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Abstract

The objective of this thesis is to study some qualitative properties of solutions for various classes of
nonlinear fractional , we begin by convert the problem umber considered into an equivalent integral
equation and using the fixed point theorem . We finish by given example for each problem consider.

Keywords: Fractional differential equations, hybrid fractional differential equations, fractional integro-
differential equations, fractional differential inclusions, fractional derivatives, Banach space, fixed point.

Résumé

L’objectif de cette mémoir est d’étudier certaines propriétés qualitatives des solutions de diverses classes
d’équations différentielles fractionnaires non linéaires. on convertissons par couvertir probléme & une équa-
tion intégrale et en utilisons le théoréme de points fixe.on trmine de domner un exemple pour chaque
probléme considéré.

Mots-clés : Equations différentielles fractionnaires, équations différentielles fractionnaires fraction-
naires, inclusions , problémes aux limites, espace de Banach, point fixe, mesure de non-compacité de
Kuratowski, existence, unicité, stabilité d’Ulam.
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Introduction

In recent decades, the study of fractional differential equations has gained significant attention due to their
ability to model various complex phenomena in physics, engineering, and biology more accurately than
classical differential equations. These equations, which involve derivatives of arbitrary (non-integer) order,
offer a powerful framework for describing systems with memory and hereditary properties.

Among the various tools employed in the study of such systems, the theory of fractional calculus has
proven particularly useful. This theory extends the concepts of integrals and derivatives to non-integer
orders, thereby allowing for more flexible and realistic mathematical models.

A central aspect of this memory is the investigation of fractional differential equations involving non-
linear operators, such as the p-Laplacian operator, which arises naturally in nonlinear elasticity, fluid
mechanics, and non-Newtonian fluid theory. In addition, the memory incorporates the concept of Ulam
stability, which concerns the stability of solutions under small perturbations and is essential in ensuring
the reliability of mathematical models.

This work is also concerned with the existence and uniqueness of solutions to certain classes of fractional
differential equations. These analytical results are often obtained using fixed point theorems and functional
analysis techniques, including measures of noncompactness and multivalued mappings.

The main objectives of this memory are to present new existence and stability results for mixed-type and
implicit fractional differential equations by applying and extending existing mathematical tools. Particular
emphasis is placed on demonstrating Ulam-type stability, which contributes to a deeper understanding of
the robustness of the studied systems.

The fractional calculus is a field of mathematical analysis that embraces the integrals and derivatives
of functions of any real or complex order. For the past few decades, this field has been one of the handover
fist sprawling fields of mathematics by the virtue of the amazing findings obtained when researchers
enrolled the fractional operators in their attempts to construe some problems that arise in the nature. See
[7, 13, 3, 4, 1, 23|.

At the beginning of the fractional calculus in 1695 [12], it was consisted of one main integral operator,
namely the Riemann-Liouville fractional integral and two fractional derivatives, namely the Riemann-
Liouville and Caputo derivatives. Because of penurious number of operators, researchers were compelled
to discover and develop new fractional operators that allow them better comprehend the world around
them. In this purpose, new derivatives and fractional integrals has been arising. The kernel of these integrals
and fractional derivatives differs, resulting in a large number of definitions, see [21, 23, 10, 18, 8, 14].

Due to the large number of integral and fractional derivative definitions, it was necessary to create a
fractional derivative of a function f with respect to another function, which is called ¥-Riemann-Liouville,
using the fractional derivative in the Riemann-Liouville sense, is given by [12]

D0 = () 1O,

where o € (n —1,n), n = [a] + 1 for « ¢ N and n = « for « € N. However, such a definition only
encompasses the possible fractional derivatives that contain the differentiation operator acting on the inte-



gral operator. On the other hand, In subsection 1.3.2, We will mention a corresponding fractional integral
which generalized the Riemann-Liouville fractional integrals and some special cases of this operator.

In the same way, recently, Almeida [9] using the idea of the fractional derivative in the Caputo sense,
proposes a new fractional derivative called ¢-Caputo derivative with respect to another function 1, which
generalizes a class of fractional derivatives, whose definition is given by

D) = L),

where v € (n —1,n), n=[a] + 1 for « ¢ N and n = «a for a € N.

Despite that the 1)-Riemann-Liouville and 1-Caputo definitions of fractional derivatives are very broad,
there is the possibility of proposing a fractional differentiable operator that combines these operators and
overcomes the wide range of definitions. Motivated by the Hilfer [39] fractional derivative definition, which
includes the classical Riemann-Liouville and Caputo fractional derivatives as special cases. Depending on
1-Riemann-Liouville and -Caputo fractional derivatives in Hilfer’s sense of definition, Sousa and Oliviera
[89] introduced a new fractional derivative of a function with respect to another ¢ function so-called -
Hilfer derivative. Which unify a wide class of fractional derivatives. The definition of i-Hilfer fractional
derivative, its relation with the t-Riemann-Liouville fractional integral and some special cases of this
derivative are will presented in subsection 1.3.4.

The advantage of the fractional operator v-Hilfer proposed here is the freedom of choice of the classical
differentiation operator and the choice of the function v, i.e., from the choice of the function v, the operator
of classical differentiation, can act on the fractional integration operator or else the fractional integration
operator can act on the classical differentiation operator. As a result, the properties of the two fractional
operators mentioned above can be unified and obtained.

this memry is amanged follws : In chapter 1, we collect definition auniliary resuts . chapter 2 , is
devorted



Chapitre 1

Preliminaries and Background Materials

In this chapter, we introduce the necessary concepts for the good understanding of this memory.
We present some fundamental notions, definitions, and lemmas related to fractional calculus, measures
of noncompactness, multivalued analysis, Ulam stability and some fixed point theorems which play an
important role in the achievement of the desired results in this memory.

1.1 Functional spaces
Let J = [a, b], the compact intervals of R. We present the following functional spaces :

Definition 1.1 Denote by C(J,R) the Banach space of all continuous functions f : J — R endowed with
the norm

[fllee = sup{[f ()] : t € J},

and C"(J,R) denotes the class of all real valued functions defined on J which have a continuous nth order
derivative.

Definition 1.2 Denote by L*(J,R) the Banach space of measurable functions f : J — R)thatareLebesgueintegr

1l = / ors

and by LP(J,R) we denote the space of Lebesque integrable functions in J where |f|P belongs to L*(J,R)

endowed with norm )
Il = [ 1rcopar)”

Definition 1.3 A function f : J — R is said absolutely continuous on J if for all € > 0 there exists a
number O, such that ; for all finite partition [a;, b;] in J, then

P

Z(bz — CLi) < 56.

=1



implies that

Z|f fla)] < e.

Definition 1.4 Let AC(J,R) be the space of absolutely continuous functions on J. For n € N, we denote
by AC™(J,R) the space of functions f : J — R which have continuous derivatives up to order n — 1 on J
such that f=Y ¢ AC(J,R), defined by

ACM(LR)={f:J=RI|f, [ [ ... [ € C(LR), f" "€ AC(J,R)}.

for more details AC(J,R) and AC™(J,R) ,see the book of kolmogorov and fomin .

1.2 Special functions

In what follows, we recall three types of functions that are important in fractional calculus : the Gamma,
Beta, and Mittag-Leffler functions. More details about these functions can be found in |21, 15, 5.

1.2.1 Gamma Function

Definition 1.5 (Gamma function [11]) The Gamma function, denoted by I'(z), is a generalization
of the factorial function n!, i.e., I'(n) = (n — 1)! for n € N. For complex arguments with positive real part
it 1s defined as

'(z) = /000 t“lexp(—t)dt, R(z)>0.

By analytic continuation the function is extended to the whole complex plane except for the points
0,—1,—2,—-3, ..., where it has simple poles. Thus,

r.c\{o,-1,-2,...} - C.
Some of the most known properties are :

I'l)=r2)=1, TI(z+1)==z2I(2),

T(n)=(n—1), neN, r(%) _ (1.1)

The Gamma function is studied by many mathematicians. There is a long list of well-known properties
(see, for example, [22]), but in this survey, formulas (1.1) are sufficient.

10



1.2.2 Beta Function
Definition 1.6 (Beta function [11]) The Beta function is defined by the integral

B(z,w) = /01 7 1 =)t R(2) >0, R(w) > 0.

The functions I'(+) and B (...) are related by the formula
()T (w)
I'(z+w)

To demonstrate this relationship, we use the Laplace transform, see.

B(z,w) =

1.2.3 Mittag-Lefler Function
Definition 1.7 (Mittag-Leffler function [11]) The Mittag-Leffler function in one parameter is defined

by
o0 k
z
E)=Y -
o(2) kZOF(ak‘ % a>0, zeC(C,

where it was introduced by Mittag-Leffler [11].
The two-parameter Mittag-Leffler function is defined by the series expansion

k
z
E :E -

which is of great importance for the fractional calculus. In particular,

Fi1(2) = exp(z), Fa21(2) =cosh(vz), Fa1(2) = Eu(2).

11



1.3 Elements from fractional calculus theory

There are several definitions in fractional calculus that are widely used and important in showing different
fractional calculus outcomes. In this section, we will present some definitions of classical fractional integrals
and fractional derivatives and their properties. Next, we introduce a new class of fractional integrals and
fractional derivatives, because there are so many different fractional operator definitions. The following
definition is a special approach when the kernel is unknown, involving a function 1, making this new
operator a generalization of the fractional operators that we use throughout this thesis.

1.3.1 Fractional integrals and fractional derivatives

Let J = [a,b], (—00 < a < b < 00), be a finite interval on R. In this subsection, we present some definitions
of classical fractional integrals, fractional derivatives, and its properties.

Definition 1.8 [Cauchy formula [6]] The Cauchy formula of n-th integral of a locally integrable func-
tion f on R* is given by

PO = oy | =0 s

(n—1
Definition 1.9 [Riemann-Liouville fractional integral [21]] for o > 0. The left-side (right-side
resp.) of Riemann-Liouville fractional integral of the function f € L'(J,R) of order a is defined by

RLTe f(f) = ﬁ/ (t—5)° " f(s)ds, teJ,

b
I = g [ -0 s e

resp., wheret € J.

Riemann-Liouville fractional derivatives are defined depending on their fractional integral and integer
order derivative as follows.

Definition 1.10 [Riemann-Liouville fractional derivative [16]] For o > 0. The left-side (right-side
resp.) of Riemann-Liouville fractional order derivative of order o of f € L' (J,R), is given by

DS ) = (§)" (LT 0) = r () S =9 (s) ds,

REDg f(t) = (=) (Lo f () = mimy ()" [ (s = 0" f (s) ds,

resp., where n = [o] + 1 and o] denotes the integer part of real number c.

12



Definition 1.11 Caputo fractional derivative [16]] For o« > 0. The left-side (right-side resp.) of
Caputo fractional order derivative of order a of f € AC™ (J,R), is defined by

CD3+ (t) = BRI (f(”) (t)) = m fj (t — s)n_a_l f® (s)ds, t € J,

DI = MR (FO0) = w6 =0T W (s)ds, t e

resp., where n = [a] + 1 and [a] denotes the integer part of real number «.
In what follows, we consider some properties of the Riemann-Liouville and Caputo fractional integral
and derivatives. In particular, we are interested by the left-side fractional derivatives and integrals.

Lemma 1.1 (Relation between Riemann-Liouville and Caputo derivatives [2])
Let « € (n — 1,n]. If the function f € C™(J), then

n o
e, f(t) = FDRF(E) %mf_—;j”(t — e,

Lemma 1.2 ([2]) For o, 8 >0 and f € L*(J). Then, we have

1. The integral operator "FI%, is linear,

a a

5. BLD> RLTe f(t) = f(t),

4. BEDY I f(8) = PRI A ().

a

2. RL[& RL]'B+f(t) = RLIer RLI&JFf(t) = RLI::Bf(t)y

Lemma 1.3 (/2]) For a > 0 and > 0, we have
I'(p)

(FFI (t—a)’ ) (x) = m(x —a)’tt a>0,

RL Nna —a B—1 ) = P(B) —a B—a—1 a
( Da+(t ) )( ) F(B—Oz)(t ) ) ZO

Lemma 1.4 ([2]) Let n — 1 < o« < n, n € N. and f € C(J), then the Riemann-Liouville fractional
differential equation
RLD3+ (t) - 07

has a general solution
fO)=ct—a)* T Het—a)?+ - Fet—a)*™", €eER, i=01,2,...,n
From the above lemma, it follows that

RLpe BLDo f(t) = f(t) —ci(t —a)* ' =t —a)* > — - =t —a)*™™ G €ER, i=12,...,n

13



Lemma 1.5 (/2]) Let n —1 < o < n, n € N. If f € AC™(J), then the Caputo fractional differential
equation
CD24+ (t) = 07

has a general solution
ft)=co+c(t—a)+ct —a)’ 4+ +cpr(t —a) .
From the above lemma, it follows that
BLI6 CDg f(t) = f(t) —co—ar(t —a) —ca(t —a)® — ... — cpa(t —a)™ 7,
for somec; eR,1=0,1,2,...,n— 1.

Definition 1.12 [Hadamard fractional integral[2]] Let a > 0. The Hadamard fractional integral of
order a > 0 for a function f € L' (J,R) is defined as

1 ! d
Hge (t):m/a <log;) f(s)f, te

Set § = (t%), a,a >0, n=[a] + 1, where a denotes the integer part of o. Define the space
ACY (JLR)={f:J = R:6"'f(t) € AC(JR)}.

Definition 1.13 [Hadamard fractional derivative[2]] Let a > 0. The Hadamard fractional derivative
of order a > 0 for a function f € AC§ (J,R) is defined as

Tpe ft)y=6"("32000) (t) = ﬁ (t%)n/: (log é)n_a_lf(s) %.

Definition 1.14 [Caputo-Hadamard fractional derivative[2, 7]] Let a > 0. The Caputo-Hadamard
fractional derivative of order o > 0 for a function f € AC} (J,R) is defined as

G011 0= () 0= o [ (st) " s ®
A~ at SN et S T'(n—a)/, &5 s
Lemma 1.6 (/2, 7]) Let o, > 0 and n = [o] + 1. Then, we have

1. The integral operator 3¢ 18 linear,

2. 132 (logt)?!(z) = 1“(Fa(—j-),6’)(log 5)5+a—17

3. §D2, (logt)?~!(z) = F(Foff?g) (log ’ﬁ)ﬁ_o‘_l, B> n,
4. §D (logt)* =0, k=0,1,...,n—1.

14



Lemma 1.7 (2, 7]) Let n — 1 < a < n, n € N, the general solution of the fractional differential equation

HCDS—&- (t) = Oa
s given by
n ¢ a—Fk
f) = Z Ck (log 5) :
k=1
where ¢, € R, k=1,2,...,n are arbitrary constants.

From the above lemma, it follows that
n " a—k
"3 = F0 - Yo (o)
1

for some ¢, € R, k=1,2,...,n are arbitrary constants.

Lemma 1.8 Let n — 1 < o < n, n € N. If f € AC} (J,R), then the Caputo-Hadamard fractional
differential equation

has a solution

and the following formula holds

n—1 ¢ k
H%ng (%Qng (t)) = f{t) - Ch (log a) ’

where ¢, e R, k=10,1,2,...,n—1.

1.3.2 Fractional ¢-integral

Definition 1.15 (/23/) Let (a,b), (—oo < a < b < 00) be a finite or infinite interval of the real line R
and a > 0. Also let ¢ (t) be an increasing and positive monotone function on (a,b), having a continuous

derivative ' (t) on (a,b). The left sided fractional integral of a function f with respect to another function
¥ on [a,b] is defined by

ikd —Lt's — ()N f(s)ds
IS0 = [ VO W0 =66 ) ds (1.2

15



Lemma 1.9 ([7, 23]) Let o, 3,6 > 0. Then, the left-sided -fractional integral satisfies the following
properties :

1. The integral operator I3 + is linear,

2. The semigroup property of the fractional integration operator ]gf 1s given by the following result

LI f () =TV f (1),
holds almost everywhere if f € L' (J,R).

3. Commutativity

e (e r ) =12 (1 s o).
Lemma 1.10 (/23]) Let o, 3 > 0. Then

a; B-1 _ & _ a a+p—1
LY (4 () =2 (a)" (1) = Tatd) (¢ () =¥ (a)) :

The fractional integral operator with respect to another function defined in (1.2) is a general operator, in
the sense that it is enough to choose a function 1 and obtain an existing fractional integral operator. In
the following, we present a class of fractional integrals, based on the choice of the arbitrary v function.

1. Choosing 1 (t) =t and replacing in equation (1.2), we get

f;”fhu):ﬁ/ (t— )" f(s)ds = I2f (1),

the Riemann-Liouville fractional integral.
2. If we consider 1 (t) = log(t) and a > 0 in equation (1.2), we have

1

ISR (t) = m/ %(logt —logs)* " f(s)ds

- [ () 0 < g,

the Hadamard fractional integral.

16



3. Choosing 11 (t) =t° and g (t) = t™f (t) and substituting in equation (1.2), we get

t“s(a+")]§jr¢g (t) = t—&(a+n)]5‘f5 + O f (1)
St—6latn)  rt _ a—1
_ W/ s ()T f(s)ds
— EK sf ()

the Erdelyi-Kober fractional integral.

1.3.3 Fractional i-derivative

We start by evoking two definitions of fractional derivatives with respect to another function, both of which
are motivated by the fractional derivatives of Riemann-Liouville and Caputo, in that order, choosing a
specific function .

Definition 1.16 (/7/) Let ¢/ (t) #0 (oo <a <t <b<o0) and a > 0, n € N. The Riemann-Liouville
deriwative of a function f with respect to ¢ of order o correspondent to the Riemann-Liouville, is defined

by

RL o, 1 d\" (n—a),y
DY (1) = (w'o )Ia+ 03

1 1 / _ s n—a-l S)ds
- o (rms) [P O@O-ver e

where n = [a] and [a] denotes the smallest integer greater than or equal to «.

Definition 1.17 (/18]) Let « > 0, n € N, J = [a, ] is the interval —oo < a < b < oo, f,9p € C"(J,R)
two functions such that 1 is increasing and i)' (t) # 0, for any t € J. The left sided 1-Caputo fractional
derivative of a function f of order « is given by

n—o I d\"
“Dr 0 =1 () 1O

Lemma 1.11 (/10/) Let o, 8 > 0. Then

DI (1) = 9 (@) (0 = gy (010 = ¥ (@)
Lemma 1.12 (/10]) If f € C™ (J,R) and a € (n — 1,n), then
o0 Cpe s ( S f[k] (t) — v ()"

17



In particular, given o € (0, 1), we have
LY DI f () = (1)~ [ (a).

1.3.4 Fractional -Hilfer derivative

From the definition of fractional derivative in the Riemann-Liouville sense and the Caputo sense, was
introduced the Hilfer fractional derivative, which combines both derivatives. Motivated by the definition
of Hilfer, we present a new generalized operator the so-called v-Hilfer fractional derivative of a function
f with respect to another function. From the fractional derivative i-Hilfer, we introduce some relations
between the 1-fractional integral and the fractional derivative -Hilfer.

Definition 1.18 (/10/) Let a € (n—1,n) with n € N, J = [a,b] is the interval —oco < a < b < o0,
fi € C"(J,R) two functions such that ¢ is increasing and V' (t) # 0, for any t € J. The left sided
W-Hilfer fractional derivative HDaﬂwf (t) of function f of order a and type 5 € [0,1] is defined by

H o Bit B(n—a)iv 1 AN a-pm-aye
Detp ()= 100 () B0, e (13)

Lemma 1.13 (/10/) For § >0, a € (n—1,n) and 5 € [0, 1], we have

T (5)

TG—a) W) —v ()", d>n

DR (W (1) v (@) =

Lemma 1.14 ([10]) In particular, given n < k € N and as 6 > n we have

k!

Thtl—a) (W () — ¥ (a)" .

DI (4 (1) — o ()" =
On the other hand, for n > k € Ny, we have
MDY (0 () — v (a)" =0,

Lemma 1.15 ([/18]) Letn—1<a <n, B€[0,1] andy=a+ (n—«). If f € C"(J,R), then
1RV () = 1) = 3 R A f )

—k+1)
1

k=
—k
where f[n k] ( L i)

'(t) dt

2. MDYPV ISV F (1) = [ ().
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In the following, using the v-Hilfer fractional derivative operator defined in equation (1.3), we can
combine in this derivative different types of fractional derivatives by changing the value for 1 and taking
the limit of the parameter 5. Some of them are presented below.

1. Consider ¢(t) =t and taking the limit § — 1 on both sides of equation (1.3), we get

a,l; n—a); d "
D=1 () 10

=Dy, f(1),

the Caputo fractional derivative.

2. For (t) =t and taking the limit B — 0 on both sides of equation (1.3), we have

a,0; d\" n—a);
D)= () 1@

= RLD3+ (t) 9

the Riemann-Liouville fractional derivative.

3. For 1 (t) =logt, a > 0 and taking the limit B — 0 on both sides of equation (1.3), we have

«,Uto d " n—o
D) = (1) K

Rl CONACHINCE

= HDZY—F (t) )
the Hadamard fractional derivative.
4. For (t) =logt, a > 0 and taking the limit 5 — 1 on both sides of equation (1.3), we have

a,1; n—ao); d\"
D) =1 (1) £

S [ () () 0

=“Dyrf (1),

the Caputo-Hadamard fractional derivative.
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5. For ¢ (t) =t and replacing in equation (1.3), we have

« n—«o d " - n—o
"D () = 1Y )<@) L p (o)

— Hffi”—a)DaHI(gi—ﬁ)("—a)f (t)
=MDyl f(t),

the Hilfer fractional derivative.

1.4 Functional tools
In what follows, we present some concepts of functional analysis that will we use throughout this memory.
Theorem 1.1 (Ascoli-Arzela)([6]) Let A C C([0,T],R). A is relatively compact (A is compact) if :

1. A is uniformly bounded, i.e., there exists M > 0 such that

|f (t)] < M for every f € A and t € [0,T],

2. A is equicontinuous, i.e., for every € > 0, there exists § > 0 such that for each t1,ts € [0,T],
[ty — ta] < & implies |f (t1) — f (t2)| < € for every f € A.

Definition 1.19 (/6/) A map f:[0,T]X — X is said to be Caratheodory if :
1. t — f(t,x) is measurable for each x € X,
2. x — f(t,x) is continuous for almost all t € [0,T].
Moreover, f is called L'-Caratheodory if Vp > 0, there exists ¢, € L* ([0,T],RT) such that
|f (t,2)| <@, (t), forall |x| < p and for a.e. t € [0,T].

Lemma 1.16 (Standard Gronwall inequality)([6]) Let f : [0,T] — R™ be real function and w is a nonne-
gative locally integrable function on [0,T].
Assume that there is a constant a > 0 such that for 0 < a <1

f(t) <w(t)+ a/o (t—s)*" f(s)ds.

Then, there exist a constant k = k(«) such that
¢
f(t) <w(t)+ ka/ (t — ) w(s)ds.
0
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Lemma 1.17 (Standard Gronwall inequality 02)([22]) Let f : [1,T] — [0,00) be a real function and w
is a nonnegative locally integrable function on [1,T). Assume that there is a constant a > 0 such that for
0<a<l1

ds
S

£(t) < wt) +a / t (log t) 1(s)

Then, there exists a constant k = k(a) such that

F(t) < w(t) + ka /j (10g é)a_l s

S

for every t € [1,T].

Lemma 1.18 (Generalization of Gronwall inequality)([8]) Let f, g be two integrable functions and h
be continuous with domain [a,b]. Let W € C'([a,b],R) be an increasing function such that W' (t) # 0,
Vt € [a,b]. Assume that :

1. f and g are nonnegative functions,

2. h is nonnegative and nondecreasing.

If

f)<g()+ h(t)/ U (s) (U (1) = W (5))"" f (s) ds,
then

[e.9]

ro<aw [ S LS v o - v s

k=1

Lemma 1.19 (/8]) Under the hypotheses of Lemma 1.18, assume further that g (t) is nondecreasing func-
tion fort € |a,b]. Then

f()<g(t) Ea(h ()T (o) (¥ () —¥(a))?),
where E, 1s the Mittag-Leffler function.

21



1.5 Background about measures of non-compactness

1.5.1 The general notion of a measure of noncompactness

Firstly, we need to fix the notation. In what follows, (£, d) will be a metric space, and (X, || - ||) a Banach
space. Let Q be a non-empty subset of X, then @ and conv ) denote the closure and the closed convex hull
of @, respectively. When @ is a bounded subset, Diam(@Q) denotes the diameter of Q). Also, we denote by
By (resp. Bx) the class of nonempty and bounded subsets of E (resp. of X). We begin with the following
general definition.

Definition 1.20 (/15, 14/) A mapping p : B — RT will be called a measure of noncompactness in E if
it satisfies the following conditions :

1. Regularity : 1 (Q) =0 if, and only if, Q is a precompact set.

2. Invariant under closure : 1 (Q) = p (@), for all Q € Bg.

3. Semi-additivity : ;1 (Q1 U Q2) = max{u (Q1),p(Q2)}, for all Q1,Qs € Bg.
For a Banach space X, we additionally require :

4. Semi-homogeneity : 1 (AQ) = |A\| 1 (Q) for A € R and Q € By.

5. Invariant under translations : yu(z + Q) = pu(Q), for all x € X and @ € B.

The three main measures of noncompactness are :
e Kuratowski MNC

e Hausdorff MNC

e De Blasi Measure of Weak Noncompactness

In this thesis, we focus on the Kuratowski MNC.

1.5.2 The Kuratowski Measure of Noncompactness

Definition 1.21 (/14, 16]) Let (E,d) be a metric space and Q be a bounded subset of E. The Kuratowski
measure of noncompactness of Q, denoted by . (Q), is the infimum of the set of all numbers € > 0 such
that @ can be covered by a finite number of sets with diameters < e, i.e.,

i=1

Mk(Q):inf{e>O:Q§US’i, S; C E, diam (S;) <€, i=1,2,...,n, nEN}.

1. Regularity : uy (@) = 0 if and only if @) is precompact.
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2. Closure invariance : ju (Q) = ju (Q).

3. Semi-additivity : pi (Q1 U Q2) = max {1 (Q1) , ik (Q2) }-

4. Monotonicity : Q1 C Q2 = i (Q1) < i (Q2).

5. Algebraic semi-additivity : ux (Q1 + Q2) < ux (Q1) + ik (Q2).
6. Semi-homogeneity : 1y (AQ) = || ux (Q).

7. Convex hull invariance : py (conv Q) = ux (Q).

8. Intersection property : u (Q1 1 Qs) < min {u (@), (Q2)}.

Lemma 1.20 (/21])

Let J =10, T] and D be a bounded, closed and convex subset of the Banach space C (J,X). Let G be
continuous on JJ and f : JX — X satisfy Caratheodory conditions. Assume there exists p € L' (J,RT)
such that for each t € J and each bounded B C X,

hlirgl+ px (f (JenB)) < p(t)ux (B), where Jyp = [t — h,t]NJ.

If V is an equicontinuous subset of D, then

" ({/JG<s,t>f<s,y<s>>ds ye v}) < [ 16 60llp(6) el (9) s

1.6 Multivalued Analysis

In this section, we introduce some definitions, notations, and preliminary facts for multivalued analysis,
which are used throughout this thesis.

Definition 1.22 (/6/) Let (X, || -||) and (Y,|| - ||) be two Banach spaces. A multivalued function F (or a
set-valued map, multivalued map) from X into P(Y') is a correspondence that associates to each element
x € X a subset F(x) of Y.

We denote this correspondence by F : X — P(Y'). We define :

1. The effective domain Dom F = {x € X | F(x) # 0}.
The graph Gr(F) = {(z,y) € XY |z € Dom F,y € F(x)}.
The image of a set A € P(X) : F(A) = U,cu F(@).

The inverse image of a set B€ P(Y) : F1(B) ={z € X | F(z) N B # (}.
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5. The multivalued map F : X — P(Y) is convex (closed, compact) valued if F(x) is convex
(closed, compact) for all x € X.

6. F is bounded on bounded sets if F(B) = |J,.p F(x) is bounded in'Y for all bounded sets B of
X, ie.,
sup [sup{lyl|  y € F(2)}] < oo.
Te

7. F is called upper semi-continuous (u.s.c.) on X if F~1(A) is closed in X whenever A C Y is
closed.

8. F is said to be completely continuous if F(B) is relatively compact for every bounded subset B
of X.

9. A multivalued map F : X — Po(Y) (where Po(Y) ={A € P(Y) | A#0}) is said to be measurable
if for every open U CY, the set F~Y(U) is measurable in X .

10. F has a fized point if there exists x € X such that x € F(x). The fized point set of F is denoted
by Fix F.

For each y € C([a,b],R), the set of selections of F at point y is defined by
Sry={ve L' ([a,b],R) | v(t) € F(t,y) for a.e. t € [a,b]}.
We denote by P, the set of all nonempty subsets of X which have property "p", where "p" can be :
e bounded (b)
e closed (cl)
e convex (c)
e compact (cp)
Thus :
(X) (X) | A is bounded}
Pa(X)={A e P(X)| Ais closed}
(X) (X)
(X) (X) | A is compact and convex}
Definition 1.23 (/6/) A multivalued map F : [a,b]R — P(R) is said to be Carathéodory if :
1. t — F(t,x) is measurable for each v € R,

2. x — F(t,x) is upper semi-continuous for almost all t € [a,b].
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Further, a Carathéodory function F is called L*-Carathéodory if

3. For each r > 0, there exists o, € L*([a,b],RT) such that
|F ()| = sup{[v] : v € F(t,2)} < @r(t)
for all ||z|]| <7 and for a.e. t € [a,b].

Lemma 1.21 (/21]) Let (E,d) be a metric space induced from the normed space (X, | - ). Consider
Hy: P(X)P(X) — RT U {oc} given by

H4(A, B) = max {sup d(a, B),supd(A, b)} ,

acA beB

where d(A,b) = inf,ca d(a,b) and d(a, B) = infyep d(a,b). Then (Paq(X), Hy) is a metric space.
Definition 1.24 (/6/) A multivalued operator N : X — Py(X) is called :

(a) ~v-Lipschitz if and only if there exists v > 0 such that

HAN (@), N () < d(x,y) for cach 2,y € X.
(b) A contraction if and only if it is ~v-Lipschitz with v < 1.

Lemma 1.22 (/10]) If F : X — Pu(Y) is w.s.c., then Gr(F) is a closed subset of XY, i.e., for every
sequence {Tptneny C X and {yntnen C Y, if when n — 00, X, — Ts, Yn — Ys and y, € F(x,), then
Yx € F(xy). Conversely, if F is completely continuous and has a closed graph, then it is upper semi-
continuous.

Lemma 1.23 ([18]) Let X be a separable Banach space. Let F : [a,b]X — Pepo(X) be an L'-Carathéodory
multivalued map and let © be a linear continuous mapping from L([a,b], X) to C([a,b], X). Then the
operator

© o Sr:C([a,b],X) = Pepe(C(la, b], X)), x+— (©0Sr)(z) =0(Sr.),

is a closed graph operator in C([a,b], X)C([a,b], X).
For more details on multivalued maps and the proof of the known results cited in this section, we refer
the interested reader to the books by Deimling, Gorniewicz , and Hu and Papageorgiou .
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1.7 Fixed Point Theorems

The theory of fixed points is one of the most powerful tools of modern mathematics, which is used to
show the existence and uniqueness of fixed points of various kinds of equations. Throughout this study, we
convert the given problem into an equivalent integral equation and then use the appropriate fixed point
theorem such that the fixed points obtained are thus the solutions of the given problem. In this section
we collect the fixed point theorems which are used in the proofs of our main results. We start with the
definition of a fixed point.

Definition 1.25 For a mapping ® of a set E into itself, an element x of E is a fixed point of ®, if
O(z) = x.

Theorem 1.2 (Banach’s fized point theorem) [5] Let Q0 be a non-empty closed subset of a Banach
space (X, || - 1), then any contraction mapping ® of Q into itself has a unique fived point.

Theorem 1.3 (Schauder’s fized point theorem) [5] Let Q0 be a nonempty closed bounded convex

subset of a Banach space X and ® : Q — € be a continuous compact operator. Then ® has a fixed point
n §2.

Theorem 1.4 (Schaefer’s fired point theorem) [5] Let X be a Banach space, and ® : X — X is
completely continuous operator. If the set By = {x € X : x = A®x, A\ € (0,1)} is bounded, then ® has fized
point in X.

Theorem 1.5 (Krasnoselskii’s fived point theorem) [5] Let Q) be a non-empty closed bounded convex
subset of a Banach space (X, | -||). Suppose that Fy and Fy map Q into X such that :

1. Fix + Foy € Q for all x,y € €,

2. Fy is continuous and compact,

3. F5 is a contraction with constant | < 1.
Then there is a x € Q with Fixz + Fhxr = x.

Theorem 1.6 (Modnch’s fized point theorem) [13] Let Q be a bounded, closed and convex subset of
the Banach space such that 0 € 2, and let ® be a continuous mapping of ) into itself. If the implication

V=conv®(V) or V=30¢WV)U{0}= ulV)=0,
holds for every V- C §Q, then ® has a fixed point.

Theorem 1.7 (Nonlinear alternative of Kakutani maps) [3] Let Q be a closed convex subset of a
Banach space X and U be an open subset of Q0 with 0 € U. Suppose that N : U — P (2) is an upper
semi-continuous compact map. Then either :

(i) N has a fized point in U, or
(i1) there is x € OU and p € (0,1) with x € uN(z).

Theorem 1.8 (Cowvitz and Nadler fized point theorem) [9] Let (E,d) be complete metric space. If
N : E — Py(F) is a contraction, then Fix N # ().
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1.8 Ulam’s stability

The stability of the Ulam can be viewed as a special kind of data dependence which was initiated by the
Ulam in [15]. Rassias in [19] extended the concept of Ulam-Hyers stability. To define Ulam’s stability, we
consider the following fractional differential equation

HE™ a(t) = f(t,x(t), te]0,T). (1.4)

Definition 1.26 [10] The equation (1.4) is said to be Ulam-Hyers stable if there exists a real number
k > 0 such that for each € > 0 and for each y € C([0,T],R) solution of the inequality

HY ™ y(t) = f(ty(t)| < e te0,T], (1.5)
there ezists a solution x € C([0,T],R) of the equation (1.4) with
ly(t) — 2(t)] < ke, t€[0,T].

Definition 1.27 [10] Assume that y € C([0,T],R) satisfies the inequality in (1.5) and x € C([0,T],R) is
a solution of the equation (1.4). If there is a function ¢ € C(R*T R") with ¢p£(0) = 0 satisfying

ly(t) —x(t)| < ¢x(c), t€0,T].
Then the equation (1.4) is said to be generalized Ulam-Hyers stable.

Definition 1.28 [10]/ The equation (1.4) is said to be Ulam-Hyers-Rassias stable with respect to ¢ €
C([0,T],RT) if there exists a real number k > 0 such that for each ¢ > 0 and for each y € C([0,T],R)
solution of the inequality

HE ™ y(t) = f(ty()] < edz(t), t€ (0,7, (1.6)
there ezists a solution x € C([0,T],R) of the equation (1.4) with
ly(t) — z(t)| < kor(t)e, te€[0,T].

Definition 1.29 [10] Assume that y € C([0,T],R) satisfies the inequality in (1.6) and x € C([0,T],R) is
a solution of the equation (1.4). If there exists a constant k > 0 such that

ly(t) —x(t)| < kor(t), tel0,T],
then the equation (1.4) is said to be generalized Ulam-Hyers-Rassias stable.
Remark 1.1 If there is a function v € C([0,T],R) (dependent on y), such that
1. |v(t)| <e, forall t € [0,T],
2. HET " y(t) = f(ty(t) +o(t), te0T],

then a function y € C([0,T],R) is a solution of the inequality (1.5).
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Chapitre 2

EXISTENCE , UNIQUNESS AND ULAM
STABILITY RESULTS FOR A MIXED
“-TYPE FRACTIONAL DIFFEREN TIAL
EQUATIONS WITH P-LAPLACIAN
OPERATOR

2.1 Introduction

CD}™ ((Dgy, u(t))) + f(t,u(t)) =0, €0, 1],
D&, u(l)) =
(P) ¢P< O7u< )) Oa
t2=u(t)|,_, = 0,
u(l) = X [ u(s)ds,
where 1 < <2,0< <1, A>0,0<7<10< <aand ¢y(u) = [u*? u ¢’ = ¢,
% + % =1 CDtﬁ ~and Dg, denote the right Caputo fractional derivative of order § and the left Riemann-

Liouville fractional derivative of order o and f; [0, 1]R — R is a continuous function. The left and right
Riemann-Liouville fractional integrals of order i > 0 of a function f are defined by

() = ﬁ / (t — s f(s)ds,

I f(t) = ﬁ) / (s — ) f(s)ds.

The left Riemann-Liouville fractional derivative and the right Caputo fractional derivative of order
i > 0 of a function f are respectively :
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Dhf(t) = o (157" F) (1),

CDY_f(t) = (=1)"{2"f (1),
where n = [u] + 1, [] denotes the integer part of the real number pu.

Lemma 2.1 ([22]) Let ¢, be p-Laplacian operator. Then,
(i) If 1 <p <2, uww >0 and |ul, |v]| > m > 0, then
|6p(w) = Gp(v)| < (p = DmP?|u — vl.
(i) If p > 2 and |ul, |v| < M, then
|6p(1) = dp(v)] < (p = MP™*|u — v).

The problem (P) is Ulam-Hyers (UH) stable if there exists a real number k£ > 0 such that for each
¢ > 0 and for each v € C*(]0, 1], R) solution of the inequality

[CDI (9p(Dg (1)) + f(t,0(t)) <€, e 0, 1],
there exists a solution u € C1([0, 1],R) of the problem (P) such that

lv(t) —u(t)] < ke, tel0,1].

2.2 Properties

[Generalized Ulam-Hyers-Rassias stability |([10]) Assume that v € C1([0, 1], R) satisfies the inequality in
(2.2) and u € C([0, 1], R) is a solution of the problem (P). If there exists a real number ky, > 0 such that

[0(t) —u(t)] < ko,0s(t), ¢ €[0,1],
then the problem (P) is said to be generalized Ulam-Hyers-Rassias stable (GUHR).

Remark 2.1 A function v € C'([0,1],R) is a solution of the inequality (2.1) if there is a function ® €
C([0,1],R), which depends on v, such that

1. |®(t)| <, forallt €[0,1],
2. CD/(¢p(Dgo(t)) = —f(t,0(t) + (1), t€[0,1].

Remark 2.2 A function v € C'([0,1],R) is a solution of the inequality (2.2) if there is a function ® €
C([0,1],R), which depends on v, such that
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1. |®(t)| < €by(t), for allt €0, 1],
2. CDJ(By(Dg (1)) = — (1, 0(0) +@(1), ¢ € [0.1].

Theorem 2.1 [Arzela-Ascoli Theorem [([20]) Let X C C([0,1],R), X is relatively compact if and only if
X is uniformly bounded and equicontinuous.

Theorem 2.2 [Schauder fized point theorem/([20]) If 2 is a nonempty closed bounded convex subset of a
Banach space X and T : Q2 — € is completely continuous, then T has a fixed point in €.

Theorem 2.3 [Banach’s fized point theorem [([20]) Let 2 be a non empty closed convex subset of a Banach
space X, then any contraction mapping T : Q — € has a unique fized point.
2.3 Existence and uniqueness

Lemma 2.2 ([1/]) The boundary value problem

(P1)
u(l) = A [ u(s)ds,

has a unique solution, which is given by

1
u(t) :/ G(t,s)g(s)ds, te€|0,1], (3.1)
0
where G(t,s) and H(s,T) are the Green’s functions associated with the problem.
where
G(t,s) = Gi(t,s) + Ga(t,s), t,s€]0,1], (3.2)
1 [t i1 —s)t —(t—s), 0<s<t<1,
Gy(t,s) = —— =s=ts 3.3
1t 5) IN()) {tal(l—s)al, 0<t<s<l, (3:3)
t*ta) "
= - 1 '4
Galt.s) = gy | Grltslat tse (3.4
(s) = ¢, (J7 n(s)), sel0,1]. (3.5)
g P 1— ) )
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Proof. Applying the fractional integral operator Jlﬁf to the first equation of (P1), we get

%w@mwzﬁg/@_$ﬁm@ﬁ+a

By the boundary value condition ¢,(D§u(1)) = 0, we have ¢ = 0, consequently,

dp(Diyu(t)) = —J7_h(t),

and then, 1
Dits) = =0, (5 | (=97 nioat).
Letting 1
o) =0, (05 [ (0= iy,

Du(t) = —g(t),
we arrive at .
1
ut) = ——=—— / (t —5)*'g(s)ds + eyt + ot 2.
I'(a) Jo
Condition t*~*u(t)|,_, = 0 implies that ¢; = 0, i.e.,
u(t) = —Ig,g(t) + ert® .

By using the condition u(1) = A [ u(s)ds, we obtain

u(l) = =I5, 9(1) + 1 = )\/077 u(s)ds,

which implies

c1 = ﬁ/o (1—5)*"g(s)ds + )\/Onu(s)ds
Hence
1 ¢ - a=1 gl -
U(t)__m/o(t s) g(s)ds+r(a>/0 (1—35)*""g(s)ds
+t°‘1)\/ u(s)ds
As a result,

u(t) = /01 Gi(t, s)g(s)ds + tal)\/n u(s)ds.

0
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where (G is defined by (3.3). From (3.11), we have

/0 (bt = a_aAna /0 ! /0 1 Ga(t, s)g(s)dsdt. (3.12)

Substituting (3.12) into (3.11), we obtain

1 a—1
u(t):/ Gt 8)g(s)ds + - //Glts s)dsdt

0 a — An®

:/01 Gy (t, s)g(s)d8+/0 Ga(t, s)g(s)ds

= /01 G(t,s)g(s)ds

where G and G, are defined by (3.2) and (3.4) respectively.

Conversely, we prove that the function u € C(|[0, 1], R) defined by (3.1) is a solution of problem (P1). It
is easy to verify that the function u satisfies the first equation of the problem (P1), and it is straightforward
to prove the first and second boundary conditions. For the last condition we have,

/\/ t)dt = //G1t3 (s)dsdt
a\? o
+04_/\77/0t (//G1t5 ()dsdt)d
n 1
Y / / G (¢, $)g(s)dsdt
o Jo
)\27704 n 1
wn / / G1(t, s)g(s)dsdt
:a—)\n//Glts s)dsdt.

Gi1(1,s) =0, for all s € [0, 1],

1 a—1
u(t):/ Gi(t, s)g(s)ds + aAl / / G (t, s)g(s)dsdt,

0 a— An®

u(1) = - f‘ina /0 ! /0 1 Gi(t, s)g(s)dsdt,
u(1) = )\/Onu(t)dt.
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On the other hand, we have

and

then

we conclude that



Lemma 2.3 The function G defined by (3.2) is continuous on [0,1][0, 1] and satisfies
1. G(t,s) >0 for t,s € [0,1].

2. G(t,s) <o, whereé-%fort s € [0,1].
Proof. Firstly, observing the expression of function G, it is easy to see that G(t,s) > 0 for t,s € [0, 1].
Secondly, by definition of function Gy, it is clear that G;(t,s) < ﬁfomll(t, s € [0, 1]), ontheotherhand,

Gs(t,s) = L2y fy Ghlt, s)dt < et

(a— )\r] W’
then

a— AN+ ain

G(t,s) = Gi(t,s) + Ga(t,s) < @) (a = )

for all ¢,s € [0, 1].
Let the Banach space E = C([0, 1], R) be endowed with the norm

lelloe = max [u(?)].

We define the operator T': E — E by

Tut) = /0 Gt 9)a, (ﬁ / i gp f(T,u(T))dT) ds.

To prove the uniqueness of the solution of the problem (P), we used the Banach contraction mapping
principle. For this, we make the following assumptions.

(H1) There exists a positive continuous function w(t) such that
[f(tu(®)] < w(t), (tu)<[01]R.
(H2) There exists a positive constant L such that for all u,v € R
|f(t,u) = f(t,0)] < Lju—of, forall t € [0,1].
Theorem 2.4 Suppose that 1 < p < 2. Assume (H1) and (H2) holds. If

LM25(q — 1)
I'(B+2)

<1,

where

S t
I'B+1) elo wit),

then the problem (P) has a unique solution.
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Proof. By condition (H1), we have that

L/ (1 —8)P 7 f (1, u(r))dr < ﬁ/ (1 — 5)?"Yw(r)dr

L(s)
- maXtGILO(’Bsw(t)) /8 (r — )% Ldr
<M.

By Lemma , for any u,v € F, we obtain

/ Gt 9)6, (Lﬁ) / gy f(T,u<T>>dT> ds

/Gts F(lﬁ /1(7—3)51f(r,v(7))d7> ds

o
“561—1)/1

[Tu(t) — To(t)] <

j
< MR [ [ =9 ) = ot ) ds
< MR [ [ =9 ) = ot ar ) ds
< % 01 (/81<T S u— v||ood7'> ds
< EMPTa =)y, )

I'(B+2) o

(3.13)

This implies that T": F — FE is a contraction mapping. By means of the Banach contraction mapping

principle, we get that 7" has a unique fixed point which is a solution of problem (P).

Now, we use the Schauder’s fixed point theorem to investigate the existence results for the problem

(P). To prove the main result, we make the following assumption :
(H3) There exist a;,as € C([0,1],RT), 0 < v < p — 1 such that
[f (& u()] < ar(t) + az(®)[ul”, (£, u) € [0, 1]R.

Let
Q={ue€ E, ||ul|lw < R},

where R is chosen such that

24,6 ! 2420 e
RZmaX{(p(5+1)q—1(ﬂ(q—1)+1)> ’ <F(ﬁ+1)q—1(5(q—1)+1>> }7

where A; = maxycp1) ai1(t), A2 = maxyep ] az(t).

34



Theorem 2.5 Assume (H3) hold. Then the problem( P) has at least one solution in §).

Proof. For convenience, the proof will be done in several steps.
Claim 1. We shall show that 7" is continuous.
Consider the sequence (u,,), converges to u in E, then for every ¢ € [0, 1] we have

/01 Gt ), (ﬁ / (- un(f))df) ds
- /01 Gl 5)¢q (ﬁ / - u(r))dT) ds

< /0 a,9) |0, (ﬁ / r— s (e, un(T))dT>
9 (ﬁ / - 8)6_1f(T,U(T))dr)

<5 [ Jou (05 [ (=9 strua(eir)

6, (57 | (s s utear)

From the continuity of f, ¢, and by the dominated convergence theorem, we get ||Tu,, — Tu||cc — 0 as
n — 00. So, the operator 7' is continuous.

Claim 2. We show that T'(Q2) C €.

By condition (H3), for all ¢ € [0, 1] and u € §2, we have

Tun(t) — Tu(t)| =

ds

ds.

q—1

Tu(t) g/ol Gl ) <ﬁ/81(7'—s)ﬁ_1f(r,u(7))d7> ds

< /0 G, s) <ﬁ / (7'—3)5_1((11(25)—I—ag(t)|u|”)d7) ds
5

=TE+ D B —1D+ 1

<R,

[A; + ARV

which implies that 7'(2) C Q and the set T(€2) is uniformly bounded.
Claim 3. We show that the T'(2) is an equicontinuous set.
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Let u e Q, 0 <t; <ty <1. We have

/o1 Gtz 5)0 (ﬁ /81(7 - S)B_lf(T,U(T))dT) ds
- [ 6ttsion (i [ =9 stratear)

< | Gt s) — Gt )| (v051 / - | (rar)lar ) "

(A; + AyRV)7 !
T Da+ 1)(T(B+ 1) 1)

|Tu(ty) — Tu(ty)| =

(LA =870 = (15 — )],

where \* = W\% As ty — tq, the right-hand side of the above inequality tends to zero, therefore
T() is an equicontinuous set. Therefore by the Arzela-Ascoli implies that 7" is completely continuous.
According to the Schauder’s fixed point theorem, the operator T" has at least one fixed point u € {2 which

is a solution of the problem 2.5.

2.4 Ulam stability results

Theorem 2.6 Assume 1 < p < 2. Suppose that (H1) and (H2) holds. If

LMI725(qg — 1)
I'(B+2)

<1,

then the problem (p) is UH stable.

Proof. Assume 1 < p < 2. Suppose v is a solution of the following inequality for € € (0, 1]

’CDf_(%(Dgw(t))) + f(t,v(t))( <e forallt e o,1]. (4.1)
By Remark 2.8, we have
1 1 1
o) = [ Gesto, (55 [ (=97 0(r) - w(r)yar ) s
0 F(@) s

Other hand, from (H1) we obtain

L 17—55—1 7,0(7)) — ®(7))dT 1 17—35_1 o)) — () dr
‘F(ﬁ)/s( P o) = S(Nr| < o [ = o) — ()l

)
< — max w(t) + __c
“T(B+1) tefo,] r'(B+1)
1
<M+ m = My,
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then, by Remark 2.8 and by Lemma (2.3)(i), we have

ME25(q — 1)

olt) = Tol)] < gy

Suppose v is a solution of the inequality (4.1), we obtain

v G 9)e, (i / (- 5 ol)ar ) ds

—/0 G(t, s)p, (ﬁ/ (1 — 3)5_1f(7,u(7‘))d7‘> ds
< Jo(t) = To(t)| + [Tv(t) — Tu(?t)]

M{%6(q—1)  LM925(q—1)
=" T(B+2) " T(B+2

v — oo,
then

M{%5(q — 1)
B12)— LMa25(g — 1)

lo(t) —u(t)] < I e, telo,1].

where My = M + m Setting

- T(B+2)— LM®25(q — 1)’

we obtain
lu(t) — u(t)] < ke. (4.2)

Therefore, the problem (P) is UH stable.
Remark 2.3 By setting 0¢(e) = ke in (4.2), we obtain 6;(0) = 0 and then Problem (P) is GUH stable.

Theorem 2.7 Assume that 1 < p < 2. Suppose that the conditions (H1) and (H2) holds. If

LM25(q — 1)
L'(B+2)

<1,
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and if there exists a constant kgy > 0 such that

M ' S 17_5571 Ndr| ds < €
r'(B) /OG(ta ){/S( )7 @ (7)|d }d < ekgsbs(t), te]0,1],

where 0y € C([0,1],RY). Then the problem (P) is UHR stable.

Proof. Suppose v is a solution of the following inequality
D = (6,(Dgv(1) + S (E0(1))| < eby(t), for all £ € [0,1]. (4.3)

From Remark 2.9, we have

v(t) = /01 G(t,5)¢q (ﬁ /81(7 =) (f(r,0(7) = @(7)) dT) ds.

On the other hand, for € € (0, 1], we have

L / (r — 81 (f (7, 0(r)) — B(r)) dr| < My,

I'(s)

then

o (155 || (= stratm) = 0o ar) =60 (5 [ = s

lo(t)=Tv(t)| < /0 G(t,s) I'(B)

—Mg*Q(q—l) 1 S 17—35_1 7| drds
e [ [ =i

S /Cgf{:“ef (t)
Suppose v is a solution of the inequality (4.1). We have :

o(t) — /0 Gt 9)6, (ﬁ / g f(T,u(T))dT) ds
—o(t) — /01 G(t, )6, (ﬁ /:(T _ S)ﬁ_lf(T,v(T))dT) ds
+ /01 G(t, )9, (ﬁ /SI(T — )7 (1, 0(1)) d7> ds

—/0 G(t, s)p, (ﬁ/s (1 — S)ﬁ_lf<7',u(7'))d7') ds
< fo(t) = To(t)| + [Tv(t) — Tu(t)|

LM*25(q — 1)
Lpg+2)

<

olt) — u(t)] =

< kngQf(t)—f— ||U_u||007
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then :

2)k
o(0) = D) < 5y e (D)
tti
setting LB + 2oy
T(3+2) — LMe25(q — 1)’
we obtain

lo(t) —u(t)] < edbs(t), telo,1].
Therefore, the problem (P) is UHR stable.

t€10,1].

Remark 2.4 By putting e =1 in (4.4), we deduce that problem (P) is GUHR stable.

5 Illustrative examples
5.1 Example
Consider the fractional boundary value problem
CDY® (6o D5 u())) + 155 (1 + (L + Ju(t)]?) =

(P2) ¢2< Dy *u(1 >>—o,
)\fl/Q (s)ds

We havea:%,/6’:g,p:?),q:%,n:%,A:2,6:3.8868 and

t €0,1],

t23u(t) 4= = 0,

1
Flw) = (4 D+ (@)%, 10,1 uck,
satisfy
P )] < (1 1) + (14 £)]u]t
u _— _— u
— 100 100

(4.4)

Then, we get v = £, 4; = Ay = o5 and R = 1 > max{1.0683,1.1163} such that condition (H3) hold.
By Theorem (3.4), we get that the problem (P2) has at least one solution.

5.2 Example

Consider the following boundary value problem

DY (s /2D Pu()) + 51— 0 (5l ) =0, te o 1],

(P3) ¢3/2< Dytu(1 >>—o
_ )\fl/z

39
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Here, we haveoz:%,ﬁ:%,p:%,q:?),n:%,/\:4,5:40.588 and

Fltu) = 1%(1 2 (;HZD Cte01ucR

There exists a function w(t) = 55(1 —t)*> > 0, for all ¢ € [0,1]. Such that

|f(tu(®)] <w(t), telo,1],
and

F(tw) = £(8,0)] = |~ (1 = 12(Ju] = o)

1
10 §T0|U—U|,t€[o,1],u7U€R,

In view of Theorem (2.4)

LMI725(q — 1)
L(B+2)

Therefore, we conclude that the problem (P3) has a unique solution. Similarly, this implies that the

= (0.45936 < 1.

solution of problem (P3) is UH stable with k& = 474.35 and hence GUH stable. By setting

0(t) = 1.1284 4 39.46t'/% ¢ € [0, 1],
we ensure that the conditions of Theorem (2.6) are satisfied. So, the problem (P3) is UHR stable by

respect to 0y with d = 474.35 and also, GUHR stable.

directly from the copyright holder. To view a copy of this licence, visit

40



Chapitre 3

ON STABILITY FOR NONLINEAR
IMPLICIT FRACTIONAL DIFFERENTIAL
EQUATIONS

3.1 Introduction
‘D%(t) = f(t,y(t)," D(t)), Vte J, 0 <a <1, (1)
y(0) = o, (2)

where “D? is the Caputo fractional derivative, f : JRR — R is a given function space, yo € R and
J=10,T], T>0.

Lemma 3.1 ([2]) Let « >0 and n = |a] + 1. Then

12D f(t) = f(t) =

We state the following generalization of Gronwall’s lemma for singular kernels.

Lemma 3.2 ([8]) Let v: [0,T] — [0,400) be a real function and w(-) is a nonnegative, locally integrable
function on [0, T] and there are constants a > 0 and 0 < a < 1 such that

v(t) <w(t)+ a/o (t —s)"v(s)ds,

Then, there ezists a constant K = K(«) such that

v(t) <w(t)+ Ka /Ot(t — 8)"“w(s)ds, for every t € [0,T).
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We adopt the definitions in Rus [10] : Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-
Hyers-Rassias stability and generalized Ulam-Hyers-Rassias stability for the equation, for the implicit
fractional-order differential equation (1).

Definition 3.1 The equation (1) is Ulam-Hyers stable if there exists a real number ¢y > 0 such that for
each € > 0 and for each solution z € C1(J,R) of the inequality

D) — f(t 2(0), Do) < e te,(3)
there exists a solution y € C*(J,R) of equation (1) with

2(t) —y(t) <cre, teld

3.2 Properties

01/The equation (1) is generalised Ulam-Hyers stable if there exists ¢y € C(R4,Ry), ¥¢(0) = 0, such that
for each solution z € C*'(J,R) of the inequality (3) there exists a solution y € C*(J,R) of the equation (1)
with

A0 = ylt) < onle), ted,

02/ The equation (1) is Ulam-Hyers-Rassias stable with respect to ¢ € C(J,R,) if there exists a real
number ¢; > 0 such that for each € > 0 and for each solution z € C'(J,R) of the inequality

“DRs(t) — [(t, 2(1), D2(1) < eg(t), tE
there exists a solution y € C*(J,R) of equation (1) with
2(t) - y(t) < epep(t)], te

03/ The equation (1) is generalised Ulam-Hyers-Rassias stable with respect to ¢ € C(J,R,) if there
exists a real number ¢y, > 0 such that for each solution z € C*(J,R) of the inequality

“D2(t) = f(t, 2(1), “D2(t))| < (1), t € J,
there exists a solution y € C*'(J,R) of equation (1) with
2(t) —y(O)] < crpp(t), t € J.

Remark 3.1 A function z € CY(J,R) is a solution of the inequality (3) if and only if there exists a
function g € C(J,R) (which depends on y) such that

(i) |g(t)| < e VteJ.
(ii) “Dz(t) = f(t, 2(t),°D*2(t)) + g(t), t € J.
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Remark 3.2 Clearly,
(i) Definition 2.5 = Definition 2.6.
(ii) Definition 2.7 = Definition 2.8.

Remark 3.3 A solution of the implicit differential inequation (3) with fractional order is called a fractional
e-solution of the implicit fractional differential equation (1).

So, the Ulam stabilities of the implicit differential equations with fractional order are some special types
of data dependence of the solutions of fractional implicit differential equations.

3.3 Existence and Ulam-Hyers Stability

Definition 3.2 A function u € C'(J) is said to be a solution of the problem (1)-(2) if u satisfies equation
(1) and condition (2) on J.

Lemma 3.3 Let a function f(t,u,v): JRR — R be continuous. Then the problem (1)-(2) is equivalent
to the problem

y(t) = yo + 1%g(t),
where g € C(J,R) satisfies the functional equation
g(t) = f(t,yo + 1%9(t), g(1)).
Proof. If D%y(t) = g(t) then I*¢Dy(t) = [*g(t). So we obtain y(t) = yo + [*g(t).
Lemma 3.4 ([17]) Assume

(H1) The function f : JRR — R is continuous.

(H2) There exist constants K >0 and 0 < L < 1 such that

|[f(t,u,v) — f(t,u,0)| < K|u—u|+ Ljv—0| for any u,v,u,0v € R and t € J.
If
KT*
(1-L)I'(a+1)
then there exists a unique solution for the IVP (1)-(2) on J.

<1,

Theorem 3.1 Assume that the assumptions (H1), (H2) and (7) hold. Then the equation (1) is Ulam-
Hyers stable.
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Proof. Let z € C(J,R) be a solution of the inequation (3), i.e.
FDa(t) — f(t, 2(8), D= ()| <, tE J
Let us denote by y € C(J,R) the unique solution of the Cauchy problem

D%y (t) = f(t,y(t),"D(t)), Ve J 0<a<l,

By using Lemma 3.2, we have

1 [ .
y(t) = 2(0) + o) /0 (t —s5)* 'g,(s)ds,
where g, € C(J,R) satisfies the functional equation

gy(t) = f(t,y(0) + to‘gy(t), gy(t))‘

But, by integration of the formula (8) we obtain

+(t) = 2(0) ﬁ /0 (t — )" gu(s)ds| < (;tj_ 3
eTe
~ T(a+1)
where g, € C(J,R) satisfies the functional equation
9:(t) = f(t, 2(0) + 1g:(t), 9:(1))-
On the other hand, we have, for each t € J
1 ¢ o1
|2(t) — y(t)| = |2(t) — 2(0) — W/O (t =) "gy(s)ds
I o1
= [+ =20 = g5 [ =9
i | =0 ) = o) ds
I o1
< o) =20 = 57 [ =990




where
gu(t) = [t y(t), gy (1)),
and
9:(t) = f(t, 2(t), g=(1))-
By (H2), we have, for each t € J

19:() = gy(D)] = [F (L, 2(t), 9= (1)) = F (L, 5(t), 9 (1))

Then

|2(t) — y(@)]. (11)
Thus, by (9), (10), and (11) we get

€T K t o1
40 = v(0)] < 7+ g | (= o)) — el s

Then Lemma 2.4 implies that for each t € J

er yKT* o
0 -0 < s {1 e 1)] = e (12)

where v = y(«) is a constant. So, the equation (1) is Ulam-Hyers stable. This completes the proof.
By putting 1(e) = ce, 1(0) = 0 yields that the equation (1) is generalized Ulam-Hyers stable.

3.4 Ulam-Hyers-Rassias Stability

Theorem 3.2 Assume (H1), (H2) and

(H3)The function ¢ € C(J,R}) is increasing and there exists A\, > 0 such that, for each t € J, we
have

I%p(t) < App(2).
Then the equation (1) is Ulam-Hyers-Rassias stable with respect to .

Proof. : Let z € C(J,R) be a solution of the inequation (4), i.e.

“D2(t) = f(t, 2()," D2(t))| <ep(t), t € J, &> 0. (13)
Let us denote by y € C'(J,R) the unique solution of the Cauchy problem

‘D%(t) = f(t,y(t)," D(t)), Vte J, 0 <a <1,
y(0) = 2(0).
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By using Lemma 3.2, we have

1 t o
y(t) = z(0) + m/o (t—s)*"1g,(s)ds,
where g, € C(J,R) satisfies the functional equation

9y(t) = [, y(0) + I%gy(1), g,(1)).
But, by integration of the formula (13) and by (H3), we obtain

1 ! a—1
< [ e

z(t) — z(0) — m/{) (t —5)*1g.(s)ds

S 5)\50(10(t)a
where g, € C(J,R) satisfies the functional equation

9:(t) = f(t,2(0) + I°g.(t), g:(1)).
On the other hand, we have, for each t € J

() — 2(0) — ﬁ /0 (t— )2 g, (s)ds

|2(t) —y(@)] =

where

and

By (H2), we have

192(t) = gy (D) = [F(£, 2(8), 9:()) = f(t, y(t), 9y (1))]
< K[2(8) = y(0)] + Llg:(t) — g,(8)].
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Then

|2(t) — y(0)].

9:(6) = gy(8)] < ———

Thus, by (14), (15), and (16)

K ! o—1
2(t) = y(0)] < () + m/o (t =) |z(s) —y(s)| ds.

Then Lemma 2.4 implies that, for each t € J

’}/1€>\¢K t a—1
m/{)(t—s) p(s)ds,

|2(t) — ()] < eXpip(t) +

where constant v, = v1(a) is a constant.
Thus, by (H3) and (17), we obtain

|2(8) = y()] < eXpplt) + %f%f)(t)

. ’le)\(’p
= (1 + 1 ) Apep(1).

Then, for each t € J

10 -0 < | (14 2552 ) 0 opt0) 1= 20

So, the equation (1) is Ulam-Hyers-Rassias stable. This completes the proof.

5 Examples

Example 5.1
Consider the following Cauchy problem

1
FDfy(t)]
1
50+ *Dfy(t)]

“Diy(t) = oo (beosy(r) — y(t)sin(t)) +

, Vtelo,1],
y(0) = 1.
Set

(%

1
t = —(t — in(t
f(t,u,v) (t cosu — usin( ))+50+v’

100

te0,1], u,v € R.
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Clearly, the function f is jointly continuous.
For any u,v,u,v € Rand t € [0,1] :

|f(t,u,v) — f(t,u,0)] < m|t||cosu—cosﬂ|
N 1 [sint||u — 7] + 50|v — |
— | SIN uU—u
100 (50 + 0)(50 + 0)
< u—al+—u—al+ = —3
— U —Uu — U —Uu — |V — U
=100 100 50
< fu—al+ o — o]
— U —Uu — |V — V|.
=50 50

Hence condition (H2) is satisfied with K = L = 4.
Thus condition
KT B % _ 2
A-Dla+1) (- 4r@ 1y7 =
is satisfied. It follows from Theorem 3.3 that the problem (19)-(20) has a unique solution on J, and
from Theorem 3.4, equation (19) is Ulam-Hyers stable.

Example 5.2

Consider the following Cauchy problem

2+ |y(t)| + FD2y(t)]

PO = geotn 1 i+ by 2
y(0) = 1. (22)
Set
f(t,u,v) = 2+ |u + v t€[0,1], u,v € R.

-~ 120etH10(1 + Ju| + Jv])’

Clearly, the function f is jointly continuous.
For any u,v, @, € R and t € [0, 1]

1
|f(t,u,v) — f(t,u,0)] < m(m—m + v —1]).

Hence condition (H2) is satisfied with K = L = 5.
Let ¢(t) = t*. We have
2

I%p(t) < (D)

2 1= A(t).
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Thus condition (H3) is satisfied with ¢(¢) = t* and \, = 1“_(25 = %. It follows from Theorem 3.3 that the
2

problem (21)-(22) has a unique solution on .J, and from Theorem 4.1 equation (21) is Ulam-Hyers-Rassias
stable.

49



Conclusion

In this thesis, we have explored various aspects of fractional differential equations, particularly those
involving nonlinear operators such as the p-Laplacian. By utilizing advanced tools from fractional calculus,
fixed point theory, and the concept of measures of noncompactness, we established significant results
concerning the existence, uniqueness, and stability of solutions.

The study began with a comprehensive overview of the necessary mathematical background, including
special functions, fractional integral and derivative operators, and foundational concepts from functional
analysis. We then focused on the analytical treatment of mixed-type and nonlinear implicit fractional
differential equations, where new results regarding Ulam-Hyers and Ulam-Hyers-Rassias stability were
proven.

Through the application of well-known fixed point theorems—such as Banach’s and Schauder’s theo-
rems—we demonstrated the effectiveness of these techniques in establishing robust results for complex
fractional models. Moreover, we showed that the inclusion of the -Hilfer derivative and other generalized
operators enriches the analytical framework and allows for broader applicability in modeling real-world
phenomena.

Overall, the findings presented in this work contribute to the growing body of literature in the field
of fractional calculus and its applications to nonlinear systems. The results obtained not only enhance
theoretical understanding but also lay the groundwork for future studies involving numerical methods,
further generalizations, or applications in physical and engineering problems.
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