PEOPLE'S DEMOCRATIC REPUBLIC OF ALGERIA

Ministry of Higher Education and Scientific Research

Amar Telidji University - Laghouat

Faculty of technology

Department of Electronics

A thesis presented in fulfillment of the requirement for
the degree of

Doctor of Sciences

In Electrical Engineering

Presented by:
TOUATI Zohra

Thesis Title

Hybrid (L, H,, H,,) For Optimal Order Reduction
Of PEM Fuel Cell Controller Using Meta-Heuristic Optimization

Approaches

Committee members:

Mr. AMEUR Aissa Chair Professor U.A.T Laghouat
Mr. SAADI Slami Supervisor Professor U.Z.A Djelfa
Mr. KIOUS Mecheri Co-supervisor Professor U.A.T Laghouat
Mr. MAZOUZ Lakhdar Examiner M.C U.Z.A Djelfa
Mr. HADJ AISSA Boubakeur Examiner M.C U.A.T Laghouat
Mr. GHEZAL Hadj Ahmed Examiner Professor U.Z.A Djelfa

July 2022



udldl

AL 1 3 g8l Alall ladS) i) Soebipal) Uil i pmiiie il 7 3gad o giel) s Al o3a (pe i il
Caldae S5 Gon s oadl sl (e DS e ) (S Alall s R dgas e L Baaa dadia s Gl )l sa sladduly,
oSl Al chaﬂ‘fbﬂ\clﬂ\cud\ei L}@J\m.};ﬂuﬁehiﬁub e\.&ﬂ\@)&)\.\ﬂ\}@\wﬁu)&:wé
zasalll (ddS &8 Anaal) ASEN Aol gy Apladll ) lasa¥I ASID daa LAT) Asdad o) ja) 2dt elld g A 8 1) A

o, (L\.\La));..ﬁ\ u\L:u.u Sl u)ur.\JG:.\.:Lua‘ﬁ\@.\.\l\ eM\uﬂu&d-‘A"\:ﬂth Sl AJau\}JA_\lc J panall ‘;La;.“
tila LAJJP‘;IASUJ;@ ‘;‘\.\J\ew\g:\;ﬂ\gbuﬁ\ﬂ\wﬁu\@ﬁé@@ﬂ\ew\um@jjﬁ
ﬁ@d@ésdmum))\}ﬂ\)\s G & M\a\.méc\ﬂ\ucuﬂ\éﬂ\u%‘ud\.n‘u\uhm\)m\
uhﬂ:ﬂ\ C.JLA.\) MJJ&}S\MJA\SJ\ ‘sln;.“ CJ)AJ\ uuUn;ﬂ(L;us_\\ ik zum\)))\_ﬂ\j(‘;us.\\ ol 2, 1d\) )J\.\]\
CJ\JJ\&T\JS\ _UJ\M\&&?Y|@)L¢AUHA)JJJ\ &u};@cd)mﬂ\ &\dhw@\.d\@jﬁaum@;ﬂ\
gdmé\b_u)ia;\J\j&).u\u)ﬁaduu&#\hjjﬂ\%\ymhd}aﬂ\ﬁugﬂ\‘;ﬁ.})ﬂ\clﬂ\u\ 3\_\.\‘);_\3\
QM@@}%}MALF\UMJJ\}Q\UAJSU\ JJLA\A\ALAYL\ ‘;\.\.\l\e&.\l\m‘)‘)w‘u)& U"JJL‘M Py
5500 58 sl AR o) sbadl e Bl g allal) (pmiaiall Gallal 23 s

AEN - e @lles) Cidlie) 5 elilall Sl alail) Slae ) ) sa —l 5 500 400 68 ol Adall: dalidal) clall)
oadda calla 3 g A - SN julee Akl ) HlasaV) A0 da il dada Al

Abstract

The purpose of this study is to find an optimal reduced order model for large-scale order multi-input
multi-output dynamical nonlinear PEMFC SR-12 500W system using novel meta-heuristic
algorithms. From the point view of the PEMFC system, the hydrogen and oxygen can be considered
as two inputs, the cell voltage and current as two outputs. By implementation of identification
technique, the linear state space model of PEMFC stack is generated using neural network nonlinear
autoregressive exogenous (NN-NLARX) modeling procedure, the obtained linear model is reduced
its order by meta-heuristic techniques such as Artificial Ecosystem Optimization (AEO) and Manta
Rays Foraging Optimization (MRFO) algorithms. The AEO mimics the energy flow behaviour
between living organisms in a natural ecosystem, while the MRFO is inspired by foraging strategies
of manta rays which are living in ocean waters. These algorithms used to minimize the hybrid (L,,
H,, H,) and hybrid (H,, H,) norms of error between full linear PEMFC model and its reduced
order models. The obtained results are compared with the other standard method such as balanced
truncation (BT) , and they confirm that, the approximate model obtained by proposed MRFO has
faster convergence and better approximation performance in hybrid (L,, H,, H,) and hybrid
(H,,H,) norm than obtained by AEO.in addition, both algorithms and BT method are proven to
be accurate and reliable to investigate the PEMFC optimum global reduced order model which
preserving the main behavior of original PEMFC SR-12 500W model.

Keywords: (L;, H,, Hy) norms; hybrid; nlarx; PEMFC500W; model order reduction; AEO and
MRFO algorithms; neural network.

Résumé

Le but de cette étude est de trouver un modeéle d'ordre réduit optimal pour le systeme piles a
combustible a membrane échangeuse de protons (PEMFC SR-12 500W) complexe non linéaire



multi-entrées multi-sorties en utilisant de nouveaux algorithmes méta-heuristiques. Point de vue du
cette pile, les pressions I'nydrogéne et 'oxygene peuvent étre considérés comme deux entréees, tandis
que la tension et le courant comme deux sorties. Par l'implémentation de la technique
d'identification, le modéle linéaire d'espace d'état de la pile PEMFC est généré a l'aide de la
procédure de modélisation exogene autorégressive non linéaire avec réseau neuronal (NN-NLARX),
L'ordre de modele linéaire résultant est réduit a l'aide de techniques méta-heuristiques telles que les
algorithmes d'optimisation de I'écosysteme artificiel (AEO) et d'optimisation de la recherche de
nourriture des espéces (MRFO). L'AEO imite le comportement des flux d'énergie entre les
organismes vivants dans un écosysteme naturel, tandis que le MRFO s'inspire des stratégies de
recherche de nourriture des especes qui vivent dans les océans.

Ces algorithmes sont utilisés pour minimiser les normes d'erreur hybrides (L,, H,, H,) and (H,, H,)
entre le modéle PEMFC linéaire complet et ses modéles d'ordre réduit. Les résultats obtenus sont
comparés avec la méthode standard telle que la troncature équilibrée (BT), et ils sont confirmés que
les modeles approximantes obtenu par le MRFO proposé a une convergence plus rapide et une
meilleure performance d'approximation en hybrides (L,, H,, H,,) and (H,,H,) que celle obtenue
par AEO. De plus, les algorithmes et la méthode BT se sont avérés precis et fiables pour étudier le
modele d'ordre réduit global optimal de PEMFC qui a préservé le comportement principal d'origine
PEMFC SR-12 500W Modele.

Mots-clés: piles a combustible 500W ; Réduction optimale ; normes (L;, H,, H,); hybrides; nlarx;
techniques méta-heuristiques; réseau neuronal.
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General Introduction

Recently, renewable energy technologies are preparing to play an important role in overcoming
global pollution, climate change, global warming and the fossil fuel depletion. Among these
technologies, the conversion of an electrochemical energy which is considered the most suitable,
sustainable and eco-friendly. Proton Exchange Membrane Fuel Cells (PEMFCs) are one of the
most prominent examples of electrochemical energy conversion technologies in progress, due to
their high efficiency, robustness, lightweight, high density, zero emission level, fast start-up,
lower operation temperature (less than 100 °C) and solid-state of the electrolyte. As a result of
these characteristics, the PEMFC is an appropriate device for automotive vehicles, portable
power generators, and emergency backup power application.

The main goal of the PEMFC control system is providing the power at levels equal to those

required by the command signal while achieving a wide range of power conditions. Modeling
methodology and controller design play a substantial role in the investigation of this objective[1].
the PEMFC stack is considered a multi-input/multi-output, nonlinear, and complex high scale
system, as result, it requires a high order modeling in order to represent it well. Therefore, most
of the difficulties lay in simulation and designing a large-scale PEMFC model, which in turn lead
to difficulty in designing the highly complex controller of PEM fuel cell model.

Model order reduction (MOR) is a significant tool was developed in the field of systems and
control literature to study properties of dynamical systems in order to reduce their complexity
(or simplification), while capture the essential features of the original systems and preserving
their input-output behavior as much as possible[2].

The main contributions of this study can be summarized in the following points:

- System identification was implemented to model the nonlinear behavior for PEMFC model. the
nonlinear autoregressive exogenous (NLARX) structure with neural network estimator was
chosen to reproduce the best voltage/current outputs of the nonlinear PEMFC system, the
resulting of nonlinear neural network model is linearized at a given input signal to obtain the

linear state space PEMFC model.
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- Meta-heuristic optimization algorithms were proposed to reduce the order of linear PEMFC
model via minimizing both of the hybrids (L,, H,, H,) and (H,, H,) norms of errors between
full linear state space PEMFC model and reduced model. Artificial Ecosystem Optimization
(AEO) and Manta Rays Foraging Optimization (MRFO) are the best techniques that provide
competitive results with balanced truncation (BT).

The outline of this dissertation is as follows:

Chapter 1 introduces an overall literature review on Proton Exchange Membrane Fuel Cell such
as history, operating principle, composition and structure of single PEM fuel cell, auxiliary
devices, advantages and disadvantages of fuel cells.

Chapter 2 describes and implements the nonlinear state space equations of a 500-W PEM fuel
cell stack using the internal physical processes inside the PEM fuel cell system. The performance
of dynamic behavior for PEM fuel cell stack is evaluated by using the V-1 and P-I
Characteristics.

Chapter 3 demonstrates the system identification technique to model the behavior of the PEM
fuel cell using neural network nonlinear autoregressive exogenous model (NN-NLARX)
structure. The development of forward cascade neural network to model the nonlinear behavior
of the PEM fuel cell 500W stack is shown. The obtained neural network model is linearized to
get the linear space state PEMFC model.

Chapter 4 presents a brief overview on model order reduction with their methods including
classical techniques for linear and nonlinear systems, optimal model reduction methods, and
meta-heuristic techniques.

Chapter 5 contains a detailed discussion about two meta-heuristic algorithms: Artificial
Ecosystem Optimization (AEO) and Manta Rays Foraging Optimization (MRFO), as a two
bright techniques to deal with optimal model order reduction problems hybrids (L,, H,, H,,) and
(H,, Hy) norms for complex PEMFC 500 W model.

Chapter 6 presents the results discussion of AEO and MRFO model reduction methods for
PEMFC 500W model and compare them with balanced truncated (BT) approach using the step,
impulse responses and frequency responses as well as steady state error. Finally a general

conclusion is given with some proposed future works.
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1.1 Introduction

The objective of this chapter is to present the art state of fuel cells: its history, its operating
principle, its types, its applications, its advantages and its disadvantages. In general, fuel cells are
considered as generators that directly convert the internal energy of a fuel into electrical energy,
using an electrochemical process (instead of a thermal reaction of combustion, the mechanical
work which is converted into electricity).

This chapter focus particularly on Proton-Exchange Membrane Fuel Cells PEMFC type with
details of its stack structure. Figure (1.1) gives an image of a fuel cell with few cells are connected
in series configuration, the fluid supply and discharge pipes (fuel, oxidizer and coolant) as well as

the assembly system (bipolar plates).

Figure 1.1 External view of the fuel cell stack [3]
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1.2 Fuel Cells History

The first crude fuel cells were invented by Sir William Grove in 1839 through an experimental set-
up using two platinum electrodes partially immersed in a sulphuric acid of copper and dilute .Each
electrode had one end immersed in acid and the other end in a sealed container of hydrogen and
oxygen, respectively. Grove observed the current flow between the electrodes was constant. In
addition, the containers maintain water as well as the gases, and he noted an increasing in water
level in both of them as the current flowed. Thus, Grove’s gas battery was the first experimental
fuel cell in that period figure (1.2). The electrochemical reactions which occurred in the cell were
still unknown in that era and because it was useless to use it. This invention remained almost

locked in drawers until the early twentieth century.

Hz

~electrolyser

platinum
electrode

Figure 1.2 Grove's gas battery

In 1932, an engineer Francis Bacon from Cambridge University made a significant development to
fuel cell system he replaced platinum electrodes with less expensive nickel gauze and substituted
the sulphuric acid electrolyte for alkali potassium hydroxide, a less corrosive substance. In 1959,

Bacon built a 5-kW alkaline fuel cell, capable to power a welding machine[4].
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In the early sixties, the PEM fuel cell was invented by General Electric (GE) scientists Willard
Thomas Grubb and Leonard Niedrach, they used the sulfonated polystyrene membranes for
electrolytes. Later, it were replaced by Nafion ionomer, which proved to be superior in
performance and durability to sulfonated polystyrene. This fuel cell type was used in the famous
spacecraft “Gemini*“ for US National Aero Space Agency (NASA) to generate electricity for
manned space missions because both nuclear generation and solar power were too dangerous. This
considered the principal achievements of the initiative between GE and NASA. This was the first
commercial use of a PEM fuel cell[5]. Next, NASA replaced the PEM fuel cell by alkaline fuel
cells ( AFC) in the “Apollo” program and in the Space Shuttle. Hence, the cells in those two
spacecraft were large and expensive, but they performed their tasks without any errors and were
able to provide an electric current as well as a source of clean drinking water in spacecratft.

Since the 1970s, very large industrial companies have made many research efforts to develop fuel
cells by developing its manufactured materials, reducing its weight and increasing its life time until
they became the first source for the production of energy used in NASA's space shuttle. Then its
use expanded to more applications for transportation , portable and stationary systems as a
promising source for power generation for these applications ,and this was shown by both M. W.
Ellis et al[6] and et J. H. Hirschenhofer [7], in their research papers as they proved that the fuel
cell coupled with a tank in portable applications can provide higher energy and more convenient
than conventional batteries. In addition to providing better performance than thermal engines
besides Generators.

For high-power stationary applications, PEM fuel cells can be used to supplement the existing
electrical grid without emitting locally contaminated gases. Moreover, PEM fuel cell systems can
be connected directly to buildings in order to supply the electrical and thermal energy efficiently
co-generation up to 80%. The figure (1.3) shows an example to uses of PEM fuel cell stack in all

applications.


https://en.wikipedia.org/wiki/Alkaline_fuel_cell
https://en.wikipedia.org/wiki/Alkaline_fuel_cell
https://en.wikipedia.org/wiki/Project_Apollo
https://en.wikipedia.org/wiki/Space_Shuttle
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Figure 1.3 PEM Fuel cell uses [8]

1.3 Operating Principle of Fuel Cell

The basic principle work of all fuel cells is converting the chemical energy which exist in
hydrogen atoms into electrical energy. There are three main components in  fuel cell :a positive
charged electrode(anode) is supplied by hydrogen gas, a negative charged electrode(cathode) is
supplied by air and electrolyte placed between them to permit only hydrogen ions flows from
the anode to the cathode side for combining with electrons and oxygen to produce the water [9].
The free electrons flow through an external circuit in form electric energy. Besides the energy

released from chemical reactions, the heat are also produced.

Given that the electrochemical process does not involve a Carnot cycle, efficiency can be very
high, could reach 80-85%. Fuel cells have no moving parts, make no noise and are scalable[4].

The basic chemical equations in anode/cathode of fuel cell are the following:
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2H, — 4H* + 4e~ halfreaction of anode
0, + 4H* + 4e- — H,0 halfreaction of cathode (1.1)

H, + % 0, — H,0 + electricity + heat overall reaction
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Figure 1.4 Fuel Cell basic working

Figure (1.4) shows a schematic representation of a single fuel cell with reactant gases (H,/0,) and
the direction of ion flow through the cell. generally many fuel cells are connected electrically in
series configuration to form a stack which provides a fairly large energy at higher voltage. A

single fuel cell produces an open-circuit voltage about at 0.7-1.23V.
1.4 Fuel Cell Systems Types

The electrolyte must be an electronic dielectric and an ionic conductor. It can be either liquid or
solid. The bipolar plates allow the access of gases to the reaction sites by the presence of
channels[10].

The fuel cell is classified according to the nature of used electrolyte, electrode materials and their
temperature of operation. There are six main fuel cell types, the table (1.1) summarizes the

different types of fuel cells and their characteristics.

7
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Table 1. 1 Different types of fuel cells

Fuel Cell types Electrolyte Temperature fuel oxidant
Alkaline fuel cells KOH solution 23°C to 70°C H> pur Air or Oz
(AFC) pur
Solid Oxide fuel ceramic 500 to H2,CH4,CH30H, Air
cell(SOFC) 1000 °C CO
Direct Methanol fuel proton exchange 50-120 °C CH3OH Air or O
celDMFC) membrane pur
Phosphoric Acid fuel phosphoric acid 150 to 200 °C | H2,CH4,CH3OH Air
cell (PAFC)
Molten Carbonate fuel | a molten carbonate- | 600-700 °C H2,CHa4 Air
celMCFC) salt-impregnated
ceramic
Proton Exchange proton exchange 50to 100 °C H2 pur Air or O
Membrane fuel membrane pur
cell(PEMFC)

its effectiveness, whether that was the

Every fuel cell type has disadvantage that reduces
efficiency is as low as DMFC cell around 10%][11], so they are aimed especially to portable
applications, or in terms of its limited applications, such as a AFC cell which used only in the
space sector.

For the SOFC and MCFC cells, they face a huge challenge because of its short lifetime due to
increase operating temperature which causes the degradation of electrolyte materials . In addition,
the need for a relatively long start time (ten minutes for SOFC cell starting cold). Nevertheless, it
does not prevent its use in the production of electrical energy[12].

the Proton Exchange Membrane Fuel Cells (PEMFC 500w) which

This study focus on
considered the most suitable as energy source for portable applications like small robots |,

transportation applications ( vehicles )and stationary application ( residential homes), because of

8
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their appropriate characteristics such as high power density, high efficiency , lighter weight,

smaller size, low operation temperature, fast power response and environmental friendliness[13].
1.5 The Proton-Exchange Membrane Fuel Cells (PEMFC)

Proton-exchange membrane fuel cells (PEMFC), also known as polymer electrolyte membrane
(PEM) fuel cells, they are the most promising energy system used for transportation applications
like electric vehicles[14] as well as for stationary fuel-cell applications and portable.

Recently, this technology experienced tremendous progress in material industry with the
discovery of new Nafion-type membranes b by DuPont's Walther Grot, this eventually increase
the power density and make the device more efficient and reliable. The distinguishing features of
these cells include the efficiency is about to 50% , the temperature operation (80 °C) and its
density of power is up to 350-600 mW/cm? [15].

1.5.1 Structure of Proton Exchange Membrane Fuel Cell

In general, a proton exchange membrane fuel cell stack composed of cells which are connected
electrically in series configuration to form a stack as shown in figure (1.5). Each elementary cell is
consisted of the membrane electrode assembly (MEA), catalyst layer and membrane between the
electrodes. The figure (1.6) presents the internal structure of single proton exchange membrane

cell.



Chapter 1 Fuel cells Literature review

Bipolar Plale with Flow Field

Membrans

Gas Diffusion Layer ———
with Cotalyst

Figure 1.5 Structure of PEM fuel cell stack Figure 1. 6 single- fuel cell[16]

1.5.1.1 Bipolar Plates

Also named collectors, separators or supports on both sides of electrodes, and they have many

functions in a fuel cell system, the most important are the following:

Collect the electrons (the current) through electrical connection between individual cells of
the stack

Must be impermeable to hydrogen and oxygen gases among adjacent cells inside PEMFC
systems

Must be characterized by the robustness and light weight to structural support to the cell.
Manage flows of the water and conduct the heat efficiently.

Must be conductive as well as allow homogeneous diffusion of gases towards to electrodes.

Usually, these plates are made of non-metallic material such as graphite which is considered the

most corrosion resistant material due to the pH of PEM cells is between 2 and 3 ( acid

environment), and the temperature in the range of 60-80 °C [4]. Figure (7.1) shows the structure of

bipolar plates.

10
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Flow channel
(electrolite side)

Figure 1. 7 Bipolar plates structure[17]

1.5.1.2 The Electrodes

The electrodes are the sites of redox reactions in order to synthesis the water and producing the
electricity from hydrogen and oxygen gases with the presence of the platinum catalyst (solid
catalyst). Where the oxidation reaction takes place in anode channel, while the reduction reaction
takes place in the cathode side as mention in equation (1.1).

Typically these sites are considered triple contact for each of gases, electrolyte and catalyst. To
promote the creation this contact, the electrodes must have the following characteristics:

e Be porous to transition protons from the catalytic sites of hydrogen oxidation to oxygen
reduction sites with the presence of ionic polymer. It is usually made of carbon paper or
carbon felt.

e Be impregnated with a paste consisted of catalyst containing platinum carbon, on contact
surface with the electrolyte. In which the part of the electrode impregnated with paste

constitutes the active zone. The non-impregnated part constitutes the diffusion zone[18].

11
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1.5.1.3 The Catalyst

The catalyst is a metal material  used to catalyze (accelerate) the electrochemical reactions
which occur in the electrodes. Usually, the most used metal is pure platinum Pt (noble metal) or
alloyed with the elements Nickel (Ni), Cobalt (Co), Iron (Fe). It is also a resistant material to
corrosion in this acidic chemical environment. This catalyst works to break the molecular bond of
the atomic gaseous reactants which occur when hydrogen oxidation at the anode channel and
oxygen reduction at the cathode side. The functions of catalyst include electron conduction, proton
transport and mass transport of the reactants. Each task is necessary for a reaction to occur on the
catalyst surface. Therefore, the use of catalyst must determined by the satisfaction of three criteria:

proton access, gas access and electronic path continuity[19].

1.5.1.4 The Electrolyte

The electrolyte is a polymer membrane inserted between the electrodes to allow the hydrogen ions
(H*) which were formed due to the oxidation of hydrogen at the anode to transit to the cathode
side. Whereas the electrons (e”) are converted to an external circuit to create a current. Where they

recombine with the positively charged ions and an oxidant to form the water at the cathode[20].

Typically, each cell distinguished by the type of electrolyte material used in charge transport.
However, the most important  characteristics of the electrolyte are:

e Have high proton conductivity.

e Have low permeability of gases reactants.

e Good thermal stability and high durability.

e It should be low cost.
The electrolyte of the proton exchange membranes fuel cell PEMFC is a solid membrane with
thickness of a hundred micrometers(100um) figure(1.8) it is made from Nafion material
(sulfonated tetrafluoroethylene) which is developed by DuPont company in 1960s[21]. Currently,
Nafion and its derivatives considered as standard materials for polymeric electrolyte fuel cells
figure (1.9).

12
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Figure 1.8 Membranes fuel cell Figure 1. 9 Nafion molecular structure[22]

These basic components (bipolar plates, electrodes, the catalyst, and electrolyte) make up the core
of the PEM fuel cell. For proper functioning of this device, the necessary auxiliaries be add such
as air compressor , the fuel tanks ,pumps for fuel and water, heat exchangers to cool the fuel cell ,

DC converter.

1.6 Auxiliary Devices

The fuel cell system consists of six fundamental subsystems:

e The stack presented previously
e The hydrogen supply, consists of a hydrogen tank connected with a reducer of pressure

e The air supply which consists of compressor coupled to a turbine

e The humidifier, to keep gas and membrane hydration

e The cooling circuit, to extract the heat produced by electrochemical reaction

e DC/DC converter

The design of each subsystem of the overall fuel cell system is a fundamental task in achieving
efficient fuel cell systems. The pressures and flow rates of both the fuel and the oxidizer must be
adjusted. In addition, the gases must be humidified and the system temperature controlled. The

figure (1.10) shows the basic components of a fuel cell system.
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Figure 1. 10 Different components of a fuel cell system[23]

1.6.1 Hydrogen and Air Supplies

The anode side of the PEMFC is supplied by pure hydrogen, which does not exist in the original
state in the nature because it is always associated with other elements. Pure hydrogen is usually
produced widely in four different ways: thermochemical technology, photo-biological technology,
photochemical technology and electrolysis technology[24]. Generally the hydrogen pressure is not

a big problem since the gas is stored in tanks at several hundred bar (300 up to 700 bar).

On the other hand, the air supplied to the cathode comes from the atmosphere. Where its injection
depends on the area of use and the power of PEM device. The low-power PEM are supplied
directly by atmospheric. While, the high power PEM fuel cells use a compressor system for air
injecting at high speed. This compressor consumes some delivered power by PEM fuel cell.

therefore the net power that reach the customer will be the result of the total produced power

14
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subtracting the power consumed by the compressor and the other electronic components[25]. To
ensure proper performance of a PEM, it is necessary to reach a sufficient and suitable level of

pressure and air flow to increase the efficiency and the power of the cell [24].
1.6.2 The Humidifier

In a fuel cell system, the humidifier is a circuit used to minimize the temperature of the incoming
gases and stack cells to avoid drying out the membrane, that through injecting water into the air
stream or hydrogen (humidify of gases). This is important for ensuring good ionic conductivity of
the membrane by ensuring the hydration of the AME, thus reducing potential losses. the water of
humidifier it can be obtained from exhaust gases produced by electrochemical reactions in fuel
cell, usually the impact of the humidification of hydrogen on the performance of the cell is
comparatively smaller than that of the humidification of the air[12].

The Humidification circuit often composed of an evapor-condenser (with walls or membrane), one

or three separators to recover liquid water, a tank and a pump[26].
1.6.3 The Cooling Circuit

Typically a PEM fuel cell stack produces almost as much thermal energy as electrical energy. As a
result of inside electrochemical reactions and power generation of this cell[27], therefore, it is
important to cool down the thermal path of PEMFC by using operational cooling system in order
to keep the operating temperature of fuel cell stack’s at its optimal, in the temperature range from
60 to 80°C. This system provides coolant material usually consisting of water, Glycol and
Corrosion inhibitor.
Generally the system of cooling includes:

e A pump with a flow control device

e Aradiator

e A parallel by-pass of the cell fuel (valve controlled)

e A parallel by-pass of the radiator (valve controlled)

15
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1.6.4 DC/DC Converter

The output voltage delivered by the PEM fuel cell is irregular due to the small voltage of each
individual cell is heavily influenced by changes in electric current, partial pressure of gases, level
of reactants humidity , gas speed, temperature and membrane water content. Therefore, it is
necessary to use a DC/DC converter to adapt load requirements as interface or an electronic
conditioning system between the PEM fuel cell and the electricity bus.in general, this converter is
connected with a supervisory electronic control to ensure proper management of batteries or

super-capacitors charge/discharge cycles[4].

1.7 Efficiency of PEM fuel cell System

The standard method to calculate the efficiency of any electrical generation device is the ratio
between output energy and input energy. In the case of the PEM fuel cell, the input energy is the
hydrogen enthalpy which can be converted to work, while the output energy is measured by the

Gibbs free energy which is converted to electric energy, hence the efficiency represented by[28]:

Electricity produced

Eff1c1ency = feul cell enthalpy

theoretically the maximum limit the electrical efficiency of the PEM fuel cell system with the
value of heat combustion of hydrogen (energy) 285.8 KJ/mole at 25 C° (298K) and the value of
the Gibbs free energy of output 237.2KJ/mole is represented by:

—-AG  237.2
=——="""2-0.83
Nmax —-AH 285.8

When the hydrogen enthalpy is converted to electric energy by AH/2F and the Gibbs free energy
is converted to voltage by AG/2F, the voltage efficiency of the fuel cell stack can be given by:

_ -AG _ AG/2F _ 1229 _

Mmax = Zap = AH/2.F 1481 0.83

In practice, the fuel cells cannot achieve this maximum value of electrical efficiency due to

existence of the resistance losses inside them. Considering that, the maximum energy production
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from the fuel cell is capable of producing only 154 KJ of electricity per mole of hydrogen
consumed, the value of electrical efficiency is 0.53[28]. As for rest of energy producing is formed
as generated heat inside the system.

1.8 Fuel cells applications

The field of fuel cell applications is very wide due to the diversity of the characteristics of each
type of fuel cell. It can replace a traditional energy generator or the current energy storage element
such as batteries, in addition, the power production of each these fuel cells can range from a few
watts up to several megawatts, for these reasons we can mainly distinguish three types of
applications:

e Transport applications

e Portable applications

e Stationary applications

1.8.1 Transport Applications

In the recent decades, researches have increased in fuel cells for transportation applications due
to the augmentation interest of the vehicle manufacturers in order to solve the increasing
problems of oil prices and degradation of climate, these applications involve buses, automobiles,
utility vehicles, and bicycles. The most widely used types of fuel cell in these applications are
PEMFC, DMFC and AFC, the puissance of each cell can vary from a few kilowatts to several
hundred kilowatts according to characteristics and the energy production rate of each cell. Figure

(1.11) presents an example of fuel cell automobile.

17



Chapter 1 Fuel cells Literature review

Battery

Fuel-cell boost converter

Electric motor Fuel-cell stack Hydrogen tanks
and transaxle

Figure 1.11 Fuel cell electric automobile[29]

1.8.2 Portable Applications

This type of applications are designed to provide energy to portable devices such as phone,
laptop, camera, camping or military gear, telecommunications installations , by integrate them into
these devices in order to facilitate the process of carrying and moving them. These cells are
characterized by lightweight, long-lasting, in addition they prolong the time amount a device can
be used without recharging. Unlike secondary batteries are require recharge from other batteries .
The most commonly used types in this application are PEMFCs and DMFCs. because these two
cells are characterized by their low temperature of operation (between 60 °C and 80 °C), which
reduces thermal management problems. However, their size minimization remains a great

challenge from an architectural point of view.
1.8.3 Stationary Applications

This type of applications is considered the most versatile and used among all applications due to
several reasons, including:

- Their ability to use various types of fuel cells which leads to inclusion of wide spectrum of power
from few kW to several MW.
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- It is considered as cogeneration or combined heat and power (CHP) to provide electrical and
heat energy to a house or small business.

- It is considered as emergency power systems to provide backup resources in a crisis or when
regular systems fail. It’s used in residential homes, hospitals, scientific laboratories, data centers,
and telecommunication. The type of fuel cell used in these applications is PEMFC

- It is used in the electric grid (distributed generation) to provide an electricity as supplemental
power device or as backup power , the most commonly used types in this application are PEMFC,
PAFC,MCFC and SOFC, figure (1.12) shows PAFC type the first to enter the commercial market
for stationary application[30].

- It is used to supply electrical energy to places where an electric network is not available as
independent power system for isolated areas and military bases, in this application the fuel cell
type used is AFC. in addition, this type of application, it meet the needs of several types of
possible customers (individuals, businesses, public services, military) with different objectives,

specifications and budgets[29].

Figure 1.12 200 kW PAFC on-site plant[30]
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1.9 Advantages and Disadvantages of Fuel Cells
e Advantages

In general, fuel cells are characterized by the following advantages:

- High energy efficiency: the energy efficiency depends on the type of the cell, its size and its
uses, usually ranging between 40% and 70% without taking into account the overall system with
the auxiliaries (pumps, exchanger, reformer, humidifier and converter) which lower these
percentages. In transportation applications, the PEM cell efficiency is between 38% and 50%.
While in the stationary applications the overall energy efficiency is much higher, ranging between
85% to 90% due to the existence of thermal energy beside electrical energy, which increases the
efficiency value.

- Different operating temperatures: the fuel cells have a wide range of operating temperatures
depending on their types. This makes it possible to cover many fields of application. For example,
low temperature cells are used for mobile or portable applications that do not need the produced
heat. In contrast, in stationary applications, the high temperature fuel cells are more suitable for
domestic applications where the heat generated is used for hot water and heating. They are also
suitable for industrial applications where the produced heat is exploited for coupling with a
turbine.

- Low emissions of gaseous: fuel cells that run on pure hydrogen produce nothing (zero
emissions), while those that run on methanol or ethanol produce low amounts of CO2, CH4 and
Co.

- Low noise emissions: the fuel cells are silent during operation. Only certain components such
as compressors, pumps and the ventilation system produce a slight noise. This advantage is
suitable to integrate it in an urban environment.

- Modular construction: the fuel cells have modular construction according to the power demand,
through adapting the number of cells and the surface area of each them to obtain all the possible
energies.

- The absence of rotating parts: there is no rotating parts in a fuel cells and no movement

therefore no mechanical corrosion to the core of the cells. This gives it an advantage for its lifetime
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from a mechanical point of view. However, the lifetime is limited by other factors related to the

chemical resistance of the internal components.
e Disadvantages

Despite the great interest caused by the fuel cells recently, however it is still far from a real
penetration in the market. Its current situation requires further researches and developments before
it can be commercialized .Hence, the some problems which hinder in the development of fuel cells

are:

- High cost: the use of noble metals such as platinum at the electrodes and the cost of
manufacturing the membrane and the bipolar plates leads to a high cost of manufacture.

- The weight and the volume: they are considered the main constraints for the applications of
transport due to existence the auxiliaries that increase the weight and the volume of fuel cell
system which effects on performance of the vehicle.

- The short life: the fuel cell undergoes a decrease in voltage and efficiency because the
degradation of the different parts of the system over time, starting from the electrodes to the
membrane via the catalyst.

- Production and storage of the fuel: the pure hydrogen gas is not widely available in the nature,
therefore its production considered the biggest issue remains unsolved for fuel cell
application. However, it can be obtained from many sources such as water electrolysis, solar
and wind power, reformation of methanol, gasoline and natural gas, but these sources still
expensive. Furthermore, the hydrogen storage and construction of the refueling infrastructure

increases the overall cost[15].
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1.10 Conclusion

This chapter covered various points concerned on the fuel cells such as historical reminders of the
development of fuel cells, its operating principle, its types, its applications. And focused mainly on
proton-exchange membrane fuel cells (PEMFC) and their structure. Finally, the advantages and
disadvantages of fuel cells and its performance have been mentioned.

The fuel cells at a phase of pre-industrialization have been subjugated to many experiments in
different fields with the development of multiple tests in real operating situation .In this context
many laboratories and industrial companies are interested in fuel cells. In addition to integration
into systems that require the development of simple and efficient assistants, the main work is still
necessary at the cell level. However, all the elements of an elementary cell can still be improved.
Whether it is the catalyst (improvement of the existing one and research of new catalysts), the
membrane (functioning membrane at higher temperatures) or the cell structure itself (geometric

shape, material of the bipolar plates, cooling modes).
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Proton exchange membrane fuel cell PEMFC 500W

2.1 Introduction

The description and understanding of the internal physical phenomena of PEM fuel cell systems
are considered to be one of the obstacles preventing the progress of this technology. In this
context, mathematical modeling occupies an important place in their development, due to its ease
to express the physical phenomena involved in the fuel cell through algebraic or differential
equations. These equations are considered powerful tool for designing, simulation, analysis of
temporal and spatial behavior of the PEM fuel cell system and synthesis the appropriate
controller.

The last decade has recognized the development of a significant number of FC models. These
proposed models vary in terms of their level of complexity, validation domain, the scales of time
and dimensions on which the studied phenomena take place and area to be modeled of the
system (part or all of a cell, the entire stack, the stack with auxiliary systems)[31].

It has become essential to define the objectives beforehand for the future use of the model.
Which leads to establishing criteria for using the model such as speed, precision, flexibility,
graphical interface and implementation in software. From these usage criteria, it is necessary to
determine model design criteria (theoretical or semi-empirical approach, dynamic or static
model, mono, two or three-dimensional model, black box...etc.)[12][32].

The main goal of this study is modeling a fuel cell energy system for transport application. This
motivates us to calculate the evolution of voltage and current using static and dynamic

approaches resulting from the work presented by[31] [33].

2.2 Proton Exchange Membrane Fuel Cell Stack Nonlinear Modeling

The main measurements to evaluate the PEM fuel cell performances is the (V-I) polarization
curve, which is a plot of cell output voltage versus density of the current. This VI curve is the
most common way to compare and describe the efficiency of fuel cells to other released data.
The polarization curve explains the nonlinear relation of the voltage/current to operational
conditions such as hydrogen and oxygen pressures, mole flow rates of gases, temperature and

humidity. This relation could be represented through mathematical modeling equations that
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would explain the internal phenomena occurring in the fuel cell in order to facilitate the design
process, analysis, simulation and control.

Generally, there are two types of fuel cell models that have been considered in the literature:
static and dynamic models. The first one focuses on simulation of the fuel cell VV-I polarization
curve while the second pays more attention to electrical and partial pressures models. In the next
sections the static and dynamic models are studied in details to obtain the voltage/current outputs.
The following assumptions, commonly made in the literature, are also used to simplify the

simulation and analysis[32][34]:

e The treatment of flow and diffusion of gases is done in one dimensional of PEM fuel cell.

e Constant partial pressures in the fuel cell gas flow electrodes.

e The gases distribution is uniform and ideal.

e The individual cells parameters can be gathered to shape a PEM fuel cell stack.

e PEM fuel cell works under 100°C and the product of reaction is in liquid phase.

e The fuel is humidified hydrogen and the oxidant is humidified air.

e On the anode channel, the effective water vapor pressure is 50%, while on the cathode
channel the saturated vapor pressure up to 100% .

e Thermodynamic properties are evaluated at the average stack temperature, taking into
account the variations of temperature across the stack.

e The overall specific heat capacity is taken into account in the stack.

2.2.1 Static modeling

The main part of this modeling is the reversible cell potential that obtained by a thermodynamic
balance of open circuit. This potential is generated by the flow of electrons from anode channel
to cathode side by an external circuit. The reversible cell potential can be expressed by Nernst

equation Ey.rns: as following [31][33]:

RT P P
Enernst = Ecen = E()Ce” + 2F In (M> (2.1)

PH20
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The individual open-circuit output voltage of one cell is approximately 1.23V at standard
conditions of pressure and temperature. Accordingly that, the open-circuit output voltage of all

the PEM fuel cell stack can be represented by:

Py, /P
Vorc = . E§e + 252 ln( < "2) (2.2)
H20

ns: is number of cells

The actual voltage of the PEM fuel cell is less than the one calculated with Nernst’s equation
when the operation of a fuel cell, caused many voltage losses: activation voltage loss, ohmic
voltage loss, and concentration voltage loss [35] . Figure (2.1) shows the V-I characteristics of

the output voltage with losses which are represented by three evolution regions:

Theoretical EMF cor Ideal Voltage
g —
Region of Activation Polarization
/ (Reaction Rate Loss)
1.01 Total Loss
3]
g
= Regicn of )
= Concentration Polarization
S (Gas Transport Loss)
Region of Ohmic Polarization
0.51+ (Resistance Loss)
Operation Voltage, V, Curve
0

Current Density (mA/cm2)

Figure 2.1 Polarization curve of PEMFC

2.2.1.1 Activation Voltage Loss

The activation loss is caused by the speed of the electrochemical reaction at the electrodes

surface. This loss is considered as an extra voltage necessary to start electrochemical reactions
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inside PEM fuel cell and to proceed at demanded rate similar to the necessary spark to start an
internal combustion engine. The activation loss can be expressed by Tafel equation which shows

a logarithmic relationship with the current density as following [33]:

I

Vae = 52 In (=) = ag +a. T+ T.b.In(1) = Vaes + Vacez (2.3)
d

Where 14 denotes exchange current density
Vaetr = (ag + a. T) represents the voltage loss of the temperature

Vactz = [T.b.In(I)] represents the activation voltage loss.

2.2.1.2 Ohmic Voltage Loss

Ohmic loss exist due to charges transport (electrons €7, ions H*) from the electrode channels
where they are generated to the load where they are consumed inside PEM fuel cell. The
electronic charge losses are due to the degree of contact that the plates make with each other at
electrodes sides[36] , while the ionic losses are due to travel the ions from anode to cathode
channel through electrolyte layer in the membrane of PEM fuel cell [32]. Its expression can be

given by:
Vo =LRo= V§+V§+ V! (2.4)

The resistance of electrodes depends on the current and temperature of the stack, hence we can

calculate the ohmic resistance of the PEM fuel cell by[33]:
2.2.1.3 Concentration Voltage Loss

The concentration voltage loss is formed due to the limitation of protons diffusion (or mass
transport) through the membrane. This limitation caused by slowing the electrochemical
reactions rates within the catalyst layers at cathode side than those on the anode side. This
resultant slowness in turn, is caused by many factors such as the weak diffusion of the gas

through the porous electrodes, concentration gradient of reactants, diffusion the reactants or
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products from the reaction site to the electrolyte or vice versa. The loss of concentration is given

by the following equation [31][34]:

Veone = _g ln( - &) (2.6)

Where C, is the concentration of surface at the reaction sites, C; is the biggest concentration in

gas channels, and € is the electrons number. According to the first law of Fick and the law of

Faraday [10][34], Equation (2.6) can be expressed as a function of current :
RT I
Veone = — o In(1-2) 2.7)

IL the current limit of PEM fuel cell (A)

Therefore, the equivalent resistance for the concentration loss can be given by following
[32][33]:

_ Veonc _ RT 11’1(

I
Rconc - I - eF. 1 1- _> (2.8)

I

Hence, the actual output voltage of the PEM fuel cell can be concluded through subtraction the

voltage losses from the open-circuit output voltage of the PEMFC as:

Vic = Vorc — Ds. (Vact + Vo + Vconc) (2.9)
2.2.2 Dynamic Modeling

In this part, the performance of dynamic model of a PEM fuel cell is discussed through focusing
on electrical approach and partial pressures dynamic equations of fuel/oxidant gases. These
dynamics are represented by non-linear differential equations of the PEMFC system which are
formed as state-space representation[31] . This representation displays many advantages such as
control studies, identification and optimization of data. Besides it provides a robust tool for

simulation and estimation of parameters.
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As mentioned earlier, the structure of fuel cell stack system is built by accumulating together
multiple single cell. Consequently, the fuel cell stack is an electrically connected serially by
these cells, which encourages us to focus on a single cell modeling instead of entire fuel cell
stack because in a serial connection, the single cell voltage is added up.

According to these hypothesis, firstly, the PEMFC modeling process is presented by identifying
nonlinear equations of both partial pressures and flow rates of hydrogen, oxygen and the water,
then, the equation temperature of the PEM fuel cell stack is defined. After, the electrical
equation is derived by determination the relation between voltage and current. Finally, the

overall nonlinear state space of PEM fuel cell is modeled.

2.2.2.1 Net Mole Flow Rate Equations of Gases

The flow of oxygen and hydrogen in the PEM fuel cell cannot pursue changes in the load
instantly, there is a time lag between the change in the load current, and mol flow both of fuel
(H,) and oxidant (0,). So, the net mole flow rate of these gases can be calculated by the
difference between the mole flow gases coming inside the fuel cell electrodes and mole flow of
gases going outside. For hydrogen gas the net mole flow rate is given by the following equation
[32][33]:

d(MHZ)net _ I _ (MHZ)net 2.10
&t 22, F A @19
Let: x, = (MHZ)net
So:
. d(MHZ)net IS 1
E T T (z.AA.F>_<E>X1 @10

The same way for the net mole flow rate of oxygen, it can be calculated by the difference
between the mole flow oxygen coming inside and mole flow of oxygen going outside of the fuel
cell cathode such as [32][33]:
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d(Moz)net _ I _ (MOZ)net 2.12
dt 4. A.F Ac (@12
Let: Xy = (MOZ)net
So:
. d(MOZ)net Is 1
T (4.AC.F> - (A_) *2 19

The net mole flow rate of water can be provided by subtracting the rate of net flow water vapor
across the cell from the rate of water production in the cell. It can be represented by the

following equation [33]:

d(MHZO)net — IS _ (MHZO)net

2.14
dt 2.2¢c.F Ac ( )
Let X3 = (MHZO)net
So:
d(MH 0) I 1
Xy = °_Tnet _ ( = )— (—>x3 (2.15)
dt 2.Ac.F Ac

2.2.2.2 Equations of Pressure Gases

The expressions of hydrogen, oxygen and water pressures at electrodes channels and its effective
values at sites of actual reaction are derived in terms of the fuel-cell-operating parameters as
pressures of electrodes, gases mole flow rates and temperature of fuel cell. These partial
pressures are used to calculate the output voltage of the fuel cell. The equations of the effective
partial pressures of hydrogen, oxygen and water in the electrodes channels can be calculated

through the ideal gas equation P.V = n.R. T as[37]:

- For hydrogen:

dPy, (RT RT RTy\ I
el <V_a> (My,), — (V_a> . (MHz)out — (V_a>'ﬁ (2.16)
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Where (My,). and (My,)  are input and output hydrogen mole flow rate at anode

in

respectively, they can be expressed by following equations[32][37]:

(Mn50);,
(MHZ)in = (szzo)fn Up, (2.17)
(2.Pg, —up, )
(MHZ)out = (MHZ)in' ZuPA A (218)

By replacing equations (2.17) and (2.18) into equation (2.16) and solving moreover to get [33]:

dPy, _ (RT\ (Mu,0) RT (2.Pu, —up, ) RT\ 1
= () G e~ () (o), S () 35 @19
By taking:

X, =T x5 =Py,, a=Mp,0)f And B = (Py,0)in
And compensate them in the equation (2.19), to get:

R. x4

.=dPH2=2-0(-R-X4[u —x]— I
dt B.v, LFa "SI 2y FS

X5

(2.20)

- For Oxygen:
In the same manner, the dynamic equation of the partial pressure of oxygen at cathode can be

expressed by:

dPo2 RT RT RT Ig
= (7)), = (77)- (M0~ () -5 (2:21)

(Moz)inand (Moz)out are input and output hydrogen mole flow rate of anode respectively, they

can be expressed by following equations:

(MHzo)fn
(Moz)in - (PHZO)iCn 'uPc (222)
(2.Pg, —up.)
Moue = (Mo, ), ——C- (2.23)

upc
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By replacing equations (2.22) and (2.23) into equation (2.21) and solving moreover, to obtain:

dPo, _ (RT (MH,0)n _ (RT (2.Po, —up¢) __ (RT\ Is
dt (Vc) " (PH,0)fn -Upc (VC) ) (Moz)in' up (VC)'4.F (2.24)
By taking:

Xe =P, (MHzo)icn = a And (Pﬂzo)icn =B

And compensate them in the equation (2.24), to get:

. dPy, 2.0.Rx,
X6= =

R.
_ZeRxp ] R
dt B.V. c 4 V..F

I (2.25)

- For Water:
The change rate equation of the partial pressure of water at cathode can be written as[32][33]
[37]:

. dPy,0 _ ? R-(Mﬂzo)fn(PH‘zo) < — R-(MHzo)iCn~ Pry0 n
7 dt - VC.(PHZO)iCn 4 VC'(Pﬁzo)icn 4
R.X4
[Z.VC.F] -Is (2.26)
By taking:

X7 = Py,0 \(Mu,0)in =« ,(Pu,0)in = B and Plif;o =2.8

And compensate them in the equation (2.26), to get:

) _dPH20_4[R.(x] ) [R.a. x7] +[R.x4] [ 297
=T T v T v T 2voE] s (2:27)

2.2.2.3 Equations of the Net Temperature

Generally, the fuel cell temperature is non-homogenous, even when there is a steady flow rate of
the mass in the channels, due to dissipation of most of the consuming energy produced in the
PEMFC electrochemistry reaction in form of heat energies. It is necessary to know the nature of

this dissipation in order to preserve the operation of stack within reasonable temperature [38].
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These heat energies can be divided mainly to electrochemical reaction heat Q, electrical output
heat of PEM fuel cell Qg, and the heat loss due to the air convection Q;. Then the net
temperature of the PEM fuel cell stuck can be given as:

. o_dr _ 1

X4 = [Qc — Qr — Q1] (2.28)

Tdt Mg Cre

a. Equation of electrochemical reaction heat

When electrochemical reaction occurs in the PEM fuel cell, the free energy change associated
with a chemical reaction is converted directly to electrical energy which increases the PEM fuel
cell temperature [39]. This change in energy is named Gibbs’s free energy. During the reaction
of an electrochemical at constant pressure and temperature, the Gibbs free energy is given by

following equation:

Py.../P
AG = AG® — RT In <M> (2.29)
Pi,0

The heat produced during an electrochemical reaction at constant pressure and temperature, Q is

a function of the Gibbs free energy and the mole flow of hydrogen, given by the following [33]:

Q¢ = AG.My, (2.30)
Where:

s
MHZ = ﬁ (231)

My, : The net mole flow rates of hydrogen at steady state

By replacing equations (2.29) and (2.31) into equation (2.30), we get:

Sy s POZ)] = (2.32)
Pao F

Qc = [AGO - RTln( z
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Hence, the heat generation during an electrochemical reaction of the PEM fuel cell stack with
compensation of all parameters: x, = T, xs = Py, , X¢ = Py, and x; = Py, ¢ into equation (2.32)

IS given by :

Qc = ng AG®  ng Rxy 1n (XS):/X:)] g (2.33)
7

2.F 2.F

b. Equation of electrical output heat
In the PEM fuel cell, the heat produced due to an electrical output power depends on both the

output voltage and stack current of the cell, which is expressed by the following 9 [33]:
QO = Vec. I (2.34)

Substituting equations (2.2) and (2.9) and by compensation of all parameters x, = T, x5 = Py, ,

X¢ = Py, andx, = Py, into equation (2.34), then solving it, we get:
Qr = |ng.ES! + "S;j“* In (XSXJ"_G> —ng. Vact + Vo + Veond) | - Is (2.35)
7

c. Equation of the air convection heat

The heat loss Qqoccurring in a fuel cell is due to air convection, which can be expressed as
following [33]:

0, = ng. hAg. AT (2.36)
and:
AT=T-T, (2.37)

Where: T is stuck temperature
T, is room temperature

By replacing equation (2.37) in (2.36), and compensation of the parameter x, = T, we get:

01, = ng.hge. A[T — T] (2.38)
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By replacing equations (2.33), (2.35) and (2.38) into equation (2.22) and solving moreover, we

get:
dT ng.hg Ag 2.n,..ES  ng R.x, X54/Xe
4= T - + 1 — (Vact + Vo + Veone) |1
X4 dt MfC : Cfc ¢ Mfc . Cfc F. Mfc . Cfc n X7 ( act 0 COHC) s
ng. hg. Ag
- - X 2.39
Mr . Cre ~* (2.39)

2.2.2.4 Equivalent Electrical Circuit Equations for PEM Fuel Cell

The modeling of the PEM fuel cell system as an equivalent circuit is quite helpful due to the
presence of electrical effects of its components which were produced by the electrochemical
reaction inside the fuel cell. These effects can be represented by resistances and charge capacity
of this circuit. More precisely, Rgct, Ronm and R.,nc Can be expressed as equivalent resistances
of the circuit through the three types of voltage losses i.e. activation resistance, ohmic resistance
and concentration resistance. While the phenomenon of the double layer between electrodes and
a solid membrane can be represented by equivalent capacity C. This layer formed due to the
passage of the positive hydrogen ions H* from the anode toward the cathode through polymer
membrane, at the same time flowing of electrons (e”) from the anode to cathode by the external
load where both electrons and protons gathered with O, at the cathode side, this capacitance is
very large and can be in the order of hundreds Farads [40].

In fact, by inserting the potential of electrochemical reaction E in the equivalent RC circuit
model of the resistances and the charge capacity, the overall PEM fuel cell equivalent circuit can

be obtained as shown in figure (2.2).
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Figure 2.2 Equivalent RC circuit of charge Double Layer in
the PEM Fuel Cell [41]

According to figure (2.2), the voltage across the capacitor xg = V¢ is given by following
equation:

dv
xg = Ve = [IS — CE] . (Ract + Reonc) (2.40)
So
. Ve [ 1 ] n [1] I (2.41)
Xq = = . X —1. .
87 dt C(Raet + Reone)] 78 " Ll s

The capacitance C due to the effect of the double-layer charge is a function of the surface area A.
The distance between the two charged layers d and the electrical permittivity €. This capacitance

is given by the following formula [40] :

A
C= e-
d

According of Kirchhoff's voltage law, the equation of output voltage of the PEM fuel cell V,,,;; in

the equivalent circuit is written as:
Veel = Enernst = Vo — V¢ (2.42)
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Where: Ve = Vyera + Veone
As indicated in this figure we can put:

Enernst = E = Vacr (2.43)
So the output voltage V,,;; of single cell written as following:
Veen = E=Vacer = Vo — V¢ (2.44)

As mention before V,.,; = (ag +a.T)
The output voltage V. of the fuel cell stack is become:
Vic = Ng.Enernst —Ns- (@9 +a.T) — ng.Vy — ng. Vg (2.45)

By replacing equations (2.1), (2.4) and (2.40) into equation (2.45) and compensation of the

parameters: x, = T, x5 = Py, , X¢ = Pp, and x; = Py,,, We get [33]:

ng.R.x X5.4/X
Vie = ns. E§€" + > 4 ln( 5x 6) —ng.(ag + a.x,) —ng. Ry. I; — ng. xg (2.46)
7

2.F
and the output power of the stack can be given by following:
Pstack = As-Vic.la (2.47)
Hence, the output current of stack is :
irc = Pstack/Vyc (2.48)

Finally, the aggregation of all equations of pressure, temperature and electrical models (2.10)-
(2.47) provide a global state space model of the PEM fuel cell stack. Can set the hydrogen and
oxygen pressures of the electrodes (u, /u.) as two inputs of the system i.e, [u; ,u,] = [ug, , ult,

k= [L] as input of disturbance, two output [y;,v,] = [Vfc ,ifc] as voltage and current and

[x1, X2, X3, X4, X5, X6, X7, Xg] = [(mHz)net' (mOZ)net' (Mu20)net T, P, » Doy PH20 » Vc] as

vector state.
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Hence, an overall state space representation of the PEM fuel cell is rewritten as following:

Lo, L
X = ——.x
! At 2.0,.F
L
S PR I
S S
S PR R
ng. hs. A ng.hs. A 2.n.. . E§®Y noR.x Xg+/X
X4 = — = . 4~ e t 2 In 5\/_6 — Vace + Vo + Veone) |- 1s
MfC'CfC Mfc CfC MfC CfC F MfC CfC X7
. 2.a.R + 2.a.R [
Xy = — X4 X X Up, — . Xy
5 B‘/a 45 ,Bl/a 4-YPy ZI/aF 4+1s (249)
. 2.a.R 2.a.R R
Xg = — BV, X4 Xg + BV X4 Up, XV F X4 I
. 4.R.«a R.«a R
X, = v Xy — 2]/;,8 X4 X7+ m.x4.ls
o=l o
Xg = || .x —=|.
8 C(R(J,Cf + RCOTLC) 8 C g
ns.R.x X5.+/ X,
y, = ng. E§e! + SZ 7 4 ln< Sx\/_6>—ns.(a0 + a.x,) —ng.Ry. Iy — Ng. Xg
. 7

V2 = Pstack/Vfc

2.3 Evaluation of Mathematical Modeling

The simulation objective of PEMFC system dynamics is to obtain the voltage/current outputs
data through implementation of a nonlinear state space equations (2.49) using Matlab
Environment Programming. Taking the pressures Py, = 2 atm, Py, = 1 atm as inputs. The
basic data were obtained through the experimental work on a 500 W SR-12 PEMFC stack which
is manufactured by Avista Labs.

The anode channel is supplied by pure hydrogen through manifold pressure, and the cathode side
is supplied by the oxygen (air) using the SR-12's internal fan. The dimension and other
characteristics of this PEMFC stack are presented in Table 2.1[32][33].
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Table 2.1 The PEM Fuel Cell 500 W Model characteristics

Symbol Description
Ay = 3.2 X107?m? Fuel cell area
M. = 44 kg Fuel cell mass
ng = 48 Number of cell
R =8.31j/(mol.K) Gas constant
(My20)d, = (My20)5, = 8.614 X 10~>mol/s Anode/ cathode water mole flow rate
(Pa20)i = (Py20)f, = 30 atm Anode/ cathode Water partial pressure
(Pu20)in = 60 atm Partial pressure of water
Aac =60s Flow delay at anode and cathode
AG® = 237.2 x 103 J/mol Gibbs free energy
hg = 37.5 W/(m?%.K) Convective heat transfer coefficient
C=10F Capacitance due to charge double layer
Cf. = 500]/(molK) Specific heat capacity of PEMFC stack
R? =0.28 Constant in computation ofR, ("Q2)
F =96487 C/mol Faraday constant (96487 C/mol
V,=V.= 1073m3 Volume of anode and cathode
E!l =1.23V Reference potential
T=308 Fuel cell temperature (K)
iI=100 A the current limit of PEM fuel cell
id=0.7A the exchange current density

2.3.1 Evaluation of Mathematical Modeling for Partial Pressures Gases

When the fuel cell is under load, the hydrogen and oxygen gases diffuse through the electrode
channels to a catalyst layer of cathode where the reaction sites of these gases. While the reactant
water diffuses from the reaction sites to the anode side. As a result, the partial pressures
of Py,, Py, and Py,o gradient are formed along electrode channels. Assuming uniform variation
of gas partial pressures (assumption2), the overall gases at the channels are considered constant.

Nevertheless, in this part the effective partial pressures of all gases at the actual reaction sites
inside PEM fuel cell are calculated in order to obtain the output voltage of the cell. To evaluate

the effective partial pressures of hydrogen, oxygen and the water inside PEM cell fuel stack, the
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dynamic equations (2.20)-(2.25)-(2.27) are simulated using Matlab Environment Programming
under normal operating conditions.

partial pressure of hydrogen

1.6

14

1.2

0.8

Ph2(atm)

0.6

Y S - -
;f ! 1| ===+ effective partial pressure of H;
4 : :
- ‘ : ‘ ‘
0 | | | |
0 5 10 15 20 25

Current (A)

Figure 2. 3 Variation of partial pressure hydrogen with current

Figure (2.3) shows the variation of effective partial pressure of hydrogen versus the current as
given in equation (2.20). Notice that, the effective partial pressures of hydrogen at reaction sites
is less than those in the hydrogen flow channel , due to mass diffusion. When the effective partial
pressure increases within the reaction sites, the Nernst voltage of the electrochemical reaction
potential Ey..s: InCreases slightly, therefore an increase in the open-circuit output voltage

Vo rc according to equation (2.2).
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Figure 2.4 Variation of partial pressure oxygen with current

Regarding the effective partial pressure of oxygen, note that, it is identical to the hydrogen
behavior as showed in figure (2.4). However, the variation effective partial pressure of oxygen is
reduced to half. This is in good agreement with the behavior of the fuel cell since it takes an

amount of oxygen twice less than that of hydrogen to produce the same current.
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partial pressure of the water
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Figure 2.5 Variation of partial pressure water with current

Finally, the effective partial pressure of the water at reaction sites is higher than that in the anode
channel, due to the increase in water production through chemical reaction in these sites.

In contrast, the pressure of water has the opposite effect compared to that of hydrogen as seen in
figure (2.5). This result was naturally predictable since an increase in the water pressure
generates a decrease in Nernst voltage of the electrochemical reaction potential Ey.ns: and

consequently a decrease in the output voltage Vg gc.

2.3.2 V-1 Characteristics of the Proton Exchange Membrane Fuel Cell

To get the V-1 Characteristics of the proton exchange membrane fuel cell model, the equation
(2.37) is simulated using Matlab Environment Programming, with increasing the current density

from 1 to 25A in steps of 0.09. The simulation results of V-I characteristics of the fuel cell are

shown in figure 2.6.
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Fuel cell polarization curve
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Figure 2.6 V-l characteristics curve for the PEMFC500w

The output voltage variation response of the PEMFC model is gradually decreasing from 39.75
volts to 24.98 volts according to the current variation from 1A to 25 A due to the existence of the
activation, concentration losses (as nonlinear functions) at the beginning and end of the curve

respectively, and the ohmic loss (as a linear function) in the middle of the curve[32].

These obtained results in figure (2.6) were validated by comparing them with experimental data
of I-V polarization curve for Avista Labs SR-12 (500W) PEM fuel cell, and the Matlab/Simulink
model which is obtained by M.H. Nehrir in [34]. As shown in figure (2.7), the model responses
of space state Programming Matlab agree very well with both the experimental data and

Simulink model.
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Figure 2. 7 Validation results of 1-V polarization curve for the Avista Labs SR-12 (500W) fuel
cell stack and Simulink model[34]

2.3.3 Evaluation of Voltage Losses

- Activation polarization

Usually, the activation loss situated at the beginning of the 1-V polarization curve at low current
density. It is considered an over potential in electrochemical process which is derived from Tafel
equation. To evaluate and plot the activation loss for a fuel cell operating at current density of
0.7A/cm? and an exchange current density of 10~7. The Tafel equation in equation (2.3) is
simulated using Matlab Environment Programming with constants a = —3.08 X 1073V /K, b =

9.724 x 1075V /Kand a, = 1.3697V.
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Figure 2. 8 Activation loss as a function of current

Figure (2.8) shows the responses of the activation loss to a variation in current between 1 A and
25A. The logarithmic relationship given in equation (2.3) shows that an increase in current
implies a small increase in activation loss. While an increase in the exchange current density lead

to the more active surface of the electrode. Hence, a decrease in the activation polarization.

- Ohmic polarization
The ohmic voltage loss situated in the middle of I-V polarization curve. This loss consists of

electrodes resistances ( R4, R¢) and membrane resistances (R™). To evaluate and plot this loss,
the equation (2.5) is simulated using Matlab Environment Programming for a fuel cell operating

at temperature T of 308 K and current vary from 1A to 25A.
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Figure 2. 9 Ohmic loss as a function of current

Note that, in figure (2.9), the ohmic loss voltage can be considered as a linear function at certain
operation due to the dependence of the electrodes resistances on the current and temperature for
the fuel cell stack. Where an increasing in current and temperature of the stack lead to an
increasing directly in ohmic voltage loss. In order to reduce this loss either by using more

conductive electrolyte for ions or this layer to be thinner.

- Concentration polarization

The concentration loss situated at the end of the I-V polarization curve at height current as
mentioned in figure (2.6). To evaluate this loss, equation (2.6) is simulated by Matlab
Environment Programming for a fuel cell operating at current limit of 25 A, temperature T of
308 K and current varies from 1A to 25A.
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Figure 2.10 Concentration loss as a function of current

Figure (2.10) shows the concentration voltage loss as a function of current. This loss due to mass
transport from electrodes channels to reaction sites. Note that, when the current densities
increase, the concentration voltage loss increases due to depletion of reactant in the catalyst layer
and flooding of the water in the cathode channel. At high current, the amount of liquid water
produced in the cathode channel becomes greater than the amount of water that can be extracted
from the gas flow channels.
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2.3.4 P-1 Characteristics Curve of the Proton Exchange Membrane Fuel Cell

Figure (2.11) shows the MATLAB based simulation of P-1 characteristics curve for a PEMFC
500 W stack, obtained based on Matlab Environment Programming of power equation (2.47).

P-l Characteristics of the PEMFC 500w

700 |

71 SR SRR SO N0 N

1Y SRR SRR S SO N—

Power Pfc{watts)

/1 SR - T S S A —

P MR 7 SO SOOI U
| =xxx Qutput power P,

100 |------ y 4 ---------------

0 g 10 15 20 25
Current(A)

Figure 2. 11 P-I characteristics curve for the PEM

fuel cell 500 w stack

Note that, the maximum output power of the 500 W fuel cell stack model 626.99W is obtained at
point close to the rated current of the cell 24.6 A, where the output voltage is approximately
25.48 V. Beyond the peak of the output power curve, the fuel cell enters into the concentration
region when the output voltage decreases sharply while the load current increases as mentioned

in figure 2.6. As a result, the output power of fuel cell will decrease when the load current
increases.
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The simulation results obtained in figure (2.11) are validated with measurements data of the
Avista Labs SR-12 (500W) PEM fuel cell and the Matlab/Simulink model which is established

by M.H. Nehrir at [34] for the models developed.
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Figure 2.12 Validation results of SR -12 PEMFC and Simulink model[34]

Figure (2.12) shows a comparison of the average P-1 characteristic curves for the SR -12 PEMFC
stack obtained experimental measurements and the results of Matlab/Simulink model. Observe

that, the model results in figure (2.11 )are match close to those validation results of both

measured data and Simulink models.
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2.4 Conclusion

In this chapter, a nonlinear dynamic model of SR 500w PEMFC stack is suggested. which
focuses on output voltage of the cell open-circuit, voltage losses which occur in them, net mole
flow rate of all gases, effective partial pressures of all gases at the actual reaction sites inside
PEM fuel cell, in addition the net temperature inside the fuel cell and the equivalent circuit of the
cell which is formed between anode and cathode electrodes. This nonlinear model was validated
through simulation of (V-1) and (P-1) polarization curves taking in account both of hydrogen and
oxygen gases as inputs for the PEM fuel cell, the results of simulation have proven that are
satisfying and close to the experimental data of polarization curves obtained by Avista Labs.
Furthermore, voltage losses, the effective partial pressures of all gases and equivalent circuit of
the fuel cell were simulated to study the dynamic behavior of the PEMFC.

Finally, the obtained V;.and ir. results through simulation will be used as outputs data for
identification techniques of nonlinear PEMFC system using nonlinear autoregressive exogenous

neural network (NLARX) to obtain the linear space state model in next chapter .
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3.1 Introduction

Based on physiochemical processes inside the PEMFC stack presented in previous chapter, the
relationship between the hydrogen /oxygen inputs, stack temperature and the voltage/ current
outputs is highly nonlinear. In addition, the nonlinear space model of PEMFC is quite complex.
The development or simulation of this fuel cell stack require appropriate knowledge of its
mathematical dynamic model. Which it’s parameters is difficult to obtain using only physical
laws (analytical approach). Therefore, an identification technique is required to obtain suitable
mathematical model of the PEMFC stack.

The objective of this chapter is identify the linear state space model for proton exchange
membrane fuel cell (PEMFC) 500W stack using neural network nonlinear autoregressive
exogenous model (NN-NLARX) technique, this technique is developed and implemented by
employing the system identification based on acquired set of multi inputs -multi outputs data
obtained by simulation of nonlinear dynamic PEMFC stack in previous chapter . The
identification procedure for space state model start with data processing, neural network
nonlinear modeling, validation and linearization of the obtained nonlinear model .finally , the
performance of both neural network model and space state model are investigated and shown

by comparison of results.
3.2 Nonlinear Model Identification

Identification technique is an important tool in modeling field where most real systems are
nonlinear processes, in which the output for these systems is a nonlinear function of the input
elements .this function is represented by mathematical relations between the system’s inputs ( u )
and outputs (y ) at time ( t ). These mathematical relations are applied to estimate the current
output from previous inputs and outputs. System identification (SI) is a process for building a
mathematical model of nonlinear system dynamics from observed input-output data without
detailed information about the system insights .these data are collected from experimental test of a
real world system. The procedure of identification system can be outlined by followings steps in
figure (3.1):
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\4
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__.| Structure identification selection
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——-l Model identification selection

> Model validation

Meet criteria

Identified model

Figure 3.1 Flowchart of identification technique

Generally, in system identification, there are many structures of useful nonlinear models to
describe a system dynamic, such as Hammerstein model, Wiener model, Hammerstein-Wiener
model and nonlinear autoregressive exogenous model (NLARX)[42].

In this dissertation, NLRAX model has proven is the best to describe the nonlinear dynamic of
PEMFC system, therefore ,the goal of NLRAX structure is to obtain the suitable mathematical
model for the real PEMFC 500W system by using the 1/O data , this obtained model will be

useful to get a good understanding, simulation and prediction of the behavior of real PEMFC
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dynamic system, especially to serve as a control mechanism to design and analysis the controller
that depends on the real PEM fuel cell system model.

3.3 Nonlinear Autoregressive Exogenous (NLARX) Model

A nonlinear autoregressive exogenous (NLARX) structure is a black box model, that is an
extension the linear ARX model, it is widely used in several applications as times-series
modelling, multi-step ahead prediction and modelling for nonlinear dynamic systems[43]. The
nonlinear ARX structure describes the nonlinear dynamic systems by using a parallel
combination of nonlinear and linear blocks [44].this parallel combination is expressed in terms

of variables called standard regressors [n,, ny, ni] as depicted in figure (3.2).

— | Linear function
Regressors _
u(d),u(t-1),y(t-1),... .
(D.u(t-1)y(t1) Nonlinear y
> q function

Nonlinearity estimator

Figure 3.2 Nonlinear ARX Model Structure

The nonlinear and linear blocks can be expressed by function (f) in terms of depending on the
finite number of previous inputs (u) and outputs (y), where (n,) is the number of past output
terms, (n,) is the number of past input terms used to predict the current output and (n;) is the
delay from the input to the output (the samples number).

Hence, the predicted output of the NLARX model structure is given by following equation [42].
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Vp(t) = f((y(t —1),y(t —ng), ., u®),u(t + 1), ...,u(t —ny), ..., ult —ny —ny + 1)) 3.1

The NLARX structure enables to model the behavior of complex nonlinear systems using many
flexible nonlinear estimators such as sigmoid network, wavelet network, tree partition, custom
network, and neural network. In this study, a neural network estimator was chosen to model the
nonlinear dynamic PEMFC system due to its high performance which was demonstrated by
simulation results in the experiments part of this chapter.

3.4 Artificial Neural Network

Neural networks are intelligent computing models inspired by biological neural network of the
human brain and they mimic the way biological neurons communicate with each other. Neural
networks (NNs) consist of a large number of nodes (neurons) arranged in parallel layers that
contain an input layer, one or more hidden layers, and an output layer. These layers are connected
to each other by weighted connections, each layer receives the data from the input layer or
previous layer for collecting and processing it by nonlinear activation functions then send it to the
next layer or output layer of network. When the output of any individual node is higher than the
specified threshold value of the activation function, that node is activated and the data are
transmitted to the following layer of the network. If not, the data will not be passed to the next
layer of the network.

Generally, Neural networks can be divided into two main classes: static and dynamic neural
networks [43], static neural networks are feedforward neural networks, which are characterized by
memoryless mapping, which means that it has not feedback elements and no delays in the input
layer. Therefore, the output of static neural network depend only on the current values of the

inputs for the network as shown in figure (3.3).

53



Chapter 3 Neural Network Nonlinear

Autoregressive Exogenous Modeling of PEMFC 500W

Hidden

laver

Inputs
QOutputs

Figure 3.3 Structure of static neural network

The second class is dynamic neural network that is characterized by memory mapping between
input layer and output elements of neural network, which means that, the output values from the
network depend on the current input, the previous input or output values of the network. The
dynamic network is divided into two types: feedforward and recurrent (or feedback) neural

networks, the feedforward neural network has input delay but without feedback or recurrent
connections as depicted in figure (3.4).
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Figure 3.4 Structure of dynamic feedforward neural network
with input delay

The recurrent neural network has feedback and time delays in its structure ,where the
information are transmitted from the output layers to the input layers with convenient time
delays as depicted in figure 3.5. These delays store the informations from previous time steps,

that can be used in the current time step[33].
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Figure 3.5 Structure of dynamic feedback neural network

with time delays

To develop the nonlinear mathematical model of the proton exchange membrane fuel cell stack
(PEMFC 500W), feedforward (forward cascade modeling) neural network is proposed as an

estimator for a nonlinear autoregressive exogenous (NLARX) structure in identification technique.

3.5 The Proposed Cascade Forward Neural Network

Cascade-forward neural network (CFNN) is a class of neural networks that is similar in
structure to feed-forward networks, except that, the CFNN include a weight connection from
the input layer to every following hidden layers and output layer in parallel way[45], atthe same
time, it has connections between every previous layer toward to next layers and to output
layer as shown in figure (3.6). This structure is used to estimate the nonlinear function f (equation
3.1) of the nonlinear autoregressive exogenous (NLARX) model for predicting the outputs of

dynamic behavior of PEM fuel cell.
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Figure 3.6 Structure of cascade-forward neural network (CFNN)

The input layer of CFNN is composed of two passive artificial neurons, and brings the initial data
(uq ,n,) into the neural network for more processing by next layers of neural network. While, the
output layer (y,,:) consists of one active neuron with pure linear function ”purelin (.)” as an
activation function.

The hidden layers of a cascade-forward neural network composed of three layers , the first one
has two neurons with a log-sigmoid function logsig(.)” as an activation function, the second
layer has a radial basis function “radbas(.)” as an activation function in their nodes and the
third hidden layer has two neurons with a pure linear function ”purelin(.)” as an activation
function .

Hence, the outputs of the cascade-forward neural network (CFNN) are calculated by following:

- The output of the first hidden layer with logsig(.):

. 1
ap1 = logsig(npy,) = Tre—Thit (3.2)

. 1
apiz = logsig(npy,) = Tre—Thiz (3.3)
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Where:
1 1 1
Np1p = W1(1)-u1 + Wz(1) Uy + bi ) (3.4)
1
Tlh12 = VVI(Z) .u1 + VVZ(Zl) .uz + b;l) (35)

w D, wP,wP, Wi are the weighted connections from inputs to first hidden layer, b and

bgl)are bias. The outputs of this layer is then fed to the second hidden layer.

- The output of the second hidden layer with “radbas(.)” function:

Apo1 = radbas(nh21) = e_(nh21)2
radbas(ny;) = -’ 36)

QAp22

_ 2
Apok = TadbaS(nth) = ¢—(Mn2k)

Where:
Mna1 = :”VVl(lZ) ~ Gnny | + |W2(12) ~ Gn1z | + |Wc(111) U | + |Wc(211) — U ”'bl(Z)
Npop = ”Wl(zz) — ap11 | + |W2(22) — Qpiz | + |WC(112) - U | + |WC(212) - U, ” .b;z) (3.7)

[ 2 2 . 1 1 2
Mok = _||W1§<) — Qp1y | + |V|/2(k) — Q12 | + |V|/c(1k) - U | + |Wc(2k) - U ”.b,g)

W@ wD wP,w®, . w?, w2 are the weighted connections from the first hidden layer

to the second hidden layer , WS, w5, W ws) ..., I/Vc(llk)l/l/c(zlk) are the weighted
connections from inputs to second hidden layer, b, b$® ..., bPare bias of the second hidden

layer. The outputs of this layer is fed to the third hidden layer.
- The output of the third hidden layer with purelin(.)” function :

apzy = purelin(nps,) (3.8)

Apsz = purelin(ngs;) (3.9)
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Where:

— 17/ (2) D D (2) 2
Npz1 = Wcu.ul + WCZl Uy + Whll' an11 + Wth' ap12 + Whll' apo1 + Wi(LZ)l Apoo + -+

3)
Winy. Gnak + b, (3.10)

2 2 1 1 2 2
Np3p = VVC(lz)ul + VVC(ZZ) Uy + Wh(lg' an11 + Wh(Zg' ap12 + Wh(lg' apo1 + Wh(ZZ)' apoo + -+

Wyey. @haic + bs” (3.11)

w, w& , w, w are the weighted connections from inputs to third  hidden

layer, WO, w w® w) are the weighted connections from the first hidden layer to third

h11' ""h21' ""h12' ""h22

hidden layer, w2, w@ ... . w@ and w3, w2 ..., w2 are the weighted connections from

the second  hidden layer to third hidden layer, b , b are bias of the third hidden layer.

Hence, the output y,,. of the cascade-forward neural network are given by following equations:

Your = purelin(ngy,) (3.12)
3 3 2 2 3 3
Moy = W£1)1-u1 + WEZ)I Uy + ngl)l' Ap11 + szz)l- Apiz + W§1)- Apzy + ng). An32
3) C)]

3 3
+ ngl)l' Ap21 + W§12)1' Apap + -+ Wpi.apop +b (3.14)

1

Wc(fl) Wc(zgl) are the weighted connections from inputs to output layer, Wh(lzl) Wh(zzl) are the

weighted connections from the first hidden layer to output layer, Wh(fl), Wh(z?’l) W) are the
weighted connections from the second hidden layer to output layer , Wl(lz), Wz(lz) are the

weighted connections from the third hidden layer to output layer and bf}) isa bias of the
output layer. The cascade-forward neural network (CFNN) is stored as a nonlinearity estimator
for estimating nonlinear ARX to derive a mathematical model of the PEMFC 500w stack based

on input-output data.
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3.6 Neural Network Nonlinear Autoregressive Exogenous Model Identification

The feedforward neural network is one of the most popular neural network structures can be used
in estimating the nonlinear autoregressive exogenous structure especially in the identification of a
nonlinear system. The neural network version of nonlinear ARX model structure is denoted as

NN-LARX as shown in figure (3.7), with assume the input delay n;,, = 1:

yE=1 s Neural network
y(t = na) m—) ()
u(t—1)

flp(®),0)

u(t —ny)

Figure 3. 7 NN-NLARX model structure

The predicted output for one-step-ahead prediction of the NN-NLARX model structure is given
by following equation:

¥p(t/0) = f(e(¢),0) (3.14)

Where, ¢(t) is the regression vector, 6 is unknown parameters vector, f nonlinear function
which is realized by the neural network and y, is the predicted output based on the unknown

parameter vector 6.

In this work, the prediction error method (PEM) is used to evaluate the performance of the

network training algorithm (or estimated model) , the PEM is defined by following equation :
e(t,0) =y(t) — Yy (¢/6) (3.15)

y(t) is the observed output of the system.
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The loss function (Ly) is a common method used in system identification to minimize the
prediction error equation (3.15).This function can be written as follows:
N 1$N 2
Ly(8,2") = 1 (y(® — 3, (1/6)) (316)
Where ZV refers to the training data set

3.7 Model Validation

The model validation is step which involves verifying whether the model accurately represents
the studied system using the comparison between the measured data and predicted outputs data of
the system until the best model is reached. Based on this work, we will use some criterions such
as the mean square error (MSE), the best fit to the estimation and validation data (fit %) and the
final prediction error (FPE) [46][47]:

3.7.1 Mean Square Error
The mean square error criterion (MSE) is often used for model validation, is a measure in a
single positive number of how well the model output fits the measured data, it is given by [48]:
1 onN 2
MSE =231 (y(®) =y, (0) (3.17)
3.7.2 Best Fit Criterion

The fit percentage (fit %) is a statistical measure of how well a predicted output matches with the
measured output. The percentage of fit was used as criterion for selecting both of best nonlinear

and linear models to represent the studied system. The best fit is given by [1]:

Best fit(%) = (1 - %) x 100 (3.18)

Where: y is a measured output, y, represents the predicted output and ¥ is the mean value of

the measured output.
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3.7.3 Final Prediction Error

The final prediction error (FPE) evaluates quality of the model, where the model is tested on a
new data set, the most accurate model has the smallest FPE. The equation of FPE is given by the

following equation[46]:

FPE = Ly(6,2") (i—ﬁ) (3.19)
N

Where: Ly(6,Z"N) is the loss function of the studied system, n is the total number of estimated

data and N is the length of data record.
3.8 Result and Analysis

The objective of this section is to identify a linear MIMO discrete time state space model for the

PEMFC 500w stack as following representation:

xy(k+1) = Ayx(k) + Byu(k) + Kye(k)
Iy y(k) = Cyx(k) + Du(k) + e(k) (3.20)
x(0) = xy

Ay € RN*N state matrix, By € RN*™ input matrix, Cy € RP*N output matrix and Ky € RN*™
disturbance matrix. x(k) € RN represent the state vector , the model’s inputs  [u;,u,] =
[ug ,u.]t are hydrogen and oxygen pressures, k= [I;] is input of disturbance matrix and the
model’s outputs [y; ,¥,] = [V;. ,is] are voltage and current.

The outputs of this linear model should be close as possible to measured output data of the
nonlinear PEMFC 500W model. That can be achieved by estimating the parameters of matrices
(Ay, By, Cy, D, Ky, xy ), and validating this model by comparing their outputs to the nonlinear
model outputs. To accomplish the linear model, the NN-NLARX structure is performed using

following steps:
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3.8.1 Preparing and Preprocessing of the Data

The first step in identification technique is  gathering the inputs-outputs data from simulating the
nonlinear dynamical model of the PEMFC stack developed and validated in previous chapter. The
simulation is carried out using programming matlab with four input-output data at different values
of u,,u., Vs and i ,these data are used as training data sets for NN-NLRAX modelling .
Each set consists of 500 data samples of each input variable. The values utilized for the input
variables are: u, is varied from 0.5 atm to 2 atm, u, is varied from 0.25 atm to 1 atm, V, is
varied from 39.75 volts to 24.98 volts and i, is varied from 0.2A to 25A. Overall, 2000 data
points are used to train the model for the PEM fuel cell’s outputs voltage/current.

All these measured data need to be preprocessing before start the identification process, where it
collect the input and the output in one object at sampling time of T, = 0.2 s. Then, remove the
means or detrending values from measured data and split the detrended data (or processed data)

into estimation (ze) and validation data (zv).

3.8.2 Neural Network Estimation of PEMFC 500W Stack

The most important parameters used to create the nonlinearities (f) of the NN-NLRAX
structure are time sampling [T], standard regressors corresponding to the orders [n,, ny, ny |
and hidden layers size for neural network [h;, h,, h3] . The Levenberg-Marquardt back
propagation algorithm is used for training, which is performed in the neural network toolbox of
MATLAB. Table (3.1) shows the effect of the standard regressors and the number of units in the
hidden layers on models fit for estimation data (ze) and validation data (zv) of the eighteen for
NN-NLRAX models.
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Table 3. 1 Effect of the number of units in the hidden layers and the regressors on ze and zv of
NN-NLRAX models

Hidden layers [2 4 2] Hidden layers [2 5 2] Hidden layers [2 6 2]
Model Fit(%) Model Fit(%) Model Fit(%)
Regressors
1% 1% 1% 1% 1% y1%

€ (y;%) Zv(y;%) z€ (y;%) Zv(yi%) z€ (y;%) Zv(y;%)
na=[2 2,2 2] 100% 79.87% 100% 77.07% 100% 77.08%
nb=[2 2,2 2] 100% 99.87% 100% 99.92% 100% 99.82%
nk=[1 1,1 1]
na=[2 0,2 0] 100% 79.87% 100% 77.07% 100% 77.08%
nb=[0 2,0 2] 100% 99.87% 100% 99.92% 100% 99.82%
nk=[1 1,1 1]
na=[2 0,2 0] 99.97% 76.94% 99.99% 76.89% 100% 76.87%
nb=[2 2,0 0] 99.97% 98.82% 99.98% 98.88% 100% 98.93%
nk=[1 1,1 1]
na=[2 2,2 2] 52.17% —-23.7% 100% 76.84% 88.7% 50.95%
nb=[2 2,0 0] 53.23% 9.29% 100% 99.93% 35% —274%
nk=[1 1,1 1]
na=[1 2,1 2] 99.98% 76.74% 99.9% 76.91% —-1613% —1026%
nb=[2 2,0 0] 100% 99.86% 100% 99.89% —1.83e + 004% | —1.3e + 004%
nk=[1 1,1 1]
na=[1 2,1 2] —131% —7.8e + 010% 99.9% 77.08% 99.9% 77.02%
nb=[0 2,1 2] 79.1% —2.9e + 009% 100% 99.79% 100% 99.99%
nk=[1 1,1 1]

The best fit of estimation data and validation data for 15t, 25¢ and 3t"

models with different

numbers of units in the hidden layers and different regressors are more accurate than 4", 5t* and

6" models , where these percentage fits are ranging from 99.9%-100% for estimation data and

76.8%-99.9% for validation data. Note that, the models with hidden layer [2 5 2] at different regressors

have a good fit compared with other models. Table (3.2) shows the loss function results for nonlinear

regressors using NN-NLARX  with different hidden layers of nonlinearity estimator (cascade-
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forward neural network ). And the table (3.3) shows the mean square error (MSE) performance

for training of each neural network model.

Table 3. 2 Loss function for NLRAX structures with neural network estimator

Regressors Loss Function (Ly)

Hidden layers [2 4 2] Hidden layers [2 5 2] Hidden layers [2 6 2]
na=[2 2,2 2] 8.8199e-024 2.8463e-026 1.2516e-027
nb=[2 2,2 2]
nk=[1 1,1 1]
na=[2 0, 2 0] 3.6166e-023 3.1415e-028 1.2714e-021
nb=[0 2,0 2]
nk=[1 1,1 1]
na=[2 0, 2 0] 2.7788e-018 5.5713e-019 1.3939¢-021
nb=[2 2,0 0]
nk=[1 1,1 1]
na=[2 2,2 2] 2.0132e-022 2.6781e-028 1.2648e-022
nb=[2 2,0 0]
nk=[1 1,1 1]
na=[1 2,1 2] 1.1935e-024 1.5523e-023 4.0859e-023
nb=[2 2,0 0]
nk=[1 1,1 1]
na=[1 2,1 2] 1.4162e-024 1.1796e-023 4.9611e-025
nb=[0 2,1 2]
nk=[1 1,1 1]
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Table 3. 3 MSE performance for model structures with neural network estimator

Regressors

Mean square error (MSE)

Hidden layers [2 4 2]

Hidden layers [2 5 2]

Hidden layers [2 6 2]

na=[2 2,2 2]
nb=[2 2,2 2]
nk=[1 1,1 1]

2.4478e-012

1.506e-014

3.9885e-015

na=[2 0,2 0]
nb=[0 2,0 2]
nk=[1 1,1 1]

2.4029e-014

8.701e-017

8.005e-011

na=[2 0,2 0]
nb=[2 2,0 0]
nk=[1 1,1 1]

2.2745e-010

6.7991e-009

2.137e-010

na=[2 2,2 2]
nb=[2 2,0 0]
nk=[1 1,1 1]

2.4029e-014

8.701e-017

8.005e-011

na=[1 2,1 2]
nb=[2 2,0 0]
nk=[1 1,1 1]

7.828e-015

4.5741e-015

4.2932e-013

na=[1 2,1 2]
nb=[0 2,1 2]
nk=[1 1,1 1]

4.8497e-015

2.837e-014

3.289e-015

From observation results of both tables , the model which has the smallest value of loss function (Ly)
of about 2.6781e-028 has regressors ([2 2,2 2],[]2 2,0 0],[1 1,1 1]) and at hidden layers size [2 5

2]. Whilemean,

the models which have the smallest value of MSE of about 8.701e-017 has

regressors (([2 0,2 0],J0 2,0 2],[1 1,1 1] and ([2 2,2 2],[2 2,0 0],[1 1,1 1]) at hidden

layers size [2 5 2].

In order to know which regressions and hidden layers are suitable for obtaining the best linear model

of the PEMFC stack, the six examples of NN-NLRAX models are linearized and presented in the next

step.

3.8.3 NN-NLRAX Model Linearization

By using system Sl toolbox in MATLAB,

approximation of a

NN-NLRAX

linapp command is used to generate the best
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technique[42], this command determines the structurally model similar to the original nonlinear PEMFC

model and delivers the best fit between a linear model and the corresponding simulated response of the

nonlinear model. Table (3.4) shows the best fit for estimation data (ze) and validation data (zv) of the

six examples for estimated linear ARX models with different standard regressors and the number of

units in the hidden layers.

Table 3. 4 Effect of the number of units in the hidden layers and the regressors on ze and zv
for identified linear ARX models

Hidden layers [2 4 2]

Hidden layers [2 5 2]

Hidden layers [2 6 2]

Regressors Model Fit(%) Model Fit(%) Model Fit(%)
yu% Yu% Yu% Yu% Y% yuu%

z€ (J/lz%) ZV(J’lz%) z€ (YZZ%) Zv()’lz%) z¢ (J’lz%) ZV(J’lz%)
na=[2 2,2 2] 79.98% 55.19% 94.11% 87.32% 84.23% 84.19%
nb=[2 2,2 2] 98.52% 97.71% 99.88% 99.93% 98.89% 99.22%
nk=[1 1,1 1]
na=[2 0,2 0] 93% 88.05% 26.4% —97.79% 0.861% —100.9%
nb=[0 2,0 2] 99.72% 99.91% 99.84% 99.53% 95.11% 88.12%
nk=[1 1,1 1]
na=[2 0,2 0] 92.86% 88.41% 92.6% 88.4% 93.73% 87.19%
nb=[2 2,0 0] 97.22% 97.12% 96.92% 95.24% 94.69% 95.02%
nk=[1 1,1 1]
na=[2 2,2 2] | —9.18e + 005% —1964% 45.46% 32.63% —26.38% 12.12%
nb=[2 2,0 0] | —1.65e + 006% —2618% 20.68% 87.94% —691.2% —340.7%
nk=[1 1,1 1]
na=[1 2,1 2] —214% —266.3% —-13.11% -101.8% | —4.031e + 008% —2217%
nb=[2 2,0 0] 64.63% 89.28% —23.86% —27.89% —4.51e + 009% —2.66e + 004%
nk=[1 1,1 1]
na=[1 2,1 2] | —6.99¢ +29% —5.42e + 010% 46.75% 84.67% 93.13% 88.42%
nb=[0 2,1 2] | —2.59%¢ +28% —2.01e + 009% 99.91% 99.99% 99.77% 99.89%
nk=[1 1,1 1]

Note that, the best fit of estimation data and validation data for models at regressors ([2 0,2 0], [2

2,00],[1 1,11]) with different numbers of units in the hidden layers are more accurate than other
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models , where these percentage fits are ranging from 92.6%-97.2% for estimation data and

87.1%-97.1% for validation data. Table 3.5 shows both of the

loss function Ly and final

prediction error FPE results for estimated parameter using ARX models from estimation data (ze)

Table 3.5 Ly and FPE results for estimated using ARX from data set

Hidden layers [2 4 2]

Hidden layers [2 5 2]

Hidden layers [2 6 2]

Regressors
Ly FPE Ly FPE Ly FPE

na=[2 2,2 2] | 3.14997e-007 | 3.41877e-007 | 7.89975e-008 | 8.5738e-008 | 1.4940e-008 | 1.6215e-008
nb=[2 2,2 2]

nk=[1 1,1 1]

na=[2 0,2 0] | 2.06131e-007 | 2.14926e-007 | 4.50597¢-008 | 4.69e-008 1.0425¢-005 | 1.0679e-005
nb=[0 2,0 2]

nk=[1 1,1 1]

na=[2 0,2 0] | 2.52083e-007 | 2.62839¢-007 | 5.6797e-007 5.9220e-007 | 3.7879e-007 | 3.9495¢-007
nb=[2 2,0 0]

nk=[1 1,1 1]

na=[2 2,2 2] | 6.13873e-007 | 6.53161e-007 | 1.48369e-008 | 1.5786e-008 | 8.2196e-007 | 8.7456e-007
nb=[2 2,0 0]

nk=[1 1,1 1]

na=[1 2,1 2] | 2.42554e-008 | 2.5549e-008 1.90345¢-007 | 2.0049¢-007 | 9.2660e-006 | 9.7602e-006
nb=[2 2,0 0]

nk=[1 1,1 1]

na=[1 2,1 2] | 8.01107e+045 | 8.48105¢+045 | 4.63208e-009 | 4.9038e-009 | 2.6004e-007 | 2.7529e-007
nb=[0 2,1 2]

nk=[1 1,1 1]

It can be seen that, the selected models with hidden layers [2 5 2] have best loss function Ly and FPE

values. Where, the smallest value of loss function is 1.48369e-008 which is given by model at
regressors ([2 2,2 2],[2 2,0 0],[1 1,1 1]), and the smallest value of FPE is 4.9038e-009 which
is given by model at regressors ([1 2,1 2],[0 2,1 2],[1 1,1 1]). Figures (3.8)-(3.9)-(3.10) show
predicted outputs results of optimized nonlinear (nlsys) and linear (sysl) models for
(ze2) and validation data (zv2) at regressors ([2 0,2 0],[2 2,0 O], [1 1,1 1]) with different
hidden layers [2 4 2], [2 5 2] and [2 6 2] respectively.
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Figure 3.8 (a) Data estimation, (b) Data validation of predicted outputs model for ([2 0, 2 0],
[2 2,00],[1111]at[242].
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Figure 3.9 (a) Data estimation, (b) Data validation of predicted outputs model for ([2 0, 2 0],
[2 2,00],[1111]at[252].
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Figure 3.10 (a) Data estimation, (b) Data validation of predicted outputs model for ([ 2 0, 2 0],

[22,00,[1111]at[262].
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Note that, the data estimation and data validation for both linear and nonlinear models of all
previous figures are close much to set data of the initial PEMFC model. Where the percentage fits
of estimation data are ranging from 99.9%-100% for nonlinear models and 92.6%-97.22% for
linear models, for validation data the percentage fits are ranging from 76.87%-98.93% for

nonlinear models and 87.19%-97%for linear models.

To find out which linear model is closest to the nonlinear PEMFC model , the step responses of
three models were traced with different hidden layers [2 4 2], [2 5 2], [2 6 2] at regressors ([ 2
0,2 0],[2 2,0 O], [1 1,1 1]) as shown in following figures .
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Figure 3.11 Step responses of linear and nonlinear models

with hidden layers [2 4 2]
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Figure 3.12 Step responses of linear and nonlinear models with hidden layers [2 5 2]
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From the figure (3.12), the step response of the linear PEMFC model with layer size [2 5 2] is
very close to the nonlinear model compared with the step responses of models [2 4 2] and [2 6
2] in figures (3.11)-(3.13).Hence, accordingly of equation (3.20), the values of the space state
matrices (Ay, By, Cy.D, Ky , xy) for the linear PEMFC 500W model with layer size [2 5 2] at
regressors ([2 0,2 0],[2 2,0 0],[1 1,1 1]) are given by following:

Ay = [1.2291 0 -0.5141 0 -0.3237 -0.3237 0.1935 0.1935
-0.6438 0 -0.4385 0 -0 0 0 0
1 0 O 0 0 0 0 0
0 1 0 0 -0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 O 01 0 0 0
0 0 0 0 0 1 0 0]

By=1[0 0;0 0;0 0;0 0;1 0;0 1;0 0;0 0]°

Cy =[1.2291 0 -0.5141 0 -0.3237 -0.3237 0.1935 0.1935
-0.6438 0 -0.4385 0 0.0000 0.0000 -0.0000 -0.0000]

D =1.0e-016 *[ 0.8327 0.2776; -0.2776 -0.0694]

Ky =1.0e-015 *[ 0.0264 -0.0402; -0.0402 0.2147;0.0333 -0.1451; -0.0397 0.1644;
0 0:0 0:0 0:0 oJt
xy =[0; 0; 0; 0; 0; 0; 0; 0]"

Eigenvalues:A; = 0, 4, = 0,13, = 0.6146 + 0.3693i,45=0,1,=0,4,=0,43=0

Note that, the neural network of the selected model with three hidden layers [2 5 2] has satisfying

results of percentage fit, loss function and finale prediction error for both linear and nonlinear
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models which are compared with data set of PEMFC 500W stack. For the regressors of the
linear and nonlinear models, the selected model with the regressors([2 0,2 0], [2 2,0 0], [1
1,1 1]) shows a high similarity to the original nonlinear model and delivers the best fit between
a given data set and the corresponding simulated step responses of the nonlinear model. Finally,
the linear state space model for PEMFC stack is obtained in order to reduce it in last chapter of

this dissertation .
3.9 Conclusion

In this chapter, a nonlinear autoregressive exogenous (NLARX) model of a PEMFC 500-W is
developed using a cascade-forward neural network. This model shows that, the nonlinear
dynamics of the PEM fuel cell can be effectively modeled using three hidden layers neural
network. This neural network was trained using the data set which were generated by
implementing the nonlinear state space model of the PEM fuel cell using Matlab Environment
Programming .then, the obtained model was linearized to get the linear space state matrices of the
PEM fuel cell. Based on the percentage of models fit, the result shows that, the linear and
nonlinear models have a nearly similar trend of outputs data of the PEMFC stack. Overall, the
NN-NLRAX and ARX structures with neural network estimator are capable in representing the
PEMFC stack under tests. In conclusion, the results of the best ARX and NN-NLARX models
are given by regressorsna =[2 0,2 0] ,nb=[2 2,0 0],and nk =[1 1,1 1] and three hidden
layers [2 5 2], where, the best fit of the nonlinear model is given by : y; =9999% , y, =
99.99% for estimation data and y, = 76.89%, y, = 98.88% for validation data , the loss
function is 5.5713e-019 and MSE performance for nonlinear model structures with neural
network estimator is 6.7991e-009. For the linear model, the best fit is given by : y; =92.6% |,
Y, = 96.92% for estimation data and y, = 88.4%, y, = 95.24% for validation data, the loss
function is 5.6797e-007 and the final prediction error FPE is 5.9220e-007.
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Literature

4.1 Introduction

Nowadays, simulation or computational science has become an important part in the
technological world, due to the increasing interest of engineers and designers for realistic
simulations of real systems such as telecommunication systems, civil engineering, aerospace
engineering, chemical reactors, mechanical and Micro-Electro-Mechanical Systems (MEMS),
that through set up virtual design environments for a variety of problem classes in order to ease
the work of those designers and engineers. To achieve the accurate and viable simulation, a
modeling process is required first to understand and analyze the real behaviors of these systems.
To realize an accurate model, it is necessary to express the behavior of the real systems with an
ordinary or partial differential equations. The more complex systems is and the more accurate the
models is, the higher order of the corresponding differential equations should be. To model a
physical behavior with a good accuracy, a high order differential equation is unavoidable. As a
result, complex large scale systems require high order models to represent them well. These
high models are used to solve an engineering problem that is a time consuming task or may lead
to difficulties finding a satisfactory result. In the control engineering fields, designing a
controller for a complex systems is difficult and if we are able to find a solution using a modern
control technique like robust control, the controller would have an order the same as the original
system posing difficulties in controller implementation. Simulation and analysis of a high order
models is also difficult or even impossible[49].

To solve all preceding difficulties in both areas of simulation and design of controllers, a low
order model must be found to approximate the high order original model figure (4.1). For
simulation task, the reduced order model is achieved directly after the modeling step, while in
controller design, reducing the original system can be done before designing or simultaneously
with controller design where the reduction is done on the controller by considering the

performance of the closed loop system [49].
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Physical System l + Data
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Reduced # of a Simulation
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Figure 4.1 Overall picture of model order reduction

4.2 Model Order Reduction

Model order reduction (MOR) was developed in the field of systems and control literature,
which studies the properties of dynamical systems in order to reduce their complexity (or
simplification), while preserving their input-output behavior as much as possible. Such reduction
is necessary in order to perform simulations within an acceptable time interval and limited
capacity of storage with reliable results.

The MOR techniques attempt to capture the essential features of an original structure. Which
means that in an early stage of the reduction process, the most basic characteristics of the
original system must already be present in the reduced model. At a certain moment the process
of reduction is stopped. At that point all necessary properties of the original model must be
captured with sufficient precision. All of this has to be done automatically[2].

The advantages of low order models can be summarize in the following properties:
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1. Simple simulation: usually the simulation of order reduced model shows adequately the
important dynamics of the original system, leading to control the complex systems in real time
in addition to their implementation in simple hardware.
2. Simplicity of design and control: in designing the large-scale systems feedback, the high
order control laws become in complex feedback structures leading to difficulties in controller
implementation therefore these structures should be simplified by reduced models in order to
form the low order control laws.
3. Lower computational: the computational requirements on reduced models will be much
lower since computation time and complexity than on complex models.
To put the model reduction in a mathematical context, we need to understand that many models
developed in computational science consist of a system of differential equations (partial and/or
ordinary), supplemented with boundary conditions. For example, in electromagnetic systems (EM)
the Maxwell equations are needed, and in computational fluid dynamics (CFD) the equations of
Navier-Stokes are used. These dynamics equations can be expressed and gathered in form

algebraic as following [50]:

_ (2w (@) = fy(xen w)
I = { y = hy(xy,u) (1)

Where: N is the order of original system or number of state, x € R" is the state, u € R™is the
input, y € RP is the output or set observations, f describes the dynamics of £y and h describes
the way in which the observations are derived from the input and state.

The aim of MOR is reducing the order of system N, while preserving the character of the input-
output relations. In another meaning, a dynamical system must be found as following

representation:

_ (% (®) = furpw)
R *2)

If the functions fy , hy, f,and h, are linear operators as special case, so Ly and X, are

represented by linear dynamic systems in continuous time as following:

78



Chapter 4 Model Order Reduction

Literature

N.

{x’N(t) = Ayx(t) + Byu(t) (4.3)

y(t) = Cyx(t) + Du(t)
With transfer function:
Gy(s) = Cy(sly —Ay) 1By +D (4.4)

For the discrete time system, Xy becomes:

5 _{x,v(k + 1) = Ayx(k) + Byu(k) 4.5)
U y(k) = Cyx(k) + Du(k) '
The transfer function Gy (z) is given by:
Gy(z) = Cy(zly —Ay) ' By + D (4.6)

Where Ay € RN*N s the state matrix, By € RN*™ and C, € RP*N are input, output matrices
respectively. The reduced-order model in continuous time is given by:
Xn(t) = Apx, (t) + Byu (t)

: 4.7
0@ = o) 4 Dt +7)
Its transfer function:
G,(s) = C,(sl, —A) B, + D (4.8)

The reduced-order model in discrete time is given by following:

5 . {xn(k + 1) = Apx, (k) + Byu(k) (4.9)

yn(k) = Cnxn(k) + Du(k)
Its transfer function:
G,(2) = C,(zl,, — A B, + D (4.10)

Where x,, € R", 4,, € R™™ B, € R™™ and C, € RP*™ and n is the order of the reduced
model (or number of states), it should be smaller than the order of the original system, i.e. n <
N. With the input/output behavior of the original complex system is approximated by the
input/output the reduced system behavior. The quality of this approximation could be measured

by the closeness of the transfer functions [51]i.e.

Gy — Grll < & (4.11)
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For a given accuracy ¢ and a suitable norm.
In order to evaluate the quality of the reduced order model, the following conditions should be
satisfied [2]:

- The approximation error should be small i.e. the existence of a global error bound.

- Preservation of properties of the original system, such as stability and passivity.

- The procedure of reduction is to be computationally efficient.
There are several approaches for model order reduction can be found in control theory. In this
chapter, some classical methods for linear and nonlinear systems are reviewed briefly, some

approaches for optimal model reduction, in addition to meta-heuristic techniques.

4.3 Classical methods

4.3.1 Model order reduction for linear systems

Model reduction methods for linear systems are quite well-advanced and a variety of techniques
can be found in control literature and numerical mathematics. Especially for linear time-invariant
(LTI) systems. these methods can be divided in two main classes: those based on gramians such
as balanced truncation method which is presented by Moore in 1981[52], the optimal Hankel
norm approximation which is proposed by Glover in 1984[53] and the singular perturbation
approximation that is appeared by Lui in 1989 [54]. This class of reduction focused on the
approximation of input-output behavior of complex systems by others lower order models with
preservation the main properties of original system like stability, controllability, observability
and the existence of a computable error bound. The main disadvantages of this class is high
computation cost of extracting the reduced models, associated with expensive solution of
Lyapunov equations, and applicability of truncated balancing realization method for more
complex systems is limited [55].

The second class based on Krylov subspace approaches which are considered as numerically
robust algorithms for generating reduced order model through construction the projection bases
(subspace) using moment matching techniques, where the transfer function of the reduced
system approximates well the original transfer function around a specified moments, there are

many of Krylov-based MOR methods have been developed in the field of numerical
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mathematics, including approaches based on Lanczos algorithm such as Asymptotic waveform
evaluation [56] and Padé Approximation [57] proposed by Gallivan in 1995, another approach
based on Arnoldi algorithm instead of those of Lanczos was published by Odabasioglu in
1997[58] .The last type of Krylov-based approximation method is tangential interpolation which
is proposed by K. Gallivan in 2004[59], this technique applied instead Lanczos or Arnoldi
algorithms for complex MIMO systems. In general, the main disadvantages of those methods
are, no guarantees maintain the stability or passivity of the original system, in addition loss the

provable of error bounds for the generated reduced models.
4.3.2 Model Order Reduction For Nonlinear Systems

Although the theory of model order reduction for nonlinear systems is limited compared to linear
case, but there are many approaches can be found in the literature includes:

Balanced truncation as an extension for nonlinear systems which was presented by Scherpen in
1993 [60] and later it was developed by Fujimoto and Scherpen through finding the relation
between the procedure of nonlinear balancing and the nonlinear Hankel operator[61]. In 2002
Lall developed a balancing using empirical gramians method by combine the balanced truncation
and proper orthogonal decomposition [62]. The main drawback of these techniques applied to the
nonlinear case is that they generally inadequately address the problem of efficient representation
of the nonlinearity in the reduced order model. In addition, the cost of evaluating the projected
nonlinear operator often remains very high, which severely reduces performance of the
corresponding reduced order models [55].

There are other approaches for nonlinear MOR based on linearization (Taylor expansion)[63] or
based on Volterra (functional) series expansion [64] of system's nonlinearity. Where the linear
part or some of the nonlinear parts in these expansions are employed for construction the Krylov
projection to get the reduced order model. The main drawback of those methods is that they
generate models valid only locally around the initial operating point of the nonlinear system.
This is a result of an inherently local nature of approximation of the nonlinearity by Taylor or
Volterra expansion series, and limits application of the discussed MOR methods to weakly

nonlinear systems. Also, the trajectory piece-wise linear method (TPWL) which proposed by
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Rewiénski in 2003 [55], this approach approximates the nonlinear system by many linear
systems piece-wisely at linearization points selected along a relevant trajectory. Each of the
linear system is reduced by projection based linear order reduction method or moment matching

techniques [65].However, again, no results provable on the existence of error bounds.
4.4 Optimal Model Reduction

The term optimality appeared in 1970 when Wilson used an H,norm to generate a reduced model
which was optimal. This norm was used to minimize the error between the output vector of
original model and the reduced one [66] .Lately, different optimal MOR approaches were
developed in the context of generating the approximate model based on L; norm,H, norm and
H,, norm for complex systems. In this section, all these prominent norms are presented to

quantify the size of the approximation error.
4.4.1 Signal Norms

In the control system, using the Ly-norm concept is to quantify measurements of signals size.
Due to the existence of the different concepts of signals sizes, there are many kinds of norms that

can be defined for these signals. Generally, the mathematical the norm of signal y(t) is defined

by following:
© 1
yll, = ([ ly@l? de) (4.12)
If p =1, therefore the L;-norm of a signal y(t) is given by:
Iyl = f; Iyl at (4.13)

Ifp =2 ,The L, norm ofsignal y(t) inequation (4.12) becomes:
o 1.
Iyl = (f5 ly(@©I*de) (4.149)
If p = o0, the L, norm of signal y(t) is the maximum of its absolute value:

[yl = max |y(®)] (4.15)

For y(K) is signal valued infinite sequences, , the mathematical norms are defined as following:
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1/p
Iyll, = (Znyac)np) (4.16)
k

If p =1, therefore the L;-norm of a sequences y(k) is given by:

lylly = Xkly (o)l (4.17)
Ifp =2 ,the L, normofsignal y(k) inequation (4.16) becomes:
Iyll, = Crly@I12) 72 (4.18)

If p = oo, the L, norm of signal y(k) is the maximum of its absolute value:
[ylles = max |y(k)| (4.19)

4.4.2 System Norms

System norms are important tools in the system theory, they as measures the size of the systems,
for comparing and analyzing. In this section, the system is represented by a transfer function
which be defined on frequency domain C} = {s € C:R(s) > a},a € R for continuous-time

systems, oron D} = {z € C: |z| > a},a € R, for discrete-time systems.
4.4.2.1 H, Norm

The transfer function of the continuous-time system G(s) is considered as analytic function in
the open right-half of the complex plane C. (Where C = {s € C:R(s) > 0} [67]. So, the H,
norm is define by:

I6lhe, = (2 trace [GG)]* [6Ge)]dw) (4.20)

2m Y-
Where: [G(jw)]* is a complex conjugation and transposition of G(jw)

If the analytic function G (z) € D (with discrete-time system) where D = {z € C: |z| < 1}
forz = e, 6 € [0, 2r]. So, the H, norm of G (z) is define by:

1
2

161, = (= J," trace [6(e)]" [G(e™)]do) / (4.21)

2
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For the continuous/discrete-time MIMO system, The transfer function G is a (p x m)-

dimensional matrix-valued function with components G;; ,=1,..,p ,j=1,..,m:
Gy - Gim
GL)= ¢+ ™ : (4.22)
Gpl Gpm

Each G;; is represented as a SISO transfer function, hence the H, norm of matrix-valued
function G can be interpreted as the energy of the impulse response (the sum of the energies of

the impulse responses associated with each transfer G;; in this case),so the H, norm of G is

given by:
IGIIZ, = i=12§-=1||6ij||; (4.23)

To calculate H, norm of state space representation of continuous-time system (4.3), the
controllability and observability grammians (#.,Q.) are used as the unique symmetric positive

definite solutions of the following Lyapunov equations[51]:

AP. + P.A* + BB* = 0 (4.24)

AQ.+Q A+ CC=0 (4.25)
Where:

P. = [ eA*BB*e”t dt (4.26)

Q. = [ e”tCrC ettdt (4.27)

The H, norm of continuous-time system G(s) is given by following:

Gy, = y/trace(CP.CT) = /trace(BTQ.B) (4.28)

For the discrete-time system, the H, norm of state space representation (4.5) used the
controllability and observability grammians (P; ,Q, ) as the unique symmetric positive definite

solutions of the following Stein equations[51]:
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AP,A* + BB* = P, (4.29)
A*QuA + C°C =Qq4 (4.30)
Where:
Py = 2% A/BB*(A*) (4.31)
Qq = X2 o(A0) C*cA (4.32)
The H, norm of discrete -time system G(z) is given by following:
NG|y, = \/trace(CPdCT) = \/trace(BTQdB) (4.33)

4.4.2.2 H, Norm

We can define the H,, as a space of rational functions of a complex variable which are analytic
in the close right half plane inC. (Where C ={s € C:R(s) > 0}. So, the H, norm of
continuous-time system G(s) defined on this space(i.e. G(s) € Hy,) is represented by following:
IG(s)lly, =max [G(w)l (4.34)
wER
|G(s)| is the gain of system frequency response

For MIMO system H,, norm is given by:
”G(S)”HOO = maxX Opgy (G(]w)) (4'35)
w€ER
Where a,,,4, denotes the largest singular value of G(s).

For a discrete-time system G (z) ( z = e/?), the H,, norm be:
_ jo
16, =  max. |G (/)] (4.36)
For MIMO system:

I6@ln,, = jmax. omax (6(7%)) (437)
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To calculate H, norm of state space representations (4.3) or (4.5), the 2n x 2n Hamiltonian
matrix is defined as following [68]:

H=| A BB’]

e (4.38)
According to the theorem in [68], ||G(2)lly,, < 1 if the matrix H do not have eigenvalues on

the imaginary axis, this theorem suggests following steps to compute the H,, of the system G:

1. Select a positive number y.
2. Testif ||G(2)|ly,, <y by calculating the eigenvalues of the appropriate matrix.
3. Increase or decrease y accordingly and repeat step 2.

4.4.2.3 L1 Norm

For a linear time invariant system G with input u and output y , where u(.),y(.) € L,0n[0, )

and G is an operator mapping G: L, — L .50, the L; norm of transfer function G is given by:

[1Y1lLoo
”G”L1 — YL = sup (M) (439)

sup ———
oD Ml e \supliull;

Thus [|Gl|,, is the maximum peak-to-peak gain of G.

4.4.3 H, Norm Model Reduction

The optimization problem of minimizing the H,-norm of the error between the original system
and reduced-order model has been an interest subject for researches over the past decades. This
problem can be mentioned as follows:

Given a stable complex system (4.3) of dimension N with transfer function G. Create a reduced-
order model (4.5) of a fixed dimension n that minimizing the H, norm of the reduction error.

The minimization problem is considered as following:

Minimizing ~ J(G,) = [IG — G,lI%, (4.40)
With respect to the variable of optimization G,,(A,, B, C,)
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The most common approaches to address this problem are based on projection spaces such as
Wilson and Hyland-Bernstein conditions [66] [69], they constructed the projection matrices by
observability and reachability gramians to derive H, reduced models. In 1999, Yang .et [70]
presented an H, optimal model reduction for a given multivariable complex system  using
orthogonal projections. In 2006, Gugercin.et [71] developed an iterative rational Krylov
algorithm for finding an optimal H, norm model reduction using interpolation based first-order
necessary condition. In 2010 Caleb.et[72] applied this algorithm on unstable dynamic system for
H, optimal model reduction, where this reduced model were hermite interpolants to the original
model at the mirror images of stable and unstable the model reduction poles, the results have
been illustrated a good performance of proposed method compared to balanced truncation. In
2007 Christopher.et [73] proposed a Krylov-based minimization for H, optimal model reduction
method using Galerkin projection process for stable SISO linear dynamical system. In 2008 P.
Van Doorena .et [74] used tangential interpolation conditions to derive  H,optimal model
reduction for MIMO systems, this approach approximate a matrix rational transfer function
G(s) of high order by another matrix rational transfer function G(s) of much smaller order. A.
Bunse-Gerstner .et [75] proposed A MIMO Iterative Rational Interpolation Algorithm
(MIRIAm) for discrete-time MIMO system to find a reduced order model which minimizes

H, norm of approximation error between the original system and the reduced model.

4.4.4 H,, Norm Model Reduction

The H, norm recently appeared as very important tool in different optimal control, filtering and
model order reduction problems, it is attested by a vast amount of researches published in the last
decade. The ||. ||y, is widely accepted to be the most suitable measure for approximation error
for robustness considerations [76]. The optimal H., model reduction problem is defined below:

Given a transfer function Gy € H, with degree N, find the transfer function G, € H,,with degree

n which solves the following problem:

Gmin IGn — Gnllu, (4.41)

[ce]
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The first method contributed towards the solution of the H,, approximation problem is started
with Kavaranglu and Bettayeb[77] in 1993, they showed that problem (4.41) can be converted
into an optimal Hankel norm approximation problem, the H,, norm model reduction method was
compared with a Hankel norm model reduction problem through examples and they found that,
the Hoo approximation method could be much better compared to the Hankel norm
approximation. In 1995, D.Kavaranglu et.al [78] studied the problem of constant Loo
approximation of complex rational matrix functions for unstable systems. They presented a
suboptimal computational scheme based on balanced realization. Where an Hoo norm error
bound for these systems is obtained. Also, they treated the problem of rational Loo norm
approximation of mutli-variable systems, these simultaneous mutli-variable systems are
approximated using rational matrix function which is obtained by LMI based iterative algorithm
for the computation the Loo norm approximation[79]. In 1996, they developed LMI based
computational schemes for Hoo model reduction problem in [80]. In 2004 Y. Ebihara .et [81]
used a LMIs technique to analyze the lower bounds of = Hoo norm of error between the
original LTI system and the reduced model. They proved that the error problem basically being
convex, accordingly, the optimal reduced-order models were obtained via LMI optimization. In
2008, Lixian.et [82] investigated the problem of Hoo model reduction for switched linear
discrete-time systems with poly-topic uncertainties. A reduced-order switched model is

constructed for a given robustly stable switched system,

4.4.5 L; Norm Model Reduction

For L, model order reduction, the impulse response of discrete time systems is focused. Where,
the lower order model is defined as the impulse response which approximates the impulse
response of original system in the sense of the L, norm [83]. The problem of optimal L, model

reduction for discrete time systems can defined as following:

(00}

leGoll, = ) 1y = yu(k| (442)
k=0
Where:
y() = u() @ h() = ) u(dhlk— 1) (4.43)
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oo

Yn() = 1) @ ha() = D u@ha(k =) (4:44)

i=—o00

e(k) is the impulse response difference between the original system and the reduced model, y (k)
denote the output described by the convolution sum of input u(k) and the impulse response of
the original system h(k). y,(k) denotes the output of reduced model described by the
convolution sum of input u(k) and impulse response of the reduced order model h,, (k).

The approach which contributes to the solution of problem (4.42) is developed by El-Attar et
al.[83]. They reduced the linear SISO continues time system by minimizing the L, norm of the
error between the impulse responses of the original system and the impulse response of the low-
order model. In 1998, Sebakhy et al. [84] used hybrid approach based on L1, L2 and L» Norms to
reduce the order of the discrete time system. In 2005, Li et al. [85] investigated the problem of robust

L1 model reduction for uncertain stochastic systems with state delay.
4.5 Meta-Heuristic Techniques for Model Reduction

Recently, many researchers used meta-heuristic techniques as an optimal problem solvers for
model order reduction instead of the previously mentioned analytical optimization techniques
due to their versatility and ability to search the global optimization, most of these techniques
has been done using Genetic Algorithms (GA) and Particle Swarm Optimization (PSO) or both
of them. In 1996, Tan et al.[86] proposed a Boltzmann learning enhanced GA algorithm for
solving Leo identification and model reduction for robust control applications. They used GA
technique to obtain the 2nd and 3rd order discrete nominal models for the 4th order discrete plant
of an industrial heat exchanger. In 2007, H. Dua et.al [87] proposed a constrained H,
approximation method for multiple input—output delay systems by using a genetic algorithm
(GA). The best parameters of reduced order model was obtained by repeating the genetic
operations on the population incorporated a parameter search space expansion scheme. In 2020,
M. Juneja et al.[88] presented a reduced order model of autonomous AC microgrid considering
state perturbation based on PSO algorithm. This algorithm was implemented to minimize the
error between the order complex microgrid system and their reduced order approximant with

retaining dominant poles of the original system. In 2009, R. Izzeldin Salim et al. [89] presented
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an optimal model reduction using genetic algorithm and particle swarm optimization. It used
GA and PSO algorithms to minimize the hybrid ( L,, H,, H,,) norms between reduced order
models and the original models. both of approaches were tested and compared to results
obtained by other researchers in the area as well as they were compared to one another in order
to determine which of the two algorithms yields better results . The comparison results were
based on temporal response, frequency response, steady state values, initial values, H, norm, H,
norm and L, norm and found that, PSO was faster in comparison to the GA technique that due to
their simplicity of the computations, in addition, PSO outperformed the GA in the norm sense by

leading to better norms.

4.6 Conclusion

In next chapter, the new meta heuristic methods called artificial ecosystem-based optimization
(AEO) and Manta Ray Foraging Optimization (MRFO) algorithms are presented to find the
optimal reduced model for linear PEMFC models. These algorithms are used to minimize the
error between reduced order models and their counterparts of the 8th order linear PEMFC model
which was obtained via linearization technique in previous chapter. The performances of both
temporal and frequency analysis  will be considered in this work. Also, the error criteria of
optimal model reduction problems is considered to study both of hybrids of (H,, H.,) and o (

L,, H,, H,,) to obtain a better compromised reduced models.
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5.1 Introduction

Meta-heuristic algorithms have become popular and powerful tools to obtain the optimum

solution of real engineering design optimization problems. These algorithms mimic the behaviors

of natural phenomena or living organisms for various problems in the real world. The popularity

of these techniques drives from the following raisons:

1-

Simplicity: Meta heuristics have mathematical models or main theories inspired from
evolutionary concepts, physical phenomena or animals behaviors, this simplicity allows
computer scientists to simulate different natural concepts easier and to solve real-world
problems.

Flexibility: the Meta heuristic algorithms can be seen as a black box, able to offer outputs
set from inputs set for a given problem. Furthermore, one can apply these meta-heuristics
to different problems with modification in the structure and parameters of these algorithms
to obtain satisfactory solutions.

Randomness: the stochastic nature of meta-heuristics allows to explore the entire search
area extensively and avoid themto trap into local optima when solving real problems
Derivation-free mechanisms: meta-heuristic algorithms start with random solutions, and
there is no need to calculate the derivative of search spaces to find the optimum. This
makes meta-heuristics highly suitable for real problems with expensive or unknown

derivative information [90].

Because of these advantages, the application of meta-heuristics can be found in various domains

of sciences and industries. In this section, a new nature and bio-inspired optimization techniques

named artificial ecosystem-based optimization (AEO) and Manta Ray Foraging Optimization

(MRFO) are presented as optimization algorithms to achieve the objectives for this dissertation.

5.2 Artificial Ecosystem-Based Optimization (AEO)

An ecosystem can be defined as a community or group of organisms live and react with each other

in a specific environment. These organisms can be divided into non-biotic and biotic elements.

Non-biotic components contain sunlight, air and water. While the biotic constituents contain all

living elements. These living elements in turn are divided into three categories:
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1) Producers: represented by any type of green plant that gets its energy directly through the
photosynthesis operation. During photosynthesis, water and carbon dioxide react together in
the existence of sunlight to produce glucose and oxygen. Plants use this sugar to make roots,
wood, leaves and fruits. Generally, producers provide essential food energy for herbivore and
omnivore consumers.

2) Consumers: categorized into herbivores, carnivores, and omnivores, where the herbivores
eat just producers (or plants), the carnivores eat only other animals whereas omnivores eat
both producers and other animals.

3) Decomposers: are organisms called bacteria and fungi that feed on died living organisms
and convert the residues into minerals and carbon dioxide that again absorbed from the soil
by the producers and so the cycle repeats.

All these categories (producers, consumers and decomposers) are interacted with each other to
compose a food chain. This chain shows who feeds whom in an ecosystem, where each organism
needs to get food energy from another one to achieve the nutrients movement, in addition it
displays the connected pathway the various energy levels of feeding can follow through an
ecosystem. The food web consists of many overlapping and interconnected food chains, this web
shows various ways of food chains interconnecting among them. In addition, it arranges living
organisms depending on their energy level.

Figure (5.1) shows the energy flow in an ecosystem on earth, where the energy flows between

living organisms from high energy (producers) towards the living organisms with low energy

(decomposers). From figure (5.1), it can be noted that, organism with higher energy is found at

the top of food web while the lower energy organism is located at the bottom of the food web.

On the other hand, the consumers are considered the most complex among different organisms.

Usually, the ecosystem develops this energy transfer mechanism as a strategy to keep the species

stability and to maintain the ecological balance over a long term.
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(a) (b)

Figure 5.1 Flow energy in an ecosystem; (a) food chain, (b) food web

According to the former discussion, Weiguo Zhao has developed a novel artificial ecosystem-
inspired optimization algorithm in 2019 [91] , that works with three operators, including
production, consumption, and decomposition. Generally, the AEO operation proposes the
following rules to search the best solution:

1- There is only one producer and only one decomposer as individuals in a population.

2- The other population individuals are consumers including a carnivore, a herbivore, or an
omnivore with the same probability.

3- In a population, the level of energy of each individual is evaluated by its function fitness
value. Figure (5.2) represents an ecosystem in AEO. In this ecosystem, all individuals are sorted
in descending order of the function fitness value [91], where the black arrows represent the

energy flow. The worst individual x; (producer) has the highest energy level while the best
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individual x,, (decomposer) has the lowest energy level. The other individuals are consumers,

for example: x, ,x; are herbivores, xs , x, omnivores and x, ,x, are carnivores.

® Producer
X @ Consumer
@ Decomposer

=

X1

High Level of energy Low

Figure 5.2 An ecosystem in AEO technique [91]
a) Production

In AEO, the producer with the high energy level (lowest fitness) is updated based on the low and
upper limits of search space and the decomposer (the best individual). Consequently, the other
individuals such as herbivore and omnivore in the population will update their positions in
various regions. The production operator allows AEO to generate randomly a new individual
(producer) between the best one (x,) and a randomly generated individual in the search space

(*rana)[92]. The mathematical model of the production operator is given by following [91]:

x(t+1) =1 —a).x,(t) + a.Xpgng(t) (5.1)

)r1 (5.2)

a=(1-
Maxliter

Xrana =T —L) + L (5.3)
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Where n is the population size, a coefficient of linear weight, x,..,4 IS an individual position,
r; € [0,1] is a random number, MaxIter is the maximal number of iterations, r € [0,1] is a

random vector L and U are the lower and upper limits, respectively.

b) Consumption

In AEO, all the consumers start to perform consumption operator after the production operator is
accomplished. In this operation each consumer can get the food energy from another consumer
with lower fitness or from a producer or both. In this operator, the mechanism of food searching
of many animals is imitated by Levy flight technique that used for improving the exploration
phase in many nature-inspired algorithms and finding their optimization performance. The

consumption factor C which has the feature of the Levy flight is given by following:

C=05-"2 (5.4)

[v2]
U1~ N(O, 1) ) U2~ N(O,l) (5.5)
N is normal distribution with mean of 0 and deviation of 1.

The consumption factor can assist each consumer to hunt the food with various consumers types
adopting different hunting strategies.
Herbivore: If a consumer is randomly selected as an herbivore, i.e. It eats only the produce, the

mathematical model of the consumption behavior is presented by the following equation[91]:
xi(t+1) =x;(t)+C. (xi(t) — xl(t)), i €[2,--,n] (5.6)

Carnivore: when the consumer is randomly selected as a carnivore, it can only eat randomly a
consumer with the lowest fitness value. So, the mathematical modeling the consumption

behavior of a carnivore is expressed as follows:

{xi(t +1) = x;(t) + C. (xi(t) - xj(t)) , LE[3,-+,n] .7)

j=randi([2 i—1])

95



Chapter 5 Meta-Heuristic Algorithms

Omnivore: when the consumer is randomly taken as an omnivore, it can eat other consumer with
the lowest fitness value and eat the producer or both. The mathematical formulation of the
consumption behavior of an omnivore can be expressed as follows:

{xi(t +1) = x(0) + C. (o (i (0) — () + (1 = 13) — (3:(®) — 5;(®) i € [3, 7]

5.8
j=randi([2 i—1]) (>8)

Where: r, € [0,1] is a random number.
c) Decomposition

The third operator is decomposition which plays a necessary role in the ecosystem, providing
essential minerals for the growth of the product (plants). During this operation, the decomposer
will decay chemically the residues of individual in the population after the death, to
mathematically express this behavior, the decomposition process uses D as the factor of
decomposition, e and h are the coefficients of the weight. Hence, the individual position (x;) in a
population can be updated by the position of the decomposer (x,,) via these parameters D, e, and
h. It allows the next position of each individual to spread around the best individual (the
decomposer), showing the exploitation to some extent. equation of the decomposition behavior

is given as follows [91]:

x;(t+1) =x,(t) + D.(e.x, (&) —h.x;(¥)), i=1,-,n (5.9)
D=3u u ~N(01) (5.10)

e= ry.randi([1 2]) — 1 (5.11)
h=2.1r;—1 (5.12)

At the beginning of the AEQ, an initial population is generated randomly. For each iteration, the
first individual (producer) update their position based on (5.1). For the other individuals
(consumers), they have the same probability to select among equations (5.6), (5.7) or Eq. (5.8) in
order to update their positions, regarding the kind of the consumer when the individual do not
obtain a higher fitness value, then such individual position will be updated based on (5.9). All the
updates will continue until the AEO algorithm reaches the end criterion. Finally, the optimal
solution of the best individual will be found. Figure (5.3) depicts the AEO framework in the
flow-chart and the pseudo code of AEO algorithm is given by following [91]:
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1. Initialize a set of an ecosystem population X;(solutions) and calculate the fitness Fit; and the
best solution Xpest-
2. While the stop criterion is not satisfied do

/[Production//
2.1 For individual X;, update its solution, using equation (5.1)
/IConsumption//
2.2 For individual X; (i=2... n),
Il Herbivore //

If rand <1/3 then update its solution, using equation (5.6)
/I Carnivore //
Else if 1/3 < rand < 2/3 then update its solution, using equation (5.7)
/[ Omnivore //
Else update its solution, using equation (5.8)
End if
End if
Calculate the fitness of each individual.
2.3 Update the best solution found so far Xpest
/I Decomposition//
Update the position of each individual, using equation (5.9)
3. Calculate the fitness of each individual.
4. Update the best solution found so far Xpes;
End While.
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Figure 5.3 Flowchart of AEO algorithm
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5.2.1 Application of AEO Algorithm

With application of AEO algorithm, the AEO is performed by three energy transfer strategies
in an ecosystem involving production, consumption, and decomposition, these strategies can
effectively enhance the ability of AEO to find the best individual (3,) for minimizing
optimal both hybrids ( L;, H,, H,, ) norms and ( H,, H,, ) norms. Hence, the AEO steps which

used to reduce the order of the PEMFC 500W model were presented as follows:

Step 1: Read the matrices of space state of the discrete linear PEMFC system ( Ay, By,
Cy,D , Ky, Xy ), dimension of the system N= 8, dimension of the reduced order model n=3 and
time sampling T, = 0.2s .

Step 2: Determine the dimension of the problem: Dim=n?+2*n+2*n+2*n+nuxny+n
(wherenu =2, ny=2 are number of the inputs and outputs of the PEMFC model
respectively).

Step 3: Determine the size of population (nPop = 100) and maximum number of iterations
(MaxlIter =2000)

Step 4: Determine randomly the vector of population position by upper and lower limits of
search space (Up =1, Low =-1).

Step 5: Determine the position of each individual (solution) by using equation (5.3).

Step 6: Optimize the desired objective function ( equation 6.2) by generate randomly the
reduced-order models as population X;(solution), calculate the fitness Fit; of each individual and
the best solution Xg.s; found so far using the AEOQ operators as following:

Step 7: calculate the individual X; using production operator (equation 5.1), this operator assists
AEOQ algorithm to update the position of each individual (solution) from randomly generated
position to the best one with the iteration number. Hence, the updated solution will guide other
candidates to perform consumation operator during the process of consumation. The production
behavior contributes highly between the balancing exploratory search and exploitative search.
Step8: calculate the individuals X;(i = 2, ...,nPop) by using consumation operator, in this
behavior, each individual is selected randomly as an herbivore, a carnivore, or an omnivore with
the same probability. In herbivore process, the individual solution is updated using the solution

which generated by the production operator (equation 5.6). In carnivore process, the individual
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solution is updated by the selected individual randomly with higher level of the energy (equation
5.7). In omnivore operator, the individual solution is updated by both the solution of the
production operator and the selected solution with higher level of the energy (equation 5.8). The
consumation operator can improve the exploration process in the AEO algorithm, and reach to
the global optimum without falling into the trap of local optimum.

Step 9: calculate the individual X,p,, by using decomposition operator, in this process, the
individuals are updated by the best solution in the population using three parameters D, e, and h
(equation 5.9), this operator can improve the AEO exploration.

Step 10: Calculate the fitness of each individual and update the best solution found so far Xget-
Stepll: Repeat steps 7-10 until stop the Maxlter of the convergence reached.

Step12: Report the optimal results with ¥, (4,, By, Cy, D, Ky, x1)

5.3 Manta Ray Foraging Optimization (MRFO) Algorithm

Manta rays are one of the largest known marine creatures, usually they live in tropical zones of
Indian ocean or in subtropical zones of south pacific. They have a flat body from top to bottom
and a two of pectoral fins and a pair of vertical lobes in front of their huge, terminal mouths, they
can reach 5.5 mto 7 m in width. They swim elegantly and freely as birds fly. Figure (5.4) shows

a foraging manta ray and their physical structure [93].

Cephalic lobe
'
L

Mouth -.

*=+» Pectoral fin

Eye

(@) (b)

Figure 5.4 (a) A foraging manta ray, (b) manta ray structure
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Manta rays feed on plankton without sharp teeth, they funnel the water and food into their
mouths using horn-shaped cephalic lobes. Then the food is filtered from the water by gill rakers
[93]. Every day, manta rays eat a large quantity of plankton that can reach about 5 kg per an
individual. This plankton is formed by the tides or change of seasons that leads to not evenly
dispersed or regularly concentrated in some specific areas of ocean. Interestingly, manta rays are
always good to find plentiful plankton. The most intriguing thing about manta rays is their
foraging behaviors, and they may travel alone or in groups of up to 50, but foraging is often
observed in groups. These creatures have developed a variety of wonderful, and intelligent
foraging strategies. These strategies include chain, cyclone, and somersault foraging:

1) Chain foraging: when a group of manta rays start to search for food, they line up, one
behind another, forming an orderly line and move forward to the food, the paths of
feeding extending to several hundred meters depending on concentration and distribution
of plankton. The manta rays keep their line formed around the food and each of them
updates its position slightly above or below in the foreground. Consequently, the
plankton that missed by previous manta rays will be picked up by another manta which is
behind them.

2) Cyclone foraging: this foraging strategy is used when the concentration of plankton is
very high in a limited area, group of manta rays gather together in spiral way to generate
a spiraling vortex in the eye of the cyclone and the filtered water moves up towards the
surface. This pulls the plankton into their open mouths.

3) Somersault foraging: it is the one of the most beautiful scenery that can be provided by
nature. When there is an extremely concentration of plankton in the water, the manta rays
do a reverse somersault in the water, spinning around the plankton to improve feeding
process. It's a wonderfully elegant display.

According to the intelligent foraging behaviors of these creatures, W. Zhao [93] has developed a
new bio-inspired Manta Ray Foraging Optimization (MRFOQ) in 2020. This algorithm is modeled
mathematically by three feeding strategies including chain foraging, cyclone foraging and
somersault foraging to find a global optimization. The mathematical models are given by the

following:
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a) Chain Foraging

In MRFO, manta rays can determine the plankton position and swim directly towards it, where
the best position is that which includes the higher concentration of plankton. Manta rays line up
head-to-tail to make a feeding chain, each individual updates its position by the best food
location so far and move towards it. The strategy of chain foraging is modeled by following

equation[94] :

2 () + 7. (2o () = x(0)) + 0. (xfhest () — 28 () i=1

5.13
x3 () + 7. (21 () — 23 (®)) + a. (3o () = 28() i=2,..,N ¢13)

x3(t+1) ={

a = 2.ry/|log(r)| (5.14)

x{ is the i*" individual position in the d™dimension, x£,, is the high concentration of the food,
x& , is the position update of the (i — 1) current individual at x{,, , a is the weight coefficient
and r € [0,1] is a random vector. Figure (5.5) shows the chain foraging strategy, where the
update of the i" individual position is determined by the best position of the food x,,s, and the

position x;_; (t) of the (i — 1)™ current individual.

Figure 5.5 Chain foraging strategy
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b) Cyclone Foraging

In the cyclone foraging strategy, the manta rays determine the plankton position in deep water.
They will do a long foraging chain and swim towards the food by a spiral way. However, in this
movement each individual manta moved based on position of food and the position of the one in
front. Figure (5.6) depicts the cyclone foraging behavior in a 2-D space. This spiral movement

can be given by mathematical equation as following [93]:

{Xl(t + 1) = Xbest +r. (Xi—l(t) — Xl(t)) + ebW. COS(ZT[W). (Xbest — Xl(t)) (5 15)

Yi(t +1) = Ypeor + 7. (Vi1 () = YD) + €™ sin2aw). (Ypesr — Yi (1))

Where w is a random number in [0, 1].

—

)

-"f“-

Figure 5.6 Cyclone foraging strategy in a 2-D space

The spiral movement formula in n-D space can be given by a mathematical equation as
follows[93]:

xLoe +1 (xLe(®) —x2(@)) + b (xL () —x2()) i=1
best best i best i

d(t +1) =
e+ Xpest T (xid—1(t) - xid(t)) +b. (xgest(t) - xid(t)) t=2,..,N

(5.16)
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r1(T-t+1)

b=2e T .sin(2mry) (5.17)

Where: b is the weight coefficient, T is the iterations number, and r; is the rand number in [0, 1].

The cyclone foraging behavior focuses mainly on exploration and exploitation through updating
position of each individual which enables MRFO to achieve a comprehensive global search by
improving the global best position. The mathematical equation of this spiral movement is given
by the following [94]:

xgand +7. (xgand - x?(t)) + b. (xgand - xzd (t)) i=1

(5.18)
xng 7. (X1 (6) = 28 (©) + b. (2 — 23 (®) i=2,..,N

x3(t+1) ={

x4g=L+7r.(U-1L) (5.19)

Where x%,, isarandom position, L, U are the lower and upper limits of the d** dimension.

c) Somersault Foraging

In the somersault foraging behavior, each individual tends to swim around the food and
somersault to a new position. Then, it updates their site about the best position. The

mathematical model can be represented by following [94]:
x (¢ +1) = x3 () + 5. (ry xfhoge — 13 x3(®) i=1,..,N (5.20)

S is the somersault factor, r, and r; are random numbers in range[0,1].

This type of foraging is an individual feeding behavior, where each individual swims between
their current position and their new position, circling around the best defined position so far.
After few iterations, the distance between the individual position and the best position is reduced
so far and all individuals gradually approach to the best solution in the search space. Figure (5.7)

shows the draw of somersault foraging strategy.
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,‘ (r2 Xpesdt) — r3x(1)) 4"'.’ -------------- L\
X .-(t) ‘ Xbes p(t) ‘

| 3
X >

Figure 5.7 Somersault foraging strategy

Figure (5.8) depicts the MRFO framework in the flow-chart and the pseudo code of MRFO
algorithm is given in the following [93]:

1. Initialize a set of population N (candidate solutions), the iteration number T and define
Xy, X; as the upper and lower limits of problem space
2. Determine the position of each manta ray:

x;(t) = x; + rand. (x,, —x;)  for i=1,..,N
3. Determine the fitness of each individual f; = f(x;)

4. Determine the best solution found so far x;.s;
5. While stop criterion is not satisfied do

for i=1to N do
5.1 Ifrand > 0.5then // cyclone foraging

If t/T < rand then x,4nq = x; + rand. (x,, — x;),using equation (5.18)
Else update location using equation (5.16)
End if

5.2 Else rand< 0.5 // Chain foraging

update location using Equation (5.13)
End if
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If f(x;(t+ 1)) < f(xpesc) then /I calculate the fitness of each individual
Xpest = X;(t +1)

5.3 Else // Somersault foraging

Fori=1to Ndo using equation (5.20)

Then xpes: = x;(t+ 1)

End for

End while

Return

The best solution found so far xpest
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Inputs: population size N, the upper and lower
limits(L,U) , problem dimension D ,max_
iteration T and objective function f(x)
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Manta Ray x;

v

Calculate the value of fitness function for each
Manta Ray

v

Update the position of each individual based on

S -

Y
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No
‘ - .-y

Updat_e its position Update its position Updat_e its position
using (5.13) using (5.18) using (5.16)

Evaluate the fitness function value of
each individual

v

Update the position using (5.20)

v

Compute the fitness function of each individual and
select the best solution Xy et

No

Termination the

convergence criteria

Figure 5.8 Flowchart of MRFO algorithm
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5.3.1 Application of MRFO Algorithm

With application of MRFO algorithm, the MRFO is proceeded by three manta rays foraging
strategies :chain foraging, cyclone foraging and somersault foraging, these strategies can
effectively enhance the ability of MRFO to find the best individual (3,) for minimizing
optimal the hybrid ( L,,H,, H,, ) norms. The MRFO steps which used to reduce the order of
the PEMFC 500W model were presented as follows:

Step 1: Read the matrices of space state of the PEMFC system ( Ay, By, Cy,D Ky, Xy )
dimension of the system N=8 dimension of the reduced order model n=3 and time sampling
T, = 0.25 .

Step 2: Determine the dimension of the problem Dim=n? + 2+«n+2*n+2*«n+nu*ny+n
Step 3: Determine the size of population (nPop = 100) and maximum number of iterations
(Maxlter =2000)

Step 4: Determine randomly the vector of population position by upper and lower limits of
search space (Up =1, Low =-1).

Step 5: Determine the position of each individual (each solution) by using equation (5.19).

Step 6: Optimize the desired objective function ( equation 6.2) by generate randomly the
reduced-order models as population X;(solution), calculate the fitness Fit; of each individual
and the best solution Xg.s found so far using the MRFO operators in following steps:

Step 7: update the position of each individual X; at each iteration with respect to both the
reference position and the one in front of it. The best position obtained so far or a random
position generated in the search space is selected as the reference position based on the value of
t/T . When r < t/T a random position randomly produced in the search space is selected as a
reference position for the exploration (equation 5.16). When t/T <r < 0.5, the current best
solution is selected as a reference position for the exploitation (equation 5.18).

Step 8: update the position of each individual X; depending on the one which in front of it and
the current global best solution. When 0.5 <r , MRFO can convert between the cyclone
foraging behavior and the chain foraging behavior (equation 5.13). The value of t/T encourages
MRFO to cross from exploratory search to exploitative search smoothly, and with the value of r

(rand number), MRFO can covert between the chain foraging and the cyclone foraging.
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Step 9: the individuals X; update their own positions with respect to the best position found so
far (equation 5.20).

Step 10: Calculate the fitness of each individual and update the best solution found so far Xge:.
Stepll: Repeat steps 7-10 until stop the MaxIter of the convergence reached

Step12: Report the optimal results with ¥, (A, By, Cn, D, K4, X3).

5.4 Conclusion

In this chapter, the artificial ecosystem-based optimization (AEO) and Manta Ray Foraging
Optimization (MRFO) algorithms were presented as new optimization approaches. They are
considered as powerful tools for many applications in different engineering areas, they have an
ability to find the optimum solution of real-world problems. In the next chapter, both AEO,
MRFO algorithms are implemented in Matlab Environment Programming to find the optimal
model reduction of MIMO complex linear PEMFC SR-12 500W system by minimizing both of
hybrids (H, , H,) and (L, ,H, , Hy) norms between full PEMFC model and order reduction

model.
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Chapter 6 Hybrid (L7 ,H, , H,,) Norms
For Optimal Order Reduction of PEMFC 500W Model

6.1 Introduction

The objective of this chapter is to reduce order for a complex linear PEMFC SR-12 500W
model resulting from the optimal technique based on the hybrid (L, H,, H,) and hybrid (H,,
H,,) norms ,these hybrids have been implemented by Artificial Ecosystem Optimization (AEO)
and Manta Rays Foraging Optimization (MRFO) algorithms using Matlab Environment ,
Programming, both algorithms are compared with  standard technique called balanced
truncation (BT) (annex A) [52], the compared results have been validated by the temporal and

frequency responses of reduced models and original PEMFC 500w model.

6.2 Statement of Problem
The goal of optimal MOR is obtaining the state space of reduced-order model for PEMFC stack

that is able to represent the original model:

xn(k+1) = Ax(k) + Byu(k) + Kpe(k)
PINE y(k) = C,x(k) + Du(k) + e(k) (6.1)
x(0) = x,

Where: A,, € R™" B, € R™™ K, € R"™™ (C, € RP*™and n «< N,

In this thesis, the problem of PEMFC500w model reduction is investigated by AEO and MRFO
Algorithms using minimization both of hybrid ( L, ,H,, H,) and ( H,, H.,) norms for the errors
between full PEMFC model and reduced order models, this minimization problem is considered

as following:
Minimizing E(Zn) = ||§]N — Zn” (6.2)

With respect to the variable of optimization ¥, (A, By, Cy, D, Ky, X5,)
The two different hybrid ( L, ,H,, Hy) and ( H,, He,) norms reduction approaches to obtain the

optimal reduced-order models for PEMFC system are given by following [89]:
WEl (L, Hotw) = @ llEllL, + blEly, + cllElly, (6.3)
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IEW n,n.) = allElly, + bIE], (6.4)
a,b and c are constants
With takena=b=c=1

H, and H, norms are defined as following:

1Bl = {E3e1EG0R) " 65)

IE|ly, = max|E (k)| (6.6)
The L; norm is given by:

IEll,, = X5le(k)] (6.7)

e(k) is the impulse response difference between the original model and the reduced model:
e(k) = yn (k) — y, (k) (6.8)

6.3 Numerical Results
The obtained state space model of PEMFC SR-12 500W stack is composed by eight stats ,tow
inputs and two outputs e.g. N=8, m=p =2, with disturbance coefficients matrix K, initial
state vector xo and sample time Ty = 0.2. Hence, the matrices of this space state model are given
by following:

Ay=[12291 0 -05141 O -

o

3237 -0.3237 0.1935 0.1935

-0.6438 0 -0.4385 0 -0 0 0 0
1 0 O 0 0 0 0 0
0 1 0 0 -0 0 0 0
0 0 O 0 0 0 0 0
0 0 O 0 0 0 0 0
0 0 O 0 1 0 0 0
0 0 O 0 0 1 0 0]

By=1[0 0;0 0;0 0;0 0;1 0;0 1;0 0;0 0]*

Cy =[1.2291 0 -0.5141 0 -0.3237 -0.3237 0.1935 0.1935
-0.6438 0 -0.4385 0 0.0000 0.0000 -0.0000 -0.0000]
D =1.0e-016 #[ 0.8327 0.2776; -0.2776 -0.0694]
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Ky =1.0e-015* [ 0.0264 -0.0402; -0.0402 0.2147;0.0333 -0.1451;-0.0397 0.1644;
00;0 0;0 0;0 0O

xy =[0; 0; 0; 0; 0; 0; 0; 0]'

Eigenvalues:d; = 0, 4, = 0, 134 = 0.6146 + 0.3693i,45=0,4,=0,1, =0, 15 = 0.

6.3.1 Hybrid (L,,H,, H,,) Norm

In this section, the summary and results of AEO and MRFO experiments were presented, both
algorithm were applied to solve the minimizing for hybrid (L, H,, H,) error between original
model Xy and order reduced model X, (eq.6.2) by extraction the optimal reduced order
representations Y ago and Yurro for linear PEMFC system. The used parameters for AEO and

MRFO Algorithms are given by:

Dimension of reduced order model: n=3
Population size: nPop= 100

The dimensionality of problem: Dim = 34
The low bound of search space: Low =-1
The up bound of search space: Up=1

The maximum number of iterations MaxIt = 2000

The 3™ reduced models result of the hybrid ( L;, H,, H,, ) norms model reduction approach on

the 8" linear PEMFC 500W model using the AEO and MRFO algorithms are given by

following:
( 0364 —0.129 —0.341 0409  0.428 0.666 0.649
|, (k+1) =]0443 0111 0493 |x(k) +] 0329 0315 [uk) + [0.164 0.300|e(k)
, 0368 0561  0.207 0381  0.400 0.625 0.751
2AE0* (= [[0310 —0.032° 04611 () | 10022 007711 4oy (6.9)
L Y —0479 0315  0.223 0.029  0.033
x(0) = [-0.2395; 0.1262; 0.9285]

Eigenvalues: 4,, = 0.5336 + 0.41321i, A; = —0.3841 + 0.000i
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( 0.068 —0.370 —0.552 —-0.609 —0.617 0.492 —0.470
| x,(k+1)=(0.144 0.1327 0.566lx(k)+ 0.273 0.231 lu(k)+ —0.050 —0.248]e(k)
ZMRFO:{ 0.543 0.017 0.984 -0.188 —0.194 —-0.225 0.181 (6.10)
| y(k) = 8'(232 T0194 —0:3381%0 * [g0005 0000140+ €0

{ x(0) = [-0.476;0.298; —0.372]

Eigenvalues: 4, , = 0.5683 + 0.4410i, 1; = —0.2166
6.3.1.1 Comparative Study of the Meta-Heuristic Algorithms

The convergence process of both AEO and MRFO algorithms with 2000 iterations are shown in
figure (6.1), note that, the MRFO approach has a faster convergence compared with AEO
algorithm towards the best solution. Where, the MRFO approach reach to the best solution 0.272
at 1196 iteration. Whilemean, the AEO approach reach to the best fitness 0.429 at 1963 iteration.

Convergence curve
T T T T T T

AEO
MRFO
35 i

Relative(L1,H2,Hinf) error

| | |
200 400 600 800 1000 1200 1400 1600 1800 2000
lteration

Figure 6.1 Convergence rate of AEO and MRFO for hybrid (L, , H,, H,,) norms
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The following sections compare the results of the both AEO and MRFO algorithms with
balanced truncation (BT) for reduction order of the linear 500 W SR-12 PEMFC model.

6.3.1.2 Norms and Steady State Errors

Table 6.1 presents the comparisons of the relative L, H,, H,, hybrid (L, H,, H,,) norms of
errors and steady state errors (SSE) of the reduced models obtained by AEO , MRFO , and BT

with dimension n= 3.

Table 6. 1 Comparison between the relative L,, H,, H., hybrid (L, H,, H,) norms of errors
and SSE

L; norm H, norm Hg norm hybrid (L, Hz, He) SSE

AEO L1 AEO(;:;1)=0.143 0.239 0.169 0.116 hybrid AEO(:,:;,1) =0.429 0.526 0.0012
L1 AEO(::2)=0.168 0.258 hybrid _AEO(;,:,2) =0.455 0.544

MRFO L1_MRFO(,;1)=0.103 0.175 0.104  0.066 hybrid _MRFO(;,:,1)=0.273 0.345  0.00007

L1_MRFO(;;,2)=0.115 0.184 hybrid _MRFO(;,:,2)=0.284 0.354
BT L1 BT(,;,1)=0.022 0.133  0.103  0.092 hybrid_BT(;,;1)=0.218 0328  0.002
L1 BT(,;2) =0.022 0.133 hybrid _BT(;,;,2) = 0.218 0.328

In the table 6.1, note that, the MRFO approach result is the lowest
H, norm and steady state error. While, the BT approach result is the lowest L; , H, and hybrid
(L, H,, Hy) norms. However, the MRFO technique outperformed the AEO approach with the lowest in

all of the norms.
To better evaluate the approximants quality, the temporal responses, the frequency responses and

steady state errors for original PEMFC SR-12 500W model and the reduced order models of all
AEO, MRFO and BT approaches were traced in next section.
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6.3.1.3 Impulse Responses

Figure (6.2) presents the comparison of the impulse responses for the original PEMFC 500 W
model to the result of the BT 3™ model order reduction approach and the results of the AEO
and MRFO 3" reduced order algorithms.

hydrogen input Oxygen input

0.5 1
0.5
> 0
kot
8 0.5
©
> 5l
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; 2 . ‘ )
3 4 0 1 2 3 4
time(s)
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1 11 AEO reduced model
< MRFO reduced model
§ BT reduced model
5 05 05}
5
(@]
0 0
-0.5 : : : -0.5 : : :
0 1 2 3 4 0 1 2 3 2
time(s) time(s)

Figure 6.2 Impulse responses of original PEMFC model and hybrid (L,, H,, H,,) reduced
models via AEO, MRFO and BT

To know more precisely which algorithm is close to original PEMFC model , the impulse
responses of the figure (6.2) is zoomed into figure (6.3) to compare the initial values of impulse
responses for the original PEMFC model and AEO ,MRFO and BT reduced order models
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Figure 6.3 Initial values of the impulse responses of original PEMFC model and

hybrid (L,, H,, H,,) reduced models

6.3.1.4 Step Responses

Figure (6.4) represents the comparison of the step responses for the original PEMFC 500 W
model to the result of the BT 3™ model order reduction approach and the results of the AEO
and MRFO 3™ reduced order algorithms.
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Figure 6. 4 Step responses of original PEMFC model and hybrid (L,, H,, He,)
reduced models via AEO,MRFO and BT

Figure (6.5) zooms into the figure (6.4) to compare the initial values of step responses of the

original PEMFC model and different reduced order models
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Figure 6.5 Initial values of the steps responses of original PEMFC model and

hybrid (L,, H,, H,,) reduced models

6.3.1.5 Frequency Responses and Steady State Error

Figure (6.6) represents the comparison of the frequency responses for the original PEMFC
500 W model to the result of the 3™ model order reduction by AEO , MRFO algorithms and

the results of the 3 reduced order model using BT approach.
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Bode Diagram

Criginal PEMFC Model
AEO reduced model
MRFO reduced model
BT reduced model
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Figure 6.6 Frequency responses of original PEMFC model and hybrid (L,, H,, Hy)
reduced models via AEO,MRFO and BT

Figure (6.7) shows the comparison of step response error between original linear PEMFC model
and AEO, MRFO, BT reduced order models
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Figure 6.7 Step error comparison between the original PEMFC model and AEO, MRFO, BT

reduced order models

Generally, it can observe that, the steady state of the impulse and step responses of hybrid (L,,
H,, H,,) reduced-order models by AEO, MRFO and BT techniques in figures (6.2) and (6.4)
are close to those of the original PEMFC 500W model. More precisely, the initial values of
transit state of both impulse and step responses of hybrid (L,, H,, H,) reduced-order models by
MRFO and BT techniques in figures (6.3) and (6.5) are close match to those of the original
PEMFC 500W model more than AEO approach. The same for the frequency responses, the
results of the reduced-order models by MRFO and BT approaches are closely similar to an
original model more than AEO technique. The figure (6.7) shows the comparison of steady state

errors between hybrid (L, H,, H,,) reduced order models by AEO , MRFO and BT approaches
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through drawing the step of error between original PEMFC model and reduced order models, the

results are very close and satisfactory.

6.3.1.6 Comparative study of The Hybrid (L, H,, H,,) Reduced Models and Nonlinear
PEMFC Model

To further validate the hybrid (L, H,, H,,) reduced order models, the outputs of AEO, MRFO
and BT 3rd reduced models are compared with measured data, nonlinear and linear for PEMFC
500W models. Figure (6.8) shows these comparisons with exhibit the fit percentages between the
outputs of AEO, MRFO and BT 3" reduced models and their counterparts of the 8th order
linear PEMFC model that was obtained via a local linearization technique, as well as the outputs

of a nonlinear PEMFC model and measured data.

m— measured data

e nonlinear PEMFC model: 99.99%
= |inear PEMFC model: 92 6%
AEO reduced model: 91.37%
MRFO reduced model : 89.1%
BTreduced model: 92 49%

= measured data

N onlinear PEMFC maodel: 99 .98%
05F ~ | w— |inear PEMFC model: 96.92%
AEO reduced model: 77.06%
MRFO reduced model: 88.98%
0t - | == BT reduced model: 97.66%

10 20 30 40 50 60 70
time(s)

Figure 6.8 Comparison the outputs of hybrid (L;, H,, H.,) reduced models, the linearized 8"

order model, nonlinear model with PEMFC measured data
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Note that, the fit percentage for BT 37 reduced model is highest percentage compared with
AEO, MRFO 374 reduced models, it reaches to 92.49% for output voltage and 97.66% for
output current. Generally, the fit percentage between the estimated outputs of the AEO, MRFO
and BT 3" reduced models, linear PEMFC model and nonlinear PEMFC model are close enough
of the measured data for PEMFC system. Where, the fit percentage of output voltage (V) varied
between 89.1% and 99.99%, while the output current (is.) varied between 77.06% and 99.98%.
Figure (6.9) represents the comparison of the step responses for  nonlinear PEMFC 500 W
model to the result of 8" linear fuel cell model that was obtained by linearization technique
and the AEO, MRFO and BT 3@ model order reduction approaches.
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0 s |inear PEMFC
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04r ] D4t
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Figure 6.9 Step responses of nonlinear ,linear PEMFC models and hybrid (L, H,, Hy,)
reduced models via AEO, MRFO and BT
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Observe that, the steady state of step responses of hybrid (L;, H,, H.,) reduced-order models by
AEO, MRFO and BT techniques in figure (6.9) are similar to those of linear and nonlinear
PEMFC 500W model. While, the transit state of step responses for hybrid (L,, H,, H,) AEQO,
MRFO and BT reduced-order models are slightly different from the nonlinear PEMFC model.
Furthermore, the step responses for BT approach and linear PEMFC model were identical.

6.3.2 Hybrid (H,, H,,) Norms

With application of AEO and MRFO algorithms, considering the same parameters which are
presented in section (6.3.1) for minimizing optimal the hybrid ( H,, H,, ) norm for PEMFC 500W
model. Hence, these parameters are summarize as follows:

Dimension of reduced order model: n=3

Population size: nPop= 100

The dimensionality of problem: Dim = 34

The low bound of search space: Low =-1

The up bound of search space:  Up=1

The maximum number of iterations MaxIt = 2000

The systems represent the 3"¢ order result of the hybrid ( H,, H, ) norm Model reduction
approach on the 8" order PEMFC 500W model using the AEO and MRFO algorithms are given
by following:

( —0.117 —0.249 0.210 0.496 —0.166 0401 0.071
[x,(k+1)=|-0205 0637 0590[x(k)+|0863 0431 |u(k)+ |-0.425 0.348|e(k)
ZAEO'{ 0751 —0.347 0.130 0.104 0.683 0.106 0.377 ©6.11)
| S = [ 0063 0371 —0.197]x(k)+[—0.001 —0.001]u(k)+e(k)

—0.408 0274 —0.263 ~0.002  0.000
{ x(0) = [-0.2876; —0.0781; —0.6706]

Eigenvalues: 4, = —0.466, 4,5 = 0.558 + 0.444 1
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( 0.677 0.401 0.836 —0.346 —-0.337 0.112 0.611
| x,(k+1) =1 0.033 0.712 0.561] x(k) +—-0.140 0.136 lu(k) + | 0.161 —0.671] e(k)
S MRFO { —0.254 —-0.064 0.244 —0.389 —0.398 —0.157 0.63 (6.12)
= [ O 05 [0 008G
{ x(0) = [0.2436; —0.5999; —0.1391]

Eigenvalues: 4, , = 0.6033 + 0.4221, A; = 0.4275
6.3.2.1 Comparative Study of the Two Algorithms

The convergence process for hybrid (H,, H,) norm of both AEO and MRFO reduced models
with 2000 iterations are shown in figure (6.10) , note that, the MRFO approach has a best
convergence compared with  AEO algorithm towards the optimum solution. Where, the
MRFO approach reaches to the best solution 0.1323 at 1996 iteration. While, the AEO approach
reach to the best fitness 0.1797 at 1981 iteration.
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Figure 6. 10 Convergence rate of AEO and MRFO for hybrid (H, H.,) norms
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6.3.2.2 Norms and Steady State Errors

Table 6.2 presents the comparisons of the relative L, H,, H, hybrid (H,, H) of errors and
steady state errors (SSE) of the reduced models obtained by AEO , MRFO , and BT with

dimension n= 3.

Table 6. 2 Comparison between the relative L, H,, H,, hybrid (H,, H,,) norms of error

and SSE
L; norm H, norm  Hg norm hybrid (H,, He) SSE
AEO L1_AEO(;:1)=0.174 0.177  0.112 0.067 0.179 0.0129
L1 AEO(.:;2) =0.180 0.178
MRFO  L1_MRFOC(,:1)=0.064 0.138 0.083 0.049 0.132 0.0019
L1 MRFO(:;,:,2)=0.066 0.144
BT L1 BT(,:1)=0.045 0.119 0.0799 0.0604 0.1403 0.002

L1 BT(;:2) =0.045 0.119

The MRFO approach has the lowest value of the hybrid (H,, H,) , H,, and SSE compared to
both AEO and BT techniques , the BT technique resulted in the lowest L, , H,. However, the
MRFO algorithm outperformed the AEO approach with the lowest all of the norms.

To better evaluate the approximants quality, the temporal responses, the frequency responses and
errors steady state for PEMFC SR-12 500W original model and the reduced order models of

all AEO, MRFO and BT approaches were traced in next sections.
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6.3.2.3 Impulse Responses

Figure (6.11) represents the comparison of the impulse responses for the linear PEMFC 500 W
model to the result of the hybrid (H,, H,,) norms of the 3¢ order reduction model approaches
using AEO, MRFO and BT.
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Figure 6. 11 Impulse responses of original PEMFC model and hybrid (H,, Hy,)
reduced models via AEO, MRFO and BT

To know more precisely which algorithm is close to original linear model , the impulse
responses of the figure (6.11) is zoomed into figure (6.12) to compare the initial values of

impulse responses for the original PEMFC model and AEO ,MRFO and BT reduced order
models
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Figure 6.12 Initial values of the impulse responses of original PEMFC model and

hybrid (H,, H,,) reduced models

6.3.2.4 Step Responses

Figure (6.13) represents the comparison of the step responses for the original

PEMFC 500 W

model to the result of the hybrid (H,, He,) norms of the 3"¢ order reduction model approaches
using AEO, MRFO and BT.
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Figure 6.13 Step responses of original PEMFC model and hybrid (H,, Hy,)

reduced models via AEO, MRFO and BT

Figure (6.14) zooms into the figure (6.13) to compare the initial values of step responses of the
original PEMFC model and all of AEO, MRFO and BT reduced order models
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Figure 6.14 Initial values of the step responses of original PEMFC model and

hybrid (H,, H,,) reduced models

6.3.2.6 Frequency Responses and Steady State Error

Figure (6.15) represents the comparison of the frequency responses for the original PEMFC
500 W model to the result of the hybrid (H,, Hs,) norms of the 3¢ order reduction model
approaches using AEO , MRFO and BT.
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Bode Diagram
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Figure 6.15 Frequency responses of original PEMFC model and hybrid (H,, Hy,)

Reduced models via AEO, MRFO and BT

Figure (6.16) shows the comparison of step response error between original linear PEMFC model

and AEO, MRFO, BT reduced order models
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Figure 6.16 Step error comparison between original PEMFC model

and hybrid (H,, H,) reduced models

Note that, the steady state of the impulse and step responses of hybrid (H,, H.,) reduced-order
models by AEO, MRFO and BT approaches in figures (6.11) and (6.13) are close match to
those of the original PEMFC 500W model. More precisely, the initial values of transit state of
both impulse and step responses of hybrid (H,, H,,) reduced-order models by MRFO and BT
methods in figures (6.12) and (6.14) are close much to the original PEMFC 500W model
more than AEO approach. For the frequency responses, the results of the reduced-order models
by AEO, MRFO and BT approaches are closely similar to the original model.

The results of comparison of steady state errors between hybrid ( H,, H,,) reduced order models
by AEO, MRFO and BT approaches have been very close and satisfactory.
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6.3.2.7 Comparative Study of The hybrid (H,, H,,) Reduced Models And Nonlinear
PEMFC Model

To further validate the hybrid (H,, H,,) reduced order models, the outputs of AEO, MRFO and
BT 3" reduced models are compared with nonlinear and linear for PEMFC 500W models
further with measured data, . Figure (6.17) shows these comparisons with exhibit the fit
percentages between the outputs of AEO, MRFO and BT 3  reduced models and their

counterparts of the 8" order linear PEMFC model, outputs of the nonlinear PEMFC model and
measured data.

m—— measured data
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e AEO reduced model: 90.53%
e [IRFO reduced model: 89.67%
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Figure 6.17 Comparison the outputs of hybrid (H,, H,,) reduced models, the linearized 8" order

model, nonlinear model with PEMFC measured data
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Note that, the fit percentage between the estimated outputs of the AEO, MRFO and BT 3"
reduced models, linear PEMFC model and nonlinear PEMFC model remained high. Where, the
fit percentage of output voltage (Vi.) varied between 89.67% and 99.99%, while the output
current (ir.) varied between 87.81% and 99.98%. Therefore, all the outputs of reduced models,
linear and nonlinear PEMFC models are close much to the  measurement data for PEMFC
system.

Figure 6.18 displays the comparison of the step responses for  nonlinear PEMFC 500 W
model to the result of 8" linear PEMFC model that was obtained by linearization technique
section (3.7.3) and the AEO, MRFO and BT 3" model order reduction approaches.
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Figure 6. 18 Step responses of nonlinear ,linear PEMFC models and hybrid (H,, H,)

reduced models
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In figure (6.18), the steady state of step responses of hybrid (H,, H,,) reduced-order models by
AEO, MRFO and BT techniques  are similar to those linear and nonlinear PEMFC 500W
model. While, the transit state of step responses for hybrid (H,, H,) AEO, MRFO and BT
reduced-order models are slightly different from the nonlinear PEMFC model. Furthermore, the

step responses for BT approach and linear PEMFC model are identical.
6.4 PEMFC Meta-Heuristic Model Reduction Approaches vs. Previous Studies

In this section, a comparison between the PEMFC model reduction approaches of research paper
S.M. Elashhab et.al [1] with the AEO , MRFO and BT proposed techniques was presented . this
paper used two approaches to generate a low order linear MIMO continuous time state space
model equivalent to the nonlinear Proton Exchange Membrane Fuel Cell (PEMFC) power system
developed . The input-output system identification (prediction-error minimization) and balanced

model order reduction.

6.4.1 Model identification

S.M. Elashhab et.al [1] used the system identification technique for estimating a set of 8", 6t",
4" order MIMO continuous time state space models for the PEMFC system. They utilized the
prediction-error minimization (pem) function to minimize the one step ahead prediction output
error of the identified model using a maximum likelihood algorithm. The optimization technique
employed with this function was Gauss-Newton line search for minimizing the cost function

defined as follows:

Vn(B,C) = Xty e(t) (6.13)
Where: N is samples number and e(t) is the error function defined as following:
e(t) = CTH(@Y(® = B(Qu(®)] (6.14)
To know how well a one step ahead prediction outputs of three estimated models close to the

outputs of measured data. the percentage of fit given by equation (3.18) was used as criterion to

select the best linear model to represent the PEMFC system.
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The results of the three estimation linear models were validated via comparing their one step
ahead prediction outputs and the outputs of the nonlinear model generated by identification data
set. The comparison results displayed that, the PEMFC power system is best represented by 8"
order linear model which scored the highest fit percentage. while, the one step ahead prediction
outputs of the 6" and the 4" order models were close much to the outputs of nonlinear model
as well as the outputs of the 8 order model .

6.4.2 Balanced Model Order Reduction

S.M. Elashhab et.al [1] applied the approximation concept for higher order state space PEMFC
model with a lower order state space model while preserving the properties of the original
system, they used balanced model order reduction method in order to achieve such task directly
from the identified 8" order PEMFC model. This technique computed a n*" order model given
by:

G,(s) = C,(Is—A,)"'B, + D (6.15)

Of a possibly non-minimal and not necessarily stable Nt" order system described by:
GN(S) = CN(IS - AN)_lBN +D (616)

Gy (s) — G, ()l < total
Where n < N, ||.|| denotes the infinity norm of the difference between the full order and the

reduced models, total is the total error.
total =2 YN ., svd(i) (6.17)

svd (i) denotes Hankel Singular Values of the full order model.

Hankel singular values of the system are determined as the square-roots of the eigenvalues of the
reachability and observability grammians of the system .They are the energy measure of each
state in the system and an indication of its contribution to properties of the system. Hence,
preserving the high energy states that contribute the most to system dynamics and eliminating
the low energy states will reduce the order of the model while keeping most of their

characteristics in terms of stability, temporal and frequency responses.
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The results of Hankel singular values for identified the 8! order model showed that, it is
reasonable to keep only four states in order to retain the characteristics of the initial order model.
the comparison results of balanced model order reduction technique showed that, the simulated
outputs of the truncated 4" order linear model and its counterparts of the 8" order linear model
that was generated by a local linearization technique are close much to the outputs of the
nonlinear PEMFC model, as well as ,the one step ahead prediction outputs of the truncated 4"
order model, and the identified 4" order model are identical to the nonlinear model[1].Table 6.3
below compares the results of the hybrid (L,, H,, Hy,) norms model reduction for PEMFC
system to the results of Shady M. Elashhab paper research:

Table 6. 3 Comparisons results of the hybrid (L,, H,, H,,) norms
and Shady’s reduced models

PEMFC Model Reduction Approaches Fit percentage (Y12A))
Y2%

Shady’s identified 8" PEMFC model 98.3%
93.85%
Shady’s identified 4" PEMFC model 98.32%
92.79%
Shady’s truncated 4" PEMFC model 98.33%
91.27%
Proposed identified 8" PEMFC model 92.6%
96.92%
Proposed AEO 3@ PEMFC model 91.37%
77.06%
Proposed MRFO 3@ PEMFC model 89.1%
88.98%
Proposed truncated 3@ PEMFC model 92.49%
97.66%

Although the fit percentages of Shady's low order models are high compared with  AEO and
MRFO reduced models. However, the proposed approaches have proven better results , that
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due to the 3™ AEO and MRFO reduced order models are simpler than 4" Shady’s low order
models with an appropriate fit percentage. In addition, the 3™ BT proposed method is better fit
percentage compared with truncated 4" model.

6.5 Conclusion

In this chapter, AEO,MRFO and BT model order reduction approaches were presented in order
to obtain low order linear MIMO models equivalent to the nonlinear model developed by
Shahine [33].these techniques were used for minimizing both of hybrids (L, ,H,, H,) and (H,,
H,) norms of errors between full PEMFC model and reduced order models. The convergence
processes results of proposed meta-heuristic algorithms showed that , the MRFO approach has
a faster convergence compared with AEO algorithm towards the best solution as displayed in
figures (6.1) and (6.10). in addition, the simulation results of temporal and frequency responses
for model reduction approaches have proven that, the AEO ,MRFO and BT 3" reduced
models were close much to the linear 8" PEMFC model as depicted in figures (6.2), (6.4),
(6.6), (6.11), (6.13) and (6.15). finally, the simulated outputs of the AEO ,MRFO , BT 3"
reduced linear models and the outputs of the linearized 8" order PEMFC model were
compared to the nonlinear PEMFC model as well as the measured data . According to this
simulation, the outputs of AEO, MRFO and BT 3" reduced models significantly similar to those

of the nonlinear model and the measured data.
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In this dissertation, an optimal model reduction for nonlinear complex proton exchange
membrane (PEM) fuel cell 500W model was presented. Three steps were used to model the
behavior of PEM fuel cell. The first step is preparing the measurement data (inputs-outputs)
using the simulation of the nonlinear state space model of the PEM fuel cell 500W in Matlab
environment programming.

The second step concerns system identification employing a nonlinear autoregressive exogenous
(NLARX) structure for a PEMFC 500-W using a cascade-forward neural network. This model
shows that, the nonlinear dynamics of the PEM fuel cell can be effectively modeled using three
hidden layers neural network. The data set required to train the neural network was generated by
implementing the nonlinear state space model of the PEM fuel cell 500W. Where the neural
network is trained for voltage/current outputs values of the PEM fuel cell. Then, the obtained
model was linearized to obtain the linear space state matrices of the PEM fuel cell. Based on the
percentage of models fit, the results show that the linear and nonlinear models have a nearly
similar trend of outputs data of the PEMFC stack. Overall, the NN-NLRAX and ARX structures
with neural network estimator are capable of representing the PEMFC stack under tests. As a
conclusion, the results of the best ARX and NNARX models are given by regressors n,=[2 0,2
0],n,=[2 2,0 0] andn;, =[1 1,1 1], three hidden layers neurons [2 5 2]. Where, the best fit
of the nonlinear model is given by: yyr. = 99.99% , yirc = 99.99% for estimation data and
Yvre = 76.89% ,y;rc = 98.88% for validation data, the loss function is 5.5713e-019 and MSE
performance for nonlinear model structures with neural network estimator is 6.7991e-009. For
the linear model, the best fit is given by: yy (. = 92.6% , yirc = 96.92% for estimation data
and yys. = 88.4%, y;r. = 95.24% for validation data, the loss function is 5.6797e-007 and the
final prediction error FPE is 5.9220e-007.

The third step is an optimal reduction order model techniques for PEMFC model were performed
using two new meta-heuristic techniques: nature-inspired Artificial Ecosystem Optimization

(AEO) and bio-inspired optimization Manta Ray Foraging Optimization (MRFO) algorithms
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.these algorithms were used to find the optimum reduced models for high order multiple input-
output linearized PEM fuel cell 500w model, these approaches were applied to minimize the
both of hybrids (L, ,H,, H,) and (H,, Hy,) norms of errors between full linearized PEMFC
model and reduced order models, the process convergence results of AEO and MFRO
approaches for hybrids (L, ,H,, Hy,) and (H,, H,) norms showed that the MRFO approach has a
faster convergence compared with AEO algorithm towards the best solution. Both algorithms
have been compared with standard balanced truncation (BT) technique, the obtained results have
proved that, the performance of both MRFO and BT approaches are better than the obtained
results by AEO algorithm in finding the lower order PEMFC model in terms of the minimum
values of L, ,H,, Hy, hybrid (L, ,H,, H) and hybrid (H,, H,) norms. The simulation results of
temporal, frequency responses and steady state errors (SSE) showed that the AEO, MRFO and
BT 3" reduced models were much close to the linearized 8th PEMFC model. The simulated
outputs of the AEO, MRFO, and BT 3" reduced linear models and the outputs of the linearized
8th order PEMFC model were compared to the nonlinear PEMFC model as well as the measured
data. According to the simulation, the outputs of AEO, MRFO and BT 3" reduced models are
significantly similar to those of the nonlinear model and the measured data.

In the future, both of state space model and NN-NLRAX model of the PEM fuel cell that were
performed in this dissertation, can be used to develop the advanced control strategies to control
the outputs of the PEM fuel cell. Also, other renewable energy technologies models, such as
photovoltaic cells, wind turbines, and other fuel cells as, AFC,PAFC,SOFC, MCFC, MCFC, can
be developed based on the proposed nonlinear space state PEM fuel cell modeling and neural
network NLRAX approaches presented in this thesis.

This work uses meta-heuristic model order reduction methods for complex PEMFC 500W
model. The obtained optimal reduced models can be used to develop a simple controller to
control the voltage and current outputs of PEM fuel cell as well as these techniques can be used

to other MIMO or SISO linear complex systems.
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Balanced truncation procedure

The idea of model reduction by balanced truncation is to build a reduced order model by
transforming the original model into a balanced realization and removing states that are both less
reachable and less observable.

Definition 1. The state representation of a stable, completely reachability and observable system
¥ is called balanced if the reachability grammian and the observability grammian, are equal and

diagonal.
P=Q=S= ., (A.1)

Where g, = \/A(PQ) are real and positive values so-called Hankel singular values (HSV) such
that:

(5} 20'220'32"'20'N>0

P and Q are unique solutions symmetric positive definite of Stein equations:

{A?A +BB* =P (4.2)

AQA+C*C=Q

We need to build an invertible transformation matrix T which simultaneously diagonalizes the
reachability P and observability grammians Q.

Consider the algebraic representation of the equivalent state space of the system Xy
equation(4.5). The equilibrium transformation in the state space parameters leads to produce

another algebraic representation Zy.
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5 _{x(k +1) = T *ATx (k) + T~ *Bu(k) (A.3)

N y(k) = cT%(k) + Du(k)
Then the transformed grammians: P = TPT* and @ =T *QT~! are unique solutions

symmetric positive definite of following Stein equations:

{Aﬁ A+ BB =7
AQA+CC=20
Equilibrium algorithm

(A.4)

The equilibrium algorithm consists of the determination of the non-singular equilibrium
transformation T whose computation is essentially based on reachability grammian and the
observability grammian of the system, this algorithm is given as follows:
Step 1: Having the state space representation of order N (A, B, C, D)
Step 2 : Calculating the reachability grammian P and the observability grammian Q as
solutions of Stein's equations
Step 3: Cholesky factorization of the pair (, Q ) such as:

P = LcLE (A.5)

Q = LoL§ (A.6)
With Lc and Ly are the lower triangular matrices
Step 4: Decomposing the singular value of the product of Cholesky factors

Ly Lc = USVT (A.7)

Where U € RN*N and V € RN*N are orthogonal matrices, S = diag [0, ... oy ] is singular
values matrix of the system.

Step 5: Obtaining the equilibrium transformation T

T = LV SY/2 (A.8)
T-! =S~Y2UTL] (A.9)
Step 6: Constructing the balanced state matrices:
~ -1 _l Ty T l All A12
A=T" AT =S 2U"LyAL:VSz = (A.10)
A21 A22
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B=T1!B= S /2yTL} B = (gl) (4.11)
2
C=CT=CLVSY2=(C; () (A.12)

There are states which are difficult to observe, in this sense the observation energy is low, which
corresponds to a significant component of the observability grammian with small eigenvalues.

In addition, there are states, which are difficult to reach the minimum cost to command these
states is high. The eigenvalues of the reachability grammian are small. Hence, the states that are
less reachable and less observable are removing.

Suppose that S in (A.1) is partitioned into:

S = (4.13)
Sz

Where S; € R™"™ contains the largest Hankel singular values, i.e. the eigenvalues of the
product PQ that corresponding to a strong subsystem  with easily controllable and easily
observable states. The S, contains the smallest Hankel singular values which correspond to a
weak subsystem with states which are difficult to reach and difficult to observe.

Step 7: the reduced order model for balanced state matrices (A.10), (A.11) and (A.12) is
obtained by truncating the weak subsystem and maintaining those parts of matrices, which

correspond to the strong subsystems:

Ap =Aq
B, = B; (A.14)
CTL = Cl

Then X, reduced order system obtained by balanced truncation is given by following:

xXn(k +1) = Apx, (k) + Byu(k)
X :{ n nen n A.15
1y (k) = Coxa (k) + Du(l) ‘15
The quality of this approximation could be measured as follows:
” EN - En”Hoo < Z(O-k+1 + cee + O-N) (A. 16)
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