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Abstract

This memory is devoted to the study of stability and instability of solutions for two evolution problems.
In chapter 1, we recall some basic knowldge in functional analysis.

In chapter 2, we study the well-posedness and stability of linear Schrodinger equations with infinite
memory.

In chapter 3, we consider a sysytem of nonlinear viscoelastic wave equations with degenerae damping
and strong source terms. We prove, with positive initial energy, the global nonexistence of solution by
concavity method.

Keywords : Schrodinger equations , infinite memory, well-posedness, stability, global nonexistence,
Klein-Gordon.
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Résumé

Ce mémoire est consacré pour 1’étude de la stabilité et de 1’instabilité des solutions de deux problemes
d’évolution. Dans le chapitre 1, nous rappelons quelques connaissances de base en analyse fonction-
nelle.

Dans le chapitre 2, nous étudions le bien-posé et la stabilité des équations linéaires de Schrodinger a
mémoire infinie.

Dans le chapitre 3, nous considérons un systeme d’équations d’onde viscoélastiques non linéaires
avec amortissement dégénéré et termes source. Nous prouvons, avec une €nergie initiale positive,

I’inexistence globale de solution par méthode de concavité.

Mots clés : équation de Schrodinger , mémoire infinie, le bien posé, stabilité, I’inexistence globale,
Klein-Gordon.
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Introduction

The aim of this memory is to investigate the stability and instability of two evolution
problems, such as the Schrodinger equation and Klein-Gordon system.

The systems that we treated here are the following.

Schrodinger equation

The Schrodinger equation was invented at a time when electrons, protons and neutrons
were considered to be elementery particles. it was extremly successful in what is now
called atomic and molecular physics, and it has been applied with great succes to
baryons and mesons, especially those made of heavy quark-antiquark pairs. While
before World War II approximation methods were developed in a heuristic way, it is
only during the post-war period that rigorous results on the energy levels and wave
functions have been obtained and these approximation method justified. Impressive
global results, such as the proof of the ’stability of matter’, were obtained as well as
the properties of the two-body Hamiltonians including bounds on the number of bound
states. the discovery of quarkonium led to a closer examination of the problem of the
order of energy levels from rigorous point of view, and a comparison of that order with
what happens in cases of accidental degeneracy such as the Coulom and harmonic
oscillator potentials, comparison of these cases also leads to intersting results on purely
angular excitations of two-body systems.

Who among us has not written the words ’Schrodinger equation’ or * Schrodinger
function’ countless times ? the next generation will probably do the same, and keep his
name alive.

Klein-Gordon equation

The Klein-Gordon equation is distinguished among other nonlinear hyperbolic equa-
tions by its theoretical and practical significance. The nonlinear Klein-Gordon equa-
tion appears in the study of some problems of mathematical physics. For example,
this equation arises in general relativity, nonlinear optics (e.g., in the study of in-

stability phenomena such as self-focusing), plasma physics, fluid mechanics, radiation
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theory or in the theory of spin waves [64) 44, [46]. The Cauchy problem for nonlinear

Klein-Gordon equation
ou—Ap+me+p = flg), t>0, z€R" (1)

@(va) = 900@),%(0’90) = 901<£L‘),$ € R (2)

has been studied by many authors (see e.g. [37, [58]). Existence and nonexistence of
global solutions are the main points of study for the problem , in the case m = 0,
f() ~ [@lP (see e.g. [63]).

In [29, 60], the problem (), has been investigated in the case m =0, f(p) ~ |p|?,
where 1 <p <p. =1+ %, and the existence of sufficiently small initial data (pg;¢1)
was proved for which the corresponding Cauchy problem has no global solution. In [7,
8] the Klein-Gordon equation has been investigated in the case m = 0, f(p) ~ |p[?
when p > p. =1+ % , and the existence of a global solution for the problem ,
has been proved for suffciently small (pg;p1). In the case m > 0, i.e for the Klein-
Gordon equation with mass, the above efects do not occur. In this case, the main
objects of study are the corresponding potential well and stability or instability of
standing wave. There is a series of works devoted to that problem. The nonexistence of
global solutions was studied in [34] for nonlinear wave equations with negative energy
and in [35] for a class of abstract equations that, in particular, contains nonlinear
wave equations. The nonexistence of global solutions of nonlinear wave equations with
positive initial energy was considered in [55]. It was shown in the study of nonlinear
wave equations in [33] that there exists initial data with fixed initial energy such that
the corresponding Cauchy problem does not have a global solution. This result was
improved in [30]. A mixed problem for systems of two semilinear wave equations
with viscosity and with memory was studied in [40)], where the nonexistence of global
solutions with positive initial energy was proved. The nonexistence of global solutions
of problem , with negative initial energy was studied in [2] for m = 2 and in
[68] for m = 2 and p; = ps. The nonexistence of global solutions of a generalized
fourth-order Klein—Gordon equation with positive initial energy was analyzed in [52].
A fairly comprehensive picture of the studies in this direction can be gained from the
monograph [26].

Our main results in this memory can be summarized as follows.

Chapter 1. In this chapter, we recall some basic knowledge in functional analysis,

most of which will be used in the subsequent chapter.
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Chapter 2. In this chapter, we study the well-posedness and stability for linear Schrodinger
equation in d—dimensional open bounded domain under Dirichlet boundry con-
ditions with an infinite memory.

First, we establish the well-posedness in the sens of semigroup theory. Then a
decay estimate depending on the smoothness of initial data and the arbitrary
growth at infinity of relaxation function is established for each equation with

help of multipliers method and some arguments devised in [3I] and [32].

Chapter 3. In this chapter we will substantiation that the positive initial-energy so-
lution coupled nonlinear Klein-Gordon equations with degenerate damping and
source terms. We prove, with positive initial energy, the global nonexistence of

solution by concavity method.



Chapter 1
Preliminaries

All assertions in the first chapter are made without proofs and the scape has been
minimised to only material actually needed ( see [9], [10] , [57] ,[I] and [69]).

1.1  Functional Spaces

We denote by R™ the Euclid space, 2 C R" is a bounded smooth domain, C*(Q) is
the k' differentiable continuous function space in Q, C°°(Q) is the oo differentiable
continuous function space in Q, C(Q) is the oo differentiable continuous function

space with compact support in €2 .

Definition 1.1. Let X be a vector space over the filed K (K = R or C). Then a
semi-norm on X is a function ||.|| : X — R, such that :

a) ||z]| =0 for allz € X,

b) |laz|| = |a|||x|| for all z € X and o € K,

¢) llz+yll <zl +llyll for all z,y € X.

A norm on X is a semi-norm which also satisfies :

d) ||z]| =0 = x =0. A vector space X together with a norm ||.|| is called a normed

linear space, a normed vector space or simply, a normed space.

Definition 1.2. (Convergent and Cauchy sequences )
Let X be a normed space, and let {x, },en be a sequence of elements of X .

a) {x,}nen converges to x € X if
lim ||z, —z|| =0,
n—oo

5
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n.e. if
Ve > 0;3N > 0,Vn > N, ||z, — x| < e.

b) {zn}nen is a Cauchy sequence if
Ve > 0;3IN > 0,Vm,n > N, ||z, — z,|| < e.

Normed spaces in which every Cauchy sequence is convergent are called complete

normed spaces. In general a normed space is not complete.

Definition 1.3. (Banach Spaces)
A normed spaces is called a Banach space if it is complete i.e. if any Cauchy sequence
inside the space converges to a point of the space. Its dual space X' is the linear space

of all continuous linear functional f: X — R.

Proposition 1.1. X’ equipped with the norm ||.||x: defined by

£ = sup{[f(w)] : [[ul] <1}

18 also a Banach space.

Remark 1.1. From X' we construct the bidual or second dual X" = (X')'. Further-
more, with each u € X we can define p(u) € X" by p(u)(f) = f(u), f € X', this
satisfies clearly ||p(z)|| < ||ul|. Moreover, for each uw € X there is an f € X' with
f(u) = |lull and ||| = 1, so it follows that ||o(z)|| = [|u].

Definition 1.4. Since ¢ is linear we see that
p: X - X",
is a linear isometry of X onto a closed subspace of X", we denote this by
X — X"

Definition 1.5. If ¢ ( in the above definition ) is onto X" we say X is reflexive,
X = X",
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1.1.1 Weak and weak star topologies

Let X be a Banach space and f € X’. Denote by

pr: X =R

{L’P—>(,Of

When f covers X', we obtain a family () rexs of applications to X in R.

Definition 1.6. The weak topology on X, denoted by o(X, X'), is the weakest topology

on X for which every (¢g)ex: is continuous.
We will define the topology on X', the weak star topology, denoted by o(X’, X).
For all x € X. Denote by
o : X' =R
[ ea(f) ={f2)x x
Definition 1.7. The weak star topology on X' is the weakest topology on X' for which
every (Yz)zex: @S continuous.

Remark 1.2. Since X C X", it is clear that, the weak star topology o(X', X) is
weakest than the topology o(X', X"), and this later is weaker than the strong topology.

Definition 1.8. A sequence (x,) in X is weakly convergent to x if and only if

lim f(z,) = f(z)

n—c0

for evey f € X', and this is denoted by x, — x.

Remark 1.3. 1. If the weak limit exists, it is unique.
2. If &, — x € X (strongly), then x,, — x (weakly).

3. If dim X < oo, then the weak convergent implies the strong convergent.

1.1.2 Hilbert spaces

The proper setting for the rigorous theory of partial differential equation turns out to
be the most important function space in modern physics and modern analyses, known

as Hilbert spaces. Then, we must give some important results on these spaces here.
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Definition 1.9. A Hilbert space H is a vectorial space supplied with inner product

(u,v) such that ||u|| = \/(u,u) is the norm which let H complete.

Theorem 1.1. Let (z,)nen be a bounded sequence in the Hilbert space H, then it

possess a subsequence which converges in the weak topology of H.

Theorem 1.2. In the Hilbert space, all sequence which converges in the weak topology

18 bounded.

Theorem 1.3. Let (x,)nen be a sequence which converges to x, in the weak topology

and (Yn)nen @s an other sequence which converges weakly to y, then

lim (z,, yn) = (z,y).

n—o0

Proposition 1.2. Let X and Y be two Hilbert spaces, let (x,)nen € X be a sequence
which converges weakly to x € X, let A € L(X,Y). Then, the sequence (A(xy))nen
converges to A(z) in the weak topology of Y.

Theorem 1.4. (The Lax-Milgram Theorem)

Let X be a Hilbert space and let a : X x X — R be a bilinear functional. Assume that
there exist two constants C' < oo, > 0 such that:

i) |a(u,v)] < Cllu||.||v]]  for all (u,v) € X x X  (continuity),

i) a(u,u) > allul]*  for all we X (coerciveness).

Then, for every f € X* ( the dual space of X ), there exists a unique u € X such that
a(u,v) = (f,v) forallve X.

1.1.3 L*(Q2) spaces

Definition 1.10. Let 1 < p < oo, and let €2 be an open domain in R™, n € N. Define
the standard Lebesgue space LP(2) by

LP(Q) = {f :Q — R: f is measurable and/ |f(z)Pdx < oo}
0

Notation 1 : For p € R and 1 < p < 0o, denote by

I = ([ |f(93)|”da:>;-
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If p = 0o, we have

LP(Q) ={f:Q —R: f is measurable and there exists C such that,|f(x)| < C in Q}

. Notation 2 : Let 1 < p < oo, we denote by ¢ the conjugate of p i.e.
1 1

Syt

P q

Theorem 1.5. It is well known that LP(Q) supplied with the norm ||.||, is a Banach
space, for all 1 <p < 0.

Remark 1.4. In particularly, when p = 2, L*(Q) equipped with the inner product

<f79>L2(Q)=/Qf(x)g(x)dx,

18 a Hilbert space .

Theorem 1.6. For 1 <p < oo, LP(Q) is a reflexive space.

1.1.4 Sobolev space W"P(()
Definition 1.11. i) Let m € N and p € [0,00]. The W™P(Q) is the space of all
f e LP(Q), defined as

WmP(Q) ={f € LP(Q), such that 0°f € LP(Q)for all o € N}

such that || = 377 | a; <m where, 0% = 97" 0y....05".
i) if feWm™P(Q), we define its norm to be

(Siajer o D2 flrdz)” (1 <p < o0),

> jaj<k €SSSUpP [DYf| 5 (p = 00).

| fllwmo) =

Definition 1.12. We denote by WP (Q), the closure of C§°(2) in W™P(Q) .

Remark 1.5. i) if p = 2 we usually write

H™(Q) = W™(Q),  Hi'(Q) = W5 ().
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Supplied with the norm

[SII=

/]

= | (107 f]l22)?

laj<m

The letter H is used, since - as we will see - H™()) is a Hilbert space.

With usual scalar product

U, v) = 0%ud“v dux.
wo =3 [

laj<m

Note that H*(Q) = L*(Q).

Theorem 1.7. 1. H™(Q) supplied with inner product (.,.)gmqy is a Hilbert space.
2. Ifm>m' , H*(Q) — H™(Q).

Theorem 1.8. Assume that €2 is an open domain in R™, n > 1, with smooth boundary
I'. Then,

i) if 1 < p<n, we have W' C LY(Q), for every q € [p,p*], where p* = np

n—op

i) if p=n, we have WP C L1(Q), for every q € [p, ) .
i1) if p > n, we have WP C L>(Q) N C**(Q), where a = b=

1.1.5 L?(0,7,X) space

Definition 1.13. Let X be a Banach space, denote by LP(0,T,X) the space of mea-

surable functions

f:10,T[— X
——_
such that
, .
( / ||f<t>|r&dt) W lorn <00 1<p<oo
0
If p = oo,

[ fllz=.r.x) = sup ess|f(t)]x.
t€)0,T]

Theorem 1.9. L?(0,T, X) equipped with the norm ||.||r(o.1,x) is a Banach space.
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Proposition 1.3. Let X be a reflerive Banach space, X' it’s dual, and 1 < p < o0,
1 <q < oo, % +§ = 1. Then the dual of LP(0,T,X) is identify algebraically and
topologically with L9(0,T, X").

1.2 Some useful inequalities

In this section, we shall recall some inequalities which will be used in the subsequent

chapters.

1.2.1  Young inequalities

Theorem 1.10. Let 1 < p,q < oo, %4— % =1, then

P
abga—+— , a, b>0.

p q

Theorem 1.11. (Young inequality with ¢)

Let1<p,q<oo,§+%:1, then

P
abgga——l——q— ,a,b > 0.
p er ¢

The Young inequality has several variants in the following.

Corollary 1. Let a,b > 0, ]%—{— % =1,1<p,q<oo. Then

Darbh <440
P q
ber
ii) arbt < —— + | ¥e>0.
pea

iii) a®b' = < aa + (1 — a)b ,0<a<1.

1.2.2 Holder inequalities

Theorem 1.12. Let 1 < p,q < o0, %—l— % =1,

then, if f € LP(Q), g€ L1(Y), we have

Ifgllzr ) < I fllze)-llgllze)-
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Theorem 1.13. (Genemlized Holder inequality)
Let 1 < piy ey pm < 00, = 4 ... + 1% =1, then, if fir € LP(Q) fork=1,...m

— 2 Pl
JAESEAES § (R
Q k=1

Remark 1.6. We have the corresponding weighted Holder inequality of the integral
form. Let 1 < p < o0, %—I— % =1, fel?(Q), geLiQ), w(x)>0on Then

/|f9|w dx<</yf )P ( dx) (/\g )| (x dx)

1.2.3 Minkowski inequality

we have

Theorem 1.14. Assume 1 <p < oo, f,g € LP(Q2), then

1+ gllr@) < [[flle@) + l9llr(e)-

If0#p <1, then
If +gllzr) = | fllr) + l9llze )

In the applications, the integral from of the Minkowski inequality is used frequently.

1.2.4  Poincaré inequality

In this subsection, we shall recall the Poincaré inequality in different forms.

Theorem 1.15. Let Q be a bounded domain in R" and f € Hi(Q2). Then there is a

positive constant C' such that
1 fllz20) < CNIVF iz,  Vf € Hy().

Theorem 1.16. Let Q) be a bounded domain of C* in R™. There is a positive constant
C , such that for any f € H'(Q),

If = Fllzz) < ClIV fllz2

Where f = -1 Jo f(x) dx is the integral average of f over Q, and |Q| is the volume of
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Theorem 1.17. Under assumption of Theorem (1.16)) for any f € H'(Q), we have

)

[l < © (nwnm n ' [ ss

1.3 Basic theory of semi-groups

In this section, we recall some basic knowledge in semigroups, most of which will be

used in the subsequent chapters. A general reference to this topic is [10], [9].

1.3.1 (y—Semi-groups of Linear Operators

Definition 1.14. (Semi-groups)

Let X be a Banach space, the one-parameter family S(t), 0 <t < oo from X to X
is called a Semigroups if

(1) S(0) =1 (I is the identity operator on X ).

(11) S(t + s) = S(t).S(s) for every t,s > 0 (the Semigroup property).

Definition 1.15. The linear operator A defined by

b - fre - B0 )

t—0t+

and
. S(t)r — d(S(t
Ax:tg%( Uj’ z) _ (Cgtm\t:o for all =€ D(A)

is called the infinitesimal generator of the Semigroup S(t), D(A) is called the domain
of A.

Definition 1.16. (Cy—Semigroups).
A Semigroup S(t), 0 <t < oo, from X to X is called a strong continuous Semigroup

of bounded linear operators if

lim S(t)x =2, for all z€X,

t—0t

or
lim [|S(t)zr —z|| =0, for all ze€X.

t—0t+

i.e S(t) Co— Semigroup.
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Definition 1.17. A semigroup S(t), 0 <t < oo is called a semigroup of contraction
if there exists a constant a > 0 (0 < v < 1) such that for all t > 0,

[S()x =Syl < alle—yl, for all zyeX.

1.3.2 Hille-Yosida Theorem

Definition 1.18. An unbounded linear operator A : D(A) C H — H[| is said to be
monotond, if it satisfies

(Av,v) >0 Vv e D(A).
It is called mazimal monotone if, in addition ; R(I + A) = H, i.e
Vfe H, Jue D(A) such that u+ Au= f.

Proposition 1.4. Let A be a maximal monotone operator. Then

1. D(A) is dense in H.

2. A s closed operator.

3. For every A > 0, (I + MA) is bijective from D(A) onto H, (I + XNA)™! is a bounded
operator, and ||(I + NA) " ) < 1.

Theorem 1.18. (Hille-Yosida)
Let A be a mazimal monotone operator. Then, given any uy € D(A) there ezists a

unique function

u e C'([0,400); H) N C([0, +00); D(A)),

satisfying
d
d—?#—Au:O on [0, +00)
u(0) = uo.

LH denotes a Hilbert space.
2Some authors say that A is accretive or —A is dissipative.



Chapter 2

Well-posedness and stability for
Schrodinger equation with infinite

memory

2.1 Introduction

In this chapter we are concerned with the following Schrédinger equation with infinite

memory :

iy(z,t) + aly(z,t) —i [;° f(s)Ay(z,t — s)ds =0, (z,t) € Q xRy,
y(x,t) =0 x € 01, 75>07 (2.1)
y(ﬂf, _t) :yo(ﬂf,t), (l’,t) EQXR+7

we denote by the subscript ¢ the derivative with respect to the time variable ¢, by A
the Laplacian operator with respect to the space variable z, and by 2 C R? an open
bounded domain with a smooth boundary I', here d € N, a € R%, f: R, — Ris a
given function, yq is a fixed initial data and y in unknown of .

We would like here to mention some known papers in connection with well-posedness
and stability of Schrodinger type equations, which is the subject of our chapter.
When the infinite memory is replaced by a damping, equation in the presence or
not in 1 of a semilinear term ; that is

iy(x,t) + aAy(x,t) + bly[Py +icy = 0 (2.2)

15
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(a,p,c € R and b € R), has been widely studied in the literature, where it is known
that Schrodinger equations are globally well-posed under some smallness conditions on
p. In the particular case a = 1, p = 2, b € {1,—1} and the domain is bounded, the
exponential stability of was proved in [66], under some smoothness and smallness
conditions on the initial data. A generalization to the case of inhomogeneous Dirichlet
boundary conditions was given in [54], where the decay rate depends on the regularity
of solutions. Some exact controllability results in both Dirichlet and Neumann bound-
ary conditions cases are also known for ([2.2)). For more general semilinearity: p = 2 or
not (with @ = 1,b = ¢ and the domain is unbounded), some global existence results of
solutions as well as the bolw-up phenomena were obtained in [52] for two sets of initial
data.

In [18|, the authors studied the existence as well as the stability in R? of (2.2) with
a =1, b = —1 and the damping coefficient c¢ is a function on both space and time vari-
ables and may vanish when time goes to infinity. Moreover, the uniqueness of solution
is proved when d € {1,2}. Similar results were obtained in [6] and [7] in d-dimensional
Riemannian manifolds and nonlinear local damping ic(x)g(y) (instead of icy) but with
b =0, where g is a given function satisfying some properties.

There exist in the literature several well-posedness and stability (theoretical and nu-
merical) results also for higher order Schrodinger equations. In this direction, see, for
example, [22] and the references therein.

For other well-posedness, stability and blow-up results related to Schrodinger types
equations cited above, we refer the readers to, for example, [I1]-[21], [23] and the re-
frences therein.

Our goals in the present chapter is studying the existence, uniqueness, regularity and
decay of solutions for the linear Schrodinger equations , where the unique present
dissipation is the one generated by the infinite memory term. This situation is com-
pletely different from the ones considered in the literature and cited above, where the
dissipation is generated by a (linear or nonlinear) damping.

First, we establish the well-posedness (existence, uniqueness and smoothness of so-
lutions) in the sens of semigroup theory. Then, a decay estimate depending on the
smoothness of initial data and the arbitrarily growth at infinity of the relaxation func-
tion f is established for the equation . These two decay estimates imply that any
weak solution converges to zero at infinity. In the particular case where — f’ converges
exponentially to zero at infinity, our decay estimates lead to the decay rate ¢t~", where

n € N* depends on the regularity of initial data. The proofs are based on the semigroup
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approach, the multipliers method and some arguments devised in [31] and [32].

we denote by the subscript ¢ the derivative with respect to the time variable ¢, by A
the Laplacian operator with respect to the space variable x, and by Q C R? an open
bounded domain with a smooth boundary I', here d e N, a € RY, f: R, — Ris a
given function, yy is a fixed initial data and y in unknown of .

2.2 Preliminaries and well-posedness results

In this section, we present and proof our well-posedness results for (2.1)). For the
purpose of simplifying the formulations and to avoid ambiguity, the variables x ;¢ and
s are noted only when it is needed. Let us use (,) and ||.|| to denote, respectively, the

standard inner product in L?*(€2) and its generated norm given by

<p,q>=/ﬂp(x)<j(m)dx and [|p]| = (/Q \p(x)|2dx)é.

In order to prove the well-posedness of (2.1)) by using the semigroup approach, and as

in |24], let us consider the variable ' and its initial data n° given by

t s
n'(z,s) = / y(z,7)dr and 7°(x,s) = / Yo(w,2)dz (z,8,t) € QX RL. (2.3)
t—s 0

Using Leibniz formula

d @ b(z) of ]
p o f(z,t) do = /a(x) E(x’t) dr + f(b(t),t) —b(t) — f(a(t),t) —a(t),

direct calculations show that
n;(!ﬂ,S):y(l’,t)—y(SL’,t—S) and 772(3775) :y<x7t_5)7
hence, the functional 7 satisfies

ni(x, s) + ni(z, s) = y(x,t) reQ, steR:,
n'(x,s) =0 rel, s teR:, (2.4)
n'(x,0) =0, reN teR,.

In order to express in term of n' the memory integral in (2.1)), we assume the
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following hypothesis.

(A1) Assume that the function f is non-increasing such that

feC*R,), f(0)>0 and lim f(s)=0. (2.5)

§—00

Since f € C*(R,), then f' € CY(R,), putting g = —f' , so g € C*(R,), and because

f is non-increasing f’ < 0, as a result g is non-negative, and

9o ‘= /0°° g(s)ds

:/OOO —f'(s)ds
=f(0) € Ry.

On the other hand, we integrate with respect to s and we use (2.4)3 and the limit in
(2.5)) we find

| awartas == [ r)ayas
(el = [T roaitas).
_ /OOO F(s)ArLds.

Using the definition of 7?, we can see that ¢ = y(¢t — s), consequently

/OO g(s)An'ds = /Oo f(s)Anids
0 0

= /OOO f(s)Ay(t — s)ds.

As a result, we can rewrite the system ({2.1)) in the form

(2.6)

iy 4+ aly —i [ g(s)An'ds =0
(@, s) + .z, s) = y(z, ).

We consider the variable U and its initial data Uy given by

U= (y,n") and U= (yo(.,0),n"). (2.7)
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Now, we can formulate the system (2.1)) in the following initial value problem

U(t) = AU(), t>0,
U(0) = U,

to define the operator A we have

Ui(t) = (ys,m}), from (2.6) we obtain

iy = —aly +i [ g(s)Ant ds
m=y =

that is
ye = taly + [;° g(s)Ant ds
=Y = 1.

hence, the operator A is defined by

AU = (iaAy + [ gt(s)Antds>
Y =T

Let us now consider the space
b= {os R o (@), [ o)1y lds < oo}
0
equipped with the inner product
(v,w)p, = /000 g(s)(Vu(s), Vw(s))ds,
let us also consider the energy space
H=L*Q) x L,

equipped with the inner product

((v1,v2)), (w1, w2))y = (v1,w1) + (V2, w2) 1,
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The domain of D(A) is given by

UeHyeHQ), € Ly, n'(x,0) = 0}

DA = { iaVy + [;7 g(s)An'ds € L*()

In order to obtain the well-posedness results of ([2.8]), we need to assume the follow-
ing additional hypothesis.
(A2) : Assuming that g is a non-increasing function such that there exists a positive

constant 3y which satisfies
—bog < 4. (2.9)

Theorem 2.1. Assume that (A1) and (A2) hold. Then, for any n € N and Uy €
D(A?Y), the system (@) admits a unique solution U satisfying

U € Mi—oC" (Ry; D(A™)).

Proof. First, we mention that H is a Hilbert space and A is linear. The proof of
Theorem depends on the Lumer-Philips theorem by proving that the operator A
is dissipative and I — A is surjective (where I denotes the identity operator) ; in other
words —A is maximal monotone. consequently A is the infinitesimal generator of a C
semigroup of contraction on H and its domain D(A ) is dense in H . The conclusion
of Theorem follows immediately (see [43] and [57]).

Second, we prove that
1 o
RAU Uy =5 [ oIV |Pds. (2.10)
0
Where R denotes the real part. Hence A is dissipative, since g is non-increasing and

(2.9) guarantees the boundedness of the integrals in ([2.10). We use the definition of A

and (, )3, we integrate by parts and we use the boundary condition, we have

(AU, U}y = (iaVy + / o(s)Antds,y) + (y — 1t 1) (2.11)
0

= ia(Ay,y) + (/ g(s)An'ds,y) + (y,n") e, — (0t 01,
0
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zia/AyXydx+// g(S)AntydsdH/ 9(s)(Vy, Vnt>d8—/ 9(s){(Vn, V' )ds
Q QJOo 0 0

= —ia/Q (Vy)de—/ooog(S) (/Q V' Vydx) olsJF/OOo 9(8)<Vy,Vnt>ds—/ooog(8)<vni, Vi')ds
= —ia||Vy[* + /0009(8)(<Vy, V') = (V' Vy) = (Vig,, V') )ds.
That is
(AU, U)y = —ia| | Vyl[* + /0009(8)(<Vy,v77t> — (V' Vy) = (Vn,, Vi'))ds.  (2.12)
Direct computations imply that
(VnL, V') = /Q(%Vnz +iSVn ) (RVY' —iSVn') da
= /Q(Q?Vni SRV + VL - SV dx + i /QGRVnt — 3Vt — SVt — RV dx
= % (V7' (%), +1 /Q@Wnt — SVl — SV’ — RV da
and

(Vy, V') = (Vnl, Vy) = R(Vy, V') +iS(Vy, V') = R(Vy, V') +iS(Vy, Vi)
= 2iS(Vy, V'),

where & denotes the imaginary part. Exploiting these two equalities, we deduce from
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@.11]) that

(AU, U = ~ial] Vol + [ (9 ((9 Vi) = (93 V) = (Vi D)) ds
——ial Tl + [ ate) (2909050 - 5 (1912),
+i /Q(ﬁfﬁVnt — 3Vt — 3Vt — RV dac)
=il VP + 213 [ g(s) (V. Tfhs [ ats); (191} ds

+ z/ g(s) / (RV7' — SV, — VR — RV, da.
0 0

Hence,
(AU, Uy = —ial|VylP + 203 / o) (Vy, Vi)ds (2.13)
0

o0 1 o
—H'/ g(s) / (SVY' - RVRL — RV - SV, )dads — 3 / g(s)(|]V77t||2)s.ds
0 Q 0

Integrating the third integral in (2.13]) with respect to s, and by taking the real part
of the obtained formula we find (2.10). Using (A3), we get

1

RUAU, Uy = 5 / ¢ () ([0 )eds < 0.

Consequently, A is dissipative.
Third, we prove that I — A j is surjective. Let F' = (fy, fo) € H. We prove that there
exists U € D(A) satisfying

U—-AU =F. (2.14)

The second equation in (2.14)) is reduced to
N —y+ni=fo=nl+n"=y+ fo (2.15)

Integrating with respect to s and noticing that n* should satisfy n'(x,0) = 0, we obtain

s

n'=(1—-e"%)y +/ e % fo(T)dr. (2.16)

0
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The first equation in ([2.14)) is reduced to
y — ialAy — /000 g(s)Antds = fi. (2.17)
Multiplying by w, with w € H} (), we find
Yy W —ialy w — /oog(s)Antds w = fiw,
0

integrating the obtained formula over €2 and using (2.16|), we get

/yu_) dx—ia/Ayu_J d:c—/ (/ g(s)Antds)wdx:/flu_) dx
Q Q a \Jo Q

(y,w) —ia (Vy V|, — /va Vw dx) - /Ooog(s)/QAnt w dr ds = (f1,w)
(y, w) + 1a(Vy, Vw) — /0009(8) <V77t Vtﬂﬂ - QVnt Vw dx) ds = (f1,w)
(o) +ia(93. Vb + [ g(6) V', Tuwds = (fiu)

(y, w) +ia(Vy, Vw) + /Ooog(s)((l —e*)Vy+V /OS e *fo(r) dr, Vw)ds = (f1,w)

(4, w) + ia(Vy, V) + g1 (Vy, Veo) + /0 " () (V o, Vaw)ds = (fuw),

where

g1 = /0°°<1 —e Ng(s)ds and  f3(s) = /S e fo(T)dT. (2.18)

0
The variational formulation of (2.17)) is given by

(g1 +1a){(Vy, Vw) + (y,w) = (f1,w) — (f3,w)L,. (2.19)

Using the Fubini theorem and Holder’s inequality, we find

| sivsias= [ o | [ evamr

S/OOO e %g(s) (/OS erT> /OS e ||V fo(7)||?dT ds

2
ds
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/0 T gV falPds < / T (1 - e Yg(s) / Y fom) P ds

0

< / " er(s) / IV fol) P ds

0

< / IV ol / e~*g(s)ds dr
S/OOO (3Tg(7')||Vfg(7')||2/oO e *ds dr
< / gDV A dr = | £]2, < oo,

then f3 € L.
Therefore, we can see that, if (2.17) admits a solution y satisfying the required regularity
in D(A), then (2.16) implies that n exists and satisfies 0%, n* € L;. To prove the

existence of y, we notice that the form
Fy(v,w) = (g1 + ia)(Vy, Vw) + (y, w)
is bilinear, continuous and coercive, and the form

Fy(w) = (f1,w) — (fs, w)r,

is linear and continuous. For the continuity of F} and F3, we have just to apply the

classical Poincaré’s inequality: there exists ¢, > 0 such that
o] < e[ Voll?, v e Hy(Q). (2.20)
As for the coercivity of Fi, we have

Fi(v,v) = (g1 + ia){(Vv, Vo) + (v, v)
= (g1 + ia)||[Vo[]* + [|o])?

> (g1 + ia)d,[[v]|* + [|v])?
> (

g1 +ia+ 1)|jv]]%,

hence, F is coercive.
So using the Lax-Milgram theorem, we deduce that there exists a unique y € Hj(Q)
satisfying

Fi(y,w) = Fy(w), w € Hy(R).
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Which implies that (2.19)) holds. Hence, classical elliptic regularity arguments imply

ET7) and
iaVy +/ g(s)An'ds € L*(Q).
0

This proves that (2.14)) has a unique solution U € D(A). O

2.3 Stability results

We prove in this section the stability results of , where the obtained decay estimate
is valid for Uy € D(A?""?) in . We assume the following additional hypothesis on
the growth of ¢ at infinity and the size of .

(A3) Assume that there exists a positive constant ag and an increasing strictly convex
function G : Ry — Ry of class C*'(Ry) N C?*(R%) satisfying

G(0)=G'(0) =0 and tlim G'(t) = o0 (2.21)
in such way that
9" < gy, (2.22)
> © s(s) (s)
s7g(s g(s
_ " s+ AN 2.23
/o G (—g() . G —g() (223)

Furthermore, if (2.22) does not hold, we assume that y, satisfies

nal [ee] g(S) /s—t . )
sup max —_— VOiyo(., 7)drl||*ds < oo 2.24
te]RIi k=0 /t Gil(—gl(s))u 0 swol- 7| (2.24)

in (2.1)), where 0% denotes the derivative of order k with respect to s.

Remark 1. 1. Thanks to(2.29), is wvalid if, for example, [[VO¥yol|* (resp.
10%yol|? ),k = 0,1,...,n+ 1, are bounded with respect to s.

2. The class of functions g satisfying (A1),(A2) and (A3) is very wide and contains

the ones which converge to zero exponentially like
91(s) = die”?, (2.25)

or at a slower rate like
g2(s) = da(1 + s)™ % (2.26)
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with di, q1,dy > 0 and gz > 3. C’onditions and are satisfied by g1 with
Bo = ag = q1,and conditions and are satisfied by go with

1
Bo=q and G(s)=s",  foranyp> Zz + 3 (2.27)
y —

In order to announce our stability results, we consider the energy functional E
associated with , and given by

B = (Wi + [ a@lviias). (2.28)

Theoerem 2.1. Assume that (A1),(A2) and (A3) hold. Letn € N*, Uy € D(A?"+?).

Then there exists positive constant v, such that

Qp

E(t) < anGy, (7) and, teR’, (2.29)

where

s if holds,

Go(s) = G1(sG m=2.3,...,n,Gy =Gy and G = :
(5) ils 1(s)),m i o and Gols) {SG’(S) if [2.23) holds.

(2.30)
Remark 2. 1. We see that G,(0) =0 then implies that
lim E;(t) = 0. (2.31)

t—o00

By density of D(A7) in H, we conclude that is valid, for any Uy € H.

2. In case ([2.29), Gin(s) = s™, and so is reduced to, for some
Bn >0,
E(t) < But ™ (2.32)

However, in case, 18 weaker that. For the ea:ample, where
is satisfied with G given in , implies that there exist vy, > 0 such
that

E(t) < vypt™Pr,

where p, = > _ p~™. Notice that p, — n when p — 1; that is when ¢z — oo.

This means that if g converges to zero at infinity faster than any polynomial, then
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the decay rate given mis arbitrarily close to t7".

We start the proof of([2.29)) by proving the following identities for the derivatives of
E.

Lemma 1. The energy functional E satisfies

1

) =3 [ a1V (2.39)

Proof. We have

B() =Ry (U1
= R (U, U))
- %(Ut, U>H

Then, using ([2.8]); and (2.10), we get

E'(t) = R(U,, Uy
— RIAU, U)y

1 [,
5 [ SOV s
0

2

]

Remark 3. 1. Thanks to (As), E' is well-defined and non-positive, and so (2.8) is

dissipative.

2. Because Uy € D(A?™*?) in with n € N*, we can define the following energy
functional of higher order Ej, with k =1,2,3,4

1
By(t) = 510U, (2.34)

Because is linear and the coefficient a does not depend on t, we get (as for
)

/ 1 > /
B =5 [ deIvo s (2.35)
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Lemma 2. There exist positive constants ci,co and such that
Vol < v [ gV IPds + o [ QuRg~ ReSudde (230
0 Q

m .

Proof. Multiplying the first equation in (2.6 by 7, integrating over 2 and using the

boundary condition, we get

a/Ayﬂdx——i/ytydx+i// g(s) - An' i dz,
Q Q aJo

integrating by parts with respect to x and using the boundary conditions, we find

—a/Vy Vy de = —iy, y>—i/ g(s) ds/Vnt-Vy dx
Q 0 Q

—a{Vy, V§) = —ily, 7) — i / " () (i, V) ds

alIVulP? = ity v} +1 [ o)V V) ds (237
0
Direct computations show that
(e, y) = / Yyr y dx

Q

= / (Ry: + iSy,) Ry — iSy) du
Q

= /(?Ryt Ry + Sy - Sy + 1Sy, - Ry — iRy, - Imy) do
Q

= /(%yt~%y+3yt-gy) dx—l—i/(%y-gyt—lmy-?ﬁyt) dx
Q

Q

1 :
=5 o)+ [ (= Sy o

hence,
1 .
(o) = 5 (), + 1 | R = Sy (2.33)
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On the other hand, applying Hélder’s and Young’s inequalities, we have, for any ¢ > 0,

i /0 ) 9(s){Vn', Vy)ds

< |Vl +c. / o(3) [V |Pds, (2.30)
0

where we denote by c¢. a positive constant depending on e. Combining (2.37)) and

([2.38), using (2.39) and choosing ¢ = §, we obtain

alVyl? = ity y) +i / 9() (V' Vy) ds
0

1 [
5 (l1?), = [ Ry = Suda i [ glo)(9', ) s

taking the real part, we get

|| vy = / (Syye — RySu) do + R ( / o(s) (', V) ds) ,

then,
a o0
al|Vy|?* < /(%yﬁfﬁyt — RySy.) de + S [Vyl* + Cs/ g(s) V' ds,
Q 0
a 2 2 QY o 2 > t]12
SVl < = | (SyRys — RySy,) doe+ —c. [ g(s)[|Vir'[ds,
a Q a 0
setting
2
c1=-c¢ and ¢y =—,
a a

we obtain finally

Al Vyl? < o / o() [V [1%ds + e / (SyRy — RySy) do
0 Q

Now, we prove the following estimation on the last integral in (2.36]).

Lemma 3. For any € > 0, we have

/(%y%yt — RySy)dr < e||Vy||* + cg/ g(8)||VnLlPds — c. By (t) (2.40)
Q 0
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i
Proof. We proceed as in [27] for Timoshenko systems. Exploiting (2.4)) and integrating

with respect to s, we have

é(dy%yt_%ydyt = _/ \sy/ 77tt+775t) ds d:c—— %y/ 77tt"‘775t) ds dx
\Sy/ 77tt ( )m)defI:_ — §R?J/ mt (S)Uf)dem'
(2.41)

Using Holder’s, Young’s and Poincaré’s inequalities, we obtain, for any € > 0,

/(Sy Ry, — Ry - Syy)da dy/ R(ng, + n) ds do — — ?Ry/ S(nf, +nty) ds da
Q

() ([ ot sosos)

§<:I%m2m) -(/ | 13 (ot - @mbfdsmﬁé

gg—(/ﬂvdyﬁdx) (/“g/\% Vi~ <@vmnfdsd¢)§
( !V%dex> (/ / |3 (9(s) Vi, — <s>Vn£)\2dsdw)é

c? c , 2
<— [ |[VSy)? dx + —/ ‘3‘%( (s)Vnl, — g (S)an)| ds dx
9o go Jo Q

62 CQ o]
- — ]V%y|2 drx — — / |\s ( (s)Vnl, — (S)an) ‘2ds dx
290 Q 290 Jo Ja

a 2 2 ) +

<o ([ 1Vl - oRyp ) +

/0 /(’%( (s )th ( Vm | - |\9 th (3>V77€)‘2> ds dx
< 9+ o [ I - S IT) ds

/Q(gyiﬁyt — RySy)dz < el| Vy|* + Cz—:/ (9()IVnll* = g (S)IV|*)ds.  (2.42)

0
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Exploiting([2.35)); for k =1,
!/ 1 > / 1112
B =3 [ g IR
hence,
/Q (SyRy, — RySy)da < || VylP + . / g() |V I? ds — c. / ¢ (5) [Vt | ds,
0 0
that is
/ (SyRys — RySyo)de < ]| Vy| + c. / (VR ds — e By (1),
Q 0

we notice that (2.42) leads to ([2.40)). m

Now, choosing ¢ = ﬁ in ([2.40) and combining with (2.36), we find, for some ¢z > 0,

o0

IVyl* < 03/0 g(&IIVa'l¥s + 03/0 9()IVrl*ds — s B4 (t) (2.43)

in case ([2.1).

Remark 4. Using , 1 (for k = 1), we conclude from that in case
, for some ¢4 > 0,

IVyll* < ea(E(t) + Er(t) + Ea(t) < ca(E(0) + E1(0) + E2(0)). (2.44)
Therefore, using Holder’s inequality, we get, fort > s > 0,

/ti Vy(.,7)dr
< S/t— IVy (., T))Pdr < ca(E(t) + Ei(t) + Ey(t)) < ca(E(0) + E4(0) + E5(0))s?.

2
(V2 = \
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Fort > s >0, using the same arguments, we have

2

7] = H/ Vol r)dr + /vy< dr

<2 / Vol., / Vy(.,
<2 ‘ / Vyo(., 7)dr + 2¢4(E(0) + E1(0) + E5(0))s?
Consequently
cs(E(0) + E1(0) + E5(0))s? if 0 <s<t,
IVo'|* = ot 2 ) = M(t,s).
2‘ I Vyo(.,T)dTH 4 2e4(E(0) + Ey(0) + Eo(0))s® if s > 1> 0

(2.45)
Simalarly to and since Fy is non-increasing, we have, for some c5 > 0,

C5(E2(0) + Eg(O) —+ E4(0>>82 sz S S S t, -
||V77€t”2 = —t 2 . = M(t,s)
2‘ Iy afyo(.ﬂ')dTH 4 2¢5(Ba(0) + Es(0) + Eo(0))s® if s> 1> 0
(2.46)

in the case (2.1)).
The inequalities and will be used in the proof of the next lemma in order

to estimate the integrals in (2.43). This lemma was introduced in [31] and improved in
[32]. Notice that we have used energies of higher order up to Ey in case ; this is
why we need initial data Uy € D(AT""?) in case with n € N*.

Lemma 4. There exist positive constants d,d such that, for any eq > 0, the following

inequalities hold :

%@@ /Ooog(s)antH?ds < —d E'(t) +d Go(=0E(t)), (2.47)
%fi()t)) /OOOQ(S)HantII?ds < —dBy(t) + dGo(eo Br (1)), (2.48)

where Gy is defined in .
Proof. 1f (2.22) holds, then (2.33)) and (2.35) (for k = 2) lead to

o _2 , o _2 ,
/ 9(s)|IV'|IPds < —E'(¢), / 9()|[V|IPds < —Ej(¢). (2.49)
0 Qo 0 Qo
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So (2.47) and (2.48) hold with d = d = alo and Go(s) = s. When (2.22) does not
hold and is satisfied, we note first that, without loss of generality, we can assume
that £ > 0 and ¢ < 0 on R;. Otherwise, if E(t;) = 0, for at least t; € R, then
E(t) = 0 for all ¢ > t;, since E is non negative and non-increasing, and consequently,
is satisfied, since E' is bounded. And if ¢’ < 0 is not satisfied on R,, then
there exists sp € Ry such that ¢'(sg) = 0 and ¢ < 0 on (0, s), since ¢ € C(Ry).
Therefore(2.23) implies that g(so) = 0, and so g(s) = 0, for all s > s, since g is non-
negative and non-increasing. Consequently, the integrals on R, in are reduced

to integrals on (0, sp) and ¢’ < 0 on (0, so).
Let 7(t,s),0(t,s) > 0,g9 > 0 (which will be fixed later on) and K(s) = i for
s > 0. The hypothesis (A1) implies that

s G(T)

s—=0+ G_1<S) T—=0t T

= ¢'(0) =0,

then K(0) = 0. The function K is non-decreasing. Indeed, the fact that G~! is concave
and G71(0) = 0 implies that, for any 0 < s; < s,

K(s)) = il < il = 2 K(sy).

G (2524 (1-2)60) 267+ (1-2)6-(0) O 62

52 52

Then, using ([2.45)),
K(=0(t,s)g'(s)|[V'[|*) < K(=M(t,s)0(t, 5)g'(s)). (2.50)

Using ([2.50)), we arrive at

| s = s [ G ot (0
)G EED)()
(1)
1 > 1 —1 / t12
< e L T oIV
(1 5)C (o ED)g(s)
—9(75, 8)9/(8)

K(=0(t, s)g'(s)IV']*)

K(—M(t,$)0(t,s)d (s))ds
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- t12 1 OO 1 -1 / t12
| sV iPas < g [T G 0l (TP

M(t,s)T(t,s)G (e0 E(t))g(s)
G_l(_M<t7 5)9<t7 S)gl(S))
Let G*(s) = sup {s7 — G(7)}, for s € R,, denote the dual function of G. From the

TER Y

hypothesis (A3), we see that

G*(s) = s(G')"'(s) = G((G") ' (5)), s€ERy.

Using Young’s inequality : s182 < G(s1) + G*(s2), for

M(t, s)T(t,s)G' (eoE(t))g(s)

s1= G0 ) (VA1) and s = Zo e Sg 7= TS

we obtain

= t)2 1 =0t s) , t)12
|t < g [T e s

1 1 L [ M(t,s)T(t,s)G (0 E(t))g(s)
*G/@OE@)/O = < GI(—M(t, )6(t, 5)g'(s) )d‘s‘

Using the fact that G*(s) < s(G’)7!(s), we get

> |2 —1 > Q(t, S) / 12
| sV < g [T 2R 1V Pas

=ML, 8)g(s) (Mt $)r(t, )G (0B (1))g(s)
+ | e e © (G—1<—M<t,s>9<t,s>g'<s>> )ds‘

Then, using the fact that G™! is non-decreasing and choosing 0(t, s) =

1

m, we ﬁnd

= (2 —1 >~ 1 / (2
| st < G—pes | S @Ivads

= M) 1 10 151 o1 B
+/0 G—l(_g/(s))(G) (moM(t,s)7(t, )G (€0 E(t)))ds,

where mg = sup% (myo exists according to (2.23))). Due to (2.23) and the
teR L
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restriction (2.24))) on yo (for k£ = 0), we have

o [ Mt 5)g(s)
e Sy G (=g(s))

ds :=m < oo.

Therefore, choosing 7(t,s) = — 7 and using (2.33), we get

moM (t,s

0 —myg * (s H2ds Mt 5)9(s) s
/0 9(IVn'Ids < m—pess /0 g IV +&‘OEW/O Gl(—g«s)gjm)

—2m0

= GEEWD)
which, by multiplying (2.51) by G’ (e0 E(t))
As for ([2.50),

E'(t) + meoE(t),

Gog(g%]é()t)), gives (2.34)) with d = max {2mg, m} .

K(=0(t,5)g'(s)llma|l*) < K(=M(t,5)0(t, 5)g'(5))

for any positive functions 6, where M is defined in 1} Consequently, using the
above two inequalities and arguing as for 1) with 7 and 0 instead of 7 and 6,
respectively, we deduce (2.48) with d = max {2mq, m} , where

Mt 1 ~ 1

~:sup/ 8)9 Sd, 7T=—=—— and 6(t,s)=—= :

teR (s) moM (t, s) M(t, s)
O

Now, using (2.20)) and the definition of F, we see that
1 o0
2B <99+ [ gV, (252
* * 0

2.52) by %ﬁm and using ([2.43)), we find

therefore, multiplying

2 Goeat(0) < (- + ) G [T vn I + o as @59

€0Cx *

. Go(E()
S 2E(t)

then, combining ([2.53)) with ( and - we obtain
2 1 ~
— — & 03+C— (d+d) G0(€0E( )) —&o | 3+

Cx

By (1),

i) (dE’(t) +CZE;(t)> (2.54)

Csx
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Go(eoE(1)) .
—cg————=FE ().
ooB() 10
Because E is non-increasing and Hy(s) = GOS(S) is non-decreasing, then Hy(goF) is
non-increasing, and therefore
Go(eoE(t)) ., Go(e0£(0)) .,
— 03— ——— = F(t) < —c3————2E (). 2.55
C3 E(t) 1( ) = C3 E(O) 1( ) ( )
Choosing
2
0<egy< — in case ([2.1)),
" (s + 1)(d + d) Al
and exploiting (2.54)) and (2.55)) , we find, for some ¢g > 0,
Go(eoE(t)) < —c(E'(t) + E1(t) + Ey(t)). (2.56)

Finally, integrating (2.56) on [0,¢], for ¢ € R, and noticing that Gy(eoE(t)) is non-

increasing, we arrive at
t
tGQ(a’SoE(t)) S / Go(EoE(S))dS S C(;(E/(O) + Ei(O) + Eé(())) = Cy.
0
Consequently, because G is irreversible and non-decreasing, we deduce that

B0 <6, (7).

which gives (2.29)), for n = 1, with

G :Gal, and ag—max{c7,i}.
€0

Because D(A3) C D(A%) and D(A3) C D(A2), then is still valid for n = 1,
Up € D(A3) in case (2.1).
By induction on n, holds, for any n € N*. Indeed, let n € N* and suppose that
holds, for any initial data in D(A?""?) in case 2.1). Let Uy € D(A?(nHHZ)
in case (2.1) and U the corresponding solution of (2.8). We have (thanks to Theorem
(2.1))

Uy € D(AX"T2) « DAZ+2) 1,(0) € DA™Y ¢ D(AZ2) and Uy (0) € D(AZ?)
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in case (2.1)), and then (2.29) holds, for Uy, and implies that, for some a;,, > 0, j =1, 2,
Qjn

Ey;(t) < a;nGhn <T) : (2.57)

By integrating (2.56|) over [T, 2T, for T' > 0, noticing that G(goF) is non-increasing
and using ([2.57)), we get, for some d,, > 0,

2T

TGo(e0E(2T)) < /

Go(eoE(t))dt < cs(E(T) + EL(T) + Eo(T)) < d1.,Gh, (%) :
5

(2.58)

Therefore, since GG is non-decreasing,
1 (2dy, 2d;
EQT) < =Gyt | =2 —
( )—gOGO <2T G"(2T ))

E(2T) S al,n+1Gn+1 (a17;+1> 9 t> 07

that is

where

1
Gn+1(5) = Gl(SGn(S))a Q1 pp1 = Max {5_’ 2d1,n} .
0

Which leads to (2.29), for n + 1 instead of n. This ends the proof of Theorem ({2.1)).



Chapter 3

(Global nonexistence of solutions to
system of Klein-Gordon equations
with degenerate damping and strong

source terms in viscoelasticity

3.1 Introduction

In this chapter, we consider a system of viscoelastic wave equations with degenerate

damping and strong nonlinear source terms
! k l
U — Au + myu® + / g(t—s)Au(z,s)ds+ (a lu|” + b v ) lue ™ty = fi(u,v),
0

t
vy — Av + mav? + / h(t—s)Av(x,s)ds+ (c |’ +d |u|g> v "ty = falu,v),
0
(3.1)
where m,r > 0,k,1,0, 0 > 1 and the functions f; (u,v), fo (u,v) are defined by
fi(u,v) = ay|u + v (u 4 v) + by JulPulv] P2

(3.2)
fo(u,v) = ayu + o2+ (u 4+ v) + by [u|PH2|v|Pv, a1, by > 0,

where p > —1. In (3.1), u = u (z,t),v = v (x,t), wherex € Q is a bounded domain of
RY (N > 1) with a smooth boundary 99 and ¢ > 0, a,b, ¢,d, my, my > 0.

38
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To above system , we add the initial conditions given by
(u(0),v(0)) = (uo, vo), (u(0), v4(0)) = (ug,v1), 2 € 2 (3.3)
and boundary conditions given by
u(r) =v(x) =0,z € 09. (3.4)

This kind of problems arises in viscoe-lasticity. Dafermos was the first who studied this
type in [25], where the general decay was treated. In the last decades, problems related
to system had a lot of attention and many results appeared on the existence and
long time behavior of solutions. See in this directions (|8, 4, Bl 12, 13}, 16, 17, [36, 48
49, 56, 53], 59, (70, [72]) and references therein.

In the absence of viscoelastic term, some special cases of the single wave equations with

nonlinear damping and nonlinear source terms in the form
Uy — Au A+ alug ™ty = bluP . (3.5)

With nonlinear damping and source terms, it arises in the quantum-field and used
to describe the movement of charged electromagnetic fields. Equation equipped
with initial and bounded conditions of Dirichlet type has been extensively studied
and many results regarding existence, blow up and asymptotic behavior of solutions
have been obtained. Many authors have studied the single wave equations in the
presence of various mechanisms of dissipation, damping and non-linear sources. See
(13, B0, BT, 28, (411, 42] [63], 67, [71]) and references therein.

In [47], authors considered the nonlinear viscoelastic system

t
we = dut [ glt = 9ulz, s+l we = fi (u,0),
Ot (3.6)
o= ot [ (e = s) oo, s)ds ¢ ol o= fo (w,0).
0

where
fi(u,v) = alu + v|?PH) (u 4 v) + blu|Pulv| P+ .
3.7
fa(u,v) = alu +v[*0 ) (u + v) + blu| P+ |v]P.

The global nonexistence theorem for some solutions with positive energy was proved

using a method applied in [61].
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In [62], the authors studied the nonlinear viscoelastic system in , where they
obtained the decay of solutions for the system. Under some restrictions on the non-
linearities of damping and source terms, they proved that, for some class of relaxation
functions and some restrictions on the initial data, the rate of decay of relaxation func-
tions affects the rate of decay of solution for the system.

In this paper, we consider system — and proved a global nonexistence result

of solutions. We extended the result in [47] and [70] to more general cases.

3.2 Preliminaries

In this section, we present some notations and Lemmas.
We assume that the relaxation functions g, h : RT — R* are of class C'* and non-

increasing differentiable satisfying

1= [Cglds=r>0. g 20, g0 <0
0. t>0. (3.8)
1_/ h(s)ds = K >0, h(t)>0, K(t) <0,
0

We introduce the "modified" energy functional E associated to our system

2B (1) = lluellz + llvellz + 2 (millull3 +m3llv]l2) +J(u,v)—2/QF(u,v) dz, (3.9

where F'(u,v) is defined for all (u,v) € R?,

1
F(u,v) = m[ufl(%v)ﬂLUﬁ(%U)]a
1
— 7)) |u+v|2(p+2)—|—2|uv|pJr2 >0,
where oF oF
a_u:fl(uav)>%:f2<uav)v
and

J(uv) = <1—/0tg(s)ds) V2 + (1—/0th(s)ds) V]2

+ (9o Vu)+ (hoVv). (3.10)
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Noting by

(gou) <t>:/0 g (t—7) lu(t) — u ()| dr,
(how) (t) = / Bt —7) o (t) — v (7)|2d

We suppose that p satisfies

(3.11)

1< p, if N=1,2
. (3.12)

Lemma 1. [61)] There exist two positive constants ¢y and ¢; with the end goal that

o ( 2(p+2) 2(p+2)> “ ( 2(p+2) 2(p+2)>
——(|u + |v < Fu,v) < ——(|u + |v .

Lemma 2. Assume that holds. There exists n > 0, such that for any (u,v) €
H}(Q) x H} (), the inequality

2p+2) / F(u,0) de < 5 ([Vul2 + [Vo]2)"™ (3.13)
Q

holds.

Lemma 3. Let v > 0, be a real positive number and let L (t) be a solution of the

ordinary differential inequality

%it) > ELM (1) (3.14)

defined in [0, 00).
If L(0) > 0, then the solution does not exist fort > L(0)"" & vt

Proof. By simple integration of (3.14]), we have
L7 (0) — L7" (t) > &vt.
Then, we obtain the following estimate

L” (t) > [L7V(0) — éwt] . (3.15)
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Then, the RHS of (3.15]) is unbounded for

vt =L7"(0).

The proof is completed.

3.3 Blow up result

Lemma 4. Assume that holds. Let (u,v) be the solution of the system —

then the energy functional is a non-increasing function, that is, for allt > 0,

B = = [ (lOF+ @) lu O o

= [ (@ @) 1o O ds

1
+ (9 oVu)+

, 1 1
; (W o Vv) = () [IVull; = 5k (s) [Vel3.

1
2 2
(3.16)

Lemma 5. Suppose that holds. Let (u,v) be the solution of the system —
, then the energy functional is a non-increasing function, that is, for all t > 0,

dlflt(t) - _/Q <|u(t)|k + [v (t)|l) | (t)|m+1 dx

= [ (@ + o) o . (3.17)

The proof of Lemma [4] can be done by using a classical calculations.

Our main result reads as follows.

Theorem 1. Suppose that holds. Assume further that

(3.18)

k+m—-31I1l+m—-—3 04+r—3 o+r—3
2 ’ 2 ’ 2 ’ 2 ’

p>max<

and that there exists p such that 2 <p < 2(p+2), for which

max ( /0 " g (s) ds, /0 T his) ds) <5 /2>(]’_/ i>+_11/ ot (3.19)
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holds. Then any solution of problem — , with initial  data satisfying
IVuoll3 + Veoll3 + m3 luolls +m3 [lvoll; > af, and E(0) < E, (3.20)

blows up in finite time, where the constants oy and Eo are defined in .

We take a = b=c=d = 1,a; = b; = 1 for convenience. We introduce the following

constants

. 1 1
B = 9@, a =B, E = (- - —) o2, (3.21)

1 1
R (I,
p 2(p+2)

where 7 is the optimal constant in (3.13)).

Lemma 6. [61] Suppose that (3.19), and hold. Let (u,v) be a solutions
of (3.1)—(3.4). Assume further that E (0) < E» and

IV uoll3 + [V ooll3 + mi [luolly +m3 lvoll; > of. (3.22)
Then, there exists a constant as > oy such that
J(t) > a3, (3.23)

and
2(p + 2) / F (u,v)dz > (Bag)**™ vt > 0. (3.24)
Q

Proof of Theorem[1. The proof is similar to one given in [48] with the necessary mod-
ification imposed by the nature of our problem. We assume that the solutions exists

for all t and we get a contradiction. We set

H(t)=E,—E(t). (3.25)
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By using the definition of H(t), we obtain
H(t) = —E'()
= [ (0 + o0 (0 d
(o @1+l @®)1°) loe () da

<g’ ° Vu) .

2
0,V¢ > 0.

| +
H{O\{O

Vv
N | —

Therefore,
H(0) = Ey — E(0) > 0.

Then,

0 < H(0)<H()

J )

1 2 2
= Ey — < (w3 + [loell3 +mi lully +m3 l|v]l3) — 5

2

1 2(p+2) p+2
g Lo vl + 2wl

Note that from (3.8)) and (3.23)), we get

1 7(0) 1
E2—§(||ut|!§+Hth§)—T < E2—§0<§
1
< E2—§Oé%
1
< E1—§Oé%
_ 220,Vt>0
2(p+2) " T

Thus, by using ([3.29) and Lemmal[I] we get

1 2
0 < HO)SH(@)< 5 )Mu+MBig+mmmmg
—+2) 2(p+2)
B P‘|‘ 2 (H ||2 Z+2) + H ||2(£+2)> V> 0.

/ 1 1
(W o vv) +59() IVull; + 5k () [Vl

44

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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We define the function M as

and let
L(t)=H"7(t)+eM'(t),

for € small to be chosen later and

1 2p+3—(k+m) 2p+3—(l+m)

0 < U<m1n{

20+3—(o+7r) 2p+3—-(0+7r) 2p+2

2°2m+1)(p+2)"2(m+1)(p+2)

2(r+1)(p+2)"2(r+1)(p+2) 4(p+2)

By differentiation of (3.32)) with respect to time and using (3.1)), we get

L'(t) = (L—o)H () H (1) +e (|luell3 + [[oe3)
€

(19l + [IV02)
~ e / u (Ju @ + [0 @) fu™ "

— E/QU (\v ®)” + |u(t)\9> |vg|" " wyda
+ 8/9(uf1 (u,v) + vfa (u,v))dx

+ E/QVu(t)/Otg(t—s)Vu(T)dxds

+e/ﬂw (t) /Oth(t—s) Vo (1) dwds.

45

(3.31)

(3.32)

(3.33)

(3.34)
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Then,

L'(t) = (L=o)H () H () + e ([lull3 + [Joel3 + m Jull3 +m3 [[o]]3)
3

(IVull3 + 11Vll2)

— = [ + o)l s
— 5/91} <|v ®)” + |u(t)|g> o] wyda

2(p+2 2
+ e (vl + 2luvl3)

toe (/Otg(s) ds) | Vul|2 + (/Oth(s) ds) IVoll3

+ 6/0 g(t— 8)/QVU (t).[Vu(r) — Vu (t)] deds
+5/0 h(t—s) /Q Vo (t).[Vov (1) — Vo (t)] dzds.

46

(3.35)

By using Cauchy-Schwartz and Young’s inequalities, we obtain the following estimate

/0 g(t—s) /Q Vu (t). [Vu(r) — Vu (t)] deds

VAN

/0 g (t - 5) [Vul | Vu () — Vu ()], dr
< )\(goVu)%—i(/g(s)dS) 1 Vul|3, A>0

and

/ (t— ) / Vo (t Vo ()] deds

< )\(hon)Jrﬁ(/ h(s)d >HVUHQ, A > 0.

(3.36)

(3.37)
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Adding pE(t) and using the definition of H(t), Ey leads to

L' (t)

v

+ 4

for some A such that

and

(L—a) B (1) H (¢)
p
= (1 5) Clualld + ool + o3 lull3 + i3 o113)

6/Qu (\u(zﬁ)vC + |v (t)|l) g | wpd
S/Q’U <|v @) + |u(t)|9> o|" ! vyda

p 2(p+2 2
(1= g (vl + 2l s)

47

) (g0 V) + (h o Vo) + peH (t) — peF

e - (Z-1e ) [T ivag
(

’- 1) - (g 1 %) /Ooo h(s) ds} IVol3, (3.38)

ag = {(3_1) - (5—1+41A) max (/Ooog(s)ds, /Oooh(s)ds)] > 0.

Then, (3.38)) can be estimated as follows

L' >
_l’_

By taking c3 =1 — P 2F, (Bozz)*Q(pH) > 0, since ap > B pt+1
p

p

(=) H () H (1) += (1+ 2 ) (lullf + )

eay [(go Vu) + (hoVuv)| + peH (t) — peEs
8/Qu (\u )+ v (1) > g | wpd
s/ﬂv <|v @) + |u(t)|9> vo|" ! vyda

2(p+2) p+2
£ (1 - m) (H + 0|54 T 2||UUHp+2)
eay (|Vull3 + [Voll3) -

2(p+2)

(3.39)

. Consequently,
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takes the form
L't > (1—o)H({t)H (1)
e (14 2) (lual + loal3 +m3 el +m3 flo]3)
+ ¢cay[(goVu)+ (ho Vo)
+ eay (|Vull3 + | Voll3) + peH (t)
+ ecs3 (Hu + UH;EZE% + QHUUHZg)

_ 5/Qu<|u(t)|k—|— o () ™ e
— 8/91} <|v )" + |u (t)|g) |vg|" " wed.

By using Young’s inequality, we have

axe  §-BYyS8
XY§5X+5Y,
o 8

where X, Y >0, 6 > 0 and o, f > 0 such that 1/a+ 1/ = 1, we obtain

m—1 < 5;n+1 m—+1 m 5—(m+1)/m m—+1 Vdel >
‘u|ut| ut} < m+1|u| +m—+1 1 | ,Vdelta; > 0

and
/Q <|u(t)|’C + |v (t)|l> g™ |
< /Q <|u ] + |v (t)]l> ™ dae

e A N (IO I T
Q

Similarly, for any do > 0,

r—1 ot T D)/
v o] v < m]m + ——0. |0y

r+1 2

?

48

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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which gives

[ (0@ + 1w @) ol ] da

65+1 0 4 r+1
< g [ (ROF +u@F) o i

2 (@ + 1) ol do.
Q

r+1 2

Then, we obtain

L'(t)

v

(1—o)H (t)H (t)

b
o (14 2) (ol + o + m? [l + m3 o12)
gay [(g o Vu) + (h o Vv)]

£as (||Vu||§ + ||VUH§) + peH (t)

2 2 2
ey (Jlu+ vl + 2luv]f73)

571%-1-1 k l +1
[ (@ + @) ™ ds
Q
(m+1)

L M /Q<|u(t)|k+\v(t)\l> g™ d

+ o+ +

— ¢
m—+1

m+11

[ (e o) b

gr +1
r (r+1)

SEPSL N /Q<|v(t)|9+|u(t)|9) g d.

r+1°2

Choosing ¢; and 05 such that

7(m+1) _(r+1)

o, = MH(t)"°,0, = MyH (t)" 7,

49

(3.45)

(3.46)

(3.47)
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20

for My and M, large constants to be fixed later. Thus, by using (3.47]), we obtain

v

L'(t) (L—0) =~ Me)H () H (1)

p
e (14 ) Uually + lroell3 + m? [full3 + m3 1ol
eay [(g o Vu) + (h o Vv)]
eas ([|Vull3 + [ Vol3) +peH (1)

2(p+2 2
ces (llu+oll3r) + 2lullf3)

= i (o) [ (JuOF + o @) [ da

+ + + o+

(m+1)

™ s /ﬂ<|u(t)|k+|v(t)|l> g™+ dr

m+1 1

— eMy"H" (t) /

(k@1 + u @) o da

(r+1)

oo 0 r+1
— 6y " t t)° d
e [ (@ o)) o e

where M =m/ (m + 1) My +r/ (r + 1) M. Therefore, we have

k l 1 k+m—+1 l 1
| (@ + o) ™" do = el + [ ol ™ .

and

/Q <|v (t)|9 + |u(t)|9> |v’7“+1 dr — angizﬂ + /Q Jul® ‘,U‘TH A

Also by using Young’s inequality, we obtain

{
l m+1 (I+m+1)/1 I+m+1
/Q vl Jul < m51 vl
m+ 1 5= (Fm+D/ (1) ]!
l _"_ m + 1 1 I+m+1>
ot < Y 5(g+r+1)/9 o+r+1
J N e T R [ et

T+ 1 (ot t1)/r41) | jjotr+l
+m52 [0l st -

(3.48)

(3.49)

(3.50)
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Therefore,
1 0) [ (e ®F + 1o @) ™ do
[
om k+m+1 I+m+1)/l rrom I+m+1
= H ) el + o T @) el
m+1 rmi1)/(m+1) rom I+m+1
m51 H7™ (8) [[ulli i -
and
or 0 r+1
(0 [ (100 + ) 1o da
0 o+r+1
or 0+r+1 or r+1
= H7 (1) ||U||Giril+m62 ¢ HT () |lull 95
(ot+r+1)
r+1 B Qr+1 HeT (t) ||U||g+r+1 '
o+1r+ 1 2 o+r+1
Since ([3.18)) holds, we get by using (3.33])
om k+m+1 2om(p+2)+k+m+1 2o0m(p+2) k+m-+1
o™ (0 lullf ot < es (Il ™ + IS i)

0 1 2 2)+6 1 20r(p+2 0 1
H () [ollg it < s (Il ™ 4+ ™ ollgss)

This implies

Lg T gem () (o[

I+m+1 I+m+1
mtl 2 2)+l+m+1 20m(p+2 l 1
<erbnt (IR a3 ol
and
o 5Q+;+1HU7‘( ) H | o+r+1
otr+172 — ot+r+1
20r(p+2)+o+r+1 207 (p+2 +r+1
< gty © (Il e ol 2 ful 2 )

Using (3.33) and the algebraic inequality

1
<(z+1)< <1—|——) (z4a),V2>0,0<v <1,a>0,
a

ol

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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we get, for all t > 0,

20m(p+2)+k+m+1 (p+2) 2(p+2)

el ™ < d (Il + 1) < d () +
20r(p+2)+0+r+1 (p+2

ol ™+ < d (ol 3) + H () v = 0,

where d =1+ 1/H (0) . Similarly

20m(p+2)+i(m+1)
[0]l5(5+2)

<d(llel3es) + H ) < d (I

20r(p+2)+o(r+1)
[l p4'a)

<d (I3 + H®) v =0,

(p+2)

Also, since
(X+Y) <C(X +Y7),

by using and (| we have

H(1).

+H ().

X,Y >0,5>0,

2 +2) k 1 2(p+2) 2(p+2)
Pl gty < co (Hol302) + ullfenh)
(p+2 (p+2
< o (03013 + lul3i3)
similarly
2 +2) 0 1 2(p+2) 2(p+2
lull30 52 ol < en (Il + 1oI3E)
20m(p+2) l 1 2(p+2) (p+2)
I3 elliimt < e (Bt + ol
and
2(p+2)

2 2 1 2 2)
lollsg s a5y < ens (I0IEEES

(p+2) ot+r+l = 2(p+2) + H ||2(p+2

)

52

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)
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Taking into account (3.51))-(3.63)), then (3.48]) written as

L'(t) > (1—0)—Me)H™ (t)H (t)
+ 2e ([Juell3 + l[oell + m3 [[ull; + m3 [|v]l3)
l I+mt1 1 _(+mty
+oelp—omm (14— gttt M e
l+m+1 [+m+1

B 0 etr+1 r+ 1 _ (e+r+1)
— OCMS7 {1+ —r—9, _, H (t
2( +g+r+12 +g+r+12 *)

l +m+1 1 _ (+m+1)
+ 5{04—C’M1m<1+ ! m o )

—5 - m—+1
l+m+1" +l+m—|—11
otril +1  _(etrtn
Q 529 + r 52 r+1
o+r—+1 o+r+1

2) 2)
< (Il + I3 (3.64)

— CM;" (1 +

At this point and for large values of M; and M, we can find positive constants A; and
A5 such that (3.64) becomes

/

Lty > (1—0)—Me)H?(t)H (t)
2 (ul3 + el +md lull} + w3 o))
+ el (Il @505 + 10 (1501) +ehaH (1), (3.65)

Once M; and M, are fixed (hence A; and Ay), we choose ¢ small enough so that
((1—=0)—Me) >0 and

L(0) = H'7 (0) + & / fug-tr + vo.v1] dz > 0. (3.66)

Therefore, there exists I' > 0 such that (3.65)) can be written as
' 2(p+2) 2(p+2)
L(t) 2 e (H () + el + e+ I3t + 0l2013) . 3.67)

Then, we have L (t) > L(0) > 0, for all ¢ > 0. Next, by using Holder’s and Young’s

inequalities, we have the estimate

( /Q woy (2, 1) d + /Q v (2,1) dx)

< C (Nl + Tl + ol Sy + 3™ ) (3.68)

1—0o
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2

= . F .2
T I rom (|3.25)) and

for 1/74+1/s = 1. We takes s = 2(1 — o), to get

(3.56)), we have

1—220 2 2
Il 7oy < d (i3 13) + H (1)) (3.69)
and
1—220' 2(p+2)
0]l 5,72 < d (IIvIIQW) +H (t)) Wt > 0. (3.70)

Consequently, (3.68]) can be written as

( /Q wwy (2, t) dz + /Q vy (2, 1) dx)li”

2 2 2 2
vt (Jlullots) + 05013 + Nl + edl3)

+ e (md ||ully +m3 vl + H (t) , V¢ > 0.

IN

Also, we have

1

L7= (1) = (Hl“’(ms / (g +v.07) (:v,t)da:>(”>

Q
1
(-o)
< s (H (t) + / (wuy (x,t) + vy (x,t)) de )
0
2(p+2 2(p+2
< ewo [H () + ull3ld) + lol313) + ll3]
+ g [llvell3 + md flully +m3 [lvll3] , ¥t > 0, (3.71)
from (3.71)) and (3.67)), we get
, L
L (t) > apL1-7 (t),Vt > 0. (3.72)

Finally, a simple integration of (3.72)) gives the desired result. ]
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