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Résumé Dans cette mémoire, on considére un systéme thermoélastique linéaire unidimensionnel
de type Timoshenko avec retard, ol la conduction thermique est donnée par la théorie de Green et
Naghdi. On établit que le systéme est bien défini et stabilité de ce systéme pour les cas de vitesses
de propagation des ondes égales et inégales.

Mots clés: Systéme de Timoshenko, Thermoélasticité, Terme de retard, Théoréme de Hille-Yoshida.

Abstract In this memory, we consider a one-dimensional linear thermoelastic system of Timo-
shenko type with delay, where the heat conduction is given by Green and Naghdi’s theory. We
establish the well-posedness and stability of the system for the cases of equal and unequal speeds of
wave propagation.

Key words: Timoshenko system, Thermoelasticity, Delay term, Hille-Yoshida theorem.
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Chapter

Introduction

The study of existence and stability of Timoshenko systems has attracted a great deal of attention
in the last decades. From a physical or engineering point of view, Timoshenko theory is an improve-
ment of Euler-Bernoulli theory. Indeed, in the Euler-Bernoulli beam theory, it is assumed that plane
crosssections that are perpendicular to the axis of the beam remain plane and perpendicular to the
axis after deformation, which implies that the transverse shear strain is zero. When the rotational
inertia and the transverse shear are significant in the beam model, one has to use rather the Timo-
shenko theory. The transverse vibrations of the beam depend in general on its geometrical properties
(length, size and shape, cross-section, moment of inertia, and shear coefficient) and its mechanical
properties (density, Young’s modulus, and modulus of rigidity). To be more precise, we have the

following model, which was developed by Timoshenko on [1]| in 1921,

putt(x7t) = (K (UI($,t) - @(I’t))):w n (OvL) X (O’_‘_OO») (1 1)
Ip%ﬁt(%t) = (ijm(xat))x + K(ut(x’t) - (,O(:E,t)), in (0’ L) X (O7+OO)'

Together with boundary conditions of the form.
Elp,[;Zy =0, (us—9);Z5 =0. (1.2)

Where u(x,t) is the transverse displacement, ¢(x,t) is the rotational angle of the beam, p denotes
the mass density, I, is the moment of mass inertia, £ is the rigidity coefficient, K is the shear
modulus of elasticity, and L is the length of the beam.

Due to a surrounding flow of wind, gas or fluid, the beam is subject to mechanical vibrations. These
vibrations are of course undesirable because of their damaging and destructing nature. To reduce
these harmful vibrations, several control mechanisms have been designed. This is achieved either
by incorporating into the structure a smart material actuator as piezoceramic, by acting inside, or

at the free edges of the beam. Several researchers employed different types of damping mechanisms
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to stabilize these systems and to obtain precise rates of decay. For internal or boundary frictional
damping, we quote, among others, the work of Kim and Renardy |2|, Raposo et al. [!|, Soufyane
and Wehbe [5], Rivera and Racke [9],[10], and Mustafa and Messaoudi [11]. Regarding Timoshenko
systems for material with "finite" or "infinite" memory, we refer to Ammar-Khodja et al. [12],
Guesmia and Messaoudi [13], and Fernandez Sare and Rivera [11].

For stabilization via heat dissipation, Rivera and Racke [15] established several exponential decay
results for linear Timoshenko systems coupled with the classical heat equation, in which the heat
flux is given by Fourier’s law. Since this theory predicts an infinite speed of heat propagation, to
overcome this physical paradox, many theories have emerged. One of which given by Green and
Naghdi [16]-[19], suggests replacing Fourier’s law by so- called thermoelasticity of type III for heat
conduction modeling thermal disturbances as wave-like pulses traveling at finite speed. See [20] for
more details.

Taking into account Green and Naghdi’s theory, a Timoshenko system of thermoelasticity of type

IIT of the form.

prow — K (9096 + w);p =0 in (07 OO) X (07 1)7
P2ty — Wby + K (0p + ) + 0, =0 in (0,00) x (0,1), (1.3)
P?ﬁtt - 60&;:5 + 7¢ttm - ket:m: = 0 in (07 OO) X (07 1)

Where ¢, 1) and 6 are functions of (z,t) which model the transverse displacement of the beam, the
rotation angle of the filament, and the difference temperature respectively was studied by Messaoudi

and SaidHouari [22|, and an exponential decay result in the case of equal wave speeds (5 = i) was

pP1 P2
K7g£

proved. The case of nonequal speeds (m p

> was studied later by Messaoudi and Fareh [23], and
a polynomial decay result was proved for solutions with smooth initial data. A decay result, where
a viscoelastic damping of the form f(f g(t — s)0,.(s)ds is acting in the third equation instead of the
strong heat dissipation —k#f;,,, it was also established by Kafini [21].

Time delays arise in many applications, because most phenomena naturally depend not only on the
present state but also on some past occurrences. In recent years, the control of PDEs with time
delay effects has become an active area of research, see for example [25] and references therein.

In many cases, it was shown that delay is a source of instability unless additional conditions or

control terms are used, see [26]. Therefore, the stability issue of systems with delay is of theoretical

and practical great importance.
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For the system of wave equation with locally distributed damping of the form.

(

ug(z,t) — Au(z, t) + apu(z,t) + aug(x, t —7) =0, in Q x (0, 00),

u(z,t) =0, x €lg,t >0, (1.4)
\g—g(x,t):o, zely,t>0.

It is well-known in the absence of delay (a = 0,aq > 0), that the system is exponentially stable, see
[27]. In the presence of delay (a > 0), Nicaise and Pignotti [28] examined (1.4) and proved, under
the assumption that the weight of the feedback with delay is smaller than the one without delay
(a < ap), that the energy is exponentially stable. For the opposite case, they produced a sequence
of delays for which the corresponding solution is instable. The same results were obtained for the
case of boundary delay, see also [29] for the treatment to this problem in more general abstract form.
When the delay term in (1.4) is replaced by the distributed delay.
™
/ a(s)ug(z,t — s)ds. (1.5)
I

Exponential stability results have been obtained in [33] under the condition f: a(s)d < ap.
Introducing a delay term in the internal feedback of the thermoelastic system may turn a well-
behaved system into a wild one. For instance, contrary to the exponential stability of the classical
thermoelastic system without delay, Racke [31| proved that any constant delay makes the system
instable.
In this chapter, we are concerned with the following Timoshenko system of thermoelasticity of type

IIT with delay of the form.

p1ow — K (¢ +0), + mdr(2, 1) + poge(z,t —7) = 0in (0,1) x (0, 00),

p2rr — Wby + K (¢ + ) + B =0 in (0,1) x (0, 00),

P38t — 602z + Yte — kbOpzr = 0 in (0,1) x (0, 00),

0(.,0) = 0o,0:(.,0) = 61,4, 0) = o, ¢(.,0) = 2, (1.6)
¢(-,0) = do, ¢u(.,0) = ¢n,

Oz, t — 1) = folx,t —71), te(0,7),

#(0,t) = ¢(1,t) = (0,t) = (1,t) = 0,(0,t) = 0,(1,t) =0, Vt>0.

Where p1, po, p3, K, b, k, 5,7, 0, 41 are positive constants, us is a real number, and 7 > 0 represents

\

the time delay. We prove, under suitable conditions on the initial data that the energy decays
exponentially in the case of equal wave speeds in spite of the existence of the delay. The second

part of our result is the case of nonequal speeds which is of much importance because practically
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or physically the speeds are not necessarily equal. In that case, we prove that the energy decays
polynomially.

In [35], the well-posedness and stability of the same system (3.1), without delay and with infinite
memory considered in the first or second equation of Timoshenko system was proved, and general
decay estimates were obtained depending on the growth of the kernel function at infinity and the
wave speeds. In [30], the exponential stability of an abstract hyperbolic system with a discrete time
delay and an infinite memory was proved under the assumption that the kernel function converges
exponentially to zero and the weight of the delay is small enough. The system considered in [30]
is not dissipative due to the fact that the unique considered dissipation is generated by the infinite

memory. More results are found in [37], [38] and [39].




Chapter 2

Preliminaries

In this chapter, we recall some basic knowledge in fonctional analysis, moste of wich will be used in

the subseqent chapter. The reader can easily find the detailed in the related literature, see, e.g.,[32],

1170, 131 1211

2.1 Functional Spaces

We denote by R” the Euclid space, Q C R" is bonded smoth domain, C*(€2) is the k" differentiable
continuous function space in 2, C°°(Q) is the oo'® differentiable continuous function space in €2, and

C>(Q) is the oo differentiable continuous function space with compact support in

Definition 2.1.1. Let X be a vector space over the filed K (K =R or C). Then a semi-norm on X
is a function ||.|| : X — R, such that :

a) ||| =0 for all x € X,

b) |laz|| = |a|||x|| for all x € X and a € K,

c) lz+yll < llzll + llyll for all z,y € X.

A norm on X is a semi-norm wich also satisfies :

d) ||z = 0= 2 =0. A vector space X toghether with a norm ||.|| is called a normed linear space, a

normed vector space or simply, a normed space.

Definition 2.1.2. (Convergent and Cauchy sequences ). Let X be a normed space, and let {xy }nen
be a sequence of elements of X.
a) {xp}tnen converges to x € X if
Jim |z, — ]| =0,
e if
Ve > 0;3IN > 0,Yn > N, ||z, — z|| < e.

6
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b) {zn}nen is a Cauchy sequence if
Ve > 0; 3N > 0,Vm,n > N, ||z, — x| < e.

Normed spaces in which every Cauchy sequence is convergent are called complet normed spaces.

In general a normed space is not complete.

Definition 2.1.3. (Banach Spaces). A normed spaces is called a Banach space if it is complet i.e.
if any Cauchy sequence inside the space converges to a point of the space. Its dual space X' is the

linear space of all contnuous linear functional f : X — .

Proposition 2.1. X’ equipped with the norm ||.||x: defined by.

[f 1l = sup{[f(u)] - fJull < 1}

1s olso a Banach space.

Remark 2.1.1. From X’ we construct the bidual or secend dual X" = (X'). Futhermore, with each
u € X we can define p(u) € X" by p(u)(f) = f(u), f € X', this satisfies clearly ||p(z)| < ||ul.
Moreover, for each w € X there is an f € X' with f(u) = ||lu|]| and ||f|| = 1, so it follows that

le(@)]] = [lull.
Definition 2.1.4. Since ¢ is linear we see that
o: X = X",
is a linear isometry of X onto a closed subspace of X", we denote this by

X — X",

Definition 2.1.5. if ¢ (in the above definition ) is onto X" we say X is reflexive, X = X",

2.1.1 Hilbert spaces

The proper setting for the rigorous theory of partial differential equation turns out to be the most
important function space in modern physics and modern analyse, known as Hilbert spaces. Then,

we most give some impotant result on these spaces here.

Definition 2.1.6. A Hilbert space His a vectorial space supplied with inner product (u,v) such that
|lul| = v/{u,w) is the norm which let H complete.

7
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Theorem 2.1. Let (z,)nen is a bounded squence in the Hilbrt sace H, then it possess a subsequence

which converges in the weak topology of H.
Theorem 2.2. In the Hilbrt space, all sequence which converges in the weak topology is bounded.

Theorem 2.3. Let (z,)nen be sequence which converges to x, in the weak topology and (y,)nen 1S

an other squence which converge weakly to y, then

lim (z,,y,) = (x,y).

n—oo

Proposition 2.2. Let X and Y be tow Hilbert space, let (x,)nen € X be a sequence which conveges
weakly to x € X, let A € L(X,Y). Then, the sequence (A(x,))nen converges to A(x) in the weak

topology of Y.

2.1.2 The L?(Q2) spaces

Definition 2.1.7. Let 1 < p < o0, and let Q be an open domain in R™, where n € N. Define the

standard Lebesque space LP () by

LP(Q) = {f :Q —>R‘f is measurable and / |f(x)|P dx < oo}
0

Notation 1 : for p € R and 1 < p < 0o, denote by

i1 =( [ \f(x)V’dﬂ:);

LP(Q) = {f :Q — :f is measurable and there exists C suche that,|f(z)| < C in Q}

. If p= o0, we have

. 1 1
Notation 2 : Let1< p < oo,we denote by ¢ the conjugate of p ie. —+ —=1.
p

q
Theorem 2.4. It is well known that LP(SY) supplied with the norm ||.||, is a Banach space, for all

1 <p<oo.

Remark 2.1.2. In particularly, when p =2, L*(Q) equipped with the inner product

(. 9) e /f

Theorem 2.5. For 1 <p < oo, LP(Q) is reflexive space.

1s a Hilbert space.

8
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2.1.3 The Sobolev space WP ((2)

Definition 2.1.8.

i) Let m € N and p € [0,00]. The space W™P(Q2) is defined as the set of all functions f € LP(2)
such that.

WmP(Q) = {f € LP(Q) |0“f € LP(Q) for all « € N™, where |a| = Za]- <m and 0% = 9" 05* - 82“”} :

j=1

i) If f € W™P(Q), we define its norm to be.

(Sin JulD2fl7dz)” . (1< p < o),

2l <k €sSsup [D* f], (p = 00),

Where D[ denotes the deriwvative of f with respect to the multi-index .

1 fllwme) =

Definition 2.1.9. We denote by
W)
the closure of C§°(2) in W™P(2).
Remark 2.1.3. i) if p = 2 we usully write
H™(Q) = W™(Q), Hg'(Q) = W5 (Q).

Supplied with the norm

=

1l = D (10 flle)?

la|<m

The letter H is used, since - as we will see - H™(QY) is a Hilber space.

with usual scalar product

U, v) = 0%ud“vdzx.
wo =3 |

laf<m

Note that H°(Q) = L*(Q).

Theorem 2.6. .

1. H™(Q)) supplied with inner product (.,.) ym(q) is Hilbert space.

2. Ifm>m' , H"(Q) — H™(Q).

Theorem 2.7. Assume that 2 is an open domain in ;‘n, n > 1, with smooth boundary I'. Then,

np

i) if 1 < p <mn, we have W' C LI(Q), for every q € [p,p*], where p* = )
n—p

i) if p=n we have W' C LY(Q), for every q € [p,00).
i) if p > n we have WP C L>(Q) N C%*(Q), where a = -
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2.1.4 The L?(0,T, X) space

Definition 2.1.10. Let X be a Banach space, denote by LF(0,T, X) the space of measurable functions

f:0,T[— X
t— f(t).
Such that
T 5
([ W) = Wloarg < 1<p<oo
0
If p = o0,
I fllzo.r,x) = sup ess||f(t)||x.
t€]0,T|

Theorem 2.8. L*(0,T, X) equipped with the norm ||.||trr,x) is a Banach space.

Proposition 2.3. Let X be a reflexive Banach space, X' it’s dual, and 1 < p < oo, 1<qg< o0,
14 % = 1. Then the dual of LP(0,T, X) is identify algebraically and topologically with L1(0,T, X").

p

2.1.5 The weak and weak star topologies:
Let X be a Banach space and f € X’ . Denot by

gOfZX—)R

T = Qf.
When f cover X', we obtain a family (¢)rexs of appmications to X in .

Definition 2.1.11. The weak topology on X, denoted by o(X, X'), is the weakest topology on X for

which every (pf) rex: is continuous.

We will define the topology on X', the weak star topology, denoted by o(X’, X). For all x € X.
Denote by

0, X' =R
f=o.(f) = (f,x)x x

Definition 2.1.12. The weak star topology on X' is the weakest topology on X' for wich every

(pz)zex’ 1S continuous.

Remark 2.1.4. Since X C X", it is clear that, the weak star topology (X', X) is weakest then the

topology o(X', X"), and this later is weakest then the strong topology.

10
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Definition 2.1.13. A sequence (x,) in X is weakly convergent to x if and only if

lim f(z,) = f(x),

n—0o0

for evry f € X', and this is denoted by x,, — x.

Remark 2.1.5. :
1.1f the weak limit exist, it is unique.
2.1If x,, — x € X (strongly), then x, — = (weakly).

3.1f dim X < oo, then the weak convergent implise the strong convergent.

Theorem 2.9. (The Lax-Milgram Theorem) Let X be a Hilbert space and let a : X x X — R be a
bilinear functional. Assume that there exist two constants C' < oo and a > 0 such that:

(1) la(u,v)| < Cllul| - ||v|| for all (u,v) € X x X (continuity);

(1) a(u,u) > a||u||* for all u € X (coerciveness).

Then, for every f € X* (the dual space of X ), there exists a unique u € X such that a(u,v) = (f,v)
forallv e X.

2.2 Some useful inequalities

In this section, we shall recall some inqualities which will be used in the supsequent chapters.

2.2.1 Young inequalities

Theorem 2.10. Let 1 < p,q < o0, ]—1) -+ é = 1,then

P
ab < a—+—,a,b>0.
p q

Theorem 2.11. (Young inequality with ) Let 1 < p,q < oo, % + é = 1,then

P e
abgea—+—q—,a,b>0.
P er g

The Young inequality has several variants in the following.

Corollary 1. Let a,b > 0, %+ é =1,1<p,q<oo. Then
i) arbi < oy é
p q
bev
i) avbi < -+ 0 veso.
pes
i) a®b' ™ <aa+ (1—a)h 0<a<l.

11
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2.2.2 The Holder inequalities

Theorem 2.12. Let 1 < p,q < o0, % + % =1,
then if  fe LP(Q), g€ LUQ), we have
19l < 1 fllzr@-llgllLee)-

Theorem 2.13. (Generalized Holder inequality) Let 1 < py, ..., pm < 00,
1%1+""+1%: 1, then if  fr € LP¥(Q) for k =1,...,m, we have

/ i Fmlda < Tl ooe )
Q k=1

Remark 2.2.1. We have the corresponding weighted Holder inequality of the integral form. Let
1<p<oo,%+%:1, ferLr(), ge L) ,w(x) >0 on . Then

lLUMquxs(K}ﬂ@ﬁ«@dﬁé(ﬁgmwmwwm);

2.2.3 The Minkowski inequality
Theorem 2.14. Assume 1 < p < oo, f,g € LP(Q), then

If + 9llze@) < N fllere) + 19llLo)-
If0#p <1, then

1f + glle@) = [[fllzo) + ll9llze)-

In the applications, the integral form from the Minkowski inequality is used frequentely.

2.2.4 The Poincaré inequality

In this subsection, we shall recall the Poincaré inequality in different forms.

Theorem 2.15. Let Q be a bounded domain in n and f € H(Q). Then there is a positive constant
C such that
1fllz2@) < CIV fllzys  Vf € Hy(Q).
Theorem 2.16. Let Q be a bounded domain of C* in ;‘n There 1s a positive constant C', such that
for any f € HY(Q).
1f = Fllzz) < ClIV 2.
Where f = ‘51' Jo f(@)dx is the integral average of f over Q, and |Q| is the volume fo Q.

Theorem 2.17. Under assumption of Theorem (2.16) for any f € HY(Q), we have

nmp@soowmmmﬂljwo.

12



CHAPTER 2. PRELIMINARIES 2.3

2.3 Basic theory of semigroups

In this section, we recall some basic knowledge in semigroups,most of whiche will be used in the

subsequent chapters. Ageneral rference to this topic is [L7], [3].

2.3.1 Cy—Semigroups of Linear Operators

Definition 2.3.1. (Semigroups)

Let X be a Banach space, the one-parametre family S(t),0 < t < oo from X to X is called a
Semagroups if

(i) S(0) = I (I is the identity operateur on X ),

(i1) S(t +s) = S(t) + S(s) for every t,s > 0 (the Semigroup property).

Definition 2.3.2. The linear operator A defined by

D(A) = {x € X : lim (S(t)z — x) /¢ e:cz'sts} ,

t—0t

and

Az = tl_i)r(%(S(t)x —z)/t = %ho for all x € D(A),

is called the infinitesimal generator of the Semigroup S(t), D(A) is called the domain of A.

Definition 2.3.3. (Cy—Semigroups).
A Semigroup S(t),0 < t < oo,from X to X is called a strong continuous Semigroup of bounded

lineaar operators if

lim S(t)x =z for all z€X,

t—0t

or

lim ||S(t)z —z|| =0 for all x€X,
t—0+
i.e S(t) Co—Semigroup.

Definition 2.3.4. A semigroup S(t),0 <t < oo is called a semigroup of contraction if there exists

a constant o > 0 (0 < a < 1) such that for allt > 0,

ISz = SHyll < alle—yll,  for all z,yeX.

13
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2.3.2 Hille-Yoshida Theorem

Definition 2.3.5. An unbonded linear operator A : D(A) C H — H' is said to be monotone?if it
satisfies

(Av,v) >0 Vv € D(A).

It is called mazimal monotone if, in addition, R(I + A) = H i.e
Vfe H Jue D(A) such that u+ Au= f.

Proposition 2.4. Let A be a maximal monotone operator. Then.

1. D(A) is dense in H.

2. A is closed operator.

3. For evry X > 0, (I + M\A) is bijective from D(A) onto H, (I + NA)™! is a bounded operator, and
17+ AA) Ml < 1.

Theorem 2.18. (Hille-Yosida) Let A be a maximal monotone operator. Then, given any uy € D(A)

there exists a unique function.

u € CL([0, +00); H) N C([0, +00); D(A))

Satisfying:
d
d—1;+Au:O on [0, +00)
u(0) = uy.

LH denotes a Hilbert space
2Some authors say that A is accretive or —A is dissipative.
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Chapter 3

Well-posedness of the problem

In this chapter, we give the existence and uniqueness result for problem(3.4) using the semigroup

theory.

3.1 Preliminaries

In this chapter, we are concerned with the following Timoshenko system of thermoelasticity of type

[T with delay of the form.

(

p1ou — K (¢ + ), + pide(x,t) + proge(z,t —7) = 01in (0,1) x (0, 00)

P2 — by + K (¢ +9) + B0, =0 in (0,1) x (0, 00)

P30t — 680 + Yte — kbze = 0in (0, 1) x (0, 00)

0(.,0) = 00,6:(.,0) = 01,%(.,0) = o, ¥ (., 0) = 21, (3.1)
¢(-,0) = ¢o, Pu(., 0) = o1,

Oi(x,t — 1) = folx,t —7), te€(0,7)

#(0,t) = ¢(1,t) = (0,t) = (1,t) = 0,(0,t) = 0,(1,t) =0, Vt>0.

3
Where pq, po, p3, K, b, k, 5,7, 0, 41 are positive constants, s is a real number, and 7 > 0 represents
the time delay. We prove, under suitable conditions on the initial data that the energy decays
exponentially in the case of equal wave speeds in spite of the existence of the delay. The second
part of our result is the case of nonequal speeds which is of much importance because practically
or physically the speeds are not necessarily equal. In that case, we prove that the energy decays
polynomially.

As in [33], we introduce the new variable.

2(x, p,t) = ¢p(x,t —7p), x€(0,1),p€ (0,1),¢t>0. (3.2)

15



CHAPTER 3. WELL-POSEDNESS OF THE PROBLEM 3.1

We put.
f=t=1p
Then,
Z(l’,p, t) = ¢t<x7t - Tp) = ¢t(l’,f<l'>>
d d d d
Because.
df dit—r71) 1
dt At
And from him.
TZt<x7pv ) = _T_fqbt(x t)
d d d d
zp(, p, t) = d_p¢t(x’ f)= E(Cbt(xaf)) = —f¢t( f) s = —TE@(%JC)-
Because
ﬁ_ d(t —1p) _
a — dt
And from him.
d
2oz, p,t) = —TE@(JC 1)
Thus, we have
Tz (T, pot) + 2,(z, p,t) =0, x€(0,1),p€ (0,1),t > 0. (3.3)

So, problem (3.1) is equivalent to.

p

p1¢tt - K (qu’ + 'Qb)x + Ml¢t($7t) + ,UQZ(CE, 17t) = 0 in (Oa 1) X (07 OO)
,021/}157& - bz/j:m: + K (¢$ + w) + 59151 == O in (07 1) X (07 OO)
)0381% — 5913: + ’)/wtm — ketrz =01in (0, ].) X (O, OO)

(0,1) x (0,1)
¢(-,0) = ¢o, (., 0) = ¢1, 2(z,0,1) = (. 1)
0(.,0) = 0o, 0:(.,0) = 01,9(., 0) = 1o, 91 (., 0) =
9(0,1) = ¢(1,1) = ¥(0,1) = ¥(1,1) = 0,(0,¢) = ( t)=0
2(z,p,0) = folz,—p7), 2 €(0,1),p€(0,1).

Tz, p,t) + 2p(x, p,t) = 0 in (0, 00) X (3.4)

16



CHAPTER 3. WELL-POSEDNESS OF THE PROBLEM 3.2

In order to be able to use Poincaré’s inequality for 6, we introduce.

1 1
O(z,t) = 0(x,t) — t/ 01 (z)dx —/ Oo(z)dz. (3.5)
0 0
Then by (3.4).1-3, we have.
1
/ O(z,t)dr =0, Vt>0. (3.6)
0

In this case, Poincaré’s inequality is applicable for §, and furthermore, (¢,1,0, 2) satisfies the same
equations and boundary conditions of (2.1). In what follows, we will work with @ but, for convenience,
we write 6 instead of 6.

We will assume that.
p 2 |pol - (3.7)

And show the well-posedness of the problem and that this condition is sufficient to prove the uniform

decay of the solution energy.

3.2 Well-posedness of the problem
We will use the following standard L?(0, 1) space with the scalar product and norm denoted by.

1 1
() sz0n) = [ wods, [l = [ fuPde, (3.8)
0 0

Respectively. Introducing the vector function U(t) = (¢, p, v, u,0,v,2)T, where ¢ = ¢, u = 1y, and

v = 0, system (3.4) can be re-written as.

SUR) + AUt) =0, >0

(3.9)
U(0) = Uy = (¢, ¢1, %0, ¢1, 00,01, fo)" .
Where the linear operator A : D(A) C H — H is defined by.
0 —1 0 0 0 0 0
k d U k d U,
Torde o a0 0 0 -
0 0 —1 0 0 0
L4 0 0 0 0 0 0
A= . bd | kd B d (3.10)
0 T T s 0 0 0 s i 0
0 0 0 0 0 —1 0
A d2 o d2 k d2
0 0 0 ~%dn “him Tmide O
0 0 0 0 0 0 14
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CHAPTER 3. WELL-POSEDNESS OF THE PROBLEM 3.2
-¥
— 2 (e +¥), + Ero+ £22(,, 1)
—u
A= | —ly, s K (g, )+ Lo, (311)
—v
5 k
1.,
Next, we introduce.
1
L2(0,1) = {w € L*(0,1) : / w(s)ds = 0},
0
HL(0,1) = H'(0,1) N L2(0,1), (3.12)
HZ(0,1) = {w € H*(0,1) : w,(0) = w,(1) = 0}.
And the energy space
H = H}(0,1) x L*(0,1) x H3(0,1) x L*(0,1) x H}(0,1) x L?(0,1) x L*((0,1), L*(0,1)).  (3.13)
For a positive constant £ satisfying.
VTlpa| < & <7 (2p — [pal)  if > |pol
(3.14)
§ =7lp2| = 7m if = [pl.
We equip ‘H with the inner product.
~ l ~ ~ ~
Uiy =y [ {preB + poai+ K(0s + )G+ ) + b
0
L N Lo (3.15)
+8 / (o307 + 00,0, }dx + € / / +(z,p)(x, p)dpda.
0 0o Jo
The domain of A is.
UeH|pyve H?0,1)NHH0,1), 6,ve HN0,1), ¢,uec H0,1),

00 + kv € H(0,1), 22, € L*((0,1),L*(0,1)), z2(x,0) = p(x)

And it is dense in H.

We have the following existence and uniqueness result:

Theorem 3.1. Assume Uy € H and (3.7) holds. Then, there exists a unique solution U € (RT, H)

of problem (3.4). Moreover, if Uy € D(A) then U € C(R*, D(A)) N CHR*,H).

18



CHAPTER 3. WELL-POSEDNESS OF THE PROBLEM 3.2

Proof. We use the semigroup approach. So, we prove that A is a maximal monotone operator. First,

we prove that A is monotone. For any U € D(.A), we have.

(AU, U) =y/01 {p<( (0 0o+ B L2 w)

+ps ((;—fw <¢x L)+ %%) u) )

+ E(—pp — u)(¢py + ) + b(—uxxwx)}dx (3.17)

—ﬂ/ <p3 <——9m+ _k )v+(5( )(Hx)>dx
e [ [ () e

Using integration by parts.
1 1 1
VD) 2y| ~ k(s +0)p [ dot [ ks +0)pado+ g [ soz<..1>dx)
0 0 0

1 1 1
—beu / dz+ b / ttad + k(e + 9+ Bost — / k(e + V)guda
0 0 0

1 1 1 1
— / k(¢, + ¢Y)udx — b/ Opgdr — 3 ((—59351)/ dr + 5/ vazdx))
0 0 0 0
1 1 1 1 ool
+ (yuv/ dx + y/ uvgdx) — kvxv/ dr + k/ vidr — 0v.0,dr + — / / zz,dpde.
0 0 0 0 T Jo Jo

(3.18)
1 1 1 é} 1 1

(AU, U )4 :7;14/ ©? d$+ﬁk/ v2 d{E—I—’WLz/ apz(.,l)dx+;/ / zz,dpdz. (3.19)
0 0 0 o Jo

By using Young’s inequality, the third term in the right-hand side of (3.19) gives.

: ] [ pa| [

Also, using integration by parts and the fact that z(x,0) = ¢(z), the last term in the right-hand

1l 1 1 1 1
/ / zz,dpdr = ——/ ¢? dz + —/ 22(., 1)da. (3.21)
o Jo 2 Jo 2 Jo

Consequently, (3.19) yields.

side of (3.19) gives.

1 1 1 1 1
U= - e — el ) [ o e nril) [ 0o [0z a
0 0 0
(3.22)
And by using (3.14), we get.

(AU, U)YH > m0 (/01 ° dx +/ d:v) + kﬂ/ (3.23)
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CHAPTER 3. WELL-POSEDNESS OF THE PROBLEM 3.2

For some constant my > 0. Thus, A is monotone. Next, we prove that the operator I + A is

surjective. Given F = (f1, fo, f3, 4. f5: fo, f2)" € H, we prove that there exists a unique U € D(A)

such that.
(I + A = F. (3.24)
That is,
(—90+¢=f1 in H3(0,1)
—K (s + ), + (1 + p1) p + poz(., 1) = p1fo  in L*(0,1)
—u+v=f in H}(0,1)
—bha + K (¢ + ) 4 Bva + p2u = p2fa in L2(0,1) (3.25)
—v+6=Js in H!(0,1)
—00,0 + YUy — kvge + p3v = p3fs in L2(0,1)
|zt T2 ="Tfr in L?((0,1), L*(0,1)) .

Using (3.25), and the fact that z(x,0) = p(x), we get.

p

2(z, p) = p(x)e” ™ + Te_Tp/ e™ fr(x, s)ds. (3.26)
0

In order to solve (3.25), we consider the following variational formulation.
B((¢a¢>0)7(¢17¢1a01)) :G<¢17¢1701); (327)
Where B : [H}(0,1) x H}(0,1) x HL(0, 1)]2 — R is the bilinear form defined by.
1 1 1
B ((¢,1,0),(¢1,91,01)) = WK/ (¢ + V) (P10 + ¥1)dz + B(6 + k?)/ 001, dr + 57/ Y1, do
’ 1 1 ’ 1 01
T ooy / by dz + By / 0un A + fps / 06, dz + / 0ui, da
0 0 0 0

1
+ (1 +p1 + M2€T)/O o¢1 dx.
(3.28)

And
G: [Hy(0,1) x Hy(0,1) x H;(0,1)] — R

is the linear functional given by.

1 1 1
G (¢1, 91, 01) 27/)1/0 far dz + v (111 +P1)/0 i1 dw+%02/0 fathr dz
1 1 1 1
LU d d 6, d 6, d 3.29
+75/0 f52U1 I+7P2/0 f31 90+5ﬂ3/0 feth I-i‘ﬁps/o f501 dz (3.29)

1 1 1 1
8 / Fauby d -+ Bl / Fonbre dt — y7pize / b / ¢ fo(z, )ds.
0 0 0 0
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CHAPTER 3. WELL-POSEDNESS OF THE PROBLEM 3.2

Now, for V' = H}(0,1) x H}(0,1) x H}(0,1) equipped with the norm.
16,0, 0115 = Il(@a + D)5 + 116115 + 1l + 16115 + 116215 - (3.30)
Using integration by parts, we have,
1 ) 1
B((¢v ¢a 9), (¢7 ¢ﬂ ‘9)) :’YK/ (¢x + w) dx + 8 (ILL]. + P1 + M?e_T) / ¢2 dzx
0 0
1 1 1
+B((5+k:)/ 62 dx+b7/ P2 dx+p27/ Y? da (3.31)
0 0 0
1
4B [ 6 do 2 aullovv. Ol
0

For some oy > 0. Thus, B is coercive.

On the other hand, using Cauchy-Schwarz and Poincaré’s inequalities, we obtain.

| B((¢7¢79)7 (¢1a¢1791)) |
<YK (g0 + DIy [[f10 + il + 90 [0ally 191ally + 7 |11 + o1+ pae |l 161l

+ 20 ll2 191 lly + 78 10ally 191lly + B8 + ) (102113 101211 + BoslOll2 11641
+ 7B ¥l 16111,

< cllge+¢lly + 10ll2 + el + 11012 + 162[1,)

o1z + ally + l@2lly + [¥12lly + 161l + [1612]],)

< CH(ba 7/17 HHV “¢17 wla 01”\/ :
(3.32)

Similarly,

|G (¢17¢1791)| <c <Hf1||Hg(0,1) + Hf2||2 + ||f3HHg(0,1) + ||f4||2 + ||f5||H}(0,1) + Hf6||2 + Hf7HL2((0,1),L2(0,1)

H,}(o,1)>

% (191l gco) + 1l g0 + 161

S c ||¢la ,lvbly 91||V :
(3.33)

Consequently, Lax-Milgram lemma guarantees the existence of a unique.
(6,4.0) € Hy(0,1) x H(0,1) x H(0,1).

Satisfying

21



CHAPTER 3. WELL-POSEDNESS OF THE PROBLEM 3.2
(0,1, 0), (p1,%1,01)) = G(P1,¢1,01)  V(d1,¢1,01) € V.
The substitution of ¢, 1, and 6 into (3.4)1, (3.4)3, and (3.4)5 yields.
(¢, u,v) € H3(0,1) x Hy(0,1) x HL(0,1). (3.34)
Moreover, if we take (¢q,6;) = (0,0) € H3(0,1) x H}(0,1) in (3.2), we get.
1 1 1 1
K [ opondoss [ dosp [ wvidoss [ s
0 Jo e 0 (3.35)
= 02/ Jathy d$+ﬁ/ Js2t1 dl"i‘ﬂz/ J3tby dr.
0 0 0
By recalling (3.25), and (3.25),, we arrive at.
1 1 1 1
o Jo o 0 (3.36)
0 0 0
Hence, we obtain.
1 1
b/ Yothry do = / [2f1 = K (¢ + ) = Bvy — pul by dz,  Voby € Hg(0,1). (3.37)
0 0
By noting that
[p2.f4 — K (¢ + ) — Bu. — pou] € L*(0,1). (3.38)
Then,
Y€ H*(0,1) N Hy(0,1). (3.39)
And, consequently, (3.37) takes the form.
1
b/‘F¢m+ﬁx%+¢0+ﬁ%+pw—pﬁdmdsz Vapy € Hi(0,1). (3.40)
0
Therefore, we obtain.
— Yue + K (¢z + ) + Bve + pou = pafi. (3.41)

This gives (3.25). Similarly, if we take (¢y,6;) = (0,0) € H3(0,1) x H}(0,1) in (3.2), we can show

that.
¢ € H*(0,1) N Hy(0,1).

(3.42)

And (3.25), are satisfied. Also, if we take (¢1,11) = (0,0) € H}(0,1) x H}(0,1) in (3.2), then using

(3.25), and (3.25),, we get.

56wx + kvxz = p3f6 — YUy — P3V in LE(O, 1)

(3.43)
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And we conclude that.

(60 + kv) € H?(0,1). (3.44)
Furthermore, it is obvious from
00, + kv, = p3 [ fo do —yu — p3/ v dx. (3.45)
0 0
That is
(00, + kv,)(0) = (00, + kv,)(1) = 0. (3.46)
Thus, we get.
(60 + kv) € H?(0,1). (3.47)
Finally, it follows, from (3.26), that.
z(2,0) = p(z) and 2, z, € L* ((0,1), L*(0, 1)) . (3.48)

Hence, there exists a unique U € D(A) such that (3.24) is satisfied. Therefore, A is a maximal

monotone operator. Consequently, the well-posedness result follows from the Hille-Yosida theorem.

(see [31]) O

The associated solution energy is given by.

1 1
50 = ([ 3ot + pusi + Kiow v + oy o)+ ([ Dot + i) 45 [ [ 2o ptrdpae

(3.49)
Where, as in (3.50),
VTlp2] < & <AT(2p — |pe2) %f p > el (3.50)
§=7pe| =m0 it = |pal.
The following lemma shows that the associated energy is decreasing in time.
Lemma 3.1. Let (¢,1,0,2) be the solution of (1.3). Then, for some C' >0,
1 1
E'(t) < —Bk:/ 07, dx — 0/ (7 + 2*(z,1,t)) dz < 0. (3.51)
0 0

Proof. Multiplying equation (3.4); by v¢y, (3.4), by vy, and (3.4), by 86, and integrating over (0,1)
and (3.4), by (£/7)z and integrating over (0, 1) x (0,1) with respect to p and  summing up, we get.

1
o U V(187 + potb + K|z + 0|° + bb7) + B(psb; + 662) dx

2dt
+§&// (z,p,t)dpdx.

23
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CHAPTER 3. WELL-POSEDNESS OF THE PROBLEM 3.2

p1¢tt = k(¢x + w)x - ,U1¢t<x7 17 t) - ,UQZ(:B7 17 t) (353)
P2¥uthy = 0hpe — k(dp + V) — B0y, (3.54)

pSQtt = 69;r;t - ywtz + kema: (355)

Zule,pt) = —ZATL0). (3.56)

T

Substituting (3.53) and (3.54) and (3.55) and (3.56) into (3.52), we get.

E'(t) =y ( / k(0 +)s — el ) — 222, 1,1)) dw) [ (e — Ko+ 0) = 5012)

//zszp, dpdzx.

(3.57)
Using integration by parts, we obtain.
1 1
B0 = (604000 [ (= [ (624 0000~ (o) - o 2(.1,0)) o)
0 0
1 1 1
o [ (— | bt = WGu 000 B [ Otk b+ )+ w) o

0 0 0 (3.58)

+ (501& /01 <— /01 (50x<9m> + 4 (—ywﬂt /01 —i—/l yqﬁtﬁtm)) dx
+ 4 (/{;Qm«@t/ol (—k/()l@fz)) —1—5/0159 O dx — —/ / zzp(x, p,t) dpdzx.

We, now, estimate the last two terms of the right-hand side of (3.52)as follows.

//zzpycp, dpdx———//—z x,p,t)dpdz

27 ((:EOt)—z(x,l,t ) do = —- (/ gbtdx—/ (a;,1,t)dg;) (3.59)

—wg/ dpz(x,1,1) do <7‘“2 (/ &2 d +/ (a:,l,t)d).

We conclude, then,

dE 1 1
%g—ﬁk/o 07, dwv—~ (ul § |,u2)/ o7 da— (257 |,u22|)/0 22(x,1,t)dz. (3.60)

Using (3.50), we have, for some C' > 0,

1 1
E'(t) < —ﬁk/o 07, dv — C/O (67 + 2%(x,1,t)) dx < 0. (3.61)

24



Chapter I

Decay of solutions

In this chapter, we state and prove our stability result.
Theorem 4.1. Suppose that py > |uz|. Then the energy E(t) satisfies Vt > 0,

E(t) < CE(0)e, i % - %, (4.1)

In order to prove this result, we introduce various functionals and prove several lemmas.

We note here that the functionals I, J and the function ¢(x), used in Lemmad4.33, were first intro-

duced in [12]. Similarly, the function I3 was first introduced in [25].

Lemma 4.1. Let (¢,1,0,2) be the solution of (3.4). Then the functional.

0= [ (o + pud) do (42

. Satisfies Ve; > 0,

1 1
H@S(—g+QWerM>/wbh+(&m+f£)/¢f®

(4.3)
(p2+—)/wt d:c+—/ 02, dx +”“L2’/ (z,1,t)d
Where
T 1
= [ v otrs [ vt (1.4
0 0
Proof. By differentiating I, we get.
1
= / (Prouw + prdwr + patbuth + patly )de. (4.5)
0
From the first and second equations of problem (3.4) we have.
p1¢tt = k(¢x + w>:p - H1¢t - ,uQZ<:C7 17 t) (46)
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CHAPTER 4. DECAY OF SOLUTIONS 4.0
Potis = bibyy — k(¢n + ) — B0, (4.7)
Substituting (4.6) and (4.7) into (4.5) we get.
1 1 1
1) = [ {rto. + e - [~ [ a1,
0 0 0
1 1 1 1 (4.8)
+/p1¢twt+wmw - k/(% o —B/th¢+p2/¢t2d$}-
:—b/ P2 dx+p2/ 2 dx—K/ ? dx—ﬁ/ Vb, dx
(4.9)
+K/ Wy dx+p1/ Oy dx—ul/ (btwd:r;—,ug/ wz(z, 1, t)wdz.
0
By exploiting the inequalities
1 1 1
/ widxﬁ/ dexS/ wgdx
° 0 °. (4.10)
/w?dxﬁ/w?xdxg Y2 da
0 0 0
And Young’s inequality, the result follows.
1 1 1 1
—,ul/gbtwdxgﬁ wt2+51p1/w2gu—/ t+51,ul/¢ dx. (4.11)
4eq dey
0 0 0 0
1 1 1 1
_ W2| 2 i M 2
pe | Z(z,1,t)w < 27 (x, 1,t) + |p2ler < . 23, 1,t) + |paler [ 2. (4.12)
0 0 Lo 0
1 1 1 1 1
/p1¢twt < 51]?1/€Z52+£/Wt2 S&]h/#)f-i—&/l/)f. (4.13)
451 451
0 0
B 1 ) 1
- — = [ 2 4.14
6/emw_2b/e /w > [es [ (4.14)
0 0
By exploiting estimates (4.11),(4.12),(4.13)and (4.14)in addition to (4.9)we can obtain (4.3). O
Lemma 4.2. Let (¢,1,0,2) be a solution of (3.4). Then the functional.
1 T 1
L(0)i= papa | (o) [ .00y do—pa [ 0,0da (4.15)
0 0 0
. Satisfies, Veg > 0,
Yy '
2 /¢t dx+g/¢ dx+52/¢> dz + C( 52)/ 02, dz. (4.16)
0
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4.0

Proof. By differentiating I, we get.

1 T 1 x 1
[é(t) = pzps/ ’l/}tt(xa t)/ 97:(3/7 t) "‘pzps/ ?ﬁt(l’, t)/ 9tt<y7 t)dydx - Upz/ Ot + O dx
0 0 0 0 0

. From the second and third equations of the problem (3.4) we have.
p2¢tt = bwzx - k<¢x + 1/1) - ﬁgtx

P39tt = 50:{::{: - yd}tx + kath

. Substituting(4.18)and (4.19) into(4.17) we get.

d 1 T
— (T, 0:(y,t)dy d
i (o [ o) [0y a)

1 x

0 0
1 x
b x:r_K T - etm et 7td d
+/O<w (¢+w)5)/opa(y)y:c
1 1 x
- / pat (80, — 7y + k) da — pk / " / 0,(y, )y dz

0 0 0

1 1 1
— b [0t o+ ok [ Ouodet g [ 62 da
0 0 0
rx=1

. [pg (/Ox o, t)dy) (bpe — Kb — 690}

=0

By recalling that 6 stands for 6, we have

1 d rt
/ 0,(y, t)dy = &/ 0(y,t)dy =0
0 0
Consequently. 1
o ([ 0wt 0o, - w06 5] o0
0 =0

Thus, we obtain.
1 1 1
I(t) = — 7ps / 42 de — opy / Wi A + ks / bty da
0 0 0
1 x 1
Koy [ [ 0w dyods oy [ 6, da
0 0 0

1 1
— Kps / 0,0dz + Bps / 02 dz.
0 0

The assertion of the lemma then follows, using Young’s and Poincare’s inequalities.

1 2l 1
p2k 2 D20 2

k/@x g—/0m+—/ |
pzo 1t 2\/50 t 9 Owt

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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1
i [0 <58 [apn g [uz < 008 p3/ G+ [ (4.25)
/ wemdx<— 92 / P? < / +02— / V2. (4.26)
0
k2 /{:2
_l{,‘p5/ 9t¢< p292 +€2/ ¢2 Cl / 9tx+5263/ ¢ (427)
0
1 T k2 k?2
st [ ([ o) war < £25 A ([ etda:) / ¥ < / 7+ 202 / 0,
0 \Jo =2 Jo (4.28)
/ etm + 02_82
1 1
sza/ 07 < 51?301/ O (4.29)
0 0
1
’ C2€9 C2&9 €2 2
< (222, 22 =2
IQ(t)—<4 1 +2> | Vel
52 2 /{52 /{72 b2 1
+<2\%+ et +Bp3cl>/ b
L 2 (4.30)
+€203/ Qﬁmdl’lf
0
N AN
+( Yyp2 + 2) ; Ypde
We put
pok® | albPpy | 0°p3  alk’p3 | Kps
= . 4.31
C(€h) 2\/5—’_ 9 + & + 462 + 2 C4Cl+01ﬁp3 ( 3)
O
Lemma 4.3. Let (¢,v,0,2) be a solution of (2.1). Then the functional.
1 1
202/ ¢t(¢z+¢)d$+p2/ V¢ da. (4.32)
0 0
Satisfies,
! =1 K
J'(t) < [bguthu]y — (% +1)”
/ h dx—i— — 921, dx
’Wl/ o2 dz + 2 /¢§, da (4.33)
2p1 Pt Jo
P2N2 2
+ 2% (x,1,t)dx
2p1 /o ( )
K
#(ZE 0 [,
Proof. By differentiation of J(t), and integration by parts, we get.
1 1
:Pz/ ¢tt(¢x+¢)dx+¢t(¢z+¢)t+p2/ Vet Pt + Oraed. (4.34)
0 0
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From the first and second equations of problem (3.4) we have.
P2t = bus — k(dp + 1) — B0, (4.35)
(btt _ k(¢m+¢)x _:ulgb;(m’t) _:u22<x’17t). (436)
1
Substituting(4.35)and (4.36) into (4.34) we get.
1
IO = [ (e = bloz = ¥) = 80)0x + )
" 1
—|—p2/ Vi(Pz + )i + P2
(4.37)
/ sutit 2 [ Ko v,
2] _ P2
- i #1¢t(gj t) P /0 ,leZ(f, 17t)¢x
7t) = [basxwx];m( )/¢ (6241, do
1
01 2 ooty [ 0 (4.38)
o [ vt de =2 [ o
1
_ P2ft2
o /0 Vpz(x, 1, t)dx
Young’s inequality leads to (4.33). O

. Next, to handle the boundary terms, appearing in(4.33), we exploit the following function.

q(z) =2 —4x, z€(0,1).

Lemma 4.4. Let (¢,1,0,2) be a solution of (3.4). Then we have, Ye3 > 0,

[bbatbn) =)
e3d [* bp2 d
< 2 e d

+3€3/ gb dx+<63+ 2 b2>/1/1 dz
p2b

1/Jt2dl’+KT2€3/ (¢x+¢ dx—l——/ 02,

2
+< %S 'ul)/ o7 dor + == e 2*(z,1,t)dz.
K €3 Jo

Proof. By using Young’s inequality, we easily see that, Ves > 0,

(4.39)

(4.40)
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otz < o5 [6200) + 6200)] + - [1200) +020)]. (a.41)
Also,
jt A e | gt de
-2 01 oot do— K [ g (60 + 0) do (4.42)
1
— b /O Qb e,

Which gives
d

! 2 2 2 2 ! 2
< /0 bpadiity da < —b [wx<1>+wx<0> ] +3b / ¥2 do

1
T 2pmb @wt d + 2K / (60 + ) (4.43)

—/wdx+52/0
1

plqcbtcbx do < - K [¢3(1) + ¢3(0)]

Similarly, we have.

dt
1 1
+ (263 + 3K) / ¢2 dr + K / Y2 dx (4.44)
0 0
1 ,u2 1 ,u2 1
+2p1/ ¢7 dz + —1/ ¢? do + =2 | 2*(x,1,t)dx.
0 €3 Jo €3 Jo
A combination of (4)-(4.57) then yields the desired result.

Lemma 4.5. Let (¢,1,0,2) be a solution of (3.4).
Then, the functional.

1
O(t) = / <p39t2 + g@i + 7@/}1;9) dx. (4.45)
0

. This satisfies, Yeq > 0.

1 1 2 1
o'(t) < —(5/ 02dx + 62/ Yidx + (47— + pg,) / 07 dz. (4.46)
0 0 €2 0
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4.0

Proof. A simple differentiation, using equation (3.4) and Young’s inequality, gives the result.

1
0

1
0

1 1 1 1 1 1
= / <p39§ + 000, — 5/ 02 — 5/ Y 0dx + kOO, — k/ 0.0, + 5/ V0 + 5/ 1[)559,5) dx
0 0 0 0 0 0

1 1 1
:/ <p39§—5/ 0§+5/ %et) dx.
0 0 0

By using Young’s inequality, we get.

/ by < 2 / Yz +
482

Lemma 4.6. Let (¢,v,0,2) be a solution of (3.4).

Then, the functional.
1 p1
:/ / e 2% (x, p, t)dpdz.
0o Jo

. Satisfies, for some mgy > 0,

1 1 1 1 1
L) < —mo/ / 22(z, p,t)dpda — E/ A(x,L,t)dz + = [ ¢F da.
o Jo T Jo T Jo

Proof. By differentiation of I3 we get.

1 1
= //QG_QTPZ(x7p> t)zt(‘rapa t)dpdl’
0 0

From the fourth equation of the problem (3.4) we have.

—Zp(.il?, P, t)
—7_ .

Zt(x7 P, t) =

Substituting(4.52)into (4.51) we get.

= —_/ / 2P 2z,(, p, t)dpda

1
:—2/ / 2Pz, p, t dpdx——/ / 82 2Pz, p,t)) dpda
0

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)
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Simple integration of the last term gives the result.
L) = — (—6_2”)22) / dr — (—) (—27)/ / e 2P dxdp
T \2 0 T 0o Jo
1 1 1 pl
= — [ ez, 1,t) + —/ e*2?(x,0,t)dr — 4/ / e ¥ 2 dxdp (4.54)
T Jo T 0o Jo
2 [l 1 1
= / (x,1,t) + / ¢ — _27”/ / 22dxdp.
T Jo 0o Jo
O
proof of theorem 4.1. To finalize the proof, we define the Lyapunov functional £ as follows. n
L(t):=NE(t ) + NI () + NoLo(t) + J(t) + O(t) + I5(t)
b c 1 (455)
+22 [ v, a2 [ pasis, an
€3 0
Where N, Ny, N, are positive constants to be chosen properly later.
A combination of (3.51),(4.3),(4.33),(4.40),(4.46),(4.50) and we use
1 1 1
/92dm</02 dz, /gzﬁideQ/ (¢m+¢)2 dx—i—?/ Y2 da. (4.56)
0 0 0
We arrive
ﬁQ BQ 1
L'(t) < BkN+N1—+N20(52)—+—+p3 / 02, dz
2b ey  4deg 0
[ b 3v?
+ Nl(—§+€1(#1+|#2’))+3€2N2+%+4 +43+7€3:|/1/J dz
: 2
+ —NC+ Nl €101 + & + — pQ,Uq + p1€3 / ¢t dx
L 4ey 2p
[ Napay p1
+ 5 + M p2+4— + 2+— wt dz (4.57)
K (K
+ —3+(T+6>53+2N252}/ (¢x+¢) / 92 da
[ || paits /1 2 /1 |
—NC — Ny — 1,t)dx — t)dpd
K
+ <”2—— )/ b (6 +0), da
P1 0
At this point, we choose our constants carefully. First, we take
K [ K? )‘1 b
e3< —|—+6 , <8 —/—m . 4.58
’ 2<4 P2 (A 2) (458)
Now, select Ny large enough such that.
b 32V
- N <——51 (,u1+|,u2|)) A1 + 7e5 =k < 0. (4.59)

+—=—+—+-—=
P2
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And then N, large so that.
Napay P1 pab
- —=4+N — — < 0. 4.60
5 + 1<P2+4£1 +02+2€3 (4.60)
Next, pick €5 so small that.
K K?
ki + 33Ny < 0, —5 + <T + 6) ez + 2Noey < 0. (461)
Finally, choose N so large that.
—ﬁkN—l—Nl +NQC<€2> +L+p3 <0
c |2l 2 o3
—NC — &+ N2 + 22+ 522 <0
And further, for some Sy, 5 > 0, we have.
LE(t) < L(t) < BE(t), t>0. (4.63)
Therefore, (4.57) becomes.
1
L) <— 771/ (92 + 02, + U2+ U]+ )+ (9 + w)Q) dz
K
< CE(M+ (pQ— —b) / bale + 1), d
Where n; and C are two positive constants.
Now, let’s correct the text following equation (4.64):
- Case 2 = £2: In this case, equation (4.64) becomes:
L'(t) < —CLE(t). (4.65)
Using equation (4.63), we find o = %:
L'(t) < —al(t), Yt>0 (4.66)
Integrating equation (4.66) from 0 to ¢ gives:
L(t) < L(0)e ", Vt>0. (4.67)

Hence, recalling equation (4.63), we obtain (4.1)1.
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