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Abstract

The main objective of this work is the study of the Blow-up of solutions to a Logarithmic
Flexible Structure system with Second Sound in the presence of delay term in time. This
work is composed of two chapters with general introduction and bibliography.

The first chapter deals with the preliminary notions on the theory of functional spaces,
and some theorems and inequalities used in this research.

In the second chapter: we first use the multiplier method to find the energy functional
then by using the direct method of Georgiev and Todorova we proved that the solution
blows-up in a finite time.

Key words: energy functional - time delay - blow-up of solution - local existence.



Résumé

L’objectif essentiel de ce travail est ’étude de 1’explosion de la solution d'un systeme de
structure flexible logarithmique avec deuxiéme son en présence du terme de retard de temps.
Le travail est composé de deux chapitres avec introduction générale et bibliographie.

Le premier chapitre est consacré aux notions préliminaires sur la théorie des espaces
fonctionnels, et quelques théorémes et inégalités utilisées dans cette mémoire.

Dans le deuxieme chapitre : nous avons d’abord utilisé la méthode du multiplicateur pour
trouver la fonctionnelle de ’énergie, ensuite on applique la méthode directe de Georgiev et
Todorova. On a montré que la solution explose dans un temps fini.

Mots clés : Fonctionnelle de 1’énergie - retard de temps - explosion de la solution -

existence locale.
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Chapter 1

(zeneral introduction

Nonlinear evolution equations are defined by the partial differential equations PDE’s with
time t as one of the independent variables, originate not only from many fields of mathe-
matics, but also from other branches of science such as physics, mechanics and materials
science, these equations appeared in the wake of the birth of the Differential calculation
during 1890 occurred in the middle of the 17th century by brothers Bernoulli and Newton.
More specifically ,the second order evolution problem can be encountered in several sci-
entific fields and many engineering models, Within this context, we will explore a flexible
structure system with second sound is one of the nonlinear evolution problems that refers
to a type of material or structure where thermal energy is transported via wave-like phe-
nomena, known as second sound, within a flexible or deformable medium. Second sound
is a quantum mechanical phenomenon where heat transfer occurs as a wave, rather than
through traditional diffusion. This effect is typically observed in superfluids like helium II
and certain low-dimensional materials see [16, 21]

The direct method introduced by Georgiev and Todorova is a powerful technique
for establishing finite-time blow-up results for solutions to certain nonlinear wave equa-
tions. This approach involves analyzing the energy functional associated with the system
and demonstrating that, under specific conditions, the energy decreases monotonically,
leading to a blow-up in finite time For a comprehensive understanding of this method and
its applications, you may refer to the following resources:"Blow Up of Solutions of the
Cauchy Problem for a Wave Equation with Nonlinear Damping and Source Terms" by
Georgiev and Todorova[l13] This foundational paper presents the direct method and ap-
plies it to prove finite-time blow-up results for solutions to wave equations with nonlinear
damping and source terms. "Blow up of solution for the Kelvin-Voigt type wave equation
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with Balakrishnan-Taylor damping and acoustic boundary" by Sarra and Zarai This work
utilizes the Georgiev-Todorova method to establish finite-time blow-up results for a spe-
cific wave equation, providing insights into the application of the direct method in more
complex scenarios."Blow-up of positive-initial-energy solutions of a nonlinear viscoelastic
hyperbolic equation" by Messaoudi in [14] this paper investigates the blow-up properties
of solutions to a nonlinear viscoelastic hyperbolic equation, employing the direct method
to handle cases with negative initial energy. These resources offer detailed explanations
and applications of the Georgiev-Todorova direct method, enhancing the understanding of
blow-up phenomena in nonlinear wave equations.

A delay term in time, also referred to as a time-delay term, is a functional component
within a differential equation in which the evolution of the system at a given time depends
explicitly on its past states. Mathematically, a time-delay term involves arguments of the
form u(t—7), where 7 > 0 denotes the delay parameter. In the context of partial differen-
tial equations (PDEs), such terms often appear as u(z,t —7) or us(x,t—7), and are used to
model memory effects, signal propagation delays, or feedback mechanisms where
the response is not instantaneous. Time delays introduce infinite-dimensional dynam-
ics, even in systems originally described by finite-dimensional ordinary differential equations
(ODEs), and can significantly influence the stability, controllability, and long-term
behavior of solutions , We may refer to some related studies in this context[17, 12, 18]
In this work([2]), we consider the vibrations of an inhomogeneous flexible structure system
with a constant internal delay and logarithmic nonlinear source term

m () ur — (p()us + 20 () ), + 1762

_ 0,L),t>0
bt - ) = uluP P, 700

1.0.1
0; + kq, +nug, =0 r e (0,L),t>0, ( )
Tq + Bq+ kb, =0 z e (0,L),t>0,
with boundary conditions
u(0,t) =u(L,t) =0;0(0,t) =60 (L,t)=0,t >0, (1.0.2)

and initial conditions
u (z, 0) =y (), u (,0) = uy (515) ;0 (2,0) =0y (x);q(2,0) =qo(x),x € [07 L] (1.0.3)

Where u (z,t)is the displacement of a particle at position x € [0, L] and the time
t > 0.n > 0 is the coupling constant depending on the heating effect,p > 2,7, and k
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are positive constants,u is a real number.7 > 0 is the relaxation time describing the time
lag in the response for the temperature and 7y > 0 represents the time delay, in partic-
ular if 7 = 0,(1.1) reduces to the viscothermoelastic system with delay, in which the
heat flux is given by Fourier’s law instead of Cattaneo’s law, whereq = ¢(x,t) is the heat
flux,m (x), 0 (x) and p(x) are responsible for the inhomogeneous structure of the beam,and,
respectively, denote mass per unit length of structure,coefficient of internal material damp-
ing (viscoelastic property) and a positive function related to the stress acting on the body
at a point x.The model of heat condition, originally due to Cattaneo, is of hyperbolic type.
We recall the assumptions of m (z),0 (z) and p(z) in [3, 7]such that:

m,8,p € W (0,L),m (x),6(x) and p(x) > 0,Vz € [0, L] (1.0.4)

In these kinds of problems, G. C. Gorain [8] in 2013 has established uniform exponential
stability of the problem

m () ug — (p(2)uy + 26 (2) we), = f(x),on (0,L) x RT,

which describes the vibrations of an inhomogeneous flexible structure with an exterior
disturbing force f.More recently,[15], showed the exponential stability of the vibrations of
a inhomogeneous flexible structure with thermal effect governed by the Fourier law,

m(x) uy — (p(x)uy + 20 (T) wy), — k0, = f(x)
Oy — O0pp — kuyy = 0

In addition,in[19],R., Racke studied the exponential stability in linear and nonlinear 1d
of Thermoelasticity system with second sound given by

m (z) uy — (p(x)uy + 20 () wy), — kby = 0,0n (0,L) x R
0; + kq, + nug = 0,0n (0,L) x RT (1.0.5)
Tq + Bq + kO, =0,0on (0,L) x RT

See in this regard,Refs.[1, 4, 6, 10, 20],for the same problem above,Alves,Gamboa and
Gorain proved that system (1.5) is polynomial decaysee[3])with boundary and initial con-

ditions
u(0,t) =u(L,t) =

0;
u(z,0) = (z
0 (x,0) =00 (z);q

0(0,¢) =0(L,t)=0,t>0,
) ue (2,0) = ()
(, )=%@%xeﬂﬂ



We know that the dynamic systems with delay terms have become a major research
subject in differential equation since the 1970s of the last century. The delay effect that is
similar to memory processes is important in the research of applied mathematics such as
physics, non-instant transmission phenomena and biological motivations.the model(1.5) is
related to the following problem with delay terms

’

m () g — (p(2)us + 20 () Usz),

t >0,
+n0s + pug(z,t —79) = 0 €©,1),
et—’_ka—l—nutx:O (7 )t>07
§ T¢+Bq+k0, =0 € (0,L),t>0, (1.0.6)

u(0,t) =u(L,t) =0;0(0,¢) :9(L,t) =0,t >0,
u(z,0) =uo (z),u (z,0) = uy () ;
0 (z,0) =0y (x);q(x,0) =qo(z),x €0, L]

\

The authors prove that the system (1.0.6) is wellposed, and exponential decay under a
small condition on time delaysee[7]. .Now in the presence of source terme,the system(1.0.6)
become the system studied in this work with logarithmic source term,this type of problems
is encountered in many branches of physics such as NuclearPhysics, Optics and Geophysics.
It is well known, from the Quantum Field Theory, that such kind of logarithmic nonlin-

earity appears naturally in inflation cosmology and in supersymmetric field theories (see
[5, 9, 11]).

The thes is organized as follows.General introduction with two chapter In the first one
,we introduced and stated without proofs some important materials must be need in the
proof.In chaptre 3,we proved the blow up of solutions of an inhomogeneous flexible structure
system with a constant internal delay and logarithmic nonlinear source term and bibliog-
raphy:.



Chapter 2

Preliminaries

2.1 Functional Spaces

2.1.1 Normed spaces and Banach spaces

Definition 2.1 The linear space V is endowed by a binary operation (vi,v1) — v1 +v1 : V. x V. — V which makes it a
commutative group and furthermore it is equipped with a multiplication (a,z) — ax : R x V — V satisfying

(a1 +az)v = avy+ava,a(vy +v2)

avy + ave, (a1az) v

= a (agv)

and
l.v=w.

Definition 2.2 Let V' be linear space. A non-negative, degree-1 homogeneous, subadditive functional ||.||, : V' — R called a

norm if it vanishes only at 0, often, we will write briefly ||.|| instead of]|.|,, if the following properties are satisfing respectively:
[ol = 0
lav]] = al||v]

lutol < Jull o]

foranyv €V and a € R and ||v]| =0 = v =0. A linear space equipped with a norm is called a normed linear space . If the
last property (i.e.||v||, =0 = v =0 ) is missing, we call such a functional a seminorm.

Definition 2.3 A Banach space is a complete normed linear spaceV. Its dual space V' is the linear space of all continuous
linear functional w : V' — R. Notation 1.1.4 We can consider the linear space £ (V,R), being also denoted by V' and called
the dual space to V. The original space V is then called predual to V'.

Proposition 2.1 V' equipped with the norm |||, defined by

ull,, = sup {|u ()| : [l«] <1} (2.1.1)
is also a Banach space. If V is a Banach space such that, for any

veV, Vs R:u=|lu+v|> —|ju—uv|?



is linear, then V is called a Hilbert space. In this case, we define the inner product (also called scalar product) by
1 2 1 2
(u0) = 3 Ju+ ol = 5 Ju o] (2.1.2)

Definition 2.4 Since u is linear we see that

u: X = X" (2.1.3)

is a linear isometry of V onto a closed subspace of V" | we denote this by

VoV (2.1.4)

when u cover V', we obtain a family (¢u), . of applications to V' in R
Proposition 2.2 The weak star topology on V' is the weakest topology on V' for which every (o) s continuous.
Theorem 2.1 Let V be Banach space. Then, V is reflexive, if and only if,

By ={x eV :|z| <1},

rev

is compact with the weak topology o (V, V”).

Corollary 2.1 FEvery weakly convergent sequence in V' must be bounded if V is a Banach space. In particular, every weakly
convergent sequence in a reflexive Banach V must be bounded.

Definition 2.5 Let V' be a Banach space and let (uy,)
only if

nen e a sequence in V. Then u, converges strongly to u in V if and

v

tlggo lwn, —ull, =0, (2.1.5)

and this is denoted by u,, — w, or lim;_, o, u,, = u.

2.1.2 Hilbert space

Definition 2.6 A Hilbert space H is a vectorial space supplied with inner product (u,v) such that ||ul| = v/(u, u) is the norm
which let H complete.

Theorem 2.2 (Riesz) If (H;(.,.)) is a Hilbert space, (.,.) being a scalar product on H; then H' = H in the following sense:
to each f € H' there corresponds a unique x € H such that f = (z,.)and || f||y = ||z] 5 -

Remark 2.1 From this theorem we deduce that H” = H. This means that a Hilbert space is reflexive.

Theorem 2.3 Let (un),cy 5 a bounded sequence in the Hilbert space H; it posses a subsequence which converges in the
weak topology of H

Theorem 2.4 [In the Hilbert space, all sequence which converges in the weak topology is bounded.

Theorem 2.5 Let (up),cn
converge weakly tov ; then

be a sequence which converges to u, in the weak topology and (v,,),,c  is an other sequence which

lim (v, up) (2.1.6)

n—oo

Theorem 2.6 Let X be a normed space, then the unit ball

B ={zeX:|z|] <1} (2.1.7)
of X’ is compact in o (X', X).



2.1.3 The L?(Q)) spaces

Definition 2.7 Let 1 < p < oo and let Q be an open domain in R™n € N Define the standard Lebesgue weth space LP ()
by

L? (Q) = {f : 2 — R is measurable and / |f (2)|]P dz < oo} (2.1.8)
Q
Notation 2.1 If p = co; we have

L> () ={f : Q@ — R is measurable and there exists a constant C' suchthat |f (z)| < Cthat is € Q}.

Also, we denote by

1l = inf {C,|f (2)] < C ae € O} (2.1.9)
Notation 2.2 Forp € R and 1 < p < oo; we denote by q the conjugate of p i.e. % + % =1.
Theorem 2.7 LP () is a Banach space for all 1 <p < 0.
Remark 2.2 In particular, when P = 2; L? (Q) equipped with the inner product
9@ = [ F@)g(@)do (2.1.10)

is a Hilbert space.

Theorem 2.8 For 1 < p < oo, LP (Q) is a reflexive space

The L? (0,7, X) spaces
Let X be a Banach space, denote by L (0, T, X) the space of measurable functions such that

T P
<A ||f (t)”])g( dt) = ||f||LT’(07T,X)<oo,for 1<p<oo (2111)
If p=o0
10007 =, 500 €55 1f Dl (2.1.12)

Theorem 2.9 The space LP (0, T, X) is complete. We denote by D' (0,T,X) the space of distributions in |0, T[ which take
its values in X and us define

D' (0,T,X) = £(D]0,T],X) (2.1.13)

where £ (¢, ) is the space of the linear continuous applications of ¢ to ¢ Since u € D’ (0,7, X); we define the distribution
derivation as

% (p) = —u (if) Vo € D(]0,T7) (2.1.14)
and since, we have u € L? (0,7, X)
T
u(p) = /0 u (t) ¢ (t) dt,Yo € D (]0,T]) (2.1.15)



Lemma 2.1 Let

feLP(0,T,X) and % e LP(0,7,X),(1 <p<o0)
then the function f is continuous from [0,T] to X: i.e f € C1(0,T,X)
and g, — g in ¢ ; then g, — g in L7 (y)

Theorem 2.10 LP (0,7, X) equipped with the norm ||.|| 1 < p < is a Banach space.

La(jo,T(,x)’

Proposition 2.3 Let X be a reflexive Banach space, X' it’s dual, and 1 < p q < oo% +% = 1. Then the dual of LT (0, T, X)
is identify algebraically and topologically withL? (0,T,X").

Proposition 2.4 Let X ;Y be Banach space, X CY with continuous embedding, then we have

L?(0,T,X) c LY (0,T,Y) (2.1.16)

with continuous embedding. The following compactness criterion will be useful for nonlinear evolution problem, especially
in the limit of the nonlinear term

Definition 2.8 Let Q C RN be open and let 1 < p < 0o , we say that a function f : Q — R belongs to LY () if fyr € LP (Q)
for every compact set K contained in 2 . Note that if f € L (), then f € Li ().

loc loc

The spaces C* (Q) et C™(22),0 <k < o0

Definition 2.9 We denote by C (Q) where C° () (resp.C* (2)) ,the space of continuous functions (resp. continuously
differentiable) on Q with numerical values (i.e real or complex). For k € NJk > 2 | we pose

cr () = {u cC*1(Q): % cC*1(Q);i=1, n} ,

it is the space of k times continuously differentiable functions on 2. Finally we note
Cc*(Q) = ﬂkeNOk (Q),

c’est l’espace des fonctions indéffiniment différentiables sur €Q.

2.1.4 Sobolev spaces

Modern theory of differential equations is based on spaces of function whose derivatives exist in a generalized sense and enjoy
a suitable integrability.

Proposition 2.5 Let 2 be an open domain in R™, Then the distribution T € D' (2) is in LP () if there exists a function
f € LP(Q) such that

(T, ) = /Qf (z) ¢ (x) dzx, forallp € D (Q)

where 1 < p < oo, and it’s well-known that f is unique.

Definition 2.10 Let m € N and p € [1,00] . TheW™P (Q) ,p(W) is the space of all f € LP (Q), defined as W™P (), such
that 0% f € LP (Q) for all o € N™ such that



n
la| = E a; < m,where, 0% = 071 052..05".

j=1
Theorem 2.11 W™P (Q) is a Banach space with their usual norm

I f lymw () = Z 0% fll s 1 <p<oo,forall f € WP (Q)

la|<m

Definition 2.11 Denote by Wy (Q) the closure of D () in W™P (Q).

Definition 2.12 When p = 2, we prefer to denote by W2 (Q) = H™ (Q)and W{"* (Q) = Hy* () supplied with the norm

N

1oy = [ D2 (10°11,2)? (2.1.17)

o] <m

which do at H™ () a real Hilbert space with their usual scalar product

(U, V) grm () = Z / 0 ud*vdx
Q
o] <m
Theorem 2.12 1.
2. H™ () supplied with inner product (., ‘>Hm(9) 15 a Hilbert space.
3 Ifm>m/, H™ () — H™ (Q) , with continuous imbedding .

Lemma 2.2 Since D () is dense in HJ" () , we identify a dualH=™ (Q) of HJ" () in a weak subspace on Q, and we have

D(Q) — H"(Q) — L*(Q) = H ™(Q) — D' (Q)
The next results are fundamental in the study of partial differential equations
Theorem 2.13 Assume that Q is an open domain in R™ (N > 1), with smooth boundary 02. Then,

1. If 1 < p < oo, we have WhP | for every q € [p, p*] , where p* = n"—f; .
2. If p=n we have WP C L4(Q), for every q € [p, ) .
3. If p > n we have W1P C L> (Q) N C%* (Q), where o = B

4. If Q is a bounded, the embedding (2) and (3) of theorem 1.1.4 are compacts. The embedding (1) is compact for all
q € p,p7)

10



The WP () spaces

Proposition 2.6 Let 2 be an open domain in R™. Then the distribution T € D’ (Q) is in L? (Q) if there exists a function
f € LP(Q) such that

(T, @) = /Qf () ¢ (z) dx, for all ¢ € D (Q)

where 1 < p < oo and it’s well-known that f is unique. Now, we will introduce the Sobolev spaces: The Sobolev space
WP (Q) is defined to be the subset of LP such that function f and its weak derivatives up to some order K have a finite
LP norm, for given p > 1.

WkP(Q) = {f € LP; D“f € L? (Q) Vo; o] < k}.

With this definition, the Sobolev spaces admit a natural norm:

=

P I lrne = | 32 1D F ey | for p < 400

la|<m

and

F= 1l = Z 1D fll oo () » for p = +00

lo|<m

Space W*P (Q) equipped with the norm |||y, is a Banach space. Moreover is a reflexive space for 1 < p < oo and a
separable space for 1 < p < co. Sobolev spaces with p = 2 are especially important because of their connection with Fourier
series and because they form a Hilbert space. A special notation has arisen to cover this case:

wh2(Q) = H* (Q)

the H* inner product is defined in terms of the L? inner product:

(s Dury = > (D*f;D9) 120
lal<k
The space H™ (Q) and W*? (Q) contain C* (2) and C™ (Q) . The closure of D (Q) for the H™ (€2) norm (respectively
W™P () norm) is denoted by H{* (Q) (respectively W7 (Q2)). Now, we introduce a space of functions with values in a
space X (a separable Hilbert space).The spaceL? (a, b; X) is a Hilbert space for the inner product

b

(F9) 12 amn) = / (F (£) g (8) y dt

a

wenote thatL> (a,b; X) = (L1 (a,b; X))/ . Now, we define the Sobolev spaces with values in a Hilbert space X. For k € N,
p € [1, 00], we set:

ov
al‘i

WEP (a,b; X) = {v € L7 (a,b;X) — € LP (a,b; X) Vi < k:}

The Sobolev space WP (a,b; X) is a Banach space with the norm

P

of
a.’IJZ'

1
) for p < 400

k
Hf”wk,p(a)b;x) = (Z
=0

LP(a,b;X)

11



and

ov
al‘i

k P
||fHWk:,(x>(a,b;X) - (Z > .fOT p= 400
i=0 [oo(a,biX)

The spaces W2 (a,b; X) form a Hilbert space and it is noted H* (0,T; X). The H* (0,T; X) inner product is defined by:

k b
Ou Ov
(4 0) g (o, x) = ;/a (axi 81,1'))( dt.

Theorem 2.14 Letl < p <n, then

WP (R") ¢ LP" (R")

where p* is given by p% == — % (where p = n; p = 1). Moreover there exists a constant C' = C (p,n) such that

1
p

[ull pp < C I Vull Yu e WHT(R).

LP(R™) )

Corollary 2.2 Let1 < p <mn, then

WwhP(R™) ¢ L (R™),Vq € [P, P*]
with continuous imbedding. For the case p = n, we have
whn(R™) ¢ LY (R"™),Vq € [n, +00]

Theorem 2.15 Let p > n, then

WP (R™) C L™ (R™)
with continuous imbedding.

Corollary 2.3 Let Q) a bounded domain in R™ of C' class with T = 0Q and 1 < p < co. We have

1. If 1 < p < oo, then WP (Q) C LP" (Q) where L =1 —

pT

S|

1
P
2. If p=n; then WP (Q) C L9 (Q),Vq € [p, +o0]

3. If p > n; then WP (Q) C L™ () with continuous imbedding. Moreover, if p > n we have:

Vue W (Q), Ju () —u )| < Cla - yl* fullying aea,ye

12



2.2 Some integral inequalities

we will give here some important inequalities. These inequalities play an important role in applied mathematics and also, it
is very usefull in our next chaptre.

Young’s inequality

Let p and ¢ strictly positifs real numbers we define the Young’s enequality by

11
4 S =1
P oq
Then » "
Y(a,b) € IR*: |ab| < lal® + L.
p q

Hoélder’s inequalities

Theorem 2.16 Assume that f € LP and g € L? with 1 <p < oo. Then (fg) € L* and

Ifgll < 1I£1l, gl
Corollary 2.4 Let f1, fa,...fx be k functions such that, f; € LP (Q),1 < i<k

1 1 1 1
St — 4.4+ —<1 (2.2.1)
p D1 b2 Pk

Then, the produc fi fo...fx € LP (Q) and || f1 fa-r.fill, < [1f1ll,, - | fell,, -
Minkowski inequality

Lemma 2.3 Forl <p < oo, we have

lu+ vl o < lull s + 0]l Lo - (2.2.2)
Cauchy-Schwarz inequality

Lemma 2.4 FEvery inner product satisfies the Cauchy-Schwarz inequality

(21, 22) < [l ] (2.2.3)

The equality sign holds if and only if z; and x5 are dependent. We will give here some integral inequalities. These inequalities
play an important role in applied mathematics and also, it is very useful in our next chapter.

Lemma 2.5 Letlgpgrgq,%:%—i—l_Ta,andlgagl. Then

1—
< Ml el ™

Lemma 2.6 For alla,b € RT, we have

b2
< 6a®+ —
ab < da —1—45/,

where § is any positive constant.
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Lemma 2.7 For all a,b > 0, the following inequality holds

ab< —+ — (2.2.4)
p
where, % + % =1 Witha=1- % > 0 and C is a constant which depend on p,n and Q In particular W (Q) C C (Q)

Lemma 2.8 (Sobolev-Poincaré’s inequality)

2
If 2<q< n27n23;and,n:172; (2.2.5)
n—
then
lull, < C (g, Q) [IVully, Yu € Hg () (2:2.6)
Remark 2.3 For all o € H?(Q),Ap € L?(Q) and for T sufficiently smooth, we have
e Ol 20y < C 1AL (D)l 120

Proposition 2.7 (Green’s formula). For all u € H' (Q) we have

/Auvd:v—/Vqudx—/ @vdo (2.2.7)
a0 On

where gz 18 a normal derivation of u at I’
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Chapter 3

Blow-up of solution of nonlinear flexible
structure system with second sound in the
presence of delay term in time and logarithmic
source term

3.1 statement of problem

In this work, we consider the vibrations of an inhomogeneous flexible structure system with a constant internal delay and
logarithmic nonlinear source term

m () gy — (P(@)ug + 26 () Utz ), + N

_ x€(0,L),t>0,
g (,t = 70) = wlul” I ful7, (0.5 (3.1.1)
0r + kqy + N =0 x € (0,L),t>0, o
TG + Bq+ kb, =0 x € (0,L),t>0,
with boundary conditions
w(0,t) =u(L,t) =0;0(0,t) =6 (L,t) =0,t >0, (3.1.2)
and initial conditions
w(x,0) =ug (x),us (2,0) =uy (z);0 (x,0) =0y (z) ;¢ (x,0) = qo (x),x € [0, L] (3.1.3)

Where w (z,t)is the displacement of a particle at position z € [0, L] and the time ¢ > 0.n > 0 is the coupling constant
depending on the heating effect,p > 2,+,8 and k are positive constants,us is a real number.7 > 0 is the relaxation time
describing the time lag in the response for the temperature and 79 > 0 represents the time delay.

Let us introduce the function

z(z,p,t) = us (z,t — pro), 2 € (0,L),p € (0,1),t>0

Thus, we have
102t (z,p,t) + 2, (z,p,t) = 0,2 € (0,L),p € (0,1),t >0

15



Then, problem (3.1.1) — (3.1.3) is equivalent to

m (z) ug — (p(x)ug + 20 () Uss),, + 10

tpz (z,1,8) = ulufP?In|ul, x € (0,L),t>0,

10zt (2, p, ) + 2, (2, p,t) =0 x€(0,L),pe(0,1),t>0, (3.1.4)
0r + kqy + nuge =0 x € (0,L),t>0,
TG + Bq+ kB, =0 x € (0,L),t>0,

With
w(0,t) =u(L,t) =0;0(0,¢t) =0 (L,t) =0,t >0,
w(x,0) = ug (x),u; (x,0) = uq (x) ;0 (2,0) =0y (z),x € [0, L]
q(2,0) =qo (z),x € [0, L] (3.1.5)
2 (x,0,t) = w(x,t),z € (0,L),t >0,
z(x,p,()) - fO(xa 7p7_0)71' € (OaL) P E (0’1)

We first state a local existence theorem that can be established by combining the arguments of related works
Let v = u; and denote by

10,6
T T
® = (’LL, v, 97 q, Z) ) ¢ (0) = (I)O = (an Uy, 607 qo, fO)
The state space of ® is the Hilbert space
F=H}(0,L) x L?(0,L) x L2 (0, L) x L*((0,1) x (0, L))

Theorem 3.1 Assume that
2
2<p§7n, ifn > 3.
n—2

Then for every ®g € F,there exists a unique local solution in the class ® € C ([0,T],F).

3.2 Blow-up of solution

In this section, we prove that the solutions for the problem (3.1.1) — (3.1.3)blows-up in a finite time when the initial energy
is negative..We use the improved method of Salim and Messaoudi [20]. We define the energy associated with problem
(3.1.1) — (3.1.3) by

B6) = 5 (Im@)lo e 012) + 5 (Ip@) o lel?) + 2 lal
1
2

1
T0 \N| 2 Y P
! / 2 (0.0l do + 5 lul

1 L
—f/ |ul” In |u|” dz (3.2.1)
b Jo

Proof. In order to define the energy function E(t) of problem (3.1.4)—(3.1.5), we give the following computation. Multiplying
the equations in (3.1.4) by w, pz(z, p, t), 0, ¢ respectively and integrating the resulting equation over [0, L], we obtain

fL m(x)uguy do — fL(p(x)uz + 20(2) Uy ) pus d
Ly L 0 L s (3.2.2)
+ Jo meurdr + [ pz(z, 1, t)uy de = [ wlul’™" In |u|” u, dx

L 1 L 1
[ wnostent) atwptidedos [ [ wstept). 2o dzdp =0 (3.23)
0 0 0 0
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L L L
0.0 dx + k/ G0 dx + 77/ Ug@dr =0 (3.2.4)
0 0 0

L L L
/ qthdac—i—ﬁ/ q2dm+k/ 0.qdxr =0 (3.2.5)
0 0 0
we integrating by part over [0, L] and using (3.1.5) and by using
1d
{ututt 2dt| t|2 (*)

on the first term on the left side (3.2.2)we obtain

v 1d
/ m(x)upuide = / ug|” m(z)dx (3.2.6)
o 2dt

and by the same way by parts on the second and third terms on the left hand side of (3.2.2)

L L
— / (p(x)ug + 26(2)ute), wpdr = / ug (p(@)ug + 20(2)uss), do
0 0
. L
= - ([Ut (p(@)uz + 26(x)uee)]y — /0 Uz (P(2) e + 20(2)Usy) dx)

=[S L) s+ 25 — S (0,) (ol +25(x)um)]

L
+/ Ut P(T) Uy + 2Up 0 () Ut da
0

L

= Vue p(x Vudx—|—2/ o(x |Vut| dz (3.2.7)
0
" 1d [* ) L ,
‘/ w (p(@)us + 20(@)ur), dr = 5 / p(@)|vul® dz + 2 / 5(x) |V de
0 24t J, ;
1d
= 5= (@l Ivul) +2 (16 . - 19]2) (32.8)

L
/n@mutdx = /9utd;v
0

L
= 7 [du(L (L, t) — jtu((),t)ﬂ((),t)] —77/0 Ut 0dx

with w(L,t) = u(0,t) = (L, t) = 0(0,¢) = 0

/ nogurdr = 1 [u(LJ)Q(L,t) - u(O,t)H(O,t)} —77/ Vuifdx
0 dt dt 0
=0

L
= —77/ Vuifdz (3.2.9)
0
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With

L
/ wz(z, 1, t)ude
0

By using young’s inequality in (3.2.6) we obtain

L
1d
| i@ < 55 (@) lul?)
ol Ll
la.b| < 5 + 5

L
/ wz(z, 1, t)uy do
0

now we treat the source terme

L
/ ww|ulP 2 Injul de =
0

/ 1d {|u| Ynju|"dr =
0

L
g / ‘/U’Z(x717t)ut| dx
0

L
< |u|/ |z(z, 1, t)us| da

0

L 2 2

z(x, 1, U
<|m/lu2>|gglw
2 Jo

<'”/ |m+wmmwm

1
/0 p(jt {lu”}In |u|” dz

L
/0 Sdl {Ju’ In |u|"} dz

L
| (d d
/( uf? In [u]” + [u? L ln|u|7> .
o P

L L
1d 1 d
/Oga{|u|p}ln|u\7d:c+/0 lul’ 5 {nful"}d

1d, o /Ll d
wlPIn |u|”} do — = |ul? = {In|u|"} dz
Ly e~ 2 & gy

1 1 [E
d |u|p In u|” do — 7/ v |ul? - de
pdt »Jo |ul

1d » 1 [t .
| Ydo — ~ P d
ﬁ/|an oo [ b o

1d 1t 1 d
|u|p In |u|” dz — 2;/ ve= |ul” dz
0

dt pdt
1d v d
o WWMNM—E@MW
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Using (*) on the first term on the left side (3.2.3)we obtain

L 1 L 1 1 d 9
/ /mz(a:,p,t)-zt(x,p7t>dxdp - / /mf—\zu,p,t)\ dz dp
0 0 0 0 2dt
L 1
/LTod
- o T

= |N£7'0 dt/ / |z(x, p, )| dpda (3.2.14)

Integrate the second term from the left of (3.2.14)

! 1 1
| s timtoonde = [3late 1.0 - 5 st 0.0P]
0

E 2z, 1, )2 — % |ut(x,t>|1

L 1
[ [ wetwnzntepiydpts - m\/ 50— 5 o0 do
0 0
- m\/ (o, 1,0) dx—m/ L fusa, ) da

= M/ |z(x,1,t)\2dx—M/ g (z, )| da
0
I / (@10 de — B o 1) (3:2.15)

Using () on the first term on the left side (3.2.4)we obtain

L L
0:.0dx = / 0" dx
/0 k 0 2dt||

1d )
= 2 [ P24
2dt || *

= 32 H9||2 (3.2.16)

Using integration by parts over the second term on the left-hand side of (3.2.4) we obtain

/ 0 qzdx = —k/ 0.qdx (3.2.17)

77/ uItde—n/ 0 uydx (3.2.18)
0

substituting(3.2.16)-(3.2.18)using in the equation(3.2.4)
=3 dt ||9H2 - k/ 0.qdx + n/ 0 ugrda (3.2.19)
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Using (*) on the first term on the left side (3.2.5)we obtain

L
0

\
S—
&
\}
<
R
ISH
S

Y lq|” da
Td
= 53 gl (3.2.20)
L Lo )
o [ do=5 [ lado =5l (3:2:21)
0 0
L
k/ 0, qdx (3.2.22)
0
By collecting (3.2.6)(3.2.7)and(3.2.9)(3.2.12)-(3.2.18)and (3.2.20)-(3.2.22)The following equality is reached
1d 1d [*
5&/ m@) il do+ 53 [ o) (90 do
+2/ 8(x) V| da — / Vu, 0 dz + |g| |2(x,1,1)|? d
0
S et e+ T ol + 9l
24de "2 >

+k/ 9qua:+f—||9H2 k/ qudx—&—n/ 0 uyrdx

|M|To //
5 dt |2(2, p, 1) dpda

] ||

+ 2 | (z,1,8)] doe — =2 |ut(:v,t)|2dm
2 0 2 0
_1d |
i \u|ff’1n|u|7 do — %/O 3 lul” da (3.2.23)

Substituting (3.2.8)(3.2.11)1nto(3.2.23)

1d 1d
=S (@)oo - Nluel3) + 5 < (Ip(@)lloo - [Vul?)
2 dt 2 dt
Nwwmmva@%Hm/|4an%x
SR S TYE B P
2 q¢ 12 2 T 5 g 17112
|,U|To / /
T |2(z, p,t)[Pdpda
v d 1d
+ gl - ;@/O fuf? I fuldi = 0.
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The above computation inspires us to define energy derivative functional as follows

1d
2 dt

L 1
anlul [ [ |z<x,p,t>|2dpdx}
0 0

1d [* d
——— |ul? In |ul” dx + 12—
pdt J, p? dt

E'(t) = {Ilm(x)lloo luell3 + @)oo - IV2ll3 + 7llgl3 + (16113

l[ullf

L
= *2||5(9C)||oo'||Vut|\§*5||Q||§*\#|/O |2(2,1, 1) do

and the energy functional given by

2 1 2
(@l - luel) + 5 (Ip@)l - 1Vul3)
Toowe Lo wolul [T 2
Slall+ 5 1003+ 2 [ [ et .0 dpda
2 2 2 ) Jo
g Y
- - wlP In|ul” do + = ||ul|?
=] gl o+ 2
by using an estimation we find
2 2 L 2
(1) < - [2(||5<x>||m.||wt|2)+ﬂ||q||2+|u| / [2(,1,0) dx]

Lemma 3.1 Suppose that

2<p<

2n
> 3.
n—2"=

Then there exists a positive constant C > 0 depending on[0.L] only such that

L P
[/ Jul” In Jul” dm] <C
0

for any u € H} (0, L)and 2 < s < p, provided that fOL |u|” In |u|” dz >0

L
/ |upln|u|”dw+|uw||§]
0

Proof. if fOL |u|” In |u|” dz > 1 then

s

L P L
[/ [ul” In Ju|” dw] §/ |ul” In |u|” dz
0 0

I ={xe€l0,L]||lul >1}

if fOL |u|” In|u|” dz < 1 then we set
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and, for anyfs < 2, we have

. 8
L » L b 8
/ [ul” In |u|” dz < / lul’ In ju|" dz| < [/ [ul” In u|” dm]
0 0 r
5 L 5
< [ P! dm] < / lulPT da
r, 0
Be+1)
= lull,1
We choosefs = (pif’l) < 2 to get
k ’ 2 2
[ / |u|”1n|u”dx] <Py < C lwall (3.2.30)

Combining (3.2.29) and (3.2.30), the result was obtained. m

Lemma 3.2 There exists a positive constant C > Odepending on [0, L] only such that

Jlull; < C

L
/ [ul” In [u]” dz + ||Um|§‘| (3.2.31)
0

for any u € H} (0, L), provided that fOL [ul?” In |u|” dz > 0.

Proof. We set
Iy ={z€[0,L]||lul >e} and T_ ={z € [0,L]||ul <e}

/ |u|pdm+/ |u|” dx
Ly

thus

ully

< / [ul? In [u|” d£C+/ eP ‘g’pdz

r, r_ €
w2

< / |u|pln|u|vdx+ep/ ‘f‘ dx
. r_'e
L L

< / [ul? In u]” dx+ep*2/ lu|? da
0 0

<

L
C{ / o In o] dz + ||uz||§}
0

2

Using the fact that ||u||§ <C Hu||127 <C (Hu”g) " we have m

Corollary 3.1 There exists a positive constant C > 0 depending on|0, L] only such that

L P 4
Jul < © ( / |u|p1n|uwx> + gl 523
0
provided that fOL |ul” In [u|” dz > 0.
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Lemma 3.3 There exists a positive constant C > 0 depending on [0, L] only such that

2
lull, < C [llully + [luall3

(3.2.33)
for anyuw € H} (0,L)and 2 < s<p
Proof. if |ull, > 1 then
lJull, < llull;
if [lull, <1 then, |lu;, < ||uHZ .Using Sobolev embedding theorems, we have
s 2 2
[l < llull, < Clluell,
this purpose, we define
1 2 1 2 Tz Liope
H(t) = —E(t) 5 (Im@)lleclluclz) + 5 (Ip@)lloclVullz) + 5 llallz + 5116112
L 1 L
1
e B[ e pPape = 5 [l + il
2 Jo Jo P Jo p
1 2 1 2 T 2
H(t) = —E(®) =~ (Im@)l lue ®13) = 5 (@) lul3) - 5 lal
Lo Tolul ! 2
=5 1013 = "0 [ ep 0P do - 2l
1 L
—l—f/ |ul” In |u|” d (3.2.34)
pJo
s 2
Jeally < © {lhulf + luc 13} (++)

Corollary 3.2 Assume that(3.2.27) holds. Then

I SN p _ 2
( l f'ﬂ(ﬁlx) lully ~ (e ) H)
m(x)|| 2 T 2
— (Ut D 013 - (e ) a3 (3.2.35)
2 T 1 2
~ (1) 1613 = e Jy 11z (., 1)) dp

L
+ o= Jo [l Inful” dz

lull, <€

for any u € (H& (O,L))n and 2 < s < p.

Proof. we have

1 1 T 1
H(t) = = 5 (Im(@)lselluel3) = 5 (@ luall3) - Zllal3 - 51613

L L
1
P el do [l s - Zjulg,
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and

1 1 T 1
S IP@)loclluzllz = = H(t) = S Im@)lloclluellz — 5 llallz — 511013

L
_ ol JEYRIR
2 0

1 L
+ / Juf? In fu|Yd — L [lul |2
P Jo p

with
2 1 T 1
2= | H@E -~ . 2 Ty Ly
N Hp(x)”m[ (1)~ L)oo} - T gl - L1013
_T0|/1“/ / | 2(x p’ ded.’b
+1/ |u|? In |u|"dx — 2||u|p1
P Jo p
we obtain
2 @l 7 1913
uw2:—< )H(t— 2_ q2_ 2
leell: ==\ pi= ) 2O~ b >|\oo @<~ @i
7—O|M| / p
z(x, p,t)||*dp — U
D Ve O~ el
L/ |u|P In |u|"de.
pllp(®)]loe Jo
then
2 @@l 7 o 013
ull; <C up—()Ht)— — qlls — —F—~—
el < €\l =\ i ) ¢ ||p<x>||oo @i~ @)=
To|/~L\ /
(e, p,8)|%dp — ll?
" )le Ao
#/ |u|P In |u|"dx | .
oI Jo
with (x*) we find
2 @@l 7 o 1613
Jull < €l ~ () 760 - - al - ol
Ip < Yllells =\ o ||p<x>||oo @<~ @)=

_molul /
l2(x, p,t)||*dp — flullp
p(@)[[so P2p(2)]|se ( Moo 7

2
7/ |u|P In |u|"dx |.
plp(@)lloe Jo
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full < €| (1 s g - (=) 70 - (=) g

() 18 = () 190 - |p70|u||oo/ oGz, ) dp

9 L
—1—7/ |u|P In |u|” | dx
plp(@)llee Jo

for any u € (H} (O,L))n and2<s<p m

Theorem 3.2 Assume that (3.2.27) holds. Assume further that

20) = 5 (Im@ I 0)1) + 5 (Ip@)l ||VU0H2>+I||QO||§

7o |1
ol + / / [l =) e+ 7 ol

1 L
—};/ lug|? In |ug|” dz < 0
0

Then the of solution of(3.1.4)blows up of in finite time.

Proof. we have
E(t)<E0)<0

and
B = ~E'0) =2 (15 lust (0)13) + 5 lal3
L 2
—|—|u\/0 |2 (z,1,%)]" da

Hence,

H'(t) > OO{ (”5(“3)||oolluxt(t)||§) }

+ |pl fOL 22 (z,1,t)dx
0;vt € [0,T)

v

consequently we get
L
0 < H(0) < H(t) < / (ufP In [u]” da: ¥t € [0,T)
0

of (3.2.1) and (3.2.34). We then introduce

L
L) = H7@t) + 5/ [m(x)ut (t)u(t) + 46(x) \ur|2 dx
0
L
nr
—uqd.
+€/0 3 uqdx
Where ¢ > 0 to be specified later and
2(p—2 -
(p 5 ) <a< b=z <1
p

(3.2.36)

(3.2.37)

(3.2.38)

(3.2.39)

(3.2.40)

(3.2.41)



A direct differentiation of L (t) gives

L
L) = (1= HOH @)+ [ [m(o)uet)u(®) + utyu)

d L
+ 45(x)a|um\2}dx + E/O 1—7 [ueq + qu]da

L
=1 —-a)H (t)H *(t) + 6/ m(z)ugu + m(x)|ug|* + 46(x)—|ux|2]daj
0
Lrnr nr
+E/0 {?utq—s— ?qtu} dx
L L
. (l—a)H’(t)H’o‘(t)+s/ m(x)uttudx+6/ (@) w2 dz
0
L
—i—s/ 45(x)g|uz|2dx+5n—7—/ utqd:r—i—s—/ grudx.
0 dt kE Jo
From (3.2.2) we find that
L L L
5/ m(z)ugu dx :5/ (p(x)u$+25(x)um)xudxfs/ nfzudx
0 0 0

L L
—5/ ,uz(x,l,t)udac—i—a/ u?|ulP~% In |ul|? da.
0 0

L
5/0 (p(2)uy + 26(x)usy), ude = € [u(z, t) (p(z)u, + 25(x)um)]§
L
- 6/0 Uy (P() Uy + 20(2)Upy) da
L
= _5/0 Uy (p(@)uz + 26(2)uty) da

L L
= —5/ p(a) [ug|® dz — 2{—:/ d(z)urpuy do.
0 0

L L
—677/ Oudr = —en [u(x,t)@(z,t)]OL —|—€77/ uz 0 dz
0 0
L
:517/ U0 dx
0

L L L
E/ m(z)ugude = —5/ p(x) |ug|* do — 25/ O(z)utguypde
0 0 0
L L
+577/ uxﬁda:—s/ pz(z, 1, ude
0 0

L
+6/ |ul” In |u|” dx
0
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From (3.1.4) and by multiplying U we find that

L L L
T/ uqtdac—&—ﬂ/ qudx—i—k/ O udxr =0
0 0 0

Starting from equation (3.2.47), and after transferring the limits to the other side, we get

L L L
7'/ uqtdx:—ﬁ/ qudw—kz/ 0 udx
0 0 0
L L L
@/ Uthdz:fg/ 5qudxf€7]/ 0, udx
k- Jo k- Jo 0

L L
7577/ 0, udx = 677/ u,0dr
0 0

By substituting (3.2.49) into (3.2.50) we find that

L L L
@/ uthdx:—ﬁ/ ﬁqudaz—i—sn/ O uy dx
k Jo k Jo 0

By substituting (3.2.44)-(3.2.46) and (3.2.50)into (3.2.42) we find that

Multiply by 5% both sides to get

Integration by parts

L

L
L) = (1— a)H-(t)H'(1) +5/0 m(@) u? do —5/0 (@) |ua|? de

L L L
- 26/ O(z)urguy do + 57)/ ugf dx — 5/ pz(x, 1, t)yude
0 0 0

L L
+ 5/ [ul” In|u|” dz + 25/ 8(x)uppuy do
0 0

L L L
7@/ Bqudm+5n/ 9umdw+€n—7—/ qudx
k Jo 0 k- Jo

L

L
L'(t)=(1—a)H *(t)H'(t) + 6/0 m(z) |ug|? da — 6/0 p() |ug|* da

L L L
+ = qrudz + 2577/ Ouy dr — 8/ wz(z, 1, tyude
k- Jo 0 0
L L
+ 5/ [ul? In |u|” dz — % qudz
0 k Jo

Using the inequality of young

L 1k, Lk,
2577/ 9umdx§25777/ 6] dx+2€177/ lug|” de
0 2 Jo 2Jo
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(3.2.47)

(3.2.48)

(3.2.49)

(3.2.50)

(3.2.51)



L
20 [ Ousds < e |01+ =n
0
2 2 L 2 2
—En ||9H2 —E&n ||qu2 < 2en ) Oudr < en ||9||2 +en ||ux||2
L
2 [ Ousda =~y 6] ~ en us |} (3:2.52)
0
L 2 2
| @ sl do < ) 1
L 2 2
e [ p(o) el do 2 < (@) s (3.2.53
0

L
*/O m(x) [ug|* dr < — |lm(z)l| [luells

L
2 2
[ @) sl do > ¢ () o (3.2.54)
L L
enT ent 1 2 ent 1 2
=T t)dr < 217 do+ 2 d
T [ auwtdn < 555 [ i+ 55 [l da
eEnNT E’I]T
7 ) qug(t)dr < < YR ||CIH2 ||ut||2
5777' 5777' 5777' L ENT
g2~ S fuell2 < [ etz < S gl 4+ S
enT L enT 67]7—
T awode = <3 jal - G (3.2.55)

and

L 1 /L , 1t
/ pz(x, 1, t)ude < |yl f/ |2(x,1,t)] da?—i—f/ |u|” dx
0 2Jo 2Jo
<l {8 [ et 0 e+ o ol
= 2 J, 2¢, 1112
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L 1
75/0 pz(z, 1, t)ude > —c|p {&/0 |2(x, 1)) do 4+ — 2%, ||u||2} (3.2.56)

L L L
np np 1/ 2 1/ 2
PRl < — —
3 /0 qudz 3 {2 | lq] d:v+2 ; |ul” dz

< DL g+ o iz
ng

L
np 1 2
[ qutr > L% g3+ ol (3.2.57)

substituting (3.2.52)-(3.2.57)into(3.2.51) we get
L'(t) = (1 —a)H " (t)H'(t) - 877 H9||§ —en Huz||§ — e [lp(@) | lluell
2
+ellm(@)l o lJully = 2k 13 —5 || I3

L
—s|u|{51/0 o, 1) da:+2§ ||u||2}

]

L
+€/ |ul” In |u|” d.
0

L) > Q-a)H O H )+ {Im @)l — o} w3
& {llp @)oo + 1} o} — 2 1013

L
e { T bl e [ el do

L
el [l - {14+ 22 (3.2.58)

We obtain from(3.2.37)and(3.2.58)the following

k L
L) = (1= )OO ~ 502 ol = el S5 [ 11,0 da

2 2 i 2
& {Im@)lloe = 2 } lluell3 = & {lp(@)lloo + 0} izl = en 1013 = <22 a3

L
|pl K
+5/0 |uP1nu|7dm—g{2§k+2§k [l ||2 (3.2.59)

L
H'(t) = 2116(2)|, - [IVuell2 + B 1lall? + [ul / 2z, 1,0)|? da

29



We have

L
@2l [ el 1,0
0
H'(t) > 8 lq]l3.
Multiplying (3.2.60) by 7€§1k and (3.2.61) by— s"& we find
&k | &1k /L 2
S —H'(t) < —¢ |2(x,1,t)|” dx,
"ok % J,

7762 /3'7752
2 . H'(t) < —

Combining equations (3.2.62) and (3.2.63) side by side, we get:

(52 -5 o < =<0 [ e B2 it

lall3 -

By substituting (3.2.64) in (3.2.59) we find

L0z (- O+ (<5 - 52 ) 1)

nt
e {Im@)ll = 37} lhrll3 =  {lp@) e + ) 3 = 2 1613

L
_ ot p Y . || k 775
T lal+e [l as - { B8 0L e,

v = {0 - e -« () b

nt
e {lm@) oo = 2} el = & o) g + 1} a3 — 2 16113

L
lulk 0B
—eg ol e [ as - e {4 g,

(3.2.60)

(3.2.61)

(3.2.62)

(3.2.63)

(3.2.64)

(3.2.65)

We also set & = & = H *(t) , Hence(3.2.65) Where C' = % and M = |u|k 4+ nf are strictly positive constants gives

v ={a- e - (0 nt = )b

e {Im@)le = 2} luel3 = = (b g + 1} sl = n 1613

L
k B
_ Py Y de — |l n 2
ol e [l do - e { g T

L't)>{(1—a)H *(t) —ecH “(t)} H'(t)
& {Im@)ll = 37 } lhrll3 = e {lp(@) e + ) 3 = < 1613

L M
T gl + ¢ / I dr — 1) .
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HO) 20~ - s HoOH ()
+ & {Im@)lle = 2 } luell3 = = {llp(@) oo + 0} luall; = en 1613

L
™ 2 M (oY
eI gl + e / I dr — < 3 1) .

L L
5/ [ul” In |u|” do = (ez—m—i—ea)/ |ul” In |u|” dz
0 0

L L L
= 5/ [ul” In |u|” d:rfea/ [ul? In |u|” d$+€a/ lu|” In |u|” da.
0 0 0
Substituting (3.2.67) into (3.2.66) we find that
L'(t) 2{(1 — &) —ec} Hia( )H'(t)
t e {Im@)le = Tl = @)l + 1} e = 0 1013

L L
—efgl3+e / il L [ul dz — ea /
0 0

From (3.2.34) we get

2k

1 (L 1 1 o\ T 1
7/ [ulP In|u|"dz =H (t) + 3 (Im(@)lloo [luel3) + 3 (Ilp(fc)IIoo HUIHQ) + §|IqH§ + §||<9||§
PJo

L 1
ol (2(2, p,6)? dpdz + L[],
2 p
2 Jo Jo p

L
p p 2 P p
[ e <p 20+ 5 () e ) + 5 (el esl) + 5l + 1003
Top || bt 2 Yipe
+ [2(@. o) dpda + Ll
2 Jo Jo p

Substituting (3.2.69) into (3.2.68) we find

V@O 2 {0 Oy 0
+e{lm@l. (1+50 a)) 7 el
+<{lp@l. (51— +n}||uxuz

1—a L
vefont EEZD ol 4o [ 1l as
0

™  pr(l—a) s ve(l—a) »
+e{ e R

el =) ||//|za:p,|dpdx

—e%ﬂ“( 1) lull3 + p= (1~ a) H (1)
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L
M
[ul” Ln |u|" dz —i—Ea/ lul? Ln |u|” dz — e=— H(t) ||ul3 .
0

(3.2.66)

(3.2.67)

(3.2.68)

(3.2.69)

(3.2.70)



Using (3.2.32),(3.2.39) and Young’s inequality, we find

[0

L
2 2
He (1) [ul2 < (/ u|”1n|u|7dx> 2
B I a—i—% I « .
< C /|u|p1n|u\7da¢ + /|u|p1n|u\7da¢ ]| 3
0 0

(ap+2) ap

[ L P L p—2
(/ |u|pln|u7dx> +||uI|§—|—</ |u|P1nu|7dx>
0 0

IN
Q

Exploiting(3.2.41), we have
2

ap
<p
2~

2<ap+2<pand2<
p—

Thus, lemma 1 yields
L
H® (t) ||u||§ <C {/0 [ul? In |u|” do + ||ux||§}

Combining (3.2.70) and (3.2.73), we obtain
L) > {(1-a)—eCYH () H' (1)
e {Im @l (1+5 =) = 22} el
re{lp @l (50 -0 1) 4005 bl

1- MY [
+e —77+M H9||§+5 a—C— / [ul” In |u|” dz
2 2% [ Jy

™ pr(l1—a) o ye(l—a), ,p
+s{ 2,€+}||q|2+2 Jull

cTopll=a) |\//|zmp,|d,odx

—&-pa(l—a)H

At this point, we choose a > 0 so small that

i p5(12— a) 0
(p 1-a)— 1) > 0
TOP(12* a) 0
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(3.2.71)

(3.2.72)

(3.2.73)

(3.2.74)



and k so large that

2
M

G_Cﬂ > 0
Poa_)_-1"

Im@)le (1+20-0) 22 > o
™  pr(l—a)

Once C and a are fixed, we pick € so small so that

(1-a)—eC>0

And
A = {||m(x)|\oo (1 + g(l - a)) - %}
Az = {Ip(@)l (51 - a) = 1) 4},
Az = {—7]+ p€(12* @) } )
A= {—;Z + pT(l; a)}

hence (3.2.74) becomes

L't > {(1—-a)—eCyH ™ (t)H' (t)
+eAy [Jully + e Az [[ugll3 + A5 |19]13

2 MY [F
+edallqly +eqa—Cor / [ul? In |u|” d
2 [ /o

1—a L 1
L W Y
0 0

F U= e pe (-0 H )

whereA; — Ajare strictly positive constants depending only on p, 7,7, k, a.
Thus, for someAq > 0, estimate (3.2.75) becomes

2 2

H (t) + |luelly +LHU';L'||2 + [full?

L(t)2 Aoy lalls + 1011z + Jy [ul” Inful” da
—i—fo fo |z (z, p,t)|” dpdz

and
L(t)>L(0)>0,¥t>0.

From (3.2.40) we have
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(3.2.76)

(3.2.77)



L ﬁ L ﬁ
LT (t) = H(t) + (5/ m(x)uru dm) + <4€/ 6(x) |uz|2dx>
0 O

N
+ (8/ uqda:) (3.2.78)
k Jo

Next, using Holder’s inequality and the embedding |[ufl, < C'[[u]|,,, we have

L L L
/ m(z)uupdr| < / |m(z)usu| de < / Im(2)| |usu| dx
0 0 0

L
< m(@)ll, / gt da
0

We put m(x)] . = c

L L
< c/ lugu| de < c/ || |u| da
0 0

< effuglly fJull, (3.2.79)

L
/ m(x)uuide
0

and exploiting Young’s inequality, we obtain

L ,
| @] < @)l (el -+ el }

1
I—«a 1

1 " T—a
< (@)1= {Jlul” + llue]™ }

L
/ m(x)uurdx
0

1

T—a . . o
< m(z)| 2 {Iull” i }

L
/ m(z)uurdx
0

1

L 11—« ’
- = 1 1
/ m(x)uurde < C{HUH;“ + w3~ } , For . + o= 1 (3.2.80)
0

To be able to use Lemma 3, we take ' = 2 (1 — o) which gives

_ 2
l-a = 12« Sp




Hence, Lemma 5 gives
Weput:lfazlfza:p et = =2

L
/ m(x)uudz
0

< Cy (Il + N3 + e 13) . VCr > 0 (3.2.81)

with the same way, we get

L L
67]17/0 uqdx S‘SWTT)/O |ug|dx

enT r o
< |2 { el + liall }

1
1—

|

1

1
T—a ') T—«
{Ihully + alls }

enT

k

L
57777'/0 uqdr
L
57777/0 uqdr

L
45/ 5(z) [us|? d
0

-«

S/
s@@w;ﬂ+qMﬂ}

1—a

< (4218 |l )

< (4e 5()) ™ ('“m“'j_la>

2
< s flually
We put 11— = 1722(1 =p et 25 =2
Lopr T
s/ ?uqdz < Oy (||u||£ + Hq||§> ,VCy >0 (3.2.82)
0
1
L T—o
g/ 45(2) lualPdz| < s fuall?,¥Cs > 0 (3.2.83)
0
From(3.2.81) — (3.2.82) ( 3.2.83) and we obtain
1 P 2
1w <cd HOFL+lallz Lo, o o go s (3.2.84)
+lually + [lull;

Combining (3.2.84) and (3.2.76), we arrive at

L
(} ) > agdt (3.2.85)



where agis a positive constant depending only on Ay andC.
A simple integration of (3.2.85) over (0, t)yields

/t dL /t
T Z aodt
o LT-=(t) 0

1
- 1 2 aOt +c
(25 —DLT="1(t)
1
— = > agt + ¢
(lfa)Ll_(y
) t
— > [aot + d]}
(=)L) ],
1 + ! > aot
((2)LT5 () (257 (0) ~
1
- s o Z U,Ot - —a
(725) L7 ( =o)L= (0)
1 < ‘4 1
o o = —ao o =
(1% )L7= =) LT==(0)
(0% l(ja 1 _
-« —agt + =25 (0)
1—a
L1 (t) > (23 -
( ) T —apt + 1?TO‘L_17Q (O)
S 1
T % (maot + 1A LT TR (0))
1
=z t
LT=5(0) — fat
Therefore,L (t)blows up in time
(23 t
LT5(0) — 10‘“ >0
—«
_a aat
Llfa 0 >
0) 27—
l—a, —a
L= (0) >t
aag
T <7 = 1 —aa
aagLT== (t)

the proof is completed
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Conclusion

In this work, we are interested with a problem of a logarithmic nonuniform flexible
structure with time delay, where the heat flux is given by Cattaneo’s law. We show that
the energy of any weak solution blows up infinite time if the initial energy is negative.
The delay effect that is similar to memory processes is important in the research of
applied mathematics such as physics, noninstant transmission phenomena, and biological
motivation. In the future work, we will try to study this problem numerically by using the
finite element methods.
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