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Résumé

Dans ce mémoire, on considére un systéme thermoélastique linéaire
unidimensionnel de type Bresse avec un retard. Nous démontrons que le probléme
est bien posé, en utilisant la théorie de semi-groupe pour établir ’existence
et I'unicité de la solution ainsi la stabilité par la méthode de Lyapunov pour
deux cas : stabilité exponentielle et polynomiale.

Mots clés :
Systéme de Bresse, thermoélasticité, stabilité exponentielle, fonctionnelle de

Lyapunov .

Abstract

In this memory, we consider a one-dimensional linear thermo-elastic system
of Bresse type with past history and delay term. We prove the well-posedness
of problem using the semigroup method. By using the energy method, we
discuss stability of the system for two cases. An exponential stability result is
obtained in the case where the propagation velocities are equal in equation of
vertical displacement and the equation of system rotation angle. Furthermore,
a result of algebraic stability is obtained in the case of the different propagation
velocities, where the initial data F5(0) is involved in the decay rate for the
case.

Keywords:

Bresse system, thermo-elastic, exponential stability, Lyapunov functional .
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Introduction

The stabilization of one-dimensional coupled systems has attracted the interest of many authors in
recent years. C. A. Raposo et al. [20], and M. Aassila [1] studied the stabilization of Timoshenko’s
system and the stabilization results for the Timoshenko system by a single control force acting on
the equation of the shear angle were considered. F. Alabau in [4] showed an explicit decay rate of
the associate energy for the solutions of the Timoshenko system at infinity in the case of the same
speed of propagation in the two equations of the system, and the author obtained an estimate of
the polynomial energy decay in the case of the different propagation speed for linear and non-linear
Lipschitzian feedbacks. In [20], F. Ammar-Khodja; A. Benabdallah; J. Muoz Rivera; R. Racke, dealt
with the exponential and polynomial stabilization of Timoshenko’s linear system under the effect of
a memory term. Also, an optimality results were obtained.
According to Bresse system, in their study on flexible beam, Lagnese et al. [I5] derive a general model
of three-dimensional nonlinear elastic beams. A special case of this model is a linear model coupling
three wave equations. It describes the movement of a planar elastic beam under the effect of small
deformations. It is the system of Bresse which is, without feedbacks, given fort > 0,0 < x < L, L > 0,
by

p1oiw = GhQ, + IERN,

p2y = EIM, — GhQ), (1)

prwy = EhN, — IGhQ).

where

The functions ¢, and w denote, respectively, the transverse displacement of the beam, the angle
of rotation of a filament of the beam and the longitudinal displacement of the beam.

Here py1, po, 1, G, E, h designate a positive constants characterize physical properties of beam.
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The propagation velocities in the first equation and second equation are, respectively, given by
v1 = Gh/p1, va = El/ps. In recent years, with a wide application in elastic systems, ranging from
measurement and damping of vibrations in large flexible structures for the control of the dissipative
Bresse system, it has become increasingly important to study the stability of an elastic system with
different damping mechanism. (See [6], [I4], [15], [2], [9], [21] ) .

In [27], Alves et al. considered the Bresse system in

P — K (z +lw + ), — kol (wy — o) = =719,
p2wtt - wax + k (9036 + lw + w) = _’721/%7 (2)
prwy — ko (we — 1), + 1k (2 + 1w +1) = 0.

with two frictional dissipations an exponential stability of system has been proved under conditions
of equal speeds of wave propagation. Other hand, they showed the lack of the exponential stability.
Then, they proved that the solution decays polynomially to zero with optimal decay rate, depending
on the regularity of initial data. Concerning thermo-elastic Bresse system describing the motion of

a linear planar, shearable thermo-elastic beam, [25] considered

;

prow — k(0o +lw +9), — kol (we — L) + 1961 = 0,

potu — bibuy + k (0 + lw + 1) + 70, =0,

prwe — ko (we — 1), + Kkl (0 +lw + ) + 01, =0, (3)
P30t — Oz + Yth1a = 0,

p301e — Oz + ¥(Wee — lpr) = 0

\

They showed that, when the wave speed of the vertical displacement coincides with the wave speed
of longitudinal displacement, the exponentially decay rate is preserved. Thence, the author proved
that an algebraic type decay rate can be only obtained. In [19], the authors considered two Cauchy
problems related to the Bresse model with two dissipative mechanisms corresponding to the heat

conduction coupled to the system. The first of them is the Bresse system with thermo-elasticity of

type I

p1pu — k(e — ¥ — lw)y — kol(w, — lp) + 170, =0 in R x (0, 00),

P2 — bbyy — k(e — ¢ — lw) + 70, = 0 in R x (0,00),

prwy — ko(we — 1p)e — kl(pr — ¥ — lw) + 01, = 0 in R x (0,00), (4)
010 — k10120 + my(we — lp)y =0 in R x (0, 00),

0ot — kobsory + mathyy = 0 in R x (0, 00).
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With the initial data

((;0790ta¢>wtawawta01792)(xa 0) = (900,S01,%,wl,wo,wl,@lo,gzo)(iﬁ)-

The second one, is the Bresse system with thermo-elasticity of Type 111

p

prow — k(pz — ¢ — lw)y — kol(we —lp) + 190 =0 in R x (0, 00),

P2 — bz — k(pe — 1t — lw) + 902, =0 in R x (0, 00),

S prwi — ko(we — 1)y — kl(pp — 0 — lw) + Y01 = 0 in R x (0, 00), (5)
0100 — k10100 — 101000 + ma(we — lp); =0 in R x (0,00),

02tt - k292xa: - a292xxt + m2¢xt =0 in R x (07 OO)

\

With the initial data

(@, 1, 0, Yy, w,we, 01, 02,014, 02,) (x,0) = (o, @1, %0, Y1, wo, w1, B10, 020, 011, 021) (),

where ay, as, p1, p2,7, 0, k, ko, k1, ks, 1 my and msy are positive constants. The authors proved that
the decay rate of the solutions are very slow in the whole line, where they show that the solutions
decay with the rate of (1+¢)~'/% in the L?norm, whenever the initial data belongs to L'(R) N H*(R)
for a suitable s.

Here, we review recent works related to the decay rates of the thermoelastic Bresse system under
effect of second sound and/or with past history and/or delay term. For stabilization of Timoshenko
systems in thermoelasticity with Second sound and delay, Apalara and Messaoudi [5] considered the

following one-dimensional problem

( prow — k (0p + ), + ppy (2,6 — 1) =0, z e (0,1), t>0,
pothyy — byy + k (. + 1) + 00, =0, z e (0,1), t>0, (6)
P+ qu + 0 =0, x€(0,1), t>0,

\th+6q+9x:0, z € (0,1), t>0.

where the heat flux is given by Cattaneo’s law. Under a smallness condition on the delay and a
stability number, the authors proved an exponential decay results. Thermoelastic-Bresse system
with second sound is proposed in [I3] and the well-posedness of the system was studied. Keddi et al.
proved that the system is exponentially stable under conditions on the parameters of the system and

in other cases, there is a stability in the form of polynomial. In the case of the both effects of second
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sound and delay, we mention the results obtained in [I7], where a one-dimensional thermoelastic-
Bresse system with a delay term was considered and by semigroup method, the well posedness was
proved. The authors also showed, by the multiplier method, that the dissipation is strong enough to
exponentially stabilize the system in the presence of a delay. (See [7], [28]).

Because of their complexity, there are only a few papers devoted to the study of thermoelastic Bresse
system by the effect of this kind of dissipation under the case 7 # 0 given in . It is very im-
portant from the application point of view, where waves are not necessarily of equal speeds. The
stability result in this case will be shown in which is new and very original. As far we know,
there not exist researchers reported this case, especially in thermo-elastic Bresse system.

The memory consists of three chapters as follows .

Chapterl. This chapter, summarizes some concepts, definitions and results which are mostly rel-
evant to the undergraduate curriculum and are thus assumed as basically known, or have specific
roots in rather distant areas and have rather auxiliary character with respect to the purpose of this
memory.

Chapter2. In this chapter, we study the well-posedness of the problem .

In the last chapter, we use the method of multipliers to demonstrate the exponential and polyno-
mial stability of the system, the principle of this method is to construct a new functional, called the

Lyapunov functional, equivalent to classic energy.



Chapter 1

Preliminaries

The main objective of this chapter is to present without proof brief discussion of some concepts
and properties related to our problems.Reader should consult [3], [I1] and [I§] for proofs and more

details.

Definition 1.1. Let Q2 be a domain in R™ and let m be a non-negative integer. We define by C™(2)
the linear space of continuous functions on ) whose partial derivatives D*u, |a| < m, exist and

continuous, where

oy (x)
D* = 1.1
“") = Pram . Dugr (L)
a=(ap,...... ay,) is called a multi-index of dimension n and

la| = Zai. (1.2)

Definition 1.2. The support of a continuous function f defined on R™ is the closure of the set of

point where f(x) is nonzero

supp f = {z € R": f(x) # 0}.

The closed and bounded sets in R™ are precisely the compact sets, so if sup f is bounded, we say f
has a compact support and denote the set of such functions by Cy (R™). Similarly, Co(Q2) denotes
the set of continuous functions on ) whose supports are compact subsets of 2. In addition, C§°(S2)
denotes the class of the functions u in 2 such that

a) u is infinity differentiable, which means that D®u is uniformly continuous in Q, for any «

b) u is compactly supported : supp u is a compact subset of €.
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Corollary 1.1. C™(Q) is a Banach space with respect to the norm
|lul|em(@) ;= max sup |[D%u(x)].
lo]<m zeQ

Remark 1.1. If m = 0, we denote C°(Q) = C(Q) .

1.1 Lebesgue space

(1.3)

Definition 1.3. Let 2 be a domain in R™; for 1 < p < oo, LP denote the measurable real-valued

functions u on € for which

/Q\u(x)]pdx < 00.

In addition L*> (Q2) denotes the measurable real valued functions that are essentially bounded (bounded

except on a set of measure zero).

Forw € LP(QY) , we define the norms

lull, = (/ |u<x>|pdx)p, for1 < p < oo,
Q

||u]|oo = ess sup|lu(x)| = inf{M : p{z : u(x) > M} = 0}.

lemma 1.1. If1 < p < oo,and a,b > 0, then

(a+b)P < 2771 (a? 4 bP).

1.1.1 Holder’s inequality

Theorem 1.1. Let 1 < p < oo, and let q denote the conjugate exponent defined by

1 1
q:L, that is — + — =1,
p—1 P q

which also satisfies 1 < q < oo. If u € LP(Q) and v € L), then uwv € L*(Q) and

/ u(@)o(@)|dz < (o]l

(1.4)

(1.5)

(1.6)
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Equality holds if and only if , for some constants o and (3, not both zero,
alu(z)P = Blu(x)|? a.e in ).

Corollary 1.2. By taking p=q=2, we obtain the Cauchy-Schwarz inequality
/IU(w)v(x)ldl‘ < [lull2llv]2. (1.7)
Q

1.1.2 Young’s inequality

Theorem 1.2. let 1 <p,q< o0, =+ % =1 and a,b > 0. Then for anyn > 0,

1
p
ab < na? + C, b, (1.8)

where C,, = ﬁ
q\np

for p=q=2 , the inequality takes the form

b2
ab < na* + P (1.9)

Theorem 1.3. LP(2) equipped with the norm (2.3) is a Banach space if 1< p < oo.

Corollary 1.3. L*(Q) is a Hilbert space with respect to the inner product

The aassociated norm is then

1.1.3 Density Theorem

Theorem 1.4. If fe LP(Q2), 1 < p < o0, then there exists a sequence (f,) C C5°(2) which converges
to f with respect to the norme ||.||,.

This implies that C3° () is dence in LP(Q2)
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1.2 Sobolev space

Definition 1.4. (weake derivative)

If u,v € LP(QY) , v is called a weak derivative of order av of u, If

/u(:v)Do‘gb(x)dx = (=1)l /U(z)gb(x)dx,‘v’qb e C5°(92). (1.10)

Q Q
for the definition of a and D*¢(x), we refer to (1.1])

Definition 1.5. (Sobolev spaces)
Let Q be an open set of R™, then the Sobolov space WFP(Q), 1 < p < oo , k € N*(positive integer
number), is the set of all function ue LP(Q)such that the weak derivatives D*u of order «, |a] <k ,

exist and lie in LP(Q) That is
Wk?(Q) .= {u € LP(Q)|Du € LP(Q), |a] < k}.

WkP(Q) is equipped with the following norm :

1
P
[l = ( 2. ||DO‘UII§> ,  1<p<oo,

o<k

(1.11)

[elk,00 = max || D¥ul[ oo
o<k

Remark 1.2. If u € C™(R2), then all weak derivatives are classical.
Theorem 1.5. W*P(Q) is a Banach space with respect to the norm (m

Remark 1.3. If p = 2, we denote W*2(Q) by H*(Q) and it is a Hilbert space with respect to the

mmner product

(u,v)p = / Z D%u(z) D% (x)dx, Vu,v € H*(Q). (1.12)

ol <k
Definition 1.6. (Sobolev spaces of order one in R™ )

Let Q be an open domain of R™ and 1 < p < oo. Then

96 _

WP(Q) = ue LP(Q) | Fv; € Lp(Q),/ua
T

Q

—/vigb,i:1,2,...,n,V¢€C’é’°(Q) . (1.13)
Q
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1s called the Sobole space of order one and it is equipped with the norm

[l p = llully

lullp = <|IUH£

Remark 1.4. Wh2(Q) = H'(Q) is a Hilbert space with respect to the inner product

ou 81}
(u, /uvd:c—l—Z/ax 5

Q

axz

p

or equivalently with

w ||P P
) , 1 <p<oo.
P

Definition 1.7. (The space WP (£2))
Let Q be a domain of R™ and 1 < p < oo, we define the space W, () to be the closure of C}(Q)
with respect to the norm of WhT'(Q).

Theorem 1.6. If u € WyP(Q) N C(Q), then u(x) = 0 for every x € 9.

1.2.1 Poincaré inequality
Theorem 1.7. Assume that € is bounded in one direction and 1 < p < oo. Then there is a positive
constant C = C(2, p) such that

lull, < Gl Vull,, — Vue Wy(Q).

Definition 1.8. Let V and W be two Banach spaces. We say that V' is continuously embedded in

W and we write V-— W, if we have, for some C > 0,

[ollw < Cllolly,  VoeV.

1.2.2 An embedding theorem for L? spaces

Theorem 1.8. Suppose that

vol(Q2) = /dx < 00,

Q
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and 1 <p <q<oo. Ifue LiQ), then u € LP(R2), and
[ullp < (vol(€2))» ™ 4lull

hence

LUQ) < LP().

1.2.3 Sobolev embedding theorems

Theorem 1.9. Let 2 C R™ be a Lipschitz domain, m > 1 and 1 < p < oo. Then, the following

mappings represent continuous embeddings

. 1 1
Wm(Q) < IV(Q), —=——— ifm<=,
p p n p
Wme(Q) < LI(9), 1§q<m,#m:§,
m 0,m—2 /A P n
Wme(Q) < COMH(Q),  if S <m< S 41,
p p
W™P(Q) — C*(Q), 0<a<l, if m= % +1,
Wme(Q) < COLQ),  ifm > L1
p
1.2.4 Sobolev, Gagliardo, Nirenberg
Theorem 1.10. If1 < p < n, then
" 1 1 1
Whe(R") — [F (R"), —=--——,
P p n

and there ezists a constant C' = C(n,p) such that
lully < ClIVully,  Yue W (R").
Corollary 1.4. If1 <p <mn, then

WP (R™) — L7 (R"), 1<qg<p"
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Theorem 1.11. If p =n, then

WP (R") — L1(R"), n<gq< oo.

1.3 Basic theory of semi-groups

In this section, we recall some basic knowledge in semigroups, most of which will be used in the

subsequent chapters.

1.3.1 (Cy— Semi-groups of Linear Operators

Definition 1.9. (Semi-groups)

Let X be a Banach space, the one-parameter bounded family S(t),0 <t < oo from X to X is called
a Semigroups if

(i) S(0) = I (I is the identity operator on X ).

(i1) S(t +s) = S(t)S(s) for every t,s > 0 (the Semigroup property).

Definition 1.10. The linear operator A defined by

t—0t t

D(A) = {x e X ¢ tim BWTZA }

and
o (SWz—3)  d(S())
t—0+ t dt

for all x € D(A).

t=0

is called the infinitesimal generator of the Semigroup S(t), D(A) is called the domain of A.

Definition 1.11. (Cy— Semigroups)
A Semigroup S(t), 0 <t < oo, from X to X is called a strong continuous Semigroup of bounded
linear operators if

lim S(t)x =z, forall z€X,

t—0t+

or

11r(§1+||5(t)$—x|| =0, forall ze€lX.
t—
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Definition 1.12. A semigroup S(t), 0 <t < 0o is called a semigroup of contraction if there ezists

a constant o > 0 (0 < a < 1) such that for all t > 0,

1Stz =Syl <alle—yl, foral wyeX.

1.3.2 Hille-Yosida Theorem

Definition 1.13. An unbounded linear operator A : D(A) C H — HEl s satd to be monotone EL if
it satisfies

(Av,v) >0 Yuve D(A)

It is called mazimal monotone if, in addition ; R(I + A) = H, i.e
Vfe H, FJue D(A) such that u+ Au = f.

Proposition 1.1. Let A be a maximal monotone operator. Then

1. D(A) is dense in H.

2. A is closed operator.

3. For every A\ > 0, (I + M\A) is bijective from D(A) onto H, (I + NA)~! is a bounded operator, and
’|(1+)‘A)_1H£(H) <L

Theorem 1.12. (Hille-Yosida)

Let A be a mazximal monotone operator. Then, given any ug € D(A) there ezists a unique function

u e C([0,+00); H) N C([0,400); D(A)),

satisfying
d
d—qz +Au=0 on[0,+o0],
u(0) = uy.

LH denotes a Hilbert space.
2Some authors say that A is accretive or —A is dissipative.
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1.4 Problems with a delay

In this section we introduce a large number of problems, both old and new, which are treated using
the general theory of differential equations. We attempt to give sufficient description concerning the
derivation, solution, and properties of solutions so that the reader will be able to appreciate some
of the flavor of the problem. In none of the cases do we give a complete treatment of the problem,
but offer references for further study. Economics models The following problem is copied from an
elementary text on differential equations by Boyce and DiPrima ”A young person with no initial
capital invests k dollars per year at an annual interest rate 7. Assume that investments are made
continuously and that interest is compounded continuously. If 7 = 7.5%, determine k so that one

million dollars will be available at the end of forty years.” It is solved by writing
S"=0.0755 + k,S(0) = 0.

and solving for S(40). Several things are idealized in the problem, but still it is a fair model.
It is noted there that in certain contexts continuous investment yields roughly the same as daily
investment and it allows the student the opportunity to see the power of differential equations in
giving a simple solution to an otherwise tedious problem.

Now the forty years is up and for computational convenience instead of the one million dollars let
us say that the person has $900,000 to invest and to live off the proceeds. During times of low
interest rates a financial advisor may recommend bank certificates of deposit of 90 -day maturity,
automatically renewed at the existing interest rate, but lettered so that $10, 000 of the total matures
every day and both principal and interest are reinvested. This enables the investor to quickly take
advantage of rising rates and to lock in high interest long-term instruments if they become available.
We imagine that this is changed to continuous reinvestment, just as the elementary problem imagined
continuous investment of k dollars per year. If the total value is again S(t), then from just the

investment we would have

S'(t) =b(t)S(t — (1/4)).

The b(t) represents a product. One factor is the fraction of the total amount of S(t —1/4) which was
invested three months earlier and matured today. The other factor is the interest being offered at

that time. In addition, the person withdraws a percentage of the total S(t) continuously for living
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expenses, resulting in an equation

S'(t) = —a(t)S(t) + b(t)S(t — 1/4), S(t) = ¥(t) for —1/4 <t < t,.

Here, the initial condition is an initial function ¢ : [-1/4,0] — R with () being exactly that
amount S(t) which was invested at time ¢. We can draw several conclusions of the following type.
First, if the solutions are bounded, then times are likely to become difficult since inflation will eat
away at the value and medical bills will increase with time; at this time, some studies have shown
that those retiring with income sufficient to meet three times their current need approach desperate
conditions within fifteen years. Next, we can ask if solutions will tend to zero. If they do, the person
will be destined for the poor farm. At a minimum, the retiree must adjust the withdrawals so that
the conditions of our theorem are not met.
Clearly, in this example it will make sense for both a(t) and b(t) to vary; a(t) can be negative the
day the income tax refund check arrives, and b(¢) can be negative when the bank fails and the FDIC
assumes control
Controlling a ship Minorsky (1962) designed an automatic steering device for the battleship New
Mexico. The following is a sketch of the problem
Let the rudder of the ship have angular position x(¢) and suppose there is a friction force proportional
to the velocity, say —ca’(t). There is a direction indicating instrument which points in the actual
direction of motion and there is an instrument pointing in the desired direction. These two are
connected by a device which activates an electric motor producing a certain force to move the rudder
so as to bring the ship onto the desired course. There is a time lag of amount A > 0 between the time
the ship gets off course and the time the electric motor activates the restoring force. The equation
for x(t) is

z"(t) + cx'(t) + g(z(t — b)) =0, (1.14)

where xg(x) > 0 if z # 0 and ¢ is a positive constant. The object is to give conditions ensuring that
x(t) will stay near zero so that the ship closely follows its proper course.

Epidemics (Cooke and Yorke) In the work of Cooke and Yorke (1973) the Lotka assumption is
changed so that the number of births per unit time is a function only of the population size, not of
the age distribution see [15]. Under this assumption, we let x(t) be the population size and let the
number of births be B(t) = g(x(t)). Assume each individual has life span L so that the number of
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deaths per unit time is g(x(t — L)). Then the population size is described by

2() = gla(t)) — glalt — L)), (1.15)

where ¢ is some differentiable function. We note that every constant function is a solution of .
The following model for the spread of gonorrhea is considered by Cooke and Yorke (1973). The
population is divided into two classes: (a) S(t) = the number of susceptibles, and (b) x(t) = the
number of infectious. The rate of new infection depends only on contacts between susceptible and
infectious individuals. Since Set) equals the constant total population minus z(t), the rate is some
function g(z(t)). Assume that an exposed individual is immediately infectious and stays infectious
for a period L (the time for treatment and cure). Then x also satisfies holds. Now, at any
time ¢, z(t) equals the sum of capital produced over the period [t — L, ] plus a constant ¢ denoting

the value of nondepreciating assets. Thus,

zz:(t):/o P(s)g[m(t—s)]ds—i—c:/t_ Pt — u)gla(u)ldu + c. (1.16)

L



Chapter 2

Position of the problem and

well-posedness

In this chapter

2.1 Introduction

We improve these recent results , we are interested in the question of stability for the system

/

p1@e — Kk (r + 1w + ), — kol (we — l9) + p1ps (2,1) + pay (7,6 —7) =0,
p2wtt - wax + k (QO:E + lw + w> + / @ (p> wmx (l’,t - p) dp + 70:13 = O,
0

prw — ko (we — 1), + Kkl (¢o + lw + 1) =0, (2.1)
pBQt + KQy + /ywtx = 07
\ aq + Bq+ k0, = 0.
where
(5,1) € (0,1) x (0,00),
with initial-boundary conditions
o(x,t) = @p(x,t) = Y (x,t) = P(x,t) =0,
we(x,t) =w(z,t) =0(x,t) =q(x,t) =0, x=0,1. (2.2)

17
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and

s
I
BS)
S
8
:_/

o t(2,0) =pi(x)  2€(0,1),

( ) ze(0,1),
w(z,0) = wo(z), w(z,0) =wy(z)  x€(0,1), (2.3)
(x,0) = 0y(x), q(z,0) = qo(x),

oz, t —71) = folx, t — 7).

>

\

with 7 > 0 is a time delay, ;1 > 0 and ps € R. The function 6 is the temperature difference, ¢ is the
heat flux, py, po, p3, k, L, ko, b, v, k, o, B are positive constants. The relaxation function © satisfies the
folowing

(G1) The function © € C'(R,R,) satisfying
O0)>0, b— Oy =L >0, @0:/ O (p) dp > 0. (2.4)
0
(G2) For some positive constant ¢, we have

O (1) < —CO (), ¥t > 0. (2.5)

(G3) The following hypotheses
2| < g1 (2.6)

hold. We prove the well-posedness and establish a stabilities results related with the following

G (g CRes (or ey e g
77—(/1 o )(k L> 7 and k = k. (2.7)

2.2 Preliminaries and well-posedness results

In this section, we present and proof our well-posedness results for ([2.1)-(2.3) Firstly, we assume the

following hypothese:
|pa| < pua. (2.8)

Using semigroup theory, we will prove that systems (2.1)-(2.3)) are well posed by introduce the

following new variable [17]

z2(x, p,t) = o (x,t —Tp) r € (0,1),pe(0,1),t>0. (2.9)
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such as
_ g, t —71p) Ot —7p) _ Opi(a,t —Tp)
(2 p,8) = ot —Tp) Tt At —71p)
and
_ Op(x,t—7p) Ot—7p)  Opi(x,t—7p)
ol pt) = At—rp)  dp | at—rp)
Then, we have
TZt('I?p? t) + ZP(I7P7 t) =0 n (07 1) X (07 1) X (07 OO) ' (210)
Further, let
such as
oY(x,t) Oz, t—p) Ot —p) O (x,t — p)
t _ _ _ _ R )
nt(xvp) - 8t ﬁ(t—p) X 82& ¢t($;t) 8(t—p) )
and

t(m ) = 0Y(x,t) B OYy(z,t —p) " a(t —p) B O (z,t —p)
WP =, ot — p) op  Ot—p)

For this reason, we observe that

m, (,p) + n, (2,p) = 1 (z,1), (2.12)

In addition to that

So, problem ([2.1)) equivalent to

;

prow — k (@o + 1w + 1), — ko (W — lp) + papr (2, 1) + poz (2, 1,1) = 0,

T2z, p,t) + 2,(z, p,t) =0,

P2t + V(=D + /OOO © (p) dp) + k (po + lw + 1)) — /OOO O (p) 1y (. p) dp + 70, = 0,
prwy — ko (we — 1), + 1k (oz +lw + ) =0,

p3bi + KGx + Vi = 0,

aq + Bq+ kb, =0,

i (z,p) +my, (z,p) = ¥ (2,1).

(2.14)
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Therefore, problem ([2.1)) takes the form

.

prgw — k(o + 1w+ ), — Uk (W — L) + pupr (2, ) + poz (2, 1,) = 0,
Tz(z, p,t) + 2,(z, p,t) =0,

P2 — Lipye + ki (0 + lw +9) — /OOO O (p) 1y, (2, p) dp + 70, = 0,

Y prwn — ko (we = 1p), + Uk (@ + lw + ) = 0,

p30s + KGx + Vi = 0,

aq; + Bq+ kb, =0,

n (2, p) + 1, (2,p) = ¥ (2,1).

(2.15)

\
with the boundary and initial conditions

(

p(,t) = pa(x,t) = Yo(z, 1) = ¥(z, 1) = we(z, t) = w(z, 1) =0,

O(x,t) = q(z,t) =0, ©=0,1, t>0,7"(0,p) =n'(1,p) =0  Vp >0,

p(2,0) = po(), p1(z,0) = @1 (x), (2, 0) = tho(x) € (0,1),

Pi(2,0) = Y1 (z), w(z,0) = wo(x), w(z,0) = wy(x) x € (0,1),

0(x,0) = bo(x), q(x,0) = go(z)  z€(0,1), (2.16)
pi(r, —t) = fo(x, 1) in (0,1) x (0,7),

z(x,1,t) = fo(x,t —7) in (0,1) x (0,7),

n' (z,0) =0 Vi >0,

n° (z,p) =m0 (p) =0 vp = 0.

\

Let £ > 0 such that
Tlpo| <& <7 (2p — |pal).- (2.17)

where, 7 is a real number with 0 < 7 and p; > 0 and ps is a real constant and

(0, ¢1, fo, Yo, 1, wo, wr, 6o, go, M0) belong to a suitable space.

Let us set

U= (807 Pty 2, ¢7 ¢t7 W, Wy, 97 q, 77t)T )

then

T
U = (SOt,SOtt,Ztﬂﬂt,@/)tt,wtawttaeu%ﬁz) .
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Then (2.15)-(2.16) can be take the form

U (t)— AU (t) =0,

(2.18)
U (O) = (SDO? ¥1, fO(" _T)7 77007 wlv Wp, W1, 90a q0, 770) 3
and the new dependent variables o, = u, ¥, =v, n' =¢, w; =@
the operator A is given by
© u
k l 1 2
(¢m+lw+¢) Ol (wy — 1) Zlu ﬁlz(aL )
: ()
(G v
w w
w ];—f(wx—lw)x—%(%ﬂrlerw)
9 _p%qyc - p’zvx
q —8q— =0,
¢ _¢p + v

The energy space H is defined as

H = Hy(0,1) x L*(0,1) x L*((0,1), Hy(0,1)) x Hy (0,1) x L*(0,1) x Hy (0,1)

xL?(0,1) x L*(0,1) x L*(0,1) x Lg (R*, Hy(0,1)),

Where L2 (RT, H}(0,1)) denotes the Hilbert space of H}—valued functions on RT, endowed with

the inner product
(‘/Yla VYQ)L2 R+ Hl(Q) / / ‘/13; ‘/23; ( ) dpdl‘

We are now going to show that A generates a Cy semigroup on H under (2.17). For this end, we
define on H for

U = (¢7u7z7¢7v7w7w767q7¢)T’U: (¢7ﬂ7zﬂa767m75 ? &)
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The inner product

1

o 1 o 1
(U,U),, = k/ (e + ¥+ 0) (B, + ¢ + (W) dx+k:0/ (wy, — ) (@x—l@d:v—l—pl/ uudz
0 0 0

1 1 1 11
+p2 / vodx + py / wwdx + L / Ypthpdr + € / / 2Zdpdzx
0 0 0 o Jo

1 _ 1 3 1 e’} B
won [ 000 o [ aate s [0 0) 00 0) 6 () o (2.20)

For [ small enough since, it is easy to see that H is a Hilbert space. We define the domain of A as

UeH/pe HE0,1);¢,we H(0,1),u,0 € H (0,1);v,w,q € H} (0,1),
D(A)=1q u=2(,0),2,€ L*((0,1); L*(0,1)) , s (z) = 0,w, (z) = ¥, (x) =0, z=0,1

s € L2 (RY, HL(0,1)), ¢ (z,0) = 0.
(2.21)

The following two Lemmas will be useful to prove that A is a maximal monotone operator.

lemma 2.1. The operator A is dissipative and satisfies, for any U € D (A),

1 1 1
< _ 2 _ |2 § / 2 |2 . § / 2
(AU,UY,, < 5/0 q dx+< o+ +—2T> O udx+<—2 —2T> - (z,1) d

n / / "0 (p) 6 (2. ) dpda
<0 (2.22)

Proof. Using the inner product for any U € D (A)

" ¢
(e lw ), + P (wy = lp) = Bu— £22(. 1)
—(7) % »
’ Y
L k 1 0

<AU, U>H _ p_wax - p_z (9033 + lw + 1/1) + p—2 fO @ (p) Qﬁww (p) dp — plQ@x | v
— w

k kl
p_?(wx_l@)x—a(gpx—|—lw+w) w
_gq - gex q
_¢p + v ¢
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Then
1 1
(AU, Uy = k/ gotx(gox+w+lw)dx+k:/ Yi (pr + ¢ + lw) dx
0 0
1 1 1
-Hfl/ wy (@r + lw + 1) dx + k:g/ Wiz (W, — L) dax — kol/ i (wy — L) dx
0 0 0
1
—i—/ o1 [k (0 + 1w+ 1), + kol (wy — lp) — e — poz (x,1)] do
0
1
+ [l = 19), = U (s + w +6)] do
0
# [ [ = kot )+ [0 0 e )~
+L/ Q/metmdx_ _/ / JI P Zp z IO) dZL'dp
/ / (=¢p +v), drdp
1 1
—/ 9qmdw—7/ 91/)tx—ﬂ/ q2dw—/ 0qdx
0 0
1
= —B/ ¢ dr — /udx—,uz/ (x,1) udx
// xpszpdpda:—i—// Q' (p) |¢s (x,p)|? dpda
= —5/qu—u1/udx—,u2/ (x,1) udx
/ / — 2 (2, p dpd:c—l—/ / O’ (p) |p (z, p)|” dpda
= —5/qdw—u1/udx—,u2/ (x,1) udzx
1 00
__/ {* (z,1) — 2*(2,0) } dz +/ / O (p) ¢y (x,p)|? dpda
21 Jo 0o Jo
1 1 1 ¢ !
= —5/ q2d1'—/L1/ qux—ug/ z(a;,l)udx—z—/ 2 (2,1) dx
T Jo
25 2d:v+/ / O (p) |¢e (x,p)|* dpdz. (2.23)
-

Using Young’s

We obtient

(AU, U)y <

inequality , we get

/0 z(x,l)u(x)d:vﬁ%/o (22 (2,1) + u? (z)]dx,

1 1 1 1 [e'e)
-w/fm—w/ﬁm—m/f@mm+//“@@wme@m
0 0 0 0 0
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) ()
3 LTy T ) T T Ty )

By condition (2.17)), the desired result yields.

where

lemma 2.2. The operator I — A is surjective.

Proof. For all
F = (fis for f3s fas oo fos Jrs fss foo fr0)" € H.

We show that there exists U € D (A) such that
U—-AU = F, (2.24)

that is

—u+p=f; € H (0,1),
—k (g + lw+ 1), — kol (wy — 1) + pru+ pu + poz (., 1) = p1fo € L2(0,1),
2471712, = f3€ L*((0,1),H'(0,1)),
—v+vY=f € H (0,1),
—Ltpar + k (o + lw +10) + pov — [77 O () dae (p) dp + 702 = pofs € L*(0,1),
—w+w=fs € H} (0,1)
—ko (W, = 1), + Kl (pz +lw + ) + prow = p1 fr € L*(0,1),
Ge + vz + p30 = pafs € L* (0, 1),
(B+a)g+0,=afse L*(0,1),
| ¢+ —v=fio€ L*(0,1).

(2.25)

From ([2.25), we define
o=a [ awdy-G+a) [ @y (2.26)
0 0

then 6 (0,t) = 0. Inserting
u=p—fr,o=¢— fr,o=w—fg (2.27)
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and ([2.25) into, ([2.26]) we get

(

—k (¢ + 1w + 1), — kol (w, lso)+(p1+u1+u2e‘7)so=h16L2<0.1),
— Lty + k(02 + 1w +0) + pot0 — [ O () baw (p) dp — 7 (B + ) g = hy € L2,
—ko (w, — ), + ki (gox—irlw%—w)—l—plw:hg e L*(0.1),

(2.28)
+(B+a) [y a(y)dy — v, = hy € L*(0.1),
z+71 2, =hs € LQ(O.l),
| ¢+ dp—v=hg € L?(0.1).
where )
hi = p1 (i + f2) + (i fr + p2zo)
ha = pa (fa+ f5) — avfo,
hs = + f7),
s =p1(fe+ f7) ) (2.29)
ha = —fae — ps (fs =[5 fo (y) dy)
h5 = f?n
| 16 = Jro-
Furthermore, by (2.25) we can find as
2 (x,0) =u(z) forxze(0,1), (2.30)

Corollary 2.1. Let f be a continuous function on an interval I € R , o constant and ty € I the

general solution of the scalar equation

y'(t) = ay(t) + f(1),

Is given by
t
y(t) = Ce™ +/ e?=5) £(5)ds.

to
where C' is a constant.
So , the equation

2p =TZ+ fs.

Given by:
p
s(ayp) = Ce™ + / e £y, p)dp
0

P
—ce e [ e
0
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From (3.5)), we get
o
2(x,p) = u(@)e ™’ +71e7P / fs(x, p)edp,
0

From ([2.27)), we have
p
o) = pl@e ™ = e 4 e [ fop)edp,
0

such as

Or z € (0,1) and

1
20 (x) = —fie™" + Te_T/ f3(x,p) e™dp.
0

Same thing for the equation (2.28)¢ with ¢ (x,0) = 0 has a unique solution given as

¢(x,p) = (/Oz ¥ (fio (w,y) + v (x) dy) e_p>
= </Oxey(fm(x,y>+¢(x)—f4(fc)dy)e"’). (2.31)

To solve (2.29)) let us consider
o (e vsw.a), (7.0,5.3)) =L (7.6,5,7). (2.32)

where

a: [HE(0,1) x H} (0,1) x H} (0,1) x L?(0,1)]° — R,

Is the bilinear form defined by

a((%@b,w,q),(@,zﬁﬁ,a)) = k/01(¢x+lw+¢)(@+lw+i>d:c+b/ol¢m%dx
1 _ 1 _ _ 1 N
+(5+04)/0 qqdl’-i‘k’o/o (wx—lgo)(wx—lgo)da:—i—pl/o wwdz
1 1 1 1
wr [ wbde =8+ a) [ aidatpn [ wide+q(3a) [ v
1 1 T T
t [ eptontmrmey e @ra) [ ([Cawan [[awa) .
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and

L:[H(0,1) x Hy (0,1) x Hy (0,1) x L*(0,1)] — R,

Is the linear form given by

(evaa) - |

T (a+B) / ha / G () dyds. (2.33)

1

1 1
hlgdl’ —|—/ hotpdx —|—/ hswdx
0

It is not hard to see that a is continuous and coercive and L is continuous. So by using the Lax-

Milgram theorem, we find that
v (@,@Z, @, a) € HI(0,1) x HE(0,1) x H (0,1) x L?(0,1),
the problem admits a unique solution
(¢,1,w,q) € Hy (0,1) x Hy (0,1) x Hy (0,1) x L*(0,1).

The existence of unique U € D (A) such that ([2.18]) is satisfied comes from the regularity theory for
the linear elliptic equations. Then, by Lemmas 2.1 and Lemma 2.2, we conclude that A is a maximal

monotone operator. Hence, by Hille-Yosida theorem we can state well-posedness result (see [22] and

[29]).

Theorem 2.1. Let Uye H, then there exists a unique weak solution U € C (RT,H) of problem

(2.15)-(2.18). Moreover, if Uy € D (A), then U € C (R*, D (A)) N C* (R*,H).



Chapter 3

Exponential Stability

Here, we introduce our stabilities results for solution of (2.15[)-(2.16)). The energy associated with

solution is given by

1

1
ER) = 5 / (P16 + pat? + prw? + L2 + p36” + ag?
0

1 1
+k (0p + U + lw)® + ko (w, — l(p)ﬂ dx + g / / 2 (z, p,t) dpdx
o Jo

%/0 /Ooo@(p) nt, (z,p)|” dpda. (3.1)

To achieve our goal, we need the following Lemmas.

lemma 3.1. Let (p,,w,0,q,2,1") be the solution of -. Then the energy functional,
defined by satisfies

1 1
E'(t) < -p de—u;g/ gptda:—u4/ *(z,1,t) dx

/ / O (p) |1t (z p‘ dpdzx. (3.2)

Whereug,:(ul— < |“2‘> >0, g = (%—%)>0.

Proof. Multiplying (2.15))1, (2.15)2, (2.15)3, (2.15))4, and (2.15)5 by ¢y, ¥y, wy, 0, and g, respectively,

we get

28



CHAPTER 3. EXPONENTIAL STABILITY 29

prpu(x,t) o2, 1) — K (@p + 1w + ), o, 1) — ko (wa — 1) i, 1) + pagpi (2, 1)
+pgz(z, 1,t)p(x,t) =0,

P2 (T, ) (2, t) — Lipya(z, )2, 8) + K (0r + lw + ) (z, ) ¢h(2,t) + 70, (2, )i (2, 1)

= [T ewk ) wle.ip =0, (3.3
prw (@, thwy(z, ) — ko (we — lp), (2, wi(x, ) + 1k (0z + lw + ) (2, )wi(x, 1) =0,

P30 (2, 6)0(x,t) + kge(x, 1)0(x, t) + Y (2, 1)0(x, t) = 0,

aq(z,t)q(z, t) + B (z,t) + Kby (2, t)q(z,t) = 0.

\

The integral by parts gives

¢

Iy {10 + K (9r + 1w + ) @rp — lko (wy — 1) @1 + pg? + poz(w, 1, ).} do = 0,

Jo {pmtt% + 0ate + K (o + ) 1 — /OOO O (p) Yutburdp + wmt} dz =0,

3 Aprwgw, + Ko (wy — 1) weg + Uk (90 + lw + ) w;} do = 0, (3.4)
fol {p30:0 + KGO + Y10} dx = 0,

\ i {aogiq + Bg* + Kb,q} dz = 0.

Then we get

1
/ {Pl@tt%ﬁt + K (g +lw + ) (0 + U + lwy) — ko (wy — L) (o — wae) + Ml@f + 2z + pathuthy
0

+ L p3t0 + aqiq + 5q2} dr =0,

On the other hand we have

1d [! 1
5%/ {/0130? + p2¢t2 + p1wt2 + 0392 + aq2} dr = / {pl%ptt‘,@t + ,02%:1/11: + prwgw; + pgete + O-’QtQ} dSB,
0 0
and
1d [* ) )
57 | K (pa+ 1w+ 0) + ko (wy — 1) + Ly} de
0

1
= / {K (¢s + lw + ) (rp + lwg + ) + ko (wy — 1p) (W — lpr) + Lbpthyy + g} dx,
0



CHAPTER 3. EXPONENTIAL STABILITY 30

Then, we find the following legality

/ {16} + p2} + prwi + psb® + ag’ }d:v+ / {K (¢o + lw + ) + L? + ko (w, —lp)} do

2dt 2 dt

1 1
= q2dw — ,Ul/ o; (x,t)de — m/ oz, t)z(z, 1, t)dz. (3.5)
0 0 0

Multiply the last equation in (2.15)) par(§/7)z and intégrate the result (0,1) x (0, 1) respectively of

p and x, we obtain

gd 1 1 _5 1 1
=— 2(x, p,dpdx = —/ / z2z,(x, p, t)dpdx
s | [ 2 =[] =t
—E/l/l d ,
== —27(x, p, t)dpdz
T Jo Jo Op ( )

1
= %/0 {z%(2,0,t) = 2%(z,1,1) } du, (3.6)
of , and we have
t) ! 2 5 1
B ‘5/ ¢ = (“1 - z)/ A t)de = = mt)d:c—m/ pu(w,t)2(x, 1, )d,
0 ’ (3.7)

We use Young’s inequality, (3.7) rewritten as

dE(t) L & w\ ', £\ [
— < — - > = tde — [ == — = 1,t)d
dt = 5/0qu (“l 2 /o%(x’)‘” 2r 2 /oz(x””’

Then, using (3.1]), we deduce that there is C' > 0 such as

1 1 1
dE() < —5/ ¢dr — C </ ©?(z,t)dx +/ 2(z, 1,t)dx> :
dt 0 0 0

The last inequality implies that the energy E is a non-increasing function with respect to t.

lemma 3.2. Let (¢, ¢, w,0,q,2,1") be the solution of ([2.15)-(2.18). Then the functional

— aps / / y) dyda, (3.8)

satisfies, for any e, > 0, the estimate

p3k 1 1 1 1
Fl(t) < - / 0%dx + &, / Yidr +c (1 + 5_) / ¢*dx. (3.9)
0 0 1/ Jo
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Proof. Taking the derivative of Fi, using (2.15))5, (2.15)6, we get
1
Fl(t) = —pgm/ 62 dx + cm/ ¢*dx + afy/ qydx — Bpg/ / y) dydzx. (3.10)
0 0
Thanks to Cauchy—Schwartz and Young’s inequalities with £; > 0 to get (3.9)).
lemma 3.3. Let (¢,,w,0,q,2,1") be the solution of —. Then the functional
— 2P / wt/ y) dydz, (3.11)
satisfies, for any 1,9 > 0, the estimate
Fy(t) < /¢dz+52/(@x+¢+lw) dx+53/1/)dx
<1+ + )/ 92dx+c/ *dx
€2 &3
—i—c//@ ‘nxa:p‘dpdx
pak LP3 !
+7q(0 )+ pathe(0,1) + —a(1,0) G(Q,t)dy
1
—psf)(l,t)/ (y,t)dy + —/ p)ng(L,p dp/ 0(y, t)dy. (3.12)
0
Proof. By differentiating F5, then exploiting the (2.15))2, (2.15)), we get
L 1
/ wdr— 2 [ g+ py / e~ [ .o
0 7 Jo
K
=P ( +1D—|—lw/ 0 (y) dydx
/ / p) On. (z, p) dpdz. (3.13)
We obtain (3.12)) by applying the Cauchy-Schwarz and Young’s inequalities.
lemma 3.4. Let (¢,v,w,0,q,2,1") be the solution of —. Then the functional
1
=2 / Yiprde, (3.14)
0

satisfies
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L 1 1
B < -5 [ drep [ v
0 0

3k2 1 ) 1 )
Yoo i (o + 9+ lw) dx—i—c/o 0°dx

1 00
+0/ / O (p) |nt. (z,p)| dpda.
0 0

Proof. Taking the derivative of F3 and using ([2.15))3, it follows that

1 1 1 1
Fy(t) = —L/O widerpg/O wfd:z:nuy/o %Gdﬂi—k/o Y (e + 1+ lw) dx

i /01 Yo (2) /OOO O (p) n; (x, p) dpda.

Thanks to Young and Poincaré’s inequalities, to get (3.15)).

lemma 3.5. Let (¢,,w,0,q,2,1") be the solution of —. Then the functional

1 1
Fy(t):= —pl/ i (wy — 1) dm—p1/ wy (pz + 1 + lw) dz,
0 0

satisfies the estimate

1 1 1
_ o (wy — lp)? da — lor w?dx + c/ ©2dx
0

Fi(t) <
0 o< -5 > |,

1 1 1
—l—c/ wtzdijlk;/ (g0x+'¢+lUJ)2d,r+C/ 2 (z,1,t) dx.
0 0 0

Proof. By differentiating F) and using (2.15))1, (2.15)4, we obtain

1 1 1
Fi(t) = —lko/o (wm—lgo)2da:—lp1/0 wtzdx—i—lpl/() idx
1 1
+1k / (n + 1 + lw)* dz — py / Yywyda
0 0

1 1
—i—m/ o (wy — lp) dx + Mz/ 2 (z,1,t) (w, — lp) du.
0 0

We obtain (3.18) by applying Young’s inequality.

lemma 3.6. Let (¢, ¢, w,0,q,2,1") be the solution of (2.15)-(2.16) and let holds.

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Then the functional

L
Fs5(t) —,02/ Yy (0p + 0+ lw) de + ]fl got@bxdx
Lps Pl_ﬂ2/ Lk Pl_@/
= (k L) Oprdr 7(1@ L> 4(pe+ ¢ +lw)d

Ll2
pQ/wwtd td:c——/ sot/ O (p)n(p)dpdz,

(3.20)

satisfies, for any €4,€5,66 > 0, the estimate

, ko : (L o
F(t) < —5/0 (pz + ¥ + lw) da:+254/0 wtdx+(T+4€6)/0 Yydx

1 1 1 1 1
—1-255/ (wy — lp)* dx + ¢ (1 + —) / Yidr +c (1 + —) / ¢*dx
0 €4/ Jo €4/ Jo
1 1 L 1 L,
+c| 1+ — + dev—i-c 1+ — 2%(x, 1, t)dx
€5 €6 0
¢ 2 1 ' 2
+c 1—l— + O (p) |n% (x,p)| dpdz + ¢ {1+ — ;dx
€ €6 €6 0

1 L7 1
—c/ / O (p) ‘n; (x,p)‘ dpdx + = O, (pz + 1 + lw) du. (3.21)
o Jo T Jo

where 7 = (/@2—%> (9—1—9—2) _ Yo

Proof. A simple differentiation of Fj gives

1 1
FL(t) = pg/ ¢tt(wx+¢+lw)da:—l—p2/0 Uy (0 + 0 + lw), dx

Lpl

L L !
+T ; ¢tt¢xd$ ]fl ; @thtdx—i- 53 <%_%>/0 Orprdx

Lps (p1 P2 / Lk (p1 po / !
Lk rp1 p2 /1 LI?py /1 2
il e . lw), dr — d
~ (7 -1) | atervrtoyde = =2 | g
0 0
2@ [ (o) dps
0 0 0

1 ) 1 d ()
-4 / on | O@m(p)dpde — 2 | o, = / O(p)nL(p)dp pdx.
k), [ ARAFTANA

0

(3.22)
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Using ([2.15))-(2.16]), the terms in (3.22)) take the forme

1 1 1
pz/ 1/Jtt(g0m+¢+lw)dx——k/ (gox—i—w—i-lw)de—y/ 0, (0r + 0+ lw)dx
0 0 0

1 1
- L/O Ve (9 + 0+ lw), do + /0 (s + ¢ + lw) / O(p)n., (p)dpdz, (3.23)

0

and

1

1 1 1 1
" / outhads — / U (0 + 1 + L), dathol / (we — 1) oda—pur / oprda—ps / (o, 1, )uda,
0 0 0 0 0

and

1 1 1
P3 / Orprdr = K / qPudx 4y / Yrpgde,
0 0 0

and

! Ik
/Ogottdw———/ (pz + 0+ lw)de + — 0 Q(wx—lgo)dm—'u— 9g0tdx—— Oz(x,l,t)d
P1 P1 P1
and
1 ﬁ 1 K 1
—/ qt(c,ox+w+lw)da::a/ q(gpx+w+lw)dx+a/ 0, (9r + 0 + lw)dx
0 0 0
and

—p» /01 Yupd = L/01 V2o + k/ol b (0 + 0 + ) da — 7/01 Opud — /01 w/ooo O (). (p)dpde,

and

Pu p)dpde = — [ (pz + ¢ +1w), [ Op)y(p)dpde +— | p)dpdx
Ty S T ey oy
B =) [ ettt + 22 w10 [ et

and

1 d 00 o
—% ; 90%{/0 @(p)ni(p)dp}dx= ’2 sot{(%owt /0 @’(s)n;(p)dp}dx,

and

1 1
p1 /0 wyhdr = —ky Wy (W — lp) do — kl/o U (@r + 9 + lw) dx. (3.24)
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Substituting (3.23)-(3.24) into (3.22), by (2.7), to get

/ ! 2 Ll2p2 ! 2
F(t) = —k ; (e + 0+ 1lw) dx+ | po — "o i Yidx
Ll ! Ly (1
+ (lp2 + kp1> / @thtdZB + _T] / ex (9090 + 1/1 + lw) dx
0 0

—%(%—%)/0 qd x—g<%—%>/olqwtd:r

Ly [* L
_% gOt@Z)de - MQ / ¢$ Z\T, 1’t
0
le?opg (p1 /)2) / ’7Ll2 /1
4—— (= _ = 0 (w, —ly)dr — 0 dx
o k) )0 ) o Jo "
e (o ey | e - T (1 02) / 20,1, 0)da
Yp1 k L/ J P1 k L7 Jo o
I 1 212 [t
i 5“(&_&)/q(¢m+¢+lw)dx+— Vrde
k 0 ko Jo

+Ll<——1)/ by (wy — 1
lem / s / p)nL(p dpdx+— / o1 / p)dpdz

ZZ’ Ou 19) [ © ) rkip)ipa

+% x,l,t/ O (p) L (p)dpdx

p1@° / twtdm—l—— / 0 / p)dpdz. (3.25)

We obtain ([3.21]) by Cauchy—Schwarz and Young’s inequalities since k = k.

lemma 3.7. Let (¢,v,w,0,q,2,1") be the solution of -. Then, we define the functional

1 1
= / / e 2% (z, p,t) dpd, (3.26)
0o Jo
Then the following result holds.
C1 ! 1 !
Fi(t) < —Fs(t) — —/ (2,1, t)dr + — | ¢} (z,t)dx. (3.27)
27— 27— 0

where ¢ > 0.

Proof. Differentiating (3.26) with respect to t and using the equation (2.10)), we have
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d 1 1 1ot
— (/ / e 2P (2, p,t) dpd:v) = ——/ / e 2z, (z, p,t) dpdx
dt \Jo Jo T Jo Jo

11
= —/ / e 222 (x, p,t) dpdx (3.28)
o Jo

1 [hrto
= _Z/o /0 a—p(e_szZQ(x,p,t)) dpdz.

This implies that there exists a positive constant ¢; such that (3.27)) holds.

Let
E(t) = E(@? /;b? w? 9’ q7 Z’ nt) - El(t)7

and

EQ(t) - E(QOIH ¢t7 W, eta qt; 2t 77;)

The main result is given in the next Theorem.

Theorem 3.1. Assume that —(@) hold, and . Then the energy functional satisfies,
VvVt >0

E(t) < e M Jif =0 (3.29)

E(t) < C(E(0)+ Ey(0)t™ Jif ##0 (3.30)

where the positive constant Ny is directly depending on initial data and the uniform constant \i is

depending only on the coefficients of the system.

Proof. We define a Lyapunov functional
L(t):=NE(t)+ N1 Fy (t) + NoFy (t) + N3Fs (t) + Fy (t) + NsFs (t) + Fs (1), (3.31)

where N, Ny, Ny, N3, N5 > 0.
By differentiating of (3.31)), and using (3.2), (3.9), (3.12), (3.15)), (3.18)), (3.21)), and (3.27)), we have

1
L't < — |:BN_61N1 (1+i> —CN2—C(1+i> NE} / ¢ dx
&1 €4 0

1 1
—[Nm—c(l%——)]\%—c}/ idx
€6 0
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_ ] 1
— N,u4—c(1+—) N5—c} / 22 (2,1,t) dx
L €6 0
[N 11 11 !
_ 1p3ﬁ—cN2(1+—+—>—cNg—c(l—l———l——)Ng,]/92d:c
2 €2 €3 €5 6 0
[\ P2 1
— N25—81N1 pgNg—C 1"— N5—C zﬂtdx
b 382 1
—_ —N5—€2N2—EN3—01/ (gom—i-lw—i-l/})
[ L L21?
— §N3 — 3Ny — 4eg N5 — —N5} / Y2dx
:l 1
— ﬂ — 2€4N5:| / 'LUthl’
L 2 0
[k !
_ |20 2€5N5:| / (wx — lQO)Q dx
L 2 0
N e T
L 6
'N 1 00
+ 5 CNs] / ©'(p) |77§c (xap)} dpdz
L 0 Jo
L 1
+ | —N5 0. (pr + lw + )dx — Fg (t) (3.32)
LY 0
By setting
pgNg /{ZN5 LN3 LN3 l,01 lk’o N cL
€1 = ——,Ey = €3 = €6 = ———,E4 = =
1 4N17 2 8N27 3 SNQ’ 6 32N5’ 4 8N5’ 5 8N5’ 3 6k 59
we obtain

Ns oy N b
—|Npuz—c|1+—)Ns—c prdr — |[Npy —c 1+ -2 )Ny —¢ 2% (z,1,t) dx
N3 N3 0

N N. N- N;
—[ 12I03/€—CN2(1+—2+—2>—CN3—6(1+N5—|——5

N5 = Ns N3

P2

) N5] /0 P

k 1
— NQZ—pgNg—C(l—FNg, N5—C / wtdl’—|i8N5—C:|/ <¢x+lw+¢)2d.’ﬂ
0

L l L7 !
__4 1_12 ]/ Wy — [m}/ fdx+{mN5}/o 0. (00 + lw + )da
+ cN2+cN3+C<1—|—N5+—) N5]// )‘77;(33’
:N 1 (e lk’o 1
 _¢N ! ¢ — | = —
vg -] [ [T e apae - %] [

p) ‘2 dpdzx

lp)* dx — Fy (t).

(3.33)
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We need now to choose carefully the constants. We start by choosing N5 large enough such that
k
§N5 —Cc> 0,
we fixed N5, and choosing [ small enough such that
24
1-012= >0,
c
Moreover, we pick Ny large enough so that
NQ% —pQNg —C(l +N5)N5 —c> 0,
we take Ny large enough such that
pP3k Ny Ny N5y
Ny— —cNy(14+—+4+—| —cN3—c|1+Ns+— ) N5 > 0.
17 Cg<+N5+N3) cN3 C(+ 5+N3)5
On the other hand, if we let
£(t) = N1F1 (t) + NaFy (t) + N3F3 (t) + Fy (t) + NsFs(t) + Fg(t),
then
! ; P23 ! *
1£() < ngéNl/ 9/ q(y)dy| dx + —Ng/ @Dt/ O(y)dy| dx
0 0 g 0 0
1 1
sl [ ooy [ Lo, 1) do
0 0
1 1
pz/ th(sox +lw + )| dx + N5p2/ | (sox + 1+ lw) |dx
LP3 Pl
+—N5 \goth]dx + —|—= - |N5 |9gpt|da:
Lli
2229 [ o+t )
+= N5/ Isot/ ), (p)dplda +/ / P2 (w, p,t) dpda
Li? Ll
Ml N5/ |z + kpl N5/ lws|do. (3.34)
0 0 0
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Thanks to Young’s, Cauchy-Schwartz and Poincaré’s inequalities, to get

1
L) < c/ (2 + 2+ O + (0 + 1w +0)* + (w, — 19)? + 02 + ¢*) da

// Pl (. p)l dp+c// (z,p,t) dpdx < cE (t).

Then

that is
(N—c)E(t)<L(t) < (N+c)E(). (3.35)

Choosing N large enough such that
N
N—c>0,5N—c>O,Nu3—c>O,N/L4—c>0,5—c>(),

we get

B () < L(H) < esE (), 9t >0, (3.36)

we obtain

L) < —kE()+as / / (0)ln (. p)Pdp
o / 0, (s + lw + b)dz, V>0, (3.37)
0

i
for some ki, co,c3, 90 > 0, and a1 = N5—77.
o

Case 1: If 7 = 0, in this case, (3.37)) takes the from
L (t) < —kFE +a2/ / O(p)|n (z,p)*dp, Vt >0, (3.38)

The last term in (3.38)) is estimated as following, using ({2.5]), we have

1 o) 1 o
0‘2/0/0 O(p)|n,(z,p)Pdp = % 0/0 COp)|nt (z, p)|2dp

VAN
|
ﬁ
O\é
=
Py
&
=
=

A
|
|
g
=
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Thus, (3.38)) becomes

20[2
which can be rewritten as
20(2 !
L)+ —FE({t)) <—-kE(t),Vt>0.

By exploiting (3.36]), we notice that

R(#) = L(t)+ %E( )~ E (1), (3.39)

Consequently, for some positive constant A\;, we obtain

R (t) < —\MR(t),Vt > 0. (3.40)

where \; = %

Finally, the integration of (3.40) and by (3.36]) give (3.29).
Case 2: if, 71 # 0, and

2kkyya

| < , 3.41
7l NomLpn (3.41)
Then
1
Ey(t) < 5/ dm—ug/ goftdx—m/ 22 (z,1,t) dx
0
2
+3 / / ' (p) 1 (2. p)| dpda. (3.42)
o Jo

The last term in (3.37), by using (2.15);, and Young’s inequality, and by setting K = % as

follows
' ! kolan [
ozl/ Ou(pn + 1w+ V)dr = —O‘Z’l/ Oppda + Oko‘l/ (w0, — 1p)0dz
0 0 0
1 1
—alul/ Hcptd:c—mal/ z(x, 1,t)0dx
ko Jo ko Jo
K 1 K 1
= 3/ @?tdfﬂ-l—?/ {0°d + 6,107 + 550 + 6560% }da (3.43)
0 0

K 1 K 1 K 1
+—52/ (w, — lp)*dx + —(54/ oidx + —56/ 22(x,1,t)dx.
2 0 2 0 2 0
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then (3.37)
L'(t) < —kEy(t +a2/ / |/'7:c T,p | dp
K
i / A + 56 / (2,1, )da, (3.44)
2 Jo 0
where
K ((14+6; +65+6 ) )
ky = /€1——(( T F 0T 5)—1-—2-1-—4)
2 p3 ko~ p1
K
— kl — 37]27
K
and by (3.41)) we have ky = ki — 5772 >0,
Let
G(t) = L(t) + N:(Eq(t) + Ex(t)), (3.45)
With (3.36)), we obtain
G(t) S ClEl(t) + N7(E1<t) + Ez(t)),
It is not hard to see that
mi(Ey(t) + Es(t)) < G(t) < mao(Eq(t) + Ea(t)), (3.46)

where my, mo > 0. By using and - we obtain

G'(t) = L'(t)+ N.(E{(t) + E5(t

< —ko B (t +062//

we choose N; large enough, such that

M3N7_§ >O7

paN7 — %(56 > 0,

K 1
p)|nt(z,p)|*dp — <M3N7 - 3)/0 oy dr — (

K 1
ILL4N7 — 5) / 22(1', 1,t>d£l§'
0
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we have
1 o]
G0 < kB +a [ [ O@ kel (347
0 0
by using (3.39), we get
K'(t) < —ko B (1), (3.48)
where
K(t) = (G(t) + %E(t)) ~ Ei(t) + By(t).
Integrating , we get
t 1 1 meo
[ ity < - (0000) - K(0) < K00 < P2EO + E0), (3.49)
0 /{72 k2 k2
and by
(tEL(t)) =tEL(t) + Ei(t) < Er(2), (3.50)
we have
tEy(t) < Z2(E,(0) + Ex(0)). (3.51)

=%
yields (3.30). The proof is now completed.
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