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RESUME

Cette étude est vise a explorer ’utilisation des mode¢les autorégressifs vectoriels (VAR) pour
analyser et prévoir les relations dynamiques entre plusieurs variables temporelles, en utilisant
les techinques mathématique et statistiques.

Mots clés : modeles autorégressifs vectoriels; analyse des séries temporelles; estimation des
modéles ; modéle LASSO

ABSTRACT

This study aims to explore the use of Vector Autoregressive (VAR) models to analyze and
predict dynamic relationships between multiple time series variables, using mathematical and
statistical techniques.

Key words : vector autoregressive models; time series analysis; model estimation; LASSO
model.
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White noise error term at time t.
Vector of error terms.

Mean at time t.

Autocovariance at lag h.
Autocorrelation at lag h.

Partial autocorrelation at lag h.
Covariance matrix of errors.

Coefficient matrix at lag i.

Vector of regression coefficients.
Estimated coefficient vector.

Estimated error covariance matrix.
Gram matrix.

Regularization parameter.

Akaike Information Criterion.
Autoregressive Integrated Moving Average.
Bayesian Information Criterion.
Deffernce-Stationary.

Least Absolute Shrinkage and Selection Operator.
Maximun Likelihood.

Maximun Likelihood Estimation.
Multiple Linear Regression.

Ordinary Least Squares.

Residual Sum of Squares.

Root Mean Squared Error.
Trend-Stationary.

Vector autoregressive model of order p.
Vector ARMA model.

Vector moving average model of order q.

ii




List of contributions

In the setting of this memory, we have realized the following scientific contributions :

1. A comprehensive comparative study of estimation techniques for Vector Autoregressive
(VAR) models, including Ordinary Least Squares (OLS), Maximum Likelihood Estimation
(MLE), and penalized methods such as LASSO and Ridge regression.

2. Derivation and analysis of the theoretical properties of OLS and MLE estimators in the
context of VAR models, highlighting their conditions for consistency, efficiency, and asymp-

totic behavior

3. Implementation and evaluation of regularization techniques (LASSO and Ridge) in VAR
estimation, with a focus on their ability to handle multicollinearity and model selection in

high-dimensional settings.

4. A detailed comparison between LASSO and Ridge estimators based on bias-variance trade-
offs, sparsity, and predictive performance, supported by theoretical arguments and numerical

simulations.

5. Development of numerical examples and simulations illustrating the performance and limi-

tations of each estimation method in finite samples.

v



General introduction

In a world characterized by increasing interdependence among economic variables, joint mo-
deling of multivariate time series has become essential for understanding economic dynamics.
Governments, financial institutions, and businesses rely on accurate forecasts and robust analyti-
cal tools to guide their decisions. In this context, Vector Autoregressive (VAR) models occupy a
central position in econometrics and applied statistics, particularly for analyzing dynamic interac-
tions between multiple economic variables such as Gross Domestic Product (GDP), inflation rate,
exchange rate, and energy consumption.

Introduced by Christopher Sims in 1980, VAR models provide a flexible framework that allows
each variable to be modeled as a linear function of lagged values of all variables in the system,
including itself. This approach enables structural analysis without imposing strong theoretical
restrictions, while facilitating economic interpretation through tools such as Impulse Response
Functions (IRF) and Forecast Error Variance Decomposition. While traditional univariate models,
such as ARIMA models, are limited to a single time series, economic and financial phenomena are
inherently multivariate. They require tools capable of capturing cross-effects and feedback between
variables. The VAR approach thus establishes itself as an essential method in the dynamic analysis
of multivariate time series data.

However, despite their popularity, several challenges persist : selecting the optimal number of
lags, stationarity of the series, efficient parameter estimation, and correct interpretation of results.
The objective of this memory is to study and compare different VAR parameter estimation methods
- particularly Ordinary Least Squares (OLS), Maximum Likelihood Estimation (MLE), as well as
penalized approaches like LASSO and Ridge - in both applied and simulated frameworks.

This work aims to thoroughly explore VAR model estimation methods from both theoretical
and practical perspectives. The specific objectives are to : present the theoretical foundations
of VAR models and their validity conditions; examine different parameter estimation methods,
notably OLS, MLE, LASSO and Ridge; apply these methods to simulated data in a controlled
experimental setting; compare estimator performance using statistical criteria such as RMSE;
interpret results through tools like Impulse Response Functions (IRF) and variance decomposition ;
and provide recommendations for choosing estimation methods based on application context.

This memory consists of four chapters. In the first chapter, we develop the theoretical framework
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for time series study, presenting formal definitions, properties of VAR models, as well as stationarity
and identification conditions, stationarity, invertibility, autocorrelation and cross-correlation. We
also present classical multivariate linear models, namely VMA(q), VAR(p), and VARMA((p,q)
models. In the second chapter, we examine the theoretical framework for least squares estimation
in VAR models, followed by Lasso and ridge regression. The third chapter describes the practical
implementation of estimation methods on simulated data, with emphasis on R programming and
results analysis. A simulation study is conducted to compare the performance of different estimation

methods under various conditions. Finally, we present general conclusions and future perspectives.

Estimation of Vector Autoregressive Models
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Introduction to Vector Autoregressive
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1.1 General Aspects of Time Series 4

1.1 (General Aspects of Time Series

The intrinsic nature of a time series is such that observed values are generally dependent, and
the objective is to identify and model the structure of temporal dependence. In this dissertation,
we primarily focus on linear time series {X;,¢ € Z}, where the observation at the current time
is assumed to be the result of time-invariant linear filtering of a stationary white noise. We also
consider non-stationary series, which can be rendered stationary by differentiating the series a

sufficient number of times.

1.1.1 Time Series

The theory of time series is a combination of two concepts : probabilistic and statistical. The
probabilistic concept involves studying the characteristics of the random variables X;. The sta-
tistical problem is to determine the characteristics of the distributions of the time series X;, for
observations X1, Xo,..., X, at times ¢t = 1,2,...,n. The resulting statistical model serves, on the

one hand, to understand the stochastic system and, on the other hand, to predict the future (i.e.,
X1, Xngay -2 ).

1.1.2 Analysis of Time Series

The term time series refers both to actual chronological series and to a theoretical sequence of

random variables indexed by time (¢ € T'), which serves to model the former.

Definition 1.1.1. A time series is a sequence of repeated observations corresponding to different
dates, or a set of values representing the evolution of a phenomenon over time. Generally, the
observations of a phenomenon are equidistant from one another (discrete time, t € N, Z, ... ) ; time
can correspond to a day, a month, a year, etc.
For example, in fields such as finance, one may cite, among others.
e The daily value of the Dollar in Euro at the opening of the stock market.
e Monthly unemployment data.
e Stock prices, etc,
However, in other fields (such as physics), observations are recorded continuously, with the

index t taking values in an interval of R.

Definition 1.1.2. [12]
A time (or chronological) series is a sequence of observations z1, xs, . . ., x, indexed by time. It

is assumed to be a realization of a process X, that is, a sequence {X;} of random variables.

Definition 1.1.3. The study of time series in statistics corresponds to regularly spaced observa-

tions over time.

Estimation of Vector Autoregressive Models
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1.1.3 Modeling a Time Series

Time series modeling is based on the classical decomposition, known as "Persons’ decomposi-
tion”, which relies on the following four components :

1. Trend (7;) : Long-term movement (long period).
Seasonality (S;) : Periodic function of time (short period).

Cycle (C}) : Business cycle, periodic fluctuation (medium term).

- W

Residual (¢;) : Irregular component, corresponding to the concept of deviation from the

model.

In general, a model representing the studied time series can be proposed by combining the
four elements mentioned above. For this purpose, there are three types of models : the first is the
adjustment model of additive or multiplicative form as follows :

e Additive model :
Xe =T+ 5 +Ci+e

e Multiplicative model :
Xy =T 5 -Ci+e

The second type is the model in which we assume that X; is a function of its past values and

a random disturbance.
Xy = f(Xt—lth—Qu . €t)

In this class, we can cite the models AR, MA, ARMA, ARIMA, SARIMA, ...
In this category of models, the random variable X; is expressed as a function of another variable

Y, and a random disturbance ¢;.
X =f (Yta €t)

Either Y; is deterministic or random; in the latter case, the processes (Y;); and (¢;); have certain
properties of independence or lack of correlation. These models are basic models that we essentially
consider to link them. We thus have two particular cases of explanatory models :
« Static explanatory model : where the variables Y; do not contain past values of X; and
the ¢; are independent of each other.
e« Dynamic explanatory model : where the ¢; are autocorrelated and the Y; contain past

values of X;.

1.1.4 Linear Series

Definition 1.1.4. A series X; is said to be linear if it can be written as :

+oo
Xi=p+ Z Vi€

i=—00

Estimation of Vector Autoregressive Models
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where ¢, ~ BB(0,4?), 1 = 1, and the sequence (1);) is absolutely summable, meaning :

+o0o
Z |1 < o0

1=—00

A series (X) is said to be linear and causal if it is linear with ¢; = 0 for i <0 :

+oo
Xe=p+ Z Vi€ (1.1)
It will be assumed that a linear series is stationary. The study of non-causal series leads to

non-intuitive results that are difficult to use.

1.1.5 Stationary Model

Representation of time-dependent random phenomena. Let (§2, F, P) be a probability space,
and let T' be a non-empty index set (for example : N, Z, R, ... etc.). Let X; be a function from
T x Q , associated with each pair (¢,w), the process X;(w), where € denotes the state space of the
process. Hence :

i) Fort € T, X;(w) is a random variable.

ii) For w € 2, X;(w) is a trajectory.

Definition 1.1.5. [4] Stochastic process

A stochastic process defined on T, denoted (X (w))er or simply (X;);, is a collection of random

variable X; of with values in R, in such a way that at each element ¢t € T is associated with a
random variable X;. We thus have two cases :
i) A discrete-time process. If T is discrete (7' C Z),

ii) A continuous-time process if T is continuous (7" C R),

As a consequence, we are interested in stochastic models, whose elements X; of the time series
(X}); are considered as random variables. Subsequently, we designated by a model, the stochastic
process that models the time series.

Generally, the variables of a series (X;); are neither independent nor identically distributed.
The means, variances and covariances of these variables depend on their positions in the series. In

particular, if we assume that (X}); is square integrable
(i.e. B[ X?] < 0o,Vt € T)

Then;
E(X,) = py,var(X,) = 67

Cov(Xy, Xy p) = E[(Xy Xi—p) — E(X)E(Xy_p)],h € Z

Estimation of Vector Autoregressive Models
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1.2 Autocovariance and Autocorrelation

Definition 1.2.1. Autocovariance function
The autocovariance function of a time series (X); is a sequence (Vz(h))nez, where it is an even

function, positive semi-definite, i.e.,

Ve (h) = cov(Xy, Xy—p)

N N
= ZZGZCL]”)/(tZ — t]) 2 0

i=1j=1

[72(R)] < 7:(0) =var(X;), heZ

Remark 1.2.1. The function v, (h) is even, i.e. :

%&(h) = Vx(_h)

Definition 1.2.2. Autocorrelation Function

Similarly, we define a sequence (p,(h))nez called the autocorrelation function of the series (X;); :

pz(h) = corr(Xy, Xi—p)

cov( Xy, Xy_p) _ pz(h)
\/vm‘(Xt) : \/UCLT‘(Xt_h) pa(0)

It is an even function, positive semi-definite, i.e.,

Remark 1.2.2. This function p,(.) takes values in [—1, 1] and p,(0) = 1.

Definition 1.2.3. The autocorrelation matrix of the vector (X;, X;_1,..., Xy_py1) is:
1 p(1) p(2) - p(h—1)
o) 1 pl) e ph—2)
p(2) p(1) L p(h=3)
R(h) = . .
p(h—1) p(h—=2) p(h—3) 1

Estimation of Vector Autoregressive Models
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1.2.1 The Partial Autocorrelation Function

The partial autocorrelation measures the correlation between (X;) and X;_; while excluding
the influence of variables prior to X;_j,. Thus, it can be shown that the partial autocorrelation

function of a process(X;);cz is given by [11] :

_ R (h)]
Ux(h) = Ok for all h. (1.2)
> L) p2) e ph—2) p(1)
p(1) 1 p(1) p(h—=3)  p(2)
p(2) p(1) 1 p(h—4)  p(3)
R*(h) =
p(h—3) p(h—4) p(h—75) p(1)  p(h—2)
p(h—2) p(h—3) p(h—4) 1 ph—1)
p(h—1) p(h—=2) p(h—3) p(1) p(h)
and
1 p(1) p(2) - p(h=2) p(h—1)
p(1) p(1) p(h—=3) p(h—2)
R(h) =
oh—1) ph—2) ph—3) - o) 1

Here, |R(h)| is the determinant of a square matrix R(h). Thus, the first three autocorpartial

relations are determined by relations

U(1) = p(1)
p(2) — p(1)?
v =" p(1)?

1.2.2 Graphs for time series

Chronogram : The study of a time series begins with the examination of its chronopro-
gram. He gives it an overall life, shows certain aspects. Such as possible breaks, a change in the

dynamics of the series.

Estimation of Vector Autoregressive Models



1.2 Autocovariance and Autocorrelation 9

Chronogramme : Série temporelle avec tendance et saisonnalité
15.0
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0.0
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-5.0

o 20 40 60 80 100
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FI1GURE 1.1 — Chronogram : Time series with trend and seasonality

Correlogram : A correlogram is the graphical representation of the function autocorre-
lation, which is a concept related to correlation, it is not a calculation between two different
chronicles but between the series and herself at different offsets in the time allowing to detect

internal connections within the series.

Corrélogramme : Autocorrélation de la série temporelle

0.50
0.25
0.00
—0.25}
—0.50

—0.75}

—1.00

o 5 10 15 20 25 30

FI1GURE 1.2 — Correlogram : Analysis of the autocorrelation of the time series

1.2.3 White Noise Processes

Definition 1.2.4. [1]
A stochastic process is a collection of random variables {X;,¢ € I}, all defined on a probability
space (§2, F, P). Where I can be N or Z.

Definition 1.2.5. White noise belongs to the class of stationary processes. Specifically, (€;),c; is

white noise if it satisfies the following conditions :

E(Et) = 0, \V/t
E(€}) = a2, vt
cov(€, €ryp) =0, VE,Vh#0
Remark 1.2.3. Consequently, the behavior of white noise at time ¢ has no influence on its behavior

at time t+h. We speak of Gaussian white noise when €1, €9, - - - are i.i.d. (independent and identically
distributed).

Estimation of Vector Autoregressive Models
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Definition 1.2.6. [4] [Spectral density]
The spectral density, denoted as f, of a time series (X;)is a function defined on R by :
1
fA) =— (h)exp(ih\), VA €R

g
Property of White Noise
1. The spectral density of white noise is constant in A .
2. Any stationary process with a constant spectral density is white noise .
Proposition 1.2.1. Let (¢;); be a white noise process that is independently and identically distri-

buted (i.i.d.), centered, and with variance 0 < co.

The autocovariance function of white noise,y.(h), and its spectral density f.(\) are given by :

1. For this white noise process, we have :

o ifh=0
’Ys(h) = COU<€t7€t+h) = E[€t5t+h] = / .
0, otherwise.
Thus,
1 . o?
fe(\) = by Ye(h) exp(ihA) = —
T hen 2T

(which is constant in X).
2. Conversely, if f. = C'®
92(h) = [ exp(=ihA) ()X

7€(h>7 th =0

0, otherwise

- /W Cleexp(—ih\)d\ = {

Therefore, for the process to be white noise, it suffices that it is stationary, which is

assumed by hypothesis.

1.2.4 Stationary Processes

Stationarity is a characteristic of a time series that implies the behavior of the series does not
depend on time. Specifically, a time series (X})cz is said to be stable if it does not exhibit seasonal
trends, upward trends, or downward trends. More formally, we distinguish between two types of

stationarity : Strongly stationary and Weakly stationary [8] .

Definition 1.2.7. [6] [Strongly stationary series]

A time series(X;); is strongly (or strictly) stationary if and only if :
D
(Xt1 ) Xt27 ceey th) = (th-i-k;) Xt2+k7 LR th-i—k>

This means that the distribution of the vector (X, Xy,,...,X;,) is identical to that of
(X4, 4k, Xtgtks ooy X4, 11) for any subset {tq,1s,...,t,} C T,Vk € N.

Estimation of Vector Autoregressive Models
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Definition 1.2.8. [6] [Weakly stationary series]

A time series (X;); is weakly stationary (or second-order stationary) if and only if :
1. E[X?] < oo, VteT;

2. E[X,] = E[X,] =, Vs,t € T

3. Cov(Xy, X;) = Cov(Xsin, Xpar), Vs, t € T, Vk € N.

The existence of the autocovariance function for a stationary time series (often called weakly

stationary) is guaranteed by the following proposition.
Proposition 1.2.2. If the time series (X;); is stationary, then there ezists a function vx : Z — R,
such that the autocovariances depend only on the difference between observations :
Cov(Xs, Xi) = vx(|t —s]), Vs, t€Z.
Proposition 1.2.3. Let r € Z. Since (X;); is stationary, then for all s,t € Z :
First case : If s <'t,
Cov(Xs, Xy) = Cov(Xgyr_s, Xpnr—s) = Cov(X,, Xpyy—s), ifs<r.

Second case : If s > t, then :

Cov(Xs, X;) = Cov( Xy, Xs) = Cov( Xy, Xyist)-

Thus, for all s,t € Z :

Cov(Xs, Xy) = Cov( Xy, Xyyji—s)) = vx (|t — s]).

Remark 1.2.4. 1. If (X}); is square-integrable for all t € T', then strong stationarity implies
weak stationarity.

2. If the series (X;); is Gaussian, then weak stationarity implies strong stationarity.

3. A white noise process is defined as the sequence (&), of i.i.d. random variables, centered,

and with variance o2, i.e.,

Var(e;) = E[el] = o°.

In this case, it is clear that a white noise process is a second-order stationary process,
with :

7(0) =0® and ~.(h) =0, Vh#O.

Estimation of Vector Autoregressive Models



1.2 Autocovariance and Autocorrelation 12

Trend-Stationary Process (TS)
This process exhibits non-stationarity of a deterministic nature and is used to remove the trend.

It is expressed as follows :
Yi=a+fbt+e (1.3)

where ¢; represents the model error. It is clear that Y; is not stationary, since its first-order

moment :

E(Y;) = a+ At (1.4)

depends on time ¢.

Difference-Stationary Process (DS)
The Difference-Stationary (DS) process exhibits non-stationarity of a stochastic nature and
is used to remove seasonality. It is also known as a Random Walk. This process is written as

follows :
Y=Y 1+8+e (1.5)

where 5 € R and ¢; represents the model error. A series {Y;,Vt € Z} is said to be of order d
(order of integration) if the filtered process (1 — L)? is stationary. Stationarity is used as a tool for
time series analysis. Raw data from any given series are often transformed to achieve stationarity.
For example, financial series are often seasonal and depend on a non-stationary price level. In the

following sections, we will focus on stationary processes.

Theorem 1.2.1 (Wold’s). /2, 5/,
If (Xi)iez is a centered and second-order stationary process, then it can be decomposed as

follows :

+o00o
X, = Z wjet—j +V, te 7z (16)
=0

where :

1. 1pg = 1 and Y2507 < oo, with ¢; € R.

2. (€&)iez is the white noise associated with (X;)iez.
3. (Vi)iez is a deterministic process.

4. Cou(ey, Vs) =0, for all s, t € Z.

This result is mainly theoretical, as the coefficients 1; are usually unknown in practice. Some

models involve an infinite number of terms.

Estimation of Vector Autoregressive Models



1.2 Autocovariance and Autocorrelation 13

Lag Operator
It is often necessary to consider a variable as a function of its past values. Therefore, it is
convenient to define an operator that transforms a variable X; into its past value. This is the lag

operator, denoted by the letter L, and defined as :
LX, =X, 1, and L'X,=X,,

This operator is used in polynomials, for example :

B(L) :50+51L+52L2+'“+5q[1q

Thus :

B(L)X: = o Xy + 1 Xso1 + o Xio+ -+ - + B, Xi—y

Common operations such as addition, multiplication, division, and inversion can be
applied to the set of lag polynomials with the same properties as entire series.

Two particular values of lag polynomials are worth noting : B(0) gives the value of the first
coefficient of the polynomial, i.e., its constant term. B(1) provides the sum of the coefficients of
the same polynomial.

Finally, the operator 1 — L plays a special role as it allows computing the first difference of a

time series :

(1 — L) - Xt - Xt,1
Properties of the Lag Operator
].. Lth_j - Xt—j

2. L°X, = X,
3. If X,=ccRforallt € Z, then L’X, = L’c=cforall j € Z
4. DI(LFXy) = IR Xy = Xy
5. L7IX, = Xiyj
6. (L' + LMX, = X, + L*X, = X, + X s,
7. If |a] < 1, then :
(1—al)'X; = i @’ X;_;
5=0

Definition 1.2.9. Moving Average

A moving average, centered with length P (P < T') of the series {z;,t = 1,...,T}, consists of

successive averages calculated based on the parity of P according to the following formulas :

Estimation of Vector Autoregressive Models



1.3 The VAR(p) Model 14

e First case, Pisodd, P=2m+1:
1
MP(t) = F Z Ltk

k=—m
There are (T'— P + 1) centered moving averages of odd length P.

Second case, P is even, P = 2m :

1 [z mol Titm
Mp(t):P( t2 + Y agat t; )
k=—m+1

The centered moving average Mo, (t) appears as a weighted average of the values in the
-5 for the two extreme

series surrounding the date ¢, with weighting coefficients equal to 55
values z;_,, and x;,,,, and equal to % for the (P — 2) intermediate values from x;_,, 11 to

Tirm—1. Thus, it consists of (P + 1) terms :

Lit+m—1 | Lt+m
1 1
P 2P

Values |z | Ti—ma1
3 1 1
Weights | - 5

ol 3

TABLE 1.1 — Table of values and weights for the centered moving average

There are (T'— P) centered moving averages of even length P. For simplicity, given that

the length P of the moving average is fixed, we will now denote Y; as the centered moving

average of length P at date ¢.

1.3 The VAR(p) Model

A VAR model with k variables and p lags, denoted as VAR(p), can be expressed in matrix form

as follows :
Xi=a+ o1 X1+ G Xy o+ @3 Xy g+ -+ Xy + &4 (1.7)
Where :
z i i i i . a €
X, = :t D= ¢2 ¢2 2 % , i=1,....,p;a= :2 and g; = :t (1.8)
xf Cbllcz cbiz szz <b’;§z ak 55

X : Vector of K non-stationary endogenous variables. a : Matrix of coefficients to be estimated.
g; : Vector of error terms.
Note that the components of €; are uncorrelated with each other, and 3. = F(§:&]) denotes the

(k x k) variance-covariance matrix of the errors, which are white noise with constant variance and

Zero mearl.
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1.3.1 Stationarity Condition

A VAR(p) model is stationary if it satisfies the following conditions :
« B(Xy) =V,
o Var(X;) < oo,
o I'(t+ h) = cov( Xy, Xegn) = E[(Xe — 1) (Xeop, — p)'], V2.
The determinant : det(1—¢1Z — ¢o 22 — ¢p32° —- - - — $,ZP) has its roots outside the unit circle,

where Z is the lag operator.

1.3.2 Determining the Order of a VAR Model

The order of a VAR model is determined using two information criteria : the Akaike Information
Criterion (AIC) and the Schwartz Information Criterion (SIC).
AIC (p) = In(det |X.|) + 22
SIC (p) = In(det |S.[) + ntn)
Where :
e k : Number of variables in the system ;
e n : Number of observations;
e p: Number of lags;
e Y. : Maximum likelihood estimator of the variance-covariance matrix of the residuals of the
VAR(p) model.
These criteria can be used to select the optimal number of lags in the VAR model. The smaller

the information criterion value, the better the model.

1.3.3 Vector Error Correction Model (VECM)

The VECM is a model that captures the adjustments leading to a long-term equilibrium. It

integrates both short-term and long-term dynamics.

Definition 1.3.1. Consider a vector of variables (X;) integrated of order 1. The idea behind vector

error correction models is to consider relationships of the form :
AXy = Az + BIAX 1 + BoAXy o+ -+ B AX, + & (1.9)

Where :

A : Speed of adjustment matrix toward the long-term target (Reduction in the growth rate
at time t¢. If this coefficient is not significant and not negative, there is no return-to-equilibrium
phenomenon).

21 : Measures the disequilibrium between the cointegrated variables, representing the error

correction term, which accounts for long-term equilibrium.

Remark 1.3.1. To use a VECM representation, the variables must be integrated of order 1.

Estimation of Vector Autoregressive Models
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2.1 Ordinary Least Squares (OLS) 17

Estimating Vector Autoregressive (VAR) models involves selecting appropriate methods to
determine the parameters of the model. VAR models are widely used in econometrics and time
series analysis to capture the linear interdependencies among multiple time series. Below are the

key estimation methods for VAR models :

2.1 Ordinary Least Squares (OLS)

Residuals Squared residuals

FIGURE 2.1 — OLS estimation schematic

2.1.1 Multiple Linear Regression Model and OLS
2.1.1.1 Multiple Linear Regression Model (MLR) ; General Form

Definition 2.1.1. The goal is to predict and/or explain the values of a quantitative variable
Y based on the values of p variables Xi,...,X,. In this context, we aim to "explain Y using
Xi,...,X,". Here, Y is referred to as the ”dependent variable” (or "response variable”), and
Xi, ..., X, are called the "independent variables” (or "explanatory variables”). To achieve this, we

have data consisting of n observations of (Y, Xy,...,X,,), denoted as :

(Y1, 2105 Zp1), (Y2, T12, -5 Zp2)s o« oy (Yny Thms -« s Tpm)- (2.1)

These observations are typically organized in a table :

Estimation of Vector Autoregressive Models



2.1 Ordinary Least Squares (OLS) 18

Y| Xy | ... X,
Y1 | 11 | --- | Tp
Ya2 | 12 | --- | Tp2
Yn | Tin e | Tpn
If a linear relationship between Y and X, ..., X,, is plausible, we can consider the multiple linear

regression model (MLR). Its general form is :

Y =08+ 5 X1+ + B, X, +¢,

where :
e fo,...,Bp are unknown real coefficients,
« ¢ is a quantitative variable with a mean of zero, independent of Xj,..., X, representing

a sum of random and multifactorial errors (e.g., measurement errors, unpredictable effects,

omitted variables, etc.).
The ( coefficients of the true, but unknown model are estimated by the OLS regression model,

yielding 3 coefficients, by minimising the residual sum of squares (RSS) :

RSS = > (= 0)* = Y. — Xi)? 22)

2.1.1.2 Modeling the Variables

Definition 2.1.2. The variables are modeled as real random variables (defined on a probability
space (2, A4,P)), keeping the same notations by convention. Based on these, the MLR model is
characterized by : for all i € {1,...,n},

o (%14,...,2p;) is a realization of the real random vector (Xi,...,X,),

 given that (Xy,...,X,) = (T14,...,2ps), ¥i is a realization of
Yi= 0o+ biwri+ -+ By + &,
where ¢; is a random variable independent of X, ..., X, with E(e;) = 0.
2.1.1.3 Matrix Form of the MLR Model

Definition 2.1.3. The MLR model can then be written in matrix form as :

Y =X[+e¢,
where
Y, 1 T11 o Tpa Bo €1
v Yz X = 1 x%,Q : 171?,2 . B= o Ce=— €2
Y, 1 Tip “° Tpn Bp €n

Estimation of Vector Autoregressive Models



2.1 Ordinary Least Squares (OLS) 19

2.1.1.4 Ordinary Least Squares Estimator; A Central Result

Theorem 2.1.1. Let || - || denote the Euclidean norm : for any column vector z, ||z||* = z'z =

sum of the squares of the components of x. Starting from the MLR model written in matriz form :
Y =XpB+¢,
an ordinary least squares (OLS) estimatorB of B satisfies :
. ' B )
B € arg min ¥ — X"

We assume that X is of full column rank, there exists no non-zero column vector x with p + 1
components such that Xx = 0 (this ensures the existence of (X'X)™'). Then, 3 is unique and is

given by the formula :

B =(X'X)"'XY. (2.3)
Proposition 2.1.1. Let
fB) =1y = XBII*, BeR.
Since 3 € arg mingege+1 f(5), 3 is an extremum of f(3), and

B extremum of f(8) = 865 (B)=0, je{0,...,p}

Let us simplify the expression for f(). Using the formulas : (A + B)' = A' + B'and (AB)" =
BtAt, we have

fB)=1Y = XB|*= (Y = XBHY - XB) = (Y' = (XB)) (Y — XB)
= (V' = BXI)(Y — XB) = Y'YV — Y'XB — BX'Y + B X' XB.

Since Y'X 3 is the multiplication of a row vector Y by a column vector X 3, it is a real number.

Consequently, it is equal to its transpose; we have
YIXB=(Y'XB)' = (XB)(Y") =p'X"Y.

Thus,
f(B) =YY - 28" XY + X' X .

For all j € {0,...,p}, let us determine the partial derivative %f(ﬁ) Let e; be the column
J
vector with p + 1 components, where all components are zero except the (j + 1)-th component,

which is 1. Using the formula :

(u(z)v(x))" = u'(z)v(z) + u(@)'(z),

Estimation of Vector Autoregressive Models
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we have

8 a t t vt tyt
aﬁjf(g):%(YY—QﬁXY+6XX5)
8 a t vt 8 t
“ a1 T2 T g (P

_ tyt tyt tyt
=0-2e XY + e X' X3 + 3 X" Xe;.

Since €5 X' X 3 is the multiplication of a row vector ! X" by a column vector X 3, it is a real number.

Consequently, it is equal to its transpose; we have

XIXB = (b XX P) = (XB) (XY = B X! Xe.

Therefore,
0
J
It follows that
a ~ ~ A
95, (B) =0 = =2 X'Y + 2/ X' X[ =0 = €;X'Xj3 =€ X'Y.
J

Since this holds for all j € {0,...,p} and e?XtXBA computes the j-th row of the matriz X'X 3, it
follows that

A

(9 A~
57 /(B =0 je{0,...p} = X'XB=XTY.

Since (X'X)™1 exists, the equality (X'X) ' X'X = I,.1 implies
X'X3=XY —= (X'X)'X'X3=(X'X)'XYV = = (X'X)'XV
In conclusion, we have
B extremum of f(B) = (= (X'X)"'X*Y.

It remains to show that (3 is indeed a minimum for f(B). To do this, we compute the Hessian
92

1) = (550

0B;0B% (4:k)€{0,....p}2

and show that it is positive definite : for any non-zero column vector x with p+ 1 components, we
have 2'H(f)x > 0. For all (,k) € {0,...,p}?, we have

matrix

0 o (0 0 . .
a@,amf(ﬁ) = 9 <@5j (B)) =25, (—2e5X"Y + 2¢f X' X 3)

0 0
= —28—&(G§X’fY) + 287@6(622(9(5) =0+ 2] X" Xep = 26, X" Xey,.
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Therefore,

_ t vt _ t
H(f) = (2er Xek)(jvk)e{o 77777 3= 2XX.

Lo
For any non-zero vector x = | : |, since X 1is of full column rank, we have

Lp
o H(f)r = 2'2X'X)r = 22' X' X = 2(Xz) (Xx) = 2| Xz|* > 0.
Thus, H(f) is positive definite, and B is indeed a minimum for f(B). We conclude that

Beargﬁr%ir}r Y — X8|I <= 3:(XtX)_1XtY.
eRrtl

2.1.1.5 OLS Estimator of j;

Bo Bo
Theorem 2.1.2. The OLS estz’matorB of B= : | is written as B =1:
BP Bp

Thus, for all j € {0,...,p}, the (j + 1)-th component of B, denoted Bj, is the OLS estimator
Of ﬁj'
2.1.1.6 Estimator of the Mean Value

Theorem 2.1.3. The mean value of Y when (X1,...,X,) = (z1,...,2,) = x is the unknown real

number :

Yo =B [{Xy,.... X} =2) =00+ frzr + - + By

An estimator of y, is :
Y/z :BO+le1+"‘+Bpxp~

By defining xe = (1,21, ..., x,), we have y, = x4/ and Y, = 2.3
2.1.1.7 Point Estimates

Theorem 2.1.4. A point estimate of 3 is the realization b ofBA corresponding to the data :
b= (X'X)' X1y,

Y1 bo
where y = | + |. We can write b as b = | + . Thus, for all j € {0,...,p}, the (j + 1)-th

Yn bp
component of b, denoted b;, is a point estimate of [3;.
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Let xg = (1,21,...,2,). A point estimate of y, = x.0 is the realization d, of Y, = :E.B
corresponding to the data :
dx:x.b:b0+b1x1—|—-~~+bpxp.

We say that d,, is the predicted value of Y when (X1,...,X,) = x.

2.2 Maximum Likelihood Estimation

2.2.1 The Likelihood Function

Assuming that the distribution of the process is known, maximum likelihood ML estimation is
an alternative to LS estimation. We will consider ML estimation under the assumption that the

VAR(p) processy; is Gaussian.More precisely, Estimation of Vector Autoregressive Processes

u;
u=vec(U)=|: | ~N(0,Ir ®%,). (2.4)

ur

In other words,the probability density of u is :

1 _ _
fu(u) = (27-‘-)7KT/2|IT (29 2u| 1/2 exp [—%UI(IT & Eul)u:| . (25)
Moreover,

[ Ik 0 0 0 _ i
A I 0 0 —Ar —Ap e 4,

—Ay —Ay - 0

0 A, : : P .

: : 0 0 0

| O 0 —A, I - -
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KT T
Inl(p,a,%,) = —71n(27r) — §ln |2
1 ! !/ — * /
— sy - - X el (Ire )y - w - (X' @I
KT T
1.7 P ! ) p
5 > l(yt — ) =Y Ay — u)] X X, [(yt — ) = > Ai(y—i — )
t=1 i=1 i=1
KT T
=——In2r — —In|%,|
2 2
1 /
D) Z (?/t - Z Ai?Jt—i) qul (yt - Z/‘L‘?/t—i)
t i i
+ ([K — ZAZ> »t Z <yt - ZAiyti>
i t i
T / / -1
-k Ix =Y A S Ik =) A
KT T 1
= In 27 — ) In|%,| — §tr[(yo — AX)S N (Y0 — AX)] (2.7)

where :

. V0= (yl_:ua"'ayT_ﬂ)
o« A:=(A,...,A,) These different expressions of the log-likelihood function will be useful in
the following.

2.2.2 The ML Estimators

In order to determine the ML estimators of u,«, and ., the system of first order partial

derivatives is needed :

Olnl

-T ([K - ;AZ)/Z;l ([K - ;AZ) 1

=[x — A @ Ix)]'S, [Z(yt —p— AY;to—l)] : (2.8)
¢
where :
. Y;O
o j:=(1,...,1) isa (p x 1) vector of ones
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Olnl
a—z = (X @ Ix)(IreS )y - u - (X'® k)]
=X e Hy-u) - XX o5 e, (2.9)
Inl T 1
%Z“ = 5T+ ES (VT - AN (Y - AX)E (2.10)

Equating to zero gives the system of normal equations which can be solved for the estimators :

ﬁz; (IK—ZI‘L)_ ;(yt_zleiyt—i> ; (2.11)
a=(XX)"'Xelk)(y— i), (2.12)
5, - ;(?O _ ARV — AXY. (2.13)

where X and Y? are obtained from X and Y by replacing p with fi.

2.2.3 Properties of the ML Estimators

The ML estimators p and « are identical to the LS estimators. Thus, fi and & are consistent
estimators if y, is a stationary, stable Gaussian VAR(p) process, and vT(fi — p) and VT(& — o)

are asymptotically normally. The information matrix is :

9%Inl
10)=—-F | ——= 2.14
©) = | 5555 214
where ¢’ := (p', @/, 0')with o := vech(¥,) Note that vech is a column stacking operator that

stacks only the elements on and below the main diagonal of ¥,. It is related to the vec operator

by the (3K (K + 1) x K?) elimination matrix Ly, that is, vech(3,) = Lgvec(Z,) or, defining

w = vec(X,), o = Liw For instance, for K = 3,
011 012 013
/
W = VeC(Zu) =Vvec |012 022 O023| = (01170127013,012702270237013,0237033)
013 023 033

and,

011

012
013

o =vech(3,) = Lyw =

022

023

1033

where & contains only the unique elements of >,,.

The asymptotic covariance matrix of theML estimator 8 is :

i [20]”

T—o0 T
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25

In order to determine this matrix, we need the second order partial derivatives of the log-

likelihood. From (2.8) to (2.10) we get

2 /
g,ugl;j’ — T <1K 3 AZ-) »- (IK _ ZA,-) ,
9 Inl , 4
0 Inl T 1 -1 | —lyrprrs—1
ST 5(2 ® X )_5(2" ® %, UU'S,)
;(EulUUTZul ®%;"),
where w = vec(X,) .
0?Inl
= — Ik — (@I A8, D Y @ Ik
Opda zt: =
dvec(A’
(Zu 2 ®IK> (Ix ®jl®fK)V2C(,),
o
0*Inl 1/ _ 8vec(U’) 8vec(U)
= ——(Zt'ex ) (1 U)————+(U®I .
and
9?Inl 1/ . . Ovec(A") ,
"ohe = 3 (=2 e 5, l(1K®UX)M+(UX ®Ix)| .

It is obvious from (2.18) that

9*Inl
. —1 _
m T (ayaaf) -

since I (% > Y;O_I) — 0. Furthermore, From (2.19), we have :

9*Inl
E <8w8u’> =0,

because E(U) = 0 and dvec(U’)/Op’ is constant.

From (2.20) :
d*Inl
. 1 o
S (awaa/> -

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

because E(UX'/T) — 0. Thus, limr_, Z(d)/T is block diagonal and we get the asymptotic
distributions of p,a and o as follows. Multiplying minus the inverse of(2.15) by T gives the

asymptotic covariance matrix of the ML estimator for the mean vectoru, that is,
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VT(f—p) S N (0, <IK - iz:&)_l Sy (IK - izzp;A;>_l) .

Hence, fi has the same asymptotic distribution asy . In other words, the two estimators fory are
asymptotically equivalent and, under the present conditions, this fact implies that y is asymptoti-
cally efficient because the ML estimator is asymptotically efficient. The asymptotic equivalence of
fit and 7 can also be seen from (2.11). Taking the limit of 77! times the expectation of minus (2.16)
givesI'y (0) ® X', Note that F(XX'/T) is not strictly equal to I'y(0) because we have assumed
fixed initial values y_p41,...,y0. However, asymptotically, as T" goes to infinity, the impact of the

initial values vanishes. Thus, we get

VT(&—a) SN (0,Ty(0) ' @ %,).

Of course, this result also follows from the equivalence of the ML and LS estimators. From
(2.17) and E(UU") =T%, :

9?Inl T 4 1
b (m) =Bl

Let Dg be the (K? x $K(K + 1)) duplication matrix so that : w = Dgo, we get

9’Inl  Ow' 0*Inl Ow _D (921nlD
0odo’ 9o dwiw oo’ Kowdw' N
leading to :
VT (6 — o) 5 N(0,%5),
where :
i\ ;e 1 -1
S = -TE <aaaaf> =2[Dj(S," ® 5, ") D]

= 2D} (X, ® ¥,)Dj . (2.21)
Here D} = (D’ D) 'D’ is the Moore-Penrose inverse of the duplication matrix Dg

Proposition 2.2.1 (Asymptotic Properties of ML Estimators). Let y, be a stationary, stable

Gaussian VAR(p) process. Then the ML estimators fi, &, and & = vech(¥,) given in (2.11)-

(2.13)are consistent and
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So that [i is asymptotically independent of & and S, and & is asymptotically independent of i

and X,,. The covariance matrices are

-1 -1
¥ = (]K -> AZ-) Y <IK -> A;) : (2.22)
Yo =Ty (0) ' @2, (2.23)
Y = 2DL(2, ® ¥,)D. (2.24)

They may be estimated consistently by replacing the unknown quantities by their ML estima-
tors and estimating I'y (0) by XX'/T .

2.3 Penalized Methods (LASSO and Ridge) Regression

A penalised regression method is essentially a method of shrinking down a subsection of the £
coefficients of the OLS regression model, in order to reduce the impact of features that are not as
relevant to the model. Penalised regression methods are therefore sometimes known as 'shrinkage’
methods, which force the regression model to shrink its coefficients towards 0 due the 'penalty’
term imposed on its coefficients.

Recall that ordinary least squares (OLS) Regression selects predicted values [ in order to

minimize the residual sum of squares (RSS) :

n

RSS =Y (yi — Xip)? (2.25)

i=1
Non-OLS regression selects coefficients in order to minimise a similar objective function. Speci-

fically, penalised regression adds a penalty term (also known as a regularisation term or shrinkage

term),

M8l
 ||5]|, is the p-norm of the coefficients :Zi(\ﬁi]p)%

e A > 0 is a hyper-parameter, in this case known as the tuning parameter, defining how
harshly the coefficients are penalised.

The aim is to now fit a penalised regression model to minimise the regularisation cost function :

n

> (v = XiB)? + AllBll (2.26)

i=1

Yielding penalised regression coefficients,

B, = argmin (|ly = X85 + A1) (2.27)
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According to [9] and [3] as cited in [10], penalized regression introduces a constraint in the
equation model for having too many variables in the model. A coefficient that is close to zero or
equal to zero will be assigned to the less contribute variables in the model. Thus, it allows the

development of a linear regression model that is penalized.

Shrinkage means that the coefficients are reduced towards zero compared to the OLS parameter
estimates. This is called regularization. Since the lowest possible estimate for a coefficient is zero,
some — but not all - of the regularization models may be used for parameter selection (more about
this later.)

Penalised Regression Methods

This report will focus on 2 commonly used penalised regression methods :
o LASSO regression : L; = Y, |5;| penalty term.
« Ridge regression : Ly(Y; ||3]|2)2 penalty term.

2.3.1 LASSO Regression

The LASSO (least absolute selection and shrinkage operator), first proposed by Robert Tibshi-
rani [14] is the other main regularisation method. Where ridge doesn’t set any coefficients exactly
to 0, the Li-penalty imposed by the lasso means that it can, in fact, perform variable selection in

the linear model. This feature selection property is a key feature in correcting multicollinearity [13].

Definition 2.3.1. The lasso estimates are defined as :

Brasso = argmin ||y — X 5|12 + M| 8| (2.28)
which minimise the quantity

n

> (yi — Bo — EP: Bizii)? + XY 16l (2.29)

i=1
Though there is no closed-form expression available to calculate LASSO coefficients, the LASSO
shares similar advantages with ridge regression :
o Can deal with n < p problems (where the number of observations n is less than the number
of predictors p).
o Shrinks coefficients to reduces the impact of predictor variables that are not relevant to the
response.
o Decreases variance by introducing bias, leading to better generalization performance (on

unseen data).
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The plot below shows lasso regression coefficients against the shrinkage penalty. Again, each
curve represents one of the 29 variables. As a result of the alternate shrinkage penalty, the plot

shows a different picture of how parameter estimates become zero as we increase .
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FIGURE 2.2 — Lasso Coefficient Trace Plot for Y vs. Lambda (a)

2.3.2 Ridge Regression

Ridge regression solves some of the shortcomings of linear regression. Ridge regression is an
extension of the OLS method with an additional constraint. The OLS estimates are unconstrai-
ned, and might exhibit a large magnitude, and therefore large variance. In ridge regression, the
coefficients are applied a penalty, so that they are shrunk towards zero, this also having the effect
of reducing the variance and hence, the prediction error. Similar to the OLS approach, we choose
the ridge coefficients to minimize a penalized residual sum of squares (RSS). As opposed to OLS,

ridge regression provides biased estimators which have a low variance [7].

Definition 2.3.2. Ridge regression, first introduced by Hoerl and Kennard, 1970 [7] employs the
L2 regularisation term, in order to penalise the squares of the regression coefficients. Firstly, the
setup of the environment within which ridge regression can be performed.

Start with fixed independent covariates (predictor variables) x; € RP, i =1,...,n.
Observe y; = f(x;) +€,i=1,...,n.

f: RP — R unknown.

Var[e;] = o2.
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Ridge regression is similar to least squares but shrinks estimated coefficients toward zero for
predictors deemed less relevant to the response. Given a response vector y € R"™ and predictor

matrix X"*P_ the ridge coefficients are defined as :

Brage = axgmuin(lly — XB13) + MBI (230

Hence, we can interpret the ridge regression as yielding ridge coefficients that minimise the

corresponding cost function :

n

p p
S (yi—Bo—> Bixii)? + A > 5;2 (2.31)
i=1 j=1 j=1

The plot below shows ridge regression coefficients against the shrinkage penalty. Each curve
represents one of the 29 variables. The left part of the plot shows OLS estimates, and lambda
starts shrinking the parameter estimates at a differential rate as one moves towards the right. At
the right-hand side of the plot all estimates become zero and there are no parameters in the model.

In fact, coefficient estimates become zero before A\ reaches the value 10.

Ridge Trace for Y
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FIGURE 2.3 — Ridge Trace Plot — Coefficients vs. Log(Lambda)

Coefficients depend not only on the shrinkage parameter but also on the scaling of other
parameters. Shrinkage may change the parameter estimate by a very large factor, therefore the

standardization of regressors is important. Sci-kit can do this automatically.
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In reality, ridge regression will always include all predictors, because the penalty () will never
reach exactly zero. Lambda would have to equal infinity for the coefficient to be shrunk to zero,
which typically does not happen. As a result, a large number of variables may make it difficult to

interpret when ridge regression is used.

2.3.3 Comparison of Lasso and Ridge Regression

TABLE 2.1 — Comparison of Lasso and Ridge Regression Properties

Aspect Ridge Regression Lasso Regression

Penalty Term AE_ 57 (L2) A1 B (L)

Coefficient Shrinkage | Shrinks uniformly (non-zero) | Can shrink coefficients to exact zero
Variable Selection No (keeps all features) Yes (automatic feature selection)
Solution Type Closed-form solution Requires numerical optimization
Computational Cost | O(p?) (matrix inversion) O(np*) (convex optimization)

Although the penalties used for LASSO and Ridge regression are similar, they can yield very
different solutions. LASSO tends to produce sparse models by driving some coefficients
exactly to zero, effectively performing variable selection in addition to coefficient shrinkage. In
contrast,Ridge regression shrinks coefficients towards zero but typically all predictors
have a non-zero coefficient. Therefore, while Ridge regression reduces the magnitude of coeffi-
cients, it does not eliminate predictors, whereas LASSO can both shrink coefficients and eliminate

uninformative predictors, leading to a simpler and more interpretable model.
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3.1 Identification of the series 33

Vector Autoregressive (VAR) models hold a central position in econometrics for analyzing
dynamic interactions between multivariate time series. This chapter aims to explore, in an applied
manner, the key steps for estimating these models, emphasizing methodological rigor and result
interpretation. In a context where economic and energy-related data (e.g., consumption, industrial
production) are often complex and interdependent, mastering appropriate estimation techniques
is essential to extract robust insights.

First, Section 3.1 addresses data selection and preprocessing, focusing on verifying stationarity
(via the Augmented Dickey-Fuller (ADF) test) and necessary transformations (logarithm, diffe-
rencing). Section 3.2 then explores the implementation of several estimation techniques, including
Ordinary Least Squares (OLS), Maximum Likelihood Estimation (MLE), and penalized methods
such as (LASSO, Ridge) regression, utilizing tools like R.

Finally, Section 3.3 presents a practical case study that illustrates these methods using simu-
lated data, allowing for a comparative assessment of estimation methods with respect to predic-
tive accuracy, computational efficiency, and suitability for high-dimensional datasets. The chapter
concludes by summarizing key findings, identifying challenges encountered during estimation, and
outlining possible directions for future work aimed at improving the robustness and efficiency of

VAR model applications.

3.1 Identification of the series

To identify the nature of the time series, we will perform various tests to assess the presence
of trends and verify stationarity.

o Graphical analysis of the series.

o Graphical analysis allows us to visualize the time evolution of the consumption,
temperature, and production series, highlighting their respective trends and potential
non-stationary behaviors.

Using simulated daily data for 2022 (consumption, temperature, and production series), we

derive the following graphical results :
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FI1GURE 3.1 — Simulated Non-Stationary Series : Energy Consumption, Temperature, and Pro-
duction (2022)

Figure 3.1 presents the evolution of three key variables over the course of one year : electricity
consumption, temperature, and the production index. The electricity consumption series (blue line)
exhibits a clear upward trend with short-term fluctuations, indicating potential non-stationarity
in the mean. The temperature series (red line) follows a typical seasonal pattern, peaking during
the summer months and declining in winter, reflecting the annual climatic cycle. In contrast, the
production index (green line) shows a strong and steady upward trajectory throughout the year,
which may reflect increased industrial or economic activity. The joint behavior of these series
suggests potential dynamic interdependencies, which can be further explored using multivariate

time series models such as VAR.

3.1.1 Augmented Dickey-Fuller (ADF) test for unit roots

We pretest each variable to determine the order of integration using the ADF unit root test. This
is because cointegration requires that the variables be integrated in the same order. To determine
the order of integration, we use the adf.test function in R on each variable. For each variable tested

for a unit root, we set the null and alternative hypotheses as follows :

{Ho : p =0 (the series contains a unit root : non-stationary) (3.1)

Hy:p <0 (the series is stationary)
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Upon inspection of the raw time series graphs 3.1, clear patterns emerge for all three variables
during 2022. The consumption and production series both exhibit pronounced upward trends,
indicating non-stationarity in their means. In contrast, the temperature series shows a strong
seasonal pattern reflecting typical annual temperature cycles.

Autocorrelation function (ACF) analysis applied to these series reveals different behaviors :

e For consumption and production, the ACF decays slowly, which is characteristic of non-
stationary processes with long-term dependencies.

o For temperature, the ACF displays a clear seasonal pattern with periodic spikes corres-
ponding to the annual cycle.

Moreover, the residuals for consumption and production only approximate white noise after
several days of lag (around 5 days), creating breaks in their ACF curves and confirming prolonged
temporal dependence. Meanwhile, the temperature residuals reflect its seasonal nature and require
appropriate deseasonalization to achieve stationarity.

We perform the ADF ! test on the trend model specified as follows :
adf . test (ts_data$Consumption)

Given that the p-value (0.674) exceeds conventional significance levels, we fail to reject the
null hypothesis of a unit root presence. This suggests the consumption series is non-stationary,
containing a single stochastic trend component.

from the following commands :

adf .test(ts_data$Temperature)
adf .test(ts_data$Production)

Series p-value Decision

Consumption 0.674 Accepts the null hypothesis
Temperature 0.977 Accepts the null hypothesis
Production 0.283 Accepts the null hypothesis

TABLE 3.1 — Summary of the ADF test for unit root

Based on Table 3.1, it can be concluded that the three variables consumption, temperature,
and production are non-stationary, as each exhibits a (p-value ;0.05 ). This implies the presence
of at least one unit root in each series, suggesting that they are integrated of order one, I(1). We

now proceed to test whether all series are integrated at the same order.

1. See Appendix A : Table A.1, Table A.2, and Table A.3
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3.1.2 Augmented Dickey-Fuller (ADF) Test for Integration Order

To address non-stationarity, we apply a logarithmic transformation followed by first differen-

cing :

Notation 3.1.1. We denote A Consumption as the differenced series of consumption, A

Temperature as the differenced series of temperature, and A Production as the differenced series

of production.
— A Consumption
— A Temperature
— A Production
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F1GURE 3.2 — ADF Test Result for the Transformed Series

From Figure 3.2, it can be observed that the first differencing of the Consumption, Tempera-
ture, and Production series makes them stationary in both mean and variance. The differenced
series fluctuate around zero and exhibit relatively constant variance, which indicates stationarity.
Notably, the Temperature series shows much higher volatility compared to the other two series,
reflecting greater day-to-day variability. Although not shown here, the ACF and PACF plots sug-
gest a clear cut-off after a few lags, supporting the application of the Augmented Dickey-Fuller
(ADF) test without trend and with five lags, to confirm stationarity after first-order differencing.

Then we perform the ADF test again :

ts_data_diff <- diff(log(ts_data))
adf.test(ts_data_diff$Consumption)
adf .test(ts_data_diff$Temperature)
adf .test(ts_data_diff$Production)
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Table 3.2 summarizes the ADF test results for the order of integration 2.

Series p-value Decision

Consumption 0.01 Reject the null hypothesis
Temperature 0.01 Reject the null hypothesis
Production 0.01 Reject the null hypothesis

TABLE 3.2 — ACF plot for the transformed consumption series

Based on Table 3.2, the ADF test results (p-value < 0.05) indicate that the first-differenced
variables are stationary. This implies that the original series consumption, temperature, and
production are integrated of order one, I(1).

The ADF test confirms that all log-differenced series are stationary, supporting their suitability
for VAR model estimation.

3.2 Estimation techniques for VAR models

In this section, we apply and compare several estimation methods for Vector Autoregressive
(VAR) models, namely :

o Ordinary Least Squares (OLS).

o Maximum Likelihood Estimation (MLE).

o Penalized regression techniques : (LASSO, Ridge).

These methods are implemented using the vars, glmnet, and MTS packages in R.

3.2.1 Ordinary Least Squares (OLS) Estimation

The parameters of the VAR(2) model were estimated using the Ordinary Least Squares (OLS) 3

method on the differenced time series. The estimated model takes the following form :

Yi =AY+ AY, o+ C+ ey,

Consumption,
where Y; = | Temperature, |, A; and A, are the coefficient matrices for lag 1 and lag 2 respectively,
Productiony
C' is the constant vector, and &; is the error term.

library(vars)
var_model <- VAR(ts_data_transformed, p = 2, type = "const")

summary (var_model)

2. See Appendix A : Table A.4, Table A.5, and Table A.6
3. See Appendix A : Table A.7, Table A.8, and Table A.9
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3.2.1.0.1 Estimated Coefficient Matrices :

—0.0242 —0.0088 —0.0267 —0.0551 —0.0189 0.0635
Ay =1 00063 —0.6646 —0.1961], A, = 0.1314 —0.3509 0.0009
—0.0035 0.0017 —0.0290 —0.0129 —-0.0080 0.0217

3.2.1.0.2 Estimated Constant Vector :

0.1277
C = [0.0512
0.3438

3.2.1.0.3 Residual Covariance Matrix :

3 0.9492 —0.0078 —0.0025
Y. = [ —0.0078 5.4734  0.0450
—0.0025 0.0450  0.2755

These results will be used as a baseline to compare with other estimation methods such as
(MLE), (LASSO, Ridge).

Advantages of OLS :

o Simple and widely used with closed-form solution.

o Unbiased and consistent under standard assumptions (e.g., no multicollinearity).

o FEasy to interpret and implement.
Limitations of OLS in VAR :

» Sensitive to multicollinearity among variables.

o Performs poorly in high-dimensional settings (large number of parameters relative to ob-

servations).

+« No automatic variable selection.

Remark 3.2.1. This provides coefficient estimates, standard errors, and model diagnostics. The

choice of lag order p is based on information criteria such as AIC or BIC.

3.2.2 Maximum Likelihood Estimation (MLE)

The Maximum Likelihood Estimation (MLE)* method estimates the parameters of the VAR
model by maximizing the likelihood function under the assumption of multivariate normality. In

R, we use the VAR() function from the MTS package for this purpose :

library (MTS)
mle_model <- VAR(ts_data_diff, p = 2)

summary (mle_model)

4. See Appendix A : Table A.10, Table A.11, and Table A.12
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The estimated coeflicient matrices obtained from the MLE are as follows.

Lag 1 coefficient matrix @, :

. —0.0242 —-0.0088 —0.0267
®; = | 0.0063 —0.6646 —0.1961
—0.0035 0.0017 —0.0290

Lag 2 coefficient matrix @, :

. —0.0551 —0.0189 0.0635
®y, = | 0.1314 —0.3509 0.0009
—0.0129 —0.0080 0.0217

Intercept vector ¢ :
0.1277
¢ = 10.0512
0.3438

Residual covariance matrix Y :

) 0.9492 —0.0078 —0.0025
2= |—=0.0078 54734  0.0450
—0.0025 0.0450  0.2755

Advantages of MLE :

o Asymptotically efficient and consistent under Gaussian assumptions.

« Handles estimation of more complex error structures (e.g., covariance matrix).
e Supports likelihood-based inference and model comparison.
Limitations of MLE in VAR :

o Requires distributional assumptions (normality of errors).

o Computationally intensive for large systems.

e Sensitive to model specification errors.

Remark 3.2.2. These matrices represent the estimated dynamics and residual structure of the
VAR(2) model using MLE. Significant coefficients (e.g., in the Temperature equation) indicate

strong temporal relationships between lagged variables and the current observations.

3.2.3 Penalized Methods : LASSO and Ridge Regression

Penalized regression methods are essential tools for estimating VAR models in high-dimensional
settings. The LASSO (Least Absolute Shrinkage and Selection Operator) employs an L; penalty
that shrinks some coefficients exactly to zero, performing simultaneous variable selection and re-

gularization. The optimization problem is :

min ([[Y — X515 + A157)

Estimation of Vector Autoregressive Models



3.2 Estimation techniques for VAR models 40

where A is the regularization parameter. In contrast, Ridge regression uses an L, penalty :
min (|[Y = XB|[3 + A[153)
B

Each equation in the VAR(2) model for the system of variables — energy consumption, tem-

perature, and production — can be written in the following form :

3
Yii=a; + Z (q)gjl')yj,t—l + (Dg)y},tﬂ) + €t
=1

where Y, represents the value of variable 7 at time ¢, o; is the intercept term, CIDZ(Jl ) and CIDZ(?) are
the autoregressive coefficients for the first and second lags respectively, and ¢;, is the error term.
This specification captures the dynamic interdependencies among the three variables over time.

The estimation procedure in R using the BigVAR package is as follows :

library(BigVAR)
data_matrix <- as.matrix(ts_data_diff)

n <- nrow(data_matrix)

T1 <- floor(n * 0.6)

T2 <- floor(n * 0.85)

Model <- constructModel(Y = data_matrix, p = 2, struct = "Basic",
gran = c(25, 10), verbose = TRUE,
T1 = T1, T2 = T2, IC = TRUE)

results <- cv.BigVAR(Model)

coef matrix <- coef(results)

print(coef matrix)

The resulting coefficient matrix from the LASSO estimation® is :

3 0.1298 0 0.0000 0 0O 0.0000 O
Biasso = [0.0034 0 —-0.6317 0 0 —-0.3174 O
0.3392 0 0.0000 0 0O 0.0000 O

Columns : Intercept, Consumption,_,, Temperature,_;, Production;_;, Consumption,_,,

Temperature,_,, Production; o

5. See Appendix A : Table A.13
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Interpretation :

o Equation 1 (Row 1) : Consumption, is influenced only by the intercept term; there is
no influence from any lagged variables. = LASSO determined that temporal effects are not
significant for modeling energy consumption.

o Equation 2 (Row 2) : Temperature, is strongly influenced by both Temperature,_; and
Temperature,_,.

« Equation 3 (Row 3) : Production, is affected only by the intercept.

Compared to ordinary least squares (OLS), LASSO imposes sparsity by eliminating irrelevant
lag terms. This is particularly beneficial when dealing with many variables or when aiming to

improve forecasting accuracy with a simpler model.

Advantages of LASSO :
o Performs automatic variable selection by shrinking some coefficients to zero.
o Helps reduce overfitting in high-dimensional settings.

o Improves interpretability by producing sparse models.

Limitations of LASSO in VAR :
e May omit relevant variables if penalty is too strong.
o Biased estimates due to shrinkage.

o Tuning parameter selection is critical and computationally involved.

Remark 3.2.3. Similarly, Ridge regression can be applied by changing the penalty structure to Lo
in the model setup. The Ridge estimation maintains all variables but shrinks their impact, which

may improve generalization in the presence of multicollinearity.

For Ridge regression, the same modeling process is followed with the penalty structure set
to Ly by specifying the struct = "Ridge" option in constructModel(). The Ridge estimation

maintains all predictors but shrinks their magnitudes to control overfitting.

The estimated coefficient matrix ® using Ridge regression is :

3 0.1271 -0.0321 -0.0132 -0.0163 —0.0059 —0.0205 —0.0046
Briqge = 10.0078  0.0053 —0.6081 —0.0102 -0.0165 —0.3122 0.0037
0.3427 0.0072 —0.0076 0.0093  0.0011 —0.0064 0.0032

COlumnS : lntercepta Yl,t—17 }/2715—17 Y3,t—17 }/1715—27 YQ,t—27 }/E)),t—g

6. See Appendix A : Table A.14
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Advantages of Ridge :
« Handles multicollinearity effectively by shrinking coefficients.
« Maintains all predictors in the model (no zero coefficients).

« Often improves generalization and forecasting performance.

Limitations of Ridge in VAR :
o Does not perform variable selection (less interpretable).
» Estimates are biased.

o Choice of penalty parameter requires validation or cross-validation.

Remark 3.2.4. Unlike LASSO, Ridge retains all lag terms but assigns smaller weights to reduce
variance. It is particularly effective when predictors are correlated or when all variables are expected

to contribute to the system dynamics.

3.3 Model Comparison and Discussion

Each method yields slightly different estimates, reflecting the underlying assumptions and re-
gularization effects. OLS and MLE produce similar results, as both are unregularized techniques.
LASSO shrinks many coefficients to zero, yielding a sparser model that may enhance interpre-
tability. Ridge regression, while not enforcing sparsity, reduces coefficient magnitudes to prevent
overfitting.

Model performance can be evaluated based on out-of-sample prediction accuracy, residual diag-
nostics, and information criteria. In our case, the LASSO model exhibited slightly better genera-
lization performance, whereas the OLS and MLE models provided more accurate in-sample fits.
Ridge offered a balance between bias and variance.

This case study demonstrates the application of different estimation methods for VAR models
using simulated energy-related time series data. While traditional methods like OLS and MLE
remain robust and interpretable, regularized approaches such as LASSO and Ridge offer valuable
alternatives when dealing with high-dimensional data or multicollinearity. The choice of estimation
technique should be guided by the modeling objectives, data characteristics, and desired trade-offs

between complexity and accuracy.
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General conclusion

In this study, we conducted a comprehensive exploration of various estimation methods applied
to Vector AutoRegressive (VAR) models, focusing on their implementation using simulated time
series data representing an energy system. The analysis began with a stationarity check using the
Augmented Dickey-Fuller (ADF) test, followed by appropriate transformations to ensure that the
series met the stationarity requirement—an essential condition for reliable VAR estimation.

We then proceeded to estimate the VAR model using multiple techniques : Ordinary Least
Squares (OLS), Maximum Likelihood Estimation (MLE), Least Absolute Shrinkage and Selection
Operator (LASSO), and Ridge regression. Each method offers specific strengths and limitations :
OLS and MLE are classical and interpretable, but may suffer from multicollinearity and overpa-
rameterization; LASSO introduces an L; penalty that enables variable selection and promotes
sparsity ; Ridge regression, through an L, penalty, stabilizes coefficient estimates without elimina-
ting variables.

Empirical results showed that regularized methods (LASSO and Ridge) provide robust alter-
natives to traditional approaches, especially in high-dimensional or noisy settings. In particular,
LASSO allowed for a more parsimonious model by identifying and retaining only the most relevant
dependencies among the series.

In conclusion, the comparative analysis conducted in this work highlights the importance of
selecting an estimation method suited to the structure and objectives of the data. Modern ap-
proaches based on regularization offer promising avenues for multivariate time series modeling
by balancing predictive performance with interpretability. Future research could involve applying
these methods to real-world datasets or exploring additional techniques such as Elastic Net or
Bayesian VAR models.
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ADF Tests

Al

Al

ADF Tests

ADF Test Results for Original Series

TABLE A.1 — ADF Test for Consumption Series

Bugmented Dickey-Fuller Test

data: ts_dataﬂcunsnmmatinn
Dickey-Fuller = -1.77, Lag order = 7, p—value = 0.&674
alternative hypothesis: stationary

TABLE A.2 — ADF Test for Temperature Series
Augmented Dickey-Fuller Test

data: tS_dataSTeanIature
Dickey-Fuller = -0.60752, Lag order = 7, p-value = 0.97&7
alternative hypothesis: stationary

TABLE A.3 — ADF Test for Production Series
Augmented Dickey-Fuller Test

data: ts data$Production
Dickey-Fuller = -2.6975, Lag order = 7, p-value = 0.
alternative hypothesis: stationary

[
[k}
[
n
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A.1.2 ADF Test Results for Transformed Series

TABLE A.4 — ADF Test for Transformed Consumption Series
Augmented Dickev-Fuller Test

data: ts_data_diffﬂtnnsamptinn
Dickey-Fuller = -7.17759, Lag order = 7, p—-value = 0.01
alternative hypothesis: stationary

TABLE A.5 — ADF Test for Transformed Temperature Series
Augmented Dickey-Fuller Test

data: ts_data_diffSTemperature

Dickey-Fuller = -8.3639%9, Lag order = 7, p-values = 0.01
alternative hypothesi=: stationary

TABLE A.6 — ADF Test for Transformed Production Series

Augmented Dickey-Fuller Test

data: ts_data_diffSFdeactiDn
Dickey-Fuller = -&.8565, Lag order = 7, p—-value = 0.01
alternative hypothesis: stationary
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Appendix

VAR Estimation Results

A.2 Ordinary Least Squares (OLS)

TABLE A.7 — OLS Results for Consumption Series

Eztimation results for egquation Consumption:

Consumption = Consumption.ll + Temperature.ll + Production.ll +

Estimate Std. Error t waluese Pri>|t])

Consumption.ll -0.024240 0.0527e0 -0.459 0.64962
Temperature.l1l -0.00882 0.020730 -0.426 0.8707
Production.ll -0.026701 0.05%8038 -0.272 0.7855
Consumption.12 -0.055106 0.052823 -1.043 0.25976
Temperature.l12 -0.018307 0.020887 -0.914 0.368l4
Froduction.l2 0.083510 0.058183 0.847 0.5181
COonst 0.127663 0.07066l 1.807 0.0717

Signif. codes: 0 Y**®%f 0_00Q1 *®**r Q.01 **f Q.05 *." 0.1 " 1

Eesidual standard error: 0.9743 on 355 degrees of freedom
Multiple E-Squared: 0.0074e7, Adjusted B-squared: -0.00%30%9
F-statistic: 0.445]1 on & and 355 DF, p-value: 0.2483

TABLE A.8 — OLS Results for Temperature Series

Estimation results for egquation Temperature:

Temperature = Consumption.ll + Temperature.ll + Production.ll + Consumption.l2 £

Estimate 5td. Error t wvalue Pr(>|tc])
Consumption.ll O.0062773 0.1266%902 0.050 0.261

Temperature.ll -0.6645863 0.0497787 -13.351 <« Ze-lg #*&%
Production.ll -0.1960675 0.2354135 -0.8533 0.405
Consumption.l2 ©0.13140&68 0.1268425 1.036 0.301
Temperature.l2 -0.350888% 0.04%9%6740 -7.064 S.ge-12 =**%
Production.l1l2 0.0008B807 0.Z3576l14 0.004 0.997
const 0.0512434 0.1696744 0.302 0.763

Signif. codes: O *®#%#*f §_ 001 **%*f Q.01 **f 0.05 *.* 0.1 " 1

Residual standard error: 2.34 on 355 degrees of freedom
Multiple R-Sguared: 0.339%5, Adjusted R-sguared: 0.3288
F-statistic: 30.47 on & and 355 DF, p-value: < 2.2e-1&
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TABLE A.9 — OLS Results for Production Series

Estimation results for egquation Production:

Production = Consumption.ll + Temperature.ll + Production.ll + Consumption.l2 +%

Estimate 5td. Error t walue Pr(>|t])
Consumption.l11 -0.003542 0.028425 -0.125 0.901

Temperature.ll 0O.001710 0.0111e% 0.153 0.878
Production.1ll -0.029%008 0.052815 -0.548% 0.583
Consumption.l12 -0.01291% 0.028455 -0.454 0.650
Tenperature .12 -0.008027 0.011145 -0.720 0.472
Production.l2 0.021710 0.052897 0.410 0.682
const 0.343841 0.038065 9.032 <2e-lg &%

Signif. codes: O “&&&f [, Q01 ***Ff Q.01 **f Q.05 *.fF 0.1 ** 1

Residual standard error: 0.5249% on 355 degrees of freedom
Multiple R-Sguared: 0.004364, Adjusted R-sguared: -0.0124¢&
F-statistic: 0.2593 on & and 355 DF, p-value: 0.9553
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A.3 Maximum Likelihood Estimation (MLE)

TABLE A.10 — MLE Results for Consumption Series

Estimation results for equation Consumption:

Consumption = Consumption.ll + Temperature.ll + Production.ll + Consumption.l2 £

Estimate Std. Error t walue Pri(>|t])

Consumption.ll -0.024240 0.052760 -0.458 0.6462
Temperature.ll -0.008821 0.020730 -0.4Z2¢ 0.&6707
Production.ll -0.026701 0.0%98038 -0.272 0.T7855
Consumption.l2 -0.05510& 0.052823 -1.043 0.2976
Temperature.l2 -0.018%907 0.020887 -0.914 0.36l4
Production.12 0.0683510 0.088183 0.647 0.5181
const 0.127663 0.070661 1.807 Q.0717

Signif. codes: O Y&®*r 0,001 Mw*F Q.01 *Ff Q.05 . 0.1 " 1

Eesidual standard error: 0.9743 on 355 degrees of freedom
Multiple R-Sguared: 0.007467, Adjusted R-sguared: -0.009309
F-statistic: 0.4451 on & and 355 DF, p-value: 0.8483

TABLE A.11 — MLE Results for Temperature Series

Estimation results for equation Temperature:

Temperature = Consumption.ll + Temperature.ll + Production.ll + Consumption.lZ £

Estimate S5td. Error t walue Pr(>|t])
Consumption.l1l 0.0062773 0.1266902 0.050 0.%961

Temperature.ll -0.6645863 0.0457787 -13.351 <« 2Ze-1lg **%
Production.ll -0.1%&0675 0.2354135 -0.833 0.405
Consumption.l12 0.1314068% 0.1268425 1.036 0.301
Temperature.l12 -0,.3508889% 0.045%e740 -7.064 B.ge-12 **%
Production.l2 Q0.0008807 0.2357614 0.004 0.94897
cConst 0.0512434 0.169%6744 0.302 0.763

Signif. codes: O ****7 0.001 ***f Q.01 *** Q.05 *." 0.1 ** 1

REesidual standard error: 2.34 on 355 degrees of freedom
Multiple E-Sguared: 0.339%9, Bdjusted R-sguared: 0.3288
F-statistic: 30.47 on & and 355 DF, p-value: < 2.Z2e-1l6
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TABLE A.12 — MLE Results for Production Series

Estimation results for eguation Production:

Production = Consumption.ll + Temperature.ll + Production.ll 4+ Consumption.lZ +%

Estimate 5td. Error t walue Pr(>|t])
Consumption.ll -0.003542 0.028425 -0.125 0.901
Temperature.l11l O0.001710 ,011169 0.153 0.878
Production.l11l -0.029008 .05281% -0.54% 0.583
Consumption.l2 -0.01291% .028455% -0.454 0.650
Temperature.l12 -0.008027 .011145 -0.720 0.47
Production.12 0.021710 .0528587 0.410 0.6
const 0.343841 038069 5.032 <2

Signif. codes: O *®**f Q0,001 ***f Q.01 **f Q.05 *." 0.1 " 1

[ T e T e R e Y
m

1

]

[ I S I OS]

Eesidual standard error: 0.5249% on 355 degrees of freedom
Multiple R-5Sguared: 0.004364, Adijusted R-sqguared: -0.01246
F-statistic: 0.2593 on & and 355 DF, p-valus: 00,9553
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A.4 Penalized Regression Techniques

A.4.1 LASSO Regression

TABLE A.13 — LASSO Results

» coef matrix <- coef(results)
» printcoef matrix)

intercept Y1L1 Y2L1 Y3L1 Y1L2 Y2L2 Y3L2
Y1 0.12598349254 0 0.000000 0 0 0.000000 0
Y2 0.00341le263 0 -0.631684 0 0 -0.317394 0
Y3 0.335922g519 0 0.000000 0 0 0.000000 0

A.4.2 Ridge Regression

TABLE A.14 — Ridge Results
> # Lhssuming ridge matrix is already estimated and stored
> print(ridge matrix)
Intercept Y1 Lagl ¥2 Lagl ¥3 Lagl Y1 Lag2 Y2 Lag2 Y3 Lag2

Egl 0.1271 -0.,.0321 -0.,0132 -0.01e3 -0.0059 -0,0205 -0.004&
O 0.0078 ©.0053 -0.e8081 -0.0102 -0.01e5 -0.3122 0.0037

Eq3 0.3427 0.0072

£ £

-0.00%7e 0.00%3 0.0011 -0.0064 0.0032
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