iw)dx + y o dx
0 0

1 1
+Ns / progdx + L / ¢dx
0 0

1,
+ No / / e TP (x,p, 1) dpdx.
2 o Jo

By using, the trivial relation

1 1 1
/ (¢ + Iw)dx < 20/ (ox + Iw + ) dx + 2C/ lﬁidx,
0 0 0
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Young’s and Poincaré’s inequalities, we get

1 1 1 1 1
|H(@)| < a / go,zdx + a/z/ 1&,2dx + a3 / wt2 + a4/ wi + as / dx
0 0 0 0 0

1 1
+a / qzdx + a7 / ((gox + Iw + w)z + (w, — lgo)Z) dx

0 0
1 1
+ / / 2 (x, p, 1) dpdx, (1.73)
0 0

where the positive constants a;, ..., @; are determined as follows:

a; := 3 (N3p; + Ngp1),

2
p = % (N4p2 + sz%) s

a3 = 5 (N3p1 + Nep1) »
_ o
2k’

] p2p:
@s = ;5 (Nlp3 + %),

ay .

@ = 5 (N1p3 + N570p3) ,
a7 := 5 (N7p2 + 3p1).

According to (1.73), we have
\H ()| < CE (1),
for
—~  max{a, @, a3, a4, a5, e, A7)
min {p1, 02, 3, k, b, k,y,6, 7o}

Therefor we get
|L(t)— NE ()| < CE (1).

Then, we can choose N large enough so that 8 = N — C > 0. Then (1.72) holds true for 8, = N + C >0,

this concludes the proof of the Lemma. O

Combining now (1.71) and (1.72), we conclude that there exists some A > 0 such that

d

d—tL(t) <-AL@®), Vt>0. (1.74)
Integration of (1.74) yields (1.75)

L)< LO)e™, Vt20. (1.75)

Finally, using (1.72) and (1.75), so (1.67) is satisfed. Hence the proof of Theorem (1.15) is completed.



Chapter

A stability result for a Timoshenko system with infinite his-
tory and distributed delay term

2.1 Introduction

In this chapter, we investigated (with Ouchenane) [28], the following Timoshenko system with infinite

history and distributed delay term

P1P1 (xa l) - K(‘Px + l//)x (x’ t) = 07
prtt (.X,', t) - wax ()C, t) + f()o0 8 (S) lr//xx ()C, r= S) ds (21)
K (@ + ) (6, 0) + iy (6,0 + [ 110 () (x,1 = 5)ds = 0,

where (x, ) € (0, 1) X (0, o), s > 0 represents the time delay, u, is a positive constant and y, : [7, T,] —

R is a bounded function satisfying

/ lua ()l ds < p, 2.2)

T]
where 7; and 7, two real numbers satisfying O < 7; < 75, and the relaxation function g satisfies the

folowing assumptions

(G1) g : R, — R, is a C! function satisfying

g(0) >0, b—/ g(s)ds=b—-go=L>0.
0

36
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(G2) There exists a positive constant ¢ such that

g<-Lg®, Vtz0. (2.3)

System (2.1) is provided with the following initial and boundary conditions

{ e(x,0) = (), @:(x,0) =901 (x), Y0 =vo(x), PY:i(x,0)=y1(x), 2.4)
Ui(x, =) = fo(x,1) in (0,1) X (0, 72), '
and

@(0,1) = ¢(1,1) = ¥(0,1) = ¥(1,1) = 0, Yt >0, (2.5)

where fj is the history function.

Our goal in this chapter is to investigate the system (2.1) under suitable assumptions and show that even
in the presence of the viscoelastic term (g # 0), we can establish a general energy decay regardless
also of the speeds of wave propagation. to achieve our goals we make use the energy method combined
with some properties of convex functions. The arguments of convexity were introduced by Lasiecka and

Tataru [32] and used by Liu and Zuazua [38] and others.

2.2 Preliminaries

The aim main in this section is to present some materials needed in the proof of our result. We also
state, without proof, a local existence result for problem (2.1). The proof can be established by using

Faedo-Galerkin method as in [53]. Let us introduce the following new dependent variable
z(x,p, 8, 1) =y, (x,t = sp), in (0,1)x(0,1) X (11,72) X (0,00).
Then, we get the following system

sZt (x’p’ S9 t) + Zp (xapa S7 t) = Oa
z2(x,0,7,0) = ¢, (%, 1)

We then set an auxiliary variable as in [10]
nt(xas):l//(xal)_w(xat_s)’ s> 0.

Then
77; (Xa S) + Uts (X, S) = wl (-xa t) .
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Hence, we can rewrite the problem (2.1) as

P19 (x, 1) — K (o + ), (x,1) = 0,

potbu = b + K (@ +40) + [ 8 ()7, (x, 8)ds
e (6,0 + [7 pa (9) ¢y (x, 1 = 8)ds = 0,

57, (x, 0, 8,1) + 2, (x,p,5,1) = 0,

m (x, 8) + 175 (X, 8) = ¥, (x, 1),

where x € (0,1), p € (0,1), and t > 0. System (2.6) subjected to the following initial conditions

0(x,0) = @ (x), ¢:i(x,0) = ¢ (%),

x€(0,1),
Y(x,0) = Yo (1), ¥i(x,0) =y (),

7' (x,0) =0, Vi >0,
n° (x,5) =10 (s) = 0, Vs>0.

In addition, we consider the following boundary conditions

¢(0,1)
7' (0, 5)

e(1,t) =v(0,1) =y(1,1) =0, Yt >0,
n'(1,s) =0, Ys > 0.

We now define the energy space

H :=|H; (0.1)x L* (0, 1)]2 X L?((0,1) X (0, 1) X (11, 72)) X L% (R*, H} (0, 1)),

where L (R*, H; (0, 1)) denotes the Hilbert space of Hj—valued functions on R*.

z(x,p,5,0) = fo(x,ps), in (0,1)x(0,1) X (0,7,),

(2.6)

2.7

(2.8)

2.9
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2.3 Exponential stability

The functional energy of the problem (2.6)-(2.8) is given by

E@® = Etey.2.1) (2.10)
1 [ 1 [
=3 /O (0167 + o7 ) dx + 3 /0 (K (9. + ) + by’ dx

1 1 )
+—/ / g () |77§C (x, s)|2 dsdx
2 /o Jo

1 1 1 T
+§ / / / s o (5)] Z (x, 0, s,t)dsdpdx.
0 0 T

We multiply (2.6); by ¢, (2.6), by ¢, and (2.6); by |u (5)| z, integratiny by parts over (0, 1), using Young

and cauchy-schwarz’s inéquality we get

dE (t L[t
® < 5 / / g (s) |n§( (x, s)|2 dsdx
o Jo

dt
1 T 1
_ c{/ l//t/ ,uz(s)z(x,l,s,t)+/ z//,z(x,r)dx}, (2.11)
0 T 0

where C > 0, which implies that the energy E is a non-increasing function with respect to ¢.

Our main stability result reads as follows

Theorem 2.1. Let Uy € D (A) . Assume that f:lz |tz ()| ds < uy and

K b
—=—. (2.12)
TS )
Then there exist two positive constants C and vy independent of t such that
E@) <Ce™, Vt>D0. (2.13)

Remark 2.2. To derive the exponential decay of the solution, it is enough to construct a functional L(z),

equivalent to the energy E(f), satisfying

dL (1)
dt

<—-AL(t), Vt>0,

where A is a positive constant. In order to obtain such a functional L, we need several Lemmas.

Let us first define the following functional.



Chapter 2: Timoshenko system with infinite history and distributed delay term 40

1 1
I (1) = - / (P11 + p2yf) dx — % / yldx. (2.14)
0 0
Then we have the following estimate.

Lemma 2.3. Let (¢, ¥, z,n") be the solution of (2.6)-(2.8), then for any &,5, > 0, we have

dI (t :
L0 < —/ (p1¢f+p21//,2)dx

dr
/ / g () |’ (x, s)| dsdx+—/ Wldx (2.15)
46,

1
+ (b+61)/ widx+—// ,uz(s)w,z(x,t—s)dsdx+K/ ((px+w)2dx,
0 2&; Jo 1 0

where ¢ = 1/n? is the Poincaré’s constant.

Proof. Taking the derivative of (2.14), integrating by parts, we obtain

dl (1)
dt

1 1
= - / (0197 + poy? ) dx — / (O1901 + P2Wiy) dx
0 0

1
—ﬂl/ Yupdx. (2.16)
0

Therefore, by using (2.6);, (2.6),, integration by parts, we obtain from (2.16)

1 1 1
T —/ (10190[2 +Pztﬁ,2)dx+1</ (sox+w)2dx+b/ Yidx
dt 0 o ;
1 T
+ / '/// o ()Y (x,t — s)dsdx
0 71
1 )
+ / U, (x, t)/ g(s) |77§C (x, S)|dsdx. (2.17)
0 0

By exploiting Young and Poincaré’s inequalities, we get for any € > 0,

/lﬁ/ o ()Y, (x,t — s)dsdx

<& / wzdx+— / / 11 (5) 0 (x, 1 — 5) dsdx. (2.18)
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Moreover, Young, Holder’s inequalities and (2.3) imply that for any 6; > 0

1 00
/ Y (x, t)/ g(s)
0 0

1 1 0
<6 / W2 (x, ) dx + 22 / / g(9)|r. (x, )| dsdx. (2.19)
0 461 Jo Jo

1’ (x, s)| dsdx

Inserting the estimates (2.18) and (2.19) into (2.17), then (2.16) is fulfilled. O

Now, let w be the solution of
— Wy = Uy, w(0)=w(l) =0, (2.20)

then

X 1
0 0
We have the following inequalities.

Lemma 2.4. The solution of (2.20) satisfies

1 1
/ widx < / lﬂzdx,
0 0
1 1
/ widx < / Yrdx.
0 0

Proof. We multiply (2.20) by w, integrate by parts and use the Cauchy-Schwarz’s inequality to obtain

1 1
/ widx < / Yrdx.
0 0

Next, we differentiate (2.20) with respect to ¢ and by the same procedure, we obtain

1 1
/ widx < / Yrdx.
0 0

and

Let w be the solution of (2.20). We introduce the following functional

1 1
L) = / ot + prioan) dc + 21 / V. 221)
0 0

Then, we have the following estimate.
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Lemma 2.5. Let (¢, ¥, z,1') be the solution of (2.6)-(2.8). Then we have for any &3 > 0,
dl (t) b Loes [P
I < (61-D) | Ydx+pids %dx"'_ l/’dx
Y7o Oy 2
— dx d 2.22
( = * 4/12)/ l//t * (2/(83 2K83)/ 7ax ( )

2—83/0/7 |,uz(s)|z (x,l,st)dsdx+E// g(s)

Proof. By taking the derivative of (2.21), we conclude

db (1 1 1 1
2( ) = / Widx — / Yrdx+py | Yrdx+ K/ widx
0 0

1 )
+p1 / pwdx + / Uy (x,1) / g ()N’ (x, s)dsdx
0 0 0

+

_l_

1’ (x, s)| dsdx.

1 T2
—/ ’J’/ wr (8)z(x, 1,5, 1) dsdx.
0 T]

We apply Young and Poincaré’s inequalities, we find

1 ) 1
/ Wy (x, 1) / g ()" (x, 5)dsdx < 6, / w2 (x, r)+— / / g () |’ (x, s)| dsdx,
0 0 0

and for any 4, > 0 we have

I
Pl/ SDzlﬁthS,lelz/ Pdx + — / Widx.
0 42,

O
Now, we define the functional I3
‘ 1 ,01b 1
L) @ =p2 | il +y)dx+ e Yaupdx
0 0
o1 1 00
+— / tp,/ g ()1’ (x, ) dsdx. (2.23)
K Jo 0
Lemma 2.6. Let (¢, ¥, z,1') be the solution of (2.6)-(2.8). Assume that
PP P2 (2.24)

K b+gy b
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Then, for any g4 > 0, we have
dI; (1) ® =
;,t < [sox (bl!’x + / g (), (x, S))] - (K- 284)/ (x + ) dx
0
+ (p2 + E)/ wtzdx + 84/ a’x + —/ / U ()22 (x,1,s,0)dsdx  (2.25)
4

- gOC(84)// g'(s)|n;(x,s)| dsdx.
0o Jo

Proof. Differentiating /5 (¢), we obtain

dl; (1)
dt

1 1
= pz/ 1//,t(90,C+l,l/)dX+p2/ Yi(ox + ), dx
0 0

1 1 %)
p1b P1 .

+ X d + —= s d d
X /0 Ypudx K/o sof/o g (), (x,s)dsdx
plb 1 ,01 1 o)

+ / Yapdx + — / (Ptt/ g(s) U;x (x, s)dsdx.
K Jo K Jo 0

Then, by using (2.6), we find

dl; (1)
dt

1
- / (0n + ) (B (5.1) = K 03+ 0) (1)
0
—m%(x,t)—/ ﬂz(S)l//z(x,t—S)dS)dx
1 0 1
+/ (<px+¢f)/ g ()1 (x, S)deX+,02/ Widx
+b / (px + ), Yudx + (— —pz) / Yinpidx
- %/ g () (Yux (8, x) — 1L, (x, 8)) dsdx
0 0
1 )
+% / (g + V), / g ()1 (x,s)dsdx.
0 0
By (2.24), we obtain

dl; (1)
dt

1 1 1
- —K/ <¢x+w)2dx—m/ <¢x+w>wtdx+pz/ W2dx
0 0 0

+ [bypdx]'Sy +

Px (x’ t) / 8 (S) 7]; (X, S) ds] .
0

1 ko) 1 oo
/ (ox +¥) / Uy ()W, (x,t — s)dsdx + '% / ©r / g (s) n; (x,5)dsdx (2.26)
0 1 0 0
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For any €4 > 0, Young’s inequality leads to
1 1 @2
T e e e e @27)
0 0 dey Jo
and
1 T
/ (@« +¢')/ Mo () (x, 1 — s)dsdx
0 T]
Ccey 1 5 1 1 T 5
< —/ (o +¥) dx + —/ / o (8)z” (x, 1,5, 1) dsdx, (2.28)
2 Jo 2e4 Jo Jo
and
o1 [ oo
L / @ / g ()1 (x,5)dsdx (2.29)
K Jo 0
p2 1 0o 2 1
< 4Kle4/0 (/0 g ) (x, s)ds) dx+84/0 Qrdx
1 00 1
, 2
< -g (O)C(84)/ / g (s) |77; (x, s)| dsdx+s4/ @ dx.
0o Jo 0
Plugging (2.27), (2.28) and (2.29) into (2.26), then inequality (2.25) holds. O

Next, in order to handle the boundary terms appearing in (2.25) we use, as in [47], the function

q(x)=2-4x xe(0,1).

So, we have the following result.
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Lemma 2.7. Let (¢, ¥, z,1') be the solution of (2.6). Then we have that for a positive constant &g

) x=1
[sox(wa— / g(s)z//x(t—s)ds)] (2.30)
0

x=0
1

&g d !
< ——— 019 (X) g dx + K286 / (o + l//)2 dx
0 0

1

1 [
_pd q(x)lp,(wa—/ g(s)wx(t—s)ds)dx+386/ @rdx
0 0

4e 4de
2
_ng(O)C(36)// g’(s)|n;(x,s)| dsdx + 911(6/ S
0

i) [ [ oo
+—// o (5) 22 (x, 1, 5, 1) dsdx.
2‘94 0 Jr

Proof. By using Young and poincaré inequalities, we obtain for any g > 0,

b 1
+(86+—(4+ ))/ ;[/de+—(sz(b+g0)+4y186+p286 / wtdx

1’ (x, s)| dsdx

) x=1
[sox (wa +/ g, (t— ) dS)] (2.31)
0

x=0

¢XU)(wa(u-+]f g(s)wx(Ltw—s)ds)
0

—¢x (0) (bl//x (0)+/ g (), (O,t—s)ds)
0

2

IA

1 l(b%(l) + /wg(S) Y (1,1~ S)dS)
486 0

2
+ &6 (1) + ¢, (0]

+ (b% 0) + /wg(S) Wy (0,1 — S)dS)
0

On the other hand, it is clear that

1

7 | P xX) ¢, (bl//x / g (x,9) ds) dx (2.32)
0
1 oo
= / 029 (X) Yy (blﬁx + / g1 (x,9) ds) dx
0 0

1 )
+ / pzq(x)«//t(bwtﬁ / g (), (x, s)ds)dx
0 0
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Now, using (2.6),, we find

d% /O o @ (wa+ /0 e s)ds)dx (2:33)
= /Olq(x>(bwm—k(sox+w)—mwt
—/Tmuz(s)z(x,l,t)dw/Omg(s)n;x(x,@ds)
X(b% - /Owg(S) . (x, 5) dS) dx

|

+ / pzq(xwz(b%x+ / g (s)m, (x, S)dS)dx.
0 0

By the fact that
1 c0 )
/ q (x) (bl//xx + / g ()1, (x,5) dS) (bl//x + / g ()7, (x,5) dS) dx (2.34)
0 0 0

I * ’
:—5/ q (%) (wa+/ g ()7, (x, S)dS) dx
0 0

1

() " 1"
+[qT (wa +/ g1 (x,9) a’s) } )
0 -

0

The last term in (2.33) can be treated as follows

1 s}
/ pzq(x)t//,(bw,x+ / g (&), (x, S)dS)dx (2.35)
0 0
1 1 [
= pab / q (xX) Yfdx + py / q(x) ¢, / g ()., (x,s)dsdx
0 0 0
p2b ! ’ 2 ! . t
= 5| 4 (x)wtdx+pz/ q(X)!//:/ g (&) n;, (x,5)dsdx
0 0 0
pr ! ’ 2 : . 1
- 2 [ vxen [ awu [ e w- ), dsix
0 0 0
p2b

1 1 1 o)
= -5 ¢ () Yidx + pago / q(X)Ydx —ps / q (x) ¥, / g (s) 1 dsdx
0 0 0 0

b 1 1 00
- et re / ¢ () W3dx + p / e / ¢ (). dsdx.
0 0 0
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Inserting (2.34) and (2.35) in (.2.33), we arrive at

(o9

) 2 2
(wa 0,1 + / g ()1 (0, ) ds) + (wa (1,7) + / g(s)n..(1,s) ds) (2.36)
0 0
d 1 IS) 1
= 7 029Y, (btﬁx + / g (), (x,s) dS) dx + 2p, (D + go) / Yrdx
t 0 0 0
1 )
K /O 4 (o0 + 1) (wa + /0 ), (3, 5) ds) dx
1 )
+02 / q¥ / g ()1, (x,s)dsdx
0 0
1 )
—H / q ()¢, (wa + / g (), (x,9) dS) dx
0 0
2

+2 (bv,[/x + /°° g(s)n (x, ) ds) dx
0

1 T 0
—/ q(x)/ Ha ()Y, (x,t—S)dS(btﬁx+/ g (), (x, S)dS)dx.
0 T 0

Now, we estimate terms in the RHS of (2.36) as follows.

First, using Minkowski and Young’s inequalities, we have

2

2 (bl//x + /°° g(s)1. (x, ) ds) dx (2.37)
0

1 1 00
< 4p? / Yidx + 4go / / g(s) |n; (x, s)|2 dsdx.
0 o Jo

Second, by Young’s inequality and (2.37), we have for any 4 > 0

1 )
|K/ q(x) (px + ) (btﬁx + / g (x,) ds) dx
0 0

2K

IA

1 00
/ (ox +¥) (blﬁx + / 21, (x,5) a’s) dx
0 0

2

1 1 o
4K*2 / (ox + W) dx + L (b¢x+ / g ()1 (x, s)ds) dx
0 4/1 0 0

IA

IA

1 2 1 1 oo
b
4K2/1/ (g0x+zp)2dx+ﬁ/ widx+§—3/ / g(s) |77;(x, s)|2dsdx.
0 0 0 Jo

Similarly, we get

1 oo
,ul/ q(x)wz(wa+/ g1 (x, S)dS)dx
0 0

1 b2 1 20 1 o0 5
< 4 2 - 2 o9 !
< ul/l/o Yrdx + 2/1/0 Yidx + 2/1/0 /o g(s) |77x (x, s)| dsdx,
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and

1 ) 0
'—/ q(X)/ 2 (S)wt(x,t—S)dS(btﬁﬁ/ g (x, S)dS)dx
0 T] 0

1 L)
b/ q(x)!//x/ Mo ()Y (x,t — 5)dsdx
0

<
1 T i 0
+ / (q (x)/ o ()Y, (x,t—5) ds/ g(s)1. (x,9) ds) dx
0 T] 0
7 ) b2 1 ) 20 1 ) . 5
< 4604 w(s)z"(x, 1,s,)ds + — Ydx + — g ()|, (x, s)| dsdx.
7 22 Jo 20 Jo Jo

For any &, > 0, we have

1 0
0> / Qv / g ()7’ (x,s)dsdx
0 0

1 1 o)
< P& / Yrdx — prg (0)C (e2) / / g (). (x, )| dsdx.
0 0 0

Inserting all the above estimates into (2.36), we obtain

2 2

(blﬂx 0,7) + /‘x’ g ()1 (0,s) ds) + (bl/lx (1,0 + /OO g(s)n.(1,s) ds) (2.38)
0 0
d 1 )
S P29 (b% + / g ()1 (x,9) dS) dx
I Jo 0
1
+ (2/02 (b + go) +4uid + 10282) / Widx
0
1 1
+b? (4 + i) / Yidx + 4K*A / (o + ¥)* dx
24) Jo 0
1 )
-2 (0) C (&7) / / g (s) |n§C (x, s)|2 dsdx
o Jo
1 o T2
+80 (4 + %) / / g(s) |17; (x, s)|2 dsdx + 450/1/ o (5) 22 (x, 1, 5,1) ds.
0 0 T

On the other hand, we have

d1l [
[ew-20] < 51 [ pawepds

1 1 1
2
+ 3 / Pidx + / wrdx + 2L / PAdx. (2.39)
0 0 k 0

Consequently, substituting (2.38) and (2.39) into (2.31), our desired estimate (2.30) holds. O
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Now, we define the functional

1 1 )
L (1) = / / / se” |uy ()| 22 (x, 1, 5, 1) dsdpdyx. (2.40)
0 0 T]

Then the following result holds.

Lemma 2.8. Let (¢, ¥, z,1') be the solution of (2.6)-(2.8). Then for C, > 0, we have

dl, (t
4() < —Cl/ // se Spluz(s)lz (x, 1, s,1) dsdpdx,

-C, / / o ()| 2% (x, 1, 5, 1) dsdx + / Yrdx, (2.41)
0 T] 0

where C| is a positive constant.

Proof. Differentiating (2.40) and using z (x, 0, s,1) = ¥, e™* < e, we get for all p € [0, 1]

dl“ (t) / / up ()| 27 (x, 1, 5,0 dsdx + /T2 2 ()l ds ‘ﬁzdx

/ / / se™ |ua ()| 2% (x, 1, 5, 1) dsdpdx.

Since s — —e™* is an increasing function, we have —e™® < —e™™ for all s € [11,7,]. Finally, setting,
Cy, = —e ™ and recalling (2.2), we obtain (2.41). O

Proof. (Proof of Theorem 2.1)

We are now ready to define the Lyapunov functional L(r) as follows

1 e !
L(t) =NE (t) + le (t) + N> 1, (t) + Iz (t) + ?2 / plqgotgoxdx (242)
0

1 1 )
S / p2q (X) Y, (wa + / g ()1, (x,5) dS) dx + N4y (1),
€2 Jo 0

where N, N,, N, are positive real numbers which will be chosen later.
Consequently, the estimates (2.11), (2.16), (2.22), (2.25), (2.30) and (2.41) together with (2.3) and the

following inequality

1 1 1
/ @rdx <2 / (ox + ) dx+2 / Yldx. (2.43)
0 0 0
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Lead to

d 2
SLO) < { _MC - Z N, (pz ; 4%2) (pz + “—) (2.44)

1
(2/32 (b + go) + 4uies +,0282) + Napy + —}/ yrdx
&)
1
8— — ——C1N4}/ / 2 ()1 27 (x, 1, 5, 1) dsdx

284 264
&2 +& } / gatdx

+ (——28)+K52+632+—}/(90x+¢’) dx —I3(1)

4
2
+{ + Nopi Ay + P1

+ {— (b + 51) + N2 (51 +,L12C*/12 - b) + 782

b 3 csz CN283 )

+482(4+282)}/ vid / Vi

go (1 8o 2
+{451 (4 +N2)+E(4+2—82)

M 0)C bore
¢ (3 _ o0Clen) - M)}/ / 2 (5)

&2 0 Jo
1 1 )
-C / / / se” " |uy ()22 (x, 1, 8,0 dsdpdx.
0 0 T]

At this point, we have to choose our constants very carefully.

1’ (x, s)|2 dsdx

First, let us choose € small enough such that

Then, we take &, = &; and choose &, small enough such that

. K/3 01/8
& < min R .
(K> +6) (201/K)+ 1
Then, we choose 1, = d; and choose &, small enough such that

2
Ay < —b/ .
1 + 1, C*

Once all the above constants are fixed, we fix N, large enough such that

1
N, —(b+61)+782+i(4+i)

482 282

-lklw‘
.p
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After that, we pick A, so small that .

32N,

Finally, we choose M large enough so that, there exists a positive constant 77;, such that (2.44) becomes

A <

d 1
GLOsom [ (vt e e+ ) ds
dt 0
1 00
2
-1 / / g () |, x, 5)|” dsdx (2.45)
0 0
1 T
+11 / / 2 ()1 2% (x, 1, 5, 1) dsdx
0 T
1 11 ko)
[ ] s e 012 (s dsdpz
0 0 T1
which implies by (2.10), that there exists also 1, > 0, such that
d
d—tL(t) <-mE@®), Yt>0. (2.46)
In addition, we can choose M large enough so that
BIE() < L(t) <BE(t), Vt>0. (2.47)
Combining (2.46) and (2.47), we conclude that there exists A > 0 such that
d
d—tL(t) <-AL(), Vt=0. (2.48)
A simple integration of (2.48) leads to.
L) <LO)e™, Vt>0. (2.49)

Again, the us (2.47) and (2.49) yields the desired result (2.13). This completes the proof of Theorem
2.1 O



Chapter e

Exponential stability for a Timoshenko thermoelastic sys-

tem with second sound and a time-varying delay term in

the internal feedback

3.1 Introduction

In this chapter, we consider the Timoshenko thermoelastic system of second sound with a time-varing

delay term

P19 (X, 1) = K (@ + ¥), (X, 1) + pigr (x, ) + pagpy (x, 1 = 7(1)) = 0,

P2 (6, 1) = b (x, 1) + K (0x +¥) (x, 1) + ¥0, (x, 1) = 0,

P30 (X, 1) + kg (X, 1) + Y (x, 1) = 0,

T0q; (X, 1) + 0g (x, 1) + k6, (x,1) =0, 3.1
e(x,0) = @0 (1),  @(x,0) =1 (), Y(x,0 =¢o(0), ¥:i(x,0)=y¢1(x),

0(x,0) = 6y (x), q(x,0) = go (x), ¢, (x, 1 = 7(0)) = fo (x,1 = 7(0)),

00,0 = o(1,1) = y(0,1) = Y(1,1) = q(0,1) = g(1,1) = 0,

where (x, 1) € (0, 1)X(0, 00), p1, p2, p3, ¥, To, 0, K, i1 M2, K are positive constants, ¢g, ¢1, Yo, ¥1, 6, 9o, fo

are the initial functions and 7 (¢) > 0 is the time-varying delay.

Note that for 7(f) = 7, the system (3.1) has been studied by Ouchenane [55] where he proved the

existence and regularity of the solutions under the assumption p; > .

52
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3.2 Well-posedness of the system

In this section, we state some preliminaries and assumptions, then we prove the existence and uniqueness
of the solutions of our problem. Indeed, in the same spirit of [25], we introduce the auxiliary variable

W (x,p, t) as follow

Wx,p,t) = ¢ (x,t —=7(1)p),

hence, we obtain
T W, (x,p,0) + (1 =T () p)W, (x,p,1) = 0.

Then, the problem (2.1) can be reduced to

P16 (X, 1) = K (@ +¥), (X, 1) + 1 (x, ) + 12 W (x, 1,1) = 0,

P2 (X, 1) = b (X, 1) + K (@ +40) (x, 1) + ¥6, (x,1) = 0,

P36 (x, 1) + kg (x, 1) + Yix (x,1) = 0,

T0q; (x, 1) + 0q (x, 1) + k6, (x,1) = 0,

T@OW, (x,p,) + (1 =7 () p)W, (x,p,1) =0, 3.2)
e(x,0) = @0 (1),  @(x,0) =1 (), Yx0 =y, ¥:(x,0)=y1(x),

0(x,0) = 6y (x), q(x,0) = go (x), ¢, (x, 1 = 7(0)) = fo (x,1 —7(0)),

W (x,0,0) = ¢ (x,t), W(x, 1,1) = fo(x,t — 7(2)),

q(0,1) = g(1,1) = ¢(0,1) = ¥(1,0) = p(0,0) = (1,1) = 0,

where (x,p, 1) € (0,1) x (0, 1) X (0, c0) and the function 7 (¢) satisfies (15), (16) and the condition

O0<7o<t(f)<T, foranyt>0. 3.3)

Let X = (¢, ¢, ¥, ¥, 0, g, W)", we rewrite (3.2) as

{ X' = AX,
(3.4)

X (0) = Xo = (0, @1, Y0, Y1, 60, g0, fo (., —pT (0))",
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with

©® u

k “ 1)
u p_l(‘pxx'*'wx)_au_aw("l)
w 1%
ﬂ(t) v = p%wxx - p% (pr + l/’) - plzex ’
k Y

0 T dx T Vx

q ~50d = 76

W (@ (Dp - 1) Wp/7 ()
where

D(A®) = {(¢. 000, 01.0.0. W) € H: W, € L*((0,1) x L* (0, 1)) ,u = W(,0),in (0, 1)}, (3.5)

with
H:(V><H§)(0,1)><(V><H§)(0,1)><H(1)(0,1)><Hg(0,1)><L2((0,1)><H1 (0,1)),

fort > 0and V =H?(0,1) N Hé 0,1).
Notice that, D (A(¢)) is independent of ¢.

Now, defing & as,

2
E = Hg(o,1)><L2(o,1)><H5(0,1)><(L2(0,1))
xL*(0,1) x L*((0,1) x (0, 1)),

with the inner product

_ 1
<X, X>8 = /0 {pluﬁ + V0 + k(@ + ) (Cpx + LZ/) + by, +p30§} dx

1 1 1
+ / Toqqdx + / / W (x,p) W (x, p) dpdx,
0 0 0

~ ~ ~ ~\T
for X = (¢, u,1,v,0,q,W)" , X = (.1, 0, 9,0,5, W) .

Qur first result is
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Theorem 3.1. We assume that (14) holds and (15), (16), (3.3) are satisfied. Then, for any X, €
D (A(0)), there exists a unique solution X of (3.2) satisfying

X € C ([0, +00),D (A (0) N C' ([0, +),E).

The proof of the above theorem is based on the theorem below ( for more detail see [22]).
Theorem 3.2. the following hypothesis:

(i) D (A(0)) is a dense subset of &;

(ii) for any t > 0 we have D (A (1)) = D (A (0));

(iii) A(t) generates a strongly continuous semigroup on & for all t € [0; T, and the family A ={A(¢) : t € [0; T]}
is stable with stability constants C and m independent of t, i.e, the semigroup (S:(s))s>0 generated by
A(t) satisfies

[1(S:(s) Wllg < Ce™ Nullg, forallue E,5s>0,C>0,m>0;

(iv) Btff’lw(t) e LY ([0,T], B(D(A0)),8E)), where LY ([0, T], B(D (A(0)),E)) is the space of equivalent
classes of essentially bounded, strongly measurable functions from [0; T] into the set B(D(A(0)); &) of
bounded operators from D(A(0)) into &,

are hold.

Then given an initial data in D(A(0)), problem (3.4) has a unique solution
X eC(0,T),DAO)NC' (0,7),8).

Proof. (Proof of theorem 3.1) Our proof follows the method used in [52].

1) Density of D(A(0)) in &. Let G = (g1, 82, 83, 84> &5 &6> g7)T € & be orthogonal to all elements of
D(A(0)) with the inner product (., .)g :

1
0 = (X,G)g = / {o1ugs + pavgs + k(o + ) (g1x + 83) + b, g3, + p30gs} dx
0

1 1 1
+ / Toq8sdx + / / W (x,p) g7dpdx, (3.6)
0 0 0

for all X = (¢, u,¥,v,0,q, W)T' € D(A(0)). To show that gi = 0,forall j =1,..,7, we take W €
D0, ) x 0, 1) andp=u=¢y=v=0=¢g=0,50X =(0,0,0,0,0,0, W)" € D(A(0)) therfore, from
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(3.6), we deduce that
1
/ W (x,p) g7dpdx = 0,
0

since D((0, 1) x (0, 1)) is dense in L*((0, 1) x (0, 1)), it follows then that g; = 0. Similarly, let u € D(0, 1),
then X = (0,u,0,0,0,0,0)" € D(A(0)), which implies from (3.6) that

1
/ ug,dx = 0.
0

So, as above, g, = 0. Moreover let X = (¢,0,0,0,0,0,0)” € D(A(0)), then we obtain from (3.6) that

1
/ Soglxdx =0.
0

It is immediate that X = (¢,0,0,0,0,0,0)" € D(A(0)) for ¢ € V which is dense in H; (0, 1), with the

inner product

1
<g’h>H(1)(o,1):/ gxhxdx.
0

We get g; = 0. By the same ideas as above, we can also show that g; = 0,

1
/ vgudx =0,
0

and by density of D(0, 1) in L*(0, 1), we obtain g, = 0.

!
/ q86dx = 0,
0

and by density of D(0, 1) in L*(0, 1), we obtain g¢ = 0.

for v € D(0, 1), we get from (3.6)

For g € D(0, 1), we get from (3.6)

Next, let X = (0,0,0,0,6,0,0) € D(A(0)), then we obtain from (3.6) that

1
/ Ogsdx =0,
0

consequently gs = 0. This completes the proof of (i).

(i1) for any t > 0 we have D (A (1)) = D (A(0)).
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(iii) A(r) generates a Cy-semigroup in & for a fixed . We define the time-dependent inner-product on &,

(which is equivalent to the classical inner product)

<X’)_(>t = /0] {Plub_l“‘f?zV\_/'i‘k(SOx+l//)(90_x+€?/)+bl//x¢_x+/0395}dx

1 1, _
+ / Toqqdx + E7 (1) / / W (x,p) W (x, p) dpdx, (3.7)
0 0o Jo
where & satisfies
H2 H2
<EL2u - , (3.8)
Vi—d L VT-d

thanks to hypothesis (14).
Let us set "
(7 @ +1)

*0=—0

At this stage we show that the dissipativity of the operator ?Nl OENIOGEFAGYE
For a fixed  and X = (¢, u, ¥, v, 0, q, W)" € D(A(t)), we have
1 1 1
(AKX, X)), = —5/ qzdx -l / u? (x)dx — U / Wx, Du(x)dx
0 0 0

1 1
—£ / / (1 =7 ®p)W(x,p) W, (x, p) dxdp. (3.9)
0 0

Observing that

1 1
/ / (1 =7 @®p)W(x,0) W, (x,p) dxdp (3.10)
0 0

1 1 1 a
= //——WZ(I—T’(t)p)dxdp
o Jo 20p

T/

1 1 1
Ui / / W2 (x. p) dadp + - / (W2 (x, 1) (1 =7 () = W (x,0)) dx.
2 0 0 2 0
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Whereupon,

1 1 1
(AKX, X)), = —6/ qzdx—,ul/ MZ(X)dX—,ng/ Wx, Du(x)dx
0 0 0

’ 1 1
T 0 / / W2 (x, p) dxdp
2 o Jo

¢ [ ¢ [
——/ Wz(x,l)(l—r’(t))dx+—/ u? (x) dx. (3.11)
2/, 2/,

By applying the Cauchy-Schwarz inequality and (15), we get

1 1
<ﬂ([)X,X>, < (—,Ll]-|-2\/%Td+§)/ov uz(x)dx—(S/O qzd.x

1
+(,U2 V21 —d _5(1 ;d))/ W2 (x, 1) dx + % (t) (U, U),.
0

Condition (3.8) allows to write

2Vl -d

<o, l&vl—d_gﬂgd)s

0.
2

YIS

Therefore, the operator él (1) is dissipative.

We are now in a position to show that the operator A/—-A () is surjective. Let (f1, f>, f3, f4, f5, fo» f7)T eé&
and X = (¢, u, ¥, v,6,q, W)T e D(A(r)) be solution of the following system

Ap—u=fi,
k K Iz _
Au — /3_1 ((Pxx + wx) + p_iu + p_?W(’ 1) = fz,
Ay —v=fs,
b k y _
AV = S+ 2 (oY) + 20, = fa, (3.12)

k Y —
/19+p—3qx+p—3vx—f5,
/lq+%q+%0x:f6,

(1-7'(H)p) _
AW + TWP = f7

The first and the third equations in (3.12) give

(3.13)

{u:/l‘ﬁ—fl,
v=A4-fi
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Moreover, by (3.12) we find W as

Wx,0=ulx), forxe(,1).

We obtain, by using the last equation in (3.12) and the same approach as in [52]

1
W(x,p) = u(x) e + () e / fr(x,0) e ¥ do, if (1) =0,
0

and 1
W (x,0) = u(x)e”® + ¢ fi (e, o) 7 (0) e dor,
o 1-7@0

where 4, () = /1:% In(1 — 7' (¢) p). Whereupon, from (3.13), we have

1
W (x,p) = Ap (x) e ¥ — £7¥T0 4 (1) ¥ / fr(x,0) e ¥ Ddo,  if ' (1) =0,
0

and

' (o) T @)

)
e o,
0 1 -1 (t) (o3

W (x, ) = Ap (x) O — fe%® 4 %®

By using (3.12) and (3.13), we get

if 7/ () #0,

if 7/ (r) # 0.

(P+2a+0e ) o - L (g +y) = o+ (1+5) fi - 2W, (),

P1
2 b k v,
X = S + 5 (e + ) + 20, = fa+ Af5,

k 4 _ Y
A0 + qu + ;wx - fS + p_3f3xa

Aq + T%q+ T—';GX = fe.

We obtain, by solving the system (3.17)

(0. 0,0,q) € VXV xH*0,1)x H) 0, 1),

(3.14)

(3.15)

(3.16)

(3.17)
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such that

fol ((/12/31 +ud+ /16—17(0#2) ow + k(o + ) Wx) dx = fol (o1fa + (A1 + 1) fi — 2 Wo (x)) wdx,
Jo (P2 20X + by, X, + kg, + ¥) X +y0.X)dx = [) pa (fs + Af3) Xdx,
fol (030w + kq.w1 + yAy,wi)dx = fol (03fs + v f3x) widx,

[ ((rod + 6) gX, + k0,X)) dx = [, 7o feXydx,
(3.18)

for all (w, X, wy, X;) € H (0, 1) x H! (0,1) x H. (0,1) x H] (0, 1) . From (3.15) and (3.16), we obtain

Ap(x) e + Wy (x), if7 (1) =0,
Wix 1) =
Ap (x) e’ + Wy (x), ift () #0,
where x € (0, 1) and
_ —p7(t) + t —Ap7(1) 1 , —/lp‘r(t)d ] if (1) = 0’
Wo (x) = { /i eﬁ o ;(f) )el mw){% ffﬁ(i) e 7 T (3.19)
—fie" D + &% [0 e e "Wdo, if T (1) # 0.
Thus, problem (3.18) is equivalent to
Y ((QD’ l/” 99 CI) ) (W9 X» Wi, Xl)) = Q (W, X’ Wi, Xl) ’ (3'20)

where the bilinear from Y : [Hg (0, 1) x Hy (0, 1) x Hy (0, 1) x H; (0, 1)]2 — R, and the linear form
Q: (Hé (0,1) x Hy (0, 1) x Hy (0,1) x H} (0, 1)) — R are defined by

1
Y ((9.4,6,q), (W, X, w1, X)) = / (o1 + A+ Ae™ ) ow + k (., + 1) (w, + X)) dx
0
1
+ / (pz/lzth + by X, + y@xwlx) dx
0
1
+/ (0340wy + kg, wy + yAy,wy) dx
0

1
+ / ((tod +6) gXi + k6,X,,) dx,
0
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and
1
Qw,X,wi, X)) = / (1f2 + (Ap1 + 1) fi — 2 Wo (X)) wdx (3.2D)
0
1 1
+/ 02 (f4+/1f3)de+/ (o3fs + ¥ fa) widx
0 0

1
+ / T()f(,X]dx,
0

if 7/ (1) = 0, where W, (x) satisfies the first equation in (3.19).

If 7’ (r) # 0, we define

1
Y (9, 6,9), (w, X, w1, X)) = / (%1 + A+ 2" ) ow + k (@ + ) (w, + X ))dx
0

1
+ / (pz/lzi,l/X + by X, + )’Qlex) dx
0
1
+/ (0340w, + kq,wy + yAy,wy) dx
0

1
+ / ((To/l + 6) C]Xl + k@xXlx) a’x,
0

and the operator Q is defined by the above formula (3.21). So by applying the Lax-Milgram theorem,
problem (3.20) has a unique solution (¢, ¥, 8, ¢) for all (w, X, w1, X;) € Hy (0,1) x H; (0,1) X H} (0, 1) x
Hé (0, 1). By using the classical elliptic regularity, it follows from (3.18) that (¢, ¥,6,q) € H*(0,1) x
H?(0,1)x H'(0,1) x Hé 0,1).

Consequently, the operator Al — A (¢) is surjective

A-AWD =A+x@®)-A®@), foranyfixeds>0and > 0.

Since % () > 0, then, we conclude the surjectivity of the operator A/ — él (0.
In this step, it is sufficient to prove

Il < o35l

T , foranyt,sel0,T], (3.22)
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where ¢ = (¢, u,,v,0,q, W)L, By (3.7), we have

1
Igll; = (.¢), = / (o1 + pyv* + k (@, + Y)* + by + pst + Toq?} dx
0

1 1
+&7 (1) / / W2 (x, p) dpdx,
0 0

1
0 = 000, = [ ol + o+ k(g + 07+ b2 4 i 4 10
0

1 1
et (s) / / W2 (x. p) dpd,
0 0

then,

] C |t—g 1
lgll? = ligllz e = (1= e / (o1 + pav? + k(g + ) + by’ + p36” + 70q”} dx
0

1 1
+§(T(r)—r(s)e%"—3') /0 /0 W2 (x, p) dpdx. (3.23)

Here, we shwo that 7 (1) — 7 (s) e < 0, for r > 0, we have

T =1()+7T (@) —5),

with a € (s, 1) ,we obtain /
0, P @

T(s) 7(s)

|t — s|.

By using 7 € W>* ([0, T]) and 7’ is bounded, we deduce that

7 (1)

r <
— <1+ —|t—s| < e

[t=s]
() T 1o '

which proves (3.22) and therefore (iii).

(iv) We have the operator ﬂw(t) is dissipative, which means that
AU U),-xOU,U) <0,

where
A=A -xDI,
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and 1
(v @ +1)°
x (1) = T(t)

Moreover .
o ([) " (t) ~ rd (l’) (T/ (l‘)2 + 1)2
27 (1)*

X (@)=

2

27 (f) (T' (0)? + 1)%

is bounded on [0, 7], VT > O then it is easy to check that

d
Eﬂ(l)x =

o O O o O

0

@' O O Op=1)
T2(f) WP

Then, by using (16) and (3.3), thus
d ~
Erﬂ (1) e LT ([0,T],B(D(A0),H)),

where (iv) holds in [52]. Then, we conclude that the problem

(3.24)

X, = AWM X,
X (0) = Xo.

admits a unique solution )N( € C([0,+0),&) and if Xy € D (A(0)), then

X € C ([0, +0) . D (A0))) N C' ([0, +),E).

Now, let
X0 =X @),
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where 3 () = fot k (s)ds, then we have by using (3.24)

k(1) POX () + LK, (1)
= k() PFOX @)+ LOA ) X (1)
= B0 (k OX D)+ AN X (r))

X (D)

= SOAD X (1)
= AWNLIX ()
- ANOX©).

Consequently, X(¢) is the unique solution of (3.4). O

3.3 Exponential stability

In this section, we give some technical lemma and we prove the stability results, following [55]; we

introduce the new variable

_ 1
0(x, 1) =6(x,1) —/ 6 (x) dx.
0

Using (3.1), we get
1_
/ O(x,0)dx =0,
0

then, (gp, v, é, q, W) satisfies the system (3.2).

For a positive constant £ satisfying

<EL2u - , (3.25)
Vi—d L VT4
we define the energy functional as
E(® = E{tey,0,q,W) (3.26)
1 [ 1 [
= 3 / (plgof +p21//,2) dx + 2 / {k (@x + )" + by +p302} dx
0 0

1 1 1 1
+= / Toqzdx + §T (®) / / w? (x,p, 1) dpdx.
2 0 2 o Jo
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By multiplying the system (3.2) by ¢, ¥, 6, g, respectively, integrating over (0, 1), and summing them

up, we obtain

1d
2dt J,

1 1 1
= —6/ qzdx—,ul/ (p,z(x,t)dx—,uz/ o (x, ) W(x,1,1) dx.
0 0 0

(plsot + poy7) dx + ;j

We multiply (3.2); by W

f d 1 1 5
Ed_t/o /0 (1) W (x,p,t)dpdx
1 1
= —f/ / (1 =7 @®p)W(x,p,t) W, (x, p, 1) dpdx
é: 0 0 | |
+27 (1) / / W2 (x,p, 1) dpdx
2 0 0
‘f 1 1 (9 ,
= —E/O /0 %((1 -7/ () p) W? (x,p,t))dpdx

1 ! !
= §/ (Wz(x,O,t)—Wz(x,l,t))dx+gT (I)/ W2 (x, 1,0 dx.
2 Jo 2 Jo

From (3.26), (3.27) and (3.28), we obtain

1
dlfit(t) = —(m —g)/o ¢,2(x,t)dx+(§T @ _ )/ W2 (x, 1,0 dx

1

1
ﬂg/%umwumnM—g/fm.
0

0

Thanks to Young’s inequality, the last term in (3.29) can be estimated as follows

1
#2/ e (x, ) Wi(x, 1,1)dx
0

Ho

e (x,1,0)dx.
2V1-dJo

1
(,th (x,t)dx +

ﬂZVl_d/IWQ
2 0

Inserting (3.30) into (3.29), we obtain

dE 1
dz(t) < _(ﬂl_g_zx/lf— )/ <p,2(x,r)dx—5/0 T

1
+(§ (v (1) - 1)+2T_)/0 W2 (x, 1,7 dx.

1
k(@ + ) + by + ps6” + 10’} dx

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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Then, we deduce that there exists C > 0 such that

1 1 1
dE @) g—&/ q2dx—C{/ gpf(x,z)dx+/ Wz(x,l,t)dx}. (3.32)
0 0 0

dt

Then, E is a non-increasing function.

Our second result is

Theorem 3.3. Let Uy € D (A(0)). Assume that (14) holds. Then under the hypotheses (15), (16) and
(3.3), any solution of problem (3.2). satisfies

E()<Ce™, V>0, (3.33)

for some positive constants C and vy independent of t.

To derive the exponential decay of the solution, we build a functional £(#) which is equivalent to the

energy E(¢) and satisfies iLe
t

dt

<-AL(), Vt=0,

for some constant A > 0.

First, let us consider the functional /; given by
1 1
— H 2
L () = / P1ppdx + > p-dx. (3.34)
0 0

Hence, we obtain

Lemma 3.4. Let (¢, 4,0, q, W) be the solution of (3.2). Hence, we have

dl k c
7; < (—k+81(2+‘%))/ 2dx+2—81/ W2dx (3.35)

/Wz(x,l,t)dx+p1/ (,otdx
281

where ¢ = 1/n* and €, > 0.

Proof. Differentiating /;, we obtain

dI 1 1 1
— =m/ sonsodX+p1/ w,de+u1/ ppdx, (3.36)
dt 0 0 0
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thanks to (3.2);, we find

1

dl 1 1
== k/ (gox+w)x<pdx—,ug/ w; (x,t—r(t))dx+p1/ gotzdx.
dt 0 0 0
Thus,
dl, 1 1 1 )
— =—k (ox +¥) @rdx — eW(x,1,0)dx + p; wrdx.
dt 0 0 0
The use of Young’s and Poincaré’s inequalities leads to (3.35). O

Now, let w be the solution of
— Wy =¥ ,w(0)=w(l)=0. (3.37)

Then we get
X 1
W(x,t)=—/ w(y,t)dyH(/ w(y,t)dy)-
0 0

Lemma 3.5. The solution of (3.37) satisfies

1 1
/ widx < / lﬂzdx,
0 0
1 1
/ widx < / Yrdx.
0 0

Proof. Multiplying (3.37) by w, integrating by parts and applying the Cauchy—Schwarz inequality to get

1 1
/ wldx < / Yldx.
0 0
1 1
/ widx < / Yldx.
0 0

This complete the proof of the lemma. O

and

We differentiate (3.37), we get

We introduce the following functional

1
L) := / (le/’zl/’ + p1pw — %Ot//q) dx. (3.38)
0
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Lemma 3.6. Let (¢, 4,0, q, W) be the solution of (3.2). Hence, we get,

dh @) _ (_b L e | e 57820 / P+ 12 / W2 (x, 1, 1) dx

dt 2 2
1
YToé2 9182 2 M1 P1 2
+ dx +|—+ — d
(m 2k /‘/’ (2,~s2 282)/0 $rax
Y7o oy 2
+|— + dx, 3.39
(2ng 2k82) /0 7ax (3-39)

where g, > 0.

Proof. By derivating (3.38), we deduce that

dl, (f) 1 1 1 1 1
= —b/ Ylrdx + k/ oy, dx — k/ Wrdx + ps / Yldx — k/ W dx
0 0 0 0 0

dt

1

1 1 1
—k/ Yw.dx — g / owdx — W (x, 1,t) wdx + p; / oW dx
0 0

yTo/ l//tqu-l——/ Yqdx.

By using (3.37) and Lemma 2, we have

dl, (1) | 1 1 1 1
< -b / Wldx + k/ oY dx — k/ Wrdx + ps / Wldx + k/ o Wdx
dt 0 0 0 0 0

1

1 1 1
+k/ wzdx — / ewdx — o W(x, 1,t)wdx + p; / ewdx
0 0

)/TO/ v.q dx+—/ vqdx.

Applying Young’s and Poincaré’s inequalities and using Lemma 2, we obtain (3.39). O

Now, we defined the functional

1 1
L (1) = &t () / / e T OPW2 (x, p, 1) dxdp. (3.40)
0 0

It satisfies the estimate stated in the following lemma
Lemma 3.7. Let (¢, 4,6, q, W) be the solution of (3.2). Then, we have

dl; (1)

1
< 2L +¢& / @ (x,0)dx. (3.41)
0
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Proof. Differentiating (3.41), we obtain

dl; (1)

1 1
el ET (1) / / e T OPW2 (x, p, 1) dxdp (3.42)
0 0

1l
=2ét (0T (1) / / e T PoW? (x, p, 1) dxdp
o Jo

1 1
+2£7 (1) / / e PW, (x,p, ) W (x, p, 1) dxdp.
0 0

Using (3.2); and the last term in (3.42) we find

1 1
7() / / e T PW, (x, p, 1) W (x, p, 1) dxdp (3.43)
0 0

1,
= / / eI (T (1) p— )W, (x,p,1) W (x,p, 1) dxdp.
o Jo

Also, one can see that

1 1
/ / TP (2 (1) p = 1) W, (x.p. ) W (x. p. 1) dixdp (3.44)
0 0
- ! / 1/ 2 (0 (7 (9= ) WP 0 1)
2 ; ; ap s Mo

1l
+7(1) / / e T (¢ () p — 1) W2 (x, p, 1) dxdp
o Jo

’ 1 1
t
_T ()/ / e T PW2 (x, p, 1) dxdp.
o Jo

2

Using (3.44) and (3.43), the equation (3.42) takes the form

dl; (1) " ey e
0 = =2¢t1(1) e W= (x,p,t)dxdp + & o, x(,t)dx (3.45)
0o Jo 0
1
770 (1 -7 (1) / W2 (x, 1,1 dx.
0
Then, the proof of the lemma is complete. |

Now, as in [46], we introduce the functional

1 X
1) = paps / ( / e(r,y>dy)w,<r,x>dx. (3.46)
0 0
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Lemma 3.8. Let (¢, ¥, 0, q, W) be the solution of (3.2). Then, we get
dl, (t k :
jlt() < ( Ly, 4 EA2 )/ W2dx + ﬂ(mk) / WRdx (3.47)
0
&4kpsc 2 P3 : 2
+—/ pdx +|yp3 + — (b +2k) / 0°dx
2 28:‘ 0
+pik qzdx,
284
where g4, €, > 0.
Proof. Differentiating (3.46) and using (3.2);, we obtain
= p30dy | p2pdx + p30dy| pandx
dt o \Jo o \Jo
1 X
= - / ( / (kg + v dy) paipdx
o \Jo
1 X
+ / (/ P39d)’) (bl//xx - k(SOx + %0) - 7’9x) dx,
o \Jo
1 1 1
= —yp | Widx—pok / q¥dx — bp; / O dx
0 0 0
1 1/ px 1
+kps / Opdx — kps / (/ de) wdx + yps / 6*dx.
0 0o \Jo 0
Applying Young’s and Poincaré’s inequalities, we find (3.47). O
Here, we introduce the functional
1 X
I5(2) := —Top3 / q(t,x) ( / 0(t,y) dy) dx. (3.48)
0 0
Lemma 3.9. Let (¢, ¢, 0, g, W) be the solution of (3.2). Then, we have
dis (t 0
s (—p3k L &5 C)/ Falx + 5 / Wrdx (3.49)
dt 2 0

p3d  Toy 2
ok + + dx,
( 2&s 285) /0 7 ax

forany &5, > 0.

We refer the reader to the proof in [46].
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Proof. (Proof of Theorem 3.3) We define the Lyapunov functional £ as follows:

L) =NE@®+1L(@)+NL(@)+ L (t) + Naly () + NsIs (). (350)

Where N, Ny, Ny, N5 > 0.

Combining (3.32), (3.35), (3.39), (3.41), (3.47) and (3.49), we get

dL (1) k ( CHI1E)  ClrE 67826) £403 / .
— + N, (-b + + + N. b+k d
di 26, 2 2 2 2k s\ Ty brka)| ) v
[ k gkpsc] [!
k4 |5+ H2E) N, BT / @ dx — 215 (t)
» 27 2 2 |/
i 1
+l-NC+ 2 N 22 / W2 (x, 1, 1) dx
| 281 28] 0
i 1
+|-NC + N, Ll RS +p1+€ / @dx
| 282 282 0
[ YT0E2  P1&2 1 E402k eroy| (1,
+ [N + +— |+ =+ Na|~yp2 + + N d
_2(/02 T 2) 7 4(%02 > ) 5= ]/0'//135
[ Yto Oy P2k P30 Toy / ',
+|=No+ N + —— |+ Ny=— + Ns|tok + — + d
7 2(2](82 2k.92) 26 S(TO 265 | 28, )] s T
- 5 1
+ | (7,03 + 22 (b+2k))+N5 (—p3k+ £5P3 C) / 6dx. 3.51)
| 4 0

Choose &1, &5, &4 and &5 small enough, such that

cHy  CUa 6’}/c) b k e k
Ly ey _ 4+ < =
82(2+2+2k =7 81(2+2 =72
0% k
< = < —.
e T %
We can choose N, large enough, so that 5
K
N, > —.
2 bS]

And also N, large enough so that

Ny— > N, +— )+ —.
44_2/0 2

YP2 ( L Y& ,0182) 1
Y 2

Fixed N, and N, we have

N>b k }

/< .
©4 = min {4N4p3 (b + ke)’ 2Nakpsc
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Let N5 be large enough such that

Nspsk
£ N ()/p3 + 22 b+ 2k)).
€4
We fix & small enough, we have
& < Nyyps
>~ 4Nstoy’

Now, we have

E &y 2&)
e ZNZ(”0 + 5—7)+N4’2%': +N5(T0k+p36 + m)‘

CN M2 M2 M P1
TZmaX{E+N2 ,Ng(—|+—)+p1},
2ken 2ken

E 28%

We see that (3.51) is equivalent to
d 1 1 1
—L®<-m / (W7 + w2+ @ + (e + 9 + 6 + ) dx —my / / W (x,p,0)dpdx,  (3.52)
0 o Jo

then, we have p
EL () <mE@), forall ¢t > 0, (3.53)

where —7; and 1, as a positive constant. O

Lemma 3.10. There exist two positive constants 31,8, such that
BEM) <L) <BE(t), forallt>D0. (3.54)
Proof. We defined the functional

H () =1, (1) + Nodo (1) + I3 (1) + Nyly (1) + NsIs (1),

and we prove that
|H(@)| <CE(t), C>0.

From (3.34),(3.38),(3.40),(3.46) and (3.48) we find

1 1 1
.
/ p1¢pdx + % / ¢ dx / (leﬁzlﬁdx +p1ow — %wq) dx‘
0 0 0

1 1 1 X
/ / e *PW? (x,p, t) dpdx 0203 / ( / H(t,y)dy)wz(t,x)dx
0 0 0 0
1 X
—Top3 / q(t,x) ( / H(t,y)dy)dx
0 0

|H (t)' < + N2

+ + Ny

+N5
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By using the relation

1 1 1
/ ©*dx < 2c / (@r + ) dx + 2c / Yldx,
0 0 0

moreover, by applying Young’s and Poincaré’s inequalities, we get

1 1 1 1 1
|H@®)| < a / go,zdx + ay / w,zdx + a3 / (o + 1/1)2 dx + au / widx + as / dx
0 0 0 0 0

1 1l
+ag / qzdx + / / w? (x,p, 1) dpdx, (3.55)
0 o Jo

where the positive constants ay, . . . ,ae are:

@y := 3 (p1 + Napy),
@ = 3 (N2pa + Napaps),
@3 = pic,

4 = %(% + Nopic? + szzc) ,

as = 3 (Napap3c + NsTopsc)

Qg = % (sz% + N5T()p3) .

By (3.55), we obtain
|H ()| < CE (1),
for
max {a1, @z, a3, @4, A5, Xg}

C=— :
min {p;, p2,p3, K, b, k, 7y, 6,70}

we get
|L ()= NE ()| < CE (1).

i
Combining (3.53) and (3.54), we deduce that
d
d—tL(t) <-AL(t), forallt,A>0. (3.56)
Then
L)< LO)e™, forallr>0. (3.57)

Thus, the proof of the theorem is complete.



Chapter °

Well-posedness and Stability result of a nonlinear damp-

ing Porous-elastic system in Thermoelasticity of second
sound with infinite memory and distributed delay terms

4.1 Introduction

In this chapter, we treated (with Ouchenane and Choucha) [29] the following system,

Py — Py — b = 0,

P21 = O + bu + & + / i 8(8)psx(t — $)ds + v,
0

g, + / x(@1d:(x. 1 — 0)do + (D) f(d) = O, (@.1)

030; + kq + ¥ = 0,
04q; +dq + k6, =0,

where
(x,0,1) € (0, 1) X (11, 72) X (0, 00),

with the Neumann-Dirichlet boundary conditions

u(0,0) = u,(1,1) = ¢ (0,1 = ¢(1,1) = 0,
0.0,1)=6,(1,1) =q0,1)=q(1,0)=0, >0,

74
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and the initial data

u(x,0) =uo(x),u(x,0) =u; (x), x€(0,1),

¢ (x,0) = ¢o (x), ¢, (x,0) = ¢1 (x), x€(0,1),

6(x,0) =6y (x),q(x,0) =q0(x), x€(0,1),

d(x,—1) = fo(x, 1), (x,1) €(0,1)x (0, 77). 4.2)

Here p1, 02, p3, P4, i» » b, 6, &, ., d, k and u; are positive constants, satisfying u& > b?, the term a/(t) f(¢,) is
T2
the nonlinear damping term, where the functions @ and f are specified later, the term |2 (0) s (x, t —

T1
o)do is a distributed delay that acts only on the porous equation and 7y, 7, are tow real numbres with

0 <7 < 15, where u, is an L*function, and the function g is called the relaxation function.

We introduce the following assumptions that has been considered in many works such that

(H1) g : R, — R, is a C' function satisfing

g(0)>0, 6- /°° g(s)ds =1>0, /00 g(s)ds = go. 4.3)
0 0

(H2) There exists a non-increasing differentiable function @, : R, — R, such that

g <-ntg), t=0, (4.4)
and ®
. =a(t 3
flgg a(t) =0

(H3) f : R — R is a non-decreasing C° function, such that there exist vi,v,,& > 0, and a strictly
increasing function G € C!([0, o)), with G(0) = 0, and G is a linear or strictly convex C?-function on
(0, £] such that

{ s2 + f2(s) < sf(s), Vsl <e, 4.5)

vils| < |f()l < walsl, Vsl > &,

which implies that sf(s) > 0 for all s # 0. f also satisfies the following property:

fW2) = F@l < kol + [ P)lyra = yil, 1,42 €R, (4.6)
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where ko, 8 > 0.
(H4) w5 : [11,72] — R is a bounded function satisfing

/ lu2(0)ldo < . 4.7)

T1

Note that condition (4.4) was used by Messaoudi in [41], and the assumptions (4.5) was first introduced
by Lasiecka and Tataru [32] in 1993.

Now, as in [53], taking the following new variable

y(xapags t) = ¢l(-x’t - Qp)7

then we obtain
oyi(x,0,0,1) + y,(x,p,0,1) =0,
Y(x» O’ Q’ t) = ¢l‘(x’ t)5

we introduce the following new variable:
n'(x,s) = ¢(x, 1) — p(x,t — 5), (x,1,5) € (0,1) xR, XxR,,
which was adopted in articles ([13],[57]), where 1’ is the relative history of ¢ that satisfies.
m+ 1. = ¢ux, 1), (x,t,5)€(0,1)x(0,1) xR, XR,.
Consequently, the problem (4.1) is equivalent to
Py — fidyy — b, = 0,

029 — I + Du, + EP — / g’ (s)ds + yb,
0

i, + / La@ly(x, Lo, Do + (D f(6,) = 0,
T 4.8)
P30 + kq + vy, = 0,

p4q: +dq + k0, = 0,
oyi(x,p,0,1) + y,(x,p,0,1) =0,
i+ 17 = d(x, 1),

where
(x,0,0,1) € (0,1) x (0, 1) X (11, 72) X (0, 0),
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with the following boundary and initial conditions:
ue (0,0 =u, (1,1) = ¢ (0,1) = ¢(1,1) = 0,
0.00,0) =6,(1,1) =¢q(0,1) =q(1,0) =0, 10,
u(x,0) =up (x),u (x,0) = u (x), x€(0,1),
¢ (-x7 0) = ¢0 (x) 5 ¢t (X, 0) = ¢l (x) , X€ (09 1)7 (49)
0(x,0) =6 (x),q(x,0) =gqo(x), x€(0,1),
y(x, p,0,0) = folx, po), x€(0.1),p €(0.1),0 € (0,72),
n'(x,0) = 0,7°(x, 5) = no(x, 5), (x,5) € (0,1)xR,.
Meanwhile, from (4.1); and (4.2), it follows that
d2 1
pra i u(x,t)dx = 0. (4.10)
So, by solving (4.10) and using the initial data of u, we get
1 1 1
/ u(x,t)dx = t/ u; (x)dx + / uy (x)dx.
0 0 0
Consequently, if we let
B 1 1
u(x,t)zu(x,t)—t/ U (x)dx—/ uo (x)dx, 4.11)
0 0
we get
1
/ ulx,ndx=0, V>0,
0
and, from (4.1); and (4.2), it follows that
d [
— 0(x,t)dx = 0. 4.12
o /0 (x, 1) dx (4.12)

So, by solving (4.12) and using the initial data of 6, we get
1 1
/ O(x,t)dx = / 6o (x) dx.
0 0

_ 1
0(x,t) =6(x,1) —/ 6o (x) dx,
0

Consequently, if we let

we get

I_
/ O(x,0)dx=0, VYt>=0.
0
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Therefore, the use of Poincare’s inequality for b_t,g) is justified. In addition, simple substitution shows
that (u, ¢, 0, g, y,1") satisfies system (4.1). Henceforth, we work with u, 6 instead of u, 6 but write u, 6 for

simplicity of notation

4.2 Well-posedness

In this section, we prove the existence and uniqueness result of the system (4.8)-(4.9) by using the Semi-
group theory.

First, we introduce the vector function

U = (I/t, M[, ¢, ¢t7 6’ q,ya nt)T7

and the new dependent variables v = u,, ¥ = ¢,, ¢ = 1f', then the system (4.8) can be written as follows:

(4.13)

U, = AU + T(U),
U(0) = Uy = (uo, u1, 0, d1 00> 40> fo,10)" s

where A : D(A) c H :— H is the linear operator defined by

1%

H b
P Unx + P Px

v
1 b ¢ Y 1
p_2¢xx - p_zux - p_2¢ - p_zgx + p_z /0 g(S)()Dxx(s)dS

¥
A=\ sy ke e.ndo ’

71
K

K, _ X
Psqx p3l’//x
_d,_xg
P4q ps
1
oYp

—90s+¢
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and

0

0

0

_a®

I = 2 Jw , (4.14)

0

0

0

0

and H is the energy space given by

H = HN0,1)x LX0, 1) x H)(0,1) x L*(0,1) x L*(0,1) x L*(0, 1)
XL*((0,1) X (0, 1) X (71,72)) X Ly,

where

L*0,1)

1
{® e L*0,1) / / ®(x)dx = 0},
0
H'0,1) N L*0, 1),

H!0,1)

1 0
L, = {®:R, - HYO,D), / / S()D(s)ds < oo},
0 0

where the space L, is endowed with the following inner product:

1 0
<O, D > = / / 8()D 1. (5)Dai(5)ds.
o Jo

For any
U=@v.¢.0.0.q.y.9)" €H, U=@v.¢.4.0.3.59" €H,

we equip H with the inner product defined by
N 1 1 o o
<UU>y = p / v’v\dx+,u/ Ul dx +p2/ wwdx+§/ opdx
0 0 0 0
1 I o .
+p03 / 00dx + py / qqdx + l/ O dx + b/ (U + u p)dx
0 0 0 0

1 1 )
+ / / / oluz(o)lyydodpdx+ < ¢, ¢ >, . (4.15)
0 0 T
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The domain of A is given by

UeH | ueHNH!, ¢ H* NH)veH,1),
DA ={ g e H\O.1), e H'(0,1), geH)0.1), &L, |,
y’yp ELZ((Oa 1))((0, I)X(TI’TZ))’ y(xa()’Q’t) :w

where
HZ(0,1) = {® € H*(0,1) / ®,(1) = ©,(0) = 0}.

Clearly, D(A) is dense in H. Now, we can give the following existence result.

Theorem 4.1. Let Uy € H and assume that (4.3)-(4.7) holds. Then, there exists a unique soltion
U € CR,,H) of problem (4.13). Moreover, if Uy € D(A), then

U e CR,, D(A) NC'R,, H)

Proof. First, we prove that the operator A is dissipative. For any U, € D(A) and by using (4.15), we

have

1 1 ()
<AUU >y = —u / Wrdx - / / lu2(0)lry(x, 1, 0, )dodx (4.16)
0 0 T

1 1 1 T
—d / qdx - / / / l2(0)ly,ydodpdx
0 0 0 T]

1 00
- /0 /0 g(s)(,oxs(s)gox(s)dsdx.

For the third term of the right-hand side of (4.16), we have

1 1 ko) 1 1 ko) 1 d
- / / / lu2(0)ly,ydodpdx —= / / / 2 (0)|—y*dpdodx (4.17)
o Jo Jn 2 Jo o Jo dp

1 1 T
- A / / |/'12(Q)|y2(-xa 1aQ9 t)dgdx
2 0 T]

1 1 T2
+5 / / l2(0)ly* (x,0, 0, )dodx.
0 T

By using Young’s inequality, we get

1 T 1 ) 1
- /0 / oluz(@y(x, 1,0, )dodx < 5( / lu2(0)ldo) /0 Yrdx (4.18)

1

1 1 ()
+3 / / @ 1, 0, Ddodx.
0 T]
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By integration the last term of the right-hand side of (4.16), we have

1 ) 1 00
—/ / 8(8)pxs($)px(s)dsdx = %/ / g'(8)pr(s)dsdx. (4.19)
0 0 0 0

Substituting (4.17),(4.18) and (4.19) into (4.16), using the fact that y(x,0, 0,1) = ¥(x,t) and (4.7), we

obtained

1

T 1
<AUU >y < —(uy — / lu2(0)ldo) / y’dx—d / q*dx
T 0 0

1 1 o0
+— / / g (s)@(s)dsdx < 0.
2/ Jo

Hence, the operator A is dissipative.
Next, we prove the operator A is maximal. It is sufficient to show that the operator (17 —A) is surjective.
Indeed, forany F = (fi, f2, f3, fa» f5 fo» J7. f3)T € H, we prove that there exists a unique V = (u, v, , ¥, 0,q,y, ¢) €
D(A) such that
(AU -A)V =F. (4.20)

That is
Adu—-v=fi € H(0,1)
P1AV — it — b = py f> € L(0,1)
Ap—y = fy € Hy(0, 1)
P2 = Iy + bit, + E¢ + ¥0, = [7 g(5)pun(s)ds

+uy + [ lwa(@ly(x, 1,0,0do = pafa € L*(0, 1) (4.21)
P340 + kq, + Y. = p3 fs € L2(0, 1)
(pad + d)q + k0 = pafs € L*(0,1)
A0y:(%, 0,0, 1) + Yo (X, p,0,1) = 07 € L*((0,1) x (0, 1) X (11, 72))
Ap+os— ¥ = fs €L,

We note that the equation (4.21)s with y(x, 0, o, f) = ¥(x, t) has a unique solution given by

0
y(x, p,0,1) = e Y + pe'? / e f1(x, o, 0, Ndor,
0
then X
y(x,1,0,1) = e + e / e f1(x, o, 0, tdor, (4.22)
0

and we infer from (4.21) that

p=e" /S e' (Y + fy(1))dr, (4.23)
0
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and we have
v=Au- fi, ¥ =A1¢ - f3. (4.24)

Inserting (4.22), (4.23) and (4.24) in (4.21), and (4.21),4, we get

p1%u = pity, = b, = hy € L3(0, 1),

[3¢ = Hadprr + bu, + Y6, = hy € L2(0, 1),
P30 + 5qx + vy = h3 € L3(0, 1),

©rtDg + L9, = hy € L2(0, 1),

(4.25)

where

p3 = pa + &+ 4y + A [ |a(0)ledo

pe =1+ [ g(s)(1 - e")ds

hi = p1(Af1 + f2)

hy = (p2d + i + [ la(0)le™do) fs + pa fa
— [T olua(0)le® [ 7 fr(x, 0 0, Ddordo
+ [y g()e™ [5 e (fs(T)wdTds

hy = Y(osfs +¥.f5)

_ pafs
I’l4 == -

We multiply (4.25) by /Ii,a,’é\,?q\, respectively, and integrate their sum over (0, 1) to get the following

variational formulation:

B((u, ¢, 6,9), (@, ¢, 6,9) = Y@, $,6,9), (4.26)

where

B: (HX0,1) x Hy(0,1) x L*(0, 1) x L*(0,1))* = R,

is the bilinear form defined by

1 1 1
B((u, ¢,6,9), @, $,6,9)) 2py / uudx + 3 / ¢dx + 1 / Ui dx
0 0 0

1 1
+H / debrdx + b / (¢ + git)dx
0 0

1 1
+p3/ 06dx + %/ q.0dx
0 0

b A+d) [
+y / ¢, 0dx + —(p4 /l+ ) / qqdx
0 0

1
K —
+— 0.qdx,
/1/0 4
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and
T : (HN0, 1) x Hj(0,1) x L2(0,1) x L*(0, 1)) — R,

is the linear functional given by
s 1 o o 1
TGA\, @, 9,@) = / hﬁ?dx + / h2¢dx + / h;0dx + / hﬁfdx.
0 0 0 0
Now, for V = H!(0, 1) x Hj(0, 1) x L2(0, 1) x L*(0, 1), equipped with the norm
(1t ¢, 0, DI = lluall3 + lB115 + N3 + Nlpll3 + 16115 + llgll3-

then, we have
1 1 1
mmwﬂ@xm¢ﬁ@»::ﬂ%/nﬁh+m/0#M+u/u%x
0 0 0

1 1 1
+2b/ ux¢dx+,u4/ ¢)2€dx+p3/ 6*dx
0 0 0

1
+—(‘D4/l+d)/ g dx.
z 0

On the other hand, we can write
2 2 1 b b
puy + 2bug + pzdp” = E[ﬂ(ux +=@)" + u3(d + —u,)
H H3
b? b?
= 0 + (3 — — ).
M3 H
Since, ué > b*, we deduce that
2 1 b 2 b’ 2
puy + 2bud + pzp” > 5[(# - —uy + (uz — —)p°],
M3 H

then, for some My > 0
B((u, 9,0, q), (u, $,0,9) > Moll(u, 8,0, lIy.

Thus B is coercive, similarly,

Y@, $,6.9) = My||@ 6.6, 9>

Consequently, using Lax-Milgram theorem, we conclude that (4.8) has a unique solution:

(u,9,6,q) € H (0,1 x H}(0, 1) x L2(0, 1) x L*(0, 1).
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Substituting u, ¢, 6, g into (4.22), (4.23) and (4.24), respectively, we have
ve HN0,1), weH)0,1), pel,
y’yp € LZ((O’ 1) X (O’ 1) X (71’72))-
Moreover, if we take (@, 6,9) = 0 € H'(0, 1) x L2(0, 1) x L*(0, 1) in (4.26) to obtain
o o o o o
U3 / opdx + b/ u,pdx + g / O o dx + )// 0.pdx = / hypdx,
0 0 0 0 0
we get
L 1 _ _
o [ 0Bdx= [ = pad ~ bu, ~ y0.35dx. VG € HYO.), (4.27)
0 0
which yields
~padrr = (hy = pzp = bu, — y8,) € L*(0, 1).
Thus

¢ € H*(0,1) N Hy(0, 1),
consequently, (4.27) takes the following form
1 —_ —
/ (—Hader — hy + pi3p + buy +y0,)pdx = 0, Yo € Hy(0, 1).
0

Hence, we get

_:u4¢xx + ,Lt3¢ + bux + )’Qx = hZ-

This give (4.25),. Similarly, if we take (¢,6,9) = 0 € H,(0,1) x L%(0, 1) x L*(0, 1) in (4.26) to obtain

1 1 1 1
u / uudx+b / P dx + A%p / uudx = / hiudx,
0 0 0 0

1 1
u / Ul dx = / (hy + bo, — Ppuyudx, Vu € H\(0, 1),
0 0

we get

which yields
~ptey = (hy + b, — Ppu) € L*(0, 1),

consequently, (4.28) takes the following form

1
/ (—ptityy — hy — b, + Ppuyudx =0, Yu € H(0,1).
0

(4.28)
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Hence, we get

—Utye — b, + /lzpu = hy.

This give (4.25),. Similarly, we get

Kqx = Ahs — Ap30 — Ayp, € LE(O, D),
k0, = Ahy — (psd + d)g € L2(0, 1),

thus, we have
(6,9) € H(0,1) x Hy(0, 1).

Moreover, (4.28) also holds for any ® € C'([0, 1]). Then, by using integration by parts, we obtain
1 1
U / u, D dx + / (=hi = b, + Ppu)®dx =0, YO € C'([0, 1]).
0 0
Then, we get for any ® € C!([0, 1])
u,(H@(1) — u,(0)(0) = 0.

Since @ is arbitrary, we get that u,(0) = u,(1) = 0. Hence, u € H*(0, 1) n H'(0, 1).

Therefore, the application of regularity theory for the linear elliptic equations guarantees the existence

of unique U € D(A) such that (4.20) is satisfied.

Consequently, we conclude that A is a maximal dissipative operator.

Now, we prove that the operator I defined in (4.14) is locally Lipschitz in H. Let U = (u,v, ¢, ¥, 6, q,y, )’ €
H,U =@, 7,6,0,6,3,5,9)" € H. Then, we have

ICV) =Tl < MslFW) = fF@z2-
By using (4.6), and Holder and Poincare inequalities, we can get

IF @) = F@llz < ko(llwlly, + lhlly — vl
kil = Wllpz,

IA

which gives us
IC(U) = D)l < Mal|lU = Ullgy.

Then, the operator I' is locally Lipschitz in 4. Consequently, the well-posedness result follows from

the Hille-Yosida theorem. This completes the proof. O
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4.3 Stability result

In this section, we state and prove our decay result for the energy of the system (4.8)-(4.9) using the

multiplier technique. We need the following lemmas.

Lemma 4.2. The energy functional E, defined by

1 1
E@t) = 3 / [plutz + Ul + ot + 1P+ EQ + p30 + pag” + 2bux¢] dx
0

1 poo
+1 / / g(s)gai(s)dsdx
2Jo Jo

1 1 1 ()
) / / / olu(0)ly* (x,p, 0, 1) dodpdx, (4.29)
0 0 T]

satisfies
1 )
E'@®) < -no / prdx + 5 / / g ()¢ (s)dsdx
0 0
1
—d / g*dx — a(1) / ¢.f(p)dx <0, (4.30)
0 0
where g = puy = [ [ia(@)lde > 0 and p(s) = ' = ¢(x.1) = p(x.1 = 5).

Proof. Multiplying the first equation of (4.8) by u, and the second equation by ¢,, then integration by
parts over (0, 1), and using (4.9), we get

1
%% [Pl”tz + I + 2] + O + EB° + P36 + pag” + 2bux¢] dx
/ ¢xz/ g(s)oy(s)dsdx + u, / ¢2dx + d/ dx
+/ ¢z/ la(0)ly (x, 1,0, 1) dodx + a(t)/ ¢ f (p)dx = 0. (4.31)
0 T1 0

The last term in the left hand side of (4.31) is estimated as follows.

1 ko) 1 (o) 1
/ " / oy (x. 1. dodx < 5( / x(0)ldo) / Hdx
0 T T 0

1 1 k)
5[] e e nondeds @
0 T]
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and
1 00
—/0 ¢xt/0 g($)py(s)dsdx < 2dt// g(s)¢> (s) dsdx
-= / / g ()¢? () dsdx. (4.33)
2 )0 Jo

Now, multiplying the equation (4.8); by y|ux(0)l, and integrating the result over (0, 1) X (0, 1) X (74, 72)

1 1 1 T
5 / / / olua()Y*(x, p, 0, Ddodpdx
0 0 71
1 1 i)
- / / / lu2(0)lyy, (x, p, 0, 1) dodpdx
0 0 T
1 1 1 1 (o) d
= __/ / / lu2(0)l—y* (x, p, 0, 1) dodpdx
2o Jo Ju dp

1 1 T
_ 1 / / @I (1,0, 0.1) — Y2(x, 1, 0, ))dodx

S~

= =( / lu2(0)ldo) / ¢rdx — = / / 2 (0)ly* (x, 1, 0, 1) dodx. (4.34)

Now, using (4.31),(4.32),(4.33), and (4.34), we have
E@W < —(w- / la2(0)lde / grdx + / / g (9)¢; (s) dsdx

) / o f(@)dx - d / 2,

then, by (4.3), there exists a positive constant 77y such that

E'(1) < —no/ ¢rdx + = // g/ ()¢} (5) dsdx

) / 6. f(G)dx - d / s,

hence, by (4.4) — (4.7) we obtain E is a non-increasing function. O

Remark 4.3. Using (ué > b?), we conclude that the energy E(t)definie by (4.29) satisfies

1! _ —
E@m > 5 / |11} + T + o] + 16 + E¢7 + pst? + pag? | dx
0

1 1 )
+— / / g(s)goi(s)dsdx
2 Jo Jo
1 1 1 [ 5
) / / / olux()ly” (x, p, 0, 1) dodpdyx,
0 0 T
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where

1 b?
:5(u—g>>0 6——(6——)>0

then E(¢) is positive function.

We consider the following lemmas.

Lemma 4.4. The functional

DI () = o / ¢,¢dx+— / / uy () dydx + 2 / Fdx,

satisfies
;! 1 1 1 1
D, () < ——/ ¢§dx—ﬁ/ ¢2dx+81/ wrdx +c(1 + - )/ ¢*dx
2 Jo 0 0 €1 Jo
1 poo 1 1
+c/ / g(s)goi(s)dsdx+c/ f2(¢,)dx+c/ &?dx
o Jo 0 0
1 T
+c / / la2(0)ly* (x, 1,0, 1) dodbx, (4.35)
0 T
where gy =& - %

Proof. Direct computation using integration by parts and Young’s inequality, for £, > 0, yields

1 2 1 1 x
-+ ¢idx—(f—b—)/ pax+ 2 [ Lo, [“woavas
0 M) Jo M Jo 0
1 0 1
+ / b / g () @y (s)dsdx + a(t) / ¢ f(¢)dx
1
/ ¢rdx — / ¢ / 2(0)ly(x, 1,0, )dodx -y / Opdx
—l/ ¢2dx—(f——)/ ¢2dx+c(1+—)/ ¢Zdx
+&| / ( / ut(y)dy) dx + / b« / g (s) o, (s)dsdx
0 0

1
- /0 p / k(@)y(x. 1.0, dodx + a(t) /O 6(6)dx

D/ (1)

IA

1
+y / 0¢,dx. (4.36)
0
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By Cauchy-Schwartz inequality, it is clear that

[ wera)ans [1([ o

So, estimate (4.36) becomes

D/ (t) < —1/ ¢2dx - (g——)/ ¢2dx+c(1 + —)/ P*dx (4.37)

+&; / uldx — / ¢ / lu2(0)ly(x, 1,0, )dodx +y / 0¢.dx
0

1 (o]
+ / (o / g(s) . (s)dsdx + a(r) / o f(d)dx.
0 0 0

2

1
dx < / udx.
0

The last term in the RHS of (4.37) is estimated as follows:

1 0 1
/ b / g (s) ¢, (s)dsdx < 6, / ¢dx + — / / g (5) p(s)dsdx, (4.38)
0 0 0 46,

where we have used Cauchy-Schwartz, Young’s and poincare’s inequalities, for 1, 65, 93,04 > O.

By substituting (4.38) into(4.36), we obtain

1 b2 1
Di(t) < —(I-cd —,ulcéz—c63+64)/ qﬁidx—(f——)/ P*dx
H]Jo

1 1
1
+&; / u; 2dx + c(1 + —) ¢t2dx + — 92dx
464

461/ / g(S)sox(S)dst+—/ FA(@)dx

"7, / / a(0)y*(x, 1, 0, D)dodx.

[
Bearing in mind that u&¢ > b? and letting 6, = 5 0= ——,03=—,and §; = g
c c

we obtain estimate (4.35). O

Lemma 4.5. Then, for any &, > 0 the functional

Dy(1) = ”2’”/ Guitndx + ”1”“/ bt x
0 OK
P304 / Hutdx+ﬂ/\( / qu,dx

plp“/ /g<s)¢x<r—s>dsdx
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satisfies,

_bps
2u

1 1
/ Ozdx+c/ ¢tdx+c/ q*dx
+C// g(S)sox(S)dsdx——// g (5) ¢} (s)dsdx
» / | @11, o ndods + / P
0 T1 0

S5 OK> !
(ﬂX LX_M_V) / w6.dx. 4.39)
YP1 YU M 0

1 1 1
D;(1) < uidx +c ¢)2€dx + c&y / urdx
0

Where y = (5 - %), and 6 = 1 + go.

Proof. By differentiating D,, then using (4.8), integration by parts, and (4.9) we obtain

D/Z(t) — _%/ 2 p4l /¢2d _P4§/ ux¢dx

_Pips / " / /(5) o (5) dsdx —p““(” / uf(@dx
1 1

_B / Buited x—dix / qu,dx —5”3”4bx / Opdlx

P1M 0

b

2o / b / 2()p, (5) dsdx

P / " / L@ (x. 1. 0, Ddodx

,Ll 0 T

S S 2 1
+( PP, K ’ﬂ)/ 10.60,dx. (4.40)
yor " o™ w )

In what follows, we estimate the last six terms in the right hand side of ( 4.40), using Young’s, Cauchy-
Schwartz, and Poincare’s inequalities.

For 64, 55, 56’ 67, 58, 69, &y > O, we have

1 1
P [ sdx <—§54 / wdx + P / #*dx.
Mo Jo 4pbs Jo

By letting 64 = using Poincar’s inequality, we get

b
16¢°

1 1 1
b
_ Pk uypdx < pi/ uidx+c/ ¢2dx, (4.41)
K Jo 610 Jo 0
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and by Young’s and Chauchy-Schawrz inequalities, we get
P4b 2
¢>x g(S) @x () dsdx < cds ¢ dx + — 45 g(S) ¢% (s) dsdx.
5
. p4b .
By letting 65 = ——, we obtain
16cu
P4b 2
¢x g (), (s)dsdx < — ¢> dx+c g(s) gax (s)dsdx.
Similarly, Ye, > 0 we have
P1P4
/ u,/ g ()¢ (s)dsdx < csz/ dx+ —/ / g (s) gox (s)dsdx,
1
P4/11/ butd _P4,U1 6/ dx +P4/11/ Sdx,
2/.156
/ / l2(0)ly(x, 1, 0, t)dex< - / wodx + — 5 / / (@)Y (x, 1, 0, )do,
7
t co.
_ops / wf@odr = % [ ilar s < / (@,
u 2 203
0 b
_9Pabu )(/ 0p,dx < c/ szx+c/ qﬁdx,
P1M 0 0 0
ds 1 1 1
——K)(/ qu.dx < 69/ ulrdx + < q*dx
YH 0 0 09 Jo
b
The replacement of (4.41)-(4.3) into (4.40), and by letting 6¢ = 7 = éo a ,
v
b b,
S5 =22 and 6o = 22 | yields (4.39). O
8u’ 8u

Lemma 4.6. The functional

1
D5 (1) := —py / uudx,
0

! 1 1
3
D} (1) < —p, / urdx + —/J/ uidx + c/ Pidx.
0 2 Jo 0

Proof. Direct computations give

1 1 1
D} (1) = —p; / uldx + ,u/ udx + b/ updx.
0 0 0

satisfies
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Estimat (4.6) easily follows by using Young’s and Poincaré inequalities.

1 1 1 1
b
—pl/ u,zdx+/,t/ uidx+b8/ uidx+—/ P*dx
0 0 0 4e Jo

Di(@) <
1 1 1 be [
< —p1/ utzdx+,u/ uia’x+b8/ uidx+—/ ¢2dx,
0 0 0 4e Jo
. u :
by letting & = B we obtain (4.6). O

Now, let us introduce the following functional used by

Lemma 4.7. The functional
1 1 ()
Dy (1) := / / / 0e *lux(0)y” (x, p, 0, 1) dodpdx,
0 0 T
satisfies,

1 1 ) 1
D,(t) < -m / / / olu(@)ly* (x, p, 0, 1) dodpdx + / ¢rdx
0 0 T] 0
1 T
/i / / a2 (0)y* (x, 1,0, 1) dodx, (4.42)
0 T]

where 1, is a positive constant.

Proof. By differentiating D,, with respect to ¢ and using the equation (4.8)3, we have

1 1 T
Dy(t) = -2 / / / e ¥l (0)lyy, (x, p, 0, 1) dodpdx
0 0 T]

1 1 ko)
- / / / 0™l (0)ly* (x, p, 0, ) dodpdx
0 0 T

1 T
- / / l2(0)lle™9y* (x, 1,0,1) — ¥* (x,0, 0, £)ldodx.
0 T

Using the fact that y(x,0,0,7) = ¢,(x,t),and e™® < e™® < 1, for all 0 < p < 1, we obtain

Di() = -n / / / ol )y* (x, p, 0, 1) dodpdx

/ / lua(ly* (x, 1,0, 1) dodx + / lu2(0)ldo / ¢rdx.
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Because —e™ is a increasing function, we have —e™© < —e™ ™, for all p € [7y, 72].
Finally, setting n7; = ¢~ and recalling (4.7), we obtain (4.42). We are now ready to prove the main

result.

Lemma 4.8. The functional
1 X
Ds (1) := —p3p4 / q / 6 (y) dydx,
0 0

satisfies

D (1) < ——= Gza’x +c / ¢*dx + ¢ / dx. (4.43)
Proof. Direct computation using integration by parts and Young’s inequality, we get

1 X 1
D.(H) = pid / q / 6 (y) dydx — psk / 6*dx
0 0 0

1 1
+KP4 / q’dx + pyy / q¢idx.
0 0

Applying Young’s and Cauchy-Schwartz inequalities, we obtain (4.43). O

Theorem 4.9. Assume (4.3)-(4.7) hold. Let h(t) = a(t).n(t) be a positive non-increasing function. Then,
Jor any Uy € D(A), satisfying for some cy > 0,

1 1
max{ / @5 (x, $)dx, / Bo..(x, $)dx} < ¢, Vs >0, (4.44)
0 0

there exist positive constants 31, B, and 3 such that the energy functional given by (4.29) satisfies

B2+ Bs [ h(s)w(s)ds] (4.45)

E (1) <B,G;!
(1) £ B1G, [ (o)

where

Go(t) = tG'(got),Yeg = 0, and w(s) = / g(odo.

Proof. We define a Lyapunov functional

L(t):=NE@) + ND(t) + NyD, (t) + D3 (t) + NyD4 (t) + NsDs(1), (4.46)
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where N, N;, N,, N4 and N5 are positive constants to be selected later.
By differentiating (4.46) and using (4.30), (4.35), (4.39), (4.6), (4.42), (4.43), we have

’lN 1 1
L@ < - 71 —¢cN, — c}/ ¢*dx — [p) — Ni&| — Nzcsz]/ uldx
i 0 0
’b N 3 1 1 [
_| 2P _,u]/ uidx +c[N; + Nz]/ / g(s)goi(s)dsdx
| 2u 2 1Jo o Jo

_ 1 1
- noN—cN1(1+—)—Nzc—,u]N4—cN5]/ ¢ dx
| €l 0

[ 03N
2

1 T
— [Namy = Ny — CNz]/ / lu2@)ly* (x, 1,0, 1) dodx
0 T]

5 C—Nz]/ / g (9)¢3(s)dsdx

1 1 T
—Nym, / / / ol (0)y* (x, p, 0, 1) dodpdx
0 0 T]

1 2 1
5 5
+¢[N) + No] / Fp)dx + Nz( o304 0K @)/ 10, 6,dx,
0 P o ow )

1 1
—¢N; - CNQ] / *dx - Ng | ¢*dx
0 0

1
—[dN—ch—ch]/ qu+
0

where y = (% - &), and by setting
U
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we obtain

IN 1 1
L' < - [—1 —cN, — c] / ¢2dx — o / udx
2 0 2 Jo

1 Lo
B [bp4N2 _ 3_“]/ uldx + c [N, + Nz]/ / 8(s)@(s)dsdx
24 21/ o Jo

1
—[noN = ¢N\(1 + Ny) = cN; — Ny — CNS]/ ¢rdx
0

1

1
—cN; — CNz]/ &*dx — [dN — c¢N, — ¢Ns] / qzdx
0 0

3 [P3KN5
2

1 k)
— [Namy — cNy — N> / / 2 (0)ly* (x, 1,0, 1) dodx
0 T

1 N 1 0

—NJI/ ¢2dx+[——cN22]/ / g ()@ (s)dsdx
0 2 o Jo
1 1 T

—Num, / / / ol ()l (x, p, 0. 1) dodpdx

0 0 Ty

1 2 1
5 5
+¢ [Ny + N] / F2(B)dx + Nz( pps, K, @)/ 1, 0.dx.
0 YP1 YH M 0

Next, we carefully choose our constants so that the terms inside the brackets are positive.
We choose N, large enough such that
_ bpsN,  3u

— >0,
M= T

then we choose N, large enough such that

IN
QQZTI—CN2(1+N2)—C>O,

then we choose N, N5 large enough such that

Nyny —cNy — cN, > 0,

oy = N5P%K—CN1 —cN, >0,

as
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thus, we arrive at
1
L) < / ¢dx — ay / $*dx — —/ urdx — al/ uldx
—[noN — c] / ¢2dx+ ——c / / g ($)g*(s)dsdx
re / | soosz-a / [ @1 1.0 dods
0 Jo 0 Jry
1 1 1 T
—[dN - c] / q’dx — a / / / ol (0)ly* (x, p, 0. 1) dodpdx
0 0o Jo Jr
1 1 -
—ay / O’dx+c | fH(¢)dx + as / u,0,dx, (4.47)
0 0 0

— b?
where o = uN, = (f— ;)Nl’ and as = NA =N, (6%’4)(— %X— ;%y)
On the other hand, if we let

L(t) = NiDy (1) + NoD> (1) + D3 (1) + N4yD4 (1) + NsDs (1),

then

1 1
boN
2@ < PNy / 95 e+~ /
0 M 0
1
H1
—N
+2 1/O ¢
1 .
+N2/ pl—l;‘ut/ g(s)p,.(t—s)ds|dx
o I M 0

1
5 Skp
+N, / PP vou, + 2P vqu,
o |y Y

RS
Ny / / / 0e % (0)y? (x, p, 0, t) dodpdx.
o Jo Jo

¢/xut(y>dy dx
0

1
0,
Plf4 ity + P24 1.\ dx
u

1
dx+p1/ |ue;u| dx
0

Exploiting Young’s, Cauchy-Schwartz, and Poincaré inequalities, we obtain

1
18| < c/ (47 + 7 + g2+ 15+ ¢” + 67 + ¢*) dx
0

1 00 1 1 T
+c / / g(s)p2(s)dsdx + ¢ / / / olua(9)ly* (x, 0,0, 1) dodp
0 0 0 0 T

< cE().

Consequently, we obtain
DI =1LH-NE®I<cEQ®)),
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that is
N-coEt)<LH<IN+)E@®). (4.48)

Now, by choosing N large enough such that
N
E_C>O’N_C>O’ Nny—c>0,Nd—-c >0,
and exploiting (4.29), estimates (4.47) and (4.48), respectively, give
QEM) < L(@) <cE(l), Vt>0, (4.49)
and
| poo
L@ < -kE®+k / / g (9)¢3(s)dsdx
o Jo
1 1
+k3 / (¢§,2 + F2(¢)dx + as / u,0.dx, (4.50)
0 0
for some ki, k>, k3, ¢2, c3 > 0.

If A= (6’%“)( - %X - '%7) = 0, in this case, (4.50) takes the from

L@ < —-kKE®+k /0 | /O ) g (5)(s)dsdx
+ks /0 1(¢$ + fA(¢,))dx. 4.51)
By multiplying (4.51) by h(t) = a(r).n(t), we obtain
WOL (t) < —kih(D)E (t) + kyh(t) /0 1 /0 ) g/ ()¢ (s)dsdx (4.52)
k) [ @+ PG

We distinguish two cases:

e G is linear on [0, €], In this case, using the assumption (4.5); and (4.30), we can write

1 1
k3h(1) / (@] + fA(@))dx < ksh(D) / ¢ f($))dx < —ksn(DE' (1), (4.53)
0 0
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and, by (4.4) we have

IA

1 oo
ht) / / ¢ ()¢ (s)dsdx
0 0
2h(HE’ (1),

1 t
W) / / ¢ ()P ()dsdx
0 0

IA

and, by (4.44) we obtain

1
/ goi(s)dx
0

1 1
2 / G2 (x, dx + 2 / ¢*(x,t — 5)dx
0 0

IA

1 1

dsup [ @(x, s)dx + 2 sup / @3 (x, T)dx
s>0 J0 ™0 JO

8E(0

T() + 2c¢,

IA

then, we get
8E(0)
[

1 0o 0
h(z) / / g'(9)¢i(s)dsdx < ( + 2¢0)h() / g(s)ds,
0 t t

hence

1 )
h(f) / / g ()2 (s)dsdx < —2a(H)E’ (1)
0 0

+(8E(O)

+ 2co) () (t). (4.54)

Inserting (4.53) and (4.54) in (4.52). Since h'(t) < 0,a’(¢) < 0,77'(t) < 0. Then, we have

L () < —kih(OE (1) + y1 (D)@ (1), (4.55)
and
miE(t) < L (1) < myE(D),
with
m =11, My = C2h(0) + kgT}(O) + 2](2&(0) + 71,
where

Li(®) = h@®)L@) + (kan@) + 2ka(t) + T)E®@) ~ E(1),
v = (@ +2c¢g), 71 >0 and w(t) :/ g(s)ds.
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Because, E’(¢) < 0,Vt > 0. By using (4.55), we have

T T
E(T) / h(t)dt < (LI(O) pl / h(t)w(t)dt).
0 kl kl 0

Using the fact that G !'is linear. Then

E(T) < {Gy'

LO 4 1 (T h(w (e
Jo h(n)dt

withfB, =¢, B = L}(—?), B3 = Z—l' This completes the proof.

e G is nonlinear on [0, €], we choose 0 < g < g, and we consider
Li(t) ={x€(0,1), |¢fl <&}, L={x€(0,1), |¢]> &1},

we define

I:/¢tf(¢t)dt-
I

Using Jensen’s inequality and the assumption (4.5);, we have

A

1 1
ksh(z) / (@7 + [ (¢)dx < ksh(D) / ¢.f($))dx
0 0
Kih()G (1(1)) — Ksn(DE' (2). (4.56)

IA

Inserting (4.56) in (4.52), since &'(¢t) < 0,77(t) < 0, and E’(¢) < 0, we obtain

L (1) < —kih()E (1) + y1h() (1) + k;h(t)G“(I(t)),

and
m3E(t) < L () < myE(1),
with
ms =Ty, mg = c2h(0) + kin(0) + 2k,(0) + 74,
where

Lo(1) = h(DL(1) + (kyn(t) + 2koa(r) + T1)E(1) ~ E(1).

Now, for gy < &; and by using E’(t) < 0,G" > 0, and G” > 0 on (0, €], we define the functional
L3(1) by,
L3(t) = G'(&0E()Lo(t) + R E(t) ~ E(1), 12> 0,
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satisfies
Lyt = E'(0(eG (eoE0)La(t) + 12) + Ly()G (80 E(1))
< —kih(Go(E®)) + 71G (eoE())h(t)w (1)
+k§h(t)G’(soE(t))G_l(I ®)). (4.57)

To estimate the last term of (4.57), using the general Young’s inequality:

AB<G'(A)+G(B), if A€(0,G'(¢)), Be(0,¢),

where
G*(A) = s(G () - GG\ (), if s€(0,G (),
satisfies
kgh(t)G’(soE(t))G‘l(I(t)) < Kyeoh(HGo(E(1)) — kin(O)E' (¢). (4.58)
Inserting (4.58) in (4.57) and letting &y = % , we get
3

Li(0) + kKsn(OE' (1) < —kih()Go(E(D)) + v1G (eo E()h(t)w (1).
Since r’(¢) < 0, then
Ly(1) < —kih(DGo(E(D) + 71G (&0 E(D)h(D)w (1),

where
Ly(1) = L3(0) + Kn(OE®) ~ E(@).
Since a(t), Go(E(1)), G'(g9E(t)) are non-increasing functions,

then, forany 7 > 0

T T
kiGo(E(T)) / h(dt < ki / h()Go(E(t))dt
0 0

T
< L4(0) + v1G'(g0E(0)) / h(t)yw(t)dt,
0
0 G’ (&0E(0
which gives (4.45) with 8; = 1, B, = 1:;(( ), and B; = W
The proof is complete. 1 1
kikptp4

_ (p3p4 oK% %%
If A= (22— 22y —22) 20, and |A| <

o . _ 2No04lpa o 1) .
This case is more important from the physical point of view, where waves are not necessarily of equal
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speeds. Let
E(1) = E(u, ¢,0,q,y,¢) = Ei(2),
denotes the first-order energy defined in (4.29), and
EZ(I) = E(ula ¢l’ 91" qis Yi» ‘;01)’
denotes the second-order energy, then, we have
1 1 1 [Se]
Exn) < -mo / Frdx + 5 / / g () (s)ds
—d / fdx — o' (1) / Puf(P)dx — a(r) / ¢S (B)dx
= _770/ ¢ztdx+ / / 8 (S)‘pzx(s)ds - /
—a'(1) ,
+a(t)( / Guf(P)dx — / $nf (¢r)dX)- (4.59)
a(r) Jo 0

Since f, g are non-decreasing functions, a(¢) is a positive function,

and lim,_,« _(‘;( t()’) = 0, we deduce that

!
EN1) < —d/ qrdx.
0

The last term in (4.50), by using (4.8);, Young’s inequality,

and by setting K = OVaPs _ I5P 4, and a5 = AN, . From (4.8)4, we have

K K

1 1
a5/ u0.dx = _a/5p4/ u,q tdx——/ u,qdx
0
IKI/ IKI/
|K|/ > / >
+— d +— d
2 Jo T

IA
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then (4.50)

A

1 K 1
L) < —kEi()+ky / / g(s)sosdscbﬁlz| / q;dx
0 0
1 |K| 1 1
+|K| / uldx + > / gedx + ks / (@7 + f2(¢,))dx
0 0 0

1 o
—k4E1(t)+k2/ / g(s)cpfdsdx

<
|2| a’x+ k;/ (¢t + f (¢,))dx, (4.60)
where
ky =k — 2@ - @ > 0.
H P4
Let
R() = L(1) + No(E1(2) + Ex(2)). (4.61)

By (4.49) and (4.61), we get

[R(#) = N6(E1(1) + Ex(1))] < c(Eq (1) + Ex(1))

(No — o)(E(1) + Ex(1)) < R(1) < (N + )(E1 (1) + Ex(1)),

and by using (4.59),(4.60) and (4.61), we obtain

R (1) L(t) + No(E [ (1) + ES (1))

—k4E1(t)+k2// g(s)go?dsdx
o Jo

IA

1 K 1
+hs /0 @7 + P@odx — dNg - 5 /0 grdx

we choose Ng large enough, such that

K
dNﬁ—%>0 Ng —c >0,

we obtain
R(@) ~ (E1(2) + Ex(1)),
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and
R() < —hEﬂ%M@A{Awg@%de
+@[ﬁ#+ﬁ@mw. (4.62)
By multiplying (4.62) by A(1) = a(1).n(t), we obtain
hOR () < —hMﬁEO)+kﬁ@{£{4mg1®¢ﬂ@duh
+k3h(r) /0 1<¢? + fA(@))dx.

We distinguish two cases:

e G is linear on [0, g]. In the same way that in the previous case, we obtain

R (t) < —ksh(DE (t) + yih(Hw (1), (4.63)
and
mi(E1(2) + Ex(1)) < Ry () < ma(E (1) + Ex(2)),
with
m =11, My = C2h(0) + kgT](O) + 2](2&(0) + 71,
where

Ri(®) = hOR@) + (kan(D) + 2kaa() + 1) E(1) ~ (E1 (1) + Ex(D)),
v = (8El(0) +2cy), 171 >0 and w(t) :/ g(s)ds.

Because, E’(f) < 0,Vt > 0. By using (4.63), we have

T T
E(T) / h($)dt < (R‘(O) o / h(t)w(t)dt).
0 ks ks Jo

Using the fact that G;' is linear. Then

%m+%ﬁ%mwmm]

E(T) < ¢G7!
(T)<¢ o[ fOTh(t)dt

withB, =¢, B, = R}Cio), B3 = Z—: This completes the proof.
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e G is nonlinear on [0, €], we choose 0 < £; < &. And in a similar way to that in the previous case,

we get
R, (t) < —kih(DE (t) + yih(Dw (1) + kgh(t)G_l(I(t)),
and
m3(E (1) + Ex(1)) < Ro (1) < my(E(2) + Ex(1)), (4.64)
with
ms =Ty, mg = c2h(0) + kin(0) + 2k,a(0) + 74,
where

Rao(t) = h(DR(1) + (k3n(t) + 2k (1) + T1)E() ~ (E1(1) + Ex (D).

Now, for gy < & and by using E’(t) < 0,G" > 0, and G” > 0 on (0, €], we define the functional
L3(1) by,
R3(t) = G’ (g0 E())Ry(1) + T2 E(t) ~ (E\ (1) + Ex(1)), 72 >0,

satisfies

Ry (1)

E'(1)(£0G' (8o E()R2(D) + 12) + RYU(DG (80 E(2))
—ksh()Go(E()) + y1G (o E()h(t)w (1)
+k,h(DG (80 E(1)G ™ (1(1)). (4.65)

IA

To estimate the last term of (4.65), using the general Young’s inequality:

AB <G (A)+G(B), if A€(0,G'(¢), Be(0,¢),

where
G*(A) = s(G"'(5) - GG \(5)), if 5€(0,G(¢)),
satisfies
k;h(r)G’(soE(t))G_l(I (1)) < Kyeoh(t)Go(E(t)) — kin(2)E' (2). (4.66)
Inserting (4.66) in (4.65) and letting &g = 2k ];, , we get
3

Ry(1) + kn(OE' (1) < —ksh()Go(E@)) + 71G (o E))h(t)w (1)
Since r’(¢) < 0, then

Ru(0) < —ksh(DGo(E(D)) + 171G (S0 E()h(1)w (1),
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where
R4(t) = Ra(t) + Ksn(OE(@) ~ (E (1) + E(1)).

Since (1), Go(E(1)), G'(g9E(2)) are non-increasing functions,

then, forany 7 > 0

T T
kaGo(E(T)) / h(t)dt < k4 / h(t)Go(E(1))dt
0 0

IA

T
R4(0) + 71G' (&0 E(0)) / h(w(r)dt,
0

0 (60 E(O
which gives (4.45) with 8, = 1, B, = R% and B, = W
4 4

The proof is complete.

O

Remark 4.10. We give some examples to illustrate the energy decay rates obtained by Theorem 4.9. We

consider the three different examples

Ifg(r) = Pre?, then g'(t) = —n(ng(t), where (1) =ps.
: Bi ron Bt
Ifg(t)y = —(1 PR then g'(¢r) = —n(t)g(t), where n(t) = o7
_ ﬂl ’ _ _ _ z _
Ifg() = i T oy then g'(t) = —n(n)g(®), (1) = B — arctgy),

1
and a(t) = Ta7 a(t) = nGTD




Chapter e

Global nonexistence of solution for coupled nonlinear Klein-

Gordon with degenerate damping and source terms

5.1 Introduction

In this chapter, we investigated (with Ouchenane and Yazid), the following system:

w; — Auy — div (|Vu|"-2 Vu) — div (IVu,|ﬁ1_2 Vu,)

+ay lul" " u + myu® = fi (u,v),
(5.1)
vy — Av, — div (|Vv|“_2 Vv) —div (|VV,|’82_2 Vvt)

—2
+ay vl T v+ mpv? = f (u,v),

where u = u(t,x), v = v(t,x), x € Q, a bounded domain of RN (N > 1) with a smooth boundary d<2,

t > 0 and ay, as, by, by, my, my > 0 and By, B, m, r > 2, @ > 2, and the two functions f; (u,v) and

/> (u,v) given by
fi(u,v) = bylu+ v D (u + v) + bolul ulv|©*?

(5.2)
Fo(u,v) = bilu + vt + v) + bylul PPy,
The System (5.1) is supplemented by the following initial and boundary conditions
(u(0), v(0)) = (uo, vo), (,(0), vi(0)) = (u1,v1), x € Q (5.3)
u(x) =v(x) =0, x €. '

106



Chapter 5: Klein-Gordon with degenerate damping and source terms 107

5.2 Preliminaries

In this section, we introduce some notations and some technical lemmas to be used throughout this
section. By ||.||,, we denote the usual L/(€2)-norm. The constants C, c, ¢, ¢s, . .., ¢ are positive generic

constants, which may be different in various occurrences. We define

F(u,v) = [b1 lu + v[20? 4+ 2p, |uv|ﬂ+2] .

1
2(0+2)

Then , it is clear that, from (5.2),we have

ufi (u,v) +vh w,v)=20+2)F (u,v). 5.4

The following lemma was introduced and proved in [45]

Lemma 5.1. There exist two positive constants ¢y and c; such that

C
0 (|M|2(p+2) + |V|2(p+2)) < F(M, V) <

__c U (120D o 2+
0 +2) < T (Y vE). (5.5)

and the energy functional

1 1 a (3
E@) = 5 (Il +lIvi) + — (1Vully + 19vI17)

i ||ull3 + m3 V|5 - / F (u,v)dx. (5.6)

Q

Let us know define a constant r,, as follows :

B Na
N-a

The inequality below is a key element in proving the global existence of solution. A similar version of

Ty ifN>a, r,>a ifN=a,andr,=c0 ifN<a. 5.7

this lemma was first introduced in [64]

Lemma 5.2. Suppose that @ > 2, and 2 < 2(p + 2) < r,. Then there exists n > 0 such that the inequality

2(p+2)

o+2 o o 2p+2)
2or2) T 2Muvll 5 < (IVully +1IVVIG) (5.8)

[lu + v|| o =

holds.
Proof. It is clear that by using the Minkowski inequality, we get

2 2 2
[|ze + V”z(p+2) < 2(”””2(p+2) + ||V||2(p+2))’
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the embedding W,* — L***2 (Q), gives
lulB ) < CUVH? < CAIVUIDT < CAVUS + [TV,

and similary , we have
2 2
IVlI512) < ClIVullg +1IVVIE)=.

Thus, we deduce from the above estimates that
2
i+ VI3 00 < CAVuUI + IVVID?, (5.9)

also, Holder’s and Young’s inequalities give us

IA

ztll2¢p+2)|IVI12p42)
2 2
CUIVully1a) + IVVI12))

C(IVull® + V]2 (5.10)

||MV||(p+2)

IA

IA

Collecting the estimates (5.9) and (5.10), then (5.8) holds. This completes the proof of lemma (5.2) O

Lemma 5.3. Let v > 0 be a real positive number and L be a solution of the ordinary differential

inequality
dL (1) L+
7 > &LV (1), (5.11)

defined in [0, o)
If L(0) > 0, then the solution cease to exist for t > L(0)™" & 1v7!,

Proof. Direct integration of (5.11) gives:
L7 (0)— L7 (t) > évt.
Thus we obtain the following estimate:
L' ) > [L7(0) - &ve] ™. (5.12)
It is clear that the right-hand side of (5.12) is unbounded when
&vt=L"(0).

This completes the proof. O
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In the following lemma, we show that the total energy of our system is a non-increasing function of ¢,

thus, we have

Lemma 5.4. Let (u,v) be the solution of system (5.1)-(5.3) then the energy functional is a non-increasing

function, satisfies

dE (1)
dt

2 2
= —lIVul = Vv = IVully = [IVvilt:

2110112 2112
—aillully, — acllvily — my llull; — m3 Vllz (5.13)
forallt > 0.

Proof. We multiply the first equation in (5.1) by u, and second equation by v, and integrate over €2, using

integration by parts, we obtain (5.13) O

5.3 Global nonexistence result

In this section, we prove under some restrictions on the initial data and under some restrictions on the

parameter a,8,5,,m, r the lifespan of solution of problem (5.1)- (5.3) is finite

Theorem 5.5. Suppose that By, B, m, r > 2, @ > 2, p > —1 such that 3, B, < a, and max{m, r} <
2(p0 + 2) < ry, where r, is the Sobolev critical exponent of WS’“ (Q). defined in (5.7). Assume further
that

L 2 2 2 2
E(0) < Ejy, (IVuolly + IVvolly)« + my lluoll; + m5 [Ivoll; > &i.

Then, any weak solution of (5.1)-(5.3) cannot exist for all time .Here the constants E| and {, are defined
in (5.5).

In order to prove our result and for the sake of simplicity , we take b; = b, = 1 and introduce the

following :

1 —2(p+2) 1 1
B = 2o+ = B2p+D)-a E=|-—-—|, 5.14
n g I (a X 2)) 4 (5.14)

where 7 is the optimal constant in (5.8).
The following lemma allows us to prove a blow up result for a large class of initial data. This lemma is

similar to the one in [64] and has its origin in [67]

Lemma 5.6. Let (u,v) be a solution of (5.1)-(5.3). Assume that a > 2,
p > —1. Assume further that E (0) < E| and

1 2 2 2 2
(IVuolly + IVvollg)® + my lluoll; + m3 [voll; > & (5.15)
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Then there exists a constant {, > (| such that

(IVullz + IVVIZ)* + e ull2 + m3 IR > o, (5.16)
and 1
[l + vVIETS) + 2Muvll |20 > By, Vit 2 0. (5.17)

Proof. We first note that, by (5.6) and the definition of B, we have

E (1)

\%

1 2 2 2 2
- (IVully +11VVIIG) + my llully + m3 VIl

1

_ 2(p+2) +2
P [l + P2+ 2 2|

W%

1 2 2 2 2
o (IVully + 11VVIIG) + my llully + m3 VI3

__n
2(0 +2)

I, n
_éz _ —{2(/)-%—2)’
a®  2(p+2)

20+2)
(IVully +IVVIig)
(5.18)

1
where £ = [[IVull2 + IVIIg + m? |jull} + m2 [[v][3]" . Tt is not hard to verify that g is increasing for 0 < £ <

(1, decreasing for £ > ¢y, g ({) = —oco0 as { — +o0, and

B0+

1 2(p+2)
gy — = E
g (41) a{l 2 : + 2) 1 1s

where ¢; is given in (5.14). Therefore, since E (0) < E}, there exists {, > {; such that g ({;) = E(0).

If we set &y = [[IVu(0) |2 + [V () [12]* + m? |l (O)|2 + m [lv (O)]%, then by (5.18) we have g ({y) <
E (0) = g(&), which implies that ¢, > &,.

Now, establish (5.16), we suppose by contradiction that

1 2 2 2 2
(IVuolly, + IVvolly) e + my lluolly + m3 |Ivoll; < &,

for some 7y > 0; by the continuity of [|[Vu (|5 +[[Vv () [|% + m% [|u (.)||§ + m% [[v (.)||§ we can choose 7, such
that

1
(IVu @) g + IV (o) 113)* + m} |l (o)l + m3 v ()l > &

Again, the use of (5.18) leads to

E (10) = g (IVu (t0) I} + Vv (20) 13) + m3 llu (20)15 + m3 v (20)l5 > g (&2) = E(0) .



Chapter 5: Klein-Gordon with degenerate damping and source terms 111

This is impossible since E (1) < E(0), for all € [0, T') . Hence, (5.16) is established.
To prove (5.17), we make use of (5.6) to get

1 2 2 2 2
o (IVuollg + IV vollg) + my lluoll; + m3 lIvoll;

2p+2)

<E©)+ 2pt2)

llu + vl

+—2Huv|p+2].

p+2

1
2@+m[

Consequently, (5.16) yields

1 1
P [Ihe+ 50250 + 2] = = (IVally + 191 ~ E (0)
1
> —{5—E(0)
a
1
> ~4H-8(%) (5.19)
~ B0+ 2o
T 2+
Therefore, (5.19) and (5.14) yield the desired result. O

Proof. Proof of Theorem 5.5 We suppose that the solution exists for all time and set
H(t)=E —E(). (5.20)
By using (5.6) and (5.20) we get

H (1) = IVl + IVl + IVullty + Vvl

r 2 2
+ai iy + axllvll + m3 llull3 + m3 [vli3 -
From (5.13) , It is clear that for all 7 > 0, H (f) > 0. Therefore , we have

1
0<HO)SH® = Er= 5 (Il + Vil + e llly + m3 V1)
1
—— (IVull + IVVI2
a

+

[lle + VIBES) + 2lluvll3] (5.21)

1
2(0+2)

From (5.6) and (5.16), we obtain, for all ¢ > 0,

1 5 2 201012 201012 1
Ey = 5 (Il + v + i Wl + 3 [15) = — (IVally + I901l;)

1

2+ <0

1
<E -={=
a
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Hence,
0<HO)<H® < (pl — [l + VIBES) + 2l 23] Ve > 0,
Then by (5.5), we have
O<HO)<H@® <5 (pcir 5 502 + IMBES) | e > 0. (5.22)
We then define
L) =H""@®+ S/Q (uu; + vv)))dx, (5.23)
for £ small to be chosen later and
0 < o'<m1n{1 a—m @7
27 2(0+2)(m-1) 2(0+2)(r—1)
(@-2) @ —pf a—-p } (5.24)

20+2) 20+20B -1 20+2DB - D)

Our goal is to show that L (¢) satisfies the differential inequality (25). Indeed, taking the derivative of

(5.23), using (5.1) and adding subtracting ekH(t), we obtain

L@ = (1-0)H @) H )+ ekH (1)
k
+s(1 T 5) (a3 + 1Al + 3 el + 3 V113
+e(1 — k)/ F(u,v) — ekE;
Q

—s/ VuVutdx—e/ VvVv.dx

Q Q

k a [0
+8(c_x - 1) (IVully +11Vvlly)

—& / Vi, P =% Vu,Vudx — & / Vv, P22 Vv, Vvdx

—sal/lu,l 2 uudx — saz/lv,l vvdx.

We then exploit Young’s inequality to get for y;, 4;,0; >0i=1,2

1
/ VuVudx < £ — Vull + gy [V
Q M1

1
/ ViVvdx < —— VR + o [0
Q H2

and p
Pl -1 4m
/ Vu '™ Vudx < —- |[Vulf;! +ﬁl—zlﬁl/<ﬂl VIVl
Q ,81 ! ;81 !

(5.25)

(5.26)
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fa-1 25 g Bo—1 g1 5
Vv, 727" Vvdx < _ﬁ ||Vv||ﬁ§ + —ﬁ /12 20572 ||Vvt||ﬁ]1 ,
Q 2 2

and also s
-2 1 m—1 o1
/ "2 g < 2 [l + LD

Q m m

o’ r—1
-2 2 — —1
/ v vvde < 2+ Lo LD
Q r r

A substitution of (5.26)-(5.28)) in (5.25) and using (5.5) yields

L@® > (1-0)H @) H (©)+ ekH (1)

k 2 2 2 2 2 2
+5(1 + 5 (”utllz + ”Vt”z + my ||u||2 + n; ”V”z)

< key 2(p+2) 2p+2)
+8(2 (p+2) 2 (p + 2)) (”””2<p+2) + ||V||2(p+2)) — ekE,

& &
T\ v/ 2 \v/ 2 < \v/ 2 \v/ 2
i IVully — eVl i IVVIl; — &2 IV vill;

k
+8(5 - 1) (IVullg +1IVVIIG)

/lﬁl ,31 1

1 - -1
—e—- |IVullyl — & 5 Y R (L7
1

Bi
/1182 ﬁ _ 1
2 2 —B2/(B2—1)
—e— = [[Vyll? — e=— 2P0 vy )
B2 B>
m
1 m—=1 -1y
e | — a18751 lluadl [,
r

—r/(r—1
Ll A

2
—hE— ||V||f — &
r r

Let us choose 61, 9, u1, 12, 41, and A, such that

61_m/(m—l) =M H (1)
85700 = MyH (1)
w = MsH™ (1)
o = MyH™ (1)

/11—,31 /Bi=1) _ MsH™ (T)

/l;ﬁz/(ﬁz—l) = McH™ (f),

(5.27)

(5.28)

(5.29)

(5.30)
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for My, M,, M5, M4, Ms and M, large constants to be fixed later. Thus, by using (5.30), and for
M =Mz + My+ (B — DMs/B1 + (B2 — DMg/By + (m — DM /m + (r — 1)M,/r,

then, inequality (5.29) takes the form

L@ > (1-0)—eM)H ()H (1) + ekH (1)

k 2 2 2 2 2 2
+s(1 + 5) (1eali3 + l1vell3 + 23 N3 + 3 11v13)

€0 ke 2(p+2) 2(p+2)
+8(2 0+2) 20+ 2)) (3 + E3)
k
ok + o = 1) 9 + 19)
a

€ g
__HO' t V 2 _Ho- P V 2

g 7 OVl = - HY 019V

aGe —(m— o(m— m
_;Ml( D) gom-=1) @ lull”

m

i —r= o(r— r
=~ M HT ()|

,

M—(ﬁl—l)

_5  go®Bi-D B
—€ H () [[Vull

ﬁl :8]

M—(ﬁz—l)

_géﬁ—Ha(ﬁz—l) ) ”Vu”ﬁz , (531)
2

we then use the two embedding
L2(p+2) (Q) SN S (Q) , W(;,a’ s L2(p+2) (Q) ,

and (5.22) to get

-1 20 (m—1)(p+2)+
HY" D )l < eo(llullygry, "
20(m—1)(p+2)
+ 1Ml Ml )
< Cz(llvu”i()'(m—l)(p+2)+m

20 (m-1 2
+ VIR V).

(5.32)
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Similarly, the embedding L***? (Q) — L' (Q), Wé’“ — L*¥*2(Q) and (5.22) give

20(r—1)(p+2)+
c3(Vliss, 2

20 (r—1)(p+2)
+ 5z 2 I3

Cs(||Vv||(2lO'(r—])(p+2)+r

IA

HTD @) vl

IA

+[|IVu 27 DED gy, (5.33)

Furthermore, the two embedding W, * < L***? (Q), L*(Q) < L*(Q), yields

HT @) IVully < ca (s, IVully + V00, 1V ull)
< e IVl 4 V702 |1Vu ), (5.34)
and
H™OIVIE < s (Ml (902 + I9vIE7C* ([99113) (5.35)

2 2 2 2 2)+2
&s (vl IV + [VvIE7€+2).

Since max(B;,3,) < a then we have

IA

- 2 -1 2
H®=D () |V ully co(IVull57 G D2 | Tul )

2 -1 2
+ [|Vy| 7B DE2) g By

_ C6(||Vu||30'(ﬁl—l)(p+2)+ﬁl

+IVVIETEDE2 [vul)), (5.36)

and

HTD () [9vl;

IA

2 -1 2
c7(|[Vu| 27D |y 2
2 -1 2
+ ||V 2T B |17y
2 -1 2
= ¢(||Vu| 7B DD vy |2

+ ||[Vyl[7 e Doy, (5.37)
for some positive constants c,, c3, ¢4, s, C6 and ¢7. By using (5.24) and the algebraic inequality

<@+ D<(1+Y)e+a), ¥220,0<v<1, a20, (5.38)
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we have, for all + > 0,

([Val 27D < g (1Vu|® + H (0)) < d (|Vull® + H (1)),
[Vy]70= D24 < g (1|2 + H (1)),
[Vul 2722 < d (|Vull® + H (),
(5.39)

[VVI27C+2 < g (V|2 + H (1)),

IVl & D20 < d (IVull} + H (1),

[Vy|27B- D24 < g (||V||2 + H (1)),

whered =1+ 1/H (0).
Also keeping in mind the fact that max(m, r) < a, using Yong’s inequality, the inequality (5.38) together

withe (5.24), we conclude

[V 27— DE2 1wy < € (||VVE + [[Vul|?)
VUl 270D 19v|lr < C ([Vull® + [[VV]2),
IVVIRT 2 IValll < C (IVVIIS + IVulll)
(5.40)

2 2 2 C
IVullp7 2 Wiz < C (IVully + 119VIE)

2 -1 2
IVVETEPE2 ) 9ulll < C (19l + (IVully)

2 -1 2
[Vul 27 DerD 1wy B2 < € (|IVull2 + [VVI),
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where C is a generic positive constant. Taking into account (5.32)- (5.40) , then, (5.31) takes the form

L@ = (1-0)-eM)H () H ()
k
+e(1 + 5) (1leall3 + M1vill3 + 23 N3 + 3 11v113)

+e([kja — 1 - kE\ Gl - CM; "D —CcMm; ™"
C C

) ) o
_ZM31 _ ZM41 _CMS(ﬂl
~CM;P0 = D) (IVullg + [9v]12)
C c
+& (k - CMl_(m‘l) _ CMZ_(r_l) _ ZM3_1 _ ZMF

_CMS—(ﬁl—l) _ CMg(ﬂz_l)) H (1)

Co ke, 2(p+2) 2(p+2)
+s(2 53 To+ 2)) (Ilallo2) + IMEs)) (5.41)

for some constant k. Using k = ¢(/c;, we arrive at

L® > (1-0c)—-eMH (O)H ()

Co 2 2 211,112 2 11112
+s(1 = g) (el + 13 + 3 el + 3 V113
1

+e (E —CM; "V oM, - %M;l - %Mgl
—CM;P 7Y — eM PV — 1) (IVull} + 9IS
C C
+e (co/q —cM; "V — oMy - ZMgl - ZM;‘
—CM;P Y —eM{ P V) H (), (5.42)

where ¢ = k/CY -1- kE]é/z_z = C()/ (c]a) -1- (C()/C])E]{z_z > (0 since 42 > {1.
At this point, and for large values of M, M,, M5, M4, Ms and Mg, we can find positive constants A; and
A, such that (5.42) becomes

L@® = (1-0)-Me)H (O H (t)
C
+s(1 - 2—;’1) (1leal3 + l1vell3 + 23 N3 + m3 [1v13)

+eA1 (IVulls + IVV[3) + eAH (1) . (5.43)

Once M, M,, M3, My, Ms and Mg are fixed (hence, A; and A,), we pick & small enough so that
(1-0)—-Me)>0and
L) =H"(0) + / [uo.u; + vo.v;] dx > 0.
Q
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From these and (5.43) becomes

! 2 2 2 2 2 2
L@ > el'(H@+ ||ut||2 + ||Vz||2 +my ”u”z + m; ||V||2

+IVaullg +1IVVIG). (5.44)

Thus, we have L () > L(0) > 0, for all # > 0. Next, by Holder’s and Young’s inequalities, we estimate

L

(/ . (x,1)dx + / v (x, 1) dx) o
Q Q

T T s
(Ilullz(p+2) + ””1”2 T A VT + ||vz||21“’)

IA

IA

(IIVullé 7+ ||ut||2 (VYT + [l ) (5.45)

1 1 2
for —+— = 1. We take s = 2(1 — o), to get L . By using (5.24) and (5.38) we get
T s l-0c 1-20

2
207)

vl ™27 < avue + B @),

and
2

207)

=29 caawiie < H@),  Veso.

Therefore, (5.45) becomes
1
-0
(/ uu (x,t)dx + / v, (x,1) dx)
Q Q
< CUIVulll + VIS + lleegll3 + 11vell3

+mi |lulls + m3 vl + H (1), V> 0. (5.46)

Also, since

1

(H]_‘T (r) + s/ (wu, +vv)(x, 1) dx)(l_o)
Q

~
|
q

—_

=
Il

IA

1
ClH@®)+ /(u u, (x, 1) +v.v, (x,1) dx ‘ 0)}

IA

CLH (t) + |IVull* + VY2 + w5 + [[vill5
+my ||ull; +m3 |vI], V>0, (5.47)
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combining withe (5.47) and (5.44), we arrive at
’ L
L (t) > agL1-o (t), Vt=0. (5.48)

Finally, a simple integration of (5.48) gives the desired result. This completes the proof of Theorem
(5.5) O

Conclusion

In this thesis research, our main scientific contributions focused on the existence/nonexistence and
uniqueness of solutions and also the stability of solutions for various classes of initial value problem
and boundary value problem for some elastic, thermoelastic and viscoelastic systems with the presence
of different mechanisms of dissipation damping as well as we studied different types of Timoshenko,
Bresse and Porous systems, we have shown in chapter three the interest of a time-varing delay term in
the internal feedback and in chapter four the interest of nonlinear damping term, this results are based on
the argument of the semi-group theory and energy method. For the perspective and the possible gener-
alization, it would be interesting to extend the results by the numerical method to solve these problems.

These suggestions will be treated in the future.



Bibliography

[1] M. O. Alves, L. H. Fatori, J. Silva, R. N. Monteiro. Stability and optimality of decay rate for a
weakly dissipative Bresse system. Math. Meth. Appl. Sci., 2015, 38(5), 898-908.

[2] T. A. Apalara. General decay of solution in one-dimensional Porous-elastic system with memory.
J. Math. Anal. Appl., 469(2):457-471, 2017.

[3] J. Ball. Remarks on blow up and nonexistence theorems for nonlinear evolutions equations. Quart.
J. Math. Oxford., 28(2)(1977): 473-486.

[4] J. A. C. Bresse. Cours de Méchanique Appliquée. Mallet Bachelier, Paris, 1859.

[5] G. Chen. Control and stabilization for the wave equation in a bounded domain. SIAM J. Control
Optim., 1979, 17, 1, 66-81.

[6] G. Chen. Control and stabilization for the wave equation in a bounded domain II. SIAM J. Control
Optim., 198119:1, 114-122.

[7] A. Choucha, D. Ouchenane and K. Zennir. General decay of solutions in one-dimensional Porous-

elastic with memory and distributed delay term. (2020), In press
[8] S.C.Cowin and J. W. Nunziato. Linear elastic materials with voids. J. Elast., 13(2):125-147, 1983.

[9] S. C. Cowin and J. W. Nunziato. The viscoelastic behavior of linear elastic materials with voids. J.
Elast., 15(2):185-191, 1985.

[10] C. M. Dafermos. Asymptotic stability in viscoelasticity. Arch. Ration. Mech. Anal.,
37:297-308,1970.120

120



Bibliography 121

[11] R. Datko, J.u Lagnese and M. P. Polis. An example on the effect of time delays in boundary
feedback stabilization of wave equations. SIAM J. Control Optim., 1986, 24, 1, 152—156.

[12] B. Feng, M. Yin. Decay of solutions for a one-dimensional Porous elasticity system
with memory the case of non-equal wave speeds. Math. Mech. Solids., (2018). DOI:
10.1177/1081286518757299.

[13] H. D. Fernandez Sare, J. E. Munnoz Rivera. Stability of Timoshenko systems with past history.
J.Math.Anal Appl., 339, 482-502 (2008).

[14] A. Fernando, A. Gallego, E. Jaime, J. E. Mufioz Rivera. Decay rates for solutions to thermoelastic
Bresse systems of types I and IIl. Elec. J. Diff. Eq., Vol. 2017 (2017), No. 73, pp. 1-26.

[15] M. A. Goodman and S. C. Cowin. A continuum theory for granular materials. Arch. Ration. Mech.
Anal., 44(4),249-266 (1972).

[16] A. Guesmia, S. Messaoudi and A. Soufyane. On the stabilization for a linear Timoshenko sys-
tem with infinite history and applications to the coupled Timoshenko-heat and Timoshenko-
thermoelasticity systems. Elec. J. Diff. Equ., 2012: 1-45, (2012).

[17] V. Georgiev and G. Todorova. Existence of a solution of the wave equation with nonlinear damping
and source term. J. Differential. Equations., 109 (1994): 295-308.

[18] A.E. Green and P. M. Naghdi. (1991) A re-examination of the basic postulates of thermoemechan-
ics. Proc. Roy. Soc. London., A432:171-194.

[19] A. E. Green, P. M. Naghdi. (1992) On undamped heat waves in an elastic solid. J. Therm.
Stress., 15:253- 264.

[20] A. E. Green, P. M. Naghdi. (1993) Thermoelasticity without energy dissipation. J. Elasticity.,
31:189-208.

[21] A. Haraux and E. Zuazua. Decay estimates for some semilinear damped hyperbolic problems.
Arch. Rational Mech. Anal., 150 (1988): 191-206.

[22] T. Kato. Linear and quasilinear equations of evolution of hyperbolic type. C.L.M.E., 11 (1976),
125{191}.

[23] V. K. Kalantarov and O. A. Ladyzhenskaya.The of collapse for quasilinear equations of parabolic
and hyperbolic type. J. Soviet. Math., 10 (1978): 53-70.

[24] J. U. Kim and Y. Renardy. Boundary control of the Timoshenko beam. SIAM J. Control. Optim.,
25(6): 1417-1429, (1987).



Bibliography 122

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

M. Kirane, B. Said-houari, M. N. Anwar. Stability result for the Timoshenko system with a time-
varying delay term in the internal feedbacks. Pure and Applied Analysis., v10,N2,(2011)667-686.

V. Komornik. Exact Controllability and Stabilization the Multiplier Method. RAM: Research in
Applied Mathematics. Masson., Paris, 1994.

M. Kopackova. semilinear dissipative hyperbolic equation. Comment. Math. Univ. Carolin., 30(4)
(1989): 713-719.

Z. Khalili, D. Ouchenane. A stability result for a Timoshenko system with infinite history and
distributed delay term. Kragujevac J. Math., 2020.

Z. Khalili, D. Ouchenane and A. Choucha. Well-posedness and Stability result of a nonlinear
damping Porous-elastic system in thermoelasticity of second sound with infinite memory and dis-
tributed delay terms. J. DCDIS., Series A: Mathematical Analysis., July 8, 2020

H. Khochemane, L. Bouzettouta, S. Zitouni. General decay of a nonlinear damping
Porous-elastic system with past history. Ann. Univ. Ferrara Sez. VII Sci. Mat.,(2019).
https://doi.org/10.1007/s11565-019-00321-6

H. Khochemane, A. Djebabla, S. Zitouni and L. Bouzettouta. Well-posedness and general decay
of a nonlinear damping Porous-elastic system with infinite memory, J. Math. Phys.,61, 021505
(2020); Doi.org/10.1063/1.5131031

I. Lasiecka, D. Tataru. Uniform boundary stabilization of semilinear wave equations with nonlinear
boundary damping. Differential Integral Equations., 6, 507-533, (1993).

H. A. Levine and S. R. Park. Global existence and global nonexistence of solutions of the cauchy

problem for a non-linearly damped wave equation. J. Math. Anal. App., 228(1) (1998): 181-205.

H. A. Levine and J. Serrin. Global nonexistence theorems for quasilinear evolution equations with
dissipation. Arch. Rational Mech. Anal., 137(4) (1997): 341-361.

H. A. Levine. Instability and nonexistence of global solutions to nonlinear wave equations of the
form. Trans. Amer. Math. Soc., 192 (1974): 1-21.

H. A. Levine. Some additional remarks on the nonexistence of global solutions to nonlinear wave
equations. SIAM J. Math. Anal., 5 (1974):138-146.

Z.Liu, S. Zheng. Semigroups Associated with Dissipative Systems. Chapman Hall/CRC., vol. 398,
London, 1999.

W.J. Liu, E. Zuazua. Decay rates for dissipative wave equations. Ric. Mat., XLVIII, 61-75, (1999).



Bibliography 123

[39] S. Messaoudi. Blow up in a nonlinearly damped wave equation. Math. Nachr., 231(2001):1-7.

[40] S. Messaoudi. Blow up and global existence in a nonlinear viscoelastic wave equation. Math.
Nachr., 260: 58-66, (2003).

[41] S. Messaoudi. General decay of solutions of a weak viscoelastic equation. Arab. J. Sci. Eng.,36,
1569-1579 (2011).

[42] S. Messaoudi and B. Said-Houari. Global nonexistence of solutions of a class of wave equations
with non-linear damping and source terms. Math. Methods Appl. Sci., 27 (2004): 1687-1696.

[43] S. Messaoudi and B. Said-Houari. Energy decay in a Timoshenko-type system of thermoelasticity
of type Ill. J. Math. Anal. Appl., 348(1): 1225-1237, (2008).

[44] S. Messaoudi and B. Said-Houari. Energy decay in a Timoshenko-type system with history in
thermoelasticity of type IIl. Adv. Differential Equations., 14(3-4): 375-400, (2009).

[45] S. Messaoudi and B. Said-Houari. Global nonexistence of positive initial-energy solutions of a
system of nonlinear viscoelastic wave equations with damping and source terms. J. Math. Anal.
Appl., 365(1) (2010): 277-287.

[46] S. Messaoudi, M. Pokojovy and B. Said-Houari. Nonlinear damped Timoshenko systems with
second sound—@Global existence and exponential stability. Math. Methods Appl. Sci., 32 (2009),
no. 5, 505-534.

[47] J. E. Muiioz Rivera and R. Racke. Mildly dissipative nonlinear Timoshenko systems-global exis-
tence and exponential stability. J. Math. Anal. Appl., 276: 248-278, (2002).

[48] J. E. Muinoz Rivera and H. D. Fernandez Sare. Stability of Timoshenko systems with past history.
J. Math. Anal. Appl., 339(1): 482-502, (2008).

[49] J. E. Muioz Rivera and R. Racke. Timoshenko systems with indenite damping. J. Math. Anal.
Appl., 341(2) :1068.1083, 2008.

[50] M. Nakao, Decay of solutions of some nonlinear evolution equations, J. Math. Anal. Appl., 1977,
60:2, 542-549.

[51] S. Nicaise and C. Pignotti. Stability and instability results of the wave equation with a delay term
in the boundary or internal feedbacks. SIAM J. Control Optim., 45(5):1561-1585, 2006.

[52] S. Nicaise, C. Pignotti and J. Valein. Exponential stability of the wave equation with boundary
time-varying delay, 2010.



Bibliography 124

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[62]

[63]

[64]

[65]

[66]

S. Nicaise and C. Pignotti. Stabilization of the wave equation with boundary or internal distributed
delay. J. Differential Integral Equations., 21(9-10):935-958, 2008.

J. W. Nunziato, S. C. Cowin. A nonlinear theory of elastic materials with voids. Arch. Ration.
Mech. Anal.,72(2),175-201 (1979).

D. Ouchenane. A stability result of the Timoshenko system in thermoelasticity of second sound
with a delay term in the internal feedback. G. Math. J., 21(4): 475489, (2014).

D. Ouchenane, Z. Khalili, F. Yazid, M. Abdalla, B. Belkacem ,I. Cherifand, [.Mekawy. A New
Result of Stability for Thermoelastic-Bresse System of Second Sound Related with Forcing, Delay,
and Past History Terms. Journal of Function Spaces., (2021) Volume 2021, Article ID 9962569.

P. X. Pamplona, J. E. Munnoz Rivera, R. Quintanilla. On the decay of solutions for porous-elastic
systems with history. J. Math. Anal. Appl., 379, 682-705 (2011)

A. Pazy. Semigroups of linear operators and applications to partial differential equations. J. Applied
Math. Sciences.,Vol 44, Springer-Verlag, New York, 1983.

R. Quintanilla. Slow decay in one dimensional Porous dissipation elasticity. J. Appl. Math. Lett.,
16(4):487-491, 2003.

R. Racke. Thermoelasticity with second sound exponential stability in linear and non-linear 1-d.
Math. Methods. Appl. Sci., 25(5) :409 441, 2002.

C. A. Raposo, J. Ferreira, M. L. Santos and M. N. O. Castro. Expoenetial stability for the Timo-
shenko system with two weak dampings. J. Appl. Math. Lett., 18 :535.541, 2005.

B. Said-Houari and R. Rahali. A stability result for a Timoshenko system with infinite history and
a delay term in the internal feedback. Dynam. Systems Appl., 20 (2011) 327-354

B. Said-Houari, Y. Laskri. A stability result of a Timoshenko system with a delay term in the
internal feedback. Appl. Math. Comput., 217 (2010), no. 6, 2857-2869.

B. Said-Houari. Global nonexistence of positive initial-energy solutions of a system of nonlinear
wave equation with damping and source terms, J. Diferent. Integral Equat.,23(2010), N1-2.pp.79-
92.

M. A. Tarabek. On the existence of smooth solutions in one-dimensional nonlinear thermoelasticity
with second sound. J. Quart. Appl. Math., 50(4) :727 742, 1992.

S. Timoshenko. On the correction factor for shear of the differential equation for transverse vibra-
tions of prismaticbars. Philosophical Magazine., 41: 744-746, (1921).



Bibliography 125

[67] E. Vitillaro. Global existence theorems for a class of evolution equations with dissipation. Arch.
Rational Mech. Anal., 149 (1999): 155-182.

[68] C. Q. Xu, S. P. Yung, and L. K. Li. Stabilization of wave systems with input delay in the boundary
control. ESAIM Control Optim. Calc. Var.,, 2006, 12:4, 770-785.

[69] Z. Yang. Existence and asymptotic behavior of solutions for a class of quasi-linear evolution equa-
tions with non-linear damping and source terms. J. Math. Meth. Appl. Sci., 25 (2002): 795-814.



