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و֍ոؔদن ાણ۳
واܳޙݠوف. ا৙৑وڢ؇ت ႟၍ ሒᇭ إܳ٭۬ ؊༶َܹ ا৙৑ول ڣ۳ި و݁أ٭ྡྷٷ؇، ༠؇ܳگٷ؇ ި۱ إذ ،ఈًఃل ඹජ ً ނଲ୍ا وଲ૰૙୍ه Մ៰Ղا ᆇ໲ໟڎ
ً۬ ਍ಱڰأٷ؇ وأن ،ቕሹ୍ଲاܳـ ܳިۏ۳۬ ༠؇ܳݱً؇ اܳأ݄ܭ ۱ڍا ෠ຬأܭ أن ᄩᄟ؊૭૙و ،ᄩႍ၍ ଫଃ᛻੅اࠍ ༟ܹ٭۬ มฃྦྷཹو و༥ܭ ਲ਼؜ Մ៰Ղا ᆇ໲ໟڎ

.؇َᄴᄥً ً۬ و਍ಱڰؕ

واᄴᄟ܋ٺިرة ، ܽݤࠥࡇ ոؔرس اᄴᄟ܋ٺިر ا৙৑ݿٺ؇ذ ሌᇿإ ሒᇃ؇ڣਵو؜ ނଲ୍ي ෛຳ؇ܳݧ وّگڎߌߵ إఈః༥ل ႟ၽً أّگڎم
۱ڍا إ༟ڎاد ఈః༠ل มฆاڣگਵਦو มᘟዀّިۏ ሒᇭ Մ៰Ղا ًأڎ ଫଃاܳـܝٴ اܳڰݯܭ ؇݄ୖ୒ Ⴄ၍ن દઊَᄳፁዧا ، أ୹୴ຒما๤དྷৎ৊ڣ۰ দগاح

.ଫଃ༠ ႟၍ มฃ؜ Մ៰Ղا ؇ᆇᆅݞا੊਼ اৎ৊٭݄ިار،

ᆇᅦ؇ر ༥؇݁أ۰ – اৎ৊ٷ؇ڢލ۰ ࠍ੊ٷ۰ ر྘ཬݴ رჸღܙن، ֍ץ׿اڤ֔ۏܽݤ اᄴᄟ܋ٺިر ا৙৑ݿٺ؇ذ ሌᇿإ ୍ଲاܳލ لܭ ෠ຳݞ أّگڎم პაႰ
ڢ٭۰ّ݄. وఈః݁ۋޙ؇ت ا۱ٺ݄؇م ݆݁ أࢻࣖاه ؇ৎ৊ ً؇৙৑ؗިاط، ܹٔ٭۠޶

ܹٔ٭۠޶ ᆇᅦ؇ر ༥؇݁أ۰ – اܳأ݄ܭ ۱ڍا ᆙᆘٺ݆ۜ إڤמոس، ۝׿١ؓ ᄴፁዧ܋ٺިر اܳأ݄٭ݑ ሒᇃ؇ا݁ٺٷ ؜݆ ଫّଊ༟أ أن ๮๎ฺأ ৖৑و
਍ಸّ؇ءة. وఈః݁ۋޙ؇ت ّگ٭ࡗࡲ ݆݁ ڢڎّ݁۬ ؇ৎ৊ ً؇৙৑ؗިاط،

واܳٺگڎߌߵ. ا༟ᄴᄟ؇ء ༠؇ܳݧ ݁ٷ؇ ુળڣܹـ ًأ٭ڎ، أو ೞಱڢݠ ݆݁ اৎ৊ފ؇༟ڎة ܳٷ؇ ڢڎّم ݆݁ ႟၍ ሌᇿإ
.ଫଃ༠ ႟၍ ا৵৩ৠ٭ؕ و؜݆ ؜ٷ؇ ુળل ෠ຬݞ أن اܳگڎߌߵ ঌॻاܳأ Մ៰Ղا ૭૙؊ل
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إ٢׿اء
ඔ൹أᆇᅹأ وොේٴ۬ ᄩᄟآ আॻ༟و ඔ൹ܹݠݿৎ৊ا أ๤ཇف আॻ༟ واܳފఈఃم واܳݱఈఃة اෂීۋࡗࡲ ݆ᆇᅵීෂا Մ៰Ղا ྾๎ื

،มฃ؜ ܾୖ୒ا لܭ ߌ߳ و ڢڎري ߌߵڣؕ أن أ༥ܭ ݆݁ ଫଐ᛻ොູق ᆙᆍأ۰ َڰފ۬ ۏأܭ ݆݁ ሌᇿإ ؜ਵڣ؇ن، و اڣٺ༱؇ر ႟ၽً
اܳިۏިد، ۱ڍا ሒᇭ إ૭૙؇ن ਲ਼أ؜ و ሒᇆ؇ۋ٭ َިر ሌᇿإ ሒᇀدر ଫଃ਍ಱ أن أ༥ܭ ݆݁ ނࠔࠥ و ّأص ݆݁ ሌᇿإ

"ؔۑոຒت" ሒᇿ؇اܳ؞ ሒᇀأ
،۰ᆇᅵීෂوا واࠍ੆ٷ؇ن، ً؇ࠍ੆ص، ཯ྡྷٴݥ اᄳᄟي ሐᇭاᄴᄟا اܳگܹص ሌᇿإ اܳڰޝاد، رشَّ ሌᇿإ اܳأ٭ިن َިر ሌᇿإ

،ሒᇖاරජ ྾ང؇ً د݁ި؜۳؇ ً؇ᆙᆊٷ؇، ؇ዛኤد؜ިا ೑಻Ⴄ၍ ݆݁ ሌᇿإ ࠍ੅ڎ݁ٺٷ؇، ۏފڎ۱؇ ଩଍݁ل و ොຶ٭؇، ؇۳ܹ༥أ ݆݁ มฆܳا ሒᇆ؇ۋ٭
"ඒ൷۰" اࠍ੆ٴ྘ٴ۰ ሒᇧأ اࠍ੆ص، ਲ਼ਦر و ሒᇖرو ۰༶ዛኞ و ሒᇆ؇ۋ٭ ๤ང ሌᇿإ ሒᇖاරජ ྾ང؇ً

اܳޚ؇۱ݠة ሌᇿإ اࠍ੆٭؇ة، ปฃ݁أ ܾዛዊ݁ ؜ਵڣب ݆݁ ሌᇿإ ،؇ୖ୒ ༡ڎود ৖৑ ො੼ٴ۰ و ڢިة ا܋ྥފྟب ّ݆ ًިۏިد۱ ݆݁ ሌᇿإ
. ,۱ෑෂ؇ري ቕሹਵਦ , ྘૭૙ٴ۰ ,රජ؇۱ ؜ٴڎاࠍ੆ݑ, ሒᇆިأۊ ሌᇿإ اෑෂ܋٭۰، اܳٷڰިس و اෂීڣ٭گ۰

܋ݱڎلگ۰، ؇ዛኡ؇ٷොຳ มฃواۋٺݯྡྷٺ Ⴇ၍مّ، ؇ዛّ዇ොຳ มฃޗٺ؇༡أ ݆݁ ሌᇿإ اࠍ੆ٷ۰َި، واܳ٭ڎ ،ଫଃاܳـܝٴ اܳگܹص دوً݁؇ ೑಻Ⴄ၍ ݆݁ ሌᇿإ
ݬ؇ۋٴ۰ اܳ؞؇ܳ٭۰، มฆܳ؇༠ ሌᇿإ اܳޚ݄؊྘ཹٷ۰، ّሒᇭ ਊಾأت มฆܳا ؇ዛኤ؇గၵ၍و ،؇ዛው݁؇واྲྀྥފ ،؇ዛኔ؇༟ࣖࢻ ๤ཚ؇༡ة ೑಻Ⴄ၍ ݆݁ ሌᇿإ
ม฀ܹڢ ሒᇭ ጥِ጑ڣ اగၵၽܳ؇ت، ً۬ ّࠕࠫ ৖৑ وا݁ٺٷ؇ن ۋص ؜ਵًިن اৎ৊ڍாணة ۱ڍه أ۱ڎل۹ اܳިدلأ۰، واෂීوح اܳٷࠔࠫ اܳگܹص

.ᄴᄟ؇༠ أߜߵ ۱ڍا ሒᇖ؇෠ຶ و݆݁ ،ቕሶدا َݱ྘ص ሒᆶ؇༟د ݆݁ ዻِዧو أ༡ڎ، ڣ٭۬ ۹ِᆇᅵߌ߳ا ৖৑ Ⴄၽ݁ن
ݬ؞ଫଃا او ଫଃ܋ٴ ۱ިاري و ؜ޚ٭۰ มฆܹف؇༟ اڣݠاد ႟၍ ሌᇿا*

ً۬ ৖৑ا اࠍ੆٭؇ة ොູߺࠊ ৖৑ اᄴᄟي اᄴᄟرب رڣ٭ݑ ًިزࢴࣖ દઊدਲ਼؜ ݬڎلࠔࠫ ሌᇿوا*
و اܳټ؇َިي اৎ৊ٺިݿޔ ሒᆶڎاਐಸ৖৑ا ሒᇭ ๴ངراᄴᄟا ݁ލިاري ሒᇭ ሒᇃݿ؇ࢾࣖو દઊᄳᄟا มฆܳ؇ز݁٭ و ม෶ܳ؇݁ز ሌᇿا

௧ਤ݁؇੊اࠍ
มฆدراݿ ݿٷިات ఈః༠ل ሒᇀدر ሒᇿ اَ؇رو દઊᄳᄟا ااܳފ؇ࣁࣕة ᆇᅹ٭ؕ ሌᇿا *

ሌᇿا ؇݁ لި݁؇ اৎ৊ڍாணة ۱ڍه ݿ྘ٺݱڰں ݆݁ ሌᇿا ሒᇆாண݁ڍ ૭૜أ۳ܾ ቕረو ሒᇆாணذا ܾዛውوݿأ ݆݁ ႟၍ ሌᇿا
ۏ۳ڎي ஓஇݠة ا۱ڎي ۱ޝ৖৑ء ႟၍
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ڲڪٌۘ
රඝ؊ّ ༡ڎ وۏިد ሒᇭ ሒᇃ؇اܳټ اܳݱިت ؕ݁ ༚ިܳ؇رஓ஄޶ دراݿ۰ ި۱ اܳأ݄ܭ ۱ڍا ݆݁ ๴ང؇ݿ৙৑ا ا୒ୖڎف ਵਦن. ঌ႓ၽ۱٭ ܳٷޙ؇م اࠍ੆ܭ إَڰ༶؇ر

ਵਦاۏؕ. ۰ஓ୴؇وڢ ۰݁؇༟ ݁گڎ۰݁ ؕ݁ ඔ൹ܹڣݱ ݆݁ اܳأ݄ܭ ਐಱܝިن .มฃ݁ز
واଫଐৎ৊ا࿩ਜ਼؇ت ل؇ت اܳٷޙݠ وًأݥ اᄴᄟوال، ڣݯ؇ءات ل؇ت َޙݠ ۋިل ا৙৑وܳ٭۰ اৎ৊ڰ؇۱ࡗࡲ ݆݁ ۰༟ިᆇ୞୘ ًأݠض ෛຬٺݧ ا৙৑ول اܳڰݱܭ

اৎ৊ڍாணة. ۱ڍه ሒᇭ اৎ৊ފٺ༱ڎ۰݁
وّިدوروڣ؇ ࠍ੊ިرۏ٭ژ اৎ৊ٴ؇๤ཇة لگ۰ اܳޚݠ ً؇ݿٺ༱ڎام ቕ቉ اܳޚ؇ڢ۰ وޖ٭ڰ۰ ෠ຬ৕৑؇د اৎ৊ݯ؇؜ژ لگ۰ ޗݠ ৖ً৑أو اݿٺ༱ڎ݁ٷ؇ :ሒᇃ؇اܳټ اܳڰݱܭ ሒᇭ

ො੼ڎود. ز݆݁ ሒᇭ ਍ಱڰ۠ݠ اࠍ੆ܭ أن أཿྟٺٷ؇
ঌॻ௱௯௫ا -اܳިۏިد اࠍ੆ܭ اَڰ༶؇ر - มฃ݁ෑෂا ଫଃ༠؇اܳٺ- اܳޚ؇ڢ۰ ᄭᄟ݁أ؇د اिऻء׫ոؼמ١: اڤոஈ࿦࿮ت
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Abstract

The main objective of this work is the study of the Blow-up of solutions to a Logarithmic

Flexible Structure system with Second Sound in the presence of delay term in time. This

work is composed of two chapters with general introduction and bibliography.

The first chapter deals with the preliminary notions on the theory of functional spaces,

and some theorems and inequalities used in this research.

In the second chapter: we first use the multiplier method to find the energy functional

then by using the direct method of Georgiev and Todorova we proved that the solution

blows-up in a finite time.

Key words: energy functional - time delay - blow-up of solution - local existence.
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Résumé

L’objectif essentiel de ce travail est l’étude de l’explosion de la solution d’un système de

structure flexible logarithmique avec deuxième son en présence du terme de retard de temps.

Le travail est composé de deux chapitres avec introduction générale et bibliographie.

Le premier chapitre est consacré aux notions préliminaires sur la théorie des espaces

fonctionnels, et quelques théorèmes et inégalités utilisées dans cette mémoire.

Dans le deuxième chapitre : nous avons d’abord utilisé la méthode du multiplicateur pour

trouver la fonctionnelle de l’énergie, ensuite on applique la méthode directe de Georgiev et

Todorova. On a montré que la solution explose dans un temps fini.

Mots clés : Fonctionnelle de l’énergie - retard de temps - explosion de la solution -

existence locale.
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Chapter 1

General introduction

Nonlinear evolution equations are defined by the partial differential equations PDE’s with
time t as one of the independent variables, originate not only from many fields of mathe-
matics, but also from other branches of science such as physics, mechanics and materials
science, these equations appeared in the wake of the birth of the Differential calculation
during 1890 occurred in the middle of the 17th century by brothers Bernoulli and Newton.
More specifically ,the second order evolution problem can be encountered in several sci-
entific fields and many engineering models, Within this context, we will explore a flexible
structure system with second sound is one of the nonlinear evolution problems that refers
to a type of material or structure where thermal energy is transported via wave-like phe-
nomena, known as second sound, within a flexible or deformable medium. Second sound
is a quantum mechanical phenomenon where heat transfer occurs as a wave, rather than
through traditional diffusion. This effect is typically observed in superfluids like helium II
and certain low-dimensional materials see [16, 21]
The direct method introduced by Georgiev and Todorova is a powerful technique
for establishing finite-time blow-up results for solutions to certain nonlinear wave equa-
tions. This approach involves analyzing the energy functional associated with the system
and demonstrating that, under specific conditions, the energy decreases monotonically,
leading to a blow-up in finite time For a comprehensive understanding of this method and
its applications, you may refer to the following resources:"Blow Up of Solutions of the
Cauchy Problem for a Wave Equation with Nonlinear Damping and Source Terms" by
Georgiev and Todorova[13] This foundational paper presents the direct method and ap-
plies it to prove finite-time blow-up results for solutions to wave equations with nonlinear
damping and source terms. "Blow up of solution for the Kelvin-Voigt type wave equation
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with Balakrishnan-Taylor damping and acoustic boundary" by Sarra and Zarai This work
utilizes the Georgiev-Todorova method to establish finite-time blow-up results for a spe-
cific wave equation, providing insights into the application of the direct method in more
complex scenarios."Blow-up of positive-initial-energy solutions of a nonlinear viscoelastic
hyperbolic equation" by Messaoudi in [14] this paper investigates the blow-up properties
of solutions to a nonlinear viscoelastic hyperbolic equation, employing the direct method
to handle cases with negative initial energy. These resources offer detailed explanations
and applications of the Georgiev-Todorova direct method, enhancing the understanding of
blow-up phenomena in nonlinear wave equations.
A delay term in time, also referred to as a time-delay term, is a functional component
within a differential equation in which the evolution of the system at a given time depends
explicitly on its past states. Mathematically, a time-delay term involves arguments of the
form u(t−τ), where τ > 0 denotes the delay parameter. In the context of partial differen-
tial equations (PDEs), such terms often appear as u(x, t−τ) or ut(x, t−τ), and are used to
model memory effects, signal propagation delays, or feedback mechanisms where
the response is not instantaneous. Time delays introduce infinite-dimensional dynam-
ics, even in systems originally described by finite-dimensional ordinary differential equations
(ODEs), and can significantly influence the stability, controllability, and long-term
behavior of solutions , We may refer to some related studies in this context[17, 12, 18]
In this work([2]), we consider the vibrations of an inhomogeneous flexible structure system
with a constant internal delay and logarithmic nonlinear source term

m (x)utt − (p(x)ux + 2δ (x)utx)x + ηθx
+µut(x, t− τ0) = u |u|p−2 ln |u|γ , x ∈ (0, L) , t > 0,

θt + kqx + ηutx = 0 x ∈ (0, L) , t > 0,
τqt + βq + kθx = 0 x ∈ (0, L) , t > 0,

(1.0.1)

with boundary conditions

u (0, t) = u (L, t) = 0; θ (0, t) = θ (L, t) = 0, t ≥ 0, (1.0.2)

and initial conditions

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) ; θ (x, 0) = θ0 (x) ; q (x, 0) = q0 (x) , x ∈ [0, L] (1.0.3)

Where u (x, t)is the displacement of a particle at position x ∈ [0, L] and the time
t > 0.η > 0 is the coupling constant depending on the heating effect,p ≥ 2,γ, β and k

3



are positive constants,µ is a real number.τ > 0 is the relaxation time describing the time
lag in the response for the temperature and τ0 > 0 represents the time delay, in partic-
ular if τ = 0, (1.1) reduces to the viscothermoelastic system with delay, in which the
heat flux is given by Fourier’s law instead of Cattaneo’s law, whereq = q(x, t) is the heat
flux,m (x) , δ (x) and p(x) are responsible for the inhomogeneous structure of the beam,and,
respectively, denote mass per unit length of structure,coefficient of internal material damp-
ing (viscoelastic property) and a positive function related to the stress acting on the body
at a point x.The model of heat condition, originally due to Cattaneo, is of hyperbolic type.
We recall the assumptions of m (x) , δ (x) and p(x) in [3, 7]such that:

m, δ, p ∈ W 1,∞ (0, L) ,m (x) , δ (x) and p(x) > 0,∀x ∈ [0, L] (1.0.4)

In these kinds of problems, G. C. Gorain [8] in 2013 has established uniform exponential
stability of the problem

m (x)utt − (p(x)ux + 2δ (x)utx)x = f(x), on (0, L)× R+,

which describes the vibrations of an inhomogeneous flexible structure with an exterior
disturbing force f.More recently,[15], showed the exponential stability of the vibrations of
a inhomogeneous flexible structure with thermal effect governed by the Fourier law,

m (x)utt − (p(x)ux + 2δ (x)utx)x − kθx = f(x)

θt − θxx − kuxt = 0

In addition,in[19],R., Racke studied the exponential stability in linear and nonlinear 1d
of Thermoelasticity system with second sound given by

m (x)utt − (p(x)ux + 2δ (x)utx)x − kθx = 0, on (0, L)× R+

θt + kqx + ηutx = 0, on (0, L)× R+

τqt + βq + kθx = 0, on (0, L)× R+

(1.0.5)

See in this regard,Refs.[1, 4, 6, 10, 20],for the same problem above,Alves,Gamboa and
Gorain proved that system (1.5) is polynomial decaysee[3])with boundary and initial con-
ditions

u (0, t) = u (L, t) = 0; θ (0, t) = θ (L, t) = 0, t ≥ 0,
u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) ;

θ (x, 0) = θ0 (x) ; q (x, 0) = q0 (x) , x ∈ [0, L]

4



We know that the dynamic systems with delay terms have become a major research
subject in differential equation since the 1970s of the last century. The delay effect that is
similar to memory processes is important in the research of applied mathematics such as
physics, non-instant transmission phenomena and biological motivations.the model(1.5) is
related to the following problem with delay terms

m (x)utt − (p(x)ux + 2δ (x)utx)x
+ηθx + µut(x, t− τ0) = 0

x ∈ (0, L) , t > 0,

θt + kqx + ηutx = 0 x ∈ (0, L) , t > 0,
τqt + βq + kθx = 0 x ∈ (0, L) , t > 0,
u (0, t) = u (L, t) = 0; θ (0, t) = θ (L, t) = 0, t ≥ 0,

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) ;
θ (x, 0) = θ0 (x) ; q (x, 0) = q0 (x) , x ∈ [0, L]

(1.0.6)

The authors prove that the system (1.0.6) is wellposed, and exponential decay under a
small condition on time delaysee[7]. .Now in the presence of source terme,the system(1.0.6)
become the system studied in this work with logarithmic source term,this type of problems
is encountered in many branches of physics such as NuclearPhysics, Optics and Geophysics.
It is well known, from the Quantum Field Theory, that such kind of logarithmic nonlin-
earity appears naturally in inflation cosmology and in supersymmetric field theories (see
[5, 9, 11]).

The thes is organized as follows.General introduction with two chapter In the first one
,we introduced and stated without proofs some important materials must be need in the
proof.In chaptre 3,we proved the blow up of solutions of an inhomogeneous flexible structure
system with a constant internal delay and logarithmic nonlinear source term and bibliog-
raphy.
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Chapter 2

Preliminaries

2.1 Functional Spaces

2.1.1 Normed spaces and Banach spaces
Definition 2.1 The linear space V is endowed by a binary operation (v1, v1) → v1 + v1 : V × V → V which makes it a
commutative group and furthermore it is equipped with a multiplication (a, x) → ax : R× V → V satisfying

(a1 + a2) v = av1 + av2, a (v1 + v2)

= av1 + av2, (a1a2) v

= a1 (a2v)

and
1.v = v.

Definition 2.2 Let V be linear space. A non-negative, degree-1 homogeneous, subadditive functional ∥.∥v : V → R called a
norm if it vanishes only at 0, often, we will write briefly ∥.∥ instead of∥.∥v, if the following properties are satisfing respectively:

∥v∥ ≥ 0

∥av∥ = |a| ∥v∥
∥u+ v∥ ≤ ∥u∥ ∥v∥

for any v ∈ V and a ∈ R and ∥v∥ = 0 ⇒ v = 0. A linear space equipped with a norm is called a normed linear space . If the
last property (i.e.∥v∥v = 0 ⇒ v = 0 ) is missing, we call such a functional a seminorm.

Definition 2.3 A Banach space is a complete normed linear spaceV. Its dual space V ′ is the linear space of all continuous
linear functional u : V → R. Notation 1.1.4 We can consider the linear space ℓ (V,R), being also denoted by V ′ and called
the dual space to V . The original space V is then called predual to V ′.

Proposition 2.1 V ′ equipped with the norm ∥.∥v′ defined by

∥u∥v′ = sup {|u (x)| : ∥x∥ ≤ 1} (2.1.1)

is also a Banach space. If V is a Banach space such that, for any

v ∈ V, V → R : u ⇒ ∥u+ v∥2 − ∥u− v∥2

6



is linear, then V is called a Hilbert space. In this case, we define the inner product (also called scalar product) by

(u, v) =
1

4
∥u+ v∥2 − 1

4
∥u− v∥2 (2.1.2)

Definition 2.4 Since u is linear we see that

u : X → X ′′ (2.1.3)
is a linear isometry of V onto a closed subspace of V ′′ , we denote this by

V → V ′′. (2.1.4)
when u cover V ′, we obtain a family (φu)u⊂V ′ of applications to V in R

Proposition 2.2 The weak star topology on V ′ is the weakest topology on V ′for which every (φx)x∈v is continuous.

Theorem 2.1 Let V be Banach space. Then, V is reflexive, if and only if,

BV = {x ∈ V : ∥x∥ ≤ 1} ,
is compact with the weak topology σ (V, V ′).

Corollary 2.1 Every weakly convergent sequence in V ′ must be bounded if V is a Banach space. In particular, every weakly
convergent sequence in a reflexive Banach V must be bounded.

Definition 2.5 Let V be a Banach space and let (un)n∈N be a sequence in V . Then un converges strongly to u in V if and
only if

lim
t→∞

∥un − u∥v = 0, (2.1.5)

and this is denoted by un → u, or limt→∞ un = u.

2.1.2 Hilbert space
Definition 2.6 A Hilbert space H is a vectorial space supplied with inner product ⟨u, v⟩ such that ∥u∥ =

√
⟨u, u⟩ is the norm

which let H complete.

Theorem 2.2 (Riesz) If (H; ⟨., .⟩) is a Hilbert space, ⟨., .⟩ being a scalar product on H; then H ′ = H in the following sense:
to each f ∈ H ′ there corresponds a unique x ∈ H such that f = ⟨x, .⟩and ∥f∥′H = ∥x∥H .

Remark 2.1 From this theorem we deduce that H ′′ = H. This means that a Hilbert space is reflexive.

Theorem 2.3 Let (un)n∈N is a bounded sequence in the Hilbert space H; it posses a subsequence which converges in the
weak topology of H

Theorem 2.4 In the Hilbert space, all sequence which converges in the weak topology is bounded.

Theorem 2.5 Let (un)n∈N be a sequence which converges to u, in the weak topology and (vn)n∈N is an other sequence which
converge weakly tov ; then

lim
n→∞

⟨vn, un⟩ (2.1.6)

Theorem 2.6 Let X be a normed space, then the unit ball

B′ ≡ {x ∈ X : ∥x∥ ≤ 1} (2.1.7)
of X ′ is compact in σ (X ′, X) .
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2.1.3 The Lp (Ω) spaces
Definition 2.7 Let 1 ≤ p ≤ ∞ and let Ω be an open domain in Rn;n ∈ N Define the standard Lebesgue weth space Lp (Ω)
by

Lp (Ω) =

{
f : Ω → R is measurable and

∫
Ω

|f (x)|p dx < ∞
}

(2.1.8)

Notation 2.1 If p = ∞; we have

L∞ (Ω) = {f : Ω → R is measurable and there exists a constant C suchthat |f (x)| ≤ Cthat is ∈ Ω} .

Also, we denote by

∥f∥∞ = inf {C, |f (x)| ≤ C a.e ∈ Ω} (2.1.9)

Notation 2.2 For p ∈ R and 1 ≤ p ≤ ∞; we denote by q the conjugate of p i.e. 1
P + 1

q = 1.

Theorem 2.7 Lp (Ω) is a Banach space for all 1 ≤ p ≤ ∞.

Remark 2.2 In particular, when P = 2; L2 (Ω) equipped with the inner product

⟨f, g⟩L2(Ω) =

∫
Ω

f (x) g (x) dx (2.1.10)

is a Hilbert space.

Theorem 2.8 For 1 < p < ∞, Lp (Ω) is a reflexive space

The Lp (0, T,X) spaces

Let X be a Banach space, denote by Lp (0, T,X) the space of measurable functions such that(∫ T

0

∥f (t)∥pX dt

) 1
p

= ∥f∥Lp(0,T,X)<∞,for 1≤p≤∞ (2.1.11)

If p = ∞

∥f∥
Lp(0,T,X)

= sup
t∈]0,T [

ess ∥f (t)∥X (2.1.12)

Theorem 2.9 The space Lp (0, T,X) is complete.We denote by D′ (0, T,X) the space of distributions in ]0, T [ which take
its values in X and us define

D′ (0, T,X) = £ (D]0, T [, X) (2.1.13)

where £ (ϕ, φ) is the space of the linear continuous applications of ϕ to φ Since u ∈ D′ (0, T,X); we define the distribution
derivation as

∂u

∂t
(φ) = −u

(
dφ

dt

)
,∀φ ∈ D (]0, T [) (2.1.14)

and since, we have u ∈ Lp (0, T,X)

u (φ) =

∫ T

0

u (t)φ (t) dt,∀φ ∈ D (]0, T [) (2.1.15)
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Lemma 2.1 Let

f ∈ Lp (0, T,X) and
∂f

∂t
∈ Lp (0, T,X) , (1 ≤ p ≤ ∞)

then the function f is continuous from [0, T ] to X: i.e f ∈ C1 (0, T,X)

and gµ → g in φ ; then gµ → g in Lq (φ)

Theorem 2.10 Lp (0, T,X) equipped with the norm ∥.∥
Lq(]0,T [,X)

,1 ≤ p ≤ ∞ is a Banach space.

Proposition 2.3 Let X be a reflexive Banach space, X ′ it’s dual, and 1 ≤ p q ≤ ∞ 1
P + 1

q = 1. Then the dual of LP (0, T,X)

is identify algebraically and topologically withLq (0, T,X ′) .

Proposition 2.4 Let X ; Y be Banach space, X ⊂ Y with continuous embedding, then we have

LP (0, T,X) ⊂ LP (0, T, Y ) (2.1.16)

with continuous embedding. The following compactness criterion will be useful for nonlinear evolution problem, especially
in the limit of the nonlinear term

Definition 2.8 Let Ω ⊂ RN be open and let 1 ≤ p ≤ ∞ , we say that a function f : Ω → R belongs to Lp
loc (Ω) if fχk ∈ Lp (Ω)

for every compact set K contained in Ω . Note that if f ∈ Lp
loc (Ω), then f ∈ L1

loc (Ω) .

The spaces Ck (Ω) et C∞ (Ω) ,0 ≤ k ≤ ∞

Definition 2.9 We denote by C (Ω) where C0 (Ω) (resp.C1 (Ω)) ,the space of continuous functions (resp. continuously
differentiable) on Ω with numerical values (i.e real or complex). For k ∈ N, k ≥ 2 , we pose

Ck (Ω) =

{
u ∈ Ck−1 (Ω) :

∂u

∂xi
∈ Ck−1 (Ω) ; i = 1, ..., n

}
,

it is the space of k times continuously differentiable functions on Ω. Finally we note

C∞ (Ω) = ∩k∈NC
k (Ω) ,

c’est l’espace des fonctions indéffiniment différentiables sur Ω.

2.1.4 Sobolev spaces
Modern theory of differential equations is based on spaces of function whose derivatives exist in a generalized sense and enjoy
a suitable integrability.

Proposition 2.5 Let Ω be an open domain in Rn, Then the distribution T ∈ D′ (Ω) is in Lp (Ω) if there exists a function
f ∈ Lp (Ω) such that

⟨T, φ⟩ =
∫
Ω

f (x)φ (x) dx, forallφ ∈ D (Ω)

where 1 ≤ p ≤ ∞, and it’s well-known that f is unique.

Definition 2.10 Let m ∈ N and p ∈ [1,∞] . TheWm,p (Ω) ,p(W) is the space of all f ∈ Lp (Ω), defined as Wm,p (Ω), such
that ∂αf ∈ Lp (Ω) for all α ∈ Nm such that
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|α| =
n∑

j=1

αj ≤ m,where, ∂α = ∂α1
1 ∂α2

2 ..∂αn
n .

Theorem 2.11 Wm,p (Ω) is a Banach space with their usual norm

∥f∥Wm,p(Ω) =
∑

|α|≤m

∥∂αf∥Lp , 1 ≤ p ≤ ∞, for all f ∈ Wm,p (Ω)

Definition 2.11 Denote by Wm,p
0 (Ω) the closure of D (Ω) in Wm,p (Ω).

Definition 2.12 When p = 2, we prefer to denote by Wm,2 (Ω) = Hm (Ω)and Wm,2
0 (Ω) = Hm

0 (Ω) supplied with the norm

∥f∥Hm(Ω) =

 ∑
|α|≤m

(∥∂αf∥L2)
2

 1
2

(2.1.17)

which do at Hm (Ω) a real Hilbert space with their usual scalar product

⟨u, v⟩Hm(Ω) =
∑

|α|≤m

∫
Ω

∂αu∂αvdx

Theorem 2.12 1.

2. Hm (Ω) supplied with inner product ⟨., .⟩Hm(Ω) is a Hilbert space.

3. If m ≥ m′, Hm (Ω) → Hm′
(Ω) , with continuous imbedding .

Lemma 2.2 Since D (Ω) is dense in Hm
0 (Ω) , we identify a dualH−m (Ω) of Hm

0 (Ω) in a weak subspace on Ω, and we have

D (Ω) → Hm
0 (Ω) → L2 (Ω) → H−m (Ω) → D′ (Ω)

The next results are fundamental in the study of partial differential equations

Theorem 2.13 Assume that Ω is an open domain in Rn (N ≥ 1), with smooth boundary ∂Ω. Then,

1. If 1 ≤ p ≤ ∞, we have W 1,p, for every q ∈ [p, p∗] , where p∗ = np
n−p .

2. If p = n we have W 1,p ⊂ Lq (Ω), for every q ∈ [p,∞) .

3. If p > n we have W 1,p ⊂ L∞ (Ω) ∩ C0,α (Ω), where α = p−n
p .

4. If Ω is a bounded, the embedding (2) and (3) of theorem 1.1.4 are compacts. The embedding (1) is compact for all
q ∈ [p, p∗)
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The Wm,p (Ω) spaces

Proposition 2.6 Let Ω be an open domain in Rn. Then the distribution T ∈ D′ (Ω) is in Lp (Ω) if there exists a function
f ∈ Lp (Ω) such that

⟨T, φ⟩ =
∫
Ω

f (x)φ (x) dx, for all φ ∈ D (Ω)

where 1 ≤ p ≤ ∞ and it’s well-known that f is unique. Now, we will introduce the Sobolev spaces: The Sobolev space
WK,p (Ω) is defined to be the subset of Lp such that function f and its weak derivatives up to some order K have a finite
Lp norm, for given p ≥ 1.

W k,p (Ω) = {f ∈ Lp;Dαf ∈ Lp (Ω) .∀α; |α| ≤ k} .

With this definition, the Sobolev spaces admit a natural norm:

f → ∥f∥Wk,p(Ω) =

 ∑
|α|≤m

∥Dαf∥pLp(Ω)

 1
p

, for p < +∞

and

f → ∥f∥Wk,∞(Ω) =
∑

|α|≤m

∥Dαf∥L∞(Ω) , for p = +∞

Space W k,p (Ω) equipped with the norm ∥.∥Wk,p is a Banach space. Moreover is a reflexive space for 1 ≤ p ≤ ∞ and a
separable space for 1 ≤ p ≤ ∞. Sobolev spaces with p = 2 are especially important because of their connection with Fourier
series and because they form a Hilbert space. A special notation has arisen to cover this case:

W k,2 (Ω) = Hk (Ω)

the Hk inner product is defined in terms of the L2 inner product:

(f, g)Hk(Ω) =
∑
|α|≤k

(Dαf,Dαg)L2(Ω)

The space Hm (Ω) and W k,p (Ω) contain C∞ (Ω̄) and Cm
(
Ω̄
)

. The closure of D (Ω) for the Hm (Ω) norm (respectively
Wm,p (Ω) norm) is denoted by Hm

0 (Ω) (respectively WK,P
0 (Ω)). Now, we introduce a space of functions with values in a

space X (a separable Hilbert space).The spaceL2 (a, b;X) is a Hilbert space for the inner product

(f, g)L2(a,b;X) =

∫ b

a

(f (t) , g (t))X dt

wenote thatL∞ (a, b;X) =
(
L1 (a, b;X)

)′ . Now, we define the Sobolev spaces with values in a Hilbert space X. For k ∈ N ,
p ∈ [1,∞], we set:

W k,p (a, b;X) =

{
v ∈ Lp (a, b;X)

∂v

∂xi
∈ Lp (a, b;X) .∀i ≤ k

}
The Sobolev space W k,p (a, b;X) is a Banach space with the norm

∥f∥Wk,p(a,b;X) =

(
k∑

i=0

∥∥∥∥ ∂f

∂xi

∥∥∥∥p
LP (a,b;X)

) 1
p

.for p < +∞

11



and

∥f∥Wk,∞(a,b;X) =

(
k∑

i=0

∥∥∥∥ ∂v

∂xi

∥∥∥∥
L∞(a,b;X)

) 1
p

.for p = +∞

The spaces W k,2 (a, b;X) form a Hilbert space and it is noted Hk (0, T ;X). The Hk (0, T ;X) inner product is defined by:

(u, v)Hk(a,b;X) =

k∑
i=0

∫ b

a

(
∂u

∂xi

∂v

∂xi

)
X

dt.

Theorem 2.14 Let1 ≤ p ≤ n, then

W 1,p (Rn) ⊂ Lp∗
(Rn)

where p∗ is given by 1
p∗ = 1

p − 1
n (where p = n; p = 1). Moreover there exists a constant C = C (p, n) such that

∥u∥Lp ≤ C ∥∇u∥
Lp(Rn)

, ∀u ∈ W 1,P (Rn) .

Corollary 2.2 Let 1 ≤ p ≤ n, then

W 1,p (Rn) ⊂ Lq (Rn) ,∀q ∈ [P, P ∗]

with continuous imbedding. For the case p = n, we have

W 1,n (Rn) ⊂ Lq (Rn) ,∀q ∈ [n,+∞[

Theorem 2.15 Let p > n, then

W 1,p (Rn) ⊂ L∞ (Rn)

with continuous imbedding.

Corollary 2.3 Let Ω a bounded domain in Rn of C1 class with Γ = ∂Ω and 1 ≤ p ≤ ∞. We have

1. If 1 ≤ p ≤ ∞, then W 1,p (Ω) ⊂ Lp∗
(Ω) where 1

p∗ = 1
p − 1

n

2. If p = n; then W 1,p (Ω) ⊂ Lq (Ω) ,∀q ∈ [p,+∞[

3. If p > n; then W 1,p (Ω) ⊂ L∞ (Ω) with continuous imbedding. Moreover, if p > n we have:

∀u ∈ W 1,p (Ω) , |u (x)− u (y)| ≤ C |x− y|α ∥u∥W 1,p(Ω) a.e x, y ∈ Ω
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2.2 Some integral inequalities
we will give here some important inequalities. These inequalities play an important role in applied mathematics and also, it
is very usefull in our next chaptre.

Young’s inequality
Let p and q strictly positifs real numbers we define the Young’s enequality by

1

p
+

1

q
= 1.

Then

∀(a, b) ∈ IR2 : |ab| ≤ |a|p

p
+

|b|q

q
.

Hölder’s inequalities

Theorem 2.16 Assume that f ∈ Lp and g ∈ Lq with 1 ≤ p ≤ ∞. Then (fg) ∈ L1 and

∥fg∥ ≤ ∥f∥p ∥g∥q

Corollary 2.4 Let f1, f2, ...fk be k functions such that, fi ∈ Lp (Ω),1 ≤ i ≤ k

1

p
=

1

p1
+

1

p2
+ ...+

1

pk
≤ 1 (2.2.1)

Then, the produc f1f2...fk ∈ Lp (Ω) and ∥f1f2...fk∥p ≤ ∥f1∥p1
... ∥fk∥pk

.
Minkowski inequality

Lemma 2.3 For1 ≤ p ≤ ∞ , we have

∥u+ v∥Lp ≤ ∥u∥Lp + ∥v∥Lp . (2.2.2)

Cauchy-Schwarz inequality

Lemma 2.4 Every inner product satisfies the Cauchy-Schwarz inequality

⟨x1, x2⟩ ≤ ∥x1∥ ∥x2∥ . (2.2.3)

The equality sign holds if and only if x1 and x2 are dependent. We will give here some integral inequalities. These inequalities
play an important role in applied mathematics and also, it is very useful in our next chapter.

Lemma 2.5 Let1 ≤ p ≤ r ≤ q, 1
r = α

p + 1−α
q , and1 ≤ α ≤ 1. Then

∥u∥Lr ≤ ∥u∥αLp ∥u∥1−α
Lq .

Lemma 2.6 For alla, b ∈ R+, we have

ab ≤ δa2 +
b2

4δ′
,

where δ is any positive constant.
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Lemma 2.7 For all a, b ≥ 0, the following inequality holds

ab ≤ ap

p
+

bq

q′
, (2.2.4)

where, 1
P + 1

q = 1. With α = 1− n
p > 0 and C is a constant which depend on p, n and Ω In particular W 1,p (Ω) ⊂ C

(
Ω̄
)

Lemma 2.8 (Sobolev-Poincaré’s inequality)

If 2 ≤ q ≤ 2n

n− 2
, n ≥ 3; and, n = 1, 2; (2.2.5)

then

∥u∥q ≤ C (q,Ω) ∥∇u∥2 , ∀u ∈ H1
0 (Ω) (2.2.6)

Remark 2.3 For all φ ∈ H2 (Ω) ,∆φ ∈ L2 (Ω) and for Γ sufficiently smooth, we have

∥φ (t)∥H2(Ω) ≤ C ∥∆φ (t)∥L2(Ω)

Proposition 2.7 (Green’s formula). For all u ∈ H1 (Ω) we have

−
∫
Ω

∆uvdx =

∫
Ω

∇u∇vdx−
∫
∂Ω

∂u

∂η
vdσ (2.2.7)

where ∂u
∂η is a normal derivation of u at Γ
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Chapter 3

Blow-up of solution of nonlinear flexible
structure system with second sound in the
presence of delay term in time and logarithmic
source term

3.1 statement of problem
In this work, we consider the vibrations of an inhomogeneous flexible structure system with a constant internal delay and
logarithmic nonlinear source term

m (x)utt − (p(x)ux + 2δ (x)utx)x + ηθx
+µut(x, t− τ0) = u |u|p−2

ln |u|γ , x ∈ (0, L) , t > 0,

θt + kqx + ηutx = 0 x ∈ (0, L) , t > 0,
τqt + βq + kθx = 0 x ∈ (0, L) , t > 0,

(3.1.1)

with boundary conditions
u (0, t) = u (L, t) = 0; θ (0, t) = θ (L, t) = 0, t ≥ 0, (3.1.2)

and initial conditions

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) ; θ (x, 0) = θ0 (x) ; q (x, 0) = q0 (x) , x ∈ [0, L] (3.1.3)

Where u (x, t)is the displacement of a particle at position x ∈ [0, L] and the time t > 0.η > 0 is the coupling constant
depending on the heating effect,p ≥ 2,γ, β and k are positive constants,µ is a real number.τ > 0 is the relaxation time
describing the time lag in the response for the temperature and τ0 > 0 represents the time delay.

Let us introduce the function

z (x, ρ, t) = ut (x, t− ρτ0) , x ∈ (0, L) , ρ ∈ (0, 1) , t > 0

Thus, we have
τ0zt (x, ρ, t) + zρ (x, ρ, t) = 0, x ∈ (0, L) , ρ ∈ (0, 1) , t > 0
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Then, problem (3.1.1)− (3.1.3) is equivalent to
m (x)utt − (p(x)ux + 2δ (x)utx)x + ηθx

+µz (x, 1, t) = u |u|p−2
ln |u|γ , x ∈ (0, L) , t > 0,

τ0zt (x, ρ, t) + zρ (x, ρ, t) = 0 x ∈ (0, L) , ρ ∈ (0, 1) , t > 0,
θt + kqx + ηutx = 0 x ∈ (0, L) , t > 0,
τqt + βq + kθx = 0 x ∈ (0, L) , t > 0,

(3.1.4)

With 
u (0, t) = u (L, t) = 0; θ (0, t) = θ (L, t) = 0, t ≥ 0,

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) ; θ (x, 0) = θ0 (x) , x ∈ [0, L]
q (x, 0) = q0 (x) , x ∈ [0, L]

z (x, 0, t) = ut(x, t), x ∈ (0, L) , t > 0,
z (x, ρ, 0) = f0(x,−ρτ0), x ∈ (0, L) , ρ ∈ (0, 1)

(3.1.5)

We first state a local existence theorem that can be established by combining the arguments of related works10,6.
Let v = ut and denote by

Φ = (u, v, θ, q, z)
T
,Φ (0) = Φ0 = (u0, u1, θ0, q0, f0)

T

The state space of Φ is the Hilbert space

F = H1
0 (0, L)× L2 (0, L)× L2

∗ (0, L)× L2 ((0, 1)× (0, L))

Theorem 3.1 Assume that

2 < p ≤ 2n

n− 2
, if n ≥ 3.

Then for every Φ0 ∈ F ,there exists a unique local solution in the class Φ ∈ C ([0, T ] ,F) .

3.2 Blow-up of solution
In this section, we prove that the solutions for the problem (3.1.1)− (3.1.3)blows-up in a finite time when the initial energy
is negative..We use the improved method of Salim and Messaoudi [20]. We define the energy associated with problem
(3.1.1)− (3.1.3) by

E(t) =
1

2

(
∥m(x)∥∞ ∥ut (t)∥22

)
+

1

2

(
∥p(x)∥∞ ∥ux∥22

)
+

τ

2
∥q∥22

+
1

2
∥θ∥22 +

τ0 |µ|
2

∫ 1

0

∥z (x, ρ, t)∥2 dρ+ γ

p2
∥u∥pp

−1

p

∫ L

0

|u|p ln |u|γ dx (3.2.1)

Proof. In order to define the energy function E(t) of problem (3.1.4)−(3.1.5), we give the following computation. Multiplying
the equations in (3.1.4) by ut, µz(x, ρ, t), θ, q respectively and integrating the resulting equation over [0, L], we obtain∫ L

0
m(x)uttut dx−

∫ L

0
(p(x)ux + 2δ(x)utx)xut dx

+
∫ L

0
ηθxut dx+

∫ L

0
µz(x, 1, t)ut dx =

∫ L

0
u |u|p−2

ln |u|γ ut dx
(3.2.2)

∫ L

0

∫ 1

0

µ τ0 z(x, ρ, t) . zt(x, ρ, t)dx dρ+

∫ L

0

∫ 1

0

µ z(x, ρ, t) . zρ(x, ρ, t)dx dρ = 0 (3.2.3)

16



∫ L

0

θt θ dx+ k

∫ L

0

qxθ dx+ η

∫ L

0

uxtθ dx = 0 (3.2.4)

∫ L

0

q τ qt dx+ β

∫ L

0

q2dx+ k

∫ L

0

θx q dx = 0 (3.2.5)

we integrating by part over [0, L] and using (3.1.5) and by using{
ututt =

1

2

d

dt
|ut|2 (∗)

on the first term on the left side (3.2.2)we obtain∫ L

0

m(x)uttutdx =
1

2

d

dt

∫ L

0

|ut|2 m(x)dx (3.2.6)

and by the same way by parts on the second and third terms on the left hand side of (3.2.2)

−
∫ L

0

(p(x)ux + 2δ(x)utx)x utdx =

∫ L

0

ut (p(x)ux + 2δ(x)utx)x dx

= −

(
[ut (p(x)ux + 2δ(x)utx)]

L
0 −

∫ L

0

utx (p(x)ux + 2δ(x)utx) dx

)

= −
[
d

dt
u (L, t) (p(x)ux + 2δ(x)utx)−

d

dt
u (0, t) (p(x)ux + 2δ(x)utx)

]
+

∫ L

0

utxp(x)ux + 2utxδ(x)utxdx

=

∫ L

0

▽ut p(x)▽u dx+ 2

∫ L

0

δ(x) |▽ut|2 dx (3.2.7)

−
∫ L

0

ut (p(x)ux + 2δ(x)utx)x dx =
1

2

d

dt

∫ L

0

p(x) |▽u|2 dx+ 2

∫ L

0

δ(x) |▽ut|2 dx

=
1

2

d

dt

(
∥p(x)∥∞ . ∥▽u∥22

)
+ 2

(
∥δ(x)∥∞ . ∥▽ut∥22

)
(3.2.8)

∫ L

0

ηθxutdx = η

∫ L

0

θxutdx

= η

[
d

dt
u(L, t)θ(L, t)− d

dt
u(0, t)θ(0, t)

]
− η

∫ L

0

utxθdx

with u(L, t) = u(0, t) = θ(L, t) = θ(0, t) = 0

∫ L

0

ηθxutdx = η

[
d

dt
u(L, t)θ(L, t)− d

dt
u(0, t)θ(0, t)

]
︸ ︷︷ ︸

=0

−η

∫ L

0

▽utθdx

= −η

∫ L

0

▽utθdx (3.2.9)
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With ∫ L

0

µz(x, 1, t)utdx (3.2.10)

By using young’s inequality in (3.2.6) we obtain∫ L

0

m(x)uttutdx ≤ 1

2

d

dt

(
∥m(x)∥∞ . ∥ut∥2

)
(3.2.11)

|a.b| ⩽ |a|2

2
+

|b|2

2

∫ L

0

µz(x, 1, t)ut dx ⩽
∫ L

0

|µz(x, 1, t)ut| dx

⩽ |µ|
∫ L

0

|z(x, 1, t)ut| dx

⩽ |µ|
∫ L

0

[
|z(x, 1, t)|2

2
+

|ut|2

2

]
dx

⩽
|µ|
2

∫ L

0

|z(x, 1, t)|2 dx+
|µ|
2

∫ L

0

|ut|2 dx

⩽
|µ|
2

∫ L

0

|z(x, 1, t)|2 dx+
|µ|
2

∥ut(x, t)∥22 (3.2.12)

now we treat the source terme∫ L

0

utu |u|p−2
ln |u|γ dx =

∫ L

0

1

p

d

dt
{|u|p} ln |u|γ dx

=

∫ L

0

1

p

d

dt
{|u|p ln |u|γ} dx

=

∫ L

0

1

p

(
d

dt
|u|p ln |u|γ + |u|p d

dt
ln |u|γ

)
dx

=

∫ L

0

1

p

d

dt
{|u|p} ln |u|γ dx+

∫ L

0

1

p
|u|p d

dt
{ln |u|γ} dx

∫ L

0

1

p

d

dt
{|u|p} ln |u|γ dx =

∫ L

0

1

p

d

dt
{|u|p ln |u|γ} dx−

∫ L

0

1

p
|u|p d

dt
{ln |u|γ} dx

=
1

p

d

dt

∫ L

0

|u|p ln |u|γ dx− 1

p

∫ L

0

γ |u|p · |ut|
|u|

dx

=
1

p

d

dt

∫ L

0

|u|p ln |u|γ dx− 1

p

∫ L

0

γ |u|p−1 |ut| dx

=
1

p

d

dt

∫ L

0

|u|p ln |u|γ dx− 1

p

∫ L

0

γ · 1
p
· d

dt
|u|p dx

=
1

p

d

dt

∫ L

0

|u|p ln |u|γ dx− γ

p2
d

dt
∥u∥pp (3.2.13)
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Using (∗) on the first term on the left side (3.2.3)we obtain

∫ L

0

∫ 1

0

µ τ0 z(x, ρ, t) · zt(x, ρ, t) dx dρ =

∫ L

0

∫ 1

0

µ τ0
1

2

d

dt
|z(x, ρ, t)|2 dx dρ

=
|µ|τ0
2

d

dt

∫ L

0

∫ 1

0

|z(x, ρ, t)|2 dx dρ

=
|µ|τ0
2

d

dt

∫ L

0

∫ 1

0

|z(x, ρ, t)|2 dρ dx (3.2.14)

Integrate the second term from the left of (3.2.14)

∫ 1

0

z(x, ρ, t)zρ(x, ρ, t) dρ =

[
1

2
|z(x, 1, t)|2 − 1

2
|z(x, 0, t)|2

]
=

[
1

2
|z(x, 1, t)|2 − 1

2
|ut(x, t)|2

]
∫ L

0

∫ 1

0

µz(x, ρ, t) zρ(x, ρ, t) dρ dx = |µ|
∫ L

0

[
1

2
|z(x, 1, t)|2 − 1

2
|ut(x, t)|2

]
dx

= |µ|
∫ L

0

1

2
|z(x, 1, t)|2 dx− |µ|

∫ L

0

1

2
|ut(x, t)|2 dx

=
|µ|
2

∫ L

0

|z(x, 1, t)|2 dx− |µ|
2

∫ L

0

|ut(x, t)|2 dx

=
|µ|
2

∫ L

0

|z(x, 1, t)|2 dx− |µ|
2

∥ut(x, t)∥22 (3.2.15)

Using (∗) on the first term on the left side (3.2.4)we obtain

∫ L

0

θtθ dx =

∫ L

0

1

2

d

dt
|θ|2 dx

=
1

2

d

dt

∫ L

0

|θ|2 dx

=
1

2

d

dt
∥θ∥22 (3.2.16)

Using integration by parts over the second term on the left-hand side of (3.2.4) we obtain

k

∫ L

0

θ qxdx = −k

∫ L

0

θxq dx (3.2.17)

η

∫ L

0

uxtθ dx = η

∫ L

0

θ uxtdx (3.2.18)

substituting(3.2.16)-(3.2.18)using in the equation(3.2.4)

=
1

2

d

dt
∥θ∥22 − k

∫ L

0

θxq dx+ η

∫ L

0

θ uxtdx (3.2.19)
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Using (∗) on the first term on the left side (3.2.5)we obtain

∫ L

0

q τ qt dx =

∫ L

0

τ q qt dx

=

∫ L

0

τ
1

2

d

dt
|q|2 dx

=
τ

2

d

dt

∫ L

0

|q|2 dx

=
τ

2

d

dt
∥q∥22 (3.2.20)

β

∫ L

0

q2dx = β

∫ L

0

|q|2 dx = β ∥q∥22 (3.2.21)

k

∫ L

0

θx q dx (3.2.22)

By collecting (3.2.6)(3.2.7)and(3.2.9)(3.2.12)-(3.2.18)and (3.2.20)-(3.2.22)The following equality is reached

1

2

d

dt

∫ L

0

m(x) |ut|2 dx+
1

2

d

dt

∫ L

0

p(x) |∇u|2 dx

+ 2

∫ L

0

δ(x) |∇ut|2 dx− η

∫ L

0

∇ut θ dx+
|µ|
2

∫ L

0

|z(x, 1, t)|2 dx

+
|µ|
2

∫ L

0

|ut(x, t)|2 dx+
τ

2

d

dt
∥q∥22 + β ∥q∥22

+ k

∫ L

0

θxq dx+
1

2

d

dt
∥θ∥22 − k

∫ L

0

θxq dx+ η

∫ L

0

θ uxtdx

+
|µ| τ0
2

d

dt

∫ L

0

∫ 1

0

|z(x, ρ, t)|2 dρdx

+
|µ|
2

∫ L

0

|z(x, 1, t)|2 dx− |µ|
2

∫ L

0

|ut(x, t)|2 dx

=
1

p

d

dt

∫ L

0

|u|p ln |u|γ dx− γ

p2

∫ L

0

d

dt
|u|p dx (3.2.23)

Substituting (3.2.8)(3.2.11)into(3.2.23)

1

2

d

dt

(
∥m(x)∥∞ · ∥ut∥22

)
+

1

2

d

dt

(
∥p(x)∥∞ · ∥∇u∥22

)
+ 2

(
∥δ(x)∥∞ · ∥∇ut∥22

)
+ |µ|

∫ L

0

|z(x, 1, t)|2dx

+
τ

2

d

dt
∥q∥22 + β∥q∥22 +

1

2

d

dt
∥θ∥22

+
|µ|τ0
2

d

dt

∫ L

0

∫ 1

0

|z(x, ρ, t)|2dρdx

+
γ

p2
d

dt
∥u∥pp −

1

p

d

dt

∫ L

0

|u|p ln |u|γdx = 0.
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The above computation inspires us to define energy derivative functional as follows

E′(t) =
1

2

d

dt

{
∥m(x)∥∞ · ∥ut∥22 + ∥p(x)∥∞ · ∥∇u∥22 + τ∥q∥22 + ∥θ∥22

+τ0|µ|
∫ L

0

∫ 1

0

|z(x, ρ, t)|2 dρ dx

}

−1

p

d

dt

∫ L

0

|u|p ln |u|γ dx+
γ

p2
d

dt
∥u∥pp

= −2∥δ(x)∥∞ · ∥∇ut∥22 − β∥q∥22 − |µ|
∫ L

0

|z(x, 1, t)|2 dx (3.2.24)

and the energy functional given by

E(t) =
1

2

(
∥m(x)∥∞ · ∥ut∥22

)
+

1

2

(
∥p(x)∥∞ · ∥∇u∥22

)
+

τ

2
∥q∥22 +

1

2
∥θ∥22 +

τ0|µ|
2

∫ L

0

∫ 1

0

|z(x, ρ, t)|2 dρ dx

− 1

p

∫ L

0

|u|p ln |u|γ dx+
γ

p2
∥u∥pp (3.2.25)

by using an estimation we find

E′(t) ⩽ −

[
2
(
∥δ(x)∥∞ . ∥▽ut∥22

)
+ β ∥q∥22 + |µ|

∫ L

0

|z(x, 1, t)|2 dx

]
(3.2.26)

Lemma 3.1 Suppose that

2 < p ≤ 2n

n− 2
, n ≥ 3. (3.2.27)

Then there exists a positive constant C > 0 depending on[0.L] only such that[∫ L

0

|u|p ln |u|γ dx

] s
p

≤ C

[∫ L

0

|u|p ln |u|γ dx+ ∥ux∥22

]
(3.2.28)

for any u ∈ H1
0 (0, L)and 2 ≤ s ≤ p, provided that

∫ L

0
|u|p ln |u|γ dx ≥ 0

Proof. if
∫ L

0
|u|p ln |u|γ dx > 1 then [∫ L

0

|u|p ln |u|γ dx

] s
p

≤
∫ L

0

|u|p ln |u|γ dx (3.2.29)

if
∫ L

0
|u|p ln |u|γ dx ≤ 1 then we set

Γ1 = {x ∈ [0, L] ||u| > 1}
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and, for anyβ ≤ 2, we have[∫ L

0

|u|p ln |u|γ dx

] s
p

≤

[∫ L

0

|u|p ln |u|γ dx

] β
p

≤
[∫

Γ1

|u|p ln |u|γ dx
] β

p

≤
[∫

Γ1

|u|p+1
dx

] β
p

≤

[∫ L

0

|u|p+1
dx

] β
p

= ∥u∥
β(p+1)

p

p+1 .

We chooseβ = 2p
(p+1) < 2 to get [∫ L

0

|u|p ln |u|γ dx

] s
p

≤ ∥u∥2p+1 ≤ C ∥ux∥22 (3.2.30)

Combining (3.2.29) and (3.2.30), the result was obtained.

Lemma 3.2 There exists a positive constant C > 0depending on [0, L] only such that

∥u∥pp ≤ C

[∫ L

0

|u|p ln |u|γ dx+ ∥ux∥22

]
(3.2.31)

for any u ∈ H1
0 (0, L), provided that

∫ L

0
|u|p ln |u|γ dx ≥ 0.

Proof. We set
Γ+ = {x ∈ [0, L] ||u| > e} and Γ− = {x ∈ [0, L] ||u| ≤ e}

thus

∥u∥pp =

∫
Γ+

|u|p dx+

∫
Γ−

|u|p dx

≤
∫
Γ+

|u|p ln |u|γ dx+

∫
Γ−

ep
∣∣∣u
e

∣∣∣p dx
≤

∫
Γ+

|u|p ln |u|γ dx+ ep
∫
Γ−

∣∣∣u
e

∣∣∣2 dx
≤

∫ L

0

|u|p ln |u|γ dx+ ep−2

∫ L

0

|u|2 dx

≤ C

{∫ L

0

|u|p ln |u|γ dx+ ∥ux∥22

}

Using the fact that ∥u∥22 ≤ C ∥u∥2p ≤ C
(
∥u∥pp

) 2
p

,we have

Corollary 3.1 There exists a positive constant C > 0 depending on[0, L] only such that

∥u∥22 ≤ C

(∫ L

0

|u|p ln |u|γ dx

) 2
p

+ ∥ux∥
4
p

2

 (3.2.32)

provided that
∫ L

0
|u|p ln |u|γ dx ≥ 0.
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Lemma 3.3 There exists a positive constant C > 0 depending on [0, L] only such that

∥u∥sp ≤ C
[
∥u∥pp + ∥ux∥22

]
(3.2.33)

for any u ∈ H1
0 (0, L)and 2 ≤ s ≤ p

Proof. if ∥u∥p ≥ 1 then
∥u∥sp ≤ ∥u∥pp

if ∥u∥p ≤ 1 then, ∥u∥sp ≤ ∥u∥2p .Using Sobolev embedding theorems, we have

∥u∥sp ≤ ∥u∥2p ≤ C ∥ux∥22

this purpose, we define

H(t) = −E(t) =−

[
1

2

(
∥m(x)∥∞∥ut∥22

)
+

1

2

(
∥p(x)∥∞∥∇u∥22

)
+

τ

2
∥q∥22 +

1

2
∥θ∥22

+
τ0|µ|
2

∫ L

0

∫ 1

0

|z(x, ρ, t)|2dρdx− 1

p

∫ L

0

|u|p ln |u|γdx+
γ

p2
∥u∥pp

]

H(t) = −E(t) = −1

2

(
∥m(x)∥∞ ∥ut (t)∥22

)
− 1

2

(
∥p(x)∥∞ ∥ux∥22

)
− τ

2
∥q∥22

−1

2
∥θ∥22 −

τ0 |µ|
2

∫ 1

0

∥z (x, ρ, t)∥2 dρ− γ

p2
∥u∥pp

+
1

p

∫ L

0

|u|p ln |u|γ dx (3.2.34)

∥u∥sp ⩽ C
{
∥u∥pp + ∥ux∥22

}
(∗∗)

Corollary 3.2 Assume that(3.2.27) holds. Then

∥u∥sp ≤ C



(
1− γ

p∥p(x)∥∞

)
∥u∥pp −

(
2

∥p(x)∥∞

)
H(t)

−
(

∥m(x)∥∞
∥p(x)∥∞

)
∥ut (t)∥22 −

(
τ

∥p(x)∥∞

)
∥q∥22

−
(

1
∥p(x)∥∞

)
∥θ∥22 −

τ0|µ|
∥p(x)∥∞

∫ 1

0
∥z (x, ρ, t)∥2 dρ

+ 2
p∥p(x)∥∞

∫ L

0
|u|p ln |u|γ dx


(3.2.35)

for any u ∈
(
H1

0 (0, L)
)n and 2 ≤ s ≤ p.

Proof. we have

H(t) =− 1

2

(
∥m(x)∥∞∥ut∥22

)
− 1

2

(
∥p(x)∥∞ ∥ux∥22

)
− τ

2
∥q∥22 −

1

2
∥θ∥22

− τ0 |µ|
2

∫ L

0

∥z(x, ρ, t)∥2 dρ+ 1

p

∫ L

0

|u|p ln |u|γdx− γ

p2
∥u∥pp.
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and

1

2
∥p(x)∥∞∥ux∥22 =−H(t)− 1

2
∥m(x)∥∞∥ut∥22 −

τ

2
∥q∥22 −

1

2
∥θ∥22

− τ0 |µ|
2

∫ L

0

∥z(x, ρ, t)∥2 dρ

+
1

p

∫ L

0

|u|p ln |u|γdx− γ

p2
∥u∥pp.

with

∥ux∥22 =
2

∥p(x)∥∞

[
−H(t)− 1

2
∥m(x)∥∞∥ut∥22 −

τ

2
∥q∥22 −

1

2
∥θ∥22

− τ0|µ|
2

∫ L

0

∫ 1

0

|z(x, ρ, t)|2dρdx

+
1

p

∫ L

0

|u|p ln |u|γdx− γ

p2
∥u∥pp

]
.

we obtain

∥ux∥22 =−
(

2

∥p(x)∥∞

)
H(t)− ∥m(x)∥∞∥ut(t)∥22

∥p(x)∥∞
− τ

∥p(x)∥∞
∥q∥22 −

∥θ∥22
∥p(x)∥∞

− τ0|µ|
∥p(x)∥∞

∫ 1

0

∥z(x, ρ, t)∥2dρ− 2γ

p2∥p(x)∥∞
∥u∥pp

+
2

p∥p(x)∥∞

∫ L

0

|u|p ln |u|γdx.

then

∥u∥sp ⩽ C

[
∥u∥pp −

(
2

∥p(x)∥∞

)
H(t)− ∥m(x)∥∞∥ut(t)∥22

∥p(x)∥∞
− τ

∥p(x)∥∞
∥q∥22 −

∥θ∥22
∥p(x)∥∞

− τ0|µ|
∥p(x)∥∞

∫ 1

0

∥z(x, ρ, t)∥2dρ− 2γ

p2∥p(x)∥∞
∥u∥pp

+
2

p∥p(x)∥∞

∫ L

0

|u|p ln |u|γdx

]
.

with (∗∗) we find

∥u∥sp ⩽ C

[
∥u∥pp −

(
2

∥p(x)∥∞

)
H(t)− ∥m(x)∥∞∥ut(t)∥22

∥p(x)∥∞
− τ

∥p(x)∥∞
∥q∥22 −

∥θ∥22
∥p(x)∥∞

− τ0|µ|
∥p(x)∥∞

∫ 1

0

∥z(x, ρ, t)∥2dρ− 2γ

p2∥p(x)∥∞
∥u∥pp

+
2

p∥p(x)∥∞

∫ L

0

|u|p ln |u|γdx

]
.
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∥u∥sp ⩽ C

[(
1− γ

p2∥p(x)∥∞

)
∥u∥pp −

(
2

∥p(x)∥∞

)
H(t)−

(
∥m(x)∥∞
∥p(x)∥∞

)
∥ut(t)∥22

−
(

τ

∥p(x)∥∞

)
∥q∥22 −

(
1

∥p(x)∥∞

)
∥θ∥22 −

τ0|µ|
∥p(x)∥∞

∫ 1

0

∥z(x, ρ, t)∥2dρ

+
2

p∥p(x)∥∞

∫ L

0

|u|p ln |u|γ
]
dx.

for any u ∈
(
H1

0 (0, L)
)n and 2 ≤ s ≤ p.

Theorem 3.2 Assume that (3.2.27) holds. Assume further that

E(0) =
1

2

(
∥m(x)∥∞ ∥u1 (t)∥22

)
+

1

2

(
∥p(x)∥∞ ∥∇u0∥22

)
+

τ

2
∥q0∥22

+
1

2
∥θ0∥22 +

τ0 |µ|
2

∫ L

0

∫ 1

0

|f0(x,−ρτ0)|2 dρdx+
γ

p2
∥u0∥pp

−1

p

∫ L

0

|u0|p ln |u0|γ dx < 0 (3.2.36)

Then the of solution of(3.1.4)blows up of in finite time.

Proof. we have
E(t) ≤ E(0) < 0

and

H ′(t) = −E′(t) = 2
(
∥δ(x)∥∞ ∥uxt (t)∥22

)
+ β ∥q∥22

+ |µ|
∫ L

0

|z (x, 1, t)|2 dx (3.2.37)

Hence,

H ′(t) ≥ C0

{ (
∥δ(x)∥∞ ∥uxt (t)∥22

)
+ |µ|

∫ L

0
z2 (x, 1, t) dx

}
≥ 0; ∀t ∈ [0, T ) (3.2.38)

consequently we get

0 < H(0) ≤ H(t) ≤
∫ L

0

|u|p ln |u|γ dx;∀t ∈ [0, T ) (3.2.39)

of (3.2.1) and (3.2.34). We then introduce

L (t) = H1−α(t) + ε

∫ L

0

[
m(x)ut (t)u (t) + 4δ(x) |ux|2

]
dx

+ε

∫ L

0

nτ

k
uqdx (3.2.40)

Where ε > 0 to be specified later and
2 (p− 2)

p2
< α <

p− 2

2p
< 1 (3.2.41)
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A direct differentiation of L (t) gives

L′(t) = (1− α)H ′(t)H−α(t) + ε

∫ L

0

[
m(x)

(
utt(t)u(t) + ut(t)ut(t)

)
+ 4δ(x)

d

dt
|ux|2

]
dx+ ε

∫ L

0

ητ

k

[
utq + qtu

]
dx

= (1− α)H ′(t)H−α(t) + ε

∫ L

0

[
m(x)uttu+m(x)|ut|2 + 4δ(x)

d

dt
|ux|2

]
dx

+ ε

∫ L

0

[ητ
k
utq +

ητ

k
qtu
]
dx

= (1− α)H ′(t)H−α(t) + ε

∫ L

0

m(x)uttu dx+ ε

∫ L

0

m(x)|ut|2 dx

+ ε

∫ L

0

4δ(x)
d

dt
|ux|2 dx+ ε

ητ

k

∫ L

0

utq dx+ ε
ητ

k

∫ L

0

qtu dx. (3.2.42)

From (3.2.2) we find that

ε

∫ L

0

m(x)uttu dx =ε

∫ L

0

(p(x)ux + 2δ(x)utx)x u dx− ε

∫ L

0

ηθxu dx

− ε

∫ L

0

µz(x, 1, t)u dx+ ε

∫ L

0

u2|u|p−2 ln |u|γ dx. (3.2.43)

ε

∫ L

0

(p(x)ux + 2δ(x)utx)x u dx = ε [u(x, t) (p(x)ux + 2δ(x)utx)]
L
0

− ε

∫ L

0

ux (p(x)ux + 2δ(x)utx) dx

= −ε

∫ L

0

ux (p(x)ux + 2δ(x)utx) dx

= −ε

∫ L

0

p(x) |ux|2 dx− 2ε

∫ L

0

δ(x)utxux dx. (3.2.44)

−εη

∫ L

0

θxu dx = −εη [u(x, t)θ(x, t)]
L
0 + εη

∫ L

0

uxθ dx

= εη

∫ L

0

uxθ dx (3.2.45)

ε

∫ L

0

m(x)uttu dx = −ε

∫ L

0

p(x) |ux|2 dx− 2ε

∫ L

0

δ(x)utxuxdx

+ εη

∫ L

0

uxθ dx− ε

∫ L

0

µz(x, 1, t)u dx

+ ε

∫ L

0

|u|p ln |u|γ dx (3.2.46)
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From (3.1.4) and by multiplying U we find that

τ

∫ L

0

u qt dx+ β

∫ L

0

q u dx+ k

∫ L

0

θxudx = 0 (3.2.47)

Starting from equation (3.2.47), and after transferring the limits to the other side, we get

τ

∫ L

0

u qt dx = −β

∫ L

0

q u dx− k

∫ L

0

θxudx

Multiply by εη
k both sides to get

εη

k

∫ L

0

u τqt dx = −εη

k

∫ L

0

β q u dx− εη

∫ L

0

θxudx (3.2.48)

Integration by parts

−εη

∫ L

0

θxudx = εη

∫ L

0

uxθ dx (3.2.49)

By substituting (3.2.49) into (3.2.50) we find that

εη

k

∫ L

0

u τqt dx = −εη

k

∫ L

0

β q u dx+ εη

∫ L

0

θ ux dx (3.2.50)

By substituting (3.2.44)-(3.2.46) and (3.2.50)into (3.2.42) we find that

L′(t) = (1− α)H−α(t)H ′(t) + ε

∫ L

0

m(x) |ut|2 dx− ε

∫ L

0

p(x) |ux|2 dx

− 2ε

∫ L

0

δ(x)utxux dx+ εη

∫ L

0

uxθ dx− ε

∫ L

0

µz(x, 1, t)u dx

+ ε

∫ L

0

|u|p ln |u|γ dx+ 2ε

∫ L

0

δ(x)utxux dx

− εη

k

∫ L

0

βqu dx+ εη

∫ L

0

θux dx+
εητ

k

∫ L

0

qtu dx

L′(t) = (1− α)H−α(t)H ′(t) + ε

∫ L

0

m(x) |ut|2 dx− ε

∫ L

0

p(x) |ux|2 dx

+
εητ

k

∫ L

0

qtu dx+ 2εη

∫ L

0

θux dx− ε

∫ L

0

µz(x, 1, t)u dx

+ ε

∫ L

0

|u|p ln |u|γ dx− εηβ

k

∫ L

0

qu dx (3.2.51)

Using the inequality of young

2εη

∫ L

0

θuxdx ≤ 2εη
1

2

∫ L

0

|θ|2 dx+ 2εη
1

2

∫ L

0

|ux|2 dx
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2εη

∫ L

0

θuxdx ≤ εη ∥θ∥22 + εη ∥ux∥22

−εη ∥θ∥22 − εη ∥ux∥22 ≤ 2εη

∫ L

0

θuxdx ≤ εη ∥θ∥22 + εη ∥ux∥22

2εη

∫ L

0

θuxdx ≥ −εη ∥θ∥22 − εη ∥ux∥22 (3.2.52)

∫ L

0

p(x) |ux|2 dx ≤ ∥p(x)∥∞ ∥ux∥22

−ε

∫ L

0

p(x) |ux|2 dx ≥ −ε ∥p(x)∥∞ ∥ux∥22 (3.2.53)

−
∫ L

0

m(x) |ux|2 dx ≤ −∥m(x)∥∞ ∥ut∥22

ε

∫ L

0

m(x) |ux|2 dx ≥ ε ∥m(x)∥∞ ∥ut∥22 (3.2.54)

εητ

k

∫ L

0

q ut(t)dx ≤ εητ

k

1

2

∫ L

0

|q|2 dx+
εητ

k

1

2

∫ L

0

|ut|2 dx

εητ

k

∫ L

0

q ut(t)dx ≤ εητ

2k
∥q∥22 +

εητ

2k
∥ut∥22

−εητ

2k
∥q∥22 −

εητ

2k
∥ut∥22 ≤ εητ

k

∫ L

0

q ut(t)dx ≤ εητ

2k
∥q∥22 +

εητ

2k
∥ut∥22

εητ

k

∫ L

0

q ut(t)dx ≥ −εητ

2k
∥q∥22 −

εητ

2k
∥ut∥22 (3.2.55)

and

∫ L

0

µz(x, 1, t)u dx ≤ |µ|

{
1

2

∫ L

0

|z(x, 1, t)|2 dx+
1

2

∫ L

0

|u|2 dx

}

≤ |µ|

{
ξ1
2

∫ L

0

|z(x, 1, t)|2 dx+
1

2ξ1
∥u∥22

}
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−ε

∫ L

0

µz(x, 1, t)u dx ≥ −ε |µ|

{
ξ1
2

∫ L

0

|z(x, 1, t)|2 dx+
1

2ξ1
∥u∥22

}
(3.2.56)

ηβ

k

∫ L

0

q u dx ≤ ηβ

k

{
1

2

∫ L

0

|q|2 dx+
1

2

∫ L

0

|u|2 dx

}

≤ ηβ

k

{
ξ2
2
∥q∥22 +

1

2ξ2
∥u∥22

}

−ε
ηβ

k

∫ L

0

q u dx ≥ −ε
ηβ

k

{
ξ2
2
∥q∥22 +

1

2ξ2
∥u∥22

}
(3.2.57)

substituting (3.2.52)-(3.2.57)into(3.2.51) we get

L′(t) ≥ (1− α)H−α(t)H ′(t)− εη ∥θ∥22 − εη ∥ux∥22 − ε ∥p(x)∥∞ ∥ux∥22
+ ε ∥m(x)∥∞ ∥ut∥22 − ε

ητ

2k
∥ut∥22 − ε

ητ

2k
∥q∥22

− ε |µ|

{
ξ1
2

∫ L

0

|z(x, 1, t)|2 dx+
1

2ξ1
∥u∥22

}

+ ε
ηβ

k

{
ξ2
2
∥q∥22 +

1

2ξ2
∥u∥22

}
+ ε

∫ L

0

|u|p ln |u|γ dx.

L′ (t) ≥ (1− α)H−α (t)H ′ (t) + ε
{
∥m (x)∥∞ − ητ

2k

}
∥ut∥22

−ε {∥p (x)∥∞ + η} ∥ux∥22 − εη ∥θ∥22

−ε

{
τη + βηξ2

2k

}
∥q∥22 + ε

∫ L

0

|u|p ln |u|γ dx

−ε |µ| ξ1
2

∫ L

0

|z (x, 1, t)|2 dx− ε ∥u∥22

{
|µ|
2ξ1

+
ηβ

2ξ2k

}
(3.2.58)

We obtain from(3.2.37)and(3.2.58)the following

L′(t) ≥ (1− α)H−α(t)H ′(t)− ε
βηξ2
2k

∥q∥22 − ε |µ| ξ1k
2k

∫ L

0

|z(x, 1, t)|2 dx

+ ε
{
∥m(x)∥∞ − ητ

2k

}
∥ut∥22 − ε {∥p(x)∥∞ + η} ∥ux∥22 − εη ∥θ∥22 − ε

τη

2k
∥q∥22

+ ε

∫ L

0

|u|p ln |u|γ dx− ε

{
|µ| k
2ξ1k

+
ηβ

2ξ2k

}
∥u∥22 (3.2.59)

H ′(t) = 2 ∥δ(x)∥∞ · ∥∇ut∥22 + β ∥q∥22 + |µ|
∫ L

0

|z(x, 1, t)|2 dx
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We have

H ′(t) ≥ |µ|
∫ L

0

|z(x, 1, t)|2 dx, (3.2.60)

H ′(t) ≥ β ∥q∥22 . (3.2.61)

Multiplying (3.2.60) by −ε ξ1k
2k and (3.2.61) by−εηξ2

2k we find

−ε
ξ1k

2k
H ′(t) ≤ −ε

|µ| ξ1k
2k

∫ L

0

|z(x, 1, t)|2 dx, (3.2.62)

−ε
ηξ2
2k

H ′(t) ≤ −ε
βηξ2
2k

∥q∥22 . (3.2.63)

Combining equations (3.2.62) and (3.2.63) side by side, we get:

(
−ε

ηξ2
2k

− ε
ξ1k

2k

)
H ′(t) ≤ −ε

|µ| ξ1k
2k

∫ L

0

|z(x, 1, t)|2 dx− ε
βηξ2
2k

∥q∥22 . (3.2.64)

By substituting (3.2.64) in (3.2.59) we find

L′(t) ≥ (1− α)H−α(t)H ′(t) +

(
−ε

ξ1k

2k
− ε

ηξ2
2k

)
H ′(t)

+ ε
{
∥m(x)∥∞ − ητ

2k

}
∥ut∥22 − ε {∥p(x)∥∞ + η} ∥ux∥22 − εη ∥θ∥22

− ε
τη

2k
∥q∥22 + ε

∫ L

0

|u|p ln |u|γ dx− ε

{
|µ| k
2ξ1k

+
ηβ

2ξ2k

}
∥u∥22 .

L′(t) ≥
{
(1− α)H−α(t)− ε

(
kξ1 + ηξ2

2k

)}
H ′(t)

+ ε
{
∥m(x)∥∞ − ητ

2k

}
∥ut∥22 − ε {∥p(x)∥∞ + η} ∥ux∥22 − εη ∥θ∥22

− ε
τη

2k
∥q∥22 + ε

∫ L

0

|u|p ln |u|γ dx− ε

{
|µ| k
2ξ1k

+
ηβ

2ξ2k

}
∥u∥22 . (3.2.65)

We also set ξ1 = ξ2 = H−α (t) , Hence(3.2.65) Where C = k+η
2k and M = |µ| k + ηβ are strictly positive constants gives

L′(t) ≥
{
(1− α)H−α(t)− ε

(
kH−α(t) + ηH−α(t)

2k

)}
H ′(t)

+ ε
{
∥m(x)∥∞ − ητ

2k

}
∥ut∥22 − ε {∥p(x)∥∞ + η} ∥ux∥22 − εη ∥θ∥22

− ε
τη

2k
∥q∥22 + ε

∫ L

0

|u|p ln |u|γ dx− ε

{
|µ| k

2H−α(t)k
+

ηβ

2H−α(t)k

}
∥u∥22 .

L′(t) ≥
{
(1− α)H−α(t)− εcH−α(t)

}
H ′(t)

+ ε
{
∥m(x)∥∞ − ητ

2k

}
∥ut∥22 − ε {∥p(x)∥∞ + η} ∥ux∥22 − εη ∥θ∥22

− ε
τη

2k
∥q∥22 + ε

∫ L

0

|u|p ln |u|γ dx− ε
M

2k
Hα(t) ∥u∥22 .
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L′(t) ≥{(1− α)− εc}H−α(t)H ′(t)

+ ε
{
∥m(x)∥∞ − ητ

2k

}
∥ut∥22 − ε {∥p(x)∥∞ + η} ∥ux∥22 − εη ∥θ∥22

− ε
τη

2k
∥q∥22 + ε

∫ L

0

|u|p ln |u|γ dx− ε
M

2k
Hα(t) ∥u∥22 . (3.2.66)

ε

∫ L

0

|u|p ln |u|γ dx = (ε− εa+ εa)

∫ L

0

|u|p ln |u|γ dx

= ε

∫ L

0

|u|p ln |u|γ dx− εa

∫ L

0

|u|p ln |u|γ dx+ εa

∫ L

0

|u|p ln |u|γ dx. (3.2.67)

Substituting (3.2.67) into (3.2.66) we find that

L′(t) ≥{(1− α)− εc}H−α(t)H ′(t)

+ ε
{
∥m(x)∥∞ − ητ

2k

}
∥ut∥22 − ε {∥p(x)∥∞ + η} ∥ux∥22 − εη ∥θ∥22

− ε
τη

2k
∥q∥22 + ε

∫ L

0

|u|p Ln |u|γ dx− εa

∫ L

0

|u|p Ln |u|γ dx+ εa

∫ L

0

|u|p Ln |u|γ dx− ε
M

2k
Hα(t) ∥u∥22 . (3.2.68)

From (3.2.34) we get

1

p

∫ L

0

|u|p ln |u|γdx =H(t) +
1

2

(
∥m(x)∥∞∥ut∥22

)
+

1

2

(
∥p(x)∥∞ ∥ux∥22

)
+

τ

2
∥q∥22 +

1

2
∥θ∥22

+
τ0 |µ|
2

∫ L

0

∫ 1

0

|z(x, ρ, t)|2 dρdx+
γ

p2
∥u∥pp.

∫ L

0

|u|p ln |u|γdx =pH(t) +
p

2

(
∥m(x)∥∞∥ut∥22

)
+

p

2

(
∥p(x)∥∞ ∥ux∥22

)
+

τp

2
∥q∥22 +

p

2
∥θ∥22

+
τ0p |µ|

2

∫ L

0

∫ 1

0

|z(x, ρ, t)|2 dρdx+
γ

p
∥u∥pp. (3.2.69)

Substituting (3.2.69) into (3.2.68) we find

L′ (t) ≥ {(1− α)− εC}H−α (t)H ′ (t)

+ε
{
∥m (x)∥∞

(
1 +

p

2
(1− a)

)
− ητ

2k

}
∥ut∥22

+ε
{
∥p (x)∥∞

(p
2
(1− a)− 1

)
+ η
}
∥ux∥22

+ε

{
−η +

pε (1− a)

2

}
∥θ∥22 + εa

∫ L

0

|u|p ln |u|γ dx

+ε

{
−τη

2k
+

pτ (1− a)

2

}
∥q∥22 +

γε (1− a)

2
∥u∥pp

+ε
τ0p (1− a)

2
|µ|
∫ L

0

∫ 1

0

|z (x, ρ, t)|2 dρdx

−ε
M

2k
Hα (t) ∥u∥22 + pε (1− a)H (t) (3.2.70)
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Using (3.2.32) , (3.2.39) and Young’s inequality, we find

Hα (t) ∥u∥22 ≤

(∫ L

0

|u|p ln |u|γ dx

)α

∥u∥22

≤ C

(∫ L

0

|u|p ln |u|γ dx

)α+ 2
p

+

(∫ L

0

|u|p ln |u|γ dx

)α

∥ux∥
4
p

2


≤ C

(∫ L

0

|u|p ln |u|γ dx

) (αp+2)
p

+ ∥ux∥22 +

(∫ L

0

|u|p ln |u|γ dx

) αp
p−2

 (3.2.71)

Exploiting(3.2.41), we have

2 < αp+ 2 ≤ p and 2 <
αp2

p− 2
≤ p (3.2.72)

Thus, lemma 1 yields

Hα (t) ∥u∥22 ≤ C

{∫ L

0

|u|p ln |u|γ dx+ ∥ux∥22

}
(3.2.73)

Combining (3.2.70) and (3.2.73), we obtain

L′ (t) ≥ {(1− α)− εC}H−α (t)H ′ (t)

+ε
{
∥m (x)∥∞

(
1 +

p

2
(1− a)

)
− ητ

2k

}
∥ut∥22

+ε

{
∥p (x)∥∞

(p
2
(1− a)− 1

)
+ η − C

M

2k

}
∥ux∥22

+ε

{
−η +

pε (1− a)

2

}
∥θ∥22 + ε

{
a− C

M

2k

}∫ L

0

|u|p ln |u|γ dx

+ε

{
−τη

2k
+

pτ (1− a)

2

}
∥q∥22 +

γε (1− a)

2
∥u∥pp

+ε
τ0p (1− a)

2
|µ|
∫ L

0

∫ 1

0

|z (x, ρ, t)|2 dρdx

+pε (1− a)H (t) (3.2.74)

At this point, we choose a > 0 so small that

−η +
pε (1− a)

2
> 0(p

2
(1− a)− 1

)
> 0

τ0p (1− a)

2
> 0
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and k so large that

∥p (x)∥∞
(p
2
(1− a)− 1

)
+ η − C

M

2k
> 0

a− C
M

2k
> 0

∥m (x)∥∞
(
1 +

p

2
(1− a)

)
− ητ

2k
> 0

−τη

2k
+

pτ (1− a)

2
> 0

Once C and a are fixed, we pick ε so small so that

(1− α)− εC > 0

And

A1 =
{
∥m(x)∥∞

(
1 +

p

2
(1− a)

)
− ητ

2k

}
,

A2 =
{
∥p(x)∥∞

(p
2
(1− a)− 1

)
+ η
}
,

A3 =

{
−η +

pε(1− a)

2

}
,

A4 =

{
−τη

2k
+

pτ(1− a)

2

}
.

hence (3.2.74) becomes

L′ (t) ≥ {(1− α)− εC}H−α (t)H ′ (t)

+εA1 ∥ut∥22 + εA2 ∥ux∥22 + εA3 ∥θ∥22

+εA4 ∥q∥22 + ε

{
a− C

M

2k

}∫ L

0

|u|p ln |u|γ dx

+ε
τ0p (1− a)

2
|µ|
∫ L

0

∫ 1

0

|z (x, ρ, t)|2 dρdx

+
γε (1− a)

2
∥u∥pp + pε (1− a)H (t) (3.2.75)

whereA1 −A4are strictly positive constants depending only on p, τ, η, k, a.
Thus, for someA0 > 0, estimate (3.2.75) becomes

L′ (t) ≥ A0


H (t) + ∥ut∥22 + ∥ux∥22 + ∥u∥pp
∥q∥22 + ∥θ∥22 +

∫ L

0
|u|p ln |u|γ dx

+
∫ L

0

∫ 1

0
|z (x, ρ, t)|2 dρdx

 (3.2.76)

and
L (t) ≥ L (0) > 0,∀t ≥ 0. (3.2.77)

From (3.2.40) we have
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L
1

(1−α) (t) = H(t) +

(
ε

∫ L

0

m(x)utu dx

) 1
(1−α)

+

(
4ε

∫ L

0

δ(x) |ux|2 dx

) 1
(1−α)

+

(
ε
ητ

k

∫ L

0

u q dx

) 1
(1−α)

(3.2.78)

Next, using Holder’s inequality and the embedding ∥u∥2 ≤ C ∥u∥p, we have

∣∣∣∣∣
∫ L

0

m(x)uutdx

∣∣∣∣∣ ≤
∫ L

0

|m(x)utu| dx ≤
∫ L

0

|m(x)| |utu| dx

≤ ∥m(x)∥∞
∫ L

0

|utu| dx

We put ∥m(x)∥∞ = c

∣∣∣∣∣
∫ L

0

m(x)uutdx

∣∣∣∣∣ ≤ c

∫ L

0

|utu| dx ≤ c

∫ L

0

|ut| |u| dx

≤ c ∥ut∥2 ∥u∥2 (3.2.79)

and exploiting Young’s inequality, we obtain

∣∣∣∣∣
∫ L

0

m(x)uutdx

∣∣∣∣∣ ≤ ∥m(x)∥∞
{
∥u∥r + ∥ut∥r

′}

∣∣∣∣∣
∫ L

0

m(x)uutdx

∣∣∣∣∣
1

1−α

≤ ∥m(x)∥
1

1−α
∞

{
∥u∥r + ∥ut∥r

′} 1
1−α

∣∣∣∣∣
∫ L

0

m(x)uutdx

∣∣∣∣∣
1

1−α

≤ ∥m(x)∥
1

1−α
∞

{
∥u∥

r
1−α + ∥ut∥

r′
1−α

}

We put c = ∥m(x)∥
1

1−α
∞ ∣∣∣∣∣

∫ L

0

m(x)uutdx

∣∣∣∣∣
1

1−α

≤ C

{
∥u∥

r
1−α
p + ∥ut∥

r′
1−α

2

}
,For

1

r
+

1

r′
= 1 (3.2.80)

To be able to use Lemma 3, we take r′ = 2 (1− α) which gives
r

1−α = 2
1−2α ≤ p ∣∣∣∣∣

∫ L

0

m(x)uutdx

∣∣∣∣∣
1

1−α

≤ C
(
∥u∥sp + ∥ut∥22

)
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Hence, Lemma 5 gives
We put : r

1−α = 2
1−2α = p et s

1−α = 2∣∣∣∣∣
∫ L

0

m(x)uutdx

∣∣∣∣∣
1

1−α

≤ C1

(
∥u∥pp + ∥ut∥22 + ∥ux∥22

)
,∀C1 > 0 (3.2.81)

with the same way, we get

∣∣∣∣∣εητk
∫ L

0

u q dx

∣∣∣∣∣ ≤ ∣∣∣εητk ∣∣∣ ∫ L

0

|u q| dx

≤
∣∣∣εητ
k

∣∣∣ {∥u∥rp + ∥q∥s
′

2

}
∣∣∣∣∣εητk

∫ L

0

u q dx

∣∣∣∣∣
1

1−α

≤
∣∣∣εητ
k

∣∣∣ 1
1−α

{
∥u∥rp + ∥q∥s

′

2

} 1
1−α

∣∣∣∣∣εητk
∫ L

0

u q dx

∣∣∣∣∣
1

1−α

≤ c2

{
∥u∥

r
1−α
p + ∥q∥

s′
1−α

2

}
∣∣∣∣∣4ε
∫ L

0

δ(x) |ux|2 dx

∣∣∣∣∣
1

1−α

≤
(
4ε ∥δ(x)∥∞ ∥ux∥22

) 1
1−α

≤ (4ε ∥δ(x)∥)
1

1−α

(
∥ux∥

1
1−α

2

)
≤ c3 ∥ux∥22

We put : r
1−α = 2

1−2α = p et s
1−α = 2

∣∣∣∣∣ε
∫ L

0

nτ

k
uqdx

∣∣∣∣∣
1

1−α

≤ C2

(
∥u∥pp + ∥q∥22

)
,∀C2 > 0 (3.2.82)

∣∣∣∣∣ε
∫ L

0

4δ(x) |ux|2 dx

∣∣∣∣∣
1

1−α

≤ C3 ∥ux∥22 ,∀C3 > 0 (3.2.83)

From(3.2.81)− (3.2.82) ( 3.2.83) and we obtain

L
1

1−α
(t) ≤ C

{
H(t) + ∥u∥pp + ∥q∥22
+ ∥ux∥22 + ∥ut∥22

}
;∀t ≥ 0,∀C > 0 (3.2.84)

Combining (3.2.84) and (3.2.76), we arrive at

L′(t) ≥ a0L
1

1−α (t)

dL

dt
≥ a0L

1
1−α (t)

dL

L
1

1−α (t)
≥ a0dt (3.2.85)
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where a0is a positive constant depending only on A0 andC.
A simple integration of (3.2.85) over (0, t)yields

∫ t

0

dL

L
1

1−α (t)
≥
∫ t

0

a0dt

− 1

( 1
1−α − 1)L

1
1−α−1(t)

≥ a0t+ c

− 1

( α
1−α )L

α
1−α (t)

≥ a0t+ c

[
− 1

( α
1−α )L

α
1−α (t)

]t
0

≥ [a0t+ c]
t
0

− 1

( α
1−α )L

α
1−α (t)

+
1

( α
1−α )L

α
1−α (0)

≥ a0t

− 1

( α
1−α )L

α
1−α (t)

≥ a0t−
1

( α
1−α )L

α
1−α (0)

1

( α
1−α )L

α
1−α (t)

≤ −a0t+
1

( α
1−α )L

α
1−α (0)

α

1− α
L

α
1−α (t) ≥ 1

−a0t+
1−α
α L− α

1−α (0)

L
α

1−α (t) ≥
1−α
α

−a0t+
1−α
α L− α

1−α (0)

≥ 1
α

1−α

(
−a0t+

1−α
α L− α

1−α (0)
)

≥ 1

L
−α
1−α (0)− αat

1−α

(3.2.86)

Therefore,L (t)blows up in time

L
−α
1−α (0)− αat

1− α
≥ 0

L
−α
1−α (0) ≥ αat

1− α
1− α

αa0
L

−α
1−α (0) ≥ t

T ≤ T ∗ =
1− α

αa0L
α

1−α (t)
(3.2.87)

the proof is completed
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Conclusion

In this work, we are interested with a problem of a logarithmic nonuniform flexible
structure with time delay, where the heat flux is given by Cattaneo’s law. We show that
the energy of any weak solution blows up infinite time if the initial energy is negative.
The delay effect that is similar to memory processes is important in the research of

applied mathematics such as physics, noninstant transmission phenomena, and biological
motivation. In the future work, we will try to study this problem numerically by using the

finite element methods.
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